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T   O 

The    Right    Honourable 

William  Cruikfhank,  Efq; 

LORD     PROVOST: 

James  Moorifon, 
John  Gordon,        r,  .... 
William  Mowat,  \^'"^^'''  '■ 
Hugh  Hay,  j 

Alexander  Livingfton,   Deau  of  Guild', 
Alexander  Robertfon,  Treafurer  ' 

And  the  Remanent  Members  of  the  Town-Council  of 
ABERDEEN. 

My  LORD,  &c. 

THE  SubjedandDefign  of  the  following  Work,  with 
My  Relation  to  the  Town  oi  Aberdeen  as  apublick 
Teacher,  naturally  diredled  me  to  its  Governours 
for  Patronage.  As  the  Encouragement  I  have  already  met 
with  fropi  the  Town,  and  in  particular  from  its  prefent 
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Magiftrates  and  Council,  both  with  refpecfl  to  this  Work, 
and  to  my  publick  Employment,  is  but  the  Native  Con- 
sequence of  that  Noble  Dilpofition  for  promoting  Learn- 
ing and  all  good  Education,  which  is  the  well-known 
Charader  oi  Aberdeen  ;  fo,  I  believe,  I  fhould  rather  offend 
than  pleafe  by  attempting  any  Apology  for  this  Addrefs ; 
or  running  into  the  Common  Way  of  flattering  Dedica- 
tions. I  know  how  difagreeable  it  is  to  Generous  Minds, 
to  hear  their  own  juftPraifes :  But  I  hope  you  will  forgive 
me,  if  I  avoid  the  Appearance  of  Ingratitude,  by  making 
this  publick  Acknowledgement  of  the  Kindnefs  and  Civi- 
lity with  which  You  have  ufed. 


My  LORD,  &c. 


Tour  Lord/hifsy  &c.  Moji 


Qbedient  Humble  Servant y 


ALEXR    MALCOLM. 
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PREFACE. 


WHEN  a  Subjc(fl  ha^  gone  thro' To  man)'  Handi  as  Arithmetick  has  done,  a  new 
Book  cannot  want  many  Prejudices  againft  it:  and  therefore  to  lend  ic  into  thc- 
World  without  fome  introduftor]/  Account  of  it,  is  no  better  than  laying  it 
down  at  random ;  or,  more  properly,  expoling  it.  'Tis  an  unreafonable  Negied:  of  fomc- 
tliing  that  equally  concerns  the  Autlior  and  the  World  :  for  if  an  Author  has  endcavour'd 
to  do  fomethiiig  more  ufeful  and  complete  upon  any  Subjcft  than  has  been  already  done, 
and  thinks  he  has  in  fome  meafure  fuccceded  j  as  the  telling  the  World  fo,  may  be  done 
without  any  Breach  of  Mbdefty,  fo  it  appears  to  me  equally  jiift  and  necclFary  to  c\"f>Jaini. 
particularly  wherein  the  Improvements  and  Advantages  of  the  Work  lie ;  that  every  one 
may  fee  how  far  it  anfwers  their  Purpofe,  and  deferves  their  Encoiuagemcnt.  It  mul'fc 
ftand  upon  its  own  Bafis,  no  doubt  ^  yet  nothing  feems  more  honeft  and  reafonable  thart 
this  kind  of  Invitation  to  look  into  it.  It  may  be  objedfed,  I  know,  that  here  is  <inl;/ 
the  Author's  Word  for  this  Account,  which  is  a  partial  Teftimony :  But  if  it  be  con.i- 
der'd,  that  he  ventures  his  Credit  as  well  as  thcSuccefs  of  his  Work,  upon  a  fair  Rcpre- 
fentation,  this,  I  may  reafonably  hope,  will  incline  the  more  Candid  and  Charitable,  to 
believe  that  it  is  fo.  And  upon  this  Hope  I  prefume  to  give  you  the  following  Accouni 
of  this  Work. 

Arithmetick  is  a  Subj&fl  of  that  Evtent,  that  in  fome  Refpecfs  it  can  never  bo 
exhaufled ;  and  of  that  Value,  as  to  deferve  all  the  Study  and  Pains  that  can  be  beilow'd 
upon  it.  It  is  certain,  there  is  no  End  in  the  Knowledge  of  Numbers ;  but  as  to  a  ju-l 
and  rational  Syftem  of  the  Science,  one  would  think  that  can't  be  a  thing  ftill  wanted, 
after  fo  many  Books  already  written  on  this  Subjeft :  Neverthclefs,  in  my  Opinion,  we 
are  far  from  having  any  fuch  thing,  in  our  Language  at  leaft ;  and  as  to  v/lrat  may  be  in 
other  Languages,  I  can  only  fay.  That  I  have  not  found  it  in  the  Books  that  have  come 
to  my  hands. 

But  that  I  may  expreG  my  Sentiments  upon  this  Matter  a  little  more  particularly,  as 
neceflary  to  introduce  an  Account  of  the  prcfent  Work,  I  fliall  firft  obferve.  That  Arith- 
metick is  to  be  confider'd  in  two  Refpects,  -viz.  either  in  its  Theory,  which  contains  tlie 
Abftraft  and  Speculative  Knowledge  of  pure  Numbers;  or  in  its  FraHne,  which  con- 
tains the  Application  of  that  Theory  to  human  Affairs.  The  Theory  is  firll:  m  order  ot 
Science;  the  Application  fuppofing  and  depending  upon  it :  So  that  there  can  be  np.Appli^ 
cation  without  fome  previous  abltraft  Knowledge  of  Numbers;  that  abftracf  Knowledge 
being  the  very  thing  to  be  apply'd.  But  then  it  is  to  be  confider'd,  that  there  is  a  great 
Difference  betwixt  undei-ftanding  the  Scnfe  and  Meaning  of  any  Propofition,  or  of  ar.y 
Rule  in  Arithmetick,  fo  as  to  be  able  to  follow  its  Directions;  and  knowing  the  Rcafon 
and  Demonftration  of  the  Truth  of  that  Propofition  or  Rule.  Hence  it  ij,  that  there  . 
are  two  very  different  ways  of  ftudying  and  knowing  Arithmetick.  The  Generality  who 
pradife  Arithmetick,  and  even  many  whofe  Bufinefs  requires  a  Knowledge  mucii  above 
the  more  common  Parts,  yet  underftand  little  or  nothing  of  the  Rcafon  or  Demonftration 
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of  what  they  do,  becaufe  they  ftady  not  the  Theory  of  Arithmettck,  and  ask  no  more 
than  plain  Rules  for  the  Pradtice,  fo  far  as  they  have  ufe  for  it.  But  others,  confidering 
Arichmerick  as  a  Science  founded  upon  Principles  and  Reafon,  require  a  Demonftration 
for  every  tiling. 

Anfwerable  to  thofe  two  different  Demands,  the  Books  of  Arithmetick  which  we  have,' 
are  of  two  kinds ;  the  Traiikal  and  Theorical.  The  praftical  Books  are  moft  of  them 
rtnall  Treatifes  of  the  firft  and  more  fimple  Elements  and  Applications  of  Arithmetick; 
But  befides  that  they  go  a  very  Ihort  way  into  the  Science,  they  have  alfo  left  us  without 
the  leaft  ReaGrn  for  any  tiling  they  deliver,  more  than  what  is  in  fome  Cafes  evident 
from  thcNatureof  the  t'ling:  Taking  all  the  reft  for  granted,  or  leaving  the  Demonftra- 
tion to  the  Theorifts. 

The  Theorical  Writers  have  treated  Arithmetick  as  a  Science,  by  demonflrrating  what 
they  deliver  :  Some  of  them  treat  the  Subjeft  altogether  abftraftly,  without  any  particular 
Application,  as  Pa;fo?ts  in  his  Clavis  Arithmetua :  others  with  the  Theory  join  alfo  the 
Application,  doing  more  or  lefs  in  it  as  they  have  thought  fit,  as  Ward-,  Tacijuet,  and 
others.  Of  this  Clafs,  again,  fome  begin  in  the  natural  Order  with  the  fimple  Elements : 
Others  omit  thefe,  fuppofing  them  already  underflood,  and  fall  in  at  once  into  a  moread- 
vanc'd  Theory.  Such  Elements  of  Arithmetick  we  have  in  £«f//^'s  7'",  8'%  and  9'"  Books; 
and  this  Method  has  been  imitated  both  anciently  and  of  late.  Tacqiiet  has  given  us 
thofe  three  Books  of  Euclid  for  the  Elements  of  Arithmetick ;  placing  tliem  before  what 
he  calls  the  practical  Arithmetick,  which  contains  the  common  Principles  and  Rules, 
and  fome  things  relating  to  ProgrelTions,  with  the  Extraftion  of  the^quare  and  Cube 
Roots  j  all  very  neatly  explained  and  demonftrated,  as  far  as  he  carries  die  matter,'*[^ex-  ' 
cepting  one  fmall  Miftake  I  have  occafionally  taken  notice  of  in  the  following  Work; 
and  his  Demonftrations  of  tlie  Square  and  Cube  Roots,  which  appear  to  me  deficient.] 
But  I  could  never  underftand  the  Reafon  of  this  Order;  he  could  not  certainly  mean 
that  thofe  Elements  of  EucliJ  wsre  to  beftudied  before  the  more  fimple  Elements,  which 
without  doubt  Euclid  fuppofed  as  necefTarily  previous  to  his. 

But  of  all  the  Works  of  this  Clafs,  I  have  found  none  which  I  can  reckon  a  plain,  ra- 
tional and  compleat  Syftem  or  Inftitution  of  the  Science  of  Arithmetick ;  either  from  the 
want  of  /everal  things,  even  elementary  and  fundamental  in  the  Science,  (which  is  a 
common  Fault  with  them  all)  or  being  too  concife  and  ihort  in  other  things;  or  from 
fome  other  Difficulty  or  Fault  in  the  Method ;  owing,  perhaps,  to  their  particular  Views 
and  Deligns;  but  which  anfwers  not  to  my  Idea  of  the  thing  wanted.  How  unac- 
countable (for  Example)  is  it  in  Mathematical  Writers,  to  leave  feveral  things  unde- 
monftrated,  to  fend  us  to  Euclid  for  others,  or  give  us  but  very  general  and  imperfcci  Hints 
of  a  Demonftration  ?  But  I  have  done ;  for  to  be  more  particular,  would  not  only  be 
ufelels,  but  perhaps  be  niifconftrued  to  a  worfe  Senfe. 

From  this  general  Account  of  Arithmetick,  and  the  different  Ways  of  treating  it,  the 
Thing  wanted  will  eaiily  appear  to  be  this,  -viz.  A  Treatife,  wherein  the  Science  is  de- 
duced from  its  firil  Principles;  and  carried  on  with  clear  and  accurate  Demonftration 
thro'  all  the  fiindamental  Branches  of  its  Theory  and  Pradice,  with  die  more  confider- 
able  Improvements  hitherto  made  in  the  Science;  all  difpofed  according  to  the  moft  cafy 
and  natural  Connexion  and  Dependence  of  the  feveral  Parts ;  hereby  uniting  the  whole 
into  one  regular  and  complete Syftem.  Again,  in  fuchaSyftem  Numbers  muft  not  only 
be  confider'd  abftraftly,  or  purely  as  Numbers,  but  we  muft  alfo  confidcr  their  Applica- 
tion to  particular  Subjefts,  that  we  may  have  a  compleat  Courfc  of  what  we  call  the 
pradical  Arithmetick;  which,  befides  the  more  fimple  Elements  of  Pradtice,  or  funda^ 
mental  Rules  of  Operation  with  pure  and  abftradt  Numbers,  explains  the  Application  of 
thofe  Rules  to  the  more  common  and  ordinary  Subjeds  of  human  Affairs. 

Such 
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Sych  4  compkte  and  mional  Syllena  of  Arithnactick,  accomnrodated  to  the  Pilrpofcs 
botli  of  ilic praftical  and  fpecuJati\e  People,  I  have  cndeavour'd  to  give  in  rl^e  following 
VVorki  of  tlie  Contents  and  Orda-  of  which,  I  Hiall  give  you  a  more  paiuciilar  Account 
immediately;  But  before  this,  it  will  be  proper  to  make  the  following  general  Rcflcdion 
upon  the  Syftcm  of  Arichmetick,  both  as  to  its  Theory  and  Pradticc^  which  is  this: 

Arithmetick  taken  abftradly,  or  in  its  Theory,  being  the  firft  great  Branch  of  tlip 
Mathematicks,  its  Application  is  to  be  found  not  only  in  the  common  Aftuirs  of  Life  and 
Society,  but  in  all  the  Sciences  that  are  call'd  Mathematical,  (which  have  all  their  difTerent 
Ufes  in  Society.)  But  then  obferve,  that  it  is  not  to  be  expedcd  that  aCourfe  of  Arith- 
metick fliould  explain  fuch  Applications  as  requii  c  the  Knowledge  of  other  Sciences ;  for 
then  wc  fliould  be  obliged  to  bring  into  it  all  the  Mathematical  Sciences  ■■,  fmce  to  underftond 
its  Applicadon  to  theSubjedb  of  thefe  Sciences,  docs  neceflarily  require  our  undcrftanding 
die  Principles  of  tliem.  For  Example,  if  'tis  propoftd  to  find  what  Part  or  Parts  any  Icller 
Sphere  is  of  another,  die  Lengths  of  their  Diameters  being  known  ?  This  is  a  Queftion 
folvable  by  Aridimedck ;  yet  the  Reafon  of  the  Rule  goes  farther  than  Arithmetick,  for 
it  depends  upon  Geomcuy,  viz.  upon  that  Geometrical  Truth,  diat  Spheres  are  to  one 
another  in  Proporuon  as  the  Cubes  of  their  Diameters  j  and  ib  belongs  to  Arithmeuck 
only  as  this  is  applicable  in  Geometry,  and  fuppofes  the  Knowledge  of  this  Science. 

From  this  it  is  evident,  that  the  Applications  proper  to  be  explained  in  a  Syftem  of 
Arithmetick,  are  only  fuch  as  relate  to  the  more  ordinary  Affairs  of  Life,  which  require 
the  previous  Knowledge  of  no  other  particular  Science,  and  depend  immediately  and  di- 
rectly upon  the  Confideration  of  the  Numbers  of  things,  and  fome  other  common  Cir- 
cumftances.  Such  are  all  the  fimple  Applicadons  of  the  common  fundamental  Opera- 
tions of  Arithmetick,  either  in  Whole  Numbers  or  in  Fradlions ;  and  the  Applications 
of  the  genaal  Rules  of  Proportion  in  the  common  Subjeds  of  Trade  and  Commerce : 
For  in  all  this  there  is  no  more  requir'd,  but  a  careful  Attenuoa  to  the  Senfe  of  die 
Queftion,  and  the  true  Effe£t  of  the  Rules  of  Arithmetick. 

Again  it  is  to  be  obferv'd,  That  as  the  Theory  of  Arithmetick  is  an  abftrad  Science, 
independent  of  all  thofe  Subjecb  to  which  it  may  be  apply 'd,  it  is  therefore  necefFary  that 
we  have  a  complete  Syftem  of  the  Theory  of  Numbers,  confider'd  purely  and  abftraftly 
by  themfelvesi  this  being  prefuppofed  in  the  Solution  of  all  Queftions  in  other  Sciences, 
which  have  any  Dependence  upon  Numbers.  The  next  thing  I  obferve  here,  is,  That 
tho'  there  be  many  Truths  difcovered  in  the  Theory  of  Arithmetick,  of  which  there  has 
beeti  no  Ufe  or  Application  yet  found,  this  is  no  reafon  why  tbofe  things  fhould 
be  negledcd  or  kept  out  of  die  Syftem ;  they  are  ftill  a  Part  of  the  Science,  which  we 
ought  to  enlarge  more  and  more,  as  far  as  we  can :  One  Age  may  find  the  Ufe  of  die 
Theory  which  a  former  has  invented  j  as  undoubtedly  has  been  the  Cafe,  with  refpedt  to 
moft  part  of  the  Theory  both  of  Aridimetick  and  Geometry.  I  fhall  but  add  this  one 
thing  more,  "jiz.  That  tho'  many  things  in  the  Science  of  Numbers  were  fuppos'd  to  be 
of  no  particular  Ufe  in  human  Affairs,  yet  as  the  Mind  of  Man  is  made  for  knowledge 
and  Contemplation,  and  the  Pleafure  aiuling  from  the  Perception  of  Beauty  and  Order  in 
other  things,  is  allow'd  to  be  worthy  of  rational  Natures  j  trie  Contemplation  of  the  fur- 
prizing  Connexions,  the  beautiful  Order  and  Harmony  of  Relations  and  Dependencies 
found  among  Numbers,  \s  not  lefs  reafonable :  And  if  to  this  be  join'd  the  vail  Extent 
of  the  Ufc  and  Application  of  Arichmetick,  the  Reafonabienefs  and  Necelfity  of  explain- 
ing the  Theory  of  Numbers  fo  largely  as  I  have  done,  will  cafily  be  allow'd. 

I  fliould  now  come  to  the  Coinents  of  the  following  Work,  but  as  fome  particular 
Circumllances  oblige  me  to  takRnppce  of  two  late  and  well-known  Authors,  Mr.  Hill 
and  Mr.  Hattojt,  I  (hall  firft  difcufs,what  I  think  neccffary  to  fay  as  to  their  Works. 

Mr.  HUrs  Book,  which  he  calls  A^itbnetick  m  Theory  and  Pra^ice,  is  remarkable 
chiefly  for  the  very  uncommoa  RecOnimendation  it  carries  with  it  from  a  very  con- 
fiderable  Mafter.  We  are  told  by' Mr.  Ditto?!,  That  take  this  Author  purely  as  an  Arith- 
metician, 
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mctician,  he  has  not  only  done  more  and  much  better  than  W/ugate,  Cocker,  Leyhurtt] 
or  any  other  of  the  Writers  in  our  Tongue,  but  indeed  all  that  can  be  done  by  Arith- 
metick  ^  and  therefore  (favs  he)  if  no  other  Book  on  this  Subjeft  comes  out  till  this 
Performance  is  really  mended,  I'm  fatisfy'd  we  fliall  have  no  new  Book  of  Arithmetick 
very  foon. 

.Now  here  was  fuch  a  Defiance,  and  from  fuch  a  Hand,  that  they  were  bold  enough 
who  vcntur'd  firll  to  write  after  it,  and  even  without  the  lead  Apology,  or  Notice  taken 
of  this  Challenge,  as  feveral  have  done :  Whatever  Reafon  others  thought  they  had  for 
fucii  a  Conduct,  I  thought  it  ncceffary  for  my  own  Vindication  to  make  the  following 
Remarks  on  this  Book  and  its  Recommendation. 

That  Mr.  Hill  has  feveral  things  that  are  not  common,  I  do  acknowledge;  but  for  his 
having  done  much  better  than  all  that  went  before  him,  'tis  not  my  Bulinefs  to  determine  j 
what  I'm  concern'd  in  chiefly,  is  the  AlTcrtion  of  his  having  done  all  that  can  be  done 
by  Arithmetick,  a  thing  I  was  much  furpriz'd  to  hear  fromfo  good  a  JudgeasMr.D/ffo?/; 
and  becaufe  if  this  be  true,  then  what  I  offer  to  the  World  muft  be  either  impertinent 
or  fupcrfluous ;  it  can't  be  thought  out  of  my  Road  if  I  enquire  a  httle  into  the  Trudi  of 
this  Aflertion.  By  the  mention  l\1r.  Ditton  malces  of  Algebra,  it  appears  to  me,  that  he 
v/ould  have  nothing  admitted  into  Arithmetick  that  is  any  way  owing  to  Algebra.  Now, 
fuppoling  this  were  reafonablc,  yet  the  Book  in  qucftion  will  ftill  be  found  both  very  de- 
fective in  what  it  ought  to  contain  to  aniwer  fo  great  a  Charafter,  and  alfo  to  have  many 
things  that  belong  not  to  a  pure  Treatife  of  Arithmetick.  In  the  firll  place,  with  what 
Trudi  and  Juftice  can  it  be  faid,  Tiiat  a  Book  contains  all  that  belongs  to  Arithmetick, 
and  that  one  needs  learn  no  more,  (as  he  alfo  fays)  which,  (befides  that  there  is  no  De- 
monftration,  and  confequently  no  Science)  wants  many  things  that  are  fundamental  and 
necclTarv,  and  yet  do  not  abfolutely  depend  upon  Algebra ;  (tho'  they  may  be  made  eafier 
in  many  things  by  its  help)  particularly  in  the  Dodtrine  of  Proportion  :  For  tho' we  have 
here  feveral  Prppofitions  relating  to  this  Subjeft,  yet  we  are  very  far  from  having  any 
riling  like  a  juft  and  orderly  Treatiie  of  Proportion  :  Nor  (to  mention  no  more  of' its 
Defers)  have  we  any  of  the  reft  of  the  fundamental  and  curious  Theory  of  Numbers, 
contain'd  in  Euclid's  7*",  8'''',  and  9'"  Books.  Again,  if  we  muft  exclude  what  is  any 
way  owing  to  Algebra,  then  moftof  what  is  uncommon  in  Mr.  Hill,  as  upon  Progrejjtons, 
It/terejl,  Logarithms,  Co7iibivations,  and  ExtraHion  of  Hoots,  do  not  belong  to  Arith- 
metick: And  if  thefe  belong  to  Arithmetick,  notwithftanding  their  Dependence  upon 
Algebra,  then  fo  muft  a  great  many  other  things  not  to  be  found  in  Mr.  HiWs  Book. 
But  f  have  faid  enough,  and  fhall  leave  you  to  judge  by  the  following  Work,  whether 
that  Biv)k  contains  all  that  can  be  done  by  Arithmetick,  and  confequently  what  to  think 
of  this  extraordinary  Recommendation,  which  indeed  is  more  faulty  than  the  Book 
itfelf. 

Mr.  Hattonh  Book,  which  I  have  here  in  my  view,  is  his  IntireSyftem  of  Arithmetick : 
If  til  is  Book  had  anfwei-'d  the  promiling  Title,  my  Labour  had  been  prevented,-  but  I 
•could  not  help  judging  otherwife  of  a  Book  that  not  only  leaves  us  without  Demonftra- 
tion  in  moft  things,  andfometimcs  gives  us  a  mere  Proof  of  a  particular  Example,  inftead 
of  a  general  Demonftration ;  but  which,  in  a  word,  comes  very  far  fliort  both  of  the 
Contents  and  Oidvr  due  to  an  hitire  Syfiem.  As  I'm  no  further  concern'd  in  the  Criti- 
crftn  of  nnoihcr  Man's  Work,  than  it  is  neceflary  to  vindicate  my  own,  I  fliall  be  con- 
tent  with  this  general  Reflecftion  upon  this  Work,  and  leave  it  to  an  impartial  Compa- 
:rifon  to  JLiftify  what  I  have  alledg'd,  and  determine  whether  there  was  not  yet  wanting 
a  more  J?itire  Syfiem.  There  is  one  thing  more  1  muft  fay  here,  viz.  Th.it  as  I  think  ic 
is  every  one's  buluicfs  who  writes  upon  any  Subjedt,  to  difcover  the  Errors  (efpecially 
if  they  arc  of  any  Confequence)  committee  by  others,  fo  I  hope  there  will  be  no  Mif- 
conftruftion  made  of  my  Defign,  in  expofing  fome  Errors  I  have  found  in  this  or  in  any 
o:her  Author :  It  is  the  Treatment  I  cxpcdl  my  fclf,  and  Ihall  receive  without  com- 
plaining. 
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plaining*.  But  I'm  oblig'd  for  the  fake  of  the  Publick,  to  obferve  here,  that  as  Mr. 
Hatton  has  found  fault  with  Dr.  Harris's  Rule  for  the  difcompting  of  Simple  Intereft^  for 
Money  paid  before  it  is  due ;  fo  he  ought  in  jufticc  to  liave  told  the  World,  That  the 
Tables  of  Difcompt  in  his  own  Index  to  Intereft,  printed  Ajijio  1711,  are  calculated  by 
the  fame  falfe  Rule;  that  no  body  may  be  longer  impos'd  upon  by  them.  And  that  you 
may  not  think  the  Confequence  inconlidcrable,  take  tliis  Example:  Tlie  Difcompt  of 
1000/.  paid  90  Days  before  due,  is  by  his  Tables  /.  15.9571,  the  Diicompt  being  at 
6  percent,  whereas,  according  to  the  True  Rule,  the  Difcompt  ouglit  to  be  /.  14.5  78Bi 

I  proceed  now  to  a  more  particular  Account  of  the  followmg  Work,  which  is  di- 
vided into  llx  Books. 

BOOK     I. 

In  this  Book  I  have  largely  explained  and  domonftrated  the  firft  fimple  Principles  and 
fundamental  Operations  of  Arithmctick  in  Integers  or  Whole  Numbers :  In  which,  after 
the  Principles  and  Rules  for  die  Management  of  pure  and  abflraft  Numbers,  I  have  fe- 
parately  explained  the  Ufc  .and  Application  of  tliele  Rules  to  particular  Subje(5s,  fuch  as 
occur  in  human  Affairs. 

B  O  O  IC     II. 

Here  you  have  fully  handled  the  DocTirine  of  Fra&ious,  where  I  have  firfl:  explain'd 
(in  k  way  I  think  very  eafy  and  demonftrative)  the  general  Nature  and  Theory  of  Frac- 
tions, as  a  nccellary  Foundation  for  underllanding  the  Reafon  of  the  Pradlicc  ;  which  I 
ha\e  next  fully  explain'd  bodi  in  Vulgar  and  Decimal Fraiiio7is,  as  diey  are  diftinguifli'd. 
Only  what  we  csM  Infinite  or  Circulating  Decimals,  are  referr'd  to  Book  5.  for  the  fake  of 
the  Demonftration. 

Ohjerve-,  As  thefe  two  Books  contain  the  firft  and  fundamental  Principles  and  Rules  of 
Arithmetick  ,•  and  as  the  right  underftanding  of  the  Foundauons  of  any  Science  is  of  great 
Importance,  I  have  therefore  enlarg'd  and  improv'd  every  Part  almoft  with  fuch  parti- 
cular F.xplications  and  Rules,  as  will,  I  hope,  be  of  great  ufc  for  attaining  to  a  juit  and 
perfcd  Idea  of  this  Science  in  its  Fundamentals,  and  a  more  mafterly  Pradice. 

BOOK     III. 

Contains  the  Doftrine  of  the  Towers  and  Ji.oots  of  Numbers ;  wherein  I  have  firft  par- 
ticularly explain'd,  the  Nature  and  Theory  of  thofe  Numbers  call'd  Povjers  and  Tioots.  After 
this  you  have  the  Rules  for  raifmg  or  forming  Powers,  and  Ex  trading  'Roots  in  Integers 
and  Fractions,  where  I  have  explain'd  Sir  Ifaac  Newton's  famous  Rule  call'd  the  B;>/o- 
?mal  Theoretn,  and  fome  other  curious  things  relating  to  the  ExtraSion  of  Roots.  You 
have  here  alio  what  is  called  the  Arithmetick  of  Surds,  which  contains  a  more  particular 
Application  ol"  die  preceding  Theory  to  Roots,  efpecial'.y  thofe  called  Surds.  Laftiy,  you 
have  all  the  Propoliiionsof  the  2^  Book  of  Euclid,  whichare  applicable  to  Numbers,  with 
fome  odier.i  of  the  fame  kuid. 

ehferve.  As  to  the'Contents  of  this  Book, tliat  excepting  the  common  Rules  for  ex- 
tracting the  Squ-are  and  Cube  Roots,  all  the  reft  of  tliis  curious  Branch  of  Arithmetick  is 
to  be  found  only  in  our  Books  of  Algebra :  becaufe  the  Ufe  of  it  is  above  the  common 
Affairs  ot  Life,  and  occurs  chiefly  in  the  higher  Applications  of  the  Alt_ebraick  Art;  and 
alfo  becaiifo  the  Demonftration  of  it  can  hardly  be  made  without  the  help  oi  Algebra. 
vBut  as  it  is  dire(5Uy  and  immediately  a  Part  of  the  Theory  of  Numbers;  which  does  in- 
deed no  otherwii'c  belong  to  a  Treatife  of  Al^ehra,  than  any  other  thing  in  Arithmetick, 

•  'the  Partitulart  I  bttve  ttnfurid  in  Mr.  Hatton'i  B'ok,  j/ui'll  find  in  Book  6.  Chip,  6,  QueA,  6.  ami  in 
Chap.  II. 

a  which 
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which  may  be  demonftrated  by  the  help  of  tlie  Algebrakk  Method.  AUb,  fince  I  have 
taken  that  Method  of  Demonftration  (of  which  I  fhall  give  you  a  particular  Account  af- 
terwards) I  have  therefore  given  it  its  due  place  in  the  Syfiem  of  Arithmttick.  I  mull 
alfo  obferve,  that  tho'  the  Writers  of  Algebra  have  taken  this  Part  of  the  Theoiy  of 
Arithmetick  into  their  Province,  yet  it  is  not,  in  our  Language,  treated  fo  fully  and  par- 
ticularly as  it  ought  to  be  j  many  things  being  left  without  Demonftration  that  to  me 
feem  far  from  being  felf-evident. 

For  the  Exrraftion  of  B-oots-,  elpecially  thofe  above  the  Square  and  Cube,  there  are  eafier 
Methods,  owing  alfo  to  the  Algehraick  Art  ■-,  but  as  they  exceed  the  Limits  prefcrib'd  to 
this  Syftem,  they  muft  therefore  be  fought  elfewhere. 

BOOK     IV. 

Contains  the  Do ffrixe  of  Proportiofi  in  all  its  Branches,  asdiftinguifhedinto^W/^w^/zV/j/, 
Geometrical  and  Hartnonical.  In  each  of  which,  as  I  have  endeavour'd  to  make  the  fun- 
damental things  clear  and  plain,  fo  I  have  omitted  nothing  worth  knowing,  in  this  great 
and  ufeftil  part  of  Arithmetick,  that  I  could  any  where  find,  or  that  my  own  Study  could 
fyrnifli:  Whereby,  as  you  have  all  that  our  common  Books  contain,  fo  you  have  many 
other  things  to  be  found -only  in  fuch  Authors  as  are  not  in  every  body's  hands;  and 
many  things  intirely  new,  for  what  I  know.  And,  in  both  thofe  laft  two  kinds,  befides 
what  is  mix'd  here  and  there,  there  are  fome  more  confiderable  Additions ;  particularly 
upon  ArithmetkalProgrefJioTis-,  m  Chap.z.  §.2  All  that  is  fi-om  Schol.i.  (liftev  Probl.  2.) 
is  intirely  new.  The  Chapters  5,  and  6.  with  the  Appendix  to  this  Book,  contain  things 
uncommon,  and  for  the  moft  part  altogether  new  ,•  (fee  Contents  more  particularly.)  So 
that  I  dare  prefume  to  fay,  you  have  here  a  more  compleat  Syftem  of  the  Eiodlrine  of 
Proportions  than  can  be>found  elfe  where,  in  our  Lnngusgc  at  leaft. 

As  to  the  Subjeft  of  Chap.  6:  which  is  Harjr,o?:ical  Proportion,  I  have  this  Obfervation 
to  make.  That  as  Miihck  in  its  firft  Principles  dep<:nds  akogether  ujx^n  Numbers,  fo  the 
Knowledcfe  of  the  Application  of  Numbers  to  Mulick,  which  I  may  call  the  Aridimcti- 
cal  Theory  of  it,  is  to  very  ufeful  and  entertaining,  that  "tis  pity  it  were  fo  little  under- 
ftood,  as  I  doubt  it  is,  both  by  the  Pradifers  and  Lovers  of  Mufick.  What  was  proper 
or  ncceflhry  to  be  done  in  this  Work,  concerning  that  Application,  I  have  done  it ;  and 
if  any  one  wants  a  particular  Trearife  upon  this  Sul^jeA,  thev  will  find  it  in  a  Book 
caird,  A  Treatife  of  Mufck,  Speculative-,  Praftkal,  and  Hiflorical-,  which  is  to  be  found 
with  the  Bookfellefs  to  whom  the  prefent  Work  belongs. 

BOOK     V. 

This  Book  is  a  Mifcellany  of  various  things,  which  are  not  comprehended  under  one 
common  Name  j  and  confifts  of  VI.  Parts,  in  as  many  different  Cliapters  j  whofe  Con- 
tents are  as  follow.  ^ 

I.  The  Doftrinc  of  Prime  and  Compoftte  Numbers  ^  a  fundamental  and  curious  Branch 
of  the  Theory  of  Arithmetick. 

This  is  a  great  Part  of  the  Doftrine  of  Euclid's  7'",  S'",  and  p*""  Books  of  Elements; 
which  contain,  befides,  many  things  relating  to  the  Dofl-rine  of  Proportion  ;  but  thofe  I 
have  put  in  their  due  Place  with  the  reft  of  that  Dodrine,  which  is  not  fo  complete  in 
Euclid  as  it  has  bren  made  fince :  but  as  my  Method  of  Demonftration  is  generally 
different  from  his,  (tho'  in  fome  things  there  can't  be  a  beircr  than  his,  and  perhaps  no 
other ;)  to\  have  not  only  deliver'd  this  Theory  in  a  different,  and,  as  I  think,  a  more 
natural  Order  \  but  by  means  of  the  Algebraic  Method,  I  have  gain'd  thefe  Advantages, 
•wz.  That  feveral  tilings  are  made  Corollaries  to  others,  which  have  a  fufficiently  tedious 
Demonftration  in  Eudid.  Again,  feveral  Propofitions  arc  made  univerfal,  which  are  li- 
mited 
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mited  in  T.uchd  to  a  few  particular  Cafes :  And  in  odiers,  which  can  be  prov'd  only  by 
an  Indudion  of  Particulars,  I  have  made  the  UniverfaUty  of  the  Indudion  more  clear 
and  evident,  by  another  Method  of  Reafoning. 

There  are  here  alfo  many  things  which  are  not  in  'Euclid^  Part  of  which  I  met  with 
in  fome  rare  Books,  and  others  occurr'd  to  my  own  Study  and  Obfervation  i  particularly 
the  5^  Sedtion  is  intirely  new.  I  fliall  mention  but  one  thing  more,  that  is,  a  New  and 
very  Eafy  \\^ay  of  finding  all  the  Trivie  and  Cowpojite  Numbers  within  any  given  Limit : 
of  which  I  have  given  an  Example,  extended  only  to  999.  The  Form  of  the  Table  in 
which  they  are  colleded,  is  much  the  fame  with  that  in  Dr.  I'elPs  Edition  of  Braucker's 
algebra  i  tho'  the  Rule  by  which  I  have  compofed  it  be  vaftly  more  eafy  than  what's 
given  there. 

2.  The  curious  Theory  oi  Figurata  Numberi  j  a  thing  but  juft  touch'd  upon  in  any 
Etiglilh  Book,  of  my  Acquaintance.  I  have  met  wah  more  of  it  in  fome  others,  but 
either  without  Demonftration,  or  ib  much  out  of  my  Mediod,  that  I  could  make  no  ufe 
of  it.  And  here  the  Advantage  of  the  ^/gfsr^/c^  Method  wasmanifeft,  by  which,  feveral 
of  ihofe  things  are  very  limply  and  eaiiiy  demonftrated,  that  otherwife  have  a  very  dif- 
ficult and  tcdP^us  Dcmonihation :  and  without  which  other  things  could  not,  I  doubt, 
be  denicnil:'  .tcdat  all.  lo  the  fame  meanj  alio  I  owe  feveral  things  here,  that  I  found 
in  none  ot  my  A'jih<  .^  whereby  I  have  carried  diis  Part  further,  and,  by  putting  the 
whole  togcrhcr  in  a  jult  Order,  have  given  it  a  more  perfect  Form  than  I  have  any  where 
foind  it  in. 

Here  you  have  a  new  Caion  for  the  Coefficients  of  the  Powers  of  a  Binomial  Root; 
and  feveril  cunous  Propo.itions,  relating  particularly  to  Square  Numbers:  With  Rules 
for  fummiiig  the  Series  of  the  vSqur.res  anci  Cube^  O;  the  ?:atura/  Frogrcjjien  of  Numbers 
I.  2.  X.  4.  '  ~'c  wi'.houi  actually  railing  ihefe  Po.vers  and  adding  them  togetlier  j  and  a 
Method  oi  rii;  ng  Cavovs  for  lummmg  any  oF  the  higher  Powers. 

As  to  the  L  le  of  this  Parr,  whatever  elie  it  may  be  (which  in  Mathematical  AS^ixs  is 
confidernhie)  you  have  th;o"  the  whole,  remarkable  Examples  of  what  I  formerly  men- 
tion'd,  I'lz.  Of  beautifijl  and  furprizing  Order  and  Connection  among  Numbers. 

3.  Of  Ififi'ite  Series  of  Numbers;  particularly  of  decreafmg  Geometrical  Progrejponsy 
(fome  ufeful  Applications  of  w  hich  you  have  in  die  next  Chapter)  and  of  thof^  Encrea~ 
JiKg  Serie-;,  which  are  the  chief  and  fundamental  things  of  what  the  Mathematicians  call 
x\\2  Arid.tretick  of  I?iji?iites ;  of  wliich  they  have  made  a  noble  Ufe  \nGe07netry  ^  havin^ 
hereby  particularly  found  many  ufeful  pradtical  Rules,  for  the  Menfuration  of  Solids  and 
gauging  of  Veffels.  What  I  liave  done  here  belongs  properly  to  Aritbmetick.  The  Ap- 
plication of  it  to  Geometry  you'll  find  in  Sturmy's  Mathejis  Enucleata,  or  Ward's  Intro- 
du&io7i.  But  the  whole  Dodtrine  and  Application  at  large,  is  to  be  fought  from  the  ce- 
lebrated Author  of  it,  Dr.  Wallis. 

4.  The  Theory  and  Pradtice  of  J-ifnite  or  Circulating  DecniuiJs  (referr'd  to  this  Place 
for  the  fake  of  the  Dcmonitration)  vhich,  with  what  is  already  done  m  BoeX- i"*,  C/&<j/).  i'', 
makes  a  compleat  Syftem  of  Decimals. 

Dr.  H'aliis  IS  probably  the  f  ift,  as  he  has  himfelf  obferv'd,  who  has  diftindly  confider'd 
this  curious  Subject  of  Circulating  Decimals.  He  has  given  us  the  fundamental  Theory 
of  it,  but  without  Demon ftration;  nor  has  he  meddled  witii  die  practical  Part,  or  Way 
of  managing  Infinite  Becmials  in  Arithmetical  Operations.  Mr.  Brown,  in  his  Decimal 
Arithmeiick,  has  handled  but  one  iingle  Cafe  of  the  Practice,  and  that  not  completely 
neither.  Mr.  Cun?i  (who  is  the  laft  Author  I  know  upon  th  s  Subjedt)  in  his  Treatife  of 
Frailions,  has  in  his  way  given  us  all  thiit  Dr.  f/'«//«  fays  upon  the  Theor)',  yet  without 
any  Dcmonitration,  and  a  few  other  obvious  things,  tending  more  immediately  to  the 
Practical  Part ;  which  he  has  handled  at  full  length,  giving  us  Rules  for  all  Operations 
and  ail  Cafes:  But  as  he  demonftrates  noiie  of  thofe  Rules,  (which  perhaps  he  refcrv'd 
for  another  Work)  he  has  alfo  chofen  to  exprefs  them  in  fuch  a  manner,  as  to  Cci  die 

a  2  Reaibn 
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Reafon  as  far  out  of  view  as  poffible,  which  has  this  Efteft,  rfi?.tr  in  rii&  Rules  of  Mbiti- 
plicat ion  and  Diviiion  (which  are  the  more-  complex  and  difficult  Parts)  his  Dire(fhon8 
are  not  foealily  foUow'd  j  and  are  belides  much  harder  for  theiVIfemory  than  the  Method 
r  have  cholen,  which  depends  all  upon  the  eafy  and  natural  Explication'  of  one  lingle 
Propoiition,  viz..  The  finding  the  finite  Value  of  (or  Vulgar  Fradion  equal  to)'  any 
circulating  Decimal :  for  tho'  the  Demonftrations  are  otriittedi,  the  Rule  ought  to  be  as 
fimple  and  eafy  as  poffible.  But  I  muft  obferve  this  tiirther  Effeft  of  Nk.  Cuttn'sWay 
of  delivering  thde  Rules,  That  by  themfelves  one  could  never,  or  very  hardly,  be  led 
into  the  Reafon  of  them,  nor  confequently  into  the  way  I  have  chofenj  fo  that  it  will 
be  the  more  eafily  believ'd  that  the  Rules  I  have  given,  are  the  EfFeiJ!  of  Speculatiora 
made  upon  this  Subjeft,  before  I  faw  this  Book  i  which  I  mention  for  this  Reafon  only, 
that  I  may  not  be  thought  ungrateful  to  one  whom  I  acknowledge  the  firft  Author  upon 
this  Pradtice,  from  whom  therefore  I  might  otherwife  be  fiippofed  to  have  borrowed  or 
deduced  all  that  I  fay ;  and  yet  I  do  acknowledge  I  owe  him  one  or  two  ufeful  Hints. 
I  have  only  one  thing  more  to  add,  'viz.  That  his  Rule  fbr  the  Addition  of  Circulates 
having  compound  Repctends  is  infufficicnt  for  a  general  Rule ;  it  will  bring  out  the  true 
Anfwer  in  fome  Cafes,  but  is  not  univerfally  good  for  all  Cafes :  die  comparing  it  with 
the  Rule  I  have  here  demonffrated  will  ihew  the  Difference,  and  the  Truth  of  whai! 

f.  The  Logarithmck  Arkhmetick -^  wherein-  the  N^tur^  ConftrudKon,  and  Ufe  of 
thofe  admirable  Numbers  call'd  Logar  ithms  are  explain'd  and  demonftrated. 

The  Manner  of  conffrufting  or  making  Logarithms,  which  I  have  explained  here,  is 
that  of  the  Noble  Inventor,  the  Lord  Neper,  becaufe  its  Demonftration  is  more  fimple 
and  eafy,  tho'  the  work  itfelf  vaftly  more  tedious  than  other  Methods  which  have  been 
difcover'd- fince,  by  means  of  a  dfeeper  Application  of  the  Algebraic k  Art  than  my  limits 
allowed  me  to  ufe  here.  '  N^  Purpofe  is  however  fufEeiently  anftver'd;  for  as  every  one 
who  would  underftand  the  Reafon  and  Ufe  of  Logarithms,  is  not  under  any  neceOity  of 
coni^ruding  them,  that  being  often  done  already ;  k>l  defign  d  chiefly  what  I  think  is  moft 
generally  demanded,  that  is,  (i.)  To  demonftrate  theOr/j/w  andJNT^f'/rp  of  thofe  Num- 
bers, or  fhew  that  there  are  really  foch  Numbers  to  be  fbvmd,  as  we  define  Logarithms  j 
which  could  not  be  better  or  more  naturally  done  than  by  the  Method  of  the  Inventor. 
And  then,  (2.)  to  e:-.-plain  and  deunonftrate  their  Ufe  and  Application  ^  which  is  the 
lame,  whatever  way  they  are  calculated  or  conftruded. 

I  fhall  fay  but  this  one  thmg  more,  -viz.  That  as  thofe  otherMethods  of  Conftruiftion 
are  chiefly  owing  to  Sir  Ifaac  Ne^j-tox's  Binomial  Theorem:,  lb  far  as  I  have  explained 
that  Theorem,  (which  is  only  fo  far  as  relates  10  fmple  or  proper  Potuers,  i.  e.  having;  In- 
tegral Indexes)  I  have  fo  far  alfo  made  their  way  ea(y,  who  would  ftudy  thofe  other  Rules 
ofConftrudion  wherein  that  Theorei  1  is  alfo  apply'd  to  Roots;  which  Rules  they  will 
find  no  where  more  eafily  and  fully  explain'd  than  in  Ronayne^  Algebra. 

6.  Of  the  Corr:hi7!atio7is  of  Numbers,  a  Part  of  Arithmetick  which  has  been  but  very 
little  and  generally  handled  by  Oiir  Englijh  Writers^  and  as  little  by  others  that  have  fallen 
in  my  way.  We  have  indeed  moft  of  the  fundamental  Propoft'ions  of  it,  in  MilPs 
Arithmetick,  yet  far  fliort  of  the  Length  I  have  carried  it  to  he;  c  As  the  thing  is  in 
itfelf  curious,  and  not  without  coi  fiderabk-Ufe,  efpcciaUyintheClnilationsof  Chances, 
I  have  explain'd  it  the  more  particularly.  Here  alfo  you  have  another  Demonftration  of 
the  Binomial  Theorem  for  Cocjficienis. 

BOOK     VI. 

Contains  the  Application  of  the  Doftrine  of  Proportim  to  the  Cbtnmon  Subjeds  of 
Human  Affairs:  Wherein  I  have  gone  thro'  a  lai-ge  and  complete  '"'ourfe  of  alt  the 
Common  Rules  and  Branches  of  this  Application.  I  have  laboured  r  make  the  Rules 
45  plain  and  intelligible  as  polTible;  and  at  the  &me  time  exprefs  them  fo,  as  the  vaft 
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Extent  of  their  Ule  may  ciGIy  appear*;  and  younj  People  may  not  l^e  fo  liimited  in  their 
Notions  of  chofe  things,  as  not  to  be  ablfe  to  go  further  than  the  few  Examples  to  which 
tjiey  have  found  them  apply'd  in  Books,  or  by  their  Teachers^    or  fuch  Examples  as  are 
ftriclly  of  the  fame  kind,  and  propofed  in  the  fame  manner  with  thefe :  as  I  have  often 
found  to  be  the  Cafe  in  the  Cotu'rc  of  my  Buiinefs  and  Experience  in  thoie  Matters; 
The  bcft  Remedy  of  which,  is  to  underfland  the  Reafon  and  Demonftration  of  every 
Rule,  and  fee  the  Applications  of  it  in  a  great  Variety  of  Subjeds   and  Circumlfance-;. 
Therefore  I  ha.ve  mewn  the  Reafons  of  all  the  Rules  by  their  Dependence  upon  the 
preceding  Theory.     But  left  any  thro'  negledt,  or  fome  other  fault,  fiiould  not  iinder- 
ttand  that  Theory,  I  have  here  given  fome  other  Demonftration  of  the  chief  and  moft 
ufeful  of  thole  Rules.     And  to  make  the  Application  complete,  I  ha\'e  given  you  not 
only  afufficientNumberof  Queftions  of  common Ufe and  Occurrence  in  every  Branch- 
butalfo  a  great  many  that  are  uncommon  and  curious,  the  ftudying  of  which  will  ferve 
this  very  ufeful  Purpofe,  viz,,  to  lead  one  to  a  clearer  and  readier  Apprehenfion  of  the 
Application  of  the  Rules  of  Aricbmetick,  and  efpecially  of  Proportion,  which  is  the  moft 
important  and  difficult  thing  in  the  Pradtical  Arithmetick. 

I'he  Applications  relating  to  the  hitereft  of  Money  being  of  great  Concernment  to 
Society,  I  have  explaiited  and  demonftraced  thofe  at  large.  And  here  I  found  myfelf 
necedarily  engaged  in  the  Examination  of  a  Qiieftion  wherein  Sir  Samuel  Mordajid  and 
Mr.  John  Kerjiy  have  widely  differ'd.  The  Queftion  is  about  the  Calculation  of  the 
prefent  Worth  of  an  Annuity  to  continue  any  number  of  Years,  difcompting  fimple 
intereft.  Whether  Sir  SamuePs  Book,  which  he  calls  The  Do^lrine  of  hiterejf;  wherein 
he  finds  fault  with  Mr.  Kerfi/s  Rule,  which  is  in  his  Appendix  to  Win^ates  Arithmetick, 
was  written  before  Kerfe/s  Death,  or  whether  he  ever  faw  it,  or  gave  it  any  Anfwer,  is 
■what  t  know  not ;  bur  the  DiiTereace  fecm'd  to  me  too  confiderable  to  pais  over.  Upon 
the  moft  careful  E.x;imination,  I  was  determin'd  to  Mr.  Kerfe/s  iide :  tho'  I  was  very 
foon  afterwards  furpriz'd  to  find  my  Opinion  contradidted  by  the  Mathematical  Writers, 
who  have  taken  the  other  fide,  ana  form'd  their  Rules  upon  Mare/and^s  Foundation;  as 
particularly  by  J/<j/-i4  with  this  Remark,  that  '■^  More/and  has  dete&ed  feveral  material 
"  Errors  committed  by  Kerfey  upon  IPlixgafe."  This  put  me  upon  a  more  narrow 
ExaiTunation  of  the  QuefKon,  which  ended  in  a  further  Confirmation  of  my  former 
Opinion ;  and  yet  wh.it  Mr.  Ward  and  others  have  done  merely  as  Madiematicians,  is 
right;  they  liavc  alliim'd  a  ceitain  ftare  of  the  Queftion,  and  upon  that  raifed  Rules  which 
arc  good  upon  the  Jufticc  of  that  State  of  the  Queftion,  but  not  otherwife  :  and  therefore 
in  the  Defence  of  Mr.  Kerfefs  Rule,  I  difiFer  from  IVard-,  and  others  who  have  ta'<en 
that  Method,  not  as  to  any  pure  M.ithematical  Truth  in  Numbers,  but  merely  as  to  a 
point  of  Right  and  Equity,  in  the  manner  of  ftating  a  Queftion  betwixt  Man  and  Man, 
according  to  theConditionsprevioufly  agreed  to:  But  that  every  body  may  judge  and  chufe 
for  themlelves,  I  have  given  the  Rules  and  Re.ifonings  upon  both  (ides. 

As  to  the  Rule  of  Foftion,  or  Valflicod^  which  is  common  enough  in  Books  of  Arith- 
metick, I  have  omitted  it,  becaufe  itis  of  little  or  no  Ufe  in  realBufincfs,  and  ver)' limited 
in  its  Application  :  Befidc?,  whoever  has  the  leaft  Smattering  of  the  Algebraick  Method 
of  folving  Queftions,  can  do  all,  and  much  more,  than  this  Rule  teaches. 

Of  the  Method  of  Demonflrat'wK  ufed  in  the  following  Work. 

r  have  every  where  endeavour'd  to  take  the  moft  eafy  and  natural  way  the  thing  would 
admit  of  In  the  firft  and  fimple  Paits  there  is  but  one  way  almoft  to  be  taken  ;  but  in 
the  more  coniplex  and  difficult  Parts,  as  there  is  room  for  a  Choice,  I  liave  generally 
tiled  the  Algebraick  Method,  as  what  is  natural  and  proper  to  Arithmetick.,  and  the  moft 
ea-ty  and  plain  Method  that  can  be  ufed  in  moif  Parts  of  this  Science,  and  without  which 
many  ufeful  and  curious  things  could  not  be  demonftrated.  I  have  not  fuppofed  the 
Student  of  Arithmetick  already  acquainted  with  Algebra ;   but  hajre  graduilly  cxplain'd 
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the  Principles  and  Rules  of  it,  as  far  as  iny  Purpofe  required.  As  Algebra  is  nothing  elfe  but 
an  univerfal  Method  of  reprefenting  Numbers,  and  realbning  about  them,  fo  ic  very  na- 
turally belongs  to  Arithmetick :  And  in  the  Opinion  of  the  Great  Sir  Ifaac  Ne-wton,  who  calls 
it  the  Univerfal  ArirLv/ietick,  makes,  with  what  in  diftindtion  from  it  he  calls  the  Vulgar 
Arithmetick,  but  one  complete  Art  of  Computation.  But  my  Defign  not  reaching  to  a 
complete  Syftem  of  Arithmetick  in  this  larger  Senfe,  I  have  done  no  more  as  to  Algebra 
than  is  necellary  for  demonftrating  the  Syftem  of  Arithmetick  in  the  more  ftriiS  Senfe. 

I  have  indeed  been  ask'd,  why  any  thing  is  brought  into  a  Trcatife  of  Arithmetick, 
which  ftands  in  need  of  the  Algebraick  Art,  or  can  be  better  done  by  that  means  than 
ocherwife,  and  not  rather  referr'd  to  a  Treatife  of  Algebra  ?  The  Anfwer  was  obvious, 
-viz.  That  wherever  thefe  things  are  placed,  they  belong  to  the  Syftem  of  Arithmetick : 
And  for  the  Algebra  requir'd  to  the  Demonftration,  if  one  has  already  learnt  it  in  a 
more  exprels  and  particular  Study  of  that  Art,  it  is  well  ^  but  if  not,  'tis  juft  as  proper 
and'  eafy  to  learn  it  in  a  Courfe  of  Arithmetick,  as  naturally  belonging  to  tliis  Science. 
And  if  it  is  again  ask'd.  Why  then  I  have  not  extended  this  Work  to  all  the  Parts  of  the 
Algebraick  Art,  and  thereby  made  a  Syftem  of  Arithmetick  more  complete  ?  I  anfwer, 
That  liaving  the  Choice  of  my  Subjeft,  I  have  given  it  fuch  limits  as  I  diought  con- 
venient, and  done  fuch  a  Work  as  I  thought  was  moft  wanted :  Thofe  who  incline  to 
make  a  more  particular  Study  of  the  Algebraick  Art,  muft  feek  it  elfewhere.  But  if 
what  is  done  here,  both  as  to  the  Principles  and  Application  of  Algebra,  be  well  under- 
ftood,  it  will,  I  believe,  prove  an  ufcful  Introdudlion  to  the  higher  Parts  of  this  admirable 
■  Art,  and  a  powerful  Incitement  to  the  further  Study  of  it;  when  it  is  confider'd,  how 
the  molT:  fimple  Elements  of  it  are  fufHcient  for  acquiring  fuch  a  Knowledge  of  Arith- 
metick as  can't  be  obtain'd  without  it  in  many  things,  and  in  others  not  without  much 
greater  difficulty. 

I  hope  then  there  will  no  Difcouragement  arife  from  a  Profpedl  of  Difficulty  in  this 
Method,  by  fuch  as  are  willing  to  ftudy  Arithmetick  in  a  rcafonable  manner :  For  tho' 
there  are  difficult  and  abftrufe  things  in  the  Algebraick  Art,  yet  all  the  Principles  and 
Rules  of  it  ufed  in  this  Work,  are  in  effedl  no  more  than  a  particular  kind  of  Language; 
or  rather  a  compendious  way  of  reprefenting  and  comparing  Numbers  and  the  Effedts  of 
their  Operations :  which  may  be  learnt  with  a  little  pains,  in  two  Leflbns,  or  three  at 
moft ;  and  as  they  are  explain'd  and  apply'd  by  degrees,  it  will  become  eafy  and  familiar 
as  you  proceed. 

For  thofe  who  would  ftudy  only  die  Pradical  Part,  without  the  Theory  and  Reafons 
of  Things;  they  will  find  what  they  want  in  the  firft,  fecond,  and  fixth  Books,  with  the 
fecond  Chapter  of  Book  III.  In  all  which,  let  them  pafs  over  the  Demoiijtrations.  And 
if  they  would  go  farther,  diey  may  read  the  'Problems  in  the  fourth  and  fifth  Books. 

It  remains  that  I  explain  the  Meaning  of  a  few 'Names  ufed  in  the  following  Work, 
for  different  kinds  of  Propofitions. 

A  13  E  F I N 1 T I  o  N  is  the  Explication  of  the  Ufe  and  Meaning  of  any  Word  ot  Term 
of  Art  i  as  of  this  itfeif  and  the  following. 

An  Axiom  is  a  Propofition  whofe  1  nith  is  felf-evident. 

A  The  OR  EM  is  a  Propofition  whofe  Truth  is  to  be  demonftrated. 

A  Lem.ma  is  a  Propofition  to  be  demonftrated;  and  which  is  premifed  to  fome  otheTi 
to  fervc  as  a  Principle  for  the  more  eafy  Demonftration  of  this  other. 

A  Problem  is  a  Propofition  of  fomething  to  be  done  or  difcover'd. 

A  Corollary  is  a  Propofition  gain'd  in  confequence  of  another,  whofe  Truth  is 
evident  from  the  Truth  or  Demonftration  of  that  other. 

A  ScHOLiu  iM  is  fomc  further  Explication  relating  to  what  precedes. 

Ohfcrve,  In  the  Dci>w?ifiratio?!s  of  the  following  Work,  when  any  former  Propofition  it 
f^uoted,  it's  underftood  to  be  in  the  fame  Book  ana  Chapter  in  which  it  is  quoted,  unlels  it 
is  otherwil'e  expreficd. 
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THAT  Arithmetick  was  ver)'  early  in  the  World,  no  body  can  doubt,  becaufethe 
Idea  of  Number  arifes  from  all  things  about  us.  In  the  beginning,  while  the 
Way  of  Living  wis  fimple,  and  things  were  in  a  manner  common,  the  Know- 
ledge of  Numbers  would  make  a  fmall  Progrei's :  But  when  Property  and  Commerce  be- 
gan to  be  eftablilTied,  Men  would  foon  find  the  NeceOTity  of  enquiring  into  the  Nature 
of  Numbers,  and  contriving  an  Art  of  Kuviberiiig ;  without  which  no  Bufmels  can  be 
carried  on.  This  was,  no  doubt,  veiy  rude  at  the  firll:,  and  improved  by  degrees;  as 
all  our  Knowledge  is :  But  where,  and  by  whom,  Arithmetick  received  its  firft  Form  of 
an  Art  or  Science-,  we  know  little  about  it.  If  the  Phc€7iicians  were,  as  it  is  conjeftured, 
the  firft  Merchants  after  the  Flood,  (and  before  that  we  know  nothing  of  the  Affairs  of 
Mankind)  then  it  is  probable,  the  Art  began  among  them  ;  by  whom  Trade  and  Arith- 
metick were  carried  into  Egypt  j  and  here,  'tis  thought,  began  the  mvftical  Application 
of  Numbers:  For  the  Egyptian!  explained  every  thing  by  thefe;  the  Nature  of  theGoJsy 
of  Human  Souls,  the  Virtues ;  in  fliort,  for  eveiy  thing  divine  and  huma^i-,  they  found  fome 
Symbol  or  Reprefentation  in  Numbers :  Hence  we  hear  of  the  wonderful  Virtues  and 
Properties  of  fome  particular  Numbers,  as  One-,  Two,  Three,  Four,  Seven,  and  Niw.  From 
Egypt  this  Knowledge  pafled  into  Greece,  which  added  its  own  Improvements  to  the 
myfterious  Part ;  of  which  a  great  deal  is  to  be  feen  in  P/ato ;  the  Life  of  Pythagoras  by 
yamblicbus ;  and  more  lately  in  the  Commentators  upon  Boethtus's  Arithmetick.  Now 
we  are  come  to  the  Country  where  wc  may  expeft  to  find  the  firft  diftindt  Rudiments 
of  the  Science. 

The  firft  thing  Men  were  obliged  to  do  to  make  their  Ideas  and  Knowledge  of  Num- 
bers ultful  in  Society,  was  to  eftablifh  fome  Method  of  Notation,  and  then  upon  this 
found  an  Art  of  Computation :  after  this  they  would  gradually  enquire  into  the  Relations 
and  Properties  of  Numbers ;  and  fo  tlie  Science  v/ent  on. 

The  Greeks,  Hebrews,  and  other  Eaftem  Nations  ufed  a  Notation  by  the  Letters  of 
their  Alphabet.  The  Greeks,  particularly,  had  two  different  Methods ;  the  firft  was  much 
the  fame  with  the  Roman  Notation,  explain'd  in  Chap.  2.  Book  i.  of  the  following  Work, 
which  is  a  very  imperfedt  Method.  Aftcnvards  they  had  a  better  Method,  in  which  the 
:firft  nine  Letters  of  their  Alphabet  reprefented  the  firft  Numbers  from  One  to  Nine, 
and  the  ne.xt  nine  Letters  reprefented  any  Number  of  Tens  from  One  to  Nine,  that  is, 
10,  20,  30,  &c.  to  90.     Any  Number  of  Hundreds  they  e.xprelTed  by  other  Letters, 

fupplyiug 


xvi  A  port  Hifiory  of  Arithmetich 

fupplying  what  they  wanted  with  fome  other  Marks :  And  in  this  Order  tliey  went  on, 
ufino  the  fame  Letters  again  with  fome  different  Marks  to  e^prefs  rAoK/^zmsfr,  TensofThou- 
fdn^s.  Hundreds  of  Thoufands,  &c.  As  to  this  Method,  'tis  to  be  obferv'd,  that  they  were 
upon  the  very  Point  ot  dilcovering  the  Arabian  Notation :  For,  as  they  made  the  Pro- 
greflion  to  9,  they  wanted  but  one  Step  fiirther,  viz.  Inftead  of  ulino;  other  9  Letters, 
to  make  the  fame  9  change  their  Valuer  in  a  decuple  Progreffion  according  to  their  Places, 
which  would  in  courfe  ducover  the  Neceffity  of  a  Charafter  that  of  idelf  fignifies  No- 
thing, only  fills  up  a  Place. 

The  Manner  of  their  Computation,  {i.  e.  of  Additisn,  'SuhtrVilion,  £cc.)  and  the  Dif- 
ficulty of  it,  efpecially  in  great  Numbers,  We  may  eafily  difcover  from  the  Station. 
As  to  any  exprefs  T  reatiles  upon  the  Art  of  Computation,  they  have  left  us  none.  There 
is  0.  Commentary  hy  Eutociu!,  upon  Archimedcs'sTrezuie  of  the Dimenlions  of  a  Circle  ; 
and  fome  Fragments  of  Pappus,  in  Eh-.  iValiis's  Works,  which  relate  particularly  to  the 
Work  of  MuTtiplicati07?,  and  fhew  us  the  great  Difficulty  of  their  Pradtice,  owing  to  the 
imperfet-t  Notation. 

The  moil  perteA  Method  of  Notation,  which  we  now  ufe^  v.'ss  owing  to  the  Genius 
of  the  Eafierii  Nations ;  the  Indians  beiilg  reckoned  the  Inventors  of  our  Notation  j 
which  we  call  the  Arabian,  becaufe  we  had  it  from  them,  an"d  they  from  the  lndia?is, 
as  thcmfelves  acknowledge.  \\^hen  the  Indians  invented  this  Method,  and  how  long  it 
was  before  the  Arabs  got  it,  we  cannot  tell:  Thele  things  only  we  know,  i.  That  we 
have  no  ground  to  believe,  the  antien.-  Greeh  or  Uov.ans  knew  any  thing  about  it :  For 
Maxitniis' Flamides,  the  firft  Greek  Writer  who  treavs  of  Ariihmedck  according  to  this 
Notation,  Hx'ed  about  the  Year  of  Clirill  1370,  as  Vofius  faysj  or  about  1270,  accord- 
iiiT  to  Kirckcr  ;  ]ov,<^  aFcer  the  Arabian  Notation  was  known  in  Europe :  And  owns  irfor 
his"  Opinion,  that  the  Indians  were  the  Inventors,  from  whom  the  Arabs  got  it,  as  the 
Eu}vpea?.'s  from  them.  2.  That  the  ^■Ioors  brought  it  mto  5p.?.-;;;  whither  many  learned 
Men  from  other  Parts  of  Ettrope  went  to  feek  that,  and  the  reft  of  the  Aral  ick  Learning 
(and  even  the  Greek  Learning,  from  Arabic k  Verfionsi  beiore  they  got  the  Originils 
themfelves)  imported  there  by  the  Saracens.  As  to  the  Time  when  this  new  Art  of  Com- 
putation v/as  firft  loiown  in  Europe,  Voffius  thinks  it  was  not  before  the  Year  i25'o,-  but 
Dr.  Wallis  has,  by  many  good  Authorities,  pro^'ed  that  it  was  before  the  Year  1000  i 
particularly  that  a  Monk  called  Gfr^cr/w,  afterwards  Pope  by  tlie  Name  of  Si'/xv/^r  IL 
who  died  in  the  Year  100:;,  was  acquainted  with  tltis  Art,  and  brought  it  from  Spain 
into  France,  long  before  his  Death.  The  Doftor  fhews  alfo,  that  it  was  known  in  BW- 
/^<7fe  before  the  Year  1150,  and  brought  a  confiderable  length,  even  in  common  Ufe,  be- 
fore 1250,  as  appears  by  the  Treatife  of  Arithmetick  of  Joannes  de  Sacro  B^fco,  Who 
died  about  I2;;<5. 

'T'ho'  the  numeral  Figures  which  we  now  have  are  a  little  different  from  what  the 
Arabians  ufe,  having  b'ccn  changed  fmce  they  came  firft  among  us ;  yet  the  Art  of 
Ca>7rpiitatia)!  liy  them  is  fWl  the  iituc. 

Ha^•ing  faid  all  thafs  neccfiary  about  the  Naiatrofi  of  Numbers,  we  fliall  go  back  again, 
and  fee  what  kind  of  Science  of  Ariihfvetitk  is  to  be  found  among  the  Antients,  with  the 
ProQirels  of  it  till  nmv. 

Tlic  oldcft  I'rcatifc  extant  upon  the  Theory  of  Arithmetick,  is  Euclid's  -'",  S'",  and 
<;'"  Boolcs  of  Ekmerits;  wherein  he  gives  us  the  Dodtrine  of  Proportion,  and  that  of 
Prime  indCompirfitc  Numbers.  Both  of  which  have  received  Improvements  fince  his 
rime,  efpecially  the  former.  The  next,  of  whom  we  know  any  thing,  is  Nicomachus  the 
Pythagorean,  who  wrote  a  Tfeatiic  of  the  Theory  of  Arithmetick,  which  coniifted  chiefly  of 
the  Diftinctions  and  Diviiions  of  Numbers  into  certain  Kinds  and  Claffes,  as  Plain  and 
Selid,  Triavgular,  ^<adra7i^!lar,  and  the  reft  of  the  Species  of  F/^vra/e  Numbers  (as  they 
caUed  them)  Numbors  Odd  void  Evm,  &c.  with  fome  of  the  more  general  Properties  of 
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the  feveral  kinds.  As  to  the  time  in  »vhich  NUo'/achus  lived,  fome  place  him  before 
Euchd;  others  long  after.  His  Arithmetirk  was  publiflied  at  Paris  153!^.  What  kind 
of  Work  it  is,  we  may  gitefs  by  tie  Lat.ji,  Trearilc  of  Arlthmetick  of  Boethius  the 
Pliilofophcr,  who  lived  at  Rovie  in  the  time  of  Theodorick  the  Gotb  j  and  is  the  next 
remarkable  Writer  extant  upon  this  Subjedt.  He  is  fuppofed  to  have  feen  and  copied 
mofl  of  his  Work  from  Nicomachus. 

From  this  Work  of  Boeth'ms,  \yith  a  few  fmall  Abftrafts  of  the  fame  nature,  made 
very  lono;  after  his  Time,  as  tliat  of  Vfellus-,  and  Jodochus  WUlkhiuf-,  both  in  Greek ;  fome 
have  faia  that  the  anticnt  Arithmetick  confifted  of  nothinR;  elfe  but  thefe  Divihons  and 
Diftindions  of  Numbers.  I  confefs  I  was  furpriz.ed  to  find  this  Account  from  fuch  an 
Author  as  Wo/fim,  to  whom  Euclid  is  no  Stranger  j  whofe  BooJcs  contain  thino;s  much 
more  important  in  the  Science  of  Arithmetick  thai*  thefe  Diftinctions;  and  want  many 
of  them,  that  are  in  Boethius  :  For  Euclid  fpealcs  notliins;  of  the  Figurate  Niimbersy  and 
their  various  Species  and  Claffes ;  except  what  relates  to  Squares  and  Cubes.  And,  on 
the  other  hand,  Boethius  has  very  little  of  Euclid's  Dodrine. 

We  muft  come  next  to  the  Times  when  the  Arabian  Notation  was  known  in  Et:rope ; 
after  which  we  find  many  Writers  both  upon  the  Theory  and  Fraliice.  The  cldeft  of 
them,  who  is  very  conliderable,  is  jordanus  of  'timiur-,  who  flourifh'd  about  1200. 
His  Arithmetick  (from  which  I  have  taken  feveral  things)  was  publilhed  and  demon- 
ftrated  by  JoanvesVnber  Stamilc7!fs  in  the  fifteenth  Century,  (who  has  given  us  himfelf  a 
Compendium  of  Boethius)  foon  after  the  Invention  of  Printing.  It's  altogether  upon  the 
Theory ;  and  contains  moft  of  what  Euclid  and  Boethius  have,  and  many  other  curious 
Theorems.-  The  fame  Author  wrote  alfo  upon  the  new  Art  of  Computation  by  the 
Arabick  Figures,  and  called  this  Book  Algorijmus  Demonftratus ;  the  Manufcript  of 
which,  Dr.  IVallis  fays,  is  in  the  Savilian  Library  at  Oxford.  But  it  has  never  been  printed, 
as  I  know. 

As  Learning  advanced  in  Europe,  fo  did  the  Knowledge  of  Numbers  j  which  by  de- 
grees received  large  Improvements  both  in  the  Theory  and  Praiiice-,  owing  in  a  great 
meafure  to  a  more  perfeil  Notation.  To  trace  out  every  Step  in  that  Improvement,  is 
impoffible ;  therefore  I  fliall  only  name  a  fev/  of  the  remarkable  Writers  after  Jordanus 
and  Sacro-Bofco,  both  named  already.  As  to  the  Writers,  thefe  were  moft  remarkable  in 
Italy.)  viz.  Lucas  de  Burgo,  about  the  Year  1499,  whole  Aridimetick,  which  is  both 
Theorical  and  Pradical,  Dr.  Wallis  commends  much :  Nicholas  Tartaglia,  whofe  Work 
is  chiefly  PraHical.  He  is  called  by  fome  the  Prince  of  die  PraBitioners  ;  which  muft  be 
underftood  only  for  his  own  Times.  In  Frirnce,  there  were  Clavius  and  Ramus.  In 
Gervtany,  Stifelius  and  Hinifchius.  InEnglaad,  Buckley,  Di2gs,  and  Record.  All  thefe,  and 
many  more,  were  before  the  Year  1600.  But  fuicc  that,  our  Writers  are  almoft  innumerable. 

As  to  tlie  Improvements  made  fince  the  Arabick  Notation  v;as  known  in  Europe; 
befides  many  things  in  the  Theoiy,  particularly  in  the  Nature  of  ProgreJJio?!,  both  Arith- 
metical and  Geometrical,  in  the  Nature  of  Po'wers,  and  in  the  Extra^ion  of  Roots  and 
the  Combinatiops  of  Numbers,  which  we  do  not  fo  well  know  the  Hiftory  of  j  there  are 
a  few  very  confiderablc  Improvements,  in  the  practical  Parr,  of  which  we  can  give  a 
better  Account.  But  that  I  may  connedt  the  Antient  and  Modern  Hiftory,  we  muft  go 
back  to  the  fecond  Century  of  Chriftianity,  in  v/hich  Claudius  Ptolomcus  lived,  who  is 
fuppofed  to  be  the  Inventor  of  the  Sexagefmial  Arithmetick ;  which  was  a  new  Method  of 
Notatio?!,  and  confequently  of  Computation,  defigned  to  remedy  the  Difficulty  of  the 
common  Method,  efpecially  v/ith  regard  to  Frafiions.  The  Nature  of  it  was  this  :  Evciy 
Unit  was  fuppofed  to  be  divided  into  60  Parts,  and  each  of  thefe  Parts  into  do  Parts, 
and  fo  on;  hence  any  Number  of  fjch  Parts  were  called  Sexagefmal  Fractions.  And  to 
make  the  Computation  in  Integers  alfo  more  eafy,  he  made  the  Progreihon  in  thefe  alfo 
Sexagefmal.  Thus,  From  one  to  fifty-nine  were  marked  in  the  comtnon  way ;  then  fixty 
was  called  a  Scxageiia  privsa,  (or  lirft  Sexagefj^ial  Integer)  and  marked  v.iih  the  Sign  oWtiity 
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and  en  a  fingle  Dafh  over  i  fo  fixty  was  thus  expreffed  V.  Two  fixtys,  or  1 20,  thus  IV  j  and  fa 
on  to  5  9  times  60,  (or  3  ^40)  which  is  LIX'.  Then  for  60  times  60,  (or  5600)  this  he  called 
^Scxagenafeatnda,  (or  fecond  Sfx^^f/ziwa/ Integer,)  and  marked  any  Number  of  them  lefs 
than  605  by  the  Signs  of  Numbers  lefs  than  60,  with  two  Dallies :  Thus,  60  times  60  (or  3600) 
was  mai'ked  \" ■,  two  times  3600,  thus  W;  ten  times  3600,  thus  X^'j  and  fo  on  to  59 
times  3600.  In  this  manner  the  Nocirion  went  on :  And  when  a  Number  lefs  than  60 
was  joined  with  any  of  thefe  Scxagefwial  Integers,  their  proper  Exprellion  was  annexed 
without  the  Dalli :  Thus,  the  Sum  of  4  times  60  and  25  is  exprelfed  thiis,  W,XXV. 
The  Sum  of  twice  60,  ten  times  3600,  and  15  is  expreffed  X'^,IK,XVi  the  higheft 
Sexageftmal  being  fet  next  the  Left-hand.  As  for  the  Sexagefimal  Fradtions,  the)'  were 
marked  the  fame  way,  their  Numerators  by  the  Signs  of  Numbers  lefs  than  60,  and  their 
Denominators  by  one  or  more  Daflies  (according  as  they  were  Primes,  Seconds,  ^c. 
i.  e.  Co,  3600,  and  fo  on  in  the  order  of  the  Powers  of  60)  fet  either  over  the  Nu- 
merator upon  the  Left-hand,  or  under  it  upon  the  right.  Thus  five  fixty  Parts  are 
marked  '/  or  \'^/.  And  fourteen  3600  Parts  ^XIV  or  XIV^.  The  Pradice  by  this 
Notation  would  be  eafier  than  their  common  Method  ,•  yet  ftill  very  difficult,  efpeciaUy 
in  Multiplication  and  Divifion,  as  appears  by  the  Work  of  Barlaamus  Monachus,  called 
LogifUca;  wrote  in  Greek  about  1350;  tranflated  into  L.^/i/7,  and  publiflied  1600.  And 
here  it  is  remarkable  how  very  near  this  Method  is  in  the  general  Nature  of  it  to  the 
Arahick.  He  wanted  no  more,  but  inflead  of  5fx/»^f/;w^/Progrellion,  to  make  it  Decimal; 
to  make  the  Signs  of  Numbers  from  one  to  nine  fimple  Charaders ;  and  laftly,  to  make 
a  Charadrer  which  fignihes  nothing  by  itfelf,  ferving  only  to  fill  up  Places.  But  every  Age 
and  Nation  has  its  Genius;  and  therefore  we  owe  this  to  others. 

As  this  Sexagefwial  Notation  was  ufed  chiefly  in  the  Aftronomical  Tables,  fo  for  the 
fake  of  thefe,  it  was  not  laid  afide  immediately  after  the  Introduftion  of  the  Arahiik 
Notation.  Ths  Sexage?!^  hitegror-.im  v^'cm  firiz  om;  hnt  l\\s  Sexageji?iial  Yvz&aons  con- 
tinued till  the  Invention  of  the  Decimals.  V-egwrnontanus  about  the  Year  1464,  is  the 
firft  we  know  who  in  his  Triavgular  Tables  divided  the  Radius  into  10,000  Parts  inflead 
of  60,000;  and  fo  tacitly  introduced  decimal  Parts  in  place  of  Sexagefnnah.  'Ranius  in 
his  Arithmetick,  written  about  1550,  (and  publifhed  by  X-ir^flnvx  5f^o?i£'r.vj- in  1 5 86)  ufes 
decimal  Periods  in  carrying  on  the  Extraiflion  of  Square  and  Cube  Roots  to  Fradlions. 
The  fame  did  our  Country-men  BuckUus,  before  'Ramus-,  and  Tiecord  about  the  fame 
time.  But  the  firft'  who  wrote  an  cxprefs  Treatiie  of  Decimals,  -was  S.-mo?:  Sievinui, 
about  1582. 

As  to  the  Circulating  Decimals,  Dr.  Wallis  was  the  firfl:  among  us  who  took  much 
notice  of  them.     But  I  have  fpoke  of  this  already. 

Another  mofl:  wonderful  Improvement  that  the  Art  of  Computation  has  received  from  tlie 
Moderns,  is  the  Logarithms ;  the  unqucflionable  Invention  of  the  Lord  Neper,  Baron  of 
Merchifioji  in  Scotland,  towards  the  end  of  the  fixteenth  Centuiy,  or  beginning  of  the 
feventeenth. 

Dr.  Wallis  is  the  Author  of  the  Arithmetick  of  Infinites ;  wliich  has  been  very  ufefuUy 
applied  in  Geometry. 

But  the  Confummation  of  the  Art  is  in  the  Algebraici  Method  of  reib'.ving  Qiieftions: 
The  particular  Hiftory  of  which,  I  have  faid  nothing  of;  becaufe,  tho'  Algebra  belongj 
to  Arithmetick  in  a  larger  view,  yet  I  have  limited  myfelf  to  Arithmetick  taken  in  a  more 
ftrid  fenfe,  as  it  is  diftinguifhed  from  Algebra :  Therefore  I  fliall  only  fay,  that  moft  of 
the  Authors  mentioned  have  alfo  wrote  upon  the  Algebraick  Art,  which  came  into 
Europe  at  the  fame  time,  and  by  the  fame  hands,  as  the  Numeral  Notation :  Lucas  de  Bur^o, 
being  reckoned  the  firft  EuropeaTtWriter  on  this  Subjed. 
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and  Operations ;  ivith  the  Divijton  and  Order  of  the 
Science. 

J.  I.  T>EFINlTIONS. 
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RITHMETICKisthe  Science,  or  Knowledge  of  Number  ■■,  wliich  is  either 
Ujiity,  or  a  Multitude  of  Units. 


II.  Qf  Unity.  When  we  confider  any  thing  by  itfelf  alone,  either  as  indi- 
vifible,  or  at  leaft  undivided  ^  or  alfo  confidering  feveral  things  as  conneded  in  fome  cer- 
tain manner,  thereby  making  up  a  whole,  negledling  what  differences  may  be  among 
them  in  other  rcfpefts  j  the  Idea  we  have  of  this  thing,  or  Colledion  of  things,  confider'd 
in  this  manner,  is  called  Vjiity.,  or  Ofie,  i.  c.  an  individual  thing  of  a  particular  Kind  and 
Namej  as  one  Man,  one  Stone,  one  Kingdom,  one  Army. 

in.  Of  Multitude.  When  we  confider  feveral  things  as  really  diftinft  Individuals, 
and  which  feparately  talcen  we  would  call  Units,  whether  tiiey  are  of  the  fame,  or  of  diffe- 
rent lands  and  natures  of  things ;  or  whether  they  are  really  feparated  from  one  another, 
or  only  diftinguifhed  by  the  Imagination,  as  the  conceivable  Parts  of  any  continuous  Body 
(for  Example,  a  Rod)  looking  it  no  more  in  tlicm  but  that  they  are  not  the  fame  indivi- 
dual thing;  the  Idea  acquir'd  by  this  way  of  confidering  them,  is  called  i*/i^//i/»<^  (or  «/»»/, 
in  diflinftion  from  one ;)  fo  we  fay,  a  iMultitude  of  Men,  of  Horfes,  of  Trees. 

Scholium  i.  The  Units,  or  Individuals  that  make  a  Multimde,  may  either  be  of  the 
fame  Kind,  or  Species  and  Denomination  of  Things,  or  they  may  not  be  fo ;  for  however 
■difierent  feveral  things  are  in  Name  and  Namre,  the  Idea  of  Multitude  ariling  from  them 
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is  the  fame :  So,  for  Example,  a  Man,  a  Tree,  and  a  Horfe,  make  as  truly  a  Multitude, 
as  if  they  were  all  Trees,  or  Men,  or  Horfes :  They  are  at  leafl:  a  Multitude  of  Beings,  or 
Things;  for  the  Idea  of  Multitude  has  no  dependence  upon  the  Likenefs  of  the  Things 
from,  which  it  is  formed>  but  ooly  upon  their  different  and  diftinft  Being  or  Exiftence,  in 
whatever  manner  they  are  connefted  together,  or  under  whatever  other  differences  they 
really  exift,  or  are  conceived  to  exift. 

Scholium  2.  We  may  alfo  conceivaMultjtudea  of  things  under  the  Notion  of  one, 
or  many  ■■,  and  fo  we  may  fay  one  Multitudej  or  a  Multitude  of  Multimdes.  But  it  is  to 
^e  obferv'd,  that  in  tliis  cafe,  the  Multitudes  which  make  the  Parts  of  one  Multitude,  are 
conceiv'd  each  as  an  Unit,  or  one  of  its  own  Species,  (x'/j;.  Multitude,)  to  diftinguiOi  it 
from  the  Multitude  of  wliich  it  is  oioe  conftituent  Part :  kt  that  Mukimdc  in  its  general 
Nature  is  ftill  a  Colledion  of  Units,  which  are  in  all  cafes  fimple  Units  in  refped:  of  the 
Multitude  which  diey  compofe  ■■,  tho'  tliey  may  be  themfelves  Mukimdes  compofed  of 
more  fimple  Units.  And  this  Diftindion  of  Units  may  be  very  well  diltinguilh'd  by  the 
Names,  Shnple  a7id  Colkilive  Utiits. 

IV.  Of  Number.  Unity  zM Midtitude  comprehend  tlie  whde  Objeft  of  Arithmecick, 
and  are  both  comprehended  under  one  general  Name,  Number-^  whofe  Definition  does 
therefore  take  in  the  other  two ;  and  may  be  made  thus,  viz.  Number  is  the  Name  of  that 
Idea  or  Notion  under  which  things  being  eonfider'd,  they  are  faid  to  be  One  or  Many  * 
Every  particular  Multitude  having  a  diftindl  Namej  as  two,  three,  fbui",  ^c.  As  after- 
wards will  be  taught.  "  ■ 

Scholium.  We  mud  make  a  little  Stand  here,  and  take  notice  of  an  old  Difpute 
.among  Arithmeticians  about  the  Definition  of  Number;  fome  denying. Unity  to  be  a 
Number,  and  others  aiSrming  it :  about  which  diere  lias  been  a  gi'eat  deal  of  Argument 
fill'd  with  abimdance  of  idle  and  nonfenfical  Jargon,  to  the  fliame  evei)  of  fome  late 
Writers :  For  after  all  the  learned  Contention,  it  dwindles  into  a  meer  Difpute  about  the 
Name,  or  what  lliall  be  the  Ufe  of  the  word  Nu?nber;  which  no  doubt  each  Party  has  a 
Right  to  eftablifh  for  themfelves  at  pleafure;  but  no  Right  to  impofe  it  upon  others:  And 
fo  then  where  is  the  around  of  a  Difpute.?  For  if  any  Man  asks  me  whether  Unity  is  a 
Number,  I  muft  firlt  know  of  him  what  he  calls  a  Number,  aiid  then  I  anfwer  him  ac- 
cording to  his  own  Definition ;  or  I  firfl:  give  him  my  definition  of  the  word  Number,  and 
then  anfwcr  his  Queftion  out  of  that.  But  we  fhall  hear  their  diffei-ent  Definitions :  Some 
define  Number  a  Multitude  of  Units;  and  according  to  them  it  is  plain.  Unity  is  jjot  a 
Number  in  that  fenfein  which  t7»/'//  2x\A  Multitude  are  diftingaifhed,  (for  we  have  obferved 
already  how  TJ7!ity  and  Multitude  may  be  applied  to  the  fameSubjeA  in  different  fenfes;) 
fo  that  thefe  by  denying  Unity  to  be  a  Number ^  do  only  deny  it  to  be  a  Multitude  ^n  the 
fame  fenfe  or  application  in  which  it  is  Ufiity-,  which  no  body  will  affirm.  Others  adhere 
to  the  former  Definition  which  comprehends  Unity  and  Multitude ;  but  Ibme  of  them  are 
as  much  in  the  wrong,  becaufe  they  contend  about  it  as  if  they  had  the  only  right  to 
fettle  the  Ufe  of  Words ;  and  ftill  they  are  more  ridiculous  to  pretend  they  are  arguing 
about  the  Nature  of  Things  themfelves,  when  it's  only  about  a  Word :  and  if  it  docs  not 
yet  appear  that  there  can  be  no  more  in  the  Difpute,  let  this  be  eonfider'd,  viz..  That 
Unity  and  Multitude  are  agreed  upon  to  fignify  different  things.  And  I  believe  it  muft 
be  yielded,  that  thefe  comprehend  the  whole  Objeft  of  Arirhmetick;  therefore  Number 
muft  either  fignify  the  fame  with  one  of  thefe,  or  be  apply'd  as  a  general  Name  toDoth ; 
and  then  the  only  remaining  Queftion  will  be.  Which  is-  moft  reafonable .'  And  this,  I 
think,  will  be  eafily  decided  by  confidering,  that  of  two  Words  merely  fynonimous,  one 
is  fuperfluous ;  but  it's  often  very  convenient  to  comprehend  feveral  things,  which  have 
alfo  their  different  Names,  under  one  general  Name,  becaufe  of  fome  common  thing  in 
which  they  agree,  as  it  is  in  this  prefent  cafe.  Andthofewho  would  m'aktNwnber  ex\\j{\o- 
ci\-<fi\x!m  Multitude,  are  prefTed  alfo  with  diis  other  Difficulty,  w®.  That  if  they  retain  their 
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Definirion  of  ^rithf/ietick,  viz.  the  Science  of  Numbers,  then  U7iity  will  be  no  part  of  the 
Objed  of  Arithmetick,  fmce  it  is  not  a  Number.  But  this,  I  believe,  they  will  not  fay ; 
for  whatever  can  be  any  part  of  the  Dat.i,  or  Means  by  which  a  Queftion  in  Arithme~ 
tick  is  folved,  or  be  itfelf  a  real  and  pofitive  Anfwer,  muft  belong  to  the  Science,  as  a 
part  of  its  Objeft.  And  indeed,  tho'  Euclid  defines  Number  to  be  a  Multitude  of  U7iits, 
yet  all  along  he  treats  of  Unity  under  tlie  fame  Name. 

'  V.  0/ Numbers,  AbflraS  and  AppHcate.  i.  When  in  tilings  number'd  we  confider 
their  Number,  abftradtiiig  from  (i.  e.  not  attending  to)  tlieir  other  particular  Properties 
jujd  Difterences  j  the  Idea  or  Notion  we  hereby  form  of  Numbers,  is  called  abfiraff  or 
general ;  or,  we  are  faid  to  confider  Number  abftraBly :  Becaufe  whatever  is  true  of  that 
Number  of  things  confider'd  fimply  and  purely  in  the  Number,  is  true  of  the  fame  Num- 
ber wherever  it  is  found,  or  in  whatever  tilings  it  exiflrs. 

Scholium.  We  can  form  no  Idea  of  Numbers,  without  that  of  things  number'd;  be- 
caufe it  is  an  Idea  form'd  by  comparifon  of  things :  Yet  while  we  confider  a  Number  of 
particular  tilings,  tho'  we  ftill  Imow  that  the  Number  is  infeparable  from  other  Ideas  that 
jmake  up  the  complex  Idea  of  thefc  things,  it's  in  our  power  to  confider  and  compare 
only  the  Numbers  of  things  together,  and  examine  their  various  Properties  and  Diffe- 
rences; and  the  Mind  can  perceive  at  the  fame  time,  that  whatever  is  true  of  the  Num- 
ber of  thefe  things,  muft  neceffarily  be  true  of  the  Cime  or  equal  Number  of  whatever 
other  things,  wherein  the  Number  only  is  what  we  confider  and  compare.  From  whence 
it  is  that  we  fpeak  of  Numbers  without  naming  any  particular  things ;  by  barely  naming 
the  particular  Number,  or  joining  it  with  the  general  word  Thing,  (which  is  always  fup- 
pofed,  when  not  mentioned.)  So  we  fpeak  of  the  Number,  Two,  Three, e^c  i.e.  two, 
three  things,  without  pointing  out  any  particular  thing  :  Becaufe  where  nothing  is  taken 
into  confideration  (as  the  Subjedt  of  Comparifon  and  Reafoning)  but  the  Number  of 
things,  then  any  things  may  be  fuppofed;  and  fo  tho'  the  Names  T-j^o  or  Three  arc  Names 
of  particular  Numbers,  infeparable  from  particular  things,  yet  becaufe  the  fame  Numbers 
in  everj'  other  thing  muft  have  the  fame  Names  and  Properties,  we  mal<e  ufe  of  the  Name 
A\'ithout  mentioning  particular  things  :  not  becaufe  that  Name  belongs  to  (or  reprefents) 
an  Idea  of  riiat  particular  Number  which  is  not  connected  with  any  particular  things ;  but 
becaufe  it  is  a  general  Name  applicable  to  the  fameNumberof  whatever  particular  things; 
and  is  ufed  in  this  manner  without  mentioning  any  thing,  when  it's  indifterent  which 
things  are  fuppofed,  ('.  e.  when  the  Number  only  is  the  matter  in  queftion  ;)  in  the  fame 
manner  as  we  have  here  ufed  the  word  Nu7nber  itfelf,  v/ithout  mentioning  a  particular 
Number,  as  One,  or  Two,  c^r .  Not  as  if  the  word  Number  reprefented  an  Idea  different 
from  all  Particulars ;  but  as  it  is  a  general  Name  comprehending  them  all. 

2.  When  we  confider  Number  not  in  its  general  Nature,  as  abo^  e  explained,  but  as 
it  is  a  Number  of  certain  particular  things,  as  two  Years,  two  Men,  or  tw'o  Yards  ;  then 
we  call  it  an  Applicate  Number :  which  Name  I  chufe,  for  its  obvious  Meaning,  rather 
than  the  word  Covtrad  or  CoTtcrete,  which  fome  Authors  ufe. 

ScHoLiu.M.  When  particular  tilings  arc  mentioned,  there  is  always  fomething  more 
confidered,  than  barely  their  Numbers ;  fo  that  what  is  true  when  Numbers  are  com- 
pared in  their  abftraft  or  general  Nature,  (/.  e.  when  nothing  but  die  Number  of  things 
is  confider'd)  will  not  be  true,  when  the  QuefKon  is  limited  to  particular  things  :  So, 
for  example,  the  Number  Two  is  lefs  than  Three ;  yet  tv/o  Yards  is  a  greater  quantity 
than  three  Inches  :  for  the  Comparifon  here  is  not  fimply  of  the  Number  of  things  two, 
and  three ;  but  of  the  Numbers  joined  with  another  Confideration,  -viz.  that  of  their 
lengths.  And  when  things  are  of  quite  different  Species,  then  tho'  we  can  compare  their 
Numbers  abftraBly-,  yet  we  cannot  compare  them  in  any  appHcateSQiSe.  And  this  Diffe- 
rence is  neceffar)'  to  be  confider'd,  becaufe  upon  it  the  true  Senfe,  and  the  Poffibility  or 
Impoffibility  of  fome  Queftions  depends ;  as  wcftiall  ieim  more  particularly  afterwards. 
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COROLLARIES. 

1.  Number  is  unlimited  in  refpedt  of  Increafei  fo  that  beginning  at  Unity,  and  adding 
to  it  anotlier  Unit,  and  to  this  laft  Colleftion  another  Unit,  and  fo  on,  we  may  pro- 
ceed in  i7ifnitu7i3,  i.  e.  we  can  never  come  to  an  end,  or  never  conceive  a  Number,  but 
iliil  there  is  a  greater.  But  on  the  fide  of  Decreafe  it's  limited ;  Unity  being  the  firft  and 
leaft  Number,  below  wliich  therefore  it  cannot  defcend.  In  what  fenfe  Unity  is  faidto  be 
divided  into  Parts,  which  make  a  greater  Number,  fhall  be  confider'd  in  its  place.  Alfo 
we  may  not  only  begin  at  Unity,  but  at  any  other  Number,  and  increafe  it/w  infinitum,  by 
the  continual  joining  of  Unit  after  Unit  J  or  diminiih  it  to  nothing,  by  continually  retradting 
or  taking  away  Unit  after  Unit. 

2.  Any  Number  may  be  increafed  by  any  other  Number,  or  by  any  Number  of  Num- 
bers j  for  every  Number  is  either  Unity,  or  a  Colledlion  of  Units,  which  can  be  joined 
feparately  to  another  Number  till  they  be  all  joined.  Alfo  it  may  be  decreafed  by  any 
Number  not  greater  than  itfelf;  or  by  any  two  or  more  Numbers,which  taken  all  together 
do  not  exceed  it,  i.  e.  fuch  a  Number  or  Numbers  may  be  taken  out  of  it. 

3.  Every  greater  Number  may  be  confider'd  as  compofed  not  only  of  Units,  (which  are 
its  moft  (imple  conftituent  Parts)  but  alfo  varioufly  of  other  Numbers  lleffer  than  it- 
felf,  according  to  the  variety  of  leller  Numbers,  whofe  Units  taken  all  together  make  a 
Colledion  equal  to  that  Number  j  or,  according  to  the  various  Diflributions  that  may  be 
made  of  its  Units,  by  putting  them  together  in  feparatc  Col!c<flions :  where  alio  every  lefTer 
Number  may  be  conceived  as  a  Part  of  every  greater;  wliich  is  as  a  Whole  with  refpe(3 
to  all  the  lefier  Numbers,  which,  being  joined  together,  make  up  that  Number. 

J.  2.     Of  the  generalT>i'ViJion,  and  Order  of  this  Science. 

THE  mofl  general  Divifion  of  Arithmetick  is  that  of  Theory  and  VraBice. 
The  Theory-,  or  Speculative  Part,  is  that  Science  which  conliders  and  explains  the 
Properties  and  Relations  of  Pare  aiid  Ahftrad  Numbers ;   con  filling  of  fuch  Propofitions 
as  exhibit  to  the  Underftanding  certain  Truths  concerning  Numbers,  eitlier  more  general 
or  more  particular ;  as  Axioms  and  Theorems. 

The  Fraftical  Part  is  the  Art  of  Numbering,  or  applying  the  Theory  to  the  Solution  of 
Queftions,  either  in  abfl:ra<Sl:  or  applicate  Numbers  j  confiding  oiFroblems,  or  fuch  Pro- 
pofitions as  require  fomething  to  be  done  or  effedted :  and  gives  us  a  Rule  for  the  Per- 
formance;  teaching  how,  by  means  of  certain  known  Numbers,  to  difcover  other  Num- 
bers connefted  and  related  to  them,  according  to  the  Conditions  propofed  in  theQueftion; 
or  at  Icaft  to  find  that  from  the  given  Numbers,  compared  and  applied  to  one  another>  as 
the  nature  of  the  Qiiefiion  requires,  there  arifes  no  Number. 

Ohferve,  Some  confider  as  Theory  all  that  is  propofed  in  abftrad  Numbers,  whether 
Theorems  or  Problems ;  and  the  Application  to  Queftions  in  applicate  Numbers  only, 
tliey  call  the  Pradlical  Part.  Others  define  the  Theory  as  above ;  and  confine  the  Praftical 
Part  to  Problems  of  Abftrad  Numbers :  and  Problems  of  Applicate  Numbers  they  call  the 
EfeHive  Part. 

As  the  Truth  and  Reafons  of  the  Praftical  Rules  are  contained  in  Theorems,  with  other 
more  general  Principles,  as  Definitions  and  Axioms,  fo  they  are  to  be  reckoned  Dedudtions 
from  them,  or  rather  their  Applications :  And  therefore  in  the  natural  Order,  the  Theory 
ought  to  precede  the  Pradlical  Part.  But  yet  thefc  rv/o  Parts  ought  not,  and  cannot  be 
treated  entirely  feparate  fiom  one  another  j  ;'.  e.  all  of  the  firft  Kind  together,  and  after- 
wards all  of  the  other :  But  tliey  muft  be  mix'd  together  according  to  their  Dependence. 
It's  certain  that  Theory  muft  precede  Trailice,  becaufe  that  contains  the  Groimds  and 
Reafons  of  iliisi  yet  'tis  as  true,  that  wc  can  make  but  a  ftnall  Progrels  in  Theory,  till  we 
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underftand  the  fundamental  Elements  and  Rules  of  the  Pradlical  Part :  Tliefe-  being  in- 
difpenlibly  neceflary  both  for  underftanding  the  Senfe,  and  illultrating,  or  proving  by  Ex- 
amples, the  Truth  of  Theorems. 

Wherefore  the  Divijioti  that  mufl  be  followed  in  explaining  this  Science,  is  not  that  of 
Theory  and  Pfa^ice,  (tho'  thefe  muft  alfo  be  difpofed  according  to  Reafon,  and  their  na- 
tural Connexion  and  Dependence  ;)  but  the  moft  proper  and  reafonable  Divifion  \s  into  two 
other  Parts,   under  the  Titles  of  the  Shnple  and  Comparative  Ekvmits. 

If  we  refleft  upon  the  Definition  >  and  Corollaricj  already  explained,-  thefe  are  fo  many 
of  the  firft  general  Principles  and  Axioms  of  the  Science:  And  from  thefe  we  ftallealily 
underftand  the  Reafon  of  this  Divifion,  and  what  in  general  belongs  to  each  Part.  For 
it's  plain,  that  the  moft  general,  and  what  we  may  call  the  only  abfilute  Property  of 
Number,  is,  a  Capacity  of  hicreaje  in  infinitum,  or  Decreafe  to  jiothing:  all  other  parti- 
cular Properties  are  relative-,  depending  upon  tlie  Comparifon  of  Numbers  together.  And 
fmce  there  is  nothing  in  Numbers.)  but  different  Colleftions  of  Units,  or  different  Com- 
pofitions  of  leffer  Numbers  in  greater,  thefe  particular  Properties  muft  all  depend  upon  the 
Effed  of  different  Applications  of  Numbers  to  one  another,  whereby  they  are  varioufly 
compounded  together  or  refolved,  according  to  certain  Conditions.  And  for  Arithmetical 
Problems,  or  Queftions,  in  which  an  unknown  Number  is  to  be  found  by  means  of  cer- 
tain Connexions  and  Relations  it  has  to  fome  known  Numbers ;  thefe  Connedlions  can 
confift  in  nothing  elle  but  this,  viz.  That  the  Number  fought  is  the  Refult  of  varioully 
increafuig  and  decreafing  the  known  Numbers  by  one  another,  according  to  the  Condi- 
tions propofed ;  fo  that  all  that  can  be  known  or  done  in  Arithmetick  does  evidendy  re- 
late to,  and  depend  upon,  the  Application  of  Numbers  to  one  another  by  Compolition 
and  Refolution,  or  Increafing  and  Decreafing  them. 

Therefore  the  firfl  and  fundamental  Part  of  Arithmetick  is  the  Knowledge  of  the  va- 
rious Rules  and  Operations  (with  the  Principles  upon  which  their  feveral  Reafons  depend) 
by  which  Numbers  are  compounded  and  refolved  j  i.  e.  increafed  and  decreafed  by  one 
another,  which  are  the  fundamental  Elements  of  Pradlice  ^  including  in  general  all  that 
can  be  done  with  Numbers  ^  and  indifpenfibly  neceflary  alio  for  underftanding  and  proving 
the  more  particular  Theory ;  v/hich  does  all  relate  to  the  Eftoft  of  thefe  Operations-: 
Which  I  have  therefore  jiiftly,  I  think,  confider'd  as  the  Simple  and  Primitive  EUements  of 
Arithmetick.  What  further  Subdivifion  of  tliis  is  neceffar)',  iliall  be  Ihewn  in  its  proper 
place. 

All  the  reft  of  the  Science  of  Arithmetick  I  comprehend  under  the  general  Name  of 
Comparative  Elements  j  becaufe  it  confifts  of  liich  relative  Properties  as  arife  from  th.e 
comparing  of  Numbers  together,  and  applying  tliem  to  one  another  by  the  various  Method^ 
of  Compounding  and  Refolving,  taught  in  d:c  firft  Part ;  as  alfo  the  Solution  of  (uch 
Qiieftions  as  depend  upon  thefe  Relative  Properties. 

In  the  remaining  Part  of  this  Book,  with  the  fecond  and  third,  you  have  the  firft  Branch, 
or  Simple  Elements  explained  j  and  the  Comparative  Elements  in  the  remaining  Books. 

§.  S.  Of  the  Operations  of  KvLimu-ETicK.  in  general. 

T)  Y  what  has  been  already  explained,  it  will  be  obvious.  That  all  the  Operation  ia 
-'-'  Numbers  are  of  two  Kinds  in  General,  viz.  Augmenting  and  Dimitiiflymg.  Each  ot 
thefe  are  performed  after  two  different  ways,  and  thereby  come  luidcr  two  different  Names: 
Thujj  Augmenting  is  divided  into  Addition,  and  Multiplication  :,  Diminijhing  into 
SuBSTRACTioN,  and  Division  :  Which  fhall  be  explain'd  in  order.  Some  add  a  third 
Clafs,  whole  Branches  are  caU'd  Involution.,  and  Evolutio7i;  or  alfo  Kaifjig  of  Powers, 
and  ExtraHing  of  Roots.  But  thefe  may  be  comprehended  under  Multiplicatiou  and  !>;- 
vifi07i ;  for  the  Operation  is  of  the  fame  general  Kind,  only  under  certain  Umititions. 
They  will  deferve  however  to  be  explain'd  diltindly  by  themfelves. 
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But  diere  in  yet  fomething  previous  to  all  this,  wa.  The  Knowledge  of  the  Signs 
whereby  our  Ideas  of  Numbers  are  exprefled  or  reprcfented;  for  without  lotne  eaiy  Method 
and  Art  of  reprefenting  them,  fo  as  they  may  be  clearly  and  diftinclly  compared,  there 
could  be  little  or  nothing  known  or  done  in  Numbers.  This  Art  v/e  call  the  Notation 
of  Numbers;  which,  if  we  confiderby  itfelf,  and  in  its  primary  Defign,  is  only  aneceffary 
Inftrument  for  the  better  and  more  eafy  Comparifon  of  Numbers,  and  performing  dieir 
Operations  ■-,  and  is  therefore  rather  a  Plandmaid,  than  an  effential  Part :  For  wc  can  call 
nothing  effcntial  but  what  belongs  to  the  very  Nature  of  a  Thing;  and  which  being  taken 
away,  the  thing  wodd  be  deftroy'd :  not  diat  which  is  atbitrary,  and  may  be  changed,  and 
another  thing  put  in  its  place  at  pleafure,  as  it  is  in  the  Notation  of  Numbers.  However, 
as  there  mulf  lirftbe  a  Method  of  Exprellion  inftituted,  whatever  that  is,  fo  far  as  the  Rules 
of  Operation  depend  upon  it,  it  is  the  Foundation  of  them ;  and  therefore  it  is  commonly 
look'd  upon  as  the  firft'Rule  or  Operation  in  Arithmetick,  making  in  all  five  fundamental 
Operation";,  ^'.-s.  Notatto?!,  Addition.,  Subftrailio)!,  Midtiplication-,  and  Divif.on.  But  ftill 
it  ought  to  be  con'.ider'd  only  as  an  arbitrary  Rule  and  Foundation,  vliich  requii'cs  and 
ilippofes  no  other  Principle  but  tliis,  I'iz..  T\m.  ajiy  of  our  Ideas  may  be  reprejinted  by 
any  Marks  or  Stgvs  we  plcafe  to  infiitute :  whereas  the  other  Operations,  befidei  what  they 
owe  to  the  Notation,  have  alfo  a  dependence  upon  Reafonings  from  the  Nature  of 

Numbers  themfelves.  ^,  r        ■        ,  .  ,  . 

Before  we  enter  upon  thefe  Operations,  we  mult  here  repeat  an  Obfervation  which  has 
been  already  made,  viz.  That  all  Science  mult  begin  with  Theory  as  a  Foundation  for 
Praffice.  Now  this  Order  we  have  in  effed:  followed;  for  the  Definitions  and  Corollaries 
explained  in  §.  i.  are  the  firft  and  more  general  Principles  of  this  Science;  to  which  if  we 
join  tliis  general  Axiom,  viz.  That  the  IVhole  is  equal  to  all  its  Farts,  we  have  all  that 
is  neceiTary  for  cntring  upon  tiiefe  praftical  Eleiments.  What  other  Principles  are  em- 
ploy'd  in  particular  Rules,  Hiall  be  explain'd  m  order  as  we  go  on;  for  they  are  gained 
moft  part  by  confequence  in  the  progrefs  of  the  Science. 


CHAP.     II. 


Of  the  Notation,    or  Exprejfion  o/Numbers,   with  their 
DiJiinSiion  into  Integral  and  FraEiional. 

$.  I.  Of  the  Notation  of  Numbers. 

DEFINITION. 

NOT  \TION  is  the  Method  or  Art  of  ExpreJJing  Numbers:  which  is  done  two 
ways;  by  certain  IVords  or  Names,  and  alfo  by  certain  Signs  or  Charaners^cdWcd 
Fr«rM-  the  one  corrcfponding  to  the  other  in  the  Reprefentation  of  the  fame  Num- 
bers, and  both  equally  neccffary:  The  Figures  being  contrived  for  die  eafy  management 
of  Operations,  whereby  the  greatcft  Numbers  are  compared,  and  the  Operations  per- 
formed with  thegreateft  cafe  and  rcadinefs;  without  which,  our  knowledge  m  Numbers 
had  reached  a  very  diort  way .  And  fo  much  does  the  Science  owe  to  thefe,  diat  upon 
tills  Account  fome  call  it,  The  An  of  Yiguring;  but  wc  might  better  call  it,  The  Scence 
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of  ^iumhirsr,  as  they  are  reprefented  and  managed  by  Figures :  So  that  this  is  the  principal 
Branch  oi  Notation-^  which  yet  cannot  be  without  the  other,  the  Names  of  Numbers  being 
necelTary  for  our  converfing  or  fpeaking  to  one  another  about  Numbers,  and  the  Rcfult  of 
the  Operations  made  by  the  Figures, and  for  the  adhial  numbering  or  telling  over  tilings,  by 
the  Application  of  Names  in  an  orderly  Progreffion  from  Unit)-,  ftill  joining  one  Unit  after 
another  to  the  Collection  j  or  telling  things  out  one  by  one.  For  without  fome  Signs 
whereby  the  Number,  as  it  increafes,  is  continually  dillinguiihed,  we  could  make  nothing 
of  the  Numbers  of  tilings,  nor  compare  one  Number  witli  another :  and  Words  are  the 
moft  proper  and  convenient  Signs  for  tliis  pui-poiei  which  arc  alfo  of  good  and  necciTary 
Ufe  in  making  the  Operations  with  the  Figures. 

The  Syftem  of  the  Names  of  Numbers  is  indeed  a  part  of  our  Language,  and  therefore 
tlie  Writers  on  Arithmetick  fuppofe  tliem  to  be  known,  and  reckon  it  their  bufinefs  only 
to  explain  the  Reprefentation  of  Numbers  by  Figures,  and  their  Correfpondence  to  the 
Names :  But  it  will  be  a  more  regular  and  juft  Method  to  explain  both  the  Syltrerns  of 
Names  and  Figures  by  therafelvesj  and  then  fhew  their  mutual  Correfpondence.  Thefe 
two  Syftems  I  fliall  explain  under  the  Tides  of  the  Nomhial  and  Figural  Notation ;  which 
being  compared,  their  mutual  Correfpondence  will  be  eafily  underftood.  But  this  I  liiall 
more  particularly  explain  in  the  Solution  of  a  Problenty  teaching  how  from  the  Expreillon 
of  any  Number  in  one  manner,   to  find  its  correlpondent  Exprcilion  in  the  other. 

(i.)  Nominal  Notation,  or  the  Exprejfwn  of  Numbers  hy  Words  or  Names. 

A  DIFFERENT  fimple  Name  for  every  Number,  oreven  for  as  many  particular 
Numbers  as  we  have  occafion  to  confider  in  human  Affairs,  v/ouldbe  a  Burden  altogether 
infupportable  \  but  it  is  more  happily  contrived,  that  a  few  limple  Names,  and  thefe 
compounded  together  in  a  very  eafy  manner,  anfwer  all  the  Ends  and  Purpofes  both  of 
Speculation  and  Pradice. 

The  Simple  Names  of  Numbers  are  thefe, 

'Explanation  of  this  TA  B  L  E. 
One  is  another  Name  for  Unity:  the  reft  of  the  Names 
to  Te;/  exprefs  Numbers  in  a  Sei-ies  from  Unity,  by  the 
continual  joining  Unit  after  Unit;  fo  Tvjo  e:rprelTcs  One 
more  0«e;  Three  exprefTes  Two  and  One,  and  fo  on  to 
TeK:  a  Hundred  ex^re(^esTen-Te}!s-,  a  Tl:iouJa»d exprelTcs 
Ten-Hundreds  j  a  Millim  is  a  Thoufasid-Thoufands ;  a  Billimi 
is  3l Million  o? Mijliovs;  a  Trillion  is  a  Million oi  Billions-, 
a  Svuadrillion  is  a  Million  of  Trillions. 

So  that  we  have  here  Names  anfwering  to  the  natural  Series  of  Numbers  from  Unity  to 
Ten.  But  after  this,  the  Series  is  interrupted,  and  we  pafs  to  the  Names  of  greater  Num- 
bers :  And  all  that  remains  to  be  explaiji'd  is,  how  the  intermediate  Numbers  arc  named 
from  Te7t  to  a  Hm/dred,  and  from  a  Hundred  to  a  Thoufand,  and  fo  on.  Which  is  done  thus, 
aftrer  Ten  the  Names  arc  compounded  of  Ten  and  the  preceding  to  a  Hundred.  Firft, 
from  Ten  to  r\voI>w  we  proceed  tfaus^ 


One, 

Ten, 

Two, 

A  Hundred, 

Three, 

A  Thoufand, 

Four, 

A  Million, 

Five, 

A  Billion, 

Sis, 

A  Trillion, 

Seven, 

A  Quadrillion, 

Eight, 

a^c. 

Nine, 

Ten, 
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Ten, 

Eleven, 

Twelve, 

Tliirteen, 

Fourteen, 

I'ifceen, 

Sbcteen, 

Seventeen, 

Eighteen, 

Nineteen, 

Twenty, 


Then  from  Tixientj  we  fimply  join  the  Names  of 
Ten  and  One,  the  firft  «/»e Numbers  tlius,  T'wenty-o?ie,T'ujenty-t'u:0-, 
Ten  and  Two,  &c.  to  T-vjenty-vine :  then  the  next  Number  is  Three 
Ten  and  Three,  Tew,  called  Thirty  \  and  the  fame  Compofirion  of 
Ten  and  Four,  Names  we  ufe  imx^Thirty  to  four  Tens,  c^led  Vorty : 
Ten  and  Five,  and  from  this  to  Fifty,  {or five  Tens:)  and  foon  to 
Ten  and  Six,  Sixty,  (or  fixTetis :)  Sevejtty,  (or  feven  Tens :)  Eighty, 

Ten  and  Seven,  (or  eight  Tens .-)  Ninety,  (or  nine  Tens :)  and  after 
Ten  and  Eight,  Ninety  ^nAnine,One  added  makes /e« 7Vw,or  iHutt- 
Ten  and  Nine,  dred.  Then  from  a  Hundred  (or  one  Hundred)  we 
Two  Tens.  proceed  by  joining  with  it  all  the  preceeding  Names 

from  07/e  to  N/'«p/)'  and  nine,  thus.  One  Hutidrcd  a.nd  one.  One  Hundred  and  t'ujo,  8cc.  to  One 
Hundred  and  Ni?/cty  nine,  to  which  cxie  added  makes  Tv-o  Hundred .  In  the  fame  manner 
we  proceed  imm  Two  Hundred,  toThree  Hundred;  andfo  on  to  Nine  Hundred  Ninety  and 
vine,  and  then  o!:e  added  makes  7!?;/  Hundred,  or  OneThoufand.  In  like  manner  we  proceed 
from  One  Thoufand,  joining  with  it  all  the  preceding  from  Unity  till  we  come  to  T-xo 
thoufand,  and  fo  on  to  a  Thoufand-thoufands,  or  a  Million ;  and  with  this  alfowe  join  all 
the  preceding  Names  from  Uiiity  to  t'wo  Millions,  &c.  to  zMllionoi  Millions, ptzBillion; 
and  fo  on  to  a  Trillion  and  ^adrillio?!. 

oyferve.  If  we  would  proceed  farther,  we  may  ufe  thefe  Names,  ^intillions,  (or  a 
Million  of  Quadrillions ;)  Sextillions,  (or  a  Million  of  Quintillions,)  and  io  on ;  filling  up 
the  intermediate  Numbers  as  before :  But  for  any  real  Ufe  in  human  Affairs,  we  need  no 
Names  above  Millions.  In  Mathematical  Work,  greater  Numbers  occur ;  but  they  are 
manag'd  by  Figures,, and  can  be  compared  without  Names;  which,  if  required,  may  be 
contriv'd  in  the  manner  now  mention'd,  Obferve  alfo,  that  fome  inftead  of  the  iimple 
Names  Billions,  Trillions,  Quadrillions,  (^c.  chufe  the  compound  Names  Millions  of  Mil- 
lions ^  Millions  of  Millions  of  Millions  ^  Millions  of  Millions  of  Millions  of  Millions .,  and  fo 
on,  compounding  the  word  Million  once  more  gradually  :  But  the  other  fimple  Names 
feem  more  convenient,  tho'  the  contrivance  and  way  of  making  the  complex  Names  is 
more  obvious  and  eafy ;  however,  fince  we  have  little  ufe  for  Names  above  Millions,  we 
need  not  difpute  about  the  difference. 


C2.)    FiGURAL   Notation. 

A  S  a  few  fimple  Names  ferve  all  our  Purpofes  in  Arithmetick,  fo  yet  fewer  fimple 
Figures  are  found  fufficient,  not  only  for  common  Ufe,  but  even  to  carry  us  thro'  the 
Infinity  of  Number :  Which  Figuies,  v/ith  their  correfponding  Names,  are  thefe  i 

Figures  ox7,7,df<^6'^%ij. 


Names' 


o 


60 

5  u 

6  c 
:2;  O    I-..  H 


£        S        3 


(<H  (IH 


.3 

C/3 


C       y       01 

>         6D       .5 

c^   w   :zi 


That  a  Figure  fignifying  of  itfelf  Nothing,  (or  no  Number)  is  neceflary,  we  fliallpre- 
fcntly  fee.  In  the  mean  time  obferve,  that  the  Number  of  fimple  Figures  being  Ten,  they 
are  hence  called  the  Digits,  from  the  Number  oi  Fingers  {Digiti)  on  our  Hands.  How 
this  Number  came  to  he  chofcn,  we  fhall  afterwards  confider. 

All  other  Numbers  greater  than  Nine,  ( 9, )  are  exprefled  by  Combinations  of  thefe 
Digits ;  placing  them  together  in  a  Line  in  various  Orders  i  every  Figure  changing  its 
Value  according  to  the  place  it  Itands  in.    By  tliis 
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GENERAL     RULE. 


In  a  Rank  of  Figures  placed  tognhcr  in  a  Line.,  {reckoning  the  Order  of  Places  from 
the  Right  to  the  Left-hand j  that  being  the  firfi  ivhich  is  firfl  on  the  Right-hand; 
and  the  fecond,  third,  &C.  being  in  order  from  that  on  the  Lrft)  any  FJgure  in  the 
■firft  place  rcprcjents  the  primitive  fiv:plc  Value  above  exprcjfed.,  as  if  it  flood  alanc  ; 
and  in  every  place  gradually  to'-xards  the  Left-handy  it  fg7tifies  ten-times  as  t.iany 
as  it  lioiild  do  in  the  preceding  place. 

Thus  I,  2;,  3,  (^-c.  in  the  firft  place  fignify  fimplyfo  many  Unia  as  above  nimed  j  h:\t 
in  the  iecond  place  of  a  Rank,  any  one  of  them  (i^nihes  ton  times  fo  many  Unics,  (or 
fo  many  times  ten.)  Ex.  48  fiTnilies  forty  and  eight,  [/.  e.  four  tens  for  the  value  of  4. 
in  the  fecond  place,  and  8  in  the  firft  place.]  Again,  60  fignifies  llxty,  [or  fw  tens,  which 
16  the  value  of  the  6  in  the  fecond  place  j  the  o  in  the  hrft  place  iignifying  nothing  of 
itfelf  ]  Again,  in  the  third  place  they  iignify  ten  times  tlielr  VaJue  in  the  fecond  pla^e ; 
or  ten  times  fo  manyTais,  [i.e.  fo  many  hundicds:)  andfo  on  gradually  towaids  the  Left- 
hand,  ftill  increaling  their  value  tenfold  of  that  of  the  preceding  place.  So  6co  is  (Lv 
hundred  i  642,  is  fix  hundred,  forty  and  two. 

Now  this  general  Inftitution  bein»  well  conceived,  it  will,  I  fuppofe,  be  found  evidently 
fufficientfor  the  expredion  of  all  Numbers;  or  that  all  Numbers  in  a  gradual  Series  from 
Unity  may  be  reprelented  thereby.  And  if  this  is  not  evident,  it  naay  be  made  fo — Thus ; 
Every  Number  is  either  lefs  than  Ten;  which  is  cxprelled  by  one  of  the  nine  fi^nu^- 
cant  Digits  :  or  it  is  a  Number  of  Tens  Icfs  than  ten ;  which  is  therefore  exprelled  by  feme 
Digit  in  the  fecond  place,  and  o  in  the  firft:  or  it  is  fach  a  Number  joined  widi  a  Number 
lefs  tlian  ten ;  which  laft  Number  is  expreffed  by  a  Digit  in  the  firft  place  :  or  it  is  a  Num.- 
ber  of  Ten-tens  (or  hundreds)  lefs  tlian  ten;  which  is  therefore  exprelled  by  fome  Digit 
in  the  third  place,  and  o  in  the  firft  and  fecond  places :  But  ifwithrhi.  Number  is  joined 
any  lelTerNumber,  [i.  e.  any  of  the  preceding  Claftes)  that  is  exprelled  by  Digits  in  the  firft 
or  fecond,  or  in  both  places.  The  Progreflion  to  greater  Numbers,  I  think,  wLU  be  now 
plain  enough.  Or  we  may  confider  it  in  this  manner — Any  Combination  of  Figures  e.x- 
prefles  fome  one  determiirate  Number,  according  to  the  inftimted  Value  of  Places ;  and  if 
Unity  is  joined  to  this  Number,  the  Sum  can  be  exprelled :  for  this  is  done  by  changing  the 
Figure  in  the  firft  place,  and  taking  the  next  greater,  i.e.  for  i,  taking2;  fori,  taking  5, e^r. 
and  if  9  is  already  in  the  firft  place,  then  becaufe  nine  and  one  make  ten,  we  muft  (accor- 
ding to  the  Inftitution)  put  o  in  the  firft  place,  and  change  the  Figure  of  the  fecond  place, 
taking  the  next  greater  i  and  if  ihatisalfo  9,  we  put  o  alio  in  the  fecond  place,  and  change 
the  Figure  of  the  third;  andfo  on  till  we  come  to  a  place  in  which  there  is  a  Figure  lefs  than 
9.  So  that  if  all  the  Figures  of  the  given  Example  are  9's,  v.-e  fet  o  in  all  their  place:-,  and 
fet  I  ontheleft  of  all.  Example  I.  47  and  i  is  48.  Ex.  II.  29  and  i  is  50.  Ex.  III. 
499  and  I  is  500.     Ex.  I\'.  999  and  i  is  1000. 

Now  it's  plain,  that  if  to  any  Number  we  can  add  one  and  exprefs  the  Sum,  by  the 
fame  Rule  we  can  add  i  to  the  Sum ;  and  i  to  this  laft  Sum,  and  fo  on.  And  becaufe 
I  may  be  the  given  Number,  it  follows  that  we  can  by  this  Inftitution  exprefs  any  Num- 
ber in  the  natural  Scries  from  Unity  in  i?ifnitum-,  and  the  way  of  doing  it  is  here  alio 
made  evident. 

SCHOLIUMS. 

I.  We  fee  now  thattho'  the  Figure  o  fignifics  nought  of  itfelf,  yet  it  is  not  ufelefsibut 
UVdil^enfibJy  neceftary  to  fill  up  places,  that  other  Figures  may  poiTcfs  fuch  places  as  they 
ought  to  be  in,  for  the  exprelTion  of  certain  Numbers  which  could  not  be  exprelled  by  this 
fundamental  Rule,  without  the  help  of  this  Charadter.     One  Example  is  enough  to  fliew 
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it,  and  we  fliall  chufe  the  Number  Ten-,  which  could  not  otherways  be  expre&'d :  for  by 
this  Inftitution,  i  in  the  fecond  place  is  ten ;  but  there  cannot  be  a  fecond  place  unlefs 
therebeafirftj  and  if  any  fignificant  Figure  ftand  in  the  fiift  place,  the  whole  will  make  a 
Number  greater  than  Ten:  fo  14  is  ten  and  four;  therefore  the  Figure  in  the  firft  place 
muft  fignify  nothing-,  and  ferves  only  to  make  rwo  places,  that  the  i  may  be  put  in  the 
fecond,  where  it  fignifies  Ten :  thus,    10. 

2.  The  Figure  o  Handing  on  the  Left-hand,  or  in  the  laft  place  of  any  Rank  of  Figures 
is  altogether  ufelefs;  fo  04  is  no  more  than  4,  becaufe  the  Value  of  Figures  rifes  from  the 
Right-hand  to  the  Left. 

3.  According  to  this  Inftiwtion,  each  of  the  nine  fimple  fignificant  Figures  may  be 
confider'd  as  having  two  Values ;  the  one  certain  and  determinate,  known  by  its  Form, 
wliich  is  that  it  fignifies  fimply  by  itfelf,  (is  4  is  four)  and  may  be  caUed  its  Jimp/e  or  pri- 
mitive Value :  the  other  is  uncertain  and  variable,  depending  upon  its  place  in  a  Rank 
with  others;  foany  Figure  in  the  fecond  place  is  fo  many  Tens;  in  the  tliird  place  it  is  fo- 
many  Ten-tens,  (or  liundreds)  and  fo  on  in  a  ten-fold  Increafe;  and  this  may  be  called 
the  fecoiidary  or /ac^j/ Value,  i.e.  the  Value  of  the  P/<»«;  and  thefe  two  Values  compounded 
(or  the  one  repeated  as  oft  as  the  other  contains  UnitjO  majies  the  compleat  Value  of  that 
Figure  in  that  place.  For  Example,  4  in  the  lecond  place  is  four-times  Ten,  (or  forty;) 
and  in  the  third  place  it  is  four-times  Ten-tens,  or  four  hundred.  But  in  the  firft  place 
(and  in  no  other)  thefe  two  Values  coincide ;  for  here  there  is  no  Value  but  the  Simple. 

4.  If  thefe  twoSyftems  oi  Names  and  Figures  are  duly  compared,  their  mumal  Corre- 
fpondcnce  will  be  eafily  underftood;  fo  that  you'll  find  little  difficulty  in  exprefling  any 
Number  in  the  one  manner  which  is  firft  exprefled  in  the  other.  But  that  no  body  may 
complain,  I  fhall  explain  this  more  particularly  in  the  following  Vrohlejn. 

F  R  O  B  L  E  M.. 

Having  any  Number  exprejfed  by  Figures,  hovj  to  read  or  exprefs  it  in  Words  ; 
or,  having  it  exprejjed  in  Words,  hoixi  to  larite  or  exprefs  it  in  Figures. 

Case  I  .  From  a  given  Exprej]ion  of  any  Number  in  Figures,  how  to  read  it  in  Words. 

We  have  already  confider'd  how  that  any  Number  being  exprefled  by  Figures,  every 
Figure  may  be  confider'd  in  a  double  view,  ».  e.  according  to  its  fivtple  and  local  Value. 
Again,  the  Syftem  of  Names  as  above  explain'd,  is  fo  contrived,  that  Ten  times  Ten ; 
Ten  times  Ten  times  Ten ;  Ten  times  Ten  times  Ten  times  Ten ;  [and  fo  on,  which 
are  the  Value  of  places  after  the  fecond,  which  is  Ten]  have  diftind  Names,  either  fimple 
or  compound ;  and  fuch  Values  taken  any  number  of  times  lefs  than  Ten,  are  named  no 
other  way  than  by  expreding  the  number  of  times  (lefs  than  Ten)  that  Value  is  repeated ; 
fo  that  if  we  know  the  Names  of  both  values  for  every  Figure  in  any  Rank  (or  Expredion 
of  a  Number,  which  has  more  than  one  place)  and  exprefs  each  according  to  the  Compo- 
fition  of  thefe  two  Values,  then  we  have  the  Expreffion  fought,  for  the  whole  Rank  or 
Number  propofed.  The  Names  of  the  fimple  Values  of  Figures  we  have  already  learnt; 
what  remains  is  to  know  the  Names  for  the  local  Values,  which  is  the  Delign  of  what 
they  commonly  call  the  Table  of  Notation  (or  Numeration)  which  I  Ihall  put  in  a  more 
convenient  Form. 


TABLE 
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If  you  would  carry  this  Table  farther,  it  is  to  be  done  by  the  Names  TrillioKs,  &c. 
(already  explained)  the  fame  way  ufed,  as  here  Millions  and  Billions  are. 

Now  the  Ufc  of  the  Table  is  plainly  this.  Apply  each  of  thefe  Names  in  Order,  to 
the  feveral  Figures  of  a  Rank,  according  to  their  Places  (the  Name  Units  fignifying 
only,  that  the  Figure  in  that  Place  is  taken  in  its  fimple  Value)  and  prefix  the  fimple 
Value,  making  a  Compofition  of  both  (obferving  how  any  fimple  Value  compounded 
with  Teh  is  contraded,  wx..  For  two  Tens,  fay  Twenty,  ana  fo  on  to  Thirty,  Forty,  &c. 
as  above  explained)  and  thus  read  all  the  Figures  from  the  Left  to  the  Right.  Obferve 
alfo,  that  where  any  Word  belongs  to  the  Narnes  o^  feveral  Places-,  wliich  ftand  all  next 
together,  as  do  the  Words,  Thoufand,  and  Million,  and  Billion,  that  needs  not  be  re- 
peated j  but  only  once  exprefled,  after  all  the  Places  to  which  it  belongs  are  read  according 
to  what  is  more  in  the  Name,  as  the  following  Examples  will  makep&in. 

Examples. 

U,  is  Eighty  Six 

254,  is  Two  Hundred,  Fifty,  and  Four. 

7468,  is  Seven  Thoufand,  Four  Hundred,  and  Eight. 

67046,  is  Sixty  and  Seven  Thoufand,  and  Forty  (/.e.)  Sixty  Thoufand,  Seven  Thoufarid, 
and  Forty. 

46258300,  is  Forty  Six  Millions,  Two  Hundred  and  Fifty  Eight  Thoufand,  and  Three 
Hundred,  (/.  e.)  Forty  Millions,  Six  Millions,  Two  Hundred  Thoufand,  Fifty  Thoufand, 
and  Eight  Thoufand,  and  Three  Hundred. 

248005403(12,  is  Twenty  FourThoufand  and  Eight  Hundred  Millions,  Five  Hundred 
ind  Forty  Thoufand,  Three  Hundred  Sixty  Two,  (/.  e.)  Twenty  Four  Thoufand  Millions, 
and  Eight  Hundred  Millions,  &c. 

But  this  may  be  made  yet  eafier,  by  confidcririg  the  feveral  adjacent  Places  that  have 
any  one  or  more  Words  comrnon  in  tlieir  Names  j  from  which  wc  have  this  other 

TABLE. 
th-Bill.  BiU.  th-Mill.  Mill.  Thoufd.  Un. 

r>sJ^y^    rvA/^    r\A>o   rvAy^     r>s.j<y\    /*\»y<y% 

c  :  X  :  Un.       c  :  x  :  Un.        c  :  x:  Vn.       c  :  x  :  Un.        c  :  x  :  Un.      c  :  x  :  Un. 

Obferve,  If  you  negleft  the  Word  Un.  (or  Units)  which  ftands  firft  in  the  upper  Line 
of  this  Table  i  and  where  tl:e  Word  Unit  ftands  after  the  diree  firfl  Places  in  the  under 
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Line,  put  the  Name  thatftands  over  every  Repetition  of  c  :  x :  Un.  repeating  it  alfo  with 
die  other  two,  I'iz..  c  ;  x.  then  you  make  the  fame  Seriej  of  Names  as  in  the  preceding 
Table.     And  for  the  Advantage  of  this  Form,  we  ihall  prefently  fee  it.  "- 

The  Application  of  the  TABL,E. 
Begin  at  the  Right  Hand  of  any  Number,  and  divide  or  feparate  the  whole  Figures 
into  Clafles  or  Periods  of  three  Figures  each,  as  long  as  there  arc  as  many:  then  each  Pe- 
riod muft  firft  be  read  as  if  it  were  alone  by  Utiits,  Tens,  Hundreds,  i.  e.  the  firft  place 
on  the  right  of  the  Period  by  its  fimple  Value,  the  fecond  place  as  fo  many  Tens, 
and  the  third  place  fo  many  Hundreds  as  the  fimple  \^alue  exprelles  [which  Praftice  is 
ex'prcfled  by  tnefe  Signs  c  :  x  :  Un.  conftantly  repeated  in  the  under  Line  of  the  Table.] 
A^ain,  becaufe  Figures  incrcafc  their  Value  towards  the  lefc,  the  fame  Figures  in  diflferent 
Periods  are  of  ditterent  Values,  and  therefore  every  Period  has  a  common  Name  that 
compleats  the  Expreflion ;  which  are  thefe  in  the  upper  Line  of  the  Table ;  (in  which 
Units  is  made  the  Name  of  the  firft  Period  merely  for  a  diftindion,  but  is  never  expreffed) 
therefore  to  apply  this  Table  more  eafily,  -get  tine  Names  of  the  Periods  'by  heart  back- 
wards and  forwards  ^  and  then  applying  them  to  the  Periods  from  the  right  to  the  left,  that 
you  may  find  the  Name  of  the  higheft  Period  in  any  Example;  and  remembriirg  exadly 
the  Names  of  Periods  in  order  from  the  left ;  you  muft  begin  from  the  left  and  firft  read 
the  Figures  of  each  Period,  as  c  :  x  :  Un.  then  join  the  Name  of  the  Period,  which  is 
fuppofed  to  be  applied  to  each  Figure  of  it. 

Ohferve,  That  infome  Cafes  you'll  have  a  broken  or  incomplete  Period  of  one  or  two. 
Figures  next  the  Left-hand,  which  muft  be  read  by  itfelf,  juft  as  it  happens  to  be ;  but  the 
reft  will  each  have  three  Figures :  yet  thefe  maybe  alfo  in  a  true  fenfe  but  broken  Periods,  /.  e. 
not  have  fignificant  Figures  in  all  their  places,  as  in  this  24,0+8.  i^ain  Ohferve,  That  in 
the  Periods  of  ^'Iill.  and  th-Mill.  becaufe  the  word  Mill,  is  common,  you  need  not  repeat 
it :  but  in  the  th-Mill.  ufe  only  the  word  Thoufand,  fuppofing  the  word  Mill,  which  you 
need  only  exprefs  after  the  Figures  in  the  Period  of  Mill,  unlefs  that  Period  be  fill'd  with  o's, 
as  here,  24,000,468,350.  which  is  24  th-Mill.  &c.  but  in  tliis,  24,360,579,200,  I  read 
24  th.  360  Mill.  &c. 

See  thefe  few  more  Examples. 

278,307,000  ^  278  Mill.  307  Th. 

348,026,000,123  -B  348  Th.  26  Mill.  123. 

-,200,809,867,345  -g          76111.  200  Th.  809  Mill.  867  Th.  34^: 

326,009,478,205,723  §  3266111.  9  Th.  478Mill.  205 Th.  723.  . 

Case  2.   Any  Number  hein^  expreffed  in  Words,  to  trrite  it  down  in  Figures. 

If  the  preceding  Table  of  Names  correfponding  to  the  feveral  places  of  a  Rank  of 
Figvn-es  be  confider'd,  there  can  be  no  difficulty  in  this  part  of  the  Problem,  which  is  but 
the  reverfe  of  the  former ;  yet  perhaps  it  may  not  be  ufclefs  to  fome  to  point  them  out  a 

NIethod,  which  is  this Remember  exadly  the  Names  and  Order  of  the  Periods  from 

Left  to  Right;  and  of  the  tliree  places  in  each  Period:  Then  obferve  what  is  the  Period 
firft  named  in  the  Example,  alfo  what  is  the  Number  (-j/j;.  of  c  :  x  :  Un.)  applied  to 
that  Period ;  fet  down  that  Number,  with  a  Point  after  it :  then  confider  what  is  the 
Name  of  the  next  Period  below  that  in  order,  and  what  Number  is  applied  to  it  in 
the  Example;  fet  down  that  Number  on  tire  right  of  the  former,  with  a  Point  after  it; 
and  whatever  be  the  Number,  it  muft  be  fet  down  fo  as  to  poflefs  three  places,  by  fet^ 
ting  o  in  thofe  places  of  the  Period  to  which  no  Number  is  appUed ;  (except  the  firft 
or  higheft  Period  where  this  is  not  neceflary :)  fo  that  if  there  is  no  Number  applied  to 
any  whole  Period,  (after  that  which  is  the  higheft  in  tlic  Example,)  fet  three  o's  in  its 
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three  places :  thus  proceed  to  the  loweft  Period  or  firft  on  the  right.  Obfirve  alfo, 
that  if  yoj  find  the  Name  Thoufand  mcntion'd  before  Million  or  Billion,  it  fignifies 
Th-Mill.  or  Th-Bill.  and  is  to  be  diftinguiOied  from  the  Period  of  fimple  Mill,  or  Bill, 
as  in  the  preceding  Table.     One  or  rsvo  Examples  will  fufficicntly  illuftrate  this  Pratlicc. 

Ex.  I.  To  write  in  Figures  this  Number;  Forty  Million  Two  Hu7idrcd  Tboufavd  and 
'Eight .,\\  proceed  thus;  Mlli07i  is  the  higheft  Period,  and  Forty  the  Number  applied, 
Which  I  write  down  thus,  40;  the  next  Period  is  Thoufavd,  and  the  Number  here  applied 
is  two  Huj.drcd,  which  I  fet  on  the  right  of  the  former,  thus  40,200;  then  follows  the 
Period  of  the  Units,  and  the  Number  here  applied  is  only  Eight ;  which,  according  to 
tlie  Rule,  I  ier  on  the  right  of  the  former  thus,  40,200,008. 

Ex.  2.  T-wcKty-four  thoufand  and  fixty-tivo  Millions.  Here  the  name  Tboufavd  {land- 
ing before  jV;//;ozj  "fignifies  th-Mill.  which  is  the  higheft  Period  in  the  Eximple,  and  the 
Number  applied  is  T'-xenty-four,  thus  written  24 ;  then  follows  the  Period  of  Millions-, 
and  the  Number  is  Sixty-tiuo-,  joined  to  the  former  thus,  24,062 ;  and  becaufe  there  is 
no  more  in  the  Example,  and  yet  there  arc  two  Periods  remaining,  i-iz.  Tkoufavds  and 
Units,  I  fill  them  up  with  o's  thus,  24,062,000,000.  For  without  thefe,  the  other  Figures 
could  not  exprels  above  Thoiifands.  If  you  compare  the  Examples  given  for  the  firft 
pai-t  reverfely,  you  have  enow  for  this  laft  Purpofe. 

CO'RO'LL.ARIES  to  the  Figural  Notation. 
1.  Of  two  Numbers,  exprelTed  by  Figures,  (by  the  Rule  and  Inftitution  expkin'd) 
that  which  has  fewell:  Figiu-es  (or  Places)  is  the  leaft  Number.  Esf^w/i.  09  is  lefs  than 
100.  For  tho'  the  Figures  of  that  which  has  feweft  be  all  the  greateft  pomble,  {j.  e.  all 
9'.0  and  thofe  of  the  other  be  all  the  leaft  pofllble,  (/.  e.  i  in  the  higheft  place,  and  the 
reft  o's)  yet  the  other  will  want  at  leaft  i  to  make  it  equal  to  this;  becaufe  10  is  equal  to 
9  and  I,  and  100  equal  to  99  and  i,  and  fo  on.  Hence  the  value  of  an  Unit  in  any 
place  of  a  Rank  is  ^rearer  than  the  value  of  all  the  preceding  Figures  on  the  Right-hand ; 
becaufe  taking  rh?t  Unit  in  its  true  vulue,  it  is  a  Number  having  one  place  more  than 
are  upon  its  Right-hand. 

'  2.  If  rwo  Numbers  expreffed  by  Figures  have  an  equal  Number  of  places,  that  is  the 
leaft  Number  which  has  the  leaft  Figure  in  the  higheft  place ;  or  in  any  other  place,  all 
the  preceding  places  on  the  left  being  equal.  Ex.  199  is  lefs  than  200;  and  232  islefs 
than253;  and  469  is  Ief3than472. 

3.  If  one  NiKTiber  is  greater  than  another,  and  if  you  fet  before  each  of  them  an  equal 
Number  of  whatever  Figures,  that  which  was  greateft  before  will  ftill  be  the  greater. 

4.  If  before,  or  on  tire  Right-hand  of  any  Rank  of  Figures,  (or  Number  exprefled  by 
Figures)  be  placed  any  one  Figure,  the  given  Rank  expreffes  thereby  ten-times  what  ic 
did  before  (or  without  that  Figure;)  and  if  two  Figures  are  fet  before  it,  it  cxprefles  an 
hundred-times  what  it  did  before;  and  fo  on  in  a  ten-fold  Progreftlon,  according  to  the 
fundamental  Rule.  Ex.  480  is  ten-times  48;  and  4800  is  100  times  48,  ^>r.  And  ob- 
ferve,  Thar  with  refpeft  to  the  raifing  the  value  of  the  given  Rank,  it  is  the  fame  whether 
o,  or  any  other  Figure  be  prefixed ;  it  is  certain  that  another  Figure  will  make  a  greater 
Number  of  the  whole  Rank  as  it  is  now  encreafed;  but  will  not  make  that  part  of  it 
greater,  which  was  the  given  Rank.  So  here  in  486,  the  48  is  equal  in  value  to  480, 
whatever  Figure  ftands  before  it ;  tho'  486  is  grer tcr  than  484  or  480. 

^.  Hence  again;  Any  part  of  a  Number  taken  from  the  Left-hand,  may  be  valued  thus, 
viz.  we  may  confider  v.  hat  Number  it  makes  taken  by  itfelf;  and  then  confidcr  the  place 
in  which  its  firft  Figure  (on  the  right)  ftands;  and  make  the  Name  of  that  place  a  com- 
mon Name  or  local  Value  to  the  whole  Rank :  Thus,  all  the  Figures  of  any  Pvank,  ex- 
cluding the  firft  on  the  right,  or  place  of  Units,  being  read  by  themfelves,  (as  if  there 
were  no  Figure  before  them)  is  fo  many  Tens;  or  fuch  a  Number  taken  10  times.  A- 
gain,  excluding  the  two  firft  places,  the  reft  read  by  themfelves  is  fo  many  Hundreds,  and 

fo 


14  Fig  URAL  Notation.  Book  i. 

fo  on.  Ex".  24^875  :  here  the  24.687  is  equal  to  24687  Tens,  (taking  7  as  it  were  in 
the  place  of  Units)  /.  e.  twenty-four  thoufand  fix  hundred  and  eighty-feven  Tens.  The 
2468  is  2468  Hundreds  j  the  246  is  246  Thoufands,  and  the  24  is  24  Ten-thoufands :  as 
tlie  2  is  2 1  lundred  Thoufands. 

SCHOLIUMS. 

1.  Both  in  the  General  Rule  of  the  Figural  Notation,  and  thefe  two  lafl:  Corollaries,  I 
have  fuppofed  this  for  a  Truth,  viz.  That  Ten-times,  (or  a  Hundred,  drc.)  any  Num" 
•ber  is  the  fame  as  that  Number  of  times  Ten,  for  a  Hundred,  ^r.)  For  Example,  that 
Ten-times  7,  is  7  times  Ten ;  which  is  a  Truth  I  believe  will  be  eafily  granted :  yet  it  is 
of  that  kind  that  admits  a  Demonftration  j  but  I  ihall  refer  it  till  we  come  to  Multi^ 
flicatioji,  to  which  it  properly  belongs. 

2.  By  the  Figural  Notation  now  explained,  all  Numbers  above  Nine  are  expreded  in 
a  compound  Form  ■,  reprefenting  either  a  certain  Compofition  of  the  Number  Ten,  or 
fuch  a  Compofition  with  the  addition  of  a  Number  lefs  tlian  Ten ;  which  are  notably 
diftinguilliea  by  this  method  of  Expreifion.  But  diere  are  various  Degrees  of  the  Com- 
.pofitions  of  Ten  j  for  a  Number  compounded  of  Tens  is  either  a  Number  of  Tens  left 
than  Ten,  which  is  expreffed  by  a  Digit  in  the  fecond  place  and  o  in  the  firlt,  as  10, 
20,  dfc.  or  it  is  fuch  a  Number  taken  ten-times,  which  is  exprefled  by  a  Digit  in  the 
third  place,  and  o's  in  the  fecond  and  firft,  as  300,  4O0,  <d)'c.  or  fuch  a  Number  as  the 
laft  taken  ten-times,  as  2000,5000,  c^c  andfo  on.  All  which  different  Degrees  are  ex- 
prefs'd  by  a  Digit  in  different  places.    From  which  it's  clear,  that  if  feveral  of  thefe  de- 

frees  be  joined  together,  /.  c.  if  there  is  a  Rank  confifting  of  more  than  one  fignificant 
'igure,  and  having  at  lead  one  o  on  the  Right-hand,  as  460,  which  is  46  Tens,  that 
expreftco  a  Number  wliich  is  alfo  a  Compofition  of  Tens ;  but  if  there  is  a  fignificant 
Figure  in  the  place  of  Units,  tliat  Number  contains  fo  much  odd  or  over  a  certain  num- 
ber of  Tctis,  as  468,  which  is  46  Tens  and  Eight.  Now  there  are  two  things  to  be  re- 
jnarked  from  this  Method  of  Notation :  Firft,  That  eveiy  Number  is  diftinguiflied  by 
the  very  Expreffion  into  as  many  parts  as  there  are  fignificantFigures  in  it  i  each  of  which 
is  exprelTed  feparately  by  ferting  as  many  o's  before  it  as  there  are  Figures  before  it  in 
the  given  Expreflion ;  as  in  the  following  Example.  And  fecondly.  That  each  of  theft 
Parts  is  a  certain  Compofition  of  the  Number  Ten  (as  above  explained)  except  that 
which  is  in  the  place  of  Units,  which  is  always  lefs  than  Ten.  Thus,  the  Number  4682 
is  equal  to  4000  and  600  and  80  and  2,  which  is  more  fimply  and  conveniently  written 
all  in  one  Rank  4682;  whereby  all  the  Parts  are  as  clearly  and  intelligibly  marked  out  by 
the  mcer  fituation  of  the  Figures,  (according  to  the  Rule.)  Now  tho'  this  is  really  a 
compound  Form,  expreffing  feveral  Numbers  diftinftly  from  one  another  ^  yet  becaufe  it 
is  the  moft  fimple  way  of  cxpreffing  that  Number,  or  Term  in  the  natural  progrelTion, 
which  is  equal  to  the  Sum  of  all  thefe  leffer  Numbers  (according  to  the  Inliicution)  there- 
fore it  is  faid  to  be  a  fimple  Expreffion  of  one  Number,  in  comparifon  of  the  other  ways 
of  expreffing  the  Parts  feparately  j  or  of  the  Expreflion  of  a  Number  by  any  other  of  its 
component  Parts,  feparately  written  each  in  their  moft  fimple  Form,  (in  each  of  which 
therefore  there  are  Parts,  or  Figures  that  have  the  fame  local  Value)  as  if  inftead  of  8 
we  fliould  write  5  more  3,  (which  together  make  8)  or  inftead  of  74  we  fhould  write 
43  more  31,  which  therefore  in  diftinftion  from  the  other  we  may  call  complex  Ex- 
preiTions  reprefenting  feparately  two  different  Numbers,  the  leffer  of  which  has  Parts  of 
the  fame  local  Value  with  the  greater.  Or  we  may  explain  this  diftinction  of  iiniple  and 
complex  Expreflions,  thus :  That  Expreflion  is  called  fimple,  or  one  Number,  which  is  one 
of  thofe  whereby  the  natural  Series  of  Numbers  is  expreffed  in  a  continued  Progreffion 
from  Unity ;  but  when  two  different  Expreflions  of  that  Series  are  feparately  written  in 
tv/o  diftina  Ranks,  they  are  faid  to  be  two  different  Numbers :  and  with  refpcft  to  that 
Number  to  which  they  are  both  together  equal,  they  are  faid  to  be  a  complex  Expreffion 
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of  it  ■■,  efpecially  with  fome  Mark  or  Word  betwbct  them  to  fignify  their  being  joined  to- 
gether. For  Example,  46  is  a  fimple  ExprefTioi-i  of  one  diftindb  Number  in  the  natural 
Series:  But  32  and  14.  are  two  Numbers,  which  being  both  together  equal  to  46,  there- 
fore 32  more  14,  is  a  complex  ExprelFion  of  the  Number  ifi.  Again,  in  the  fame  man- 
ner anj^  Number  which  is  equal  to  the  difference  of  two  Numbers  may  be  complexly 
expreffed  by  thefe  two,  with  a  Mark  of  Subftraftion  betwixt  them:  As  for  Example, 
fince  32  more  14  is  equal  to  4^),  therefore  if  14  is  taken  out  of  46,  the  remainder  is  52; 
and  hence  32  may  be  expreffed  thus,  46  lels  14. 

The  fame  things  are  applicable  to  the  Parts  by  which  any  Number  in  its  fimple  Form 
is  expreffed  j  as  if  for  \6  we  (hould  write  40  more  (Sj  or  for  G  we  ihould  write  46 
lels  40. 

In  the  lafr  place  obferve,  That  the  compound  Form  of  this  Notation  is  the  Perfection  ■ 
ofiti  not  merely  as  it  is  compound,  but  the  particular  Manner  of  it^  bccaufe  of  the  cer-- 
tain  relation  that  each  part  has  to  one  Number,  -vit:,.  Ten,   by  the  conftant,  regular  and 
uniibrm  Progreffion  in  the  Value  of  Places:     For  by  this  Similarity  or  Likenefs  of  ibme. 
Parts  in  different  Numbers,  (;.  e.  of  Parts  expreffed  by  Figures  in  the  fame  or  like  places;) 
ajid  the  Connedion  or  Relation  of  all  their  Parts  by  means  of  the  common  Number  Ten, 
to  which  they  have  all  a  relation;  Numbers  can  be  compared  together,  and  their  Opera- 
tions perform.ed  in  a  very  ealy,  clear  and  diftinft  manner.     And  more  particularly  we  have 
from  the  Method  of  Notation  this  Principle  of  Operation,  viz.  That  fome  Operations 
may  be  performed  by  the  few  fimple  Charadlers,  taken  and  applied  in  their  primitive 
Values ;  and  what  is  wrong  or  deficient  by  the  negledt  of  their  local  Values  may  be  again 
made  up,  by  the  order  or  due  placing  die  feveral  Figures  ariiing  from  the  Operation  :  And 
in  other  cales  where  we  cannot  work  by  fingle  Figures,  yet  we  can  take  the  Parts  of  Num- 
bers, {i.e.  two  or  more  of  their  Figures)  andconfider  them  in  the  Value  they  would  have. 
by  themfelves ;  correfting  the  Defefts  the  fame  way  as  now  mentioned.     Which  Principle 
we  fliall  fee  appUed  in  the  following  Rules ;  and  here  only  I  (hall  further  obferve.  That  in 
this  it  is  that  the  Rule  of  Notation  is  the  ground  of  all  other  Operations ;  affording  re- 
gular and  eafy  Rules  for  expeditious  and  certain  Work,  as  we  ihall  learn. 

As  to  the  Hiftory  and  Invention  of  this  admirable  Notation,  fee  what  is  faid  in  the 
TREFACE. 

3 .  We  might  here  make  Comparifons  betwixt  this  Method  of  Notation,  and  others- 
that  have  been  or  may  be  ufed,  in  order  to  fhew  the  Excellency  of  this  Method ;  but 
this  will  be  better  underftood  after  you  fee  the  Application  of  it  in  the  Operations,  where 
I  have  allotted  a  Place  for  fome  general  Refledtions  upon  thefe  Operations.  Hov/ever, 
I  (hall  here  explain  the  Notation  of  Numbers  inftituted  by  the  'Rowans;  which  will  be 
proper,  becaufe  it  is  alfo  praftifed  for  Marking  of  Chapters  and  Seftions,  and  fuch  things; 
and  this  being  compared  with  what  we  ufe,  the  difference  in  favour  of  cur  Method  will 
be  fufficiently  evideiK. 

Of  the  Roman  Notation. 

The  Charafters  whereby  the  Romans  marked  Numbers  were  taken  outof  their  Alphabet 
of  Capital  Letters  j  thus : 

T^e  Simple  Characters. 
I.        V.        X.         L.        C.        D.         M. 
Equal  to    I.        5.        iQ.       50.       100.     500.     1000." 
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The  intermediate  Numbers  betwixt  thefe  are  exprelTed  by  a  repetition  of  the  fame; 
fetting  them  together  in  a  Line,  thereby  exprellmg  die  Sum  of  all  their  Valies  (above 
cKprelied)  joined  to  one  another,  (for  they  have  no  different  ValueJ  from  their  Places) 
the  Charaifters  ofgreateft  Value  be.'n^  fet  next  the  Left,  as  for  Example,  II  is  2.  Ill  is  3. 
Vl  is6.  VII  is  7.  XI  is  11.  XV  is  i<?.  XX  is  20.  LX  is  60.  LXV  is  6<;.  DX  is  510. 
DC  is  600.  DCCCC  is  900.  DCCCCLXXXXVIIil  is  999.  Thefe  Examples  will 
fufficienrly  fhcv/  how  all  the  reft  are  made. 

But  to  prevent  too  great  a  P-epetition  of  the  fame  Charadters,  they  fometimes  fet  thq 
lelTer  Characler  before  the  greater ;  and  then  it  reprefented  the  difference  of  thefe  two, 
or  the  effe6t  of  taking  the  one  Number  away  from  the  odier;  thus  IV  is  4.  IIX  is  8. 
IX  is  9.  XL  is  40.  CD  is  400.  CM  is  900.  And  v.'hen.  a  Number  is  expreiled  by 
more  than  two  Charafters,  if  any  part  of  it  is  thus  exprelfed,  it  is  lit  to  diftinguifli 
it  from  the  Chara tiers  on  the  Left  cf  it,  by  a  Point;  thus,  1^0  may  be  expretled 
C,XL,  (for  CXXXXj  and  148  thus,  C,XL,IIX  (for  CXXXXVIII.)  Again,  499 
thus  CD,XC,1X,  inftead  of  (CCCCLXXXXVIIII)  which  are  more  convenient. 

Again,  for  Numbers  greater  than  1000  or  M,  they  are  exprelfed  after  the  fame  man- 
ner. But  there  are  other  things  in  their  Syftcm,  both  for  fome  Numbers  lei's  than  icoo, 
and  efpecially  for  greater,  wliich  I  lliall  briefly  explain.  Thus,  for  D  or  <;'oo  they  write 
13.  and  then  by  adding  another  3  it  gradually  exprefl'es  ten-times  as  much;  fo  J33  is 
5000.  1333  is  50000,  and  lb  on.  Again  for  M  or  1000  they  write  CID,  and  by 
joining  another  fuch  Mark  as  C'  and  3  one  on  each  hand,  it  exprelfes  ten-times  as  much  i 
fo  CCIDD  is  loooo.  CCCIDDD  is  looooo.  But  laftly,  they  had  a  m.ore  convenient 
Way  of  expreffinCT  any  Number  of  Thoufands,  wliich  was  by  drawing  a  Line  over  any 
Exprelfion  of  a  Number  lefs  than  a  Thouland,  whereby  it  exprelfed  lb  many  Thoufands : 
fo  V  is  5000.  VI  is  6000.  X  is  loooo.   LX  is  60000.   Cis  looooo.  and  M.  isa  Thou- 

fand-thoufands,  or  a  Million,  1 000000.  MM  is  2000000.     But  I  Ifiall  infift  no  more. 

If  we  now  compare  this  Method  of  Notation  with  ours,  it  prefently  appears  by  the 
preceding  Examples,  that  fome  Numbers  are  more  fhordy  exprelfed  by  the  Roman  Way  i. 
but  thefe  are  very  few  in  relpe£t  of  wiiat  are  otherwiie :  And  then  there  is  here  no  fuch 
regular  Progrefion  in  the  Value  of  the  fame (imple  Charadters  as  in  the  other  Medioi, 
But  we  muft  learn  the  wordi  of  this  from  its  Application. 

Of  the  Universal  Notation. 

By  this  Name  is  not  meant  any  conftant  or  eftabliflicd  Method  ufed  every  where  for  die 
Expreffion  of  particular  Numbers ;  but  a  Method  of  reprefenting  any  Number  iudeftnitely^ 
in  order  to  the  more  eafy  and  general  Expreffion  and  Demonftration  of  certain  Truths 
in  Numbers,  which  tho'  they  be  limited  to  particular  Conditions,  yet  not  to  particulati 
Numbers,  but  extend  to  all  Numbers,  wherein  the  fame  Conditions  are  found. 

The  fundamental  Principle  of,  this  Notation  is  the  iame  as  the  laft,  viz.  That  any 
Mark  or  Sign  may  be  inftituted  for  the  Reprefentation  of  any  of  our  Idea! ;  and  here  it  is 
done  by  Letters,  making  ibe  fame  Letter  Itand  indifferently  for  any  Number,  upon  this 
Condition,  That  dirough  the  fame  Propofition  and  Demonftfation  it  be  fuppofed  to  fl^d 
for  the  fame  Number;  i.e.  when  particular  Examples  are  applied,  we  malt  apply- thy 
fame  Number  always  to  the  fame  Letter.  Thus  the  Letter  A  or  B,  or  any  other,  may 
reprcfent  any  Number  we  pleafe  to  fuppofe.  '  - 

Objerve,  This  Notation,  and  die  confequent  Operations  are  called  The  Literal  or 
Specious  Ariihweticki  which  is  in  part  the  Foundation  of  the  Al^ehraick  Art;  the 
defigned  Ufeof  v/hichinthe  following  Work  is  to  make  eafy  and  univerfal  Demonftrations. 
»_  'For  when  any  Truth  is  propofed  which  is  not  limited  to  p.i.rticu!ar  Numbers,  but  only 
fb  certain  Conditions ;  it  is  not  a  fufiicicnt  Demonftration  to  fliew  that  it  holds  in  one,  or 

any 
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any  Number  of  particular  Examples^  it  muft  be  fhewn  that  it  will  hold  good  in  all  Cales 
poflible  :  and  as  this  muft  be  done  by  an  univerfal  Method  of  Reafoning  abli  rafted  from 
all  particular  Examples  j  fo  there  muft  neceffarily  be  an  univerfal  Notation  for  Numbers. 
It  is  true  indeed,  tliat  the  Univerfality  of  a  Truth  may,  in  fome  Propofitions,  be  made 
to  appear  through  one,  or  a  few  particular  Examples  ■■,  but  for  the  moft  part  tliis  would 
prove  very  tedious,  and  require  many  Words,  which  would  render  the  Demonftracion 
more  diflScult  and  obfcure^  and  in  very  many  Cafes  could  not  be  done  at  all.  Which 
makes  the  Algehraick  Metliod  of  Demonftration  neceffary  in  Arithmetick,  (as  I  have  more 
fully  reprefented  in  the  Preface.)  The  Principles  and  Rules  of  which,  as  far  as  this  Work 
requires,  you'll  find  explained  gradually  as  we  proceed. 

Before  we  enter  particularly  upon  the  other  Rules  and  Operations  of  Arichmctick, 
there  is  another  Diftinftion  of  Numbers  muft  firft  be  explained  j  viz. 

^.  z.  Of  Numbers  Integral  and  Fractional. 

THIS  Diftinftion  proceeds  from  the  Comparifon  of  leffer  Quantities  with  greater ; 
and  to  underlland  the  Nature  of  it  aright,  we  muft  conlider  the  different  Notions 
of  Parts  and  IVhote  j  thus,  Every  lefler  Quantity  is  called  a  Part  with  refpeft  to  a  greater 
of  the  fame  Species,  which  is  called  an  I«/f^c>- or  ^i&o/?  with  refpefttothelefTer. 

But  there  is  a  more'  general,  and  alfo  a  particular  Senfe  in  which  one  Quanricy  is  called 
a  Pare  of  another.  In  the  general,  no  more  is  meant  but  tliac  it  is  a  lefler  Quantity, 
which  with  fome  one  or  more  Quantities,  alfo  lefler,  make  up  a  Quantity  equal  to  that 
other  j  and  into  which  therefore  that  Greater  may  be  refolved.  But  in  a  more  particular 
Senfe,  a  Part  fignifies  fuch  a  lefler  Quantity  as  is  contained  a  number  of  times  precifely 
in  a  greater,  (or  Whole:)  ie.  it  is  one  of  thofe  lefler  Quantities,  all  equal  among  them- 
felves,  into  which  any  Quantity  may  be  refolved  or  feparated.  Or  we  may  alfo  conceive 
it  thus,  viz,.  As  a  lefler  Quantity,  of  which  a  certain  Number  joined  together  makes  up 
a  greater  Quantity  or  Whole.  Hence  fuch  a  Part  is  called  an  Equal  or  AliqiwtVdXf.,  and 
the  number  of  times  ic  is  contained  in  the  Whole,  or  the  Number  of  equal  Parts  con- 
tained in  the  Whole,  gives  a  Denomination  to  the  Part,  and  is  called  its  Denominator :  fo  if 
any  Quantity  is  contained  in  a  greater  G  times,  it  is  called  a  fixth  part  of  it.  Now  it  is  in 
this  fenfe  only  that  a  Part  can  be  underftood  in  Arithmetick:  for  in  order  to  compare  two 
different  Quaiitities  together  by  the  means  of  Numbers,  we  muft  confider  them  as  com- 
pofcd  of  fome  common  Element,  or  equal  Part ;  by  the  Number  of  which  contained  in 
each,  the  Compariibn  may  be  made  j  and  the  Value  of  thefe  Quantities  with  refpedt  to 
one  another  be  determined.  If  the  lefler  is  an  Aliquot  Fart  of  the  greater,  there  is  no 
more  to  be  done ;  but  orherwife  they  muft  both  be  conceived  as  compofed  of,  and  re- 
ducible into,  fome  common  Element  or  equal  Part;  fo  that  if  tlie  lefler  is  not  one  of 
thefe  Aliquot  Parts  of  the  greater,  yet  it  is  equal  to  a  greater  Number  of  fuch  Parts; 
[^for  otherwife  diey  cannot  be  compared  together  j  at  leaft  the  Relation  cannot  be  exprefled 
in  Numbers.]  Such  a  lefler  Quantit^',  to  diftinguilli  it  from  an  Aliq-.wt  Part,  \s  called  an 
Aliquant  Part.  For  Example,  a  leilcr  Quantity  equal  to  2  of  3  Paits  of  another,  is  called 
an  Aliquant  Part  thereof. 

*  I  have  hitherto  fpoken  of  Quantities  and  their  Parts  in  general ;  but  what  is  faid  is 
applicable  both  to  what  is  caTled  Confmued  Quantity,  (as  Length,  Weight,  Time,  (f-r.) 
or  to  pure  Number.,  For  evety  lefler  Number  is  a  part  of  a  greater ;  and  is  either  an 
Aliquot  or  Aliquant  t*art,  becaufe  Unity  is  the  common  Element  or  Aliquot  Part  of  all 
Numbers  i  fo  tliat  every  Number  is  a  Number  of  fuch  Aliquot  Parts  (us  Units  are)  of 
every  other  Number.  But  this  difference  is  very  remarkable.  That  the  Aliquot  Part  of  a 
continued  Quantity,  conlidercd  properly  by  itfeif  in  tlw  nature  of  a  continued  Quantity, 
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is  only  one  fingle  individual  thing,  or  an  Unit ;  whereas  in  pure  Numbers,  one  Aliquot 
Parr  may  be  a  Number  greater  than  Unity.  Ex.  The  3''  part  of  12  is  4  (for  3  times  4  is 
12.)  Tt  is  true  indeed,  that  conceiving  any  continued  Quantity  to  be  refolved  into  12 
equal  Parts,  one  4"*  part  of  it  is  equal  to  3  of  thefe  parts;  yet  the  Whole  and  Part  are  here 
conlider'd  only  as  pure  Numbers  :  for  to  fay  3  is  a  4'"  part  of  12,  whatever  things  we 
fpeak  of,  it  is  but  a  pure  Arithmetical  Expreffion;  whereas  in  continued  Quantities,  be- 
caufethe  Part  of  any  thing  muftbe  of  the  fame  nature  with  the  Whole,  therefore  a  4*"  of 
any  Lensch  (ForE.v.)  mult  be  one  certain  Length ;  which,  in  fo  far  as  is  neceflar)'  to  confti- 
tute  a  4"*  part,  is  not  conceived  to  be  any  furclier  divided,  but  to  be  an  entire  Length 
equal  to  a  4'"  part  of  another.  But  a  more  remarkable  thing  is,  that  any  continued 
Quantity  may  have  any  aliquot  Part,  for  that  we  can  conceive  at  pleafure;  but  pure 
Numbers  cannot :  For  fome  have  no  other  aliquot  Pare  but  Unity  j  as  5  and  7 ;  and 
others  have  different  parts  according  to  their  Compofitions :  fo  6  has  a  half  and  a  third 
part,  but  not  a  4'''  part  or  a  5'''  part.  Again,  no  Number  can  have  fuch  a  Part  as  is 
denominated  by  a  Number  greater  than  itfelf  ^  for  Unity  is  tlie  leaft  part  of  any  Number, 
and  is  the  part  denominated  by  that  Number  itfelfj  fo  3  has  not  a  4'"^  part  in  pure  Num- 
bers: But  if  we  coniider  any  Number  applicately  as  fignif)'ing  a  Number  of  things  which 
are  diviiible  into  any  conceivable  Parts,  then  any  aliquot  Parts  of  one,  or  of  any  number 
of  thefe  things  is  poflible.  For  Ex.  Tho'  a  4'"  part  of  3  is  impoffible  in  pure  Numbers) 
it  is  poflible  when  the  3  is  applied  to  things  divifible  into  any  Number  of  Parts  as  4  ^  yet 
here  it.  muft  be  carefully  remarked,  that  this  is  not  the  4"' part  of  the  Number  3,  but  o£ 
a  greater  Number  into  which  3  things  are  refolved ;  Therefore  every  fuch  Expreffion  as 
a  4"^  of  3,  or  3  4"'^  of  2,  muft  be  conceived  witli  tliis  qualification,  i.e.  as  poflible  only 
in  /7/s/'//V<j/f  Numbers.  ■ 

The  fame  alfo  is  to  be  underftood,  tho'  the  Denominator  is  lefs  than  the  NumeratOK 
which  is  confidered  as  the  Whole-,  when  thisNumber  has  no  fuch  Part  as  is  exprefledj  as  m. 
tills  Ex.  a  3''  of  5. 

Wefliall  now  gather  together  tliefe Definitions i  and  from  them  you'll  fee  the  ground  of 
the  Diftindlion  propofed  with  the  Definition  of  the  Terms. 

Definitions: 

1.  Every  leffer  Quantity  or  Number  is  in  a  more  general  Senfe,  a  Part  of  every 
greater  (of  the  fame  Kind,)  which  is  called  a  Whole  or  Integer  with  refpeft  to  the  P^rr. 
But  more  particularly, 

2.  An  Aliquot  Part  is  that  which  is  contained  a  certain  number  of  times  precifely  in 
the  Whole;  and  that  number  of  times  is  the  Name  or  Denominator  of  the  Part.  Ex.  If 
any  Quantity  or  Number  is  refolved  into  3  equal  Parts,  one  of  them  is  an  aliquot  Parr, 
called  a  3''  part  j  fo  2  is  a  3*'  part  of  6.  And  from  the  nature  of  Numbers  we  have  this 
Corollarj,  viz.. 

Corollary.  One  is  an  aliquot  Part  of  every  Number,  and  the  Denominator  is  that 
Number  itfelf     So  i  is  the  6 '"  part  of  6. 

3.  An  Aliquant  Part  is  fuch  a  lefler  Qiiantity  or  Number  which  is  not  an  equal  Part,- 
but  contains  a  certain  Number  of  fome  equal  (or  aliquot)  Parts  of  the  Whole.  As  when 
any  Quantity  or  Number  is  not  one  aliquot  Part  of  a  greater,  yet  is  equal  to  3  4'"  parts 
of  that  greater:  So  9  is  3  4*"  parts  of  12  ;  fisr  a  4'"  of  12  is  3,  and  3  times  3  is  9. 

4.  An  Integral  (or  whole  Number)  is  that  which  reprefents  things  abfolutely  by  the  m- 
felves,  without  any  comparifon  to  other  things;  /.  e.  they  are  not  confidered  as.  Parts  of 
other  things;  as  when  we  fay  in  general  4  Things,  or  particularly  4  Words:  And  they 
are  called  Integral  or  whole  Numbers  only  in  diftiniftion  from  Parts. 

<; .  A  Fraffional  Nuvthcr  (or  a  Fraffion)  is  that  of  which  each  Unit  reprefents  a  cer- 
tain aliquot  Part  of  another  thing,  as  the  Whole  to  which  this  Part  relates,  called  hence 
the  Relative  Integer.  For  Ex.  1  5**'  or  3  5'''  parts  ;  or  7  13"*  parts  of  any  thing.  And 
becaufe  the  Denomination  of  the  Part,  which  is  alfo  a  Number,  muft  be  exprcfled,  there- 
fore every  Fraction  confifts  of  two  Members,  or  requires  two  Numbers :  for  there  is  the 

Number 
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Number  of  things  diredUy  and  immediately  reprefented  (as  in  the  preceding  Examples, 
the  Numbers  i,  3,  7.)  called  hence  the  Numerator  of  the  Fradlionj  and  the  Number  of 
equal  Parts  of  which  the  Relative  Integer  is  fuppofed  to  be  compofed,  called  the  De?io- 
minator,  or  the  Name  of  the  Part,  exprefling  the  Value  of  each  Unit  of  the  Numerator 
with  refped  to  the  Quantity  of  the  Relative  Integer.  So  in  tlii;  Ex.  35'"  parts,  3  is  the 
Numerator,  and  5  the  Denominator  j  the  common  way  of  placing  them  b.;ing  to  let  the 

Numerator  above  the  other  thus,  4-  or  4-   J5" '""?"'';• 

^    S    '^^     s     Denominator. 

Scholium.  From  thi.s  Definition  of  a  Fradtion  it  is  plain  that  the  Numerator  may  either 
belefs  or  greater  than  the  Denominator,  or  equal  to  it;  fbrv/e  may  as  reafonably  fay^-  (or 
7  y^  parts)  as  Ji  if  we  underfl-and  it  according  to  the  Definition,  i.e.  as  expreilin^  7 
things  each  of  which  is  equal  to  a  5'"  of  another  thing;  and  not  as  if  7  were  fuppofed  to 
be  taken  out  of  5,  which  is  impoffible.  By  compaiing  the  Numerator  and  Denominator, 
we  have  this  Conlequence;  I'iz.. 

Corollary-.  If  the  Nu?tierator  is  greater,  equal  to,  or  lefTer  than  the  Denominator, 
the  Quantity  exprefied  by  that  fradtional  Number  is  greater,  equal  to,  or  lelTer  tlian  the 
Integer ;  becaufe  the  Denominator  reprefcnts  all  the  Pans  of  the  Integer,  and  the  Nume- 
rator fhews  how  many  are  taken. 

And  this  gives  rife  to  a  DiltiniSion  of  Proper  and  hnproper  Fra£iions,  as  the  Nume- 
rator is  lefs  or  not  lels  than  die  Denominator.  But  a  more  particular  Explication  of  thi;, 
with  other  Diftindions  of  Fradtions,  we  muil  refer  to  another  place.  And  here  you 
may  Ol'ferve,  That  inftead  of  the  Names  Integral  and  Fra&ional-,  we  might  as  properly 
call  them  Abfilute  and  Relative  Numbers;  which  do  very  well  exprefs  their  different 
Natures:  For  the  firft  confiders  things  (imply  and  abfolutely  in  themfelves;  and  the  other 
confiders  things  relatively,  as  Parts  of  other  things. 

It  is  to  be  alfo  Obferved,  That  Fraftions  are  a  more  general  Kind  of  applkate  Num- 
bers :  For  the  Numerator  (or  the  Number  of  things  diredtly  deligned)  is  reftrained ;  lb 
that  it  does  not  reprefent  a  Number  of  any  things  indifferently ;  but  is  limited  to  a  certain 
Relation  to  fome  other  tiling :  nor  does  it  exprels  any  Part  of  that  other  tiling ;  but  fuch 
a  Part  or  Parts  as  the  Denominator  e.xprefles :  yet  while  there  is  no  particular  thing  named 
as  the  relative  Whole,  it  is  in  this  refpedl  a  general  and  abflraii  Fraction,  (but  not  a  pure 
abfolute  Number ;)  fo  |  is  a  general  and  abjirail  Fradion ;  but  |-  of  a  Day  is  applicate. 
Wherefore  in  every  applicate  Fradtion  there  are  two  Denominations  to  be  confidered, 
which  we  may  call  the  Relative  and  the  Abfolute :  The  firft  is  the  Denominator  of  the 
Fraction,  and  the  other  is  the  Name  of  the  Integer.  But  if  the  Integer  is  not  one,  but 
a  Multitude  of  Things  (as  f  of  6  Pound.O  that  is  to  be  conceived  as  an  Integer  or  owe 
of  its  own  Kind  ;  or  rather  we  arc  to  conceive  this  ExprefTion  as  a  mixt  Form  reducible 
to  a  fimpl^  wherein  the  Integer  is  an  Unit  of  a  particular  Name ;  fo  |  of  6  is  equal 
to  y  of  I.     But  thismuft  belefi:  to  its  own  place. 

GENERAL     SCHOLIUM. 

Of  the  different  Senfes  in  '■xhich  Unity  is  Divifible  and  Indivifible,  and  the  Converfoft 
of  Numbers  from  lnzegTa.1  to  Fractional,  a?id  contrarilji ;  Jbev-iug  in  general  -v^herei?! 
their  Operatiotts  muft  he  the  fame ,  and  irherein  they  differ. 

Here  now  is  the  place  to  explain  the  different  Senfes  in  which  Unity  is  divifible  or 
indivifible.  And  in  the  firft  place  this  is  plain.  That  Unity  in  its  own  Nature  as  Number 
is  ill  divifible  \  for  there  can  be  no  Number  of  Things  conceived  lefs  than  One:  but  if 
we  coniider  the  Subjedt  or  Thing  to  which  the  Idea  of  Unity  is  applied ;  as  that  is  capable 
of  divifion  into  real  or  imaginary  Parts ;  or  as  it  is  really  a  Collection  of  dilfindt  1  hings 
united  by  the  Imagination ;  fo,  what  is  the  Subjedt  of  Unity  in  one  View  and  under  one 
Denomination,  may  be  die  Subjedl  of  Multitude  under  another.  For  Ex.  i  Pound  is 
the  fame  as  20  Sliillings;  wherefore  it  is  not  the  Number  One  that  is  diviliblc,  but  fome 
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continued  Quantity,  as  a  Yard,  a  Day,  &c.  or  fome  Number  of  Tilings  comprciiendcd 
under  a  fingiilar  Denomination.    Hence  again  we  learn  to  corredl:  a  \"ulgar  Error,  viz. 
That  a  Proper  Fradcion  (/.  c.  whofe  Numerator  islefs  than  its  Denominator)  is  a  Number 
lefsthanU;;?/)'.     It  does  indeed reprefent  a  Quantity  lefs  than  the  relative  Integer  or  Unit; 
bat  is  not  aKumber  lefs  than  Uiiity  :  For  the  Numerator:,  which  cannot  be  lefs  than  i, 
is  as  properly  a  Number  as  if  it  were  applied  to  things  under  an  abfolute  Denomination : 
fo  I  of  a  Pound  does  as  truly  exprefs  three  tilings,  as  3   Pound  does  ^  diflering  only  in  tlie 
Value  and  Way  of  denominating  the  things.     Again,  becauie  one  Quantity  or  Number 
cannot  be  referred  to  another  as  a  Part  or  Parts,  unlefs  that  other  be  really  or  con- 
ceivably divided  into,  or   compofed  of  fuch  a  Number  of  Parts ;   therefore,   ftrictly 
fpeaking,  the  relative  Integer  of  every  Fradtion  is  what  we  may  call  a  collective  Unity 
or   a  real  Multitude  united  together  in  one  Whole  under  a  particular   Denomination. 
Hence  a  Proper  Fradtion  is  in  etFed:  ibme  lefler  Number  compared  to  a  Number  greater 
than  it,  and  always  greater  than  Unity.     For  Ex.  \  is  3  things  taken  out  of  5  ;  or  35'** 
Parts  of  a  Whole  compofed  of  5   Parts :  and  in  this  View  only  a  Proper  Fraction  is  a 
lefler  Number  than  its  relative  Integer  j  yet  not  as  this  is  V7iity,  but  as  it  is  reiUy  a  Mul- 
titude.    To  have  done;  The  proper  Arithmetical  Value  of  One  or  any  other  Number  is 
invariable,  /.  c.  One,  Two,C^c  is  always  the  fame  Number,  in  whatever  things  and  how- 
ever denominated ;  but  take  the  Number  with  die  Application  complexly,  there  may  be 
a  difference ;  fo  that  what  is  equal  to  Uitity.,  or  any  other  Number,  in  one  denomination, 
may  be  a  greater  Number  applied  to  another ;  as  i  Shilling  is  equal  to  3  Groats,  or  to 
12  Pence.     The  mixt  Value  is  die  fame  in  all  diele,  yet  the  Numbers  and  Denominations 
differ:  Alfo  what  is  an  Integral  Number  applied  to  Things  under  a  proper  and  abfolute 
Denomination,  may  be  converted  to  a  Fradion  or  relative  Number  by  applying  a  rela- 
tive Name  or  Denomination  i  fo  3  Shillings  is  the  fame  as  ^'3  Parts  of  a  Pound.     In  both 
Expreflions  the  Number  and  mLxt  Value  .is  the  fame,  only  the  Things  are  differently  de- 
nominated in  the  Application ;  this  being  indeed  all  die  difference  betw'ixt  Numbers  ht- 
tegral  and  FraHional;  yet  this  difference  is  the  occafion  diat  thefe  two  Kinds  muft  be 
handled  feparately :  for  the  Denominator  of  a  Fradtion  being  alfo  a  Number,  refpeft  muft 
be  had  to  that  in  every  Operation,  which  occafions  more  Work  than  in  Integrals.     But 
flill  the  fundamental  Operations  of  Numbers  are  thofe  performed  by  Integral  or  Abfolute 
Numbers ;  for  the  Numerator  and  Denominator  of  a  Fraftion,  taken  by  themfelves,  are 
of  the  fame  general  Nature  with  every  other  abfolute  Number,  and  can  have  no  other 
Operation  applied  to  them ;  and  the  way  of  making  that  Application  fo    as  to  fulfil  all 
that  both  the  Denominations,  Relative  and  Abfolute,  (where  bodi  are  confidered)  do  de- 
mand, is  the  only  new  thing  in  the  Operations  of  Fraftions.  Therefore  after  the  Operations 
in  Whole  (or  Abfolute)  Numbers  are  explained,  which  will  employ  the  remaining  Chapters 
of  this  Book  ;  the  fame  fhall  be  done  for  Fraftions  in  the  fecond  Book.  ^ 


CHAP.     III. 
ADDITION  of  Whole  and  AbflraEi  Numbers. 

ADDITION  is  the  jiruling  one  Number  eijual  to  iiuo  or  more  Nuvtbers  taken 
all  together  ;  that  is,  finding  the  mod  fimple  Exprefllon  of  a  Number,  (according 
to  the  eftabli/hed  Notation)  containing  as  many  Units  as  are  in  ;U1  die  given 
Numbers  taken  tc^ether  j  which  is  hence  called  their  Sum.  For  Example^  the  Sum  of 
thefe  Numbers  8,  17,  2+j  675,  is  found  by  the  following  Rule  to  be  724. 
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Scholiums. 
I.  Before  we  enter  upon  the  particular  Rules  of  Addition.,  it  is  ncccfTary  to 
make  the  following  Reflection  upon  the  Method  of  Notation,  as  it  is  in  part  the 
Foundation  of  all  other  Rules  of  Operation  j  'viz.  That  as  by  any  eftablifhed  Notation, 
vhatCN'cr  it  be,  we  know  how  to  exprefs  any  Number,  or  the  whole  Series  of  Numbers 
in  a  continued  Succeflion  from  U»/>y,  by  the  adding  or  joining  Unity  after  Unity  tor 
ever ;  fo  by  Application  of  this  Inltitution,  and  the  general  Axiom,  that  The  Whole  is  equal 
to  all  its  Farts,  we  fee  a  poinble^vay  of  finding  and  demonftratiiig  the  Sum  of  any 
two  Numbers,  i-iz,.  by  beginning,  with  one  of  the  givenNumbers,  (and  it  is  beft  to  take 
the  greater)  and  joining  to  it  all  the  Units  of  the  odier  one  after  another,  expreffing  the 
Sum  at  every  ftcp,  according  to  the  Rule  of  Notation^  till  the  lafl:  Unit  is  added; 
and  then  you  have  the  Sum  fought:  becaufe  if  all  dae  Units  in  any  Number  are  added 
ticcefSvely  to  another  Number,  the  firft  Number  ( which  is  notliing  dfe  bur  all  it; 
Pares  together)  is  certainly  added  to  the  fecond  Number.     For  Example,  If  (accordino- to 

the  prefent  Notation)  it  were  propofed  to  find  the 

8,     I,     I,     I,    I,    I,     r,    I,?      Sum  of  8  and  7:     I  take  8,  and  after  it  I  fet  down 
9  :  lo:  II :  13:15:  14: 15.S      all  the  Units  of  7 feparately,  and  by  adding  them 

one  by  one  to  8,  and  expreffing  the  Sum  as  it  gra- 
dually increafes,  the  kft  and  total  Sum  is  15.  In  the  fame  manner  may  we  find  the  ^um 
of  any  other  v.vo  Numbers,  or  of  any  Numbers  more  than  two,  by  firft  adding  any  two 
of  them,  and  then  to  the  Sum  adding  any  other  of  them;  and  fo  on. 
■  Let  us  nzxtobferve.  What  is  arbitraiy,  and  what  is  notfo  in  this  Operation.  In  the  firft 
place.  As  the  whole  Syftemof  the  Signs  of  Numbers, both  hy  Words.  andFigures,  isa  pure 
arbitrary  Inftitution,  fo  the  Addition  orExprellion  of  the  Sum  of  Unity,  and  any  Number, 
is  diredtly  and  immediately  a  Part  of  that  Inftitution ;  and  therefore  has  no  other  Reatbn 
orDemonftration  but  that  it  is  fo  Inftituted.  Agam,  tho'  the  Names  of  all  Numbers  are 
contained  in  .the  Inftitution,  yet  the  finding  the  Sum  of  any  other  two  Numbers,  or  calling 
if  by  fu^J  a  Name  in  the  Syftem,  is  not  immediately  a  Part  of  the  Inftitution,  but  a  Con- 
fequence,  and  therefore  Demonftrable :  For  the  pure  and  fimple  Inftitution  is  all  compre- 
hended in  the  Syftem  of  Signs  taken  in  a  gradual  Succeilion  from  Unit}',  and  proceeding 
by  a  continual  Increafe  of  Unity;'and  therefore  containsimmcdiatcly  noQueftion  or  Cafe 
of  Addition,  but  that  of  adding  Unity  to  Unit}',  or  to  any  other  Number;  all  odicr  Sums 
being,  found  by  Confequence  from  this,  which  therefore  ha\'e  a  proper  Demonftration, 
different  according  as  the  Confequence  is  left  or  m.ore  remote.     As  you'll  afterwards  learn. 

Now  the  Method  of  Addition  moft  immeiiacely  conneCited  with  the  Inftitution  is  that 
above  explained :  But  it  is  eafy  to  perceive  hov/  tedious  and  infupportable  this  Method  of 
Addition  would  be  upon  any  Syftem  of  Notation ;  and  as  upon  different  Syftems,  tho 
Remedy  of  this  DiflSculty  would  be  lels  or  more  perfe(9:,  lb  tlie  prefent  admirable  Method 
of  Notatiofi  affords  the  moft  eafy  and  perfe(ft  Rules  for  Addition,  (and  all  other  Opera- 
tions) whereby  fuch  Additions  are  performed  by  a  few  ap4  eafy  fteps,  which  cannot  be 
done  all  at  once,  (as  we  add  Unity  to  any  Nurnber)  and  would  be  infupportably  tedious 
to  do  by  fo  many  fteps  as  tlie  preceding  Method  prefcribes :  yet  this  is  to  be  obferved, 
that  as  the  eftabli/lied  Notation  is  the  Ground-work  and  Foiuidation  of  all,  fo  there  are 
fome  fimple  Cafes  that  can  be  done  no  other  way ;  as  Ihall  be  prefently  explained. 

The  moft  fimple  Cafes  in  any  Froble?n  are  firft  in  the  Order  of  Science ;  and  here  tlie 
Addition  of  Unity  to  any  Number  is  the  firft  and  molt  fimple  Cafe:  but  as  it  is  con- 
tained immediately  in  the  Rule  of  Notation,  therefore  it  is  i'uppoicd  in  the  following 
'Brohlem,  as  a  previous  and  fundamental  Principle. 

2.   This   Sign    or  Charadter  +  fet   betwixt   two  Numbers,     fignihes   the  Addition 

of  the  one  to  the  odier;   and  is  a  complex  or  indefinite  way  of  reprefencing  the  Sum: 

thus,  3  -j-  4  fignifies  that  3  and  4  are  added  _  together ;  and  we  read  the  Sign  by  the 

vyoid  ?<»o.''e.  Exam.  3-I-4  is  3  wer(?4;  and  thus  it  e^prefles  the  Sum  in  a  complex  manner  by 
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the  Parts.  And  when  more  Numbers  areaddcd,  rhey  are  joined  by  the  fame  Sign  j  thus 
3  -f-4~l~9  is  the  Addition  or  Sum  of  3,  4,  and  9.  The  Ufe  of  this  in  parricular  and 
determinate  Numbers,  is  chiefly  by  way  of  Abbreviation  for  the  neater  and  fhorter  Expli- 
cation of  the  Work  of  Addition  in  particular  Examples,  as  you'll  fee  immediately. 

But  the  principal  Ul'e  of  this  Sign  of  Addition,  is  for  the  Expreffion  of  the  Sum  of 
Numbers,  univerfally  or  indefinitely  reprefented  by  Letters  in  the  Algebraick  Art.  Thus, 
Any  two  Numbers  being  reprefented  by  A,  B,  their  Sum  is  expreifed  in-leSnitely  thus, 
A-f-B,  and  die  Sum  of  7^,  B  and  C,  is  A  -f-  B  -f-C,  and  fo  onj  which  is  the  General 
Rule  of  the  Literal  Addition,  or  Numbers  exprefiied  by  Letters.  Some  otlier  particular^ 
Confiderations  relating  to  this,  you'll  find  in  another  Place. 

Ohferi-e  again,  That  as  the  fame  Number  may  be  varioufly  reprefented,  either  by  one 
fimpleExprelfion,  or  by  the  fimple  Exprellions  of  otherNumbers  varioufly  applied  to  one 
another  by  fundiy  Operations,  whofe  final  Refult  brings  out  the  fame  Number  ;  fo  to 
exprefs  the  equality  of  Value  betwixt  thefe  different  Expreffions  of  the  fame  Number, 
we  ufe  this  Sign  =  fet  betwixt  them  ■■,  which  we  ufe  for  Abbreviation  in  explaining  the 
Work  of  particular  Exaniples  in  all  the  common  Operations.  Thus  8  added  to  7  makes  1 5, 
which  is  therefore  exprefled  either  complexly  S-f-y,  or  fimply  15  j  and  to  fignify  the 
Equality  of  thefe  Expreffions,  we  write  8  -f-  7  =  15,  and  read  it  thus,  8  more  7  is  equal 
1015.  Univerfally,  A-f-  B  =D,  fignifies  tliat  the  two  Numbers  expreffed  by  A  and  B, 
are  together  equal  to  the  Number  exprefled  by  D;  and  fo  of  other  Examples  of  Addi- 
tion. As  34-44-5  =  12' o'' A  +  B  +  C=D.  Applications  of  this,  in  other  Opera- 
tions, you'U  find  in  their  Places.  I  have  only  this  further  to  fay  here,  Thar  die  different 
Expreffions  of  the  fame  Number,  conftitute  what  in  the  Algebraick  Art  is  called  an  Equa- 
tion-,  that  is  plainly  an  Equality  of  Value  betwixt  two  Expreffions  of  Number  ;  In  the 
finding  of  which,  from  the  Condidons  and  Circumftances  of  any  Propofition,  with  the 
various  Changes  and  Transformarions  to  be  made  upon  them,  by  the  Application  of  dif- 
ferent Operarions,  whereby  one  Equation  is  deduced  from  another,  confifts  the  Algebraick 
Artof  Reafoningi  which,  fo  far  as  the  prefent  Undertaking  requires,  you'll  learn  as  we 
proceed.  •        " 

T  n  O  B  I^  B  M. 

To  add  two  or  more  Numbers  into  one  Sum,  or  fmple  ExpreJJtou. 

Case  i.  To  add  any  tiuo  Digits  or  Numbers  lefs  than  Ten. 

Huk.  Take  the  greater  of  the  two,  and  to  it  add  all  the  Units  of  the  other  one  by  one, 
expreffing  the  Sums  gradually  according  to  the  Rule  of  Notation,  as  explained  mSchol.  i. 

Exam.  To  add  9  and  6,  it  is,  o-f- 17!- i -}-i-f-i-}-i4"i  =  i5  j  f"""  adding  the 
6  Units  gradually,  and  expreffing  the  Sums  in  the  Order  of  Notation,  they  make  this 
Series,  9,  10,  bi,  i2',  13,  14,  i<^,  the  lafl: whereof  is  the  Sum  fought. 

Demon.  Tha  Reafon  of  this  Rule  is  already  explained  ^  and  that  there  cannot  be  ano- 
ther Way  of  acting  two  Digits,  is  evident. 

Scholium.  Pradtice  by  degrees  fixes  the  Sums  of  all  the  various  Examples  of  riiis 
Cafe  in  our  Mfemory ;  whereby  we  become  capable  to  pronounce  the  Anfwcr  as  readily 
as  the  Quefliion  is  propofed:  For  upon  Refledlion  it  will  be  found.  That  we  do  not  always 
calculate,  and  add  in  the  manner  direfted  ^  but  know  theSum  purely  by  Memory;  which 
was  no  doubt  acquired  by  repeated  Pradice  of  adding  them  together  Unit  by  Unit;  for 
it  could  be  done  no  other  way :  and  therefore  it  is  the  only  Method  we  can  take  to  teach 
young  ones,  who  know  nothing  but  tlie  Names  of  Numbers  in  the  limplc  progreffive 
Order  from  Unity ;  who  may  be  affifted  by  their  Fingers  in  this  manner,  r/z.  Let  them 
tell  out  the  Units  of  the  IcflerNumber  upon  their  Fingers,  then  take  the  greater  Number- 
and  add  to  it  the  Units  of  the  odier  from  their  Fingers,  expreffing  the  Sums  gradually  ac- 
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cording  to  the  progreflion  of  Names,  and  the  laft  is  the  Name  of  the  Number  fouThr. 
Again,  if  thro'  any  confufion  of  Thought,  the  Sum  of  two  Digits  fhould  not  readily  occurj 
or  if  one  fliould  pretend  to  deny  or  doubt  of  it,  this  is  the  natural  and  cerrain  way  of 
finding  or  demonftrating  it;  [which  may  alfo  be  done  by  diflfolving  one  of  the  Numbers 
into  nvo  Parts,  and  adding  them  fuccelhvely  to  the  other  Number,  which  is  only  reducing 
the  Queftion  to  a  more  fimple  Cafe,  where  the  Sum  may  be  more  eafily  remembered.l 
And  this  brings  to  my  mind.  That  in  Converiation  I  have  met  with  Perfons  who  would 
afiSrm  that  the  Addition  of  two  Digits  is  a  thing  not  properly  demonftrable,  but  the  im- 
mediate EfFed  of  an  Inftitution ;  the  contrai-y  of  which,  I  think,  I  have  fufficiently  /hewn. 
The  Occafion  of  this  Opinion  may  be  the  familiariiy  we  have  with  thcfe  fimple  Cafes 
from  our  firll  acquaintance  with  Numbers  j  fo  that  lemembring  the  Sums  as  readily  as 
we  do  the  Sum  of  Unity  and  any  Number,  we  are  apt  to  fancy  we  came  by  them  without 
any  Reafoning  or  Calculation,  becaufe  we  have  tliem  fo  now.  I  muft  alio  obferve.  That 
the  Method  of  our  common  Books  of  Arithmetick  may  have  contributed  to  this ;  for  in 
thefe  we  have  but  one  general  Cafe  and  Rule  of  Addition,  in  which  it  is  fuppoled  that 
we  know  already,  or  can  find  the  Sum  of  any  two  Digits ;  and  this  perhaps  is  done  upon 
a  Suppofition  of  its  being  fimple  and  eafy :  But  this  would  be  no  reafon  for  omittinf  it  in 
a  Work  defigned  for  a  juft  and  rational  Syltem ;  which  muft  therefore  explain  the^'Con- 
neftion  and  Dependence  of  all  the  Parts  of  the  Science  upon  their  firft  Principles,  and 
upon  one  another. 

In  the  laft  place,  then,  fince  this  Cafe  is  fuppofed  in  all  other  Cafes  of  Addition,  it  is 
necelTary  the  Learner  know  the  Sum  of  all  its  Examples  as  readily  as  the  Queftion  is 
propo.^d.  In  order  to  which,  I  fhall  exprefs  them  all  in  the  following  Table  i  from  wlaich 
they  may  be  got  by  heart  more  eafily  by  thofe  who  are  Beginners  in  this  Science. 


TA'BZ.'E  Jhevjing  the  Sums  of  any  two  Digits. 


\  \^\  '- 

u  1  n  ^ 

1   - 

8    1  9  1  0 

=^1?  1  + 

5  1  6   1  7 

1   8 

9      10 1    I 

41  ^ 

rS   1    T   1    8 

9    1 

10  1  II 1   2 

6  1 

7   1   S  1    9 

10 1 

III    I2(     5 

8  1  9  1  10 

I'M 

12      U  1    4 

io|  11 1 

12  1 

i^    ul  <> 

12 

I5I 

14    15  1  6 

I4I 

151 i6|    7 

I6|i7|   8 

18I  9 

The  Conftrudlion  of  the  Table  is. 
obvious,  and  the  Manner  of  ufing  it 
is  this :  Take  the  greater  of  the  two 
Digits,  whofe  Sum  is  fought,  in  the 
upper  Line,  and  thelefTer  on  the  Right- 
hand  Column  ,•  in  the  fame  Line  with 
this,  and  under  the  other  ftands  the 
Sum.  So  under  8,  on  the  Head  and  in 
the  fame  Line  with  6,  on  the  Side  ftands 
the  Sum  14. 


C  A  s  E  2.     To  add  any  two  or  more  Numhers  into  one  Sum.  ' 

E«/.r  Place  the  given  Numbers  under  one  another,  fo  that  the  Figures  in  like  places 

of  each  be  direftly  in  o,:e  Column,  [/.  ..  all  Figures  m  the  firft  or  Onits  place  in  one 

Cokimn;  allin  the  fecond  place,  or  Tens,  be  alfo  m  one  Column ;  andlo  on  in  the  Order 

of  Places.]     Then  jccondly,  begin  at  the  Units  place  of  the  loweftLine  or  Number;  add 

?.vr  nf,il'°.n'5'r"'''  'if°n%°^S'=  .^'™^  P^^"^"'^  Column;  and  to  this  Sum  add  the 
next  Dig^,  and  fo  ontiU  aU  the  Digits  in  that  Column  are  added;  then  if  the  Sum  is  lels 

i  '°'/r^  r'".  ''n'^l'  fli^%u'-«  added;  and  add  up  the  fecond  Column  the  iame 
vl'/  R^?r  y^l%  f  S?^T2''  ''■^'^  *^  P-S"^^  "^  ^^^^  accordingto  their  fimple 
li  c  XT  K  r^4i"^  °^,  '^^  ^'■^'  or  ^^y  other  Column  exceeds  10,  then  it  is  either  a 
precife  Number  of  Tens  (a5  20,  30,  d"f.)  or  it  is  fuch  a  Number  of  Tens  with  fome 


Number. 
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Number  lefs  than  lo,  (as  24  =  20-1-4;  or 68  =60 -f- 8.)  LathefirftCafe  vvTite  downo, 
and  in  the  other  the  Number  over  a  precife  Number  of  Tens,  (as  4,  if  it  is  ^4;  or  8, 
if  it  is  68)  and  for  every  10  in  tlie  Sum  carry  i  to  the  next  Column ;  /'.  e.  add  tlic  Num- 
ber of  Tens  in  tlie  Sum  of  every  Column  to  the  next  Column.  Having  thus  gone  thro' 
all  the  Columns,  the  Number  of  Tens  in  the  Sum  of  the  laft  Column  is  to  be  fet  down 
on  the  left  of  all  the  Figures  already  found  ^  or,  the  whole  Sum  of  the  laft  Column  is 
fet  on  the  left:  of  all  the  preceding  Figures :  and  all  thefe  Figures  thus  found  and  placed, 
exprefs  the  Sum  fought. 


6^4           ^  "Ex.  T.     654 

-+^            >  ^^  ^'■'2  Units  plj 

S^Sum.C  ""dertheNun 

■ J  and  rhe  rota   Si 


654-f-  24^=  897.  wrought  as  in  the  Margin  thus :  Beginning 
lace  of  the  lower  Number,  I  fay,  3-1-4=7,  which  I  fet 
mbers   added ^  then  4-f-5=:9i  and  laftly,   2-f-6=8i 
and  the  total  Sum  is  897. 


JSa;._2.    897-}- 968^=1865.    Thus, 8 -|- 7  =  15  =  lo-f  5;  therefore 
and  cairy  i  to  the  nest  place  j  theni-j-6=7,  aad7-f-9 
-  6,  for  which  I  fet  down  6,  and  carry  i  to  the  next  place  ; 
[  -f-  9  =  1  o,  and  10  -f-  8  =  18,  which  being  tct  down,  the  total  Sum 
is  1865. 
Let  the  Learner  pradife  more  Examples  of  this  Kind  to  himfelf. 

Scholiums. 

I.  If  there  are  more  than  two  Numbers  to  be  added,  this  Rule  plainly  fup- 
pofcs,  that  we  can  readily,  in  our  Mind,  add  any  Digit  to  any  other  Number;  which 
therefore  might  have  been  confidered  as  a  particular  Cafe :  But,  rather  than  mal<e  too 
many  Cafes,  I  have  made  tliis  Suppofition;  nor  has  it  any  thing  contrary  to  good  Order, 
becaufe  it  is  indeed  no  other  than  a  particular  Cafe  compreliended  undexJiie  general 
Rule  here  delivered  :  fo  that  by  pra<ff iling  Examples  of  this  iimple  Cafe,  we  foon  acquire 
rhe  Capacity  fuppofcd  for  more  complex  Cafcs.  For,  if  the  greater  Number  has,  in  the 
place  of  Units,  fuch  a  Digit,  as  added  to  the  other  Digit,  makes  a  Sum  lefs  than  10,  the 
Total  is  plain ;  thus,  64  -|-  2 = 6  6  j  22  -f-  7 =2  9 .  Burif  theSum  rf  the  two  Digits  exceeds 
10,  what's  over  belongs  to  the  place  of  Unit«  of  the  Sum,  and  i  for  the  10  is  to  be 
added  to  the  remaining  part  of  the  greater  Number.  Thus46-|-8=^4,  wz.  6-j-8=i4; 
which  makes  4  in  the  place  of  Units  of  the  total  Sum,  and  then  i -J- 4=  5  in  tlie  place 
of  Tens.     Alfo  397-)- 9^:406  for  7-f-9=i6,  ttien  1-1-39=40. 

There  is  alfo  another  Suppofition  in  this  Rule,  i;/"z.  That  we  can  readily  perceive  how 
many  Tens  are  contained  in  any  Number,  or  in  dw  Sum  of  any  Column  of  Digits,  and 
alfo  v/hat  remains  over.  Now,  tlio'  thefe  do  indeed  Ipelong  to  other  Rules,  yet  the  Rule 
of  Notation  has  already  taught  us  them,  in  tlie  Cafes  here  fuppofed :  For,  if  we  write 
down  any  Number,  the  Figure  in  the  place  of  Units  is  tlie  Number  over  all  the  Tens 
containea  in  it,  and  the  remaining  Figures  on  the  Left-hand,  taken  by  themfelves,  exprefs 
rhe  Number  of  Tens  ^  as  has  been  explain'd  in  the  Rule  of  Notation  (fee  Corol.  4.  after 
the  Problem  in  Chap.  2.)  thus,  40  is  4  Tens  and  o  over,  87  is  8  Tens  and  7  over,  124 
is  12  Tens  and  4  over.  In  fmall  Examples  the  Ninnbcr  of  Tens  is  eafily  perceived  withoat 
"writing  down  the  Sum,  and  in  greater  Numbers  write  it  down.  Bur  tiiere  are  other 
Methods  of  managing  Addition,  whereby  the  Number  of  Tens  will  be  mark'<t'out  in 
the  Operation,  which  fhall  be  prefently  explained  j  but  I  fliaU  firft  make  fome  larger  Exam- 
ples, and  iliew  the  Application  of  the  preceding  Rule  to  tiiem. 
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%6% 

7U 
209 

570 
921 

689 

79^ 

5152 


Ex.:^h. 

Ex.-^th. 

878(19 

H 

26100 

596 

789<r 

789 

374^ 

6897 

65432 

2540 

789576 

4698 

456789 

246 

324160 

86532 

1761567 

78063 
65 

The  Operation  of  Ex.  3.  isthus,6+9=i5;-}-i=i6j  -]-6 
=22;-|"9=3i  J  4"?  =  Hi  +8=42  >  which  is  2  for  the 
firft  place  and  4  to  carry  to  the  2d :  thus,  4-f-  9=  1 3  >  4"^= 
21 ;  +2=23  ; 4-7=3oi  +4=  :;4i  +5=  39i  + ''=4T ; 
which  is  5  for  the  2d  place,  and  4  to  carry  to  the  3d : 
thus,  44-7=11  ;  +  6=i7;  -{-9=26;  +3=29  ;  -(-5=: 
34i  -f-2= 36 ;  +  7=43 ;  -|-8=:5 1  ■■,  which  being  the  Sum 
of  the  laft  Column,  is  all  written  down  ;  fo  the  total  Sum 

is  5152. Obferve  that  you  are  to  read  the  Opcratioj i 

thus,  6-f-9=i5,  then  i^-\-i-=i6,<^c.  But  to  prevent 
writing  the  laft  Sum  nvice,  1  have  feparated  it  from  the 
Number  to  be  next  added  to  it  by  a  Semicolon,  by  which 
you  mull  underftand,  that  it  is  added  to  the  next  Num- 


I 80460 

ber.     [But  not  that  tliefe  Expreflions  are  all  equal,  viz..  that  6-J--9,  154-13  d"f-  arc 
equal.] 

After  the  fame  manner  examine  the  other  two  Examples,  for  your  own  Pra£tice. 

2.  If  there  are  many  Numbers  to  be  added,  fo  that  the  Sum  of  every  Column  be  a  great 
Number,  we  may  fave  the  Memory  being  too  much  burdened,  and  the  Work  render'd 
thereby  more  difficult  and  uncertain,  by  various  means ;  as, 

Firft,  By  making  a  Point  at  every  40  or  50,  or  100.  Thus,  Add  up  the  Column  till 
you  have  a  Sum  containing  any  Number  of  Tens  you  pleafe,  as  50  or  100,  making  a 
Point  at  the  laft  Figure  which  makes  up  your  Number  of  Tens,  and  if  there  is  any  ex- 
cels over  Tens,  add  it  to  the  next  Figure,  and  fo  go  on  thro'  all  the  Column :  When  you 
have  finiflied  ir>  if  the  particular  Sum  after  adding  the  laft  Figure  is  left  than  10,  fct  it 
down  in  the  phce  of  the  tota}  Sum  (or  Anfwer,)  and  for  every  Point  carry  as  many  Units 
to  the  next  place  as  there  are  Tens  in  the  Number  pointed,  (/.  e.  3,4, 5,  or  10,  for  30, 
40,  50,  or  100,)  and  if  the  laft  particular  Sum  exceed  a  Number  of  Tens,  fet  down  the 
Excefs,  and  join  ±at  Number  of  Tens  to  the  Number  arifmg  from  the  Points,  and  carry 
the  Sum  to  the  next  Column  j  and  thus  go  thro'  them  all. 

'So  in  the  dxmtx'd  Ex  ample,  which  I  point  at  50,  I  proceed  thus;  9-f-7  is  16,  528 
and-  8  is  24,  and  7  is  31,  and  9  is  40,  and  8  is  4.8,  and  9  is  57  i  here  I  point  269 
at  the  9,  and  take  the  7  which  is  over  50,  ana  fay,  7-I-6  is  13,  and  9  is  5.87. 
22,  and  4  is  2^,  arid  5  is  31,  and  6  is  37,  and  7  is  44,  and  5  is  49,  and  7  is  6-j% 
56,  which  makes  a  Point  at  the  7,  and  6  over^  with  which  I  proceed,  faying,  367 
6 -(-9  is  15,  and  8  is  23  ;  therefore  I  write  down  3  in  the  Sum,  and  I  have  2  (for  986 
the  20)  to  be  added  to  the  Number  of  the  two  Points,  viz..  to  10  (for  every  89. y 
Point  is  here  5)  and  fo  I  have  12  to  carry  in  to  the  next  Column;  which  I  add  764 
in  the  fame  manner.  489 

To  prevent  blotting  of  Accounts,  which  is  the  Objeftion  made  againft  this  76 
Pradlice,  you  may  make  the  Points  upon  a  Shred  of  Paper  applied  to  the  29. 
Column.  38 

There  is  alfo  another  ufeful  Method  of  fumming  up  long  Columns,  viz.  by  19 
diftributing  the  Numbers  into  Parcels  of  9  or  10  Numbers  in  each,  (fo  that  the  27 
Sum  of  each  Column  in  every  Parcel  fhall  never  exceed  100)  adding  each  Part  38 
by  itfelf,  and  then  adding  their  Sums  into  one  total  Sum.  As  in  the  following  27 
Example  J  which  needs  no  fiirther  Explanation.  9 

5803 


D  E- 
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Z  .1/  O  X"  5  T  R  ^  r  I  O  N  of  ihs  "Rule  of  Case  2. 


6-8 

957 
854 

9^» 

890 
3+8 

572 
508 

735 
687 

9+3 
259 

167 
896 

7'5   ,_„ 


Total  11615 


This  we  deduce  from  the  Narore  of  Norarion,  and  ribe  comnjon 
Axiom,  That  tbe  Wcile  is  t^ual  iosJ.'.-ts  Parts  :    Tcics  j  eyerr Xuraber 
coaii;'b  (rf  2S  many  Pans  as  there  are  %niacini  Figjxes  in  ic;  an;  L^e 
Figures  itanding  in  the  lame  Places  of  diSeTTenr  Niiinbers  are  the  liraiiar 
CH-  like  Pans  of  meie  Korn'oers^  which  being  ihcrefore  added  together 
according  to  their  £r3pje  V  alues,  the  Sum  has  aii  ins  fame  f^coplary  or 
local  Val'je,  'viz..  Thai;  of  the  Place  in  u-hicis  theie  Figures  do  aJ  ilaod: 
Bur  ;by  Cor.  4,  Co.^.  z.)  eisy  Number  is  equal  to  a*  many  Tens  aj  the' 
Figures  above  the  T>iace  of  LJnits  taken  by  themielves  do  espreLs  and- 
to  that  Niimber  of  Unis  more  j    fo  248  is  24  Tens-f-  8.;     And  again, 
I,  or  anv  Digit  ftanding  in  any  place  is  ec  Jil  to  10  tizies  the  X'alue  of 
the  ikme  Dijit  in  the  preceding  place :  wherefore  the  Stim  of  tbeDigis 
ftandins  all  in  the  like  plices  or  ditreren:  X-LmDer*,  is  equal  to  as  many'- 
Units  of  the  Value  ot  the  nest  higher  place  as-  liere  are  Tens  in  Ae 
Sum,  and  to  as  maay  Uni3  of  the  p.i^e  ^aisz  as  areot-?r  that  Number 
erf  Tens.     Hence  vse  fee  the  ReaJ'on  of  ail  :h:  Pins  of  the  Rule:  for 
the  Parts  of  Numt)eri  added  mult  be  limiiar,  eiie  the  Sum  is  felle ;  fo 
4-}-  -::=  II,  vrhich  fuppofes  them  to  be  bodi  of  or.e  local  Value;  but 
if  the  4  be  in  the  place  above  the  ",  the  Sum  is  no:  1 1,  but  4*';    This 
eicpkins  the  tbii  Part  of  the  Rule.     Then,  by  carrving  tbrward  the  Num- 
ber of  Tens  found  in  the  Sum  of  every  Colornn  1  added  according  to 


the  fimple  Values;  and  adding  that  Number  to  the  next  Column  cendi  which  it  ^  a 
fimilar  Value,  we  aci  jallv  add  all  the  Parts  of  each  of  the  Num'oers  given ;  aUd  do  add  tbem 
fo,  as  that  all  the  Units  of  each  particular  Digit  let  down  in  the  total  Sum  have  one  local 
Value,  vrhich  is  the  fame  that  the  Parts  to  whofe  Sum  ir  belongs  have  in  tbe  Numbers 
added ;  but  the  Parts  are  equal  tothe  Whc^e,  therefore  the  Numbers  fet  do»ra  accordiag 
to  rhe  Rule,  exprefs  the  true  Sum. 

As  to  the  fecond  Part  of  the  Rale,  i-*&.  Toe  carrying  tbrwards  tbe. Number  of  Teas 
\7e  mav  fee  tbeReafon  of  it  aaother  vrayi  Thus,  fuj^xjfe  ever>-  Colunm  added  by  iifciF, 
and  the  Sums  fet  down  feparatdy  fo  as  the  5rft  Figure  of  the  Sum  ftaad  in  the  oiaoe  of 
that  Column;  and  ki  aii  thete  Sums  be  again  added  in  tbe  lame  manner  j  and  fo  on  tSF 
we  have  the  moft  iknpie  Exprefi&on  ctf  the  Total  of  the  given  Numbers.  Now  this  is  a 
very  natural  wav  of  Operaangj  which  carries  its  Reafon  with  ir;  but  it  is  abb  plaki,  rter 
rhe'  carn-ing  forward  the  Tens  has  tbe  \ery  ikme  Efefi ;  for  it  is  only  dcmg  that  all  at 
once,  v^  hich  is  here  done  ar  feverai  ifep:,  and  is  thereby  3  more  compeodioas  Way  of 
finding  the  Number  fought,  aad  therefore  preferable. 

Example  I. 
3+8 

K^ 
587 
290 

Sum  of  Units  26 

SumofTeiy  5"o 

Sum  of  Hundreds      2000 

Total  Sum  2;otf 


%xmtfk 
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"Example 

II. 

5789 

6958 

474<J 

8984 

4897 

(5518 

7968 

9^76 

56 

Sum  of  Uniu. 

480 

—  of  Tens. 

5700 

—  of  Hundreds. 

49000 

—  of  Thoiifands. 

06 

Sum  of  Units. 

130 

—  of  Tens. 

1 100 

—  of  Hundreds.' 

14000 . 

—  of  TTioufands. 

40000  • 

—  of  TenThoulandi. 

5ii;6  Total. 

^.2.  Of  theTroof  of  Operations  in  Arithmeticky  and  particularly 

ofK  D  D  I  T  I  o  N. 

TH  E  Proof  of  any  Operation  in  Arithmetick  is  fome  other  Operation,  by  which  we 
are  made  more  cenain  that  the  firft  Work  is  right  performed,  and  the  true  Anfwer 
found. 

It  is  different  from  the  Demonftration  of  the  Rule ;  for  this  fliews  that  if  the  Rule  is 
followed,  the  true  Anfwer  wiU  be  found :  But  the  Proof  fuppofes  the  Truth  of  the  Rule, 
jmd  only  (hews  wliether  we  have  obferved  it  in  doing  the  \V  ork. 

The  Proof  of  any  Operation  ought  naturally  to  be  another  eafier  than  itfelf,  in  which 
there  is  lefs  hazard  of  erring  j  otherwife  we  are  not  more  certain  of  the  one  than  of  the 
other :  And  if  we  be  very  fcrupulous,  we  may  require  again  a  Proof  of  this  fecond  Work, 
by  a  third  eafier  than  thelaft  j  and  fo  on  till  we  have  the  oioft  fimple  Operation.  But  a 
little  praiHce  puts  us  beyond  the  need  cf  all  this  j  and  we  may  be  fadsfied  with  any  one 
Proof,  even  tho'  it  is  not  an  eafier  Work  ■  thaj  ri^at  to  be  proved,  becaufe  there  is  lefs 
^azardof  Erring  in T^otb  than  in  one.  H9weyeri  t&e  eatiefb  Proofs^  if  theyarenot  tedious, 
jfre  al'-v-r/s  preferable.     ■  ''       '  '" 

PROOF   of  ADDITION. 

If  v/e  fliould  psopofe  a  more  fimple  Kind,  of  Operation  for  Prffof  of  Addition,  we  have 
none  but  the  adding  Unit  by  Unit,  already  ipoken  of  in  Notation.  Bat  tlie  fimplicit)'  of 
xhiiiy^hod  ii  innaitely  overbalanced  by  its  tedioulheisi  therefore  we -muft  be  content  witli 
another  AppUcadon  of  the  fame  Rule  ■,  which  may  be  made  different  ways. 

1.  If  the  Kunibers  have  been  added  all  togetlier  without  diftriburing  them  into  Parcels, 
(as  has  been  explained)  then  by  making  fuch  a  Diftribution,  and  adding  them  that  way, 
we  fliall  prove  the  Anfwer  which  was  found  the  otiier  way  j  for  the  total  Sum  muft  be 
the  fame  in  boch  Methods:  But  if  it  has  been  at  firft  wrought  tliis  way,  we  may  make  a 
Proof  by  making  a  different  Diflxibutign. 

2.  Whatever  way  the  Work  is  done  at  iirft,  we  may  do  it  a^n  t)ie  lame  way,  only 
t^nifaig  at  the  upper  Line,  and  adding  downwirds. 

E  2  V  There 
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3.  There  is  another  way  ingenious  enough,  and  very  eafy;  but  as  it  fuppofes  a  fmall 
Capacity  in  Subiraclion,  it  may  feem  not  agreeable  to  good  Order  to  propofe  it  in  this 
place :  For  tho'  one  Operation  or  Rule  may  no  dcubc  be  made  ferviceable  to  another,  yet 
eyeiy  thing  ought  to  be  in  its  Place;  therefore  you'll  fay,  that  according  to  the  utmoft 
fl:ricT:nefs  of  Method,  what  requires  Subtraction,  ought  to  come  after  Subtradtion.  But 
the  thing  fiippofed  is  no  more  than  that  we  can  readily  know  the  difference  betwixt  9  and 
any  Number  leis  than  18;  and  this  Capacity  cannot  but  be  already  acquired  by  the  praftice 
of  Addition,  (of  which  Subrradtion  is  but  the  Reverfe.j  There  is  alfo  fomething  in  it 
which  produces  the  fame  Efteft  as  DivifioK;  but  as  it  does  not  require  the  Rule  of 
Divilion,  that  furniihes  no  ObjeiUon:  Therefore  I  flull  ex'plain  this  Method  here  as 
its  proper  place. 

Rule.  Take  each  of  the  given  Numbers  feparately,  and  add  all  thc'r  Figures  together 
as  fimple  Units;  and  in  doing  ib,  when  you  have  made  a  Sum  equal  to  9,  or  greater  than  9, 
but  le:s  than  18,  negledt  the  9,  taking  what's  over  and  add  to  the  next  Figure  j  and  go  on 
fo  till  you  have  gone  thro'  them  all,  and  mark  what  is  over  or  under  9  at  thelaft  Figure; 
but  if  the  Sum  of  all  the  Figures  is  lefsthan  9,  mark  that  Sum.  Do  the  fame  with  each 
of  the  given  Numbers,  fetting  all  thefe  ExcelTes  of  9  together  in  a  Line,  (in  any  Order,) 
then  I'um  them  up  the  fame  way,  marking  the  excefs  of  9  as  before,  (or  what  the  Sum  is 
lefs  than  9.)  Laftly,  do  the  fame  with  the  total  Sum,  and  what  is  under  9,  or  over  any 
Number  of  9's  in  this,  muft  be  equal  to  the  Excefs  (or  Number  lefs  than  9)  laft  marked; 
clfe  the  Work  has  not  been  right  performed. 

I  fhall  explain  tliis  Pradice  by  one  Example. 
Exa7»p/e. 


=743 
4678 

1278(5 


Beginning  with  the  upper  Line,  I  work  thus;  2-f-  7  =  9;  then  4+  ^ 
=  7,  Vv'hich  I  have  fet  down  on  the  Right.  Then  to  the  fecond  Line, 
4-)-6=io,  which  is  i  over  9;  then  i+7-j-8=i6,  which  is  7 
over  9 ;  which  I  fet  under  the  Figure  laft  found.  Again,  to  the  third 
Line,  <;-^i-^6=i^,  which  is  5  over  9;  then  5-f-5  =  io,  which 
is  I  over  9.  Then  I  do  the  fame  with  the  Line  of  the  Figures  now  found,  viz.  i  -|_  7  -f^ 
7=15,  which  is  6  over  9;  and  findii^  the  fame  Excefs  of  9's  in  the  Sum  (12786,)  I 
conclude  the  Work  is  right  performed. 

Obferve,  It  will  have  the  fame  Eflfeft  if,  inftead  of  fetting  down  the  Excels  of  ci^s  in 
the  feveral  given  Numbers,  we  carry  the  Excels  of  one  Line  into  another,  and  only  mark 
i'nc  laft  Excels;  which  ought  to  be  tne  Excefs  in  the  total  Sum. 

'Demonflration.  In  order  to  Ihew  the  Truth  of  this  Rule.,  I  muft  premife  and  demon- 
^rate  this  Lenvia,  which  will  be  ufeful  alfo  afterwards. 

LEMMA. 

The  Figure  that  flands  itt  any  place  of  a  Number,  taken  in  its  jlmple  Value,  is  equal 
to  "what  'Will  remain  after  9  is  t alien  out  of  the  compleat  Value  as  oft  as  pojjtble  ; 
i.  e.  after  all  the  ^'s  contained  in  it  are  takeyi  away. 
For  Example,  If  all  the  9's  contained  in  700  are  taken  away,  there  remains  the  fimple 
l^umber  7. 

Demon.  Any  Figure  ftanding  in  any  place  of  a  Number  is  equal  to  ten-times  the  Value  of 
the  fame  Figure  in  the  next  lower  place,  (by  what  has  been  fhewn  in  Notation ;)  /.  e.  equal 
to  9  times -f-  I  time  that  Value,  (becaufe  9-}-  i=  10.)  But  9  times  any  Number  is  a 
precife  Number  of  9's ;  which  being  taken  away,  there  remains  once  the  Value  of  it  in 
that  next  place,  and  this  again  is  equal  to  9  times  -f-  i  time  the  Value  of  the  fame  Figure 
in  the  next  lower  place,  and  the  9  rimes  being  taken  away,  the  i  time  remains;  and  loon 
till  you  bring  it  down  to  the  place  of  Tens,  where  it  is  equal  to  9  times  its  fimple  Va- 
lue -f-once  that  Valuer  and  the  9  times  taken  away,  there  remains  the  fimple  Value: 

But 
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But  thus  we  have  fuupofed  all  the  p's  to  be  taken  out  of  it,  and  ccnfequently  the Leri.via 
is  true. 

Corollary.  The  Sum  of  all  the  Figures  in  any  Nunnbcr,  taken  as  (imple  Units,  is  the 
Remaindsr  after  as  inany_  9's  are  taken  out  of  that  Number,  ns  are  to  be  found  feparately 
in  the  com pleaf  Value  of  each  of  the  faid  Figiures  (becauie  each  of  thefe  Figures  taken 
fimply,  is  me  Excels  of  the  9's  contained  in  that  Part,)  and  if  that  Sum  is  lels  than  9,  i: 
is  die  Remainder  after  the  9's  contained  in  tlie  given  Number  are  taken  away ;  but  if  it  is 
not  lels  than  9,  the  Remainder,  after  all  the  9's  are  taken  out  of  it,  is  the  Remainder  of  9's 
in  the  gi\'en  Number:  For  it  is  plain  that  there  can  be  no  more  9's  in  any  Number 
than  what  are  in  the  feveral  Parts  and  in  the  Sum  of  the  Excefs  of  9  in  the  fame  Parts. 

Now  from  this  Lemma  and  Corollary,  the  Demonftration  propofed  will  be  plain :  For 
by  adding  the  Figures  of  any  Number  according  to  the  Rule,  it  is  evident  we  find  the 
Exxefs  over  all  the  9's  contained  in  their  Sum  (taken  as  fimple  Units.)  And  this  is  the 
E>:ce.'s  of  ^  the  9's  contained  in  the  faid  Number  by  the  Corollary.  But  again,  the  Excefs 
of  9's  in  eaSfeof  two  or  more  Numbers  being  taken  feparately,  tad  the  Excefs  of  9's 
taken  alfo  oa^  the  Sum  of  the  former  Exceffes,  it  is  plain  this  laft  Excefs  mufl:  be  equal 
to  the  Exce^^BU  the  5>'s  contained  in  the  Total  of  all  thefe  Numbers,  (the  Parts  being 
equal  to  the  ^^^^ 

*l;j;;.  Scholiums. 

1.  In  the  Demonftration  of  the  preceding  Lemma,  I  have  taken  it  for  a  Truth, 
.that  9  times  any  Number  is  a  prccife  Number  of  9'sj  /.  e.  that  it  is  equal  to  that 
Number  of  times  9,  (without  any  thing  over.)  For  Exatnple,^  that  9  times  7  is  7  times  9  j 
for  the  Demonftration  of  which  (if  it  is  required)  I  refer  you  to  Chap.  5.  as  I  have  done 
already  in  a  like  Cafe. 

2.  To  this  Proof  it  is  commonly  objefted.  That  a  wrong  Operation  may  appear 
to  be  true ;  which  mull  be  owned :  for  if  we  change  the  Places  of  any  two  fignificant 
Figures  in  the  Sum,  it  will  ftill  appear  right.  So  in  the  preceding  Example,  the  true 
Sum  is  I  a  7  86  :  But  fuppofe,  thro'  miftake,  it  had  been  12768;  it  is  plain  this  Method  of 
Proof  would  make  it  appear  right,  becaufe  there  is  the  fame  Excefs  of  9's  where  there 
are  the  fame  Figures,  whatever  order  they  ftand  in.  But  then  confider,  a  true  Sum  will 
always  appear  true  by  this  Proof,  (for  that  is  demonftrated)  and  to  make  a  falfe  Sum  ap- 
pear true,  there  muft  be  at  leaft  two  Errors,  and  thefe  oppofite  to  one  another;  /.  e.  one 
Figure  greater  than  it  ought  to  be,  and  ano±er  as  much  lels  ^  and  if  there  are  more  than 
two  Errors,  they  muft  always  balance  among  themfelves;  /.  e.  the  Sum  of  the  Figures  that 
are  greater  than  they  ought  to  be,  muft  always  be  equal  to  the  Sum  of  the  Figures  that 
are  deficient ;  elfe  if  is  plain,  a  falfe  Sum  will  not  appear  to  be  right.  But  now  if  we 
confider  what  an  exceeding  great  Chance  there  is  againft  this  particular  Circumftance  of 
the  Errors,  and  how  fimple  the  Proof-work  itfelf  is,  we  may  truft  to  this  Proof  as  fafely 
as  to  any  other. 


CHAP.     IV. 
SUBTRACTION  of  AbfiraSiWhok  Numbers. 

DEFINITION. 

SUBTRACTION   is  the  taking  one  Number    out  of  another;   or   finding  the 
Difference  betiuixt  two  Numbers:,  i.  e.  the  moft fimple Exprellion  of  that  Number 
whereby  the  greater  of  two  given  Numbers  exceeds  i  or  the  lefler  comes  fhort  of 
the  other.  Example. 
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Example.   The  Difference  betwixt  8  and  3  is  5 '■  Betwixt  48  and  19  is  29. 

Ohferve  alfo,  That  for  diftinftion  the  greater  Number  is  called  the  Subtrahend,  and 
the  leller  the  Subtfa&or  ^  and  the  Number  fought,  or  the  Difference,  is  called  alfo  the 
Remainder,  i.  e.  what  remains  after  the  lelTer  is  tal<en  out  of  the  greater. 

SCHOL  lUMS. 

1.  As  the  EfFeiH:  of  SubtraSi'wn  is  plainly  the  Reverf?.  of  Addition;  fo  is  its 
Operation :  Wherefore  vye,  liave  diis  firft  to  obferve,  That  .by  a  continual  retracing 
Unity  after  Unity  (by  the  reverfe  of  what  was  done  in  Addition)  the  diflereuce  of  any 
tA'o  Numbers  may  be  founds  wWch  lliews  an  immediate  Conneftion  betwixt  diis  Work 
and  the  Rule  of  Notation.  But  the  infufferable  tedioufhefs  of  tliis  Mediod  is,  removed 
by  the  following  Rule,  whereby  diat  is  done  by  a  few  eafy  fteps,  which  cannot  be  done 
ail  at  once,  and  ought  not  to  be  done  by  more  fteps  than  are  necelTary :  and  this  we  owe 
to  the  Method  of  Notation.  Butwe.muft  alfo  obferve,  That  as  the  fubtrafting  Unity 
from  any  Number  is  the  moft  fimple  Cafe,  fo  it  is  immediately  contained  in  the  Rule  of 
Notation,  and  prefuppofed  in  the  following  Froblem ;  and  is  alfo  the  only  Method  by 
which  one  Digit  can  be  fubtradted  from  another  j  which  therefore  I  malce  the  firit  Caje 
of  the  following  Problem,  as  that  upon  which  all  other  Cafes  depend. 

2.  Tliis  Sign  or  Charadter  —  fet  betwixt  two  Numbers,  iignifies  the  Suktradion 
of  the  one  from  the  other ;  and  is  a  complex  or  indefinite  way  of  reprefenting  the 
Diffcniice.  Thus  7  —  4  iignifies  tliat  4.13  talcen  from  7  j  and  we  read  the  Sign  by  the 
word  lefs.  Exarn^.  7  —  4  is  read,  7  lefs  4:  and  thus  it  expreffes  the  difference  in  a 
complex  Manner,  by  the  Whole  and  Part  taken  away.  And  if  more  Numbers  are  ftic- 
ceffively  fuhtraBed,  we  prefix  the  fame  Sign  to  each  of  them;  thus,  12  —  4 — 3  figni- 
fies  that  4  is  taken  from  12,  and  then  3  from  the  firft  Remainder;  or,  which  is  the  fame 
thing,  that  4  and  3  both  (/.  e.  7)  is  talcen  from  12.     By  this  Sign  we  explain  in  a  neat 

.and  brief  way  the  Work  of  particular  Examples  mSuhtraBion;  as  you'll  prefently  fee. 

■     But  the  principal  Ufe  of  this  Sign  of  Subtraction  is  for  the  Exprellion  of  the  tiifftrence 

I  of  Numbers  reprefented  by  Letters  in  the  Algebraick  Art.     Thus,  A — B  exprefTes  the 

'  difference  of  A  and  B;  A  —  B  —  C,  the  difference  of  A  and  B-f-C;  for  by  talang  all  the 

Parts  of  one  Number  fuccedively  from  another,  we  tal^e  the  Whole  of  that  Number  from 

this.     And  this  is  the  General  'Ride  of  the  Literal  Subtra6iion :  other  particular  CafesyouTl 

earn  in  another  place. 

FROBLEM. 

To  Subtradl  one  Number  from  a>iOther  j  or^  40  fiiii/  tiiejr-j^i^cace. 
•,  .^Case   I.     To  fiitd  the  Diiference  bvttaixt  .t'li-Q  Digitf,  .'.      'rr^*  •..  ':!      ; 

Rule.  This  is  to  be  done  by  a  continual  retradting  each  U7tit  of  the  -^uhtraifsr  fuc- 
ceflively  from  the  Subtrahend,  and  expreffing  the  Diflerences  gradually,  accordiqg  to  the 

^ule  oj  Notation.  .^^  

Example.  9  — 4=5-  For  9  —  I  —  I  —  I  — 1  =  5-  TTie  gradual  "Series  of  Differences 
being  8,  7j  6,  5  j  becaufe  9  —  if=^j  — ^^^^~Vt^^ — ^  =  5  j  ^'^  Number  fought. 

Scholium.  As  all  9ther  Cafes  neceflaj-jly  fuppofe  tliis  one^  the  Anfwers  of  all  its  Examples 
b  ight  to  be  ready  in  ,tne  5(Irtnory,"'  and  thei-^fone  J^4ll'put~thebi  ajl  in  thejcflowing 
Table,  for  their  Ufe  who  are  mere  Novices  in  Arithmetic!:.  But  1  mull  Here  ol'yc'r'u'?, 
That  asthis  is  only  theReverfeo(  Additio/i,  whoever  is  Mafter  of  that,  (as  tliey  ought  to  be 
before  they  enter  on  Subtra^io?!}  will  be  able -at  once  to  pronounce  the  difiference  of  any 
.p,yo  Digit?.  ,  _   .  .,«  ,,vi-,v  ,^,  ,;  HOr7-~    .     '  t, 

5  TA  Bit.  ^ 
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r  ^  -B  X,  E  fair  finding  the  0iffcrenees  of  any  t-dio  Digitt. 
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The  \Jk  of  thisITaftle  t^rill^  I  tliink,  bf^'obviousi  "Se^k  the  Subtraftor  on  the  Right- 
fide  Column,  and  agairifi  it  under  the  St'.htrahe7:d,  found  in  the  Upper-Line,  is  the  diffe- 
rence fought.  Exatnp.  Under  7  on  the  Head,  and  againft  4  on  the  Side,  you  find  3,  the 
difference  of  7  and  4*  Gr'alfo  thus.  Take  the  ^j^fe/r^/A-^i/on  theHead,  and  in  the  Column 
under  it,  fefek.  the  Sidiraiior-,  againft  which  on  the  Side  .is  the  Difference. 

G'ase'  2.'    T(i'-Sifihi&.''iivj''-  Number  frm  anokBef:' 

lHuk  I.  Write  the  one  tinder  the  odiet-  according  to  the  Order  of  Places,  (and  moft 
commonly  the  Subtrahend  is  fet  above  the  other,  tno'  this  is  not  neceffary.)  Then,  Se- 
condly, take  the  differente  bcrwixt  each  Figure  df  the  Subtraffor  and  its  Correfoondent 
iffthe  like  place  of  the  Subtrahend,  beginning  at  the  place  of  Units,  and  fet  the  Remain- 
ders under  them  in'order^  but  if  theFigute  in  any  place  of  ths  Subtrahe^.'d  is  lefs  than  its 
Gorrefpondent  in  zh6'Sifbtraff(/r,'z<id  10  to  that  Figurej  and  fubtraft  from  the  Sum,  anct 
ht  down  the  Diglt'U'ttidl  femains ;  then  adid  1  tp  the  next  Figure  of  the  Sabira&or,  and 
take  the  Sum  from'  its  Gon-cfpondent  in  the  5wtft*^*?»^',  arid  go  on  fo,  adding  in  the  fame 
manner  whenever  the  FigLire  of  the  ^w^/ra^fw-a^is  leaft.  AU  the  Figures  written- dovra, 
exprefs  the  diffefcnce  fought.  ■  ..-•.ri!..,i  i  . 


SUbtrabettd 
Subtradtor 

Difference 


'%j/S^'      Exatsp:i.  '  The  d}flCTenceor-87(J'and  ^14  is  ^52,  as  jh  the  Map- 
524    gin.    The  Operation  is  thus,  6 — ■4=2,  wHichT  ferdown^'tiien -*— ' 


gin 

2 


5,  and  8 —  5=  ^j  and  the  diiFerence  fought  is  352. 
-   --•■/I  '.....  .    ..  ■'.         .,;:j  "  .-:  ■•  ■  .    ;• 

Examp.'z.  The  difference  of;  74625- and  473  Sa  is  27243.  Whofe 
Operation  is  thus,  ^ — 2=3;  then  2 — 8  is  impo'.rible,  therefore  I 
take  12,  and  fay,  12  —  8  =  4^  then  (becaufe  10  was  added  to  thelaft 
place  of  the  Subtrahend)  I  add  i  now   to  the  Subtraftor,  and  fay, 

1-4-3=4;   then.  6— 4=2.     Again,  4  —  T  carmot  be,    therefoi-e  I 

take  14,  and  lay,  14— 7=::  7.    Again  1 -f-4:±=5,  aiid.7  — 5:2=.2.i    And  fo  the  compleat 
difference  is  27243. 
You  may  examine  thefe  few  more  Examples  in  the  fame  manner. 


Subt"». 

Sub'. 

Diff. 


74625 
47^82 

272-1? 


Ex  amp.  5. 
87234 
55^90 


Ex  amp.  4. 


Ex  amp.  5. 

345 

79 

266 


Examp.  6. 

58034 
028 


SCHO- 
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Scholium.  This  Rule  fuppofes  we  can  readily  in  our  Mind  fubtraft  any  Digit  from 
the  Sum  of  any  leiVcr  Digit  and  loj  which  may  be  eafily  admitted :  but  to  make  the 
Difficulty  lefs,  (if  there  can  be  any)  we  may  do  the  Work  thus ;  Subtrad  from  the  lo, 
and  add  the  Remainder  to  the  Figure  of  the  Subtrahend  to  which  the  lo  (hould  have  been 
added,  and  fet  this  Sum  down.  So  in  Examp.  5.  fay  9  from  5  cannot,  but  from  10,  and 
I  rcmaiiiji  then  i-j-<i'-=^j  wliich  is  fet  down. 

D  E  MONSTKATIONofthe  Second  Cafe. 

1 .  Where  all  the  Figures  of  the  Subtraiior  are  lefs  than  their  Correfpondents  in  the 
Siihtrahcadi  the  difference  of  the  Figures  in  the  feveral  like  places  fet  in  the  fame  place, 
mull  aU  together  make  the  true  ditlerence  fought  ^  becaufe  as  the  Parts  make  up  the 
Whole,  fo  mull  the  differences  of  all  the  fimilar  Parts  of  any  two  Numbers  make  the 
total  Difference  of  tiic  Wholes,  of  which  thefe  are  the  fimilar  Parts. 

2.  Where  any  of  the  Figures  of  the  Subtrahend  is  leli  than  the  Correfpondent  in  the 
Siibtrador^  the  10  v/hich  is  added  by  the  Rule  you  are  to  fuppofe  to  be  the  Value  of 
an  Unit  taken  from  the  next  higher  place,  (which  by  Notation  is  equal  to  10  in  this 
Place,)  and  then  tlie  i  added  to  the  next  place  of  the  Subtraiior  is  to  diminifh  the  next 
place  of  the  Subtrahend  by  i  more  than  is  contained  in  the  Subtraiior,  becaufe  that  i 
was  fuppofed  to  be  already  borrowed  from  it,  and  applied  to  the  preceding  Place  ac- 
cording to  its  Value  there:  fo  that  inftead  of  adding  i  to  the  Subtraiior,  we  may  take  i 
from  the  Subtrahend;  i.  e.  take  the  Subtraffor  from  the  SubtrahendTi^xe  lelTened  by  i. 
But  the  Effeii:  is  the  fame,  fince  either  way  that  i  is  taken  from  the  Subtrahend;  as  it 
ought  to  be,  fince  it  is  already  applied  to  the  lad  place  j  which  is  only  taking  from  one 
Part,  and  adding  as  much  to  another,  whereby  the  Total  is  never  changed :  And  by 
tills  means  the  Subtrahend  is  refolved  into  fuch  Parts  as  are  each  greater  than  (or  equal 

to)  the  fimilar  Parts  of  the  Subtraiior.  So  in  order  to  uibtradl  2.6  from  52, 
52  refolve  the  52  into  thefe  Parts,  40  and  12,  fo  that  the  12  correfpond  to  the  6  of 
26  die  Subtraiior,  and  the  40  to  the  20  j  which  is  in  effed  done  by  the  Rule :  for  we 
—  fay,  6  from  2  cannot,  but  from  12,  and  6  remains;  then  it  is  plain,  that  for  5  we 
have  but  4  in  the  next  place,  and  it  is  the  fame  thing  to  fay  2  from  4,  or  3  from  5. 

But  there  is  another  thing  to  be  accounted  for,  which  the  Rule  fuppofes,  viz.  That 
the  Difference  betwixt  any  Digit  and  the  Sum  of  any  lefler  Digit  and  ip,  will  always  be 
lefs  than  10  i  the  Truth  of  which  is  plain;  for  fince  that  lefler  Digit  wants  at  leaft  i  of  the 
greater,  (to  make  a  Part  equal  to  the  Subtrador)  that  i  being  taken  from  the  10  added, 
there  cannot  remain  above  9. 

Scholium.  If  it  be  propofed  to  fubtraft  two  or  more  Numbers  from  any  one,  or  one 
from  more;  or  laflly,  more  than  one  from  more  than  one ;  the  beft  and  moft  fimple  way  is, 
firft  to  add  thefe  more  together,  and  then  fubftradt :  So  let  it  be  propofed  to  fubtradl 
560 from  467+235,  asinExample  i.  below;  or,  34<f-(- 432 from  978,  as  inExamplea. 
or,  30724-^678  from  2^j^~\-^6^i,  as  in  Example  3.  Alfo  when  more  Numbers 
are  to  be  fubtrafted  out  of  one,  it  may  be  done  by  taking  away  firft  one  of  them,  and 
then  out  of  the  Remainder  take  another,  and  fo  on  till  they  are  all  fubtraftcd ;  and  this 
is  called  Continual  Suhtrallion. 

z  Ex. 
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B»amfle  i: 

Exa) 

'fiple  a: 

Example  3." 

457 

Sub". 

978 

2578 

255  . 
Sub*.       702 

345 

4?2 

96:51 
Sub*.    12209 

Sub',       56P 

Sub'. 

777 

3072 

DifF.         142 

Diflf: 

201 

^678 

^ub^  x7<fo 
Diff      ,+,9 

The  Proof  o/Subtradion  7iiay  he  wade  either  hy  Addition  or  Subrraftion. 

1.  By  Additiov,  thusj  Let  the  Remainder  be  added  to  thz  SubtraSlor,  and  tlie  Sum 
ought  to  be  equal  to  the  Subtrahend :  For  tliis  is  reftoring  back  what  was  before  taken 
away. 

2.  By  Subtra&ion,  thus;  Subtradt  the  Remainder  from  the  Subtrahend;  and  this  Re- 
mainder ought  to  be  equal  to  the  former  Suhtraiior :  Becaufe  which  foever  of  the  two 
Parts  that  make  up  any  Whole  is  taken  away,  the  other  remains.  I  leave  you  to  apply 
thefe  Proofs  in  the  preceding  Examples. 

If  we  have  fubtradted  more  Numbers  out  of  one  by  continual  Subtradtion,  the  Proof 
of  this  Work  will  plainly  be,  Adding  all  the  SubtraCiors  and  the  lajl  B.emainder  into  one 
Sum,  which  muft  be  equal  to  the  Subtrahe7id. 


CHAP.     V. 

Multiplication  of  Whole  andAbflraEi  Numbers. 

DEFINiriONS. 

I.  Tk  Jf  ULTIPLICATIONis  the  taking,  afiy  Number  a  certain  number  of  times: 
|\/l     or-,  finding  a  Number  "which JJjall  contain  any  given  Number  a  certaiti proposed 

■^^  JL.  number  of  times ;  i.  e.  as  oft  as  that  other  Number  contains  Unity.  For  i-x. 
If  it  is  propofed  to  take  48,  7  tirftesi  or  find  that  Number  which  contains  48, 7  times i 
the  Anfwer  by  the  following  Rule,  is,  336. 

2.  The  Number  to  be  multiplied  is  called  the  Multiplicand;  the  Number  by 
which  it  is  multiplied,  (or  the  number  of  times  it  is  to  betaken)  is  called  the  MuLti- 
PLiEii;  and  the  Number  found  is  called  the  Product.  The  MultifUc  and  zvA.  Multiplier 
are  alfo  called  the  Factors  (of  the  Multiplication)  without  diftindioni  becaufe  they 
make  the  Product,  or  Number  fought. 

Scholiums. 
I.  I  know  there  may  be  made  a  more  general  Definition  of  Multiplication,  compre- 
hending in  it  alfo  what  is  called,  Multiplication  by  FraBions:  But  that  being  really  a  mkt 
Operation  of  Multiplication  and  Divifon,  I  thought  it  more  reafonable  to  make  the  Defi- 
nition here  to  as;ree  only  to  whole  Numbers,  which  is  proper  and  pure  Multiplication, 
according  to  the  more  common  Senfe  of  the  Word ;  and  when  you  learn  the  other,  it  is 
only  joining  tlism  both  together  to  make  that  more  general  Definition :  which  I  fliall 
do  in  its  proper  place. 

F  2.  The 
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2.  The  Senfe  and  EflFea:  of  Multiplkation  (of  whole  Numbers)  is  the  fame  with  Addi- 
tion ;  for  it's  plain,  t^iat  if  we  take  the  MultiplieaffJ-,  and  write  it  down  as  oft  as  there  are 
Units  in  the  Multiplier:,  the  Sum  of  all  fhefc,  taken  by  Addition,  is  the  Number  fought. 

For  Ex.  to  multiply  4.8  by  7,  or  to  take  48,  7  times^  I  fet  down48,  7  times  (as  in 
48  the  Margin)  an4  find  the  Sum  3 16.  But  Multiplication  is  a  Method  of  finding  the 
48  fame  Number  more  eafily  and  expediuoufly.  For  Ex.  to  multiply  any  Number  by 
48  468 ;  what  a  tedious  and  intolerable  thing  wotild  it  be,  to  write  down  die  Multi- 
48    plicaiad  468  times  ?    But  by  the  following  Rules  this  is  prevented,  and  the  Number 

48     fought  is  found  by  an  eafy  Operation. Multiplication  then  is  only  a  compendious 

48  A&tio7i,  limited  to  that  particular  Cafe  wherein  all  the  Numbers  to  be  added  are 
48  equal  to  one  another,  (or  the  fame  Number:)  For  it's  this  Circumftance  tliat  affords 
J^T^  us  a  more  eafy  Method  of  working  than  by  die  general  Rule  of  Addition.  Yet 
^  there  are  fome  fimple  Cafes  which  admit  of  no  Compend:  Thefe  are  the  Multipli- 
cation of  Numbers  under  10,  or  the  Digits,  by  one  another;  which  are  rh& primitive 
Operatiofts  in  Mttltiplication,  upon  which  all  other  Cafes  depend.  We  muft  theiefore  ex- 
plain Multiplication  alfo  in  two  Cafes,  as  we  have  done  Addition.  But  whereas  the  pri- 
mitive Cafts  rf  Addition  depend  immediately  upon  the  Rule  of  Notation  j  the  pripntive 
Cafes  of  MultiplicaiMH  depend  immediately  on  AtUttitn.  For  we  need  not  go  back  to 
dotation  for  thefe  j  fince  we  have,  by  an  intermediate  Step  in  Additia»,  gained  an  ejfier 
way  of  doing  them. 

3.  This  Sign  or  Charafter  X  fet  betwkt  two  Numbers,  fignifies  the  Multiplication 
of  the  one  by  the  other  (taking  either  of  them  for  the  Multiplier  or  Multiplicand i 
which  does  not  alter  the  Produft,  as  will  be  afterwards  demonftrated)  and  is  a  Com- 
plex or  indefinite  way  of  reprefenting  the  Produft.  Thus  7x3  fignifies  that  7  is 
multiplied  by  3,  or  5  by  7;  which  we  read  7  times  3,  or  3  times  7  j  whereby  the  Pro- 
duft  is  expreiled  in  a  complex  manner  by  the  Faiiort:  And  if  more  Numbers  are 
fucceflively  or  continually  (as  it's  called)  multiplied  together,  the  fame  Sign  is  prefix'd  to 
each  fucceflive  Fadlor.  Thus  4x6x3  expreffos  tlie  Produd  made  by  multiplying 
4  by  6,  and  this  Produd  again  by  3  ;  and  fo  of  more  Fadors,  (which  will  ftill  be  the 
fame  Produd  in  whatever  order  the  Fadors  are  applied,  as  will  be  demonftrated.)  By 
this  Sign  we  explain  in  a  neat  and  brief  way  the  Multiplication  of  particular  Exanq)les, 
as  you  11  prefentiy  fee. 

But  the  principal  Ufe  of  this  Sign  of  Multiplication  is  in  the  Algebraic  Art,  to  ex- 
prefs  the  Produd  of  two  or  more  Numbers  in  Letters.  Thus,  A  x  B  is  the  Produd 
of  A  and  B ;  alfo  Ax  Bx  C  the  Produd  of  A,  B  and  C,  and  fo  on.  But  when  two 
or  more  Numbers  are  expreffedj  each  by  one  Letter,  the  Produd  is  alfo  expreiXed  by 
thefe  Letters  fet  together  without  the  Sign.  Thus  A  B  is  the  Produd  of  A  and  JB,  AB  C 
that  of  A,  B,  and  C.  This  is  the  general  Rule  of  the  Literal  MuliipUcatio»  ^  other  par- 
ticular Cafes  you'll  learn  afterwards. 

T  K.  O  B  L  E  M. 

To  multiply  any  Number  by  another. 

Case  L  To  multiply  one  Digit  by  another. 

IRule.     Add  the  Multiplicand  to  itfelf  as  oft  as  there  are  Units  in  the  Multiplier,  and 

you  have  the  Produd  fought. Exavtp.  To  multiply  6  by  4,  I  fay  d-|-6  (==12)  -\~6 

(=  18)  -)-6=:24,  the  Number  fought.     But  the  Produds  or  all  the  Digits  ought  to  be 
ready  in  die  Memory ;  which  are  ealily  got  by  the  help  of  the  following  Table. 


TABLE 
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TABL.E  of  A/ULriPLIC^nONforthefimple  Digits,  or  Numbers  lefsthan  \o< 


1  I 

2 

^ 

4 

S' 

(> 

7 

8 

9 

I 

+ 

6 

8 

10 

12 

14 

16 

18 

0 

9 

12 

15 

18 

21 

24 

27 

^ 

16 

20 

24 

28 

^2 

56 

4- 

2^ 

^0 

;t 

to 

J-i 

■^  . 

;6 

-4-2 

+8 

5-1- 

6 

+9 

'?6 

6^ 

.          T 

-■  /I 

(14. 

~z 

>^  ! 

I  1 

81 

9  1 

Use  of  the  Table. — Seek  the  greater  of  the  two  Digits  in  the  upper  Lint;,  and  under 
it  againft  theleffer,  taken  in  ±eright-iide  Column,  is  the  Produdt  fought.  -E.v.  To  mul- 
tiply 8  by  4,  I  take  8  in  the  upper  Line,  and  under  it  againft  4  I  find  32  the  Produd):. 
Again,  to  multiply  7  by  9,  take  9  in  the  upper  Line,  and  under  it  againft  7  on  the  iide, 
you  have  63  the  Produd  fought. 

Demon.  The  Conftruftion  of  the  Table  is  plainly  this:  Tlie  9  Digits  being  fet  down 
in  the  upper  Line,  each  of  them  is  confidered  as  a  Multiplicana ;  and  is  added  to  itfelf 
fucceffively,  as  oft  as  there  are  Units  in  every  Digit  not  exceeding  itfelf;  and  the  Mul- 
tipliers are  fet  in  a  Column  on  the  fide  againft  the  relpective  Sums.  For  Example-,  the 
Multiplications  of  6  from  the  upper  Line  are  carried  no  farther  tlian  6  on  the  fide;  and 
fo  of  the  reft.  This  explains  the  Reafon  of  the  i?»/e  when  the  greater  Number  is  propo- 
fed  as  the  Multiplicand,  or  where  the  Multiplicand  and  Multiplier  are  equal :  But,  where 
the  leffer  is  nropofed  as  the  Multiplicand,  yet  we  apply  the  greater  to  tlie  Table,  as  if  it 
was  the  MiJtiplicand,  [which  I  fhall  here  fuppofe  to  be  tlie  fame  in  efFeft,  and  after- 
wards it  fliaU  be  demonftrated,  viz.  that  6  times  8  is  the  fame  as  8  times  6,  and  fo  of 
any  other  two  Fadors.] 

C  A  s  E  II.     To  multiply  any  two  Numbers  into  one  amther. 

'Rule  I.  Make  any  of  the  t^vo  Fadors  the  Miiltiplica7id,  or  Multiplier ;  but  it  will  be 
generally  moft  convenient  to  make  that  the  Multiplier  which  has  feweft  fignificant  Fi- 
gures :  Then,  tho'  there's  no  matter  in  what  order  the  Fadors  are  fet  down,  yet,  when 
it  can  be  done,  'tis  convenient  to  write  the  Multiplier  under  the  Multiplicand;  fo  that 
the  firft  fignificant  Figure  on  the  Right-hand  of  this  be  over  the  firft  fignificant  Figure 
of  the  other,  [whether  thefe  Figures  be  in  the  place  of  Units  or  not.  See  the  Examples.] 
Then,  in  cafe  there  are  o's  ftanding  on  the  Right-hand  of  either  or  both  Fadors,  neglcd 
them  as  if  they  were  not  there,  and  proceed  thus : 

2.  Begin  with  the  firft  fignificant  Figure  of  the  Multiplier,  and  by  it  multiply  every 
Figure  of  the  Mukipliaind,  one aftrer another,  (by  Cafei.)  beginning  at  the  fii-ft  fignificant 
Fij;ure,  and  proceeding  in  order  to  the  laft  figure  on  the  left;  and  write  down  the  Pro- 
duds.  Thvsy.  If  tbe  firft  Produd  (or,  tliac  of  the  firft  Cgi>ificant  Figure  of  the  Multipli- 
cand) is  lefs  than  10,  write  it  down;  but  if  it  exceeds  10,  write  down  what's  over  a:iy 
Number  of  lo's,  and  carry  that  Number  (;'.  e.  1  for  every  10)  to  the  Produd  of  tlie 
next  Figure.  If  this  Sum  is  lefs  than  10,  write  it  down;  but  if  it  exceeds  10,  write 
down  the  Excefs  of  lo's,  and  carry  the  Number  of  lo's  to  the  Produd  of  the  next  Fi- 
gure, and  fo  on ;  fetting  the  Figures  to  be  written  down  all  in  a  Line  after  one  another, 
orderly,  from  die  Right  to  the  Left.  Having  thus  gone  thro'  all  the  Figures  of  theMul- 
tiflicanJ,  (not  omitting  the  o's  that  ftand  mixt  with  other  Figure,s)  write  down  the  com- 
pleat  Produd  of  die  laft  Figiu-e  with  the  lo's  of  the  preceding  added  to  it. 

Fa  3.  Make 
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3.  Mike  the  fame  Operation  upon  tlie  Multiplicand,  with  every  fignificant  Figure  of 
the  Multiplier;  (palling  all  the  o's)  taking  them  in  order  as  they  ftand  towards  the  Lefr-i 
and  fetting  the  fcvcral  Produds  under  one  another:  Thm,  Set  the  firft  Figure  of  the  Pro- 
dud  made  by  every  Figure  of  the  Multiplier,  at  the  fame  diftance  from  the  firft  Figure 
of  the  preceaing  Line,  as  their  refpedtivc  Figures  in  the  Multiplier  are  ■■,  and  place  the  reft 
of  the  Figures  in  order  towards  the  Left,  under  tlie  pi'eceding. 

4.  Add  all  thefe  particular  Produds  into  one  Sum;  taking  them  as  they  are  fet  in  the 
Columns  under  one  another :  And  if  the  firft  fignificant  Figure  of  both  Fadors  was  in  the 
place  of  Units,  this  Sum  is  the  Produd  fought  ^T.x.  i,  2,  3,  4,  5  )  otherwife  fet  as  many 
o's  before  it  as  ftand  before  the  firft  fignificant  Figure  of  both  Valors,  (as  in  Ex.  6,  7, 
8,5.) 

I  fliall  next  apply  this  Rule  in  Examples. 

Ex.  I.  To  multiply  642  by  4;   I  fay  4X  2  =  8,  which  is  fetdown;  then 

6^  Multiplicand.  4x4=16,  for  which  I  write  down  6  and  carry   i;   then  4x6 

4  Multiplier.  C=  24)  + 1  =  25,  which  being  written  down,  the  Produd  is  2568. 
z<:6'i  Produd. 


Ex.z.  To  multiply  85065  by  8,  I  work  thus,   8 X  5=40,  for  which  I  write 

i<o6<:  M*-  down  o,  and  carry  4  i    then  8x()(=48)  -f-4=52,    for  which  I  write 

8  M'.  down  2  and  carry  5;   then  8xo(=o)  +5  =  5,  which  I  write  down; 

v^           p  then  8x5=  40,    for  which  I  write  down  o,  and  carry  4 ,'     then,  8x8 

ll—      ■  C=64)  +4  =  ^8;  which  being  written  down,  tlie  Produd  is  680520. 

Ex.  3.  To  multiply  84653  by  469,  I  work  thus;  beginning  with  9 

84653  M"".  (in  the  Units  place  of  the  Multiplier)  I  multiply  by  it  the  whole 

469  M''.  Multiplicand,  in  the  manner  of  die  preceding  Examples.     Then 

""Z^TStt"  Prod,  by  9.  I  take  the  next  Figure  of  the  Multiplier,  6,  and  by  it  in  the  fame 

<o7gi8 '^y  ^-  manner  multiply  the  whole  Multiplicand;  fetting  the  firft  Figure 

v86i2       by  4.  of  this  Produd,  8,  under  the  fecond  Figure  of  the  preceding,  and 

~ ■  T'  f  IP    A  f^^  reft  in  order;  making  the  fame  Operation  with  the  next  (and 

^970:^^57   1  otai rroa.  j^^  p.^^^^  ^^  ^^^  Multiplier,  'viz  4,  and  fetting  the  firft  Figure 

of  this  Produd  {_viz.  2)  under  the  fecond  of  the  preceding,  and  the  reft  in  order.     All 
rhefe  Produds  fummed  up,  as  you  fee  in  the  Ex.  gives  the  total  Produd. 

Ex.  4.  To  multiply  6452  by  806 :  After  multiplying  by  6,  I  pafs  to  8 ;  and  becaufe 

6452  there  is  one  o  betwixt  them,  the  firft  Figure  of  the  laft  Line  is  fet  under  the 

806  third  place  of  the  former,  /.  e.  widi  one  place  betwixt  the  firft  Figures  of  the 

g_j2  two  Lines,  becaufe  of  the  one  o  betwixt  the  Multipliers. 

51616 


5200312 


Ex.  <.  To  multiply  46007859  by  380046:  After  making  the  Produd  of 

46007859     6  and  4,  I  pafs  to  8;  fetting  its  firft  Produd  two  places  diftantfrora 
38004.6    that  of  the  preceding  Line,  becaufe  of  the  two  o's  betwixt  4  and  8- 


276047154 
18403 1436 
368062872 
138023577 

17485102781514 


U 
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In  the  four  following  Examples,  wherein  the  firft  fia;niScant  Figure  of  each  Faffor  is 
not  in  the  place  of  Uiiitf,  the  Application  of  the  Rule  is  fo  plainj  that  I  need  make  no 
more  words  about  it. 


Examp.  6. 

467 
2800 

373<5 
934- 
1507600 


Ezamp.  7. 

584.000 
93 

1752 

54512000 


Examp.  8. 

46000 

2  "'DO 
■522 
92 


Examp.  9. 

376890 

<roo4ooo 

18844? 


124200000  188595756000 


In  order  to  the  Demonftration  of  the  preceding  Rule,  and  for  the  fake  of  fome  other 
fpeciil  Rules  following,  we  muff  premife  thefe  Truths,  as  belonging  to  the  Theory  of 
Multiplication. 

L  E  M  MA    I. 

If  one  Number  is  multiplied  by  another -,  the  VroduSi  will  be  the  fame  as  if  this 
other  be  viultiplied  by  the  former  ;  i.  e.  Any  ojte  of  the  two  Fadtors  may  be  made 
Multiplier  or  Multiplicand,  the  Froduii  "will  he  the  fame. 

Examp.  4  times  7  =  7  times  4.     A  times  B  =  B  times  A. 

Demon.  A  fmall  Attention  to  the  Idea  of  Numbers  will  make  this  Truth  evident;  and 
therefore  few  Writers  think  it  needs  any  Demonftration.  However,  as  it  is  capable  ot 
one,  and  fome  may  require  it,  liTiall  fatisfy  them.     Thus; 

Any  Number  13  is  only  a  certain  Colleftion  of  Ujiits ;  wherefore  A  times  B  is  equal 
to  A  times  each  Unit  in  B,  taken  feparately  and  added  together :  but  A  times  i  is  the  fame 
thing  as  A,  or  i  time  A,  (from  the  Definition  of  Number ;)  Therefore  A  times  each 
XJnit  in  B  is  equal  to  A,  (or  i  time  A)  taken  as  oft  as  there  are[7>«Vyin  B;  i.e.  B  times  A. 
Therefore  A  times  B  =  B  times  A. 

Or  take  this  other  more  fenfible  Demonftration. 

Suppofe  any  two  Numbers,  A,  B ;   let  the  U7!its  of  A  be  reprefented  by  a  Row  of 

Points,  as  in  the  Margin:   Repeat  this  Row  as  oft  as  there  are 

A  V7iits  in  B,  and  fet  them  orderly  under  one  another  ;  then  it  is 

'....'.  plain,  that  there  will  be  as  many  Columns  of  Points  as  there 

B &c.       are  Points  or  UotVi-  in  A;  each  of  which  Columns  has  as  many 

Points  as  there  are  Units  in  B.     Therefore  the  whole  Number 

&c.  of  Points  which  were  at  firft  made  equal  to  B  times  A,  (by 

repeating  the  Row  A,  B  times)  becomes  neceflarily  equal  to 
A  times  B.  j_ 


LEMMA    II. 

Jf  three  or  more  Numbers  are  propofed  to  be  continually  viultipled^  the  lafi  Trodu^ 
will  fill  be  the  fame,  in  whatever  Order  the  Fadtors  are  taken. 

Examp.    3x5x7=  5X  7x5  =  7x5  X5  =  7X5X3=5X3X7  =  5X  7x5. 

Demon.  C a s e  I.  If  thc-c  are  3 Faiiors  A, B, C  ;  then  fince  the  Produd  of  2 Faiiors 
is  the  fame  v/Iiichever  of  ihcm  is  Multiplier;  i.  e.  A  times  B=:B  times  A:  Therefore 
the  thing  to  be  proved  here  is  only,  That  whichever  of  the  3  Faflors  is  caft  in  the  laft 
place,  the  Product  is  ftill  the  fame,  r/z.  that  A  B  C  =  C  B  A  =  A  C  B.  Fcr  fince  A  B  = 
BA;  therefore  ABC=BAC.  For  the  Uke  Rcafon  CBA  =  BCA,  andACB  = 
CAB.  I 

Now 
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.  Now  then,  to  prove  that  ABC  =  CBA  =  ACB:  Firft,  taking  thz  FaSlors  in  the 
Order  ABC,  expreffes  the  Produd  of  A  by  B,  or  B  times  A,  and  thisProdud  AB  taken 
C  times;  wliich  malces  C  times  B  times  A,  or  A  taken  CtimesBtimesi  i.e.  CB  times  A: 
So  that  ABxC  =  AxCB,  or  CBxA;  i.e.  ABC=:CBA.  Agab,  ACB  fignifies 
A  taken  C  times,  and  this  Produft  A  C  taken  B  times ;  which  is  B  times  C  times  A ;  /.  e. 
A  taken  B  times  C  times ;  or,  which  is  tlie  fame,  C  times  B  times:  but  diis,  viz.. 
AxCBorCBxAwas  before  fhewn  to  be  equal  to  A  B  X  C,  tlierefore  ABC  =  CBA= 
ACB. 

Case  II.  If  there  are  rx\ort Fa&ors  than  3,  then  I  prove  the  Truth  propofed  dius: 
I  fay,  if  it  iJ  true  of  any  particular  Number  oiVaBors  more  than  2,  it  is  therefore  true  if 
we  take  in  one  VaEior  more:  but  it  is  true  of  3  Faitors,  as  fhewn  above;  therefore  it  is 
evidently  true  of  4,  and  hence  agam  it  is  true  of  5,  and  fo  on  for  ever.  What  is  to  be 
proved  then,  is  the  firft  Part,  viz.  the  Connedion  of  the  I'ruth  of  the  Rule  for  any  Num- 
ber of  FaHors  more  than  2,  widi  the  next  Cafe,  or  one  Fa6lor  more.  Which  I  prove 
thus ; 

Let  A  B  C  D,  &c.  be  a  Produd  of  any  Number  of  Faffors,  in  which  it  is  fuppofed  to 
be  no  matter  in  what  Order  they  are  taken ;  therefore  I  may  call  any  of  its  Terms  laft, 
the  Produd  will  ftill  be  equal,  viz.  ABCD,&c.z=ABC,&c.xD  =  ABD,&c.xC 
=  ACD,(^ir.  xB  =  BCD,<^r.  x  A.  Now,  let  another  Term  X  be  taken  into  the 
Qiieftion,  then  it  is  plain,  that  whatever  F,?(f?or  of  the  whole  A,B,  C,  D,  X,&c.  we  fup- 
pofe  to  be  laft  employed,  the  various  Orders  in  which  the  preceding  Faifors  may  be  em- 
ployed, produce  the  fame  Efied,  by  fuppofition ;  wherefore  all  the  vaiious  Orders  of  ta- 
king the  whole  Fafiors,  wherein  any  particulai-  Failor  keeps  the  laft  place,  produce  the 
fame  EfFed ;  becaufe  the  various  Orders  of  the  preceding  Terms  have  no  different  Effed 
by  fuppofition.  And  therefore  what  remains  to  be  proved  is  only  diis,  viz.  That  the 
Produiirs  arc  all  equal  which  are  made  by  the  feveral  Orders  wherein  different  F<?(?orx  are 
put  in  the  laft  place,  wliich  will  eafily  appear  thus:  Since  by  fuppofition  ABCD,(^f.  = 
ABC,  c^i:.  xD=:  ABD,  (^f.  xC,  and  fo  on,  putting  each  Faff  or  laft:  Therefore 
ABCD,  C>r.  xX  =  ABC,e^c.  xDxX=ABD,  (ff.  xCxX,  and  fo  on.  But  we 
may  make  X  and  the  Fa^or  preceding  it,  change  places  in  each  of  thefe  Expreffions ;  the 
Produd  will  ftill  be  the  fame  by  Cafe  1.  becaufe  it  is  a  Produd  of  3  FaSiors,  thus;  ABC, 
e^f.  X  D  X  X  ==  A  B  C,  ^f .  X  X  x  D.  Alfo,  A  B  D,  <^<r.  x  C  x  X  =  A  B  D,  ^c 
X  X  X  C,  and  fo  on ;  whereby  each  Fa£ior  is  caft  in  the  laft  place.  Wherefore  thefe 
Produds  are  all  equal,  being  each  equal  to  the  Produd  of  another  Order,  and  all  thefe 
other  Orders  equal. 

CoROL.  If  two  Numbers  are  propofed  to  be  multiplied  together,  itis  the  fame  diing  to 
do  it  by  the  General  Rule  at  once;  or,  if  one  of  die  Fa&ors  is  equal  to  the  continual 
Produd  of  two  or  more  Numbers,  then  we  may  multiply  the  one  given  Fa^er  firft  by 
one  of  thefe  Numbers  that  produce  the  other,  and  then  this  Produd  by  another  of  them, 
and  fo  on Jbro'  them  all :  Thus,  24,  —  +  x 6.    Therefore  62x24  =  62X4X6. 

ScHOLiwn.  What  zn  Aliquot  Fart  is,  has  been  already  explained.  And  from  Lew.  i. 
it  is  evident,  that  if  t\\o  Numbers  arc  multiplied  together,  each  of  them  is  an  Aliquot 
Part  of  the  Produd,  and  the  other  is  the  Denominator  of  die  Part.  So,  becaufe  4X  8 
■—  32;  therefore  8  is  J  of  32,  and  4  is  J  of  32.  Univerfally  A=  ^  of  AB,and  8  =  3^ 
of  A  B.  Whence  this  follows,  that  if  we  multiply  any  Number  by  the  Aliquot  Fart  of 
another,  and  then  this  Produd  by  the  Denominator  of  that  Part,  the  laft  Produd  h  the 
fame  as  if  the  firft  Number  were  multiplied  by  that  other  Number ;  which  is  a  Truth 
manifeft  alfo  from  the  nature  of  an  Aliquot  Fart,  without  regard  to  this  firft  Lemnia. 
Again  obferve,  That  the  Produd  of  two  Numbers  is  very  naturally  called,  the  Multiple 
of  either  of  xhcFadors',  and  it  is  faid  to  be  a  Multiple  of  it  by  the  other  FaSior:  So  48 
is  a  Multiple  of  8  by  6,  or  of  6  by  8.  Alfo  if  two  Numbers  are  multiplied  by  die  feme 
Number,  the  Produds  are  called  Like- Multiples  of  thefe  Numbers,  as  3  x  4  and  3  x  7 
arc  Like-Multiples  of  4  and  7.     Now,  as  Multiple  and  Aliquot  Fartzxc  d^redly  oppofite; 

3  fo 
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fia  from  the  nature  of  them,  diis  follows  j  That  the  Produdt  of  one  Number  by  th^ 
Alitiuot  Fart,  or  Mt<lt!fle  of  another,  is  tlie  like  ytiiquot  Tan  or  Multiple  of  the  Product 
of  thefe  two  Numbers.  Thus;  fuppofe  B=CDi  then  is  AC  the  ^  Part  of  AB 
(=ACD,)  and  AB  (=ACD)  is  tlie  Multiple  of  AC  by  D. 

LEMMA  ni. 

If  either  or  both  of  two  Numbers  are  any  how  diftributed  into  t-xo  or  more  Parts ; 
and  if  each  Fart  of  the  oiie  Nt/mber  is  multiplied  into  the  other  Number,  or  into 
each  Fart  of  the  other  j  the  Sum  of  all  thefe  Froduiis  is  e<jual  to  the  FroduH  of 
the  two  given  Numbers. 

Examp.  3-j-4=7j  and  6x  7=  5  X  (J-(-4^'^-  Ag^j  i5  =  9-j-<>,  alfo  8  =  3-|-5- 
Therefore,  8  xi5  =  3X94-3x6+ 5  x  9-f-5  x  <5-  Univerfally,  if  A=B  +  C,  thea 
is  AD=:BD4-CDi  and  ifD  =  E4-F,  hence  ADr=BE  +  BF-f-CE  +  CF. 

Demon.  TheReafoii  is  manifefti  becaufe  the  Whole  being  nothing  elie  than  the  Sum 
of  all  the  Parts,  when  one  Number  or  ever)'  Part  of  it  is  multiplied  into  every  Part  of 
another  Number,  then  is  the  one  Whole  multiplied  into  the  odier ;  fo  that  the  Sum  of 
the  Products  made  by  the  Parts  muft  be  equal  to  the  Produ(3:  of  the  Whole. 

DEMONSTATION  of  Case-  II.  of  the  preceding  PROBLEM. 

I.  When  the  firft  fignificant  Figure  of  each  Faff  or  is  in  the  place  of  Units,  ^Examp.  i, 
J,  3,  4.,  5.)  the  Reaibns  of  the  Rule  are  thefe: 

(i.)  That  either  Number  may  be  mzde Multiplier  or  Multiplicand,  is demonftrated  in 
"Lemma  i.  But  making  that  one  Multiplier  which  has  feweft  fignificant  Figures,  is  moft 
Convenient,  becaufe  it  makes  feweft  partial  Produfts. 

(2.)  If  the  Multiplier  is  a  Digit,  {Ex.  i,  2.)  then  by  multiplying  every  Figure,  ;.  e. 
■every  Part,  of  the  Multiplicand,  we  multiply  tlie  Whole ;  and  by  writing  down  the  Pra- 
dufts  that  are  lefs  than  10,  or  the  Excefs  of  lo's,  in  the  places  of  the  Figures  multiplied, 
and  carrying  the  Number  of  lo's  to  the  Produd:  of  the  next  place,  we  do  hereby  gather 
together  the  fimilar  Parts  of  the  refpedlive  Produfts ;  and  fo  do  the  fame  thii^g  in  eflfecl 
as  if  we  wrote  down  the  Multiplicand  as  oft  as  the  Multiplier  exprefles,  and  added  them 
up :  For  the  Sum  of  every  Column  is  the  Produd:  of  the  Figure  in  tlie  place  of  that 
Qjlumn,  whereby  it  appears  that  the  Addition,  and   the  Multiplication  according  to  this 


as  in  Ex.  3, 


Rule,  have  the  fame  EfFed :  (fee  Ex.  i.)  Wherefore  the  Rule  is  right. 

(3.)  W'hen  there  are  more  fignificant  Figures  than  one  in  the  Multiplier, 
4.,  5 .  then,  by  applying  them  feparately,  we  refolvc  the  Multiplier  into  Parts ;  and  if  the 
true  Produfts  made  by  each  of  ihefe  Parts  multiplying  the  whole  Multiplicand  are  added 
together,  the  Sum  is  the  Produd:  fought,  (by  Levi.  3.)  Again  j  the  PrdHp  made  by 
each  Figure  of  the  Multiplier  taken  in  its  fimple  Value,  is  truly  found  by  tne  Rule ;  as 
Ihewn  in  the  preceding  Article;  and  by  placing  thefe  Produds  with  refped  to  one  ano- 
ther, fo  as  the  firft  Figure  of  each  Produd  ftands  under  that  Figure  of  the  firft  Produd, 
(or  Produd  of  the  Figure  in  the  Units  place  of  the  Multiplier,)  which  is  in  the  iame 
place  as  the  multiplying  Figure  ftands  in  the  whole  Multiplier  j  thefe  Produds  are  added 
together  according  to  the  true  Value  they  ought  to  have,  by  conlidering  the  multiplying 
Figure  in  its  complete  Value.  For  Examp.  The  Produd  by  the  fccond  Figure,  or  Place 
of  lo's,  is  fet  and  added  to  the  Produd  of  the  firft  Figure,  as  if  a  Cypher  or  o  had  been 
prefix'd  to  it,  whereby  it  is  made  10  times  as  much  as  were  the  multiplying  Figure  in 
the  place  of  Units,  as  it  ought  to  be,  fince  that  Figure  is  in  the  place  ot  Tens,  and  not 
ef  Units;  (fee  Schol.  after  Lern.  s.)  The  fame  Reafon  holds  in  all  the  other  Figures  of 
the  Multiplier.     Therefore  the  Sum  of  the  Produds  taken  according  to  the  Rule,  is 

the 
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the  true  Produdt  fought.     And  the  Reafon  why  we  don't  adtually  prefix  thefe  o's,  isj 
becaufe  it  were  fuperfluous  as  to  the  Sum.     See  thefe  Examples. 

'Ex.  I.  (J784.  X  3  =  20352.    For  67 84. =6000  4-700 +80-}- 4-     And  the  Operation 
by  Parts  is  thus : 

4x3=       12 


80  X  3  =     2+0 

700  X  3  =  2100 

6000  X  3  =  18000 

20352 


678+ 
or  thus,  6784 
6784. 

20352 


'Example  2. 

Common  Way.  Or  Thus. 

68749  <j8749 

85^  85? 


206247  206247  Prod,  by  3.^ 

343745  34374TO  Prod,  by  50. 

549992  54999200  Prod,  by  800. 

58642897  58642897  Total  Prod. 


II.  When  the  firft  fignificant  Figure  of  eitlier  or  both  Faiiors  does  not  ftand  in  the 
place  of  XJiiits:   Then, 

(i  )  When  it  is  fo  only  in  one  of  the  Faftors-,  (as  Ex.  6,  7.)  then  by  taking  t\iztFa£ior 
as  if  the  firft  fignificant  Figure  were  in  the  place  of  t/w/Vr ;  i.  e.  neglefting  all  the  o's  that 
ftand  on  the  right,  we  do  indeed  work  only  with  the  10'"  or  100''',  e^c  part  of  it; 
therefore  the  total  Produdt  found  is  accordingly  but  the  lo"*  or  loo'"'  Part  of  what  it 
ought  to  be :  and  therefore  to  have  the  true  Produft,  we  ought  to  multiply  the  laft  Pro- 
dudl  by  10,  100,  &c.  (by  Schol.  Lem.  2.)  wliich  is  done  by  fetting  as  many  o's  before 
the  Produft  as  were  before  the  Multiplier. 

(2.)  When  it  is  fo  in  both  Factors  (as  in  Ex.  8,  9.)  there  is  the  fame  Reafon  for  fetting 
before  the  Produft  the  o's  that  belong  to  the  one  F^fJor,  as  thofe  belonging  to  the  other : 
For  after  correifting  the  Produdl  by  the  o's  of  the  one  Fador,  it  wants  to  be  corrcded 
again  by  thofe  of  the  other ;  Therefore  when  there  are  o's  belonging  to  both,  they  ought 
all  to  be  fet  before  the  Produdt. 

Therefore  this  'Rule  is  true  in  all  poffible  Cafes. 

P  R  O  0  F  0/ Multiplication, 

In  the  finPplace,  we  muft  obfcrvc,  That  the  multiplying  of  one  Digit  by  another  has 
no  other  Proof  than  by  Addition  :  But  the  Table  being  cxamin'd  and  found  true,  we  arc 
to  depend  upon  tliat  or  Memory  for  thefe  fimplc  Operations ;  the  Proof  here  defigned 
being  for  other  Cafes  where  either  or  both  F<ii^tfry  exceed  9:  Anddiis  may  be  done  fevcral 
ways.     Thus, 

I.  By  MiiltipHcation  itfelf:  For  if  we  change  the  Factor s.,  and  make  that  the  Muliiplier 
which  was  before  the  Multiflicatid.,  we  ought  to  have  the  fame  Product,  by  Lem.  i. 

z.  By  Divijion :  But  this  cannot  be  applied  till  that  Rule  is  learned. 

But  both  thefe  Methods  are  too  tedious  to  be  of  Ufe^  and  therefore,  • 

3.  The  mod  convenient  and  eafy  Proof  is  by  help  of  the  Number  9,  like  what  we  have 
in  Add'itmi  j  which  is  performed  thus : 
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Caft  out  the  9's  out  of  the  two  Fa&ors  (in  the  manner  taught  in  the  like  Proof  of  Ad- 
dition)  and  mark  the  Number  that  is  under  or  over  9s  in  each  j  if  either  of  them  is  o, 
pafj  immediately  to  the  Produd:,  and  caft  out  the  ^'s  of  itj  the  Excels  ought  here 
to  be  Oj  which  makes  the  Proof.  But  if  the  Number  under  or  over  9's  is  not  o  in 
either  Faftor,  then  multiply  thefe  two  Numbers  together,  and  mark" alio  what  is  under 
or  over  9's  in  their  Produft  ,•  this  Number  and  what  is  over  9's  in  the  total  Produdt  of 
the  Example  ought  to  be  equal. 


In  this  firft  Example,  the  Ex'ccfs  of 
p's  in  the  Multip/icaTtJ  is  8,  in  the  Afu/- 
tiplier  it  L?  5  ,•  then  8x5  =  40,  and  fo 
the  Excefs  of  9  is  4,-  exa£tly  equal  to 
theExcefs  of  9's  in  the  Produdl  32368. 


Ex.  2. 

87         In  die  fccond  Example* 

1,  a    the  Exceis  of  9's  in  the  Mul- 

-^    tiplicr  is  o,  therefore  I  pafi 

^  \  J      immediately  to  die  Produtit, 

where  I  find  it  is  alfo  o. 


;i^2 


Demonflration.  The  Reafon  of  the  Praftice  of  cafting  out  the  9's  in  the  feveral  Num- 
bers has  been  already  demonftrated  in  Addition-,  and  tine  Reafon  of  the  reft  of  the  Work 
will  eafily  appear,  thus:  i.  If  either  Tailor  is  a  precife  Number  of  9's,  (/.  c.  when  the^-e 
is  no  Excefs)  as  in  E.vample  2.  it  is  plain  the  Produit  muft  be  fo  too,  for  it  is  only  that 
Number  of  9's  taken  a  number  of  times.  But,  2.  If  each  of  them  is  equal  to  a  Number 
of  9's,  and  fome  lefler  Number  over,  then  let  us  reprefcnt  them  thus^  Let  one  be  A  -f-^j 
where  A  reprefents  any  Number  of  9's,  and  h  the  Number  over :  Let  the  other  be 
N-f-f>  where  Nis  any  Number  of  9's,  and  c  the  Number  over.  Bat  now,  hy, Lent.  ^. 
the  Produd:  of  thefe  Favors  is  equal  to  the  Sum  of  the  Produdls  of  all  the  Parts  of  the 
one  by  all  the  Parts  of  the  other,-  and  fo  the  Produd  is  here  AxN,  -j-Ax<r,  -f-N~xT, 
+  *  X  f .  But  the  firft  three  Produds  are  each  a  Number  of  $\  becaufe  one  of  their 
Fafforf  is  Co;  therefore  thefe  being  caft  away,  there  remains  only  bxc.  And  if  the  9's  are 
alfo  caft  out  of  this,  the  Excefs  is  the  Excefs  of  9's  in  the  total  Produd  j  but  t,  c  are  the 
Excefs  in  the  Fa&ors,  and  Txc  their  Produd :  therefore  the  Rule  is  true. 

Scholium.  The  Objedion  made  to  this  Proof  is  the  fame  as  that  mentioned  already 
againft  the  like  Prw/ for  Addition ,  and  therefore  the  fame  Anfwer  ferves  here. 

^.  2,  Containing 

Particular  Methods  of  'working  Multiplication  in  certain 
Cafes  j  'thereby  it  is  either  contra6ied  into  afoorter  Work  than  the 
general  Rtile,  vr  made  eafier  andmore  certain  with  as  large  a  JV^ork  \ 
and,  in  fome  Cafes ^  with  a  little  more  Work. 

TH  E  firft  five  Cases  are  fuch  wherein  the  very  fame  Operation  is  performed  as  by 
the  General  J\u!e ;   only  the  Trouble  and  Time  of  writing  down  a  great  many  Fi- 
gures is  faved. 

Case  L  When  one  of  the  VaSlors  has  any  Figure  whatever  in  the  place  of  C/»;Vx, 
and  I  iftall  the  reft,  as  i6,  114,  1118  j  make  that  the  Multiplier,  and  theProdud  may  be 
got  all  at  once  thus  \ 

(1.)  Suppofe  the  number  of  Places  of  the  Multiplier  do  not  exceed  thofe  of  the  Mul- 
tiple ayid,  then  multiply  by  the  Figure  in  the  Units  place  of  the  Multiplier,  and  with  every 
Produd,  till  you  come  to  the  Produd  of  that  Figure  that  ftand.'S  over  the  laft  i  of  the 
Multiplier,  (J.  e.  till  you  have  multiplied  as  many  Figures  as  the  Number  of  Place.?  in  the 
Multiplier^  add  in  all  the  preceding  Figures  on  the  right  of  the  Multiplicand ;  to  the  next 
Produd  after  this,  add  in  ail  the  preceding  except  the  firft,  (or  Units  place)  and  at  every 

G  fuc- 
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fucceedingProdud  exclude  always  one  more  in  order  from  the  right,  [and  when  you  come 
to  thefe  exclufions,  it  will  be  fit  to  fet  a  Point  over  the  Figure  which  is  to  be  excluded  at 
the  next  Operation,]  wz..  the  remoteft  on  the  right  of  diefe  tlaat  were  taken  in  at  the 
laft  ftep.  Write  down  at  every  ftep  what's  luider  or  over  lo's,  and  carry  the  id's  to  the 
next  ftep  ■-,  and  when  you  have  gone  thro'  all  the  Figures  of  the  Multiplicand,  to  the  num- 
ber of  lo's  carried  from  the  laft  ftep  add  in  all  the  Figures  of  the  Multiplicand  after  the 
laft  Point,  pointing  alfo  the  laft  you  take  in  at  this  ftep;  then  take  in  all  from  the  laft 
Point,  and  fo  on  till  you  take  in  the  very  laft  Figure  alone  ■,  and  thus  you  have  the  true 
Produft  fought;  as  in  Examples  i,  2,  3. 

(2  )  If  the  Places  of  the  Multiplier  exceed  in  Number  thofe  of  the  Multiplicand-,  do  all 
as  in  the  former  C</yf;  only,  when  all  the  Figures  of  the  Multiplicand  are  multiplied,  the 
whole  of  them  muft  be  fumm'd  and  taken  in  as  oft,  and  once  more,  as  the  difference 
betwixt  the  Number  of  Places  of  the  Multiplicand-,  and  the  Number  of  I's  in  the  Multiplier-, 
(;.  e.  plainly  till  you  have  got  a  produft  Figure  under  every  i  of  the  Multiplier  .)  then 
b^inning  ftill  at  the  laft  place,  take  in  one  place  fewer,  (as  before)  till  the  laft  place  is 
taken  in  alone.    See  'Example  4. 

The  Reafon  of  this  Pradtice  will  eafily  appear  by  comparing  a  few  Examples  wrought 
this  way,  and  alio  the  common  way. 

Example  i.  Example 


4^58 

16 

4658 
16 

74528 

27948 
4658 

• 

74528 

Example  7,. 

r' -^ ^-> 

263487     263487 

1113      1113 

293261031 

790461 
■   263487 
263487 
26^487 

293261031 

5276 

5276 

114. 

114 

6014.64 

2 1 104 
5276 
52.6 

601464 

Example  4. 


9412711 


The  Operations  of  thefe  Examples  are  thus;  viz. 

Examp.  I.  6  X  8=48,  which  is  8  and  carry  4;  then  6x5  (=30 )  -f-  4 carried  (=:  34) 
-f-  8  (the  next  F^ure  on  the  right)  =42;  which  is  2,  and  carry  4.  Then  6x  6  (=36) 
-f-4  carried  (=40)  -f-  5  (on  the  right)  =  45 ;  which  is  5,  and  carry  4.  Then  6  x  4  ( =  24.) 
+4  carried  (  =  28)4-6  (on  the  right)  =34;  which  154,  and  carry  3;  then 3  (carried) 
-f-4  (the  laft  Figure)  =  7. 

Examp.  2.  4  X  6  =  24 ;  which  is  4,  and  carry  2  :  then  4X7(  =  28)-j-2  carried  (=  30) 
-|-6  (on  the  right)  =36;  which  is  6,  and  carry  3  :  then  4X2  (=8)4-3  carried (=11) 
--7+6  (the  two  next  on  the  righi)  =24^  which  is  4,  and  carry  2:  then  4x5  (=20) 
4-2  carried  (=  22) -f  2 -f  7  fon  the  right)  =31  i  which  is  i  and  carry  3 :  then  3  car- 
ried 
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ried  -\-f^-\--2.  (on  the  right)  =10^  wliich  is  o,  and  carry  i:  then  1  (carried) -j-f  (on  the 
right)  =<J. 

Examp.  3.  Here  I  fhall  fpare  repeating  what  is  fetdown  and  carried;  or  the  words  car- 
tied,  and  on  the  right,  becaufe  you  know  how  to  fupply  them.  The  Work  is  thus : 
3x7=^:21;  then  3X8(=24)-j-2-{-7  =  33i  then  3  X4(=i2)-|-3 +  ^+7=  30^  then 
3X3(=9) +34-4+84-7  =  31  i  then  3x6 (=18)4-3 +3-1-4+8=  36;  then 
3  X2(;  =  6)  +  3+6+3  +  4=22}  then  2+2  +  6+3=13^  then  i+2  +  <)  =  9i 
then  (o  carried +)  2. 

Examp.i^.  TTius  3x7=21;  then  3X4(=  12) +2 +7=21;  then  3X  8C=24)+2 
+  4+7  =  37;  then  3  +  8  +  4+7  =  22 j  then  2  +  84-4+ 7=; 21  ■>  ^^'^'^  -4" ^+4 
=  14;  tlien  I  +8=9. 

Scholium.  To  compare  thefe  Operations  with  the  fame  Examples  at  large,  obfert-e 
v/hat  Figures  of  the  Multiplicand  (is  it  ftands  written  down  for  every  i  in  the  Muhiji/ier) 
ftand  under  each  Figvire  of  the  firft  produd  Line;  and  thele  fliew  the  reafon  of  taking 
in  the  Figuies  on  the  Right-hand  of  the  Multiplicand,  and  how  this  Rule  was  invented. 

I  advile  a  Learner  to  make  himfelf  familiar  witli  the  Prafticeof  Examples  like  thefirft; 
becaufe  they  occur  frequently  in  common  Bufinefi. 

Alfo  if  the  Multiplier  has  but  two  Places,  tho'  2  is  in  the  fecond  place,  die  Prodiift 
may  eafily  be  made  all  at  once,  by  taking  in  with  every  Produdt  made  by  the  place  of 
Units,  double  the  Figure  on  the  Right-hand.  Pradice  will  make  this  eafy,  and  it  will  be 
very  ufeful.  The  like  Method  may  be  ufed  whatever  Figure  is  in  the  fecond  Place,  (by 
taking  in  with  every  Produft  as  many  times  the  preceding  Figure  0  but  the  greater  that 
Figure  is,  it  is  the  more  difficult ;  and  I  would  only  recommend  the  Praftice  for  2 ;  un- 
lefs  the  Multiplicand  have  not  above  3  or  4  Places,  and  thefe  alfb  fmall  Figures;  for 
then  we  may  ufe  this  Method  with  3,  4,  or  5  in  the  fecond  Place. 

546        The  Example  annex'd  is  thus  done;  8x6  =  48 ;  then  8  X4(=32)  +  4+  12 
28     =148;    then  8X5(=4o)+4+8:=52;  then  5  + 10=15. 

1^288  Note,  If  1  is  in  all  the  Places,  the  Practice  is  ib  much  the  eafier,  without 
— —  altering  the  Rule. 

C  A  s  E  n.  If  one  of  the  Faffors  has  a  figniiicant  Figure  in  the  Place  of  Units,  i  in 
the  higheft  Place,  and  o's  betwixt  them ;  make  that  in  Units  place  the  Multiplier,  and 
work  thus. 

I.  Suppofe  the  places  of  the  Multiplier  do  not  exceed  in  number  thofe  of  the  Multipli- 
cand; then  multiply  by  the  firft  Figure;  and  when  you  are  come  to  the  Figure  of  the 
Multiplicand  th^x.  ftands  over  the  I  in  the  Multiplier,  (/.  e.  having  made  as  many  Products 
as  there  are  Places  in  the  Multiplier)  with  that  Produft  take  in  the  firft  Figure  of  the 
Multiplicand;  and  with  every  fucceeding  Produft  add  in  the  next  Figure  in  order,  (and  it 
will  be  convenient  to  put  a  Point  over  every  Figiire  when  taken  in,  that  you  may  more 
readily  know  what  is  to  be  next  taken  in  )  After  the  laft  Figure  of  the  Multiplica?iJ  vi 
multiplied,  fet  down  all  ihc  remaining  Figures  of  the  Multiplica?:d  that  are  on  the  left  of 
the  Figure  laft  taken  in,  after  having  added  to  them  what  was  carried  from  the  laft 
Produo:. 

The  Reafon of  this  is  obvious  in  the  following  Examples. 


Example  i. 


57648 
103 


172944 
5937744        57648 

5^37744 


4671612 
G  2  2.  Sup- 


'.f/,m 
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2.  Suppole  die  Places  in  the  Muhipller  exceed  thole  in  the  Multifile  and ;  then  if  they 
e>:ceed  only  by  one,  there  is  no  place  for  a  Contraftion,  [Examp.  3,4.)  But  if  theue  is  only 
one  Place  more,  it  may  receive  a  fmall  Contraclion  thus ;  Add  what's  carried  at  the  hft 
Produd  to  the  whole  Multiplicand,  and  fee  down  the  Sum  oa  the  lefr  of  the  figures  al- 
ready fet  down;  {Exa7Kp.<j.) 


Example  3.  Example  4. 


Example  ,^. 


3207 

loooosr 

468 

I000007 

8674 
10006 

86-0204.+ 

8674 
10006 

■;207i6o5^ 

468oo;2-6 

5i04f 

867+ 
0679204+ 

Obfervc,  If  there  are  any  more  tlian  one  i  upon  the  Left-hand  of  the  o's,  this  will  be  but 
a  Mixture  of  this  and  the  preceding  Cafe,  to  be  done  thus ;  "vix,.  After  you  begin  to  take 
in  the  Figures  of  the  Multiplicand,  t&ce  them  in  gradually,  firft  one,  then  two,  and  fo  on, 
till  you  take  in  as  many  as  the  number  of  I's  in  the  Multiplier,  (beginning  ilill  at  the  firft 
Figure  of  the  Midtiplica?td-,)  and  after  that  (taking  in  ftill  the  fame  Number  of  Figures, 
begin  one  place  nearer  the  Left-hand ;  and  when  you  have  not  as  many  Figures  to  take 
in,  take  in  all  you  have.  The  following  Examples,  without  any  more  Words,  willfuffi- 
cieutly  explain  this. 


853467 
1 1 004. 


Example  6. 
__A , 

8534^7 


11004 


9;gi<;5o868 


3413868 
853467 
8^-;  4.67 
9^91550868 


ExoTitple  7. 
67853945 

III007 

75^2262872615 


Example  8. 

4632 

II 1004 

514170^28 


Example  9. 
463 
1 100+ 

5094852 


Example  10. 

463 

I 10004 

50931852 


Example  11. 
463 

I 10000+ 

^o()3oi8^2 


Case  IIL  When  one  of  the  Fadors  has  any  Figure  greater  than  i  in  the  highefl 
Place,  and  i  in  all  the  other  Places  make  that  Figure  the  i»/«///p/;>r  :  then  work  thus,  viz.. 
Take  the  Figure  in  Units  place  of  the  Multiplicand,  and  fet  it  down ;  next  take  the  Sum 
of  the  firft  two  places,  and  then  the  Sum  of  the  firft  three  Places,  and  fo  on  (b^inning 
ftill  at  the  firft  Place)  till  you  have  made  as  many  fuch  Operations  as  the  Number  of 
timej  that  i  is  in  the  Multiplier,  (and  if  there  are  not  as  many  Figures  in  the  Multiplicand 
as  to  have  a  Figure  more  to  take  in  at  every, Operation,  you  muft  continue  ro  take  in  the 
whole  Multiplicaftd  till  your  number  of  Operations  are  compleat)  ftill  writii^  down  the 
Sums  as  vnAdditioti,  and  carrying  die  lo's.  After  this,  take  theFjgjire  in  the  higheft  Place, 
and  by  it  multiply  the  whole  Multiplicand  in  order  ;  taking  into  the  firft  Produd  what  was 
carried  from  the  preceding  Operations ;  and  to  this  and  each  other  Product  add  the  Sum 

of 
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of  as  many  of  the  n:;xt  following  Figures  on  the  left  as  the  TSTumber  of  I's  in  ^\g  Mul- 
tiplier i  and  if  there  are  not  as  many,  add  all  that  are. 

Hote-,  It  will  be  convenient  to  fet  the'higheft  Place  of  tlie  Multiplier  under  the  firft  of 
^\Z  Multiplicand. 


Example  1 


4768 
41 


195488 


4768 
19072 

i9U'i8 


7236 
4  II I 

29747i9(> 


Exa^vple 
.^ 


723d 
41I-I 


7236 
7236 
7236 
28944 

297+7i<)6.' 


Example    3 . 

8<J 


26 
4111 

^5  5"r+<' 


41  U 

86 
8<$ 

344 

35354<i 


C  A  s  E  rV.  When  one  of  the  Favors  has  i  in  the  firft  Place,  any  Figure  in  the  higheft 
Place,  and  o's  betwixt  them,  make  that  Figure  the  Multiplier,  and  work  thus;  r/z  Write 
down  as  many  of  the  firft  places  of  the  Multiplicand  as  are  m  Number  one  lefs  than  the 
Places  in  ±c  Multiplier,  {Examp.  1,^1,3.)  and  if  there  arenotasmany,  make  itupwithos 
fet  on  the  left,  [Examp.  4.)  After  this,  multiply  by  the  laft  Figure  ot  the  jl/«////>//fr,  ta- 
king with  every  Produft  the  Figure  of  the, following  Place  but  one  or  two,  &c.  according 
to  the  Number  of  o's  in  t\,<i Multiplier,  (md  fet  a  Point  over  the  Figures  taken  m,  which 
will  be  a  guide  to  the  next)  and  you  have  the  Produdt  fought. 


^/CJ. 


■/ 


Examp.  I. 

678      678 
301     ^01 

Examp.   2 

hxamp.  3. 

496 

8001 

t-xamp.  4 

34675        34<575 
3001      3001 

7263 

4COOot 

204.078     678 
2034 

10405967^     34^75 
104.025 

; 96 8496 

290^20726; 

204071* 

104059675 

Case  V.  When  one  of  the  EaStors  confifts  of  the  fame  Figure  in  all  its  Places  ('as 
66,  or  444, )  make  that  the  Multiplier,  and  work  thus ;  viz..  Multiply  by  that  Figure,  and 
out  of  this  Product  make  up  the  total  Produdl:  in  this  manner :  Begin  at  the  Pkce  of  Units, 
and  firft  take  one  Figure,  then  two,  then  three,  <irc.  (fetting  down  the  Sums  under  01 
over  id's,  and  carry  the  lo's;)  repeating  the  Operation  ftill  from  the  firft  Place,  as  oft 
as  the  Number  of  Places  in  the  Multiplier ;  and  if  there  is  not  another  Figure  to  take  in 
at  every  Operation,  you  muft  continue  to  take  in  the  \vho\t  Multiplicand-,  lb  oft  till  your 
Number  of  Operations  be  finifhed.  Then  begin  at  the  fecond  place,  and  third  place, ^f. 
fucceftlvely ;  taking  in  from  each  as  many  on  the  left  as  the  Number  of  Places  of  the 
Multiplier,  as  long  as  you  can  find  as  many ;  and  when  they  fail,  take  in  all  that  remains 
till  the  laft  Figure  is  taken  in  alonej  (minding  always  to  carry  the  lo's  fiom  ever)'  Ope- 
ration to  the  next.) 


ll-iJc> 


Ex^vsp 
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Example  2. 


'Example  i. 
A.        ._ 


8739 

444 


:?4956Prod.by4 


38801 16  Total. 


8739" 

444 


3495<J 
3495<> 

?88oii6 


40 

4.J 
33335 

1^8 

^^.* 

i<r^;3i8 

158 

i<r^^;i8 

Scholium.  If  the  Multiplier  conC\As  of  i  in  all  its  places,  the  PradMce  is  the  fame; 
only  we  have  not  any  previous  Multiplication,  the  fecond  part  of  tlie  Work  being  made 
upon  the  Multiplicand  itfelf  '        ' 

CoRoL.  When  the  Multiplier  confiftsof  any  other  Figures  than  i,  we  may  do  the 
Work  thus:  Firft  find  theProduft,  as  if  the  Multiplier  coniiftcd  of  as  many  I's,  and  then 
multiply  this  Produd  by  the  Figure  of  the  given  Multiplier^  fo  the  preceding  Example 
will  ftand  thus : 

8739  X444 


970029  Prod  hy  III. 

4 


The  Reafon  of  this  you'll  find  at  Cafe  9.  joined  with  this, 
that  444=  111x4. 

3880116 

Case  VI.  If  the  Multiplier  is  a  Number  which  has  9  in  all  its  placesj  as  9, 99, 9999  er^- 
fet  as  many  o's  on  the  Right-hand  of  the  MultiplicanJ,  and  fubtrad:  it  from  itfelf  fo  in- 
creafed :  the  Remainder  is  the  Produd:  fought,  as  in  thefo  Examples. 


Example  i. 
4<j8x  9  =  4212 
Operation.   4680 
468 

4212 


Example  2.. 
3726x99=:  368874 
372(100 

308S74 


Ex-.jviple  3. 
75<>8  X  999  =  75<)0432 
75(J8ooo 

75:60432 


The  Hcafi-a  of  this  Rule  is  obvious,  for  by  the  o's  prefix'd  to  the  Multiplicand,  it  is 
multiplied  by  a  Number  which  exceeds  the  given  Multiplier  hy  i,  (foio— i=p,  100  — 1 
=  99,  and  fo  on.)  Wherefore  the  Multiplier  being  fubtraded  from  this  Produd,  the  Re- 
•mainder  muft  be  the  trueProdud  fought. 

Obferve,  This  Subtradion  may  eaiily  be  perform'd  without  the  trouble  of  writing  the 
Multiplicand oitner  than  once,  by  imagining  the  o's  that  ought  to  be  prefix'd :  Thus,  take 
the  firft  Figure  of  the  Multiplicand  from  10,  then  the  next  Figure  increafed  by  i,  from 
10,  and  fo  on,  till  you  have  made  as  many  Subtradions  from  10,  as  the  Number  ,of  9's 
in  the  Multiplier :  then  you  fubtrad  from  the  Figures  of  the  Multtpli^ajid  itfelf  j  and  when 
there  are  no  more  Figures  to  fubtrad,  write  dov/n  all  the  remaining  Figures  from  livhich 
no  Subtradion  has  been  made,  after  fubtrading  1  from  them  when  10  was  borrowed 
in  the  preceding  Subtradion.     The  preceeding  Examples  fufficiently  fliew  how  this  is  to 

be  done. 

Ohfer-ve  agaiit.  To  multiply  any  Number  confrfting  all  of  9's  by  itfelf  i  the  Produd 
has  1  in  the  place  of  Units,  then  after  it  a  Number  of  o's  fewer  by  one  than  there  are  9's 
in  the  Number  multiplied,  then  8,  and  laftly,  after  it  as  many  9's  as  there  are  o's  be- 
fore it. 


Ex.    999  X  999  =  998001,  and  99999x99999  =  9999800001. 


The 
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The  Reafin  of  this  will  appear  to  be  univerfal,  by  confidering  one  Example  done  in 
tl\e  manner  of  the  preceding  Rule  j  thus,  9999900000 


99999 


9999800001 

Case  VIT.  To  multiply  any  Number  by  ^  ;  multiply  it  firft  by  10,  /.  e.  fet  (or  fup- 
pofe)  o  before  it  j  tlien  talce  the  half  of  it.  ^ 

Ex.  I.  6+58  x^  Scholium.  I  have  here  propofed  a  Divifion,  tho' that  Rule 
^2290  Prod.  is  not  yet  taught :  But  it  was  fit  to  put  all  together  that 

Ex.2.     72«7X^-  '■'^'^'^^  '^o  Multiplication,  tho'  the  Learner  fhould  refer  diis 

■\6±XK  Prod.  Cafe  till  he  has  Divifion;  yet  I   tliink  it  wiU  be  eafy  to 

fee  how  any  Number  is  halved,  by  confidering  thefe  two 

Examples.  And  as  to  the  Ufe  of  this  Rule,  it's  certainly  eafier  than  multiplying  by  ?, 
tho'  that  is  eafy  itl'elf. 

General  Corollary  to  the  preceding  7  Cafes.  If  the  Parts  of  the  Multiplier 
coincide  with  any  of  the  preceding  Cafes,  we  may  apply  them  feparately :  As  in  tliefe 
Examples. 

Ex.  I.     74(18  Ex.2.     3(S784<r  For  ^^- 1-  Work  by  9  (as  in  Cafe  6) 
iyo                                4118  then  for  15  (as  Cafe  i.) 

67112  662 12 10  For   Ex.  2.    Work  with   18,  and  41 

1 12020  i'?o8i(?4^  (by  Cafe  i.  and  3.) 

1187412  1514785710 

•  CaseVIII.  If  one  of  the  TaBors  confifls  of  two  Places,  and  is  equal  to  the  Produ-T: 
of  any  two  Digits,  as  28  =  4  X  7  i  multiply  by  one  of  thefe  Digits,  and  the  Produd  found 
by  the  other  i  and  the  laft  Product  is  that  fought. 

Ex.      7264  X  28  The  Reafon  of  this  is  obvious,  for  7  times  4  times  is 

4  28  times.     Or  may  be  deduced  from  Lemwa-i    Corol 

29056  For  having  multiplied  by  4,  which  is  only  the   7"»  part 

7  of  28,  I  muft  multiply  again  by  7  the  Denominator  of  the 

203392  Prod.  -P^"'  ^°  ™^^  t^  ^'^^  Produft  by  the  whole  28. 

Scholium.  If  the  Multiplier  is  equal  to  the  Produ&  of  any  three  or  more  Digits  •  we 
may  take  the  fame  Method,  by  multiplying  continually  by  all  thefe  Digits:  But  this' will 
not  in  every  Cafe  afFord  any  Compend ;  nor  will  it  always  appear  eafily  what  Digits  will 
7486  X  432  (=  8  X  9  X  6)  Produce  the  given  Number :  However  the  Reafoa 
/+  4J-  <>  "'^i'A  ;  of  the  Pra&ce  is  evident  from  Lem.7.  Cor  For 
—^  7486  X  8  X  9  X  6  =  8  X  9  X  6x  7486.  =432  x  7486, 

^1400  becaufe  8x  9X  6  =  432.  ■"       '^    ' 


Ex. 


55339^ 
6 


3320352  Produd. 

rS'^f^^'}^  Multiplication  of  great  Numbers,  one  part  of  the  hazard  of  errine  pro- 
ceeds from  the  too  great  Diftance  betwixt  the  Figures  of  the  feveral  Produdl  SsTd 
die  correfponding  Figures  of  the  Multiplicand;  and  alfo  their  not  1  andi^  di^ftly  und^ 
one  another,  fo  that  we  muft  always  look  athwart  from  the  one  to  the  oTher       ^ 
hJ" ^^'p"^  '•     °  ^^<:^"^iot  contradtthe  Work,  either  as  to  the  Operation  or  Num- 

ber of  Figures  wntten,  yet  we  may  make  it  more  fimple  and  eafy,  by  help  of  Addidon  or 
Subtra&on,  or  more  fimple  Multiplication,  and  Ibmetimes  wi:h\hd/LthoTwe may 


mix 
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mix  fome  of  the  former.  The  following  Examples  will  fufficiently  inftrud  you  how  to 
<do  the  like  in  other  Cafes :  For  the  different  Circumftances  of  the  Multiplier  makes  the 
Variety  unlimited,  and  therefore  there  can  be  no  general  Rule. 


Ex.   I. 

648 
-6 

Ex.  2.  467 
78 

w5 
l-l 

0 

467 

78 

3269 

373<5 
56426 

Ex 

I-      57<J84 

175052 
546104 

5654092 

Ex.  4.  974 
862 

5888 
49248 

3736 
3269 

5,6426 

i94ii 

5844 

779a 
859588 

Ex,  y. 

5689 
286 

Ex.  6.     4956 
168 

39648 
79206 

852608 

to 

0 

4956 
168 

79296 
59f'+8 

852608 

Ex. 

7.   5/J48 

4^-9 

Ex.8.  724689 

<f+5 

11378 
45TI2 
;xi;4 

50832 
254160 

3625445 
7661 1005 

2592452 

398555^05 

I 62 705 ^ 

The  Operation  of  tbefe  Examples  is  thus : 

Ex.  I.  After  multiplying  by  6,  I  add  that  Produdt  to  the  Af»//;>//V<7»^  Mftead  t)f  mul- 
tiplying by  7.      . 

Ex.  2.  After  multiplying  by  8,  I  fubtraft  the  Muhipticarrd  out  of  this  Product,  inftead 
of  multiplying  by  7.  Or,  according  to  die  other  Method,  I  firft  multiply  by  7,  and  to 
this  Produil  add  the  Multiplicand.  The  reafon  of  placing  the  two  Lines  as  you  (ee  them 
tland  here,  is  obvious. 

Ex.  3.  After  multiplying  by  3,  I  double  tliis  Produft  for  6. 

Ex.  4.  I  multiply  by  2,  tlien  multiply  this  Produd  by  3  (for  6)  their  add  thefe  two 
Lines  (the  firft  Figure  of  the  one  to  the  firft  of  the  other,  and  fo  on)  for  8. 

Ex.  5.  I  multiply  by  2,  this  Produft  by  4,  (for  die  8)  and  then  fubtra<5lthe  firll  Line 
from  the  fccond  (for  the  6)  or  multiply  the  firft  Line  by  3. 

Ex.  6.  I  multiply  by  8,  and  double  this  Produd  (for  the  16.)  Or  multiply  by  16  and 
halve  diis  Produft  (for  the  8.) 

Ex.  7.  I  multiply  by  9,  and  becaufe  9  X  5  =45,  I  multiply  thelaft  Produftby  5^  eidicr 
tjie  common  way,  or  by  Cafe  7. 

Ex.  8.  I  multiply  by  5  iCafe  7.)  for  the  laft  55  and  this  Produft  by  9  {Cafe  6.)  for 
die  45. 

A)t  Universa-:,  Method /or  all  Cafes ;  ivherehy.,  tho^  there  it  no  Cant* a£lion, 
and  even  fome  more  to  do.,  yet  it  makes  the  Work  fo  eafy-,  that  there  is  no  time 
lofi-,  at  leaf  in  large  Examples-,  and  more  Certainty  in  the  Operation.     Thus : 

Write  down  the  Multiplicand,  then  double  it ;  add  this  Sum  to  the  Multiplicand,  and 
this  again,  and  fo  on,  eveiy  Sum'  to  the  M*ltiplifand,  till  you  have  nine  Numbers.  And 
it's  plain  chat  thus  you  have  a  Table  of  the  Produfts  of  the  Multiplicand  by  all  the  Digits ; 
made  up  by  a  very  (imple  and  eafy  Operation :  And  then  you  have  no  more  to  do,  but 
transfer  your  feveral  Produds  out  of  this  Table,  and  fum  them  up. 

',  '  TABLE, 
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TABLE. 


467853798 
935707596 
1403561394 
1871415192 
2339268990 
2807122788 
3274976586 
3742830384 
42 I 06 84182 


'Example. 

467853798 
6839754 


1871415192 
2339268990 
3274976586 
4210084182 
1403561394 
3742830384 
2807122788 

3200004886285692 


Scholiums. 

1.  This  Method  is  univerfaU  but  we  need  not  apply  it  in  every  Cafe,  for  that  would 
not  always  be  beft :  But  in  fuch  Examples  as  this,  I  think  the  Eafe  and  Readinels  widi 
Wliich  it's  done,  does  more  than  fave  the  timefpent  in  making  the  Table,-  with  this  Advan- 
tage, that  the  Work  is  perform'd  with  much  more  Certainty,  becaufe  it's  more  fimple. 

2.  Again  diis  may  be  contraded  in  many  Cafes :  for  there  is  no  necelTity  always  to  make 
the  Table  for  all  the  nine  Digits.  And  it  may  happen,  that  by  help  of  fome  of  the  pre- 
ceding Methods,  we  can  as  eafily  make  a  Table  for  few,  or  no  more  than  we  have  ufe 
for  in  the  Multiplier  ^  nor  is  it  any  great  matter  in  what  order  diey  ftand  in  die  Table. 


"Ex.  I.  78659  by  6897. 
In  making  this  Table,  I 
firft  take  3^  then  double 
its  Product  for  6 ;  and  do 
the  reft  by  the  common 
way. 


Table  for  E.r.  I. 


78659 
227977 
+55954 
534613 
613272 
691932 


Ex.i.  783596  by  3856. 
Firft  I  multiply  by  3,  then 
by  5,  (as  in  Cafe  7.)  then 
add  thefe  Products  for  8, 
then  fubtrad  die  firft  from 
this  for  7. 


Table  for  Ex. 2. 


I I2 I  3  I  4 1  5  I  6  I  7  I  8  I  9 


MULTIPLICATION   by  NEPER's  RODS 

PYTH^G  onus's  Table  of  Multiplkatio,,. 

The  Conftrudion  of  this  Table  is  the  fame  as  that 
fliewnm  Frohlevix.  witii  this  difference,  that  here  there 
IS  a  compleat  Column  of  Produds  from  every  Digit  on 
the  head,  to  9  times  that  Digit  j  fo  that  either  of  die 
l-adors  may  be  found  on  the  head,  or  on  the  left  lide. 

Now,  fuppofc  this  Table  to  be  made  upon  a  Plate 
of  Metal,  Ivory,  Wood,  or  Paft-board^  and  then  con- 
ceive the  fcveral  Columns  (ftanding  downwards  from 
the  Digits  on  the  head)  to  be  cut  afunder,  and  thcfc 
are  what  we  caU  Neper's  VLods,  for  MultipUcatiov.     But 

then  there  muft  be  a  good  number  of  each;  for  as  many 

H..    .1.'  .  -.t        '     ' 
times 


2|4|6|  8|io|i2|i4|i6|i8 
^  16  |9|i2li';iiKl2i|24|27 


4  I  8  li2|i6|2o|24|28|p|36 


lJio|ld2ol25l3o| :;  5 1 4.0(45 


_6|i2|i8|24|^o[;6|42|48|54 


-|i4J2i|28h,-l42i49l56|63 
M^^Mi4|P|4°l48l56|64|72 


_9li8|27l36l45|54|5;!|72|8i 
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times  as  any  Figure  is  in  the  Multiplicajid-,  fo  many  Rods  of  tliat  Species,  (/.  e.  with  that 
Figure  on  the  Top  of  it)  muft  we  have;  tho'  6  Rods  of  each  Species  will  be  fjfficient 
for  any  Example  in  common  Affairs.  There  muft  alfo  be  as  many  Rods  of  os.  But 
before  we  explain  the  way  of  ufmg  thefe  Rods,  there  is  another  thing  to  be  known,  -viz.. 
That  the  Figures  on  every  Rod  are  written  in  an  Order  different  from  that  in  the  Table ; 
Thus.,  The  little  fquare  Space  or  Divifion  in  wliich  the  feveral  Produfts  of  every 
Column  are  written,  is  divided  into  two  Parts  by  a  Line  a-crofs  fiom  the  upper 
Angle  on  the  Right  to  the  lower  on  the  Left  ^  and  if  the  Produft  is  a  Digit,  it  is  fet  in  the 
lower  Divifion  i  if  it  has  two  Places,  the  firft  is  fet  in  die  lower,  and  the  fecond  in  the 
upper  Divifion ;  but  the  Space  on  the  Top  is  not  divided.  Alfo  there  is  a  Rod  of  Digits 
not  divided,  which  is  called  the  Index-Rod;  and  of  this  \ve  need  but  one  fingle  Rod. 
See  here  the  Figure  of  all  the  different  R^ds,  and  the  Index,  feparate  from  one  another. 

NETER's  Rods. 


175  E  of  the  RODS. 

Lay  down  firft  the  Index-Rod ;  on  the  Right  of  it,  fet  a  Rod  on  whofe  Top  is  the 
Figure  in  the  higheft  Place  of  the  Multip/icand;  next  to  this  ^ain  fet  the  Rod  on  whofe 
Top  is  the  next  Figure  of  the  MuhipUcajtd ;  and  fo  on  in  order  to  the  firft  Figure :  Then 
is  your  Multiplicand  tabulated  for  all  the  9  Digits;  for  in  the  fame  Line  of  Squares 
ftanding  againft  every  Figure  of  the  Inde.x-Rod,  you  have  the  Produd  of  that  Figure ; 
and  therefore  you  have  no  more  to  do  but  transfer  the  Produdts,  and  fum  them. 

But  in  taking  out  thefe  Produdb  from  the  Rods,  the  Order  in  which  the  Figures  ftand 
obhges  you  to  a  very  eafy  and  fmall  Addition,  thus ;  Begin  to  take  out  the  Figure  in  the 
lower  Part  (or  Units  place)  of  the  Square  of  the  firft  Rod  on  the  Right ;  add  the  Figure 
in  the  upper  Part  of  this  Rod  to  that  in  the  lower  Part  of  the  next,  and  fo  on ;  which 
may  be  done  as  faft  as  you  can  look  upon  them.  To  make  this  Practice  as  clear  as 
pollible,  take  dais  Example. 

Exarnp. 
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Examp.  Multiply  47^8  by  jSf ." 

Againft  5  in  the  Index  I  find  this  ?  « 

Number,  according  to  the  Rule,  S 
Againft  8  this  Number,    —   —     ?8i44. 
Againft  3  this  Number,    ■ —    —  14.^04 
Total  ProdudV,  .l&;v68o 


■  ^To  make  theUfe  of  the  Rods  yet  more  regular  and  eafy,  they  are  kept  in  a  flat  fquarc 
Box,  whofe  Breadth  is  that  of  ten  Rods,  and  the  Length  that  of  one  Rod  j  as  Thick  as  to 
hold  fix,  (or  as  many  Rods  as  you  pleafe;)  the  Capacity  of  the  Box  being  divided  into 

"ten  Cells,  for  the  -different  Species  of  Rods.  When  the  Rods  are  put  up  in  the  Box,  (each 
Species  in  its  own  Cell,  diftinguifhed  by  the  firft  Figure  of  the  Rod  fet  before  it  on  the 
Face  of  die  Box  near  the  Top,)  as  much  of  every  Rod  ftands  without  the  Box  as  ihews 
the  firft  Figure  of  ±at  R,od :  Alfo  upon  one  of  the  flat  Sides,  without  and  near  the  Edge 
upon  the  Left-hand,  the  Index-Rod  is  fixed  j  and  along  the  Foot  there  is  a  finall  Ledget ; 
fo  that  the  Rods.vVhen  appliedare  laid  upon  this  Side,  and  fupportedby  the  Ledget,  which 
makes  the  Praftice  very  eafy.  But  in  cafe  the  Multiplicand  fhould  have  more  than  9  Places, 
tliat  upper  Face  of  the  Box  may  be  made  broader. 

Some  make  the  Rods  with  four  different  Faces,  and  Figures  on  each,  for  different  pur- 
pofes.     But  I  have  explained  what  is  neceflary  iot  Common  Multiplication-,  and  (hall  leave  it. 

rf^NEW  MzTaovi  by  a  [mall  Moveable  TA  B  L  E. 

To  Tliofe  who  v.^ant  Rodsy  -I  propofe  the  fir^llowing  Methods,  which,  with  the  help  of 
Cafe  VI.  and  VII.  and  fome  Hints  given  in  Cafe  X.  may,  I  believe,  be  near  as  eafy  and 
expeditious  as  the  Rods.     Thus : 

I.  Make  a  Table  of  the  Multiplicand  only  for  the  Numbers  i,  2,  5;  (ufing  CafeVlI.  for 
5.)  and  make  it  upon  a  bit  of  loofe  Paper,  that  it  may  be  always  applied  diredilyand  im- 

■  mediately  over  the  Place  where  every  particular  Prodiid  is  to  be  written  down,  (fornuich 
of  the  difficulty  hes,  as  I  have  already  oblerved,  in  the  Diftance  and  crols  Pohtion  of  the 
Multiplicand  to  the  feveral  Produds,)  and  out  of  this  fmall  Table  fimd  your  Produd: 
thus: 

Suppofe  for  a  Multiplicand  685497. 

TABLE.  When  the  Figure  of  the  Multiplier  is  2  or  5,  here  you  have  the 

Produds i  then  for  7,  add  '2  to  i,  {i.e.  the  Numbers  againft  a  and  \,) 

<>S549?I     foi"  4?  double  the  Number  againft  2.     For  6,  add  5   and  i^  or  mul- 
137099+1     tiply  2  by  3.     For  7  add  5  and  2.     For  8  add  5,  2  and  i^  for  9,  ufe 
_iir!±i"'     the  Method  of  Cafe  VI. 
-" ^        H  2  2.Wc 


I 

3 

5 

685497 
2056491 

:;  42  748  5 

I 
3 

■ 

685497 
2056491 

.1-7084.70 

I 

2 

4 

685497 
1370994 

274i<)88 

1 

3 
4 

08549 / 
2056491 
2741988 
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2.  We  may  alfo  make  the  Table  for  3  and  5,  as  here :  And  then  for  2,  double  i ; 
for  4,  add  3  and  1 ;  for  6,  double  3,  or  add  5  and  1  j  for  7,  double.  3 
and  add  i  i  that  is,  to  every  Produ<S  add  the  Figure  of  the  Multipli- 
cand.    For  8j  add  5  and  3  ^  for  9,  ufe  Cafe  VL 

3.  Or  alfo  make  the  Table  for  3  and  7 :  And  to  get  the  7,  I  mul- 
tiply 3  by  2,  and  add  i.  Then  in  ufmg  the  Table,  to  get  theProdudl 
by  4,  add  a  to  i.  For  5,  ukCafe  VII.  For  6,  double  2  j  for  8,  add 
I  and  7i  IFbr  9,  ufe  Cafe  VI.  or  multiply  3  by  3. 

4.  Or  we  may  make  the  Table  for  i,  2,  4.  Then  for  3,  add  i  and  2; 
for  5,  ufe  Cafe  VII-  or  add  1  and  4.  For  6,  add  2  and  4;  for  7,  add 
ij  2j  and  4  i  for  8,  double  4  ^  for  9,  ufe  Caje  VI. 

5.  Or  laftly,  make  the  Table  for  I3  3,  4.  Then  for  2,  double  1; 
for  5,  ufe  C^ye  VII.  for  6,  double  3i  for  7,  add  4  and  3j  for  8,  double 
4  J  for  9 J  ufe  Cafe  VI. 

Ufe  any  of  thefe  Tables  you  pleafe ;  and  for  different  Multipliers,  one  of  them  may> 
perhaps,  be  preferable  to  another.  But  if  all  the  9  Digits  are  in  any  Multiplier,  it  is 
indifferent  which  of  them  you  chufej  tho'  I  think  the  third  Method  has  the 
Advantage. 


CHAP.     VI. 

DIVISION  0/ Ab^raB  ^j^o/e  NvMBERs, 

DEFINITION. 

DIVISION  findeth  how  oft  one  Number  is  contaiued  in  another. 
The  Number  divided,  (or  which  is  confider'd  as  the  containing  Number)  is 
called  the  Dividend:,  the  Number  dividing,  (or  which  is  coniidered  as  contained^ 
is  called  the  Divifor ;  and  the  Number  fought,  is  called  the  patient,  or  ^lote,  (from 
^oties.  How  oft ,)  becaufe  it  fhews  the  how  oft  fought.  Examp.  If  we  enquire  how 
oft  3  is  contained  in  12,  the  Anfwer  is  4  times:  And  12  is  the  Dividend;  3  the  Divifor; 
4  the  ^ote. 

Scholiums. 

1.  Every  greater  Number  is  not  a  Multiple  of  every  leffer :  therefore  when  a  greater 
Number  is  propofed  to  be  divided  by  a  lefler,  and  is  not  a  Multiple  of  it,  this  Operation 
finds  how  oft  tne  Divifor  is  contained  in  the  Di\'idend ;  and  alfo  what  remains  after  the 
Divifor  is  taken  out  of  the  Dividend  as  oft  as  polTible :  So  that  in  fome  Cafes  there  are 
four  Numbers  concerned  in Divif on;  viz.  the  Divifor,  Dividend,  ^ote,  zadRemainder. 
Examp.  3  is  contained  in  14,  4  times,  and  2  remains. 

2.  As  Multiplication  is  only  a  com^Q.n^\o\xs  Addition;  fo  is  D/'vi/To;/ only  a  compendious 
SuhtraElion  of  one  Number  out  of  another  as  oft  as  polTihle :  For  it  is  plain,  that  as 
oft  as  any  Number  is  contained  in  another,  fo  oft  prccifely  it  can  be  taken  out  of  it; 

.  .  fo 
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fo  that  if  we  find  how  oft  tlie  lefler  caa  be  taken  out  of  the  greater,  we  thereby  find  how 

oft  it  is  contained  in  it  :  but  to  find  how  oft  it  can  be  taken  out,  is  plainly  the  work  of 

Subtradion  y  for  by  taking  the  Icffer  out  of  the  greater,  and  the  fame  lefler  out  of  tlic  firft 

Remainder,  and  out  of  every  Remainder  fucceffively  till  the  Remainder  be  o,  or  lels 

than  the  Subtradlor,  we  have  found  what  is  required  is  Divifjon ;  the  Number  of  Sub- 

tradtions  being  the  Quote.     So  in  thefe  Examples,  we  find  that  3  is 

Bx.  1.      JEx.  2.     contained  in  12,  4  times  i  becaufe  it  can  be  taken  out  of  it  4  times, 

12  14        and  o  remains.     And  3  is  contained  in    14,  4  times,  and  2  remains  ■, 

3  3         becaufe  being  4  times  fubtraded,  there  remain:;  2. 

o  J^  But  tho'  the  thing  fought  in  Divifion  may  be  found  by  Subtraftion, 

~  2         yet  it  would  be  intolerable  Labour  in  moll:  Cafes ;  and  therefore  the 

'       •*         following  Rules  of  Divijion  are  contrived,  which  do  that  by  a  few  eafy 

fteps  wliich  cannot  be  done  all  at  once,  and  would  be  too  tedious  to 

3      i         do  by  Subtradion. 

3  5  Again  obfewe.  That  tho'   there  are  here   alfo,  as  in    the  preceding 

3  3         Operations,  fome  more  firnnle  Cafes,  the  ready  performance  of  which 

Q  2         is  ufeftil  in  more  complex  Cafes :  yet  in  moft  Cafes  we  are  left  to  guefs 

at  the  Anfwer  in  the  feveral  fteps  of  the  Work  j  with  this  help  only, 

that  we  have  a  certain  Rule  for  proving  the  Number  guelTed  to  be  right,   and  when  it  is 

wrong,  how  to  come  nearer  to  it  at  the  next  guefs,  till  at  laft  we  find  it;  as  you  will 

prefently  learn. 

3.  In  all  Cafes  where  there  is  a  Remainder  in  the  DiviJIoji,  or  when  xht  Divide/id  is  not 
a  Multiple  of  the  Divifor,  die  Number  called  the  ^ote  is  the  diredl  and  proper  Anf^ver 
to  that  Queftion,  How  oft  is  the  DivJfir  contained  in  the  Dividend?  yet  the  Remainder 
may  be  brought  in  fradtionally  as  a  Part  ofthe^o^f,  making  the  Remainder  the  Nume- 
rator, and  the  Divifor  the  Denominator  of  a  Fra&ion:  And  then  we  may  fay,  That  the 
D:v;de?id  contains  the  Divifor  fo  many  times  as  the  Integral  G^uote  expreifes,  and  fuch  a 
Part  or  Parts  of  a  time,  ('.  e.  fuch  a  Part  or  Parts  of  the  Divuor,)  as  that  Fradion  e.'i- 
prefles.  Thus,  for  Example,  3  is  contained  in  14,  4  times,  and  2  remains;  which  be- 
ing I  Parts  of  3,  we  may  fay,  that  14  contains  3,  4  times  and  -  Parts  of  a  time;  i.  e.  that 
it  contains  4  times  3,  and  f  Parts  of  3  :  And  this  mix'd  Expreffion,  4-!-- j  ;  or  thus, 
4 J,  maybe  called  The  Complete  ^^ote,  in  diftinftion  from  the  Integral  Quote.  There 
will  be  the  fame  Reafon  in  all  Cafes  for  completing  the  ^ote  by  a  Fradiion  made  of 
the  Remainder  and  Divifor,  and  underftanding  it  as  we  have  done  in  this  Example.  Thus, 
univerfally,  if  any  Number  A  is  contained  in  another  B,  a  number  of  times  expreffed  by 

D,  with  a  Remainder  R ;  then  is  the  complete  Quote  D'^  :    For  any  Number  R  being, 

the  fame  as  R  times  i,  and  i   being  fuch  a  Part  of  any  Number  A,  as  that  Number 

denominates;    /'.  e.  the  j  Part;  therefore  R  is   j  Parts  of  A.     Wherefore,  if  by  ths 

words.  How  oft,  in  the  Definition,  we  mean  how  many  times  and  parts  of  a  time,  (as 
now  explained,)  the  Integral  Quote  muft  always  have  this  Fraftion,  made  of  the  Re- 
mainder and  Divifor,  annex'dto  it  as  a  part  of  the  complete  Anfwer  of  the  Qiicftion. 

Hence  again  ohferve.  That  in  this  fenie,  the  Dividend  may  be  a  leffer  Niunber  thm 
the  Divifor ;  for  tho'  a  lefler  Number  does  not  contain  a  greater,  yet  it  contains  a  cer- 
tain Fraftion  of  it,  wiiich  is  what  we  call  containing  it  a  certain  part  or  parts  of  a  timcj 
and  the  Quote  is  a  Fradlion  v/hofe  Numerator  is  tire  Dividend,  and  its  Denominator  the 
Divifor.  So  3  divided  by  5,  the  ^ote  is  a,  Cgnifying  that  3  contains  5,  |  parts  of  a  time; 
or  that  it  contains  \  parts  of  5. 

4.  But  again,  for  the  lame  'Reafon,  (viz.  that  any  Number  A  is  equal  to  or  contains 

g-  Parts  of  any  Number  B)  the  complete  Quote  of  any  Number  divided  by  any  other 

Number 
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Number  may  be  indefinitely  exprefTed  by  a  Fradiion  whofe  Numerator  is  the  Dividend, 
and  its  Denominator  the  Divifor.     Thus  5  divided  by  3,  the  &uote  is  |i  and  3  divided 

by  f,  the  ^ote  is  |.     Vfiiverfally,  A  divided  by  B,  tlie  ^ote  is   -. 

Now,  as  Fraftions  arife  from  imperfcff  Divifion  when  the  Dividend  is  not  a  Multiple 
of  the  Divifor  j  fo  the  Confideration  of  Frad;ions  does  neceffarily  begin  with  Divijion  of 
Whole  Numbers:    For  wliich  Reaibn  there  are  fome  things  relating  to  Fradlions  muft  be 

explained  in  this  Part  j  particularly  I  muft  here  fliew  you.  That  the  Fraftion  ^  is  .in  all 

Cafes  equal  in  Value  to  the  complete  Quote  of  A  divided  by  B  i  and  tliis  being  demop- 
ftrated,  it  will  follow,  that  if  we  ufe  fuch  an  Exprefllon  of  a  Quote  in  any  Reafoning  or 
Operation,  inftead  of  tlie  more  direct  and  immediate  Expreffion  of  the' Quote,  which  it  is 
often  very  convenient  to  do,  the  EfFeili:  will  be  the  fame.     And  this  I  demorift'ratc  thuS : 

I.  If  A  is  lelTer  than  B,  there  is  no  other  Quote.     2.  If  A  is  greater  than  B,  then  is  -^ 

an  improper  Fradtion ;  and  from  the  nature  of  fuch  a  Fraftion,  (as  it  is  defined  and  explained 
in  Chap.  I.)  this  is  manifeft.  That  as  oft  as  B  is  contained  in  A,  fo  many  Units  (of  that 
kind  to  which  the  Fradlion  refers)  is  the  Fraftion  equal  to,  and  to  fuch  a  proper  Fratftion 
more,  whofe  Numerator  is  the  Remainder,  (after  B  is  taken  out  of  A  as  oft  as  pollible) 
and  its  Denominator  B.     For  when  the  Numerator  and  Denominator  are  equal,  the  Va- 

n 

lue  of  the  Fradtion  is  i  i  fo  |  Parts,  or  ■g   Parts  of  any  thing,  is  equal  to  that  Thing  or 

A 

Unit :    Therefore,  if  B  is  contained  in  A,  R  times  without  a  Remainder,  -g  is  equal  to 

R  times  i ,  or  R.     And  if  there  is  a  Remainder  »,  the  Value  of  it  is  R  -|-  5 ,  or  R  g"  • 
The  Divijion  or  ^uote  of  two  Numbers  is  aJfo  expreffed  by  this  Sign  -r-  fee  betwixt 

themj  the  Dividend  heix\g  fet  firft,  thus  5-^3,  lignifies  5  divided  by  3.     A-^B  fignifies 

A  divided  by  B.     It  is  aMo  fometimes  expreffed  by  this  Sign  ),  with  the  Divifor  before 

{iie  Divide7ia,  thus  3)5.     A) B. 
Here  then  you  have  the  General  Rule  of  the  Literal  Division. 

Corollaries.  ,'. 

I.  If  the  Integral  Quote  ( or  Number  of  times  the  whole  Divifor  is  contained 
in  the  Dividend,)  is  multiplied  into  the  Divifor,  and  to  the  Produdl  be  added  the  Re- 
mainder, (after  the  Divifor  is  taken  out  of  the  Dividend  as  oft  as  poffiblc)  the  Sum 
is  equal  to  the  Dividend.  For  Example,  3  is  contained  4  times  in  la,  and  nothing  re- 
mains; therefore  4  times  3  is  12.  Again,  3  is  contained  4  times  in  14,  and  2  remains  i 
therefore  4  times  3,  and  2  added,  is  14:  For  4X3  =  12,  and  12 -(-2  =14.  Univer- 
fally,  if  Ah- 8=^,  and  nothing  remaining,  then  is  Bj=A.  But  if  r  remains,  then  is 
Bq-\-r  =  A. 

II.  The  Remainder  in  Divifwn  muft  always  be  lefs  than  the  Divifor;  for  elfe  the  Di- 
vifor is  not  taken  out  of  tlie  Dividend  as  oft  as  poffible :  and  this  therefore  is  a  Mark  that 
the  GJuote  is  taken  too  fmall :  As  again,  if  the  Produft  of  the  Divifor  and  Quote  exceed 
tiie  OTvidend,  it  is  a  fign  the  Quote  is  taken  too  great.  And  hence,  laftly,  the  Produdt 
of  the  Divifor  and  integral  Quote  is  the  grcatelt  Multiple  of  the  Divifor  contained  in 
the  Dividend. 

SCHOL  lUMS. 

I.  We  have  here  learnt  a  mutual  Troof  of  Multiplication  and  Divifon,  as  thcfe 
Operations  are  in  their  EfFeds  direftly  oppofite  to  one  another.  Thus,  in  Multi- 
plication-,  if  the  Produdt  is  divided  by  any  one  of  the  Fadtors,  the  CJuote  is  the  other. 
And  in  Dtvifo7i,  if  the  Divifor  is  multiplied  by  the  integral  CJuote,  and  to  the  Produdt  be 
added  the  Remainder,  the  Sum  is  the  Dividend.     Other  Proofs  of  Divifion  you  will  find 

aftcr\vards.  ,,   ,, 

3  II.  It 
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ir.  If  we  compleat  tlie  Quote  by  a  FradUon  made  of  the  Remainder  and  Divi'br, 
tlien  it  is  a  general  Truth,  that  the  Divifor  multiplied  by  die  compleat  Qiiote,  produces 
tlie  Dividend :  For  being  multiplied  by  the  integral  Quote,  the  Produa:  is  the  ereareft 
Multiple  of  the  Divifor  contained  in  the  Dividend;  and  multiplied  by  the  Fradion 
{i.e.  fuch  a  Fradtion  of  it  being  taken,)  it  produces  the  Remainder  ^  thus,  14^  3=4-' 
then  4X  3=12,  and i  of  3  =  2.     And  124-2=  14.     t/w/wr/i//)-,  if  A-^B  =  ^-,  then 

''  B 

A  —  B^-fg  ofB  =  Bf  +  r,  asin  Carol  i .  Obfer-ve  alfo,  That  as  in  Whole  Numbers, 
it  is  no  matter  which  of  two  Numbers  is  thi  Multiplier ;  fo,  to  multiply  a  W^hole  Num- 
ber by  a  Fradion,  or  tliis  by  that,  has  the  fame  EfFedl,  as  will  be  explained  in  Booh  2. 
But  in  the  Cafe  now  before  us,  die  Reaibn  is  obvious.  Thus  to  multiply  B  by  ^ 
is  only  taking  ~  Parts  ofB,  which  is  A.  Again,  to  multiply  g.  by  B,  is  taking  B  times 
A  times  f;  (for  |  is  A  times  ^.j  But  B  times  A  =  A  times  B,  therefore  B  times 
A  time^  B  =  A  times  B  times  -5  =  A  times  i  j  (for  B  times  b~  i)  or  A.  Wherefore 
to  multiply  the  two  Parts  of  the  complete  Quote  by  the  Divifor,  or  to  multiply  the  Di- 
vifor by  thefe,  the  Sum  of  the  Produds  is  the  Dividend.     For  -  of  B  =  B  times  -^ 

B  B 

=  rj  aniBj4-'"=A-  Ortaking  the  complete  Quote  fradionally,  then  ^  of  B=B  times 
^— A 

PROBLEM. 
To  Divide  ofie  Number  hy  another. 

Case  T.  When  the'£)W\ior  h  a  Digit,  or  fingle  Figure,  and  the  D'wiAenA  either  a  Digit, 
or  a  Number  of  two  Figures,  'whereof  that  in  the  place  of  Tens  is  lefs  than  the  Diviior. 

Rule.  Take  fuch  a  Digit  as,  multiplied  into  the  Divifor,  will  exadly  produce  the  Di- 
videndj  but  if  there  is  not  fuch  a  Digit,  take  the  greateft,  which  multiplied  into  the 
Divifor,  makes  a  Produd  lefs  than  the  Dividend;  that  Digit  is  the  integral  Qi^iote,  and 
the  Remainder  (wliich  muft  be  leis  than  the  Divilbr)  fet  fradionally  over  the  Divilbr, 
compleats  the  Quote.     The  Reafcn  of  this  Rule  is  in  Schol.  i.  preceding. 

Exavip.\.  12-^  3=:.4;  becaufe  4X3=  12.  Exaj/ip.z,  2(J -h 4  =  (J,  and  2  remains ; 
fo  the  complete  Quote  is  (S  | ;  for  (j  x  4  =  24. :  then  24  -f-  2  =  25.  Exat/ip.  3 .  8  ^-  y  =  i, 
and  ;  remains;  fo  the  complete  Quote  is  i  f. 

Whoever  is  familiar  with  the  Table  of  Multiplication,  can  find  at  firfli  hearing  the 
Anfwer  to  any  Example  of  this  Cafe.  Or  we  may  take  help  of  chat  Table,  thus :  ^Seek 
the  Dividend  in  the  Table ;  and  if  it  is  not  there,  feek  the  greateft  Number  which  is  lefs 
than  it ;  the  Digit  in  the  fame  Line  on  the  Side  of  the  Table,  or  in  the  fame  Column  on 
the  head  of  the  Table,  is  the  Divilbr,  and  the  other  is  the  integral  Quote. 

Case  II.     To  Divide   avy  Nwnher  by  another. 

Rule.  Set  the  Divifor  on  the  left  of  the  Dividend,  as  in  the  following  Examples ;  then 
take  as  many  Figures  from  the  Left-hand  of  the  Dividend  as  are  in  Number  equal  to  the 
Places  of  the  Divifor;  and  if  thefe  Figures,  confidered  by  themfclves,  make  a  Number  lefs 
than  the  Divifor,  take  in  one  Figure  more,  [which  will  necefTariiy  make  a  Number  greater 
than  the  Divifor,]  this  we  call  the  firftU/r/A-s/,  (or  partial  I>TOf(/fW)  We  are  then  to  find 
how  oft  the  Divifor  is  contained  in  this  Dividual  ,•  and  here  it  is  that  we  are  left  in  a  great 
meafure  to  guefs  at  the  Figure  fought:  Bat  this  we  know,  that  the  Quote  cannot  ex- 
ceed 9,  as  fhall  be  afterwards  demonftrated.     And  theo  alfo  (by  Corol  2.  preceding,)  it 

muft 
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muft  be  fuch,  that  the  Produft  of  the  Divifor  by  it  do  not  exceed  the  Dividual,  (for  then 
it  is  too  great  a  Figure,)  and  the  Remainder  (or  Difference  of  the  Dividual  andProdudl) 
be  lefs  than  the  Divifor,  (elc  the  Quote-Figure  is  too  little ;)  and  thus  we  muft  find  the 
Quote  by  trials.     But  to  prevent  too  many  ufelefc  trials,  we  have  this  help,  "viz,.  Find,  by 
Cafe  I.  hov/  oft  the  firft  Figure  on  the  left  is  contained  in  the  firft  on  the  left  of  tlie 
Dividual,  vvhen  this  and  the  Divifor  have  equal  number  of  Places  j    But  in  the  firft  two 
Figures  on  the  left  of  the  Dividual,  when  this  has  one  place  more  than  the  Divifor ;  and 
this  Number  limits  the  guelTing,  fo  that  you  cannot  take  a  greater ;  and  if  this  happens 
10  exceed  9,  (^which  it  will  in  no  Cafe  but  the  laft,  and  that  where  the  firft  of  the  two 
Figures  in  the  Dividual  is  equal  to  the  Divifor-Figure  j  for  it  is  certain  tliis  will  be  found 
in  thefeatleaft  10  times,]  your  guefs  begins  at  9.     But  tlien  it  will  often  happen  that  this 
Number  is  too  great,  and  we  have  no  other  general  Rule,  or  Help  here,  but  to  begin  at 
this  Figure  and  make  trials,  by  multiplying  the  Diviibr  j  for  if  the  Produft  does  not  exceed 
the  Dividual,  that  is  the  Figure  fought :  if  it  does  exceed,  take  the  next  lefler  Figure,  and 
witli  it  make  the  like  trials  and  go  on  fo  gradually  till  you  find  a  Figure  whofe  Produdl 
does  not  exceed  the  Dividual ;  for  then  the  Remainder  will  certainly  be  lels  than  the  Di- 
vifor, wliich  is  the  true  Proof  of  the  Quote-Figure's  being  right.     Having  dius  found  the 
firft  Figure  of  the  Quote,  fet  it  down  (on  the  Right-hand  of  the  Dividend)  and  write  the 
Produft  of  it  by  the  Divifor  under  the  Dividual,  and  fubtraft  that  out  of  this ;  and  then 
before  tlie  Remainder  (on  the  right)  fet  the  next  Figiu-e  of  the  Dividend,  (or  the  Figure 
on  the  right  of  tire  firft  Dividual,)  and  this  Number  is  the  fecond  Dividual.   Then  Ln  the 
fame  m.anner  as  before,  find  how  oft  the  Divifor  is  contained  in  this  Dividual ;  fet  the 
Figure  found  on  the  Right-hand  of  the  Quote  Figure  laft  found ;  then  multiply  the  Di- 
vifor by  it:  write  down  the  Produft  under  the  Dividual,  andfubtradt  as  before;  then  to 
the  Remainder  prefix  the  next  Figure  of  the  Dividend,  and  this  is  the  next  Dividual  to 
be  divided  as  before.     In  this  manner  proceed  till  every  Figiu-e  of  the  Dividend  is  em- 
ployed ftep  by  ftep :    And  obfcrve,  that  if  any  Remainder  with   one   Figure  of  the  Di- 
vidend prefix'd,    makes  a  Number  lefs  tlian   the  Divifor,   fee  o  in  the  Quote,   and 
prefix  alfo  the  next  Figure  j  and  fo  on. 

All  the  Ciuote  Figures  thus  found,  taken  in  order  as  they  are  placed  as  one  Number, 
is  the  true  Quote  fought  j  and  the  laft  Remainder  is  what  the  Dividend  contains  over  fo 
many  times  the  Divifor  as  the  Quote  expreffes. 
I  ihall  next  illuftrate  this  Rule  by  Examples. 

To  divide  6592  by  4.,  I  proceed  thus:   I  feek  how  often 
the  Divifor  4  is  contained  in  6,  (the  firft  Figure  of  the  Divi- 
dend) which  is  but  once  j  therefore  I  fet  i  in  the  Qiiote;  then 
1X4  =  4  (or  the  Divifor  multiplied  by  the  Quote  is  4,)    which 
I  write  under  the  Dividual  6,  and  fubtrafting,  the  Remainder 
is  2,  to  which  I  prefix  3,  the  next  Figure  of  the  Dividend,  and 
then  I  take  23  for  my  next  Dividual  i  and  examining  how  oft 
4  is  contained  in  it,   I  find  5  times,  (for  had  I  taken  6,  it  were 
too  great;  for  6x4=24,  which  is  greater  than  the  Dividual 
23  j  and  had  I  taken  4,  it  were  too  little,  for4X4=i(J,  and 
23 — 16,  is  7,  which  is  greater  than  die  Divifor  4 ;)  therefore  I 
place  5  in  the  Qiiotc  on    the  Right  of  the   former;    and 
under  23  fet  20  =  5X4;  then  fubtrafting,  the  Remainder  is  3,   to  which  I  prefix  the 
next   Figure  of  the  Dividend,   'viz,.    9;   then  is  39  my  next  Dividual:   and  in  this  I 
find  the  Divifor  4  contained  9  times,  wlrich  I  write  in  the  Quote  on   the  right  of  the 
former;  then  9x4=  36,  which  I  write  under  the  Dividual  39,  and  the  Remainder  is  3, 
to  v/hich  prehxuig  the  next  (and  Jiaftj  Figure  of  the  Dividend  2.    Tliis  Number,  viz. 
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32  is  my  next  (and  laft)  Dividual,  in  which  the  Divifor  is  contained  8  ritnes,  which  Ifec 
in  the  Quote  on  the  right  of  the  preceding  Figures ;  then  fetting  down  the  Produdt  3  2 
{ =r  8  X  +,)  there  is  no  Remainder  i  and  the  Quote  fought  is  1598,  that  is,  4  is  contained 
in  6392^  1598  times. 

"  To  divide  85609  by  3<),  I  proceed  thus :   There  are  two 

Places  in  the  Divifor,  therefore  1  take  the  firft  two  Places  of 
the  Dividend,  viz.  85,  wiiich  making  a  Number  greater  than 
the  Divifor,  I  take  them  for  the  fiift  Dividual,  and  feekiiig 
how  oft  3  (the  firft  Figure  of  the  Divifor)  is  contained  in  s 
(the  firft  Figure  of  the  Dividual,  becaufe  they  have  equal  Pla- 
ces) I  find  it  1  times,  which  I  find  alfo  by  trial  to  be  die 
true  Quote  of  85  by  36  j  fo  I  place  2  in  the  Quote,  and  fub- 
fcribing  the  Produ(ft  72  (:=  2X36)  I  fubtrad  it  from  85,  the 
Remainder  is  13,  to  which  prefixino;  the  next  Figure  of  the 
Dividend  6,  my  next  Dividual  is  136I  Thenlfeek  how  oft  3 
(the  firft  Figure  of  the  Divifor)  is  contained  in  13,  die  firil 
iwo  of  the  Dividual,  (becaufe  it  has  one  place  more  than  the  Divifor,)  and  I  find  it  4 
times:  but  this  is  too  great  for  the  whole  Divifor,  (becaufe  4X  36=144)  therefore  1 
try  the  next  Figure  3,  and  find  it  right;  therefore  I  fet  3  in  the  Quote,  and  fubfcribing 
the  Produft  108  (  =  3X  36,)  I  fubtraft  it  from  136,  and  the  Remainder  is  28 ;  to  which 
prefixing  o,  the  next  Figure  of  the  Dividend,  my  next  Dividual  is  280.  Then  I  feek  how 
oft  3  is  contained  in  28,  and  I  find  9  times;  buttliis  is  too  great,  (for  9x36=1 324.)  I 
take  again  8,  and  find  it  alio  too  great,  (for  8x36=288)  and  at  laiti  find  7  to  be  right  i 
therefore  I  fet  7  in  the  Quote,  and  fubfcribing  theProduft  252  (=:  7  X  36)  die  Remainder 
is  28;  to  which  prefixing  9,  the  next  and  laft  Figure  of  the  Dividend,  I  have  for  my  next 
and  laft  Dividual  289,  in  which  I  find  as  before,  that  the  Divifor  is  contained  8  times,  and 
1  remains.    So  the  true  Quote  is  2378,  and  i  over  i   which  is  2378-j^. 

Examp.i.  To  divide  2744895  by  465,  I  proceed  thus:   my  firft 

465)2744897(5903         Dividual  is  2744;  I  feek  how  oft  4  (die  firft  Figure  of  the 

2325  Divifor)  is  contained  in  27  (the  firft  avo  of  the  Dividual.) 

.jgg  I  find  it  6  ,•  but  this  is  too  great,  and  I  take  5,  and  find  it  right. 

^jg-  Then  multiplying  and  fubtrading,  and  prefixing  to  the  Re- 

■    '  mainder  die  next  Figure  of  the  Dividend,  my  next  Dividual 

^^97  is  4198;  and  here  I  find  the  Divifor  contained  9  times.  Then 

^^"^^  proceeding  as  before,  my  next  Dividual  is  139;  which  bcr 

2  Rem'.       inglefs  than  the  Divifor,  I  fet  oin  the  Quote,  and  then  prefix 

another  Figure ;  fo  that  my  next  Dividual  is  1397,  in  which 

the  Divifor  is  contained  3  times,  and  the  Remainder  is  2j  fo  the  true  Quote  is  5903  i   or, 

taking  in  the  Remainder,  it  is  5903  ^y,-. 

ExaKp-4..  To  divide  3235386  by  462.     The  firft  Dividual  is  3235,  in 

462)  3235386(7003     which  die  Divifor  is  contained  7  times,  and  the  Remainder  is  i ; 

•^2^4.  the  next  Dividual  is  13,  in  which  the  Divilbr  is  not  contained; 

7T86  therefore  I  fet  o  in  the  Quote,  and  bringing  dawn  the  next  Fi- 

1786  ?iire,  I  have  138  for  a  new  Dividual,  which  is  alio  leis  thanthc 

— ^ —  Divifor,  tiierefore  I  fet  another  o  in  the  Quote;   and  bringing 

°°°°  down  another  Figure,  the  next  Dividual  is  1386,  in  which  the 

Divifor  is  contained  3  times,  and  o  remains. 

Examp.  5.  j-Q  divide  149100  by  372.     The  firft  Dividual  is  1491,  and 

3'-)  149100  (4°o  the  Quote  of  this  is  4,  then  the  Remainder  is  3,  and  the  reft 

^  ^488  of  the  Dividuab  are  30  and  300,  which  are  each  lels  dian  the 

300  Rem''.       Divifor,  and  tiierefore  the  Quote  is  400. 

'   I  Divide 
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Ex  amp.  6.  To  Divide  210800  by  62,  the  Quote  is  34.00. 

62)  210800  (3400  In  Cafes  like  this,  when  there  is  no  Remainder  in  any  ftep, 

i8(^  and  that  the  Remaining  Figures  of  the  Dividend  are  all  o's,  we 

o^ij  have  no  more  to  do  than  to  join  a;  many  o's  to  the  preceding 

2x8  Figure,  found  in  the  Quote. 

Thcfc  Examples  will  be  fufficient  to  make  a  diligent  Learner  uriderftand  this  Rule ; 
and  I  fhall  only  fet  down  a  few  more  Examples,  with  their  Anfwers,  leavingdie  Operation 
for  an  Exercife  to  the  Student. 

Exav:p.  7.     To  divide  571307004.6  by  6-%,  the  Quote  is  842(1357. 
Exa7)!p.  8.     To  divide  6069944827  by  8576,  tlie  Quote  is  724683  g\^ 
Examp.  9.     To  divide  293682135936  by  8405,  the  Quote  is  34960078  yVoV- 

In  order  to  the  Detnonflration  of  the  preceding  Rule,  and  for  the  fake  of  fome  other 
fpecial  Rules  to  follow,  we  muft  premife  the  following  Truths  in  the  Theory  of  Divijion. 

LEMMA    I. 

1 .  If  two  Numbers  confift  of  an  equal  Number  of  Places,  the  lefTer  is  not  contained 
in  the  greater  above  9  times. 

2.  Again,  If  the  greater  of  two  Numbers  has  but  one  Place  more  than  the  lefTer;  and 
fuppofmg  alfo  that,  excluding  the  firft  Figure  on  the  Right  of  that  greater  Number,  the 
remaining  Figures  on  the  Left  make  a  Number  lefs  than  the  leGTer  given  Number,  then 
this  leffcr  Number  is  not  contained  in  the  greater  above  9  times. 

,  Demon.  Part  1.  If  a  Cypher  is  prefi.x'd  to  the  lefler  of  two  Numbers,  (which  have 
both  the  fame  Number  of  Places,)  it  is  thereby  multiplied  by  lo^  and  confequently  that 
is  the  leaft  Number  which  contains  it  10  times:  but  the  other  given  Number  having 
one  Place  fewer  than  this  Produft,  is  a  lelTer  Number,  and  confequently  does  not  con- 
tain the  lelTer  given  Number  10  times,  or  does  not  contain  it  above  9  times.  Example, 
II  islefs  than  99;  but  is  not  contained  in  it  10  times,  for  10  times  11  is  1105  v/hich  is 
greater  than  99.  U?uverfally-,  Let  A  be  the  greater,  and  B  the  leffer  of  two  Numbers 
having  an  equal  Number  of  Places;  Bx  10  contains  B  precilely  10  times,  and  it  is  a 
Number  that  has  one  Place  more  than  B  or  A,  and  confequently  is  a  greater  Number 
than  A;  wherefore  B  is  not  contained  10  times  in  A. 

Part  2.  The  lefler  given  Number  (is  476)  is  greater,  by  fuppofition,  than  as  many 
Places  (475)  on  the  left  of  the  greater  given  Number  (4759;)  and  muft  exceed  it  by  at 
leaft  i:  therefore  10  times  this  leller  Number,  (^viz,.  4750,)  muft  want  at  leaft  10  of  10 
times  the  given  leffer  Number,  (t'/z.  4760)  But  whatever  Digit  we  add  to  this  deficien-t 
Produft,  or  put  in  the  Place  of  the  o,  (making  in  the  prefentBjftfw//'.  4759,)  it  cannot 
makeupthedefedt  of  10;  and  therefore  the  given  lefler  Number  (476)  is  not  contained 
in  the  given  greater  Number  (4759)  10  times,  or  not  above  9  times. 

S  cH  o  L.  The  fecond  Part  of  this  Leynma  is  but  a  particular  Cafe  (accommodated  to 
our  prefent  purpofe)  of  a  more  general  Theorem ;  which  is  this,  "viz..  If  any  Number  A, 
is  greater  than  another,  B  ■,  and  if  B  is  multiplied  by  any  Number  R,  then  A  is  not  con- 
tained R  times  in  R.  B,  nor  yet  in  the  Sum  of  R  B,  and  any  Number  N  which  is  lefs  tlian 
R;  i.e.  inRB  +  N. 

The  ReafoM  is ;  fince  A  is  not  once  contained  in  B,  neither  is  R  A  once  contained  in 
RB,  which  muft  want  at  leaft  as  many  Units  as  R  to  make  it  equal  to  RA^  and  fince 
N  is  lefs  than  R,  R  B  -}-  N  cannot  be  equal  to  R  A ;  i.  e.  A,  which  is  contained  precifely 
R  times  in  RA,  is  not  contained  R  times  iftRB  +  N,  which  is  lefs  than  RA. 

2  LEM~ 
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LEMMA     ir. 

If  any  Number  N  is  refolvcd  into  any  Parts  A,  B,C,d>^c.  i.e.  if  N=A  +  B  +  C> 
C^f.  then, 

1.  If  all  thefe  Parts  A,B,C,  cfr-  are  feveraJly  Multiples  of  any  Number  D,  or  all  ex- 
cept one  j  then  dividing  A,  B,  C,  crc  fcverally  by  D,  the  Sum  of  the  Quotes  is  equal  to 
the  Quote  of  Nh-D.  {Exatnp.  i,  2,  3.)  And  the  Remainder  in  the  Divifion  of  tha;t 
Part  which  is  not  a  Multiple  of  D,  is  the  Remainder  in  the  Divifion  of  N  ^-D. 

2.  If  there  are  more  than  one  of  the  Parts  of  N,  that  are  not  Multiples  of  D;  and  if 
the  Sum  of  the  Remainders,  in  the  Divilion  of  tliefe  Parts  that  are  not  Multiples  of  D, 
Is  lefs  thanD,  then  the  Sum  of  the  Integral  Quotes,  is  the  Integral  Quote  of  N^-D;  and 
the  Sum  of  the  Remainders,  is  the  Remainder  in  tiie  Divifion  of  N  -^D.     {Examp.  4.) 

3.  If  the  Sum  of  die  Remainders  is  equal  to,  or  greater  than  D;  then,  being  divided 
by  D,  and  the  Integral  Quote  added  to  the  Sum  of  the  Integral  Quotes  of  the  Parts 
of  N,  this  laft  Sum  is  thelntegral  Quote  of  N-r-D;  and  the  Remainder  in  the  Divifion 
of  the  Sum  of  the  Remainders,  is  equal  to  the  Remainder  in  the  Divifion  of  N  H-  D. 
{Exawp.  5.) 

Demon.  ThcReafon  of  all  diefe  Articles  is  eafilyfecn  from  the  Equality  of  theWhole 
and  all  its  Parts.  In  the  firft  and  fecond  Article  it  is  obvious :  for  as  oft  as  D  is  contained 
ill  AjB,C,  &c.  feverally,  fo  oft  at  leaft  as  the  Sum  of  thefe  times,  it  muft  be  contained 
in  the  whole  N  j  and  if  the  Sum  of  the  Remainders  in  the  Divifion  of  the  Parts  A,  B,  C,  &c. 
is  lels  than  D,  then  it  is  plain  that  D  is  contained  no  oftner  in  N  than  the  Sum  of  the 
times  it  is  contained  in  all  its  Parts  A,B,C,  ^f.  and  the  Remainder  in  N^-D,  muft 
be  the  Sum  of  the  Remainders  in  the  Divifion  of  the  Parts,  when  this  Sum  is  lefs  than  D  j 
but  if  this  Sum  is  equal  to,  or  exceeds  D,  (as  fuppofed  in  Article  3.)  then  fmce  thefe  Re- 
mainders are  Parts  of  the  Dividend,  it  is  evident,  that  as  oft  as  D  is  contained  in  their 
Sum,  that  muft  be  added  to  the  Sum  of  the  times  it  is  contained  in  A,  B,  C^&c.  and 
this  laft  Sum  is  the  times  it  is  contained  in  N  j  and  the  Remainder  on  the  Divilion  of 
the  Sum  of  the  Remainders,  is  the  Remainder  in  dividing  N  by  D. 

ScHOL.  If  we  take  the  complete  Quotes 
by  Fraftions  made  of  the  Remainders  and 
Divifor ;  then  it  is  an  U?tiverfalTruth,  That 
the  Sum  of  the  Quotes  of  the  Parts  of  N  di- 
vided feverally  by  any  Number  D,  is  equal 
to  the  Quote  of  JST  divided  by  D.  For  the 
fractional  Parts  of  the  Qiiotes  have  all  tlic 
fame  Denominator  D,  and  their  Numera- 
tors are  the  feveral  Remainders.  But  from 
the  nature  of  Fractions  it  is  obvious,  that 
feveral  Fractions  having  the  fame  Denomi- 
nator,' and  being  referred  to  the  iame  Inte- 
ger, their  Sum  is  the  Sum  of  the  Numera- 
tors, applied  as  a  Numerator  to  the  liime 
Denominator.     Examp.  ~  of  any  thing,  and 


Examp.  I. 
D  N  =A  +  B-fC. 
Divifor  4)3<j  =  i(J-f-i2-f-8. Dividends. 
Quotes         9=4  +  3 -f-2. 

Examp.  i. 
Divifor  5)48=::25-f-i5-f.8. Dividends. 
Quotes         9  =    5  -]-    3  +  I . 
Remainders  3=  3, 

Examp.  3. 
Divifor  6)  46  =  24  -f- 1 8  +  4.  Dividends. 
Quotes         7=  4-i-   i-\'0. 
Remainders  4=  4. 

Examp.  4. 
Divifor  d)  ^3  =20  4- 27 -f- 6-  Dividends. 


Quotes 


1+  4+1- 


Remainders  5=  2-}-   3. 


^  of  the  fame  tiling; 


make  -}. 


I 


So  that  if  the 
Sum  is  an  improper  Fradtion,  we  find  its 
Value  in  a  whole  Number,  or  with  a  pro- 
per Fradion  annc.x'd,  by  dividing  the  Nu. 
2  merator 
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Exavip.  5. 
Divifor  6)88=464-29 


Quotes        1+ 
Remainders  4 


7  + 
+  + 


4-t- 
5' 


■i^.Divid. 


In  this  laft  Example,  the  Sum  of  the 
■Remainders  is  4+5  +  i  =  10,  which  is 
greater  than  the  Divifor  6 ;  and  being  di- 
vided by  it,  the  Quote  is  10  —  6  =  i,  and 
4  remains.  Then  tliis  Quote  i  added  to  the 
Sum  of  the  former  Qiiotes,  the  Sum  is 
7-|_4-)-2-f-i=i4j  theQuoteof88-^6, 
and  the  Remainder  of  88  ^  6,  is  the  fame 
as  that  of  10  ^  6j  which  is  4. 


I. 

merator  by  the  D:nominator,  (as  before 
explained.')      It  is  plain  then,   that   if  the 
Fra<ftion3  belonging  to  the  complete  Quotes 
of  the  Parts  of  iV  divided  by  D,  are  added 
together,  and  the  Value  of  the  Sum  added 
to  the  Integral  Quotes,  the  Operation  is  the 
fame  as  exprelTed  in  the  'Lcvnna :  for  it  is 
adding  the  Remainders ;  and  if  their  Sum 
exceeds,  the  Divifor,  taking  the  Number  of 
times  theDivL'br  is  contained  in  it,  and  ad- 
ding this  Quote  to  the  Sum  of  the  Integral 
Quotes  j  wliich  makes  the  Univerfal  Truth 
here  propofed  evident. 


Corollaries. 

I.  If  a  Number  N  is  refolved  into  any  Number  of  Parts,  and  thefe  Parts  be 
divided  feverally  by  any  Number  D,  in  this  manner,  i>i%.  Firfl  divide  one  Part,  and 
if  there  is  a  Remainder,  add  it  to  another  Part,  and  divide  the  Sum  ^  and  fo  on,  adding 
the  Remainder  of  every  Diviiion  to  the  next  Parti  and  if  any  Part  with  the  preceding 
Remainder  is  lefs  than  the  Divifor,  then  we  add  another.  Having  thus  gone  through  all 
the  Parts,  die  Sum  of  tlie  Qiiotes  is  die  Quote  of  the  firil  Number  N  divided  by  the 
fame  Divifor  D^  and  the  laft  Remainder  in  the  Divifion  of  die  Paxes,  is  the  Remainder 
in  the  Divifion  of  N  by  D. 

That  this  is  in  Eflfeft  the  fame  Cafe  as  the  firft  Article  of  the  preceding  Lemma-,  or  a 
plain  Confequence  of  it,  will  be  obvious  by  confidering,  that  if  the  firft  Remainder  is 
raken  out  of  the  firft  Dividend,  it  leaves  a  Multiple  of  the  Divifor,  •viz,,  the  Produdt  of 
die  Divifor  and  Quote  i  and  the  fame  being  true  in  all  the  reft  of  the  Steps,  it  follows 
that  the  Cafe  is  the  fame  as  if  N  were  refolved  into  Parts  equal  to  thefe  Muldples  of 
the  feveral  Quotes  by  the  Divifor ;  all  which  Mulriples  with  the  laft  Remainder  make 
up  the  Dividend  N.  For  Example,  50=  17-}- 8 -f  25,  then  17  — 3  =  .j-,  and  2  re- 
mains, which  added  to  8,  makes  10  i  then  10-^3  =  3,  and  i  remams,  which  added  to 
2<,  makes  26;  and  26-^3=8,  and  2  remains  i  laftly,  the  Sum  of  die  Quotes  is  5-I-3 
-f.'8  =  i(5,  the  Int^ral  Quote  of  50-H  3  j  and  the  lail  Remainder  2,  is  the  Remainder 
^  «;o-4-3.     And  this  Work  is  the  fame  in  efFedl  as  if  we.refolve  50  into  diefe  Parts, 

ic(  =  3X5)-f-9(=3^  3)-|-24C=3><8) 

Or  this  Truth  is  plain  independently  of  the  Lemma.,  becaufe  the  Divifor  is  taken  out 
of  every  Part  of  the  Dividend  as  oft  as  poffible,  by  carrying  the  Remainder  of  every 
Part  forward  to  the  next.    ^      ^    .  ,.   ^  ^._  t^.  .,      ,        ^        r     . 

II  If  the  fame  Divifor  D  is  applied  to  two  different  Dividends,  whereof  the 
greater  is  a  Multiple  of  the  leOTer,  as  N  and  N;«;  then  if  N  contains  D,  a  number 
of  times  <?,  without  a- Remainder  i  Nra  will  contain  D,  m  dmes  as  oft  as  N  does,  or 
w  q  times  •  /.  e.  if  N  ~  D  =^,  then  N  w-^  D  =  w  y.  Again,  if  N  H-  D  has  a  Remain- 
der r,  then  Nw  will  contain  D  at  leaft  niq  times  with  a  Remainder  equal  to  wr.  And  if 
w  r  is  equal  to,  or  greater  than  D,  then,  as  oft  as  D  is  contained  in  m  r,  fo  many  times 
ofmer  than  w  ^  is  it  contained  in  N  m.  The  Deducfhon  of  this  from  the  Lemma  is  plain; 
becaufe  N  w  is  refolvable  intoN-f-N+N,  &c.  taking  N  as  oft  as  m  expreflfesi  fo  that 
if  >j^D:=:^,  and  r  remains;  then  D  is  contained  in  Nwj  at  leaft  m  q  times,  widi  a 
Remainder  equal  to  r  w.    See  thefe  Examples,  wherein  w  =  ioo. 


Examp. 
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D  N      ^.  D  N     7.  D  N;/;   wf. 

E^ijwf .  I.     5)18     (6.        Exaiitf.T..     3)  2.5  (  7^  3)2500(700. 


then         aToo  =  Dx»ij. 

^^    ^'l-  2^r.  200 1=  T  in. 

3)i8ooC6oo. 

ScHOL.  Thefe  Examples  are  of  the  Kind  \vhich  we  have  particular  Ufe  fer  in  De- 
monftradng  tie  Rw<^  ofD'i-ifwn:  And  we  have  this  further  to  be  carefully  remarked  in 
all  Examples  like  the  fecond,  vix.  That  tho'  the  Remainder  i^in  r)  in  the  lecond  Part  of 
the  Example,  is  greater  than  the  Divifor,  whereby  the  Integral  Quote  is  not  fo  great  as 
the  number  of  times  that  D  may  be  got  in  N  ?«,  yet  of  the  Number  it  wants  to  be  added 
to  it,  (which  is  the  Quote  of  m  r  by  D,)  all  the  Figures  will  fall  in  the  Places  of  the  o's 
ftanding  on  the  r^ht  of  that  Part  of  the  Quote  which  is  already  found,  and  can  never  be 
of  the  fame  local  Value  with  any  of  the  other  Figures.  So  3  is  found  in  2300  as  many 
times  oftner  than  700  times,  as  the  Quote  of  200  by  3^  yet  no  Figure  of  this  Quote  can 
rile  to  the  Place  of  100  j  the  Reafon  of  v.'hich,  and  of  all  fueh  Cafes,  is  explained  in 
Schoi.  to  Lemma  I.  For  3  being  greater  than  2,  is  not  contained  100  times  in  200. 
And  which  will  alfo  be  .true,  tho'  we  fet  any  other  Figure  in  the  Place  of  the  o's  that 
ftand  on  the  right  of  the  Remainder,  {Incc  the  Remainder  without  thefe  o's  is  lefi  than 
the  Divifor.     See  the  Scholium  referred  to. 

III.  If  N(=  A+B)  is  a  Multiple  of  C ;  and  if  A  is  alfo  a  Multiple  of  C,  then  fo 
maft  B  be.  Again,  if  N  =  A-f-B-f-C+D,  &c.  and  if  N  is  a  Multiple  of  R;  and 
aifb  if  each  of  the  Parts  of  N  to  the  laft,  are  Multiples  of  R,  fo  muft  that  laft  be. 

L,  E  M  M  A    HI. 

IfoJte  Number  is  divided  by  another.,  arid  the  ^ote  again  divided  by  the  fatne,  «r 
any  other,  and  every  fucceeding  S^ote  again  divided  as  long  as  you  pleafi  or  can ; 
the  laft  ^ote  ivill  be  equal  to  the  G^uote  of  the  firft  Divide?id  by  the  continual 
TroduBof  all  thefe  Divifor s. 

Demon,  i.  We  fliallfirfl:  fuppofe  die  feveral  Dividends  are  Multiples  of  the  Divifors  ^ 
and  in  this  Cafe  it  will  eafdy  appear,  as  in  the  annex'd  Example. 

The  Reafon  is  this.  If  we  rake  the  laft  Quote  and  all  the  Divifors 
2)168  C84,.  inareverfe  Order,  and  multiply  them  continually,  they  muft  produce 
5)  84(28.  the  firft  Dividend,  (by  what  is  already  iliewn  of  the  mutual  Proof  of 
7)  28(4.  Multiplication  zndDivif on.)     Thus,  4X7=28.     28x3  =  84.     84X2 

tlien  becaufe       =168.     But  we  may  take  thefe  Factors  in  any  Order,   they  will  pro- 
ax  3  X7=42j     duce  at  laft  the  fame  Number,  {hy  Leinma  II.  mMuhiplication.)     And 
therefore         if  we  order  them  fo  as  the  lail  Quote  in  Divilion  be  the  laft  Fadlor  in 
42)168(4.  multiplying;  the  Truth  propofed  will  be  manifeft,  thus;  Becaufe  4X7 

X  3x2  =  168.  Therefore  alfo  2  X  3X  7X4=168.  But2X3X-  =  42; 
therefore  42x4,=  168;  and  168-^42  =  4.  The  fame  Reaforiing  will  hold  in  all 
Cafes,  which  we  may  reprefent  by  UniverfaJ  Charafters.  Thus;  u  A-r-^=M;  and 
Mh-<:  =  N;  andN-^.i=^.-  then  A-^^<r^=f.  For,  5</=N;  N(r  =  M;  and  M  ^ 
=  A;  that  is,  ^</ci=A;  or  be  dq=:  A:    But  bcd^-—bcd=q;  i.e.  A^r-bcd=<j. 

2.  Suppofe  there  is  a  Remainder  in  each  Divifion,  yet  the  laft  Quote  will  ftill  be  equal 
to  the  Quote  of  the  firft  Dividend  by  the  Produdt  of  all  the  fingle  Divifors,  tho'  the  Re- 
mainder will  not  be  the  fame  as  the  Remainder  of  the  laft  Diviiion.  That  we  may  fee 
the  Trutli  propofed  in  this  Cafe,  and  alfo  how  to  find  by  the  feveral  Divifcrs  andRcmair- 

j  ders 
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dcrs,  what  the  Remainder  would  be  upon  dividing  by  the  Produdt  of  the  Divifors,  we 
fliail  conlider  the  Example  annex'dj  wherein  the  thing  propofed  is  proved.  But  to 
fee  ilie  Reafon  of  it,  we  muft  take  the  reverfe  Multiplication,  as  iii  the  Margin  on 
the  Right. 

Thus;  Take  the  tall  Quote  and 

3)479(i?9          the  feveral  Divifors,  as   fo    many  ,  »  • 

rem.   2                  fimple  F^^Si^r/,  and  multiply  them  ^^"*^,^^  7  :  3,laftrem. 

5)  1^9  f^  I             continually,  taking  in  the  correfpon-  l^ftdiv  .  4 

rem.  4.                  "^^"'-  Remainders  witli  the  Produift,  2*  quote  31  :  +,2''  rem. 

-r-^ —              (to  make  up  the  feveral  Dividends.)  2.'^  div''.  <, 

rtm  ^\                  ^""^  't!"^  tA  .'.""S.to  be  iTiewn     ^^  quote  159  :  2,  ift  rem. 
--_J_              from  this  Muluplicauon  is  the  rea-     ift  Jiv''         3 
then  becaufe        fon  why.  That  tho'  the  laft  Pro-  '- • 

3x5X4  =  60        dud  (479)   exceeds  the  continual  4-79 

±ercfore  Produift  of  the  Fallors  7x4x5x3 

60)479(7  =420,  (as  it  muft  do,  becaufe  of 

rem.  59  the  Numbers  taken  in;)  yet  it  can- 

not exceed  it  by  a  Number  as  great 
as  the  continual  Produd  of  the  feveral  Fa&ors  excluding  the  firft  7,  C'.  *•  the  feveral  Di* 
vifors,  'viz.  4X  5  X  3==:5o;)  which  is  thus  fhewn. 

The  Number  by  which  the  laft' Produd,  or  Sum  C479)  exceeds  the  continual  Pro- 
dud of  all  the  fimple  Factors  (420,)  is  plainly  to  be  found  thus ;  viz..  Take  the  Produd 
of  the  laft  Remainder  (3)  by  the  laft  Divifor  but  one,  (5;)  then  to  this  Produd  (15) 
add  the  next  preceding  Remainder  (4,)  and  multiply  the  Sum  (19)  by  the  next  prece- 
ding Divifor  (3,)  and  to  this  Produd  (57)  add  the  next  preceding  Remainder  (2,)  and 
fo  on :  for  die  laft  Remainder  3  is  taken  in  with  the  firft  Multiplication ;  then  it  is  mul- 
riply'd  in  the  fecond  Multiplication  by  5,  Avith  which  the  fecond  Remainder  is  taken  in, 
(which  makes  15  -|- a=  19.)  Then  is  all  this  multiply'd  in  the  third  Multiplication  by  3, 
and  the  firft  Remainder  2  is  taken  in,  and  the  whole  is  59;  fo  the  true  Remainder  fought 
is  59.  But  this  muft  be  always  lefs  than  the  Produd  of  the  Divifors,  becaufe  in  tlie 
feveral  Multiplications  the  Numbers  taken  in  are  lefs  than  the  correfpondent  Multipliers, 
(for  they  are  Remainders  of  a  Divilion  wherein  that  Multiplier  was  the  Divifor ;)  where- 
fore the  Produd  of  any  of  the  Divifors  by  the  following  Remainder,  for  Remainder  of 
the  next  Divifion,)  with  the  prefent  Remainder  added,  is  lefs  than  the  Produd  of  the 
fame  Divifor  by  the  following  Divifor,  and  confequently  the  continual  Produd  of  all 
the  Divifors  is  greater  than  the  Produd  of  all  the  Divifors  (excluding  the  laft,)  with  tlie 
Remainders  taken  as  direded.  This  being  once  clear,  the  Truth  concerning  the  laft 
Qiiote  is  manifeft ;  for  nothing  elfe  can  make  it  different  from  the  laft  Cal'e  but  thefe 
Remainders,  or  Numbers  added  in  the  Multiplication,  wliich  can  never  make  the  Quote 
Jefs :  and,  by  what  is  now  fhewn,  they  cannot  make  it  greater,  becaufe  all  the  Increafe 
upon  the  laft  Dividend  is  leis  than  the  total  Diviibr,  (or  Produd  of  the  particular 
Divifors.) 

As  to  the  fradional  Part  of  the  Quote,  it  will  be  of  the  fame  V^ue,  tho'  not  of  the 
fame  Expreffion.  But  the  Trutli  of  this  will  not  appear  fo  eafily  till  we  have  learnt  the 
Do&ritie  of  Frail iotis,  where  you  11  find  it  particularly  explained. 

Demon- 
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Demonstration  of  the  preceding  Rule  of  Cask  II.  of  DIVISION. 

As  to  finding  every  one  of  the  Figures  of  the  Quote  fingly,  as  the  true  Quotes  of  the 
Divifor  into  the  feveral  Dividuals  confidered  by  themfelves,  we  need  no  further  De- 
monftration  j  becaufe  each  of  them  is  found  by  trial,  and  proved  to  be  true  by  a  certain 
and  infallible  Mark,  (difcovered  in  Coro/.  2.  to  the  Dcfinitiov)  before  it  is  admitted.  All 
that  I  have  more  to  add,  is  to  obferve,  That  you  have  in  Lemma  i .  the  ReaJo?t  that  the 
Divifor  can  never  be  found  in  the  Dividual,  (or  Partial  Dividend-,  as  it  is  to  be  taken 
.  by  the  Rule)  above  9  times- 

The  only  thing  then  that  remains  to  be  proved  is.  That  the  feveral  Figures  of  the  Quote 
taken  as  one  Number,  according  to  the  Order  in  which  they  are  placed,  is  the  true  Quote 
of  the  tot3\  Dividend  by  the  Divifor;  and  this  will  be  eafily  fliewn,  thus:  It  is  plain,  that 
in  this  Operation  we  have  refolved  the  Dividejid  into  Pares,  and  divided  them  feveraliy 
in  the  manner  prooofed  mCorol.  i.  Lem.  2.  For  we  have  firfl  taken  one  Dividual,  then 
added  the  Remainder  of  that  to  another  Part  of  die  Dividend,  and  after  dividing  this, 
we  have  added  to  the  Remainder  another  Part  of  the  Divide?id,  and  fo  on.  But  we  have 
confidered  the  feveral  Dividuals  without  regard  to  the  Places  they  polTefs  in  the  IVhole 
Dividend,  and  thereby  taken  them  in  a  lefs  tlian  their  true  Value;  but  if  that  Defedis 
fupplied  by  placing  tlie  feveral  Quotes,  (or  Parts  of  the  total  Qiiote)  fo  as  they  have  the 
true  Value  they  ought  to  have  from  the  complete  Value  of  tlieir  refpedlive  Dividuals,  (or 
Parts  of  the  Dividcjid,)  and  that  by  fo  placing  them  they  make  one  Number  equal  to  the 
Sum  of  their  complete  Values ;  then  is  that  Number  die  true  Quote  fought,  (by  the 
faid  Carol,  i.  Lem.  2  )  But  thus  it  actually  is :  for  the  complete  Value  of  the  firll  Divi- 
dual is  10,  or  ioo,dfc.  times  the  Value  in  which  it  is  taken  in  the  Operation,  according 
as  there  is  one,  two,  ^c.  Figures  (landing  before  it :  Alfo  its  quote  Figure  ftanding  firft 
on  the  Left-hand,  there  are  as  many  Figures  of  other  Quotes  fet  before  it,  as  the  Number 
of  remaining  Figures  in  the  Dividend;  becaufe  for  each  of  thefe  there  is,  by  the  Rule,  a 
Figure  put  in  the  Quote :  therefore  this  firft  quote  Figure  receives  by  its  Place,  a  Value 
10,  or  100,  or  1000,  e^r.  times  its  ftmple  VaJue,  according  as  there  arc  one,  or  two,  or 
three,  drc.  Figures  before  it,  correfponding  to  die  true  Value  of  the  Dividuals,  (as 
ought  to  be  done  by  Carol.  2.  Lem.  2.)  Therefore  this  firfl  quote  Figure  taken  in  its  com- 
plete Value  from  the  place  it  ftands  in,  is  the  tiaie  Quote  of  the  Divifor  in  the  complete 
Value  of  the  firft  Dividual.  For  the  fame  reafon,  all  the  reft  of  the  Figures  in  die  Quote 
taken  according  to  their  Places,  are  each  the  true  Quote  of  the  Divifor  in  the  complete 
Value  of  their  Dividuals  j  becaufe  as  the  firft  Figure  on  the  right  of  each  fucceedino- Di- 
vidual, is  one  Place  more  to  the  right  of  the  preceding,  (or  has  one  Figure  fewer  ftandinff 
before  it,)  fo  ought  dieir  Quotes  to  have ;  and  fo  are  they  alio  ordered :  Confequently 
taking  all  the  quote  Figures  in  order  as  they  are  placed  by  the  Rule,  they  make  one  Num- 
ber, which  is  equal  to  the  Sum  of  tlie  true  Quotes  of  the  feveral  Parts  of  the  Dividend; 
which  is  therefore  the  true  Quote  of  diat  whole  Dividertd. 

To  leave  no  Obfcurity  in  this  Demonftration,  I  fliall  illuftrate  it  by  two  E.tamples. 
In  which  I  (hall  fet  down  the  Dividual^  Quotes,  and  Remainders  according  to  daeir 
true  Values. 
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Examp.  I. 
Divifor.  Dividend. 

3<S  )  ^S±^  Quotes. 
ift  dividual    85000  (  2000 

3<)  X  2000  =72.00') 

ift  remain.     13000 
add         600 

2"*  dividual     15600  (     300 
36  X  300=  10800 

2''  remain.      2800 

add  00 

3*  dividual      aSoo  C 

36  X      70=    2520_ 

3"'  remain.         ^^o 


70 


In  the  firft  Example,  the  Dividend  85(^09  is  re- 
folved  into  thefe  Parts,  'viz.  8500  4-  (Joo-}-  00  -\-  9. 
For  tho'  the  firft  Dividual  is  conlidercd  as  8^,  yet 
it  is  truly  85000 ;  and  therefore  its  Quote  inftead 
of  2,  is  2000,  and  the  Remainder  15000J  and  fo  of 
the  reft,  as  you  fee  in  the  Operiucn.  But  if  we 
take  the  Multiples  of  the  Divilbr  by  the  feveral 
Quotes,  with  the  laft  Remainder,  and  conlider  the 
Dividend  as  diftributed  into  thefe  Parts,  (which  are 
here  72000  +  10800-}- 2520 -|- 288 -f- iJ  then  the 
Work  is  reduced  to  the  Conditions  oi  Lemma  2. 
Article  a. 


add 


A*"  dividual        289  C        8 

3(JX     8=_^8^  2378Sum 
laft  remain.  i    of  the  Quotes. 

Examp.  2. 
Divifor.  Dividend. 

465  )  2744897    Quotes, 
ift  dividual     2744000  (  5000 
465  X  5000  =2;2SOOO 

ift  rem.  419000 

add  800 

i^  dividual  419800  (    900 
465 X   900==  4i8';oo 

2*  rem.  1300 

add   97_ 

"  dividual 


,  - -  1397  ( 

465  X        7  =        1395 

laft  rem.  2 


-   5903 


In  this  fecond  Example,  when  we  have  got  the 
fecond  Quote,  the  Remainder  is  1300J  then  we  add 
the  two  next  Figures  of  the  Dividend,  becaufe  the 
Figure  of  the  Quote  muft  be  of  the  (ame  local  Va- 
lue as  the  laft  of  thefe  Figures:  For  fince  465  is 
not  contained  in  139,  it  is  not  contained  10  times 
in  1390;  and  fo  the  next  Figure  in  the  Quote  after 
9  mull  be  o,  and  the  fignificant  Figure  of  the  Quote 
of  1390-^-465,  muft  be  in  the  fecond  Place  after  9, 
i.  e.  in  the  prefent  Example,  in  the  Place  of  Units : 
and  therefore  we  take  in  alfo  the  Figure  7,  which  is 
in  the  Place  of  Units,  to  find  at  once  all  that  Part 
of  the  Quote  which  belongs  to  the  Place  of  Unitsj 
for  had  we  divided  13900  by  465,  the  Quote  is  2, 


and  the  Remainder  460 ;  to  wliich  adding  the  laft  Fi- 
gure of  the  Dividend  7,  the  Sum  is  467,  in  which 
the  Divifor  is  contained  once,  and  2  remains ;  and  fo 
tliefe  t\vo  Quotes  both  in  the  place  of  Units,  viz.  2-4-1  make  3,  which  is  more  con- 
veniently found,  as  in  the  Operation  in  the  Margin.  The  like  reafon  you'll  find  in  all 
Cafes  where  there  are  o's  in  the  Quote.  And  for  the  laft  Example,  take  11 3764 -4- 28 
=  4063,  the  firft  Dividual  is  113000,  the  Qiiote  4000,  and  the  Remainder  looo^  to 
which  if  we  add  700,  the  Sum  1700  does  not  commn  the  Divifor  28  fuch  a  number  of 
times  as  can  fall  in  the  Place  of  Hundreds  i  therefore  we  take  in  another  Figure,  which 
makes  1760^  and  the  Quote  6  falls  in  the  fecond  Place  after  the  preceding  Quote  4. 
The  laft  Figure  of  the  Quote  is  3. 


§=• 
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J.  II.  Particular  Rules  for  contrasting  the  Work  ofTti-viJion  in 
certain  Cafes :  And,  for  managing  it  luith  more  Certainty ,  tho' 
laith  more  Work,  in  all  Cafes. 

CAsE  I.  When  theDivifor  is  a  Digit,  the  multiplying  of  theDivifor  and  Quotes,  and 
alfo  the  Subtraftion  of  the  Produfts  from  the  Dividuals,   may  be  ealily  performed 
without  writing  down  any  thing  but  the  Remainders  j  and  thefe,   with  the  Quotes,   fet 
more  convenientlyj  as  in  this  'Example;  wherein  37546  is  divided  by  4.     Thus,  4  in  37 
is  9  times,  and  i  remains  j  the  Quote  9  I  fet  under  die  Dividend,  and  the  remainder  r 
abo\'e;  then  this  Remainder,  with  the  next  Figure  of  the  Dividend 
\^J'S'~(-  prefix'd,  makes  15:  i  the  next  Dividual,  in  which  4  is  contained  3  times, 

8<''  ^"'^  ?  remains  i  the  Quote  3  is  fet  after  the  preceding  Quote,  and  the 

93     4  Remainder  3  over  the   5  of  the  Dividend.    Then  is  the  next  Dividual 

3-}^  whofe  Quote  is  8,  and  2  remains ^  then  the  laft;  Dividual  is  26,  and  the  correfpond- 
ing  Quote  is  6,  and  2  remains.  Agahi^  in  this  Cafe  it  will  be  very  eafy  to  do  the  Work 
without  writing  down  the  Remainders,  only  conceiving  them,  in  the  places  where  they 
ought  to  be.  And  the  Conveniency  of  doing  it  this  way,  you'll  fee  in  Cafe  3.  Obfervs 
alfo,  that  you  may  eafily  ule  the  fame  Prafticc,  if  the  DivHbr  is  11  or  12. 

Case  2.  If  tlie  Divifor  has  o's  in  the  firft  Places  next  the  Right-hand,  take  no  notice 
of  them  in  the  Operation,  making  the  Divifor  only  the  remaining  Figures  on  the  Left  i 
and  exclude  as  many  Figures,  whatever  they  are,  from  the  Right  of  the  Dividend,  astliofe 
o's  of  the  Divilbr  j  making  the  remaining  Figures  on  the  Left  the  Dividend.  Having 
finilhed  this Divifion,  you  have  found  the  integral  Qiiote  fought:  And  for  the  fradtional 
Part,  to  the  Remainder  of  the  Divifion  prefix  all  the  Figures  excluded  from  the  Divi- 
dend j  that  is  the  true  Remainder  that  would  happen  if  the  Divifion  were  done  by  the 
common  Method :  This  Remainder,  with  the  given  Divifor,  makes  the  Fraftion.  But 
obferve,  that  if  there  are  any  o's  ftanding  clear  on  the  Right-hand  of  this  Remainder,  you 
may  omit  them  all  (it\  making  your  Fradrion)  if  they  do  not  exceed  the  Number  of  o's 
excluded  from  the  Divifor  ^  or  as  many  of  them,  as  are  equal  in  Number  to  thofe  in  the 
Divifor ;  and  omitting  the  fame  Number  of  o's  in  the  Divifor,  of  the  remaining  Figures 
on  the  Left  make  your  Fraction. 

Example  1.  To  divide  84700  by  4600,  I  divide  847  by  46,  the  Quote  is  18,  and  19 
remains^  but  the  true  Remainder  is  1900:  Making  this  Fradtion  4111)  which  is  equi- 
valent to  this  ^.  .    ;-  '.    1  ; 

Ex.  2.  To  divide  3640  by  800,  I  divide  364  by  8,  the  Quote  is  45,  and  4  remains-i 
but.tlie  true  Remainder  is  420:  Making  this  Fraftion  \~,  equal  to  this  f|. 

Examp.  3.  To  divide  68704  by  2400,  I  divide  687  by  24;  the  Quote  is  28,  and  ly 
rernains;  but  the  true  Remainder  in  theQueftion  is,  i'^o\,  and  the  Fraftion  is  t^H 

Exnr/:p.  4.  To  divide  367854  by  800,  I  divide  3678  by  8^  the  Quote  is  459,  and  the 
Remainder  6;  but  the  true  Remainder  is  654,  and  the  Fraction  ~: 

The  Heafon  of  this  Rule  is  contained  in  JLem.  4.  Thus,  if  an  equal  Number  of  o's  are 
excluded  from  Divilbr  and  Dividend,  the  remaining  Figures  on  the  left  ex^refs  like  ali- 
quot Parts  of  them,  viz.,  a  tenth  Part  if  one  o  j  a  hundredth,  if  two  o's  v/ere  excluded, 
and  fo  on.  But  like  aliquot  Parts  of  two  Numbers  make  the  fame  Quote  as  their 
Wholes,  (by  Lew.  4.)  Ex.  46  and  847  are  the  hundredthParts  of  46003110  84700,  and 
-fo  have  the  lame  Quote  18,  with  a  Remainder  19,  which  is  the  hundredth  Part  of  the 
Remainder  in  dividing  84700  by  4600 ;  and  therefore  the  two  o's  cut  off  from  the  Di- 
vidend are  to  be  Tcfix'd  to  it,  to  give  it  the.  true  Value.  -Again,  if  the  Figures  excluded 
the  Dividend  are  not  all  o's,  yet  if  we  fuppofe  them  fo,  the  Quote  is  right :  And  tliat  it 
cannot  be  increafed  by  the  Value  of  the  Figures  cut  off,  whatever  diey  are,  is  plain ;  be- 

K  caufe 
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caufe  being  prefix'd  to  the  Remainder  found  by  the  Rule,  they  muft  make  a  lefs  Number 
than  the  given  Divifor  i  fince  that  Remainder  is  lefs  than  the  Divifor  without  its  o's, 
which  are  as  many  in  number  as  thefe  Figures  prefix'd  to  the  Remainder,  which  therefore 
can  never  make  up  the  Defed.  So  in  Ex.  4.  when  3678  is  divided  by  8,  the  Remainder 
is  <j,  which  being  lefs  than  8,  no  Figures  prefix'd  to  it  can  make  a  Number  equal  to  8, 
with  as  many  o's  prehx'd.  But  thcfe  Figures  being  a  part  of  the  Dividend,  belong  to  the 
Remainder;  which,  inflead  of  600,  as  it  would  have  been  had  the  Figures  cut  off  been 
o's,  is  654. 

Tlio'  this  is  the  proper  Demonftration  of  this  Rule,  yet  you  may  be  fufficiently  fatisfkd 
of  the  Juftnefs  of  it,  by  confidering  any  Example  wrought  at  length  j  wherein  it  will  eafily 
appear,  that  by  excluding  the  o's  in  the  Divifor,  and  as  many  Figures  in  the  Dividend, 
wc  only  fave  the  Trouble  of  writing  many  fuperfluous  Figures,  and  yet  bring  out  the 
lame  Quote.     As  in  thefe  Examples. 

4600)84700(18  8oo)3(>7854(45o  As  to  that  part  of  the  Rule  for  con- 

ifioo                               3200  trading  the  Fradion,  you'll  find  the 

38700                              47^  Realbn  of  it  explain'd  in  Book  II. 
36800                              4000 


1900  7854 

7200 


654 

Case  3.  If  the  Divifor  is  the  Produd  of  two  or  more  Digits,  and  that  you  can  eafily 
difcover  thefe  Digits  ^  then  divide  firft  by  any  one  of  thefe,  and  the  Quote  by  any  other, 
and  fo  on :  the  laft  Quote  is  that  fought.  And  for  the  Fradion,  multiply  the  Divifor  by 
the  laft  Quote,  and  take  the  Produd  from  the  Dividend,  you  have  the  Remainder,  which 
would  hippen  by  dividing  after  the  common  way.  Or  find  it  thus;  Multiply  the  laft  Re- 
mainder (of  the  Work)  by  the  preceding  Divifor  (or  the  laft  bur  one)  and  to  the  Pro- 
dud add  the  precedino;  Remainder;  this  Sum  multiply  by  the  next  preceding  Divifor, 
and  to  the  Produd  add  the  next  preceding  Remainder,  and  fo  on,  till  you  have  gone 
thro'  all  the  Divifors  and  Remainders  to  the  firft.  But  when  there  are  no  Remainders 
in  any  of  the  particular  Divilions,  the  Dividend  is  a  Multiple  of  the  Divifor. 

£x.  I.  To  divide  9048  by  24,  I  divide  by  4  and  6,  becaufe  4x6  =  24.  Thus, 
9048-^4=2262,  then  2262-1-6=377. 

1E.X.  2.  To  divide  754683  by  42,  1  divide  by  6  and  7,  becaufe  6x  7  =  42,  as  in  the 
Margin;  wherein  the  firft  Qiiote  is  125780,  and  3  remains,  which  I 

6  I  754683  have  fetover  a  Line  after  the  Quote;  then  the  fecond  Quote  is  17968, 

7  I  125  7^0^  and  4  remains,  which  multiplied  into  the  precedir^  Divifor  6,  pro- 
l    17968II        duces  24,  to  which  the  firft  Remainder  3  being  added,  makes  27;  fo 

that  the  true  Remainder  is  27,  and  the  fradional  part  of  the  Quote  J|. 

Ejf.  3.    To  divide  18472  by  32,  I  divide  by  4  and  8,  becaufe  4X  8=:32;  the  tirll; 

Quote  is  4618,  and  nothing  remains;  the  fecond  Quote  is  577,  and  2 

18472  remains,  which  multiplied  into  4,  produces  8,  the  true   Remainder. 

4618  But  in  this  Cafe,  where  there  is  no  Remainder  in  the  firft  Step,  the 

577-jl         Fradion  may  be  made  of  the  Remainder,  and  Divifor  of  the  fecond 

Step.     So  here  it  may  be  \. 

£x.  4.     To  divide  48767  by  15,  I  divide  by  3  and  5,  becaufe  3x5=15:  the  firft 

Qyote  is  16255,  ^"d  2  remains;  the  fecond  Quote  is  3251,  and  no- 

3      48767  thing  remains;  wherefore  there  is  no  Produd  to  be  added  to  the  firft 

5      16255—        .    Remainder:   and  fo  that  is  the  true  Remainder,  and  the  Fradion 

Ex. 
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"Ex.  %.   To  divide  3428689  by    126,  I  divide  by   3,  6,  7,  becaufe  3X()X7=:i26: 
tlie  firlt  Quote  is  1142896,  and  the  Remainder  i^  the  fccond  Quote 

5  3428689  is  190483,  and  the  i^cmainder  4;  the  laft  Quote  is  2721 1,  and  theRc- 

6  1 142896  L      maindcr  5,  which  multiplied  into  the  piecedine  Diviibr  6,    produces 
190482  -      30;   to  which  the  preceding  Remainder  4  added,  maJces  34  j   which 

2721  iflj-     multiplied  by  the  preceding  andfirft  Diviibr  3,  produces  102;  and  the 
Remainder  i  added,  makes  105  the  true  Remainder,  and  the  Fradtion 
is  -i^ 
The  Ts-eafon  of  this  Rule  is  explained  in  'Levi  3.  and  as  to  the  Contradion  of  the  Frac- 
tion in  E-v.  3.  you'll  learn  the  reaion  of  it  in  Book  II. 

This  Praiitice  is  of  very  good  ufe,  eipecially  v/here  the  Divifor  is  the  Produft  of  two 
Digits  ;  becauie  when  it  is  ib,  they  are  eaiily  diicovcred  :  and  the  ufe  of  it  you'll  find  more 
remarkably  in  the  next  Chap.  §.  5.  Obfcrve  alio,  that  if  the  Faftors  of  the  Diviibr  are 
II  or  12,  it's  eafyto  divide  by  them  as  by  a  Digit.     Thus  to  divide  by  144,  chufc  12,  12, 

becaufe  12  X  12=144.     ^'^'^  ?3  '^^^  ?>  '^^-     ^'^'^  ^4'  ^'^^  7'  ^2- 

Case  4.  One  who  is  tolerably  acquainted  with  the  Practice  of  Divifion,  according  to 
the  preceding  general  Rule,  may  contradt  the  Work,  by  omiting  to  write  down  the 
Produdt  of  every  Figure  of  the  Quote  by  the  Divifor  i  doing  it  in  mind,  and  gradually 
as  the  Product  is  made,  fubtrafting  it  from  the  correlponding  Figures  of  the  Dividual  i 
letting  the  Remainder  either  above  or  below  the  Dividend,  in  the  manner  of  the  follow- 
ing Examples :  For  it's  no  matter  whether  the  Figures  of  any  Remainder  or  Dividual  ftand 
all  in  one  Line,  if  they  are  duly  iituated  with  refped  to  one  another,  from  Left  to  Right- 
hand.  Alfo,  inftead  of  fetung  the  Quote  on  the  Righc-hand  of  the  Dividend,  it  may  iiand 
as  conveniently  under  or  over  the  Dividend. 

Ex.  I.     72849-^-46=1583,  and  31  remains. 

That  you  may  perceive  the  manner  of  working  without  Confufion,  I  fliall  reprefent  it 
as  it  appears  feparately  at  every  Step. 

26  3 

46)72849  268 

I  4<))  72849 

15 

The  firft  Dividual  is  72,  die  Quote  t,  and  Remainder  26.  The  fecond Dividual  is 
268,  the  Qiiote  5,  and  Remainder  38  ^  wliich  is  found  gradually  j  Thiu,  5X6=30i 
then  o  (the  firft  Figure  of  the  Prodiid)  from  8  (the  firft  Figure  of  the  Dividual)  re- 
mains 8.  Again  5  x  4=20,  and  3  (the  Number  of  lo's  carried  from  the  laft  Produd) 
is  23  :  then  23  from  26  (of  the  Dividual)  remains  3 ;  whence  the  next  Dividual  is  384 i 
the  Quote  8,  and  Remainder  16  j  Found  thus,  8x6  =  48,  then  8  (of  the  Produdi) 
from  4  (of  the  Dividual)  cannot  be  taken,  but  from  14,  and  6  remains :  Again  8  x  4=  32, 
and  4  (from  the  laft  Produd)  is36j  then  36  from  37  (inftead  of  38  of  the  Dividual,  be- 
caufe I  was  taken  from  the  8  in  the  laft  Step  to  make  14)  leaves  i.  Or  it  comes  to  the 
fame  thing,  if  to  the  Produdt  we  add  i,  for  the  10  that  was  borrowed  in  the  laft  ftcp^ 
fo  the  Produdl  36  and  1  (borrowed)  Is  37;  which  taken  from  38,  there  remains  i.  The 
next  Dividual  is  169,  the  Qiiote  3,  and  Remainder  31. 

By  this  Example  you  may  underftand  how  to  do,  or  examine  others.     See  the  fol- 
lowing. 

33  3  23 

4304        Or  it  may  304  2527 

Ex.  2.     68)24786        ftandthus.    68)24786  4+5^4i 

Quote.      364^*  3^4  Is  £>.•.  3.  467)^247893 

Qi.iote.  6954^^ 
K   2  Otijer-ve, 


V 

313 

2686 

26861 

46) '2849 

46)72849 

158 

158341  Qiiote. 

9 

2 

^I 

4)f726 

^O 

^0+ 

Z 

24).f7*5 

24)^7;!=^    ^ 

23 
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Obferve,  When  in  any  Step  there  is  io  borrowed  in.  the  Subcraftionj  then  the  Re- 
mainder will  be  always  greater  than  the  Subtrahend,  (becaufe  if  any  Digit  is  taken  from 
the  Sum  of  10  and  a  lelTer  Digit,  die  Remainder  muft  be  greater  than  that  leller 
Digit.)  And  when  you  come  to  the  next  Step,  look  back  upon  the  laft  Remainder, 
its  being  greater  than  the  Subtrador  over  which  it  ftands,  is  a  certain  fign  that  lo  was 
borrowed  in  the  kit  Step,  and  confequently  tiiat  i  for  that  10  is  to  be  taken  from  the 
Subtraclor,  or  added  to  the  Produd:  in  tliis  Step :  And  this  Obfervation  is  very  uleful, 
becaufe  we  are  antcil  to  forget  this  i.  So  in  Ex.  3.  the  laft  Dividual  is  2243,  the  Quote 
4,  and  Remainder  375:  Thus  found,  4x7  =  28;  then  8  from  13  leaves  f.  Again, 
4x6  =  24j  and  2  ^carried  from  the  laft  Produft)  is  26,  and  i  (borrowed,  becaufe  5  is 
greater  than  3  over  which  it  ftands)  makes  27 ;  then  7  from  14  leaves  7.  Again  4  X  4  ;=  i5, 
and  2  (carried  from  the  laft  Produd)  and  i  (borrowed)  makes  19,  which  taken  from  22, 
leaves  3. 

In  the  common  way  of  praftifing  this  Method,  they  dafh  a  Line  thro'  every  Figure  of 
the  Dividual,  gradually  as  the  Figures  of  the  Remainder  are  fet  over  them,  in  order  to 
prevent  Confulion;  becaufe  the  next  Dividual  appears  the  more  *  diftinftly  from  tlie  Fi- 
gures of  the  preceding  Dividuals  that  are  thus  cancelled.  As  in  this  Example,  reprefented 
in  all  its  Steps  feparately. 

Obferiie,  As  it  is  to  the  fame  Purpofe  whe- 
ther we  write  the  Remainders  over  or  under 
the  Dividend,  fo  the  Method  of  placing  them 
has  a  little  Confufion  in  it,  which  is  helped  by 
daftting  the  Figures.  But  I  think  it  a  more  con- 
venient way  to  fet  the  Remainders  under  tlie  Dividuals,  and  fo  as  the  Figures  of  the  fame 
Remainder  be  in  a  Line ;  leaving  the  next  Figure  of  the  Dividend,  which  makes  up  the 
Dividual,  where  it  ftands,  and  fetting  the  Quote  over  the  Dividend,  as  in  thefe  Examples. 

238    Quote. 

24)5  72()    Dividend.  I  fhall  recommend  this  Method  of  Divifion  only  to 

9     -y  fuch  as,  by  Praftice,  have  acquired  a  Habit  of  clofe  and 

20    ^Remainders..  careful  Attention  i  otherwife 'tis  too  difficult.  But  there 

143  are  fome  particular  Clrcumftances  wherein 'tis  veryeafy 

and  convenient,  as  in  the  two  following  Cafes. 
Quote. 
Dividend. 

Remainders. 

V.  A  5 1  V  If  t^he  Divifor  has  the  Figure  9  in  all  its  Places,  as  9,  99,  999,  &c.  then 
the  Quote  is  either  i,  when  the  Dividual  is  equal  to  the  Divifor  ^  or  if  the  Dividual  has 
one  place  more  than  the  Divifor,  the  Quote  is  either  the  firft  Figure  on  the  Left  of  the 
Dividual,  or  the  next  greater  Figure.  Thus,  if  the  fii-ft  Figure  added  to  the  remaining  Fi- 
gures (taken  as  one  Number)  makes  a  Sum  lefs  than  the  Divifor,  that  firft  Figure  is  the 
Quote,  and  that  Sum  is  the  Remainder,  after  the  Produd:  of  the  Divifor  and  Quote  is 
tScen  out  of  the  Dividual.  But  if  that  Sum  is  equal  to,  or  greater  than  the  Divifor,  the 
Difference  is  the  Remainder,  and  the  Quote  is  the  Figure  next  greater  than  the  firft  Fi- 
gure of  the  Dividual.  ^,     r       j    /    •  1.         1      t.    j  x».^ 

Thus  the  Quote  and  Remainder  being  eafily  found,  (without  the  Produdt)  we  may 
chufe  the  Method  of  the  preceding  Caje  for  placing  them ;  and  we  -may  alio  make  it 
fhorter,  by  not  writing  down  fuch,  Figures  of  the  Remainder  which  are  the  fame  with 
their  Correfpondents  in  the  Dividual,  but  leaving  them  where  d;ey  ftand. 
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E.v.  I.     35  Here  the  firft  Dividual  is  46?,  the  Quote  4,  and  the  Re- 

72+28  maindcr  72  (=68  +  4  )     The  nejt  Dividual  is  727,  the  Qiiote 

99)46879?  7,  and  Rcmauider  34  (==27  +  7.)     The  next  Dividual  is  349, 

Quote.  4735  »l  the  Quote  3,  and  Remainder  52  (=49  -f  3 .)  The  next  Dividual 

is  523,  the  Quote  ^,  ai\d  Remainder  28. 
£x.  2.    o  Here  tlie  firft  Dividual  is  6755,  the  Quote  6,  and  Remain- 

92    4  der  799  (=793  +  6.)    The  next  Dividual  is  7994,  the  Quote 

999)67934582  is  8  (=7+i>)  and  the  Remainder  2,  (becaufe  994 -f- 7  =  999 

Quote.    68002144  4-2.)     The  next  Dividual  25,  and  the  next  again  258,  bcino- 

each  lefs  than  the  Divifor,  the  Quote  Figures  are  o^  the  laS 

Dividual  is  2582)  the  Quote  2,  and  Remainder  584  (=5824-2.) 

By  thefe  Examples  you  may  eafily  do  or  examine  any  other ;  fee  the  following. 

D  E  M  o  N  s  T.  The  thing  to  be  demortftrated  in  this  Rulc,is  the  way  of  finding  tlie  Quote 
and  Remainder  when  the  Dividual  has  one  place  more  than  die  Divifor,  which,  upon  a  little 
Attention,  will  be  very  obvious.  For  99  wants  i  of  100,  (and  any  Number  expreiled 
thus  by  9's,  wants  i  of  a  Number  expreited  by  i,  and  as  many  o"s.)  And  however  oft 
loo  is  contained  in  any  Number  of  the  fame  Number  of  places,  (which  is  always  as  oft 
as  the  firil  Figure  on  the  Left  exprefles,  the  remaining  Figures  on  the  Right  being  the  Re- 
mainder ;  fo  462  H-  100  =  4,  and  62  remains)  fo  oft  at  leaft  muft  99  be  contained  in  it : 
and  the  Remainder  will  be'  the  Sum  of  tlie  Remainder  when  divided  bv  100,  and  of  the 
Quote  or  firft  Figure  ^  which  is  the  Remainder  when  99  is  taken  out  of  any  Number  of 
Hundreds.  Thus,  468 -^99=4,  and  72  remains,  wz.  68-4-4;  for  in  400-^99,  the 
Remainder  is  4.  And  therefore,  iince  4-f-68  is  lels  than  99,  it  muft  be  the  true  Remain- 
der in  dividing  468  by  99.  ^gahi,  697  h-  99=  7  and  4  remains ;  for  99  is  contained  in 
600  fix  times,  and  6  remains  j  then  6-}- 97=99  +  45  in  which  99  is  contained  once,  and 
4  remains :  Wherefore  99  is  contained  in  697,  7  times,  and  4  remains.  The  fame 
Reafoniiig  holds  in  all  Cafes. 

Examp.  3.  Examp.  4.  Examp,  5. 

73  3  9  92     4 

7622  99.)3997<J  999)<>7934582 

999)746985  Quote. 403II  Quote.  68oo2f 


Quote.  747^1 


99 


Examp.  6.  Examp.  7.  Examp.  8.  Exathp.  9. 

71  9     ^'i  9  -                           809 

99)99467  99)6059457  99)4^59^                99)<J74i9 

Quote.  ioo^|i.  Quote.  6 1004 fi  Qiiote.  4105I  Qiiote.68i: 

The  Ufe  and  Conveniency  of  this  Cafe,  you'll  find  cliiefly  in  Chap.  4,  Book  5.  where 
fiich  Divifors  frequently  occur. 

Cas  E  6.  If  the  Divifor  has  any  other  Figure  than  9  in  all  its  Places,  as  44,  666,  ^e. 
doing  the  Work  in  the  manner  of  Cafe  4,  will  be  eafier  than  if  the  Figures  were  all  dif- 
ferent: But  it  will  be  ftill  eafier  with  a  little  more  Work.  Thus,  divide  by  11  or  11 1,  i^c. 
with  as  many  Places  as  the  Divifor  has ;  and  here  the  Quote  is  eafily  feen,  for  it  is  either 
the  firft  Figure  on  the  Left  of  the  Dividual,  or  the  next  lelTer  Number ;  or  o,  if  the  Di- 
vidual has  the  lame  Number  of  Places  as  the  Divifor.  But  if  the  Dividual  has  one  Place 
more  than  the  Divifor,  the  Quote  is  9.  Then  the  Produdt  of  the  Divifor  and  Quote 
having  the  fame  Quote  Figure  in  all  its  Places,  the  Remainder  is  eafily  found  without 
writing  down  the  Produi5t,  and  fo  may  be  difpofed  in  the  manner  oi  Cafe  4.  Then, 
laftly,  divide  this  Quote  by  that  Digit  of  wliich  tlie  Divifor  confilts,  by  Cafe  i. 

Ex' 
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44)762387. 
Thus. 

11)5(52387 
4)  5ii26i- 
12781^4 


Exam^.  2. 


Thus, 
I  10 
23087a 
111)1672869 

4)   42097— 
10524  llt 


A  General  Method  to  make  DIVISIOU  certain  and  eafy. 

The  Work  of  Divifwn  may  be  made  more  certain  and  eafy  with  the  writing  a  fe^ 
more  Figures ;  by  making  a  Table  of  the  Prodiifts  of  the  Divifor  by  all  the  Digits  ■■,  as 
was  done  in  §.  2.  of  the  preceding  Chap,  for  Multiplication.  To  be  ufed  thus;  Seek  the 
Dividual,  or  the  next  lelTer  Number,  in  the  Table  againft  it  is  the  Quote  Figure,  and 
that  Number  itfelf  is  the  Produdt  of  the  Divifor  and  Quote :  By  this  means  the  Work 
may  be  done  as  fail  as  Figures  can  be  written.  Nor  need  the  Producfls  be  copied  out  of 
the  Table,  but  taken  where  they  ftand.  The  Remainders  may  be  found  and  written  under 
the  Dividual :  And  here  alfo  we  may  chufe  to  write  the  Dividuals  and  Remainders  under 
the  Dividend,  and  without  bringing  down  the  Figures  of  it  to  the  Remainders,  taking 
them  where  they  ftand,  as  has  been  (hewn  in  Cafe  4. 


Exatttple. 


1 

2 
.> 

483 

986 

1469 

4 

1952 

5 
6 

HI') 
2918 

7 
8 

9 

3401 
388+ 

+3^7 

)35268749(7i?^04il- 

^4.0T 

1258 
986 


2727 
^43') 


Here  the  firft  Dividual  is  3526  j  the  neareft  Number  to 
it  in  the  Table  is  3401,  againft  7,  which  is  therefore  the 
Quote,  and  3401  is  the  Produ(fV.  The  next  Dividual  is 
1258,  whofe  next  Number  in  the  Table  is  986,  (drc 


924 
918 


2 


69 

But  the  Work  may  be  made  witliout  writing  the  Produfts  out  of  the  Table  i  and  it 
will  ftand  tlius. 


)35268749(7256o,l:-  ,..,,,..„. 

125  Scholium.     As  to  this  Method  of  Practice,  the  Rea- 

272  dincfs  with  which  the  Qiiote  and  Produft  is  found,  may 

292  be  reckoned  a  fufficient  Balance  for  the  Time  and  Trouble 

6  of  making  the  Table,  in  all  Cafes  where  the  Divifor  exceeds 

two  Places,  and  the  Dividend  is  fo  large  a  Number  that  the 
Quote  will  confift  of  fcvcral  Figures;  and  efpeciilly  too,  if 
we  fubtraifl  the  Produfts  a.^  they  ftand  in  the  Table,  with- 
out writing  them  under  the  Dividual :  And  this  part  will 
ftill'be  more  eafy,  if  we  write  the  Table  upon  a  feparare  bit  of  Paper,  fo  as  wc  can  place 
each  ProduA  under  the  Dividual. 

And,  laftlv,  in  fuch  Qucftions  and  Calculations  where  the  fame  Number  muft  be  fre- 
quently ufed  as  a  Divifor,  this  Method  of  a  Tabic,  efpecially  a  moveable  one,  is  moft 
convenient,  as  you'll  find  afterwards. 

neper's  Rods  may  alfo  be  ufcd  for  maldng  the  Table  of  the  Divifor. 


483 

986 

1469 

1952 

2435 
2918 

3401 

388^ 

4367 
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of  the  PROOFS  of  DIVISION. 

1.  We  have  already  explained  one  Proof  of  Divijion  by  Multiplication,  which  is  this ; 
•iiir.  The  Produd  of  the  Divilbr  and  Integral  Quote  added  to  the  Remainder,  is  equal  to 
the  Dividend. 

2.  But  it  may  be  alfo  proved  by  Divifon.  For  the  Dividend  being  divided  by  the  Inte- 
gral Quote,  the  ^ote  of  this  Divifion  will  be  equal  to  the  former  Divifir,  with  the  fame 
Remainder.  Thus,  3  is  contained  4  times  in  14,  and  2  remains :  But  4  times  3  =  3 
times  4;  therefore  4  muft  be  contained  3  times  in  14,  with  the  fame  Remainder  a  ;  as  ic 
adually  is.     The  fame  Reafon  is  good  in  all  Cafes. 

3.  Laftly,  Divifi07i  may  be  proved  by  cafting  out  the  9's.  Thusj  Subtradl  the  Re- 
mainder out  of  the  Dividend,  what  remains  here  ought  to  be  the  Produdl  of  the  Divifor 
and  ^ote ;  which  you  may  prove  by  cafting  out  the  9's,  as  was  done  in  Multiplication. 


CHAP.     VII. 

0/*  Applicate   Numbers. 

Explaining  the  preceding  Fundamental  Operations^  as  they 
are  Applicable  to  Queftions  about  Particular  Things, 
with  their  Circumjlances  in  Human  Affairs. 

^.  I.  Of  Applicate  Numbers ;   and  their  T^ijlin^iion  of  Simple 

and  Mix'd. 

IVnh  TABLES  cf  the  Variety  of  Coins,    Weights,    and  Measures 
opCREAt  BRITAIN. 

WH  Y  Numbers  are  called  Applicate,  we  have  learned  already.  But  now  we  are 
to  confider.  That  for  the  Ufe  of  Society,  it  was  neceffary  that  certain  greater 
Quantities  Ihould  be  fubdivided  into  other  lelTer  ones ;  and  thefe  again  into 
others  leffer ;  each  having  its  diftindt  and  proper  Denomination  ;  but  all  confidered  as  fub- 
ordinate  Species  of  the  greater ;  in  order  to  the  giving  and  receiving  more  or  \ek  of  any 
Goods  or  Commodity,  as  occafion  fliould  require.  As  for  Example,  One  Pound  (of 
Mone)')  fs  divided  into  20  Shillings,  on;  Shilling  into  12  Pence,  and  one  Penny  into 
4  Farthings.  Thefe  fe\'era!  IclTer  Qiiantities,  as  they  havediftinft  Denominations,  are  as 
really  hnegen  of  their  own  kind  as  the  greater,  of  which  they  area  Part;  and  a  Number 
of  each  Species  conlidered  by  itfcif,  is  called  ^  fmple  Number;  as  48  Pounds,  or  56Sliil- 
lings,  d-r.  But  when  we  tal^e  together  a  Number  of  feveral  Species,  taking  flill  Icfs  of 
each  inferiour  Species  than  what  makes  an  Vint  of  the  higher,  and  confidering  it  as  a  Part 
of  that  Urut,  this  makes  a  7nix'd  Number.  For  Example;  48/.  14. s.  c)d.  2/  is  one 
mix'd  Number.  Again  confider,  that  as  the  Numbers  of  the  inferiour  Species  that  make 
a  mix'd  Number  are  lefs  than  an  Unit  of  the  fuperioiir,  and  have  always  a  known  and 

cer- 
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certain  Relation  to  them,  (as  i  Shilling  is  a  20'"  Part  of  a  Pound  j)  To  they  are  in  efiFe..1 
VraBiom-,  and  being  fummed  up  with  a  regai'd  to  -th^  relation  (as  we  fhall  learn/  they  are 
truly  conlidered  as  Fraffious,  (or  Numbers  related  to  one  anothe ')  in  the  Operation.  But 
tlie  relative  Denomination  (vvliidT  in  every  Fraction  is  a  Number)  being  fupprefs'd  and 
underil:ood,  [tho'  conlidered  in  the  Operation]  and  each  Species  diftiiiguifhed  by  pro- 
per Dcnominationsj  which  of  themfclves  exprefs  no  fuch  Relation  ^  they  are  all  confi.- 
ilered  as  Whole  Nu?/tb€rs :  as  indeed  each  Species  is  in  the  moft  ftrid:  artid  proper  fervfe, 
conlidered  as  an  Integer  widi  relped:  to  the  lower.  So  that  each  of  them,  except  cl\e 
higheft  and  lowelt,  is  conlidered  both  as  a  IVloole  Number  and  a  Fra&ion. 

This  Account  oif  the  Nature  of  w/xV  Numbers  might  perhaps  be  fufhcient ;  yet  there 
are  ieveral  Reflc'^ions,  ufcful  to  fuch  as  would  have  complete  Notions  of  Things,  con- 
cerning the  Na:ure  of  tlie  various  Kinds  of  mix'd  Numbers,  that  may  be  very  proper  in 
this  Place :  for  tho'  it  may  be  thought  a  DigrelBon  from  the  buGnefs  of  Arithmetical 
Operjtiotis,  yet  it  can  never  be  impertinent  to  make  ufeful  Reflections  upon  tl'vc  Subje<5l 
ot'theib  Operations. 

The  Nature  and  Defign  _  of  Society  has  introduced  among  Men  a  Neceflity  of  ex- 
changing fuch  things  as  are  the  Product  of  their  different  Applications  and  Labour ;  for 
every  Country  does  not  produce,  nor  every  Man  apply  himlelf  to  every  thing:  Now, 
whatever  way  this  Exchange  is  made^  whether  thmgs  are  valued  by  their  real  Ufe,  or  by 
Fancy,  there  is  always  fome  EquaUty  fuppofed,  or  made  by  agreement  of  Parries,  betwixt 
certain  Quantides  of  one  thing  and  another  •  And  that  Commerce  might  be  regular  and 
certain,  it  was  neceffary  toconftimre  fome  fixed  and  ftandard  Quaruitie?  under  certain  and 
conftant  Names  ^  otherwife  Men  could  never  be  able  to  treat  aboiit  thefe  Exchanges  un- 
lefs  they  were  together,  and  the  SubjeiSs  were  immediately  before  them^  and  even  then 
not  without  great  Inconveniency.  Again,  becaufe  Men  need  Icfs  and  more  on  differenr 
occalious,  it  was  neceffary  there  fliould  be  various  Quantirys  of  every  Kind,  which 
dilFering  only  as  kfs  or  t'torc,  it  was  convenient  rhat  each  (or  Ieveral)  of  the  greater 
ihould  contain  a  precife  Number  of  the  Icfler  as  diftinft  and  certain  Parts  of  them, 
whereby  fubordinate  Quanritys  coming  under  one  general  Name,  conftimte  one  kind  of 
t/iix'd  Number;,  the  feveral  Parts  or  Denominations  of  which  we  call  tlie  feveral  Species 
of  that  Kind.  .  . 

The  more  common  Subjetfts  of  theCe  mix'd  NuTiibers  are  the  external  fcndbleObjedrs 
which  we  fee  and  feel,  and  v/hich  in  general  we  call  Bodies. 

Now  the  Quantity  of  Bodies  can  only  be  confidcred  in  two  refpeds,  either  as  to  their 
Bulk,  i.  e.  the  external  Meafure  of  Length,  Breadth,  and  Thickvefs ;  or  their  Weight  .- 
And  to  compare  different  Bodies  in  thefe  refpefts,  tliere  muft  be  certain  common  ftan- 
dard Meafures  and  Weights  to  which  all  others  are  compared.  In  fome  Bodies  only  one 
Dimenfion,  which  we  call  Length,  is  coirfidered ;  becaufe  the  other  two  are  either  incon- 
fiderable  in  themfelves;  or  rather,  becaufe  in  a  comparifon  of  more  and  lefs  of  thefe 
things,  the  other  Dimenfions  are  equal,  (or  fuppofed  to  be  £0;)  and  die  Dimenfion  chofen 
is  that  which  admits  of  moil:  Degrees:  fo  that  the  more  and  lefs  are  here  according  to 
thzLcyigth.  Hence  proceed  what  we  call  ^^c  Meafures  of  Length.  See  the  follo-witigTables 
of  viixd  Numbers.  Again,  in  Ibmc,  Length  and  Breadth  are  both  confidered ;  and  from 
this  proceed  the  Superficial  or  Square  Meafures.  Others  are  meafured  in  all  their  three 
Dimenfions ;  hence  the  Solid  and  Cubical  Meafures :  under  which  may  be  comprehended 
what  we  call  the  Meafures  of  Capacity,  by  which  arc  meafured  the  Quantit)'  of  Liquids, 
and  of  all  fuch  thi.'^gs  as  conlifting  of  fmall  Particles  cither  altogether  diitind,  or  cohering 
very  loofely,  cannot  be.meafurcd  fingly,  nor  given  out  by  Number  ^  but  are  confidered 
according  to  the  Bulk  they  make,  when  being  laid  together  they  appear  as  one  continuous 
Bodvi  for  Example,  Corns,  and  Meal,  or  any  folid  Body  reduced  to  Powder. 

Again,  other  things  are  more  conveniently  meafured  by  their  Weight. 

In  the  next  place  we  muft  obfervc.  That  fome  things  are  exchanged  by  Number,  the 

Individuals  (which  muft  all  be  of  on;  Species  of  things)  being  really  feparatcd  and  di- 

j  ftindj 
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ftinft  i  and  which  having  neither  fiiperiour  nor  infeiiour  Species,  are  not  valued  by  Weight 
or  Meafure;  or  one  of  them  being  fo  valued,  the  reft  are  fuppofed  to  be  equal  j  or  the 
things  are  fuch,  as  cannot  be  weighed  or  meaiured.  In  this  manner  are  Cattle,  and  in- 
numerable other  things  bought  and  fold  by  Tale,  ( in  the  common  Phrafe ; )  and  for  thefe 
there  is  no  diftindt  Order  of  mix'd  Numbers.  But  there  is  alfo  a  kind  of  mix'd  Numbers 
conftituted  for  fome  things  that  are  exchanged  by  Tale  j  the  Species  of  which  are  called 
Grofs  and  Dozen,  ^c.  Now  here  the  Species  are  not  any  real  continued  Quantit)'s, 
but  certain  Numbers  diftinguifhed  by  particular  Denominations,  which  therefore  re- 
quire no  Standards,  but  to  have  a  true  Idea  of  the  Number  they  are  affixed  to.  Whereas 
in  other  things,  tlie  feveral  Denominations  give  us  immediately  the  Idea  of  fome  con- 
tinued Quantity  i  and  we  apply  Number  to  them  only  by  an  arbitrary  Subdivilion  into 
Parts :  So  that  we  may  conclude,  that  mix'd  Numbers  arife  more  generally  and  properly 
from  the  imagined  Parts  of  continued  Quantitys,  cither  Solids,  Superficies,  or  Liiies. 

As  to  Co  INS,  obfer've.  That  they  are  properly  meafured  by  Weight :  But  the  Weight 
being  afcertained  by  publick  legal  Marks,  their  Species  have  not  the  proper  Denomination 
of  Weight;  and  therefore  we  don't  ordinarily  talk  of  them  as  things  weighed:,  yet  when 
there  is  any  fufpicion  of  falle  Weights,  they  are  compared  to  fome  ftandard  Weights. 

As  Numbers  are  not  only  applied  to  Bodies,  and  their  imagined  Parts,  but  alfo  to 
every  thing  that  is  capable  of  more  and  lefs ;  as  to  the  conceivable  Parts  of  Time ;  fo  we 
have  alfo  from  tlais  laft  a  particular  kind  of  mix'd  Number. 

Again  objerve.  That  for  different  things  we  have  different  kinds  of  Weights  and  Mea- 
tires  i  fo  we  have  Troy  Weight  and  Averdupoife  Weight,  ^c.  We  have  different  Mea- 
fures  for  Cor?t,  Beer,  Wine,  &c.  Wlierein  thefe  different  Weights  and  Meafures  coincide 
and  agree,  or  what  the  Relation  betwixt  them  is,  and  by  what  means  their  Standards  were 
firft  fettled,  is  not  fo  flridtly  the  bufmefs  of  this  Work  to  conlider.  The  Statutes 
explain  and  determine  thefe  things ;  and  perhaps  Cuftom  only  is  the  Foundation  of  fome 
of  them. 

The  laft  thing  I  fliall  obferve  upon  this  Subjeft,  is.  That  of  the  Denominations  of  Coinsy 
Weights,  and  Meafures,  fome  are  merely  imaginary,  /.  e.  are  not  Names  of  any  one 
real  diftind:  Quantity,  but  of  fome  pollible  Quantity  fuppofed  equal  to  a  certain  Number, 
or  a  certain  Part  of  fome  real  ftandard  Quantity.  So  for  Example,  a  Found  of  Money 
is  an  imaginary  Quantity  equal  to  20  Shillings.  ATjaft  is  an  imaginary  Quantity  equal  to 
12  Barrels.  And  again,  you  muft  obferve,  that  there  are  many  more  Denominations 
known,  and  ufed  upon  different  Occalionsin  treating  or  fpeaking  of  thefe  thing?,  than  are 
convenient  or  ordinarily  ufed  in  keeping  Accounts.  In  the  following  Tables  I  fliall  give 
you  -a  full  account  of  all  the  Kinds  and  Denominations  tliat  are  commonly  known ;  and 
diftinguilh  thofe  that  are  ufed  in  keeping  Accounts. 

TABLES  of  the  mofl  comrnon  Coins,  "Weights,  <z«^  Me  asitr  es, 
\_Real  and  Imagimry]  of  GREAT   BR  IT  J  IN. 
Engli/Jj  Money.  The  Real  Coins  now  Current  and  com- 


4.  Farthings  ii*  i  Penny. 

4  Pence  1  i  Groat. 

6  Pence  |  i  Tefter. 

12  Pence  |  i  Shilling. 
<;  Shilling'?  )►=  I  Crown. 
6  Shillings  -f-  8  Pence  I  i  Noble. 

10  Shillings  I  i  Angel. 

13  Shillings -j- 4  Pence  1  i  Mark. 
20  Shillings                   -J  i  Pound. 


monly  known,  are  thefe : 

1.  Of  Copper-Money;  a  Farthing,  and  a 
Halfpenny. 

2.  Of  Silver- Money;  a  Penny,  Two- 
pence, Four-pence,  Six-pence,  a  Shilling, 
Half  a  Crown,  a  Crown. 

3.  Of  Gold-Money i  Half  a  Guinea  = 
I  o  Shillings  -f-  6  Pence ;  a  Guinea  =  2 1  Shil- 
lings, or  I  Pound  -f-  i  Shilling. 

There  are  many  other  Gold-Coins,  and 
fome  Silver,  but  not  very  common. 

Ac- 
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Accounts  are  kept  in  Pounds,  Shillings,  Pence,  and  Farthings ;  which  are  marked  by 
thefe    Charafters,  1  :  s  :  d  :  q  ox  f.      Whofe  Relations  I  mark    over   them,  thus  ,• 

,    ^°     1/    ji.e.^f=id.     izd=is.     zos=il. 
I  :  f  :   a  :  f. 

Ohfer-ve,  In  Scotland  they  ufe  the  fame  Denominations,  except  Farthings,  and  i  Pound 

Ettgltfi  =  12  Pound  Scotch.    But  they  begin  now  to  ufe  Etiglijb  Money  in  their  Accounts. 

English    Weights. 


Troy  Weight. 

24  Grains  i  Penny-weight, 

20  Penny-weight  =  I  Ounce. 
12  Oiuices  I  Pound. 

Accounts  are  kept  in  the  fame  Denomina- 
tions, marked  thus : 
12     20     24 
ft  :  OZ,  :  dw  :  gr. 

'Averdupoife  Weight. 


4  Quarters  of 

a  Dram 
\6  Drams 
16  Ounces 
14  Pound 
28  Pound 
4  Qiiarters  of? 
a  Hundred  S 
20  Hundred 


I  Dram. 

I  Ounce. 
I  Pound. 
:  I  Stone. 
I  Quart.  ofaHund. 

I  Hundredweight. 

I  Tun. 


Ounce.   Dram.   Qiiarter. 
14     \6     16      4 
thus :    St.     ife.    oz.     dr.    qr. 
Oiferve,  In  Scotland  the  Stone  is  commonly  reckoned  16  Pounds. 


Apothecar/f  Weight. 

20  Grains         i  Scruple. 

3  Scruples i  Dram. 

8  Drams  i  Ounce. 

12  Ounces        i  Pound. 

Marked  thus. 
12     8      3      20 
tt  :  5  :  3  :  9  :  gr. 

In  keeping  Accounts,  this  Weight  is  fub- 
divided  into  two  Kinds,  called  Averdupoife 
Weight.,  the  Greater,  and  the  Lejfer. 

The  Greater  comprehends  thefe  Denomi- 
nations, Tun.    Himdred  Weight.    Quarter. 

20  4  28 
Pound.  Marked  thus ;  T.  C.  qV.  ft. 
But  the  \3&7,,vJz.  C.  Qr.  ft.  arefufficient. 

The    ■  "" 
Pound. 


letter    comprehends  thefe  j    Stone. 


Marked 


The  Original  of  all  Weights  in  England  was  a  Corn  of  Wheat  taken  out  of  the  Middle 
of  the  Ear,  and  well  dried  ^  of  which  32  made  one  Penny-weight ;  inftead  of  which,  th^ 
made  afterwards  another  Divifion  of  the  Penny-weight  into  24  Grains.  Mr.  Ward  (in  his 
roum,  Mathematicians  Guide,)  cites  a  Statute  of  EdivardlW.  by  which  there  ought  to  be. 
no  Weight  ufcd  but  Troy.  But  Cuftom,  fays  be,  afterwards  prevailed  in  giving  larMr 
WeiMit°to  coarfe  and  drofly  Commodities,  and  thereby  introduced  the  Weight  called 
Averdupoife,  And  as  to  the  Proportion  betwixt  Troy  and  Averdufoife  Weight,  he  fays. 
That  by  a  very  nice  Experiment  he  found  that  iPound  Averdupoife  is  zc\\x2!i  to  14  Ounces, 
1 1  Penny-weight,   15  and   i  Grains  Troy.     So  that  neither  the  Ounce  nor  Pound  are 

the  fame. 

By  TVo;' Weight  are  weighed  Je-weh,  Gold,  Silver,  and  Bread. 

By  Averdupoife  Weight  are  weighed  all  Grocery  Wares. 

The  Apothecary's  Pound  isTroy  Weight:  but  inftead  of  fubdividing  the  Ounce  into  dvj. 
they  divide  it  into  Drams  and  Scruples. 

Sheeps  Wool  Weight  has  thefe  Denominations  j  7  Pounds  r=  i  Clove :  2  Cloves  =  I 
Stone:  2  Stone5=iTod:  6^  Tods=:i  Wey:  2Weys=iSack:  i2Sacks=i  Laft.    • 
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Li<i,uiD  Measure. 


Wi7te  Meafure. 

2  Pints 
4  Quarts 
42  Gallons 

I  T  Tierce 

I I  Hoglhead 

1  f  Punchion    or  7 

2  Hogfheads  S 

2  Butts  or  Pipes  i  Tun. 


Ale  a7td  Beer  Meafure'. 


Quart. 

Gallon. 

Tierce. 

Hoglhead. 

Punchion. 


Pints 
Quarts 
Gallons  Ale 
Gallons  Beer 
Firkins 
Kilderkins 


Quart. 


I  ButtorPipe.  ^^^^^^ 


T  A  Firkin 
of  Soap 
.  andHer- 
^rings  are 
I  the  fame 
J  with  that 
Hoglhead.J  of  Ale- 


I  Gallon. 

-=:i  Firkin 

I  Kilderkin. 
I  Barrel. 


Which  may  for  Accounts  be  reduced  to 
thefei  Tun.  Hogfhead.  Gallon.  Qiian. 
Pint.     Thus  Marked : 

4     63       4      2 
T  :  hd  :  gal  :  qt  :  pt. 

63       8 
Or  it  may  be  fufEcient  toufe  hd  :  gal :  pt. 

Ohferw  alfo.  That  all  Spirits,  Mead, 
Perry,  Cyder,Vinegar,  Oil,  and  Honey  are 
meafured  as  Wine.  Again,  18  Gallons 
make  i  Runlet;  and  31  ^  Gallons  make 
a  Wine  or  Vinegar  Barrel. 


Mr.  Ward  fays,  This  Diftindlion  of  the  Ale 
and  Beer  Meafures  are  now  ufed  only  in  Lon- 
don ;  but  in  all  other  Places  of  Ejiglaiid  it  is 
by  a  Statute  of  E>:cife  made  in  the  Year  1689, 
without  diftindtion  8  |  Gallons  to  i  Firkin. 
And  this  Meafuie  may  be  reduced  to  thefe 
Denominations,  viz. 
48  4 
hd  :  gall  :  qt 

hd  :  gall  :  qt 
Of,  according  to  the  laft  Account  for  both, 
51      4      2 
hd  :  gall  :  qt  :  pt. 


2 

pt. 
2 


for  Ale. 
for  Beer. 


There  is  alfo  another  way  of  keeping  Accounts,  efpecially  in  the  Affairs  of  t\se 'Revenue, 
as  the  Excife ;  where  they  make  the  loweft  Denomination  a  Cubical  Inch,  (i.  e.  a  Mea- 
fure I  Inch  long,  i  Inch  broad,  and  i  Inch  deep:)  And  then  of  Wine  Meafure,  231 
Cubick  Inches  make  1  Gallon.  In  Ale  and  Beer  Meafure,  282  Cubick  Inches  make 
i  Gallon;  and  you  may  chufeas  many  of  thefuperiour  Denominations  in  your  Accounts 
as  youpleafe. 

As  to  the  Original  of  Liquid  Mealiire,  it  is  from  7>o/ Weight.  Thus ;  8  it  Troy  Weight 
of  Wheat  gathered  out  of  the  Middle  of  the  Ear,  and  well  dried,  is,  by  the  old  Statutes 
oi Henry  III.  eff.  ordained  to  be  a  Gallon  of  Wine  Meafure;  neither  were  any  other 
Meafures  allowed,  tho'  Time  and  Cuftom  has  introduced  others.  Mr.  Ward  mentions  an 
Experiment  he  was  wicnefs  to  at  Guildhall.,  before  the  Lord-Mayor  of  Loudon  and  others ; 
whereby  it  was  found  that  the  old  Standard  Wine  Gallon  contained  exadtly  224  Cubical 
Inches;  tho',  fays  he,  for  feveral  Reafons,  the  fuppofed  Content  of  231  Inches  was 
continued. 

Obferve,  In  Scotland,  the  common.  Denominations  of  Liquid  Meafure  are  thefe: 
Hogfhead.  Gallon.  Pint.  Mutchkin.  Gill,  and  4  Gill=  i  Mutchldn;  4  Murchkins  =  i 
Pint;  8  Pints  =:  I  Gallon ;  and  16 Gallons  =  i  Hogfliead.  They  alfo  call  2  Mutchkins, 
i  Chopin;  and  2  Pints  i  Quart.  The  Englip  Pint  is  a  \'ery  little  larger  than  a  Scotch 
Mutchkin.  But  the  Excife  in  Scotland,  fince  die  Union  of  the  two  Nations,  is  calculated 
upon  Englifo  Meafure. 


L  2 


DRr 


J6 


Of  Applkate  Numbers. 


Book 


I. 


Dry  Measure,  called  « 

rt//o  C  o  R  N  Measure. 

2  Pints  I  Quart.  For  Accounts,  thefe  Denominations  are  fufficient; 

i  Quarts         i  Pottle.  4.         8  4       16 

a  Pottles         I  Gallon.  Ch  :  qr  :  bufh  :  pk  :  pt. 

2  Gallons        i  Peck.  I  have  taken  this  Table  as  it  is  in  Wmgate  and 

Pecks  1  Bufhel,  Corn.       others j  hwtWard ivjSy    10  Quarters  =  i  Wey,  and 

Pecks     =  r  Bufhel,  Water.      i2Weys=:i  Laft  of  Com. 

Buihels        1  Coomb.  As  in  Liquid  Meafure,  fo  in  dry,  the  loweft  De- 

Coombs      I  Quarter.  nomination  ufed  in  the  Calculations  of  the  Revenue 

4.  Quarters      1  Chalder.  is  a  Cubic  Inch,   whereof  268  +  *  make  i  Gallon: 

5  Quarters      i  Tun  or  Wey.        For  the  Winchefler  Bufhel  with  aplain  round  Bottom 

2  Weys  I  Lalt.  and  equally  wide  from  Top  to  Bottom,  is  18  1  In- 

ches wide,  and  8  Inches  deep  ^  whence  follows  by 
Calculation,  that  268  f  Cubical  Inches  make  i  Gallon. 

i5        4 

The  common  Denominations  of  Com  Meafure  in  Scotland,  are  Chaldron.  Boll.  Bufhel. 

Peck.  Quarter.    But  they  are  different  Meafures  from  the  EfigiiJJj  of  the  fame  Name. 


Measures  o^Length.. 


12  Inches 

3  Feet 
4^  Inches 

2  Yards 

54  Yards 
40  Poles 

8  Furlongs 


ift. 


Foot. 

Yard. 

Eln. 

Fathom. 

PoleorPerch. 

Furlong. 

Mile. 


For  Accounts  ufe  thefe  Deno- 
minations ; 

8      220      3         12 
Mile  :  fiirl  :  yd  :  feet  :  Inch. 


2d. 

4  Nails I  Quarter 

4  Qua''     1  Yard. 

Marked 

yd  :  qr  :   na. 


The  Original  of  Long  Meafures  is  from  a  Com  of  Barley,  whereof  3  taken  out  of  the 
Middle  of  the  Ear,  and  well  dried,  make  i  Inch ;  and  therefore  i  Barley-Corn  is  the  leaft 
Meafure,  but  not  ufed  in  Accounts. 


Time. 

60  Seconds  i  Minute. 

60  Minutes  i  Hour. 

24  Hours  =  I  Day. 

^65  Da.+5ho.-f48?      ,  Year. 
nun.  +  W'CC.     5 

Becaufe  i  Day  is  not  an  aliquot  Part  of 
a  Year,  therefore  all  thefe  Denominations 
cannot  conveniently  be  mixed  in  Accounts. 
And  we  may  chufe  to  make  Days  the 
greatcft  Denomination  ia  Accounts  j  and 


then  any  Number  of  Days  may  be  again 
reduced  to  Years,  by  dividing  them  by 
565  Days,  5  Hours,  ±%  Minutes,  y  7  Seconds, 
as  will  be  afterwaras  taught.  In  Aftrono- 
mical  Calculations  there  is  a  necefiTity  to  be 
thus  exad:  But  for  common  Ufes  we 
may  negledi  the  5  Hours,  48  Minutes,  57 
Seconds,  and  make  :?  65  Days  =  I  Year.  Or 
alfo  cafting  away  i  Day  +  5  Hours,  ef  f .  we 
may  call  3(^4  Days  =  i  Year :  And  make 
this  Diviiion  of  the  Year,  -v/s. 
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Bat  to  make  3<>5  Days  =  i  Year,  and  ufe 
no  Denomination  betwixt  Year  and  Day,  is 
the  better  way  in  Calculations  of  Intereft, 
where  it  occurs  moft;  as  you'll  find  after- 
wards :  yet  Months  and  Weeks  make  a  con- 
venient Divifion  of  Time. 


60  Second? 

I  Minute. 

60  Minutes 

I  Hour. 

24  Hours 

1  Day. 

7  Days              = 

:  I  Week. 

4  Weeks,  or  > 
28  Days          S 

I  Month. 

13  Months 

I  Year. 

CySuPERFiciAL  or  S 

""TJfeS'"!      .  Square  Inch. 

144  Square  Inches 

I  Square  Foot. 

9  Square  Feet 

=  1  Square  Yard. 

30  J  Square  Yards 

1  Square  Pole. 

40  Square  Poles 

I  Rod  of  Land. 

4  Rods 

I  Acre. 

Ohfervey  Square  Meafure  is  that  which 
is  as  long  as  broad;  and  therefore  as  4 
Quarters  make  i  Inch  in  Length,  fo  a 
Surface  i  Inch  long  and  i  Inch  broad  is 
divilible  into  i5  Parts,  each  |  Inch  long 
and  broad ;  and  fo  of  the  reft.  The  Rea- 
fon  of  which  will  be  underftood  after 
you  know  what  Multiplication  is. 
For  fmall  Surfaces  the  Denominations  of  inch.  foot.  yd.  are  enough.  And  for  Land 
thefe  of  Acre.  Rod.  Pole.  Alfo  when  we  fay  fo  many  fquare  Feet  or  Yards,  <d>-t.  it 
were  the  fame  thing  to  fay  fo  many  Feet  or  Yards  long,  and  one  broad.  And  thus  a  Rod 
is  40  Poles  (or  220  Yards)  long,  and  i  Pole  (or  5  J  Yards)  broad,-  which  is  alio  1210 
Yards  long,  and  i  broad. 

Scholium,  relating  to  the folloiuing  Applications. 

Thofe  who  would  be  very  nice  and  fcrupulous  as  to  the  Method  and  Order  of  brino-fng 
in  the  following  Applications,  would  firft  explain  all  the  four  fundamental  Operations  of 
Addition-,  Subtra^ion,  Multiplication-,  and  Divifofij  as  applied  to  fimple  Number.":,  before 
they  fay  a  word  of  mixed  Numbers;  and  they  have  this  Reafon  for  it,  viz.  Becaufe  the 
Addition  of  mixed  Numbers  is  indeed  not  the  fimple  Effeft  of  Addition,  but  of  that  and 
Divifion  too :  and  therefore,  according  to  the  ftrideft  Method,  ought  to  be  brou^^ht  as  a 
mixed  Application  of  both.  It  is  true,  that  according  to  the  Order  we  have  hitherto 
followed,  (the  general  Rule  of  Divifion  being  already  taught)  we  may  propofe  any  Rule 
with  a  Divifion  to  be  performed;  for  this  cannot  be  called  the  propofin^  to  one  the 
doing  of  a  thing  which  he  has  not  yet  learned :  yet  ftill  it  will  have  thus  much  of  Difirder 
in  it,  that  we  mall  anticipate  fomething  tint  does  more  immediately  and  properly  belong 
to  the  Application  of  Divifon.  But  that  being  fimple,  and  the  Reafon  of  it  very  obvious, 
I  have  chofen  rather  to  explain  the  Pradice  of  5iw//e  snd  Mixed  Numbers  one  immediately 
after  the  other,  in  each  of  the  four  Operations.  And  to  ferve  thofe  who  incline  to  learn 
the  Addition  of  Applicate  Numbers  before  they  learn  Divifion  of  Abftradt  Numbers,  I 
have  alfo  explained  the  Method  neceflary  to  be  ufed  in  that  Cafe. 
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f  2.  ADDITION  «?/Applicate  Numbers. 

C  A  s  E  I.     To  add  Simple  Numbers  all  of  ofie  Demtnmatim. 

in  U  L  E.  This  is  done  in  all  refpeds  as  AbftraB  Number s,  thefe  being  no  other  thart 
■IV  Kuvibers  ajiplhahle  to  avy  khid  of  tlohig.  So  that  a  particular  Application  can  never 
alter  the  Rule  and  Reafon  of  Operation.  And  that  they  ought  to  be  all  of  one  Deno- 
mination,  is  alfo  plain.    But  fee  the  following  Scholiums. 


Scholiums. 


Sterling. 

2468 

7890 

5678 

2^+^ 


Years. 

?+7 
25<J 
789 
^<55 


I.  That  is  called  a  Proper  ^(/ii/y//o«,  when  Num- 
bers are  fo  added  together  as  that  their  Sum  is  a 
new  Number  diftindt  from  either  of  them  j  and 
that  Applieate  Numbers  may  be  added  in  tliis  man- 

ner  together,  the  U?»ts  of  each  that  are  to  be  added 

ii.   1 8;  8:  Sum     \  19-^^         muft  be  of  the  fime  Value  and  Denomination,  or 

applied  to  the  fame  Species  of  things,  elfetheSum 
can  have  no  particular  Denomination,  and  fo  be  of  no  ufe  in  Pradice.  So  4  Men  and  3 
Books  make  7  things ;  but  are  not  either  7  Men  or  7  Rooks. 

Again,  Numbers  of  different  Denominations  are  faid  .to  be  added  improperly  when  each 
Number  is  diftintfily  reprefented  by  itfclf  with  fome  Mark  or  Word  for  Addition  ,•  as  for 
Example,  3/.  and4J'.  or3/. +4''-  or  more  fimply  3/.-  4^.  and fuch  Additions  confticute 
mixed  Numbers.  But  ftill  it  is  to  be  minded,  that  applieate  Nuinbers  cannot  be  added, 
even  improperly,  /.  e.  to  make  one  mixed  Ntonber,  unlefs  tliey  have  certain  Relations  to 
one  another,  fo  that  a  certain  Number  of  one  Icind  is  equal  to  one  of  another.  And 
for  the  fame  Reafon  when  there  are  feveral  mixed  Numbers  to  be  added,  the  Numbers' of 
each  Species  mufl  be  feparately  and  dillinftly  added  together,  as  in  the  following  Cafe: 
Concerning  which,  carefully  obferve  the  following  Article. 

2.  The  Sum  of  feveral  mixed  Numbers  may  be  found  and  exprcfled  after  two  very 
differenr  manners,  (i.)  We  rnay  add  the  Numbers  of  every  Species  by  itfelf  into  one 
complete  Sum  j  and  exprefs  thefe  feveral  Sums  dillinftly  and  feparately.  Or,  (2.)  Re- 
garding the  mutual  Relations  of  the  feveral  Species,  the  total  Sum  may  be  found  and 
expreltcd  in  a  more  fimple  manner  i  fo  that  there  fhall  be  no  Number  in  it  of  any  infe- 
riour  Species  but  what  is  lefs  than  an  Unit  of  the  next  above.  [The  Value  of  tine  Sums 
■of  each  inferiour  Species  being  expreiTcd  in  Numbers  of  the  next  higher  Species,  gradually 
to  the  highefl.3 

Now  the  Firfl  is  the  only  Method  natural  and  proper  to  Addition  ;  for  the  Anfwer  it 
finds  is  the  pure  Effcft  of  Addition ;  and  is  indeed  only  fo  many  diftinft  Q^icftions  of 
fimple  Numbers  added,  without  any' dependence  or  regard  to  one  another.     As  in  the 


anncx'd  Example. 


I. 

:   s. 

.   d. 

24 
68 

467 

■It 

06 
10 

.  10 
09 
II 
08 

ilMethoi  911 

48 

38 

d  Method  9 1 3 

II 

02 

But  tlie  Anfwer  found  by  the  fecond  Method,  (which 
fhall  be  taught  immediately,)  is  the  moil  Simple  and  Ule- 
ful  in  Bufinefs;  becaufe  it  expreffes  the  Whole  in  one  Spe- 
cies (and  that  the  higheft)  as  near  as  pofTiblej  and  fa 
makes  the  Compaiifon  of  different  Quantities  more  fimple 
and  eafy:  yet  tlie  Operation  is  more  complex;  for  it  is 
the  mixed  EfTciS  of  Addition  and  Divifon.  I  have  in 
this  Example  exprelTed  the  Sum  both  ways.  How  the 
fecond  is  performed,  you  learn  in  the  following  K-ule. 

1  Laftly, 
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'Lafily-,  Obfervp,  That  tho'  the  Numbers  to  be  added  are  all  of  one  Denomination, 
and  fo  far  belong  to  the  firft  Cafe ;  yet  if  they  are  of  fuch  kind  of  things  as  have  fupc- 
rior  Species,  the  Anfwer  may,  in  fome  Cafes,  be  found  and  exprelled  two  waysj  either 
in  their  own  Species  by  (itnple  Addition,  as  in  Cafe  i.  or  regard  may  be  had  to  the  fuperior  • 
Species :  And  then,  if  their  Sum  taken  in  their  own  Species  is  greater  than  an  Unit  of 
the  Superiour,  the  total  Value  of  the  given  Numbers  may  be  expreilcd  in  the  fuperiour 
Species,  as  far  as  it  reaches.  And  fo  it  will  be  either  a  liraple  Number  of  fome  one  fu- 
periour Species,  or  a  mix'd  Number  of  feveral  Species,  ('the  Rule  for  the  performing  of 
wliich,  is  ccntain'd  in  that  of  the  ne::c  Cafe.)  For  Exa7;iplc,  feveriU  Numbers  of  d.  or 
y?'.  being  propofed  to  be  added,  we  may  find  the  Sum  all  in  d.  or  Jh.  or  in  /.  s.  d.  as  far 
as  the  Value  will  reach.  So  if  we  ta!<e  the  Shillings  of  the  preceding  Exam^.  for  the 
given  Numbers  of  a  Queftion,  the  Anfwer  is  either  48  f.  or  2  /.  8  x.  which  you'll  find 
equal  to  it  by  die  Rule  given  in  the  following  Cafe. 

Case  II.    r*;  ^^af  MIX'D  NU  MBERS. 

Rule  I.  In  every  Line  of  mix'd  Numbers  let  the  Species  be  diftinclly  feparated,  and  in 
order  to  this,  write  firft  down  the  Names  (or  Character^  of  the  Species,  [the  higheft 
on  the  Left-hand,  and  the  reft  in  order  toward  the  Ri»ht]  and  then  write  every  Line  of 
Numbers  in  order  under  thcfe,  the  Number  of  each  Species  under  its  own  Name  i  and 
in  every  Species  obferve  duly  the  Order  of  places  of  each  Figure. 

2.  Beginning  at  the  loweft  Denomination,  add  all  the  Numbers  of  that  Column  toge^ 
ther  (as  firaple  Numbers)  and  when  you  have  found  the  Sum,  you  muft  find  how  many 
Units  of  the  next  fuperiour  Denomination  it's  equal  to :  Thus ;  Divide  it  by  that  Number 
of  the  Species  added,  which  is  equal  to  an  Unit  of  the  next  above  j  what  remains  in  the 
Divifion  write  dowTi  under  the  Numbers  added,  as  a  Part  of  the  total  Sum  which  be- 
longs to  that  Species,  and  the  Number  of  the  Quote  take  and  add  to  the  Numbers  of 
the  next  Species.  But  if  the  Sum  is  lefs  than  an  Unit  of  the  next,  fet  down  what  it  is, 
and  there  is  nothing  to  be  carried  to  the  next. '  .Go  thus  thro'  every  Denomination,  till 
you  come  to  the  laft  or  higheft,  and  write  down  the  total  Sum  of  that  as  it  is,  becaufe  it 
has  relation  to  no  higher  j  and  all  thefe  Numbers,  fet  down  imder  every  Denomination, 
make  the  total  Sum. 

Examp.  of  Money. 

/_  (]_,_      d,     f  Thus,  in  the  annex'd  Example,  the  total  Sum  of  the  Far- 

things you'll  find  to  be  14 ;  then,  becau'e  4  Farthings  =  i 
Penny,  I  divide  14  by  4,  the  Qiiote  is  3,  and  2  rcm.ains, 
which  is  written  in  the  Sum  under  Farthings,  and  the  Qiiore 
3  I  carry  to  the  Pence  j  and  the  Sum  is  6'id.  which  I  di- 
vide by  12  (bec.iufe  izd.=:ifi.)  the  Qiiote  is  5,  and  8  re- 
mains, which  is  written  down  under  d.  and  the  5  carried  to 
the  Shillings,  v/hofe  Sum  is  90,  which  I  divide  by  20  (be- 
caufe lojh.^^il.)  the  Qiiote  is  4,  and  10  remains,  which  is 
written  under  /A.  and  the  4  carried  to  the  Pounds,  whofcSum 
is  35832,  maldng  the  total  Sum  35832/.  los.  o%d.  2/. 

The  IReafon  of  making  the  Divifions  direiftcd  (which  is  the  only  new  thing  we  have  to 
account  for)  is  plainly  this,  i-iz.  Becaufe  4/=;  i  </.  therefore  as  oft  as  4  Farthings  is  con- 
tained in  any  other  Number  of  Farthings,  fo  many  Pence  is  that  Number  of  Farthings 
equal  to:  and  the  like  Rcafoning  is  good  in  all  other  Cafes. 

But  for  thofc  who  do  not  yet  underftand  the  Rule  of  Divifion  Cnd  even  ihQl  tliey  do^ 
the  following  is  a  convenient  Method. 

Ta 


4760  ; 

14: 

11 

;  2, 

6854  •■ 

16  ; 

;  10  : 

:  ^ 

5923  : 

08  ; 

;  06  : 

;  2 

640  : 

10  : 

:  09  ; 

:  0 

^2  : 

00  : 

:  II 

■   3 

7925  ; 

18 

;  08  ; 

:  I 

8894 

;  19 

:  TO 

■   3 

35832  : 

10 

:  08  : 

;  2 

/. 

s. 

d. 

46: 
68  : 

i8 

:  6 
:   II 

72 

10- 

:  10 

94 

9 

:  8 

2^2 

I? 

:  II 
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To  tfrfrf  M I  X'D  NUMBERS  luithout  the  Rule  of  Divifiox. 

•Rule  Beffin  at  the  loweft  Species,  and  add  the  Numbers  thereof  together;  not  by 
finrie  Columns,  as  you  do  fimple  Numbers,  but  take  the  whole  Number  that  is  in  every 
Line  tot^ether,  and  add  them  to  one  another,  pointing  when  you  come  to  fuch  a  Sum  as 
is  eaual^to,  or  greater  than  an  Unit  of  the  next  higher  Species,  (but  lefs  than  two  fuch 
Unit'^)  and  carry  on  the  Excefs,  adding  it  to  the  next  Number;  and  (o  thro'  all  that 
Species ;  fettins;  down  in  the  total  Sum  what  Excefs  there  happens  to  be  after  the  laft 
Point  Then  for  eveiy  Point  carry  i  to  the  next  Species,  and  go  thro'  all  the  Species  in 
the  fame  manner;  but  the  higheft  you  are  to  add  by  iingle Figures,  as  fmiple  Numbers. 

Examp. 

The  Operation  of  this  Example  is  thus :  Beginning  at  the 
Pence  of  the  loweft  Line,  Ifay  8-{-io  =  i8,  which  is  12 -|- 6; 
therefore  I  make  a  Point  at  the  10,  and  carry  forward  the  6; 
thus  ()-f- 11=17,  which  is  i2-f~5>  this  makes  another  Point 
at  11,  and  5  to  carry  forward;  then  5-f-(5=ii,  which  be- 
ing lefs  than  12,  I  write  it  down ;  Then  for  the  xwo  Points  I 
carry  2  to  the  Shillings;  thus,  2-f-9(==ii)  -\-io  =  2ij 
for  which  I  make  a  Point  (for  the  lo)  at  10,  and  carry  for- 
wards the  I  over  20;  thus  i-f-i8  (=19)  -)-i4=33,  for  which  I  make  another  Point 
at  14,  and  the  Remainder  13  (over  20)  is  written  down:  then  for  thefe  two  Points  I 
carry  2  to  the  Pounds,  and  add  them  as  in  Cafe  1 . 

Olfervc,  We  need  not  point  the  Shillings,  but  take  this  eafy  Method,  viz.  Add  the  firft 
Column  and  write  down  what's  over  lo's,  (as  iimple  Numbers)  then  carrying  the  Num- 
ber of  lo's  to  the  fecond  Column,  (or  Place  of  lo'^)  fum  it  up,  and  if  the  Sum  is  an  even 
Number,  fet  down  o  and  carry  the  half  of  the  Sum  to  the  Pounds;  but  if  it's  an  odd 
Number,  fet  down  the  odd  i,  and  carry  the  half  of  the  Remainder. 

The  Reafon  of  this  Praftice  is  plain,  for  two  lo's  make  2a;  and  we  may  eafJy  fup- 
pofe  any  body,  the  leaft  acquainted  with  Addition,  can  take  the  half  of  an  even  Number. 

AnotherMethod. 

Some  propofe  to  make  Tables,  that  may  ferve  inftead  of  Divifion ;  whereby,  when 

the  Sum  of  any  Species  is  taken  by  itfelf  (;is  fimple  Numbers)  you  may,  by  Inlpedtion, 

f  nd  how  many  Units  are  to  be  carried  to  the  next  higher  Species:  The  Method  of  which 

will  be  very  obvious,  by  confidering  die  following  Examp.  for  Money,  which  is  made  by 

fimple  Addition.  Thus ;  Beginning  at  4  /.  write 
againft  it  ifl'.  then  4 -(-4  =8,  and  againft  it  write 
2;  then  8-f-4=i2,  and  fo  on,  ftill  adding  the 
laft  Sum  to  the  firft  Number.  The  fame  way  pro- 
ceed in  all  other  Species.  And  for  the  Length  of 
the  Table,  you  carry  it  on  as  far  as  you  pleafe ; 
wliich,  for  long  Pages  or  Columns  of  Numbers 
may  require  40  Lines :  But  if  you'll  fubdivide  the 
Column  into  Parcels  of  about  12  or  20  Numbers> 
taking  their  Sums  feparately,  and  adding  them  to- 
gether, then  a  Table  carried  fo  far  wul  be  fuffi- 
cient. 


The 


Table  for  the  Addition  of  Money, 
f        d     d.       p.    p.       I. 


4=  I 

12=  I 

20:^=:  I 

8=  2 

24=  2 

40=  2 

12=  3 

36=  3 

60=  3 

16=4 

48=  4 

80=  4 

20=  5 

60=  5 

100=  5 

24=  6 

72=  6 

120=  6 

28=  7 

84=  7 

140=  7 

32=  8 

96=  8 

160=  8 

36=  9 

108=  9 

1 80=  9 

40  =  10 

120=  10 

200=10 

Chap.  7.         Addition*?/' AppUcate  Numbers.  8 1 

The  Vfe  of  this  Table  (and  all  others  of  the  fame  kind)  is  obvious ;  for,  having  fum- 
med  any  Species,  feek  that  Number  in  this  Table  (in  its  proper  Column,  if  it  does  not 
exceed  the  gieateft  Number  in  the  Table)  and  if  that  precife  Number  is  not  there,  take 
die  next  lefler,  and  againft  it  you  have  tlie  Number  of  the  next  fuperiour  Species  con- 
tained in  the  [Sum-  which  Number  you  are  to  carry  to  the  next  fuperiour,  and  take  the 
Difference  betv/ixt  the  Sum  and  that  Number  next  lefs,  which  you  are  to  write  down 
under  the  Numbers  added.  I  fhall  leave  you  to  examine  the  preceding  Examples  by  this 
Table,  or  make  odiers  for  your  Exercife. 

Ohjirve,  Thofe  who  propoie  fuch  Tables  do  it  to  prevent  blotting  of  Accounts  by 
pointings  for  they  dehgn  them  for  the  more  Ignorant,  who  can't  do  Divifion.  But  as  I 
have  faid  enough  already  to  the  Objedlion  againd  pointing,  I  fliall  only  obferve,  that  any 
Accounts  fuch  Perfons  can  be  intrufted  widi,  can't  require  fo  great  Nicety  as  to  make 
pointing  a  Fault.  And  I  think  'tis  plain,  there  is  lefs  Trouble  with  it  in  the  Pradticc,  and 
is  even  more  convenient  than  to  do  the  Work  by  Divifion  (when  one  can  do  it  fo)  be- 
caufe  more  fimple. 

EXAMPLES/or  the  Exercife  of  ADD ITION  itt  Mix'd  Numbers. 


/. 

Mo7iey. 

20      12      4 
X.         d.       f 

Tr 
ft. 

oy  Weight. 

12      20 

|.     d-w. 

Averdupoife  Weight-, 
the  Greater. 
24                       4      28 
gr.            Ct.      qr.     ft. 

346 

268 
4689 

7846 

6320 

25685 
64 

:  14  :  08  :  3 
:   16  :   10  :  2 
•  09  :  II  :  2 
:  10  :  06  :  3 
:  00  :  04  :  0 
:   18  :  00  :  2 
:   12  :   II  :   I 

4768 

2345 
3689 

\' 
762 

86  ; 

67 

:  II  :  18 
:  10  :  15 
:  08  :   10 
:  06  :  12 
:  04  :  19 
;  07  :  08 
:   II    :   13 

:  20           372  :  3  :  27 
:  23           468  :  2  :  20 
:   18           593  :  0  :  10 
:   10           678  :  2  :  18 
:  06           976  :  3  :  19 
:  09           678  :  I  :  24 
:  22            789  :  2  :  06 

4^219  ; 

:    17  :  05    :   I 

12597   : 

ye. 

2 

:   01  :    19 
Mile. 

:    12          4558  :   I  :   12 

Wine  Meafu. 
4     63     4 
Ton.  hd.  gal.   qt. 

Long  Meafure. 

8      220     3     12 

furl.    yd.     f.     in. 

4?6  :  3  :  62  :  2  :  I  34(^7  :  5  :  219  :  2  :  lO 

678  :  2  :  60  :  3  :  o  4^67  :  7  :  184  :  i  :  ii 

569  :  I  :  48  :  I  :  I  5678  :  6  :  062  :  2  :  08 

456  :  o  :  29  :  3:1  78967  :  4  :  009  :  o  :  09 

789  ••  1  :  36  :  2  :  o  56789  :  3  :  084  :  2  :  11 

987  :  2  :  54  :  I  :  I  i^6o8  :  2  :  147  :  i  :  10 

672  :  3  :  46  :  3  :  I  35791  :  i  :  210  :  2  :  06 

^^91  :  1  :  24  :  I  •  I       209871  :  o  :  80  :  o  :  oy 

\n\\^Example  of  Long  Meafure,  becaufe  220  Yards  =  i  Furlong,  therefore  in  adding 
up  the  Yards,  the  eafieft  way  is  to  add  up  the  Column  of  Units,  writint^  down  what's 
over  id's,  and  carrying  the  Number  of  lo's  to  the  other  two  Columns,  Sxm  them  both 
together,  pointing  at  every  22,  or  dividing  die  Sum  by  22. 

M  General 
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General  Scholium,   concerning  the  more  [fecial  Application  of  the 

Rules  of  Arithmeiick. 

A  good  Arithmetician  mufl:  be  capable  of  fometWng  more  than  barely  to  perform  any 
Operations  with  given  Numbers,  when  the  Qiieftion  is  limply  propofed  to  Add,  Sub- 
tra6t,  &c.  i.  e.  when  he  knows  what  Operation  is  to  be  applied,  and  to  what  Numbers. 
For,  the  great  Art  of  Application  lies  in  the  Solution  of  fuch  Queftions  as,  to  dilTringuirti 
&scm  from  the  other,  I  call  Mix'd  or  Circumflantiate  Quellions,  ;.  e.  wherein  no  Opera- 
tion is  named,  but  we  are  left  to  find  the  proper  Work  from  the  Nature  and  Circum" 
fiances  of  the  Queftion.  Now,  for  this  there  are  not  any  determinate  and  general  Rules : 
it  depends  upon  the  good  Senfe  and  Judgment  of  the  Arithmetician,  whereby  he  can 
diftindtly  ancl  perfedtly  comprehend  the  Nature  and  Ctrcumltances  of  a  QaclHon.  It 
fuppofo  him  to  underftand  the  Nature  of  the  Subjeil  about  which  the  Queltion  is  ■-,  and 
laftly,  to  underftand  perfedly  well  the  true  general  Import  and  Effed  of  the  feveral 
fimple  Operations  of  Arithmetick.  By  which  means  he  may  know  when  the  Realbn  of 
the  Queftion  requires  fuch  an  Operation. 

The  more  fimple  the  Circumftances  of  a  Queftion  are,  it  will  be  the  more  eafy ;  and 
where  there  is  but  one  Operation  to  be  applied,  it  will  be  always  obvious :  But,  where  a 
Variety  of  Circumftances  occur,  and  feveral  Operations  become  thereby  neceflary,  the 
Difficulty  increafes ;  which  Experience  only  can  make  eafy.  And  therefore,  as  a  proper 
Introduftion  to  tliat  Experience,  I  fhall  give  you,  after  each  of  the  Rules,  fome  pradfical 
Qiieftions,  whofe  Solutions  being  conlidered,  may  help  to  guide  the  Judgm€nt  in  like 
Applications. 

The  Efkik  of  AMtion  being  the  Difcovery  of  a  Number,  which  is  equal  to  certain 
given  Numbers,  taken  all  together  j  whenever  the  Senfe  and  Reafon  of  a  Queftion  Ihews 
that  any  given  Numbers  mull  be  coUeded,  or  that  the  Number  fought  is  equal  in  Value 
to  feveral  Numbers  given,  then  Addition  is  the  Rule  i  as  in  the  following  Examples. 

Mix'd  Practical  Q.uestions /or  ADDITION. 

g«f/?.  I.  A  Father  was  i8  Years  4  Months  old,  (reckoning 
13  Months  to  one  Year,  and  28  Days  to  one  Month)  when 
his  eldeft  Child  was  born.  Betwbtt  the  eldeft  and  fccond  were 
II  Months  10  Days.  Betwixt  the  fecond  and  third  were  3  Years 
8  Months.  When  the  third  is  12  Years,  6  Montlrs,  20  Days, 
how  old  is  the  Father?  Anfwer  35  Years,  4  Months,  2  Days. 
For  that  all  thefe  Numbers  ought  to  be  added  together,  is  ma- 
nifeft. 

^ejl.  2.  I  bought  a  Parcel  of  Goods,  whereof  the  firft  Coft 
was  40/.  10  s.  paid  for  packing  them  13^.  for  Carriage  il.6s.  %d. 
and  fpent  about  the  Bargain  making,  15^.  6d.  What  do  thefe 
Goods  ftand  me  in  all  ?    Anfwer,  43  /.  5;  x.  2  </. 


i^ 

28. 

)•'■ 

mo. 

da. 

18  ; 

04 

:  00 

11 

:   10 

^  '■ 

;  08 

:  00 

12  : 

:  06 

:  20 

?5 

:  04 

:  02 

/. 

s. 

J. 

40 

:   10 

:   00 

CO 

:  n 

:  00 

01 

:  06 

:  08 

00 

■  i<r 

:  06 

r> 

05 

:   02 

e^ejf. 
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§>ue^.  3.  There  is  owing  mc  by  the  following  Debtors,  viz. 
>^.  owes  20/.  \^s.  B.  owes  100/.  C.owes^d/.  10^.  %.d.  X>.  owes 
82/.  \%s.  \d.  What  is  the  Amount  of  the  whole?  Aufwer, 
260/.   \!- 


§uefl.  4.  The  Diftance  betwixt  two  Places  is  fuch,  that  if  5 
Miles  and  5  Furlongs  is  taken  from  it,  what  remains  is  equal  to 
8  Miles,  4  Furlongs  and  100  Yards.  What  is  the  Diflance  of 
thefe  two  Places  ?    Anfwer,  12  Miles,  i  Furl,  and  100  Yards. 


J.  3.   SUBTRACTION  o/ Applicate  Numbers. 

Case  i.  To  fubtraft  fimple  Numbers  of  one  Denomination. 
Rule.     This  is  done  as  Abftraii  Numbers. 
■«  /.  Gallons. 

Sub*.     468  Sub*.  72306 

Sub^     2^3  Sub^    94.62 


^3 


J. 

s. 

d. 

20 
100 

82 

■  17 
:  00 

:  10 

:  iS 

:  00 
:  00 
:  08 
:  04 

260 

:  04. 

:  00 

W. 

f,<rl. 

yd. 

l\ 

05  : 
04  : 

000 
100 

12  : 

01  : 

lOD 

Diff.     21^/. 


Diff.  62844  Gallons: 


Case  2.  To  fubtradt  Mix'd Numbers. 

'Rule  I.  Having  fet  the  Subtrador  orderly  under  the  Subtrahend,  with  a  due  regard  to 
the  Places  and  Species  j  2.  Begin  at  the  loweft  Species  of  the  Subtraftor,  and  take  die 
Number  of  that  from  its  correfpondcnt  in  the  Subtrahend,  and  write  down  the  Difference. 
Do  the  fame  with  all  the  Species,  and  you  have  the  Difference  fought. 

But  if  the  Number  of  any  inferiour  Species  in  the  Subtrador,  is  greater  than  its  Cor- 
refpondcnt in  the  Subtrahend,  then  to  this  add  a  Number  equal  to  an  Unit  of  the  next 
Species  [for  T-xamp.  to/Z'.  add  20,  and  to  d.  add  12]  and  fubtraft  from  that  Sum^  and 
then  to  the  Number  of  the  next  Species  in  the  Subtradtor  add  i,  (or  take  i  from  the 
Subtrahend)  and  then  fubtrad :  And  when  you  come  to  the  higheft  Species,  do  as  in 
fimple  Numbers,  /.  e.  add  10  where  you  can't  fubtrad. 


Examp.  I. 
/.     fi.      .d. 
Sub"*.  72  :  18  :  10 
Sub'.  29  :   10  :  04 

Diff.  4-,  :  08  :    06 


Examp.  2.' 

/.    p.      d. 

48  :  14  :    6 

26  :  17  :  10 

21  :  16  :  08 


The  firft  Example  is  fimple  and  eafy.  For  the  fccond,  I  do  it  thus,  10  (in  the  d.) 
from  6  cannot,  but  from  12-)- 6=  18,  and  8  remains,  to  be  fet  down  in  the  d.  Theri 
I  -I-17  (in/Z'.)=  18,  which  from  14  cannot,  but  from  20-f-  14  (=34)  and  16  remains, 
to  be  fet  down  in y/A  Then  i-f- 6  (in /.)  is  7,  which  taken  from  8,  1  remains:  Then  2 
from  4,  and  2  remains.    So  the  total  Difference  is  21  /.  i6y.  8(/. 

The  Eeafo7i  of  this  Practice  is  fufficiently  plain  from  the  like  Rcafonins  ufed  for  the 
abftrad  Rule. 


M  2 


SCHO-' 
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Scholiums. 


n<\ 


I.  What  was  obferved  in  Addition,  is  true  here  alfo,  viz..  That  Number  ought  to  befet 
down  in  any  inferiour  Species,  but  what's  lefs  than  an  Unit  of 'the  next^  otherwifc  the 
Species  are  confounded:  Yet  llill  it's  arbitrary  to  make  any  Species  tlie  higheft,  and  tlien 
in  it  we  write  down  any  Number. 

a.  Ohferve,  That  this  Rule  fuppofes  we  can  readily  (or  in  our  Mind)  difcover  the  Diffe- 
rence betwixt  any  Number  of  any  Species  lefs  than  an  Unit  of  the  next  higher,  and  any 
other  Number  greater,  but  lefs  alfo  than  fuch  an  Unit  ^  or  becwLxt  any  fuch  Number  and 
a  leffer  increafed  by  a  Number  equal  to  fuch  an  Unit.  And  to  do  this  readily,  requires 
a  little  Prafticej  but  then  the  Operation  for  each  Species  may  be  performed  feparately. 
Figure  by  Figure,  which  will  remove  this  Suppofition  ;  yet  it  will  be  more  tedious  Work ; 
and  we  muft  by  Praftice  acquire  the  Capacity  which  the  Rule  fuppofes.  And  to  make 
if  fomewhat  ealier,  take  this  Method :  When  the  Subtrahend  Figure  is  leaft,  take  the  Sub- 
traftor  Figure  out  of  the  Number  to  be  added,  and  the  Remainder  add  to  the  Subti'a- 
hend  F^ure  j  the  Sum  is  the  Number  to  be  fet  down  in  the  Difference.  As  iwEuanip.  2. 
above,  I  fay  10^.  from  6  can't,  but  from  12,  and  2  remains;  wliich added  tod,  makes  8 
to  be  fet  down. 

Other  Examples  in  Subtraction. 


Troy  Weight. 

Wine  Meafure. 

Long  Meafure. 

12    20      24 

3W     2 

4       4 

ft.      oz.  d-w.    gr. 

hd.  gal.  qt.  pt. 

yd.          qr.      na 

342  :  08  :  10  :  06 

84  :  o^  :  i<r  :  20 

2f 8  :  0+  :  14  :  10 


24  :  42  :  2  :  I 

is;  :  56  :  ^  :  o 

8  :  4.8  :  :?  :  I 


18 

2 

0 

9 

% 

I 

8 

2 

% 

Mix'd  Practical  Questio  ns /«r  SUBTRACTION. 

/.      '  s. 
Giiicfi.  I.  Having  borrowed  20/.  i^f.  ^d.  and  paid  thereof  8/. 
iS'TTid.  What's  yet  due?     Anfwer,  11/.  16s.  Zd. 


§^efl.  2.   Having  bought  2  hund.  Weight,  and  :;  qr-  of  Sugar,- 
andfold  thereof   i  hund 
Anfwer,  i  C.  14ft. 


qr.    and    14  fe.  what  is  yet  unfold? 


Cluefi.  4.  What  is  that  Sum  of  Money,  which  being  added  to 
36/.  6s.  Zd.  will  make  50/?    Aafvver,  13/.  13^.  4.d. 


d. 


20 
8 

\\l 

;t 

II 

:   16 

:   8 

C. 

qr. 

ft. 

2  : 
I   : 

3   : 

2  '. 

00 
14. 

1   : 

0  : 

14 

re.- 

13 
mo. 

28 
da. 

56 

24 

'■  3  : 
:  9 

22 
10 

31 

:   7  : 

12 

/. 

s. 

d. 

36 

:  00 

00 

:o8 

1? 

:  13 

:  04 

The 
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The  foUowing  nvo  Qucflions  are  mixed  in  Addition  and  Subtraaion. 

I    :   s    :    d. 

^eft.  5.  Having  borrowed  loo/.  and  paid  at    one 
time  20/:  i-),s:i^d.  at  another  time  35 /:  5 y  -.zd.  How 


much  is  yet  due  ?   Av.j'-j}.  ^61  :  6d. 


Paid 


100 

:  00 

:  00 

20 

7; 

■  I? 
:  06 

■  04 
:  02 

^^  : 

IQ 

:  a6 

4.6   : 

:  00 

:  06 

C  : 

?'•  : 

Jfc. 

I  ; 
I  : 

2  : 
0  : 

00 
18 

*> 

2  : 

18 

0  : 
0  : 

0  : 

1  : 

25 

07 

S  0  : 

2  : 

04 

2 

0  : 

1  + 

^efi.  6.    There  are  2  Casks  of  Sugar ;  the  Weight  of 
the  one  full  Cask  is  i  C  :  zar.  of  the  other  i  C  :  1 8  ft.        r-  11  /-    i 
The  Weight  of  one  empty  Cask  is  25  ft.  of  the  other,       ^""  ^^^^ 
iqr  :  7  ft.    What  is  the  Weight  of  Sugar  ii;  both  Casks  ? 
Avfw.  zC  :   14  ft. 

Empty  Casb 


§.^.  Multiplication  <>/* Applicate  Numbers. 
introduction. 

IN  order  to  know  what  Variety  there  is  in  MvltifUcation  of  Applicate  Numbers,  we  mud. 
firfl  confider,  What  is  a  Simple  and  Froper  Queftion  of  MultipHcation ;  and  [  think  it 
is  plain,  That  this  is  a  Queftion  propofed  with  no  other  Circuinftances,  or  in  no  other 
Form,  but  barely  To  multiply  one  Number  by  another  j  and  then  it  is  certain  that  the  given 
Numbers  muft  be  ilich  as  are  agreable  to  the  general  Nature  and  Definition  ov 
that  Operation-,  which  being  no  other  than  the  repeating  or  taking  the  one  Number  as 
oft  as  the  other  exprelTes,  or  contains  Unity;  it  is  manifeft  that  the  Multiplier  mull  al- 
ways be  an  abftrad  Number,  exprefling  fimply  the  number  of  times  that  the  Multiplicand 
is  to  be  taken.  Therefore  the  whole  Variety  in  Multiplication  of  Applicate  Numbers  de- 
pends upon  the  Multiplicand;  which  may  be  eidier  a  ftmple  or  mixed  Number,  making 
only  VNo  different  Cafes. 

Hence  we  fee.  That  the  propofing  fimply  to  multiply  one  Number  by  atiother,  both 
Applicate,  is  abfurd.  For  Example,  to  multiply  8/.  by  3/-  For  what's  that  to  fay,  To 
multiply  by  i,n  To  multiply  by  5  is  intelligible ;  but  what  has  the  Name  /.  to  do  here  ? 
Now,  becaufe  fbme  have  thought  fit  to  propofe  fuch  Queftions  without  explaining  the 
true  Senfe  and  Meaning  of  them,  and  given  us  very  perplex'd  Rules  for  folving  them, 
which  may  be  made  more  general  and  much  eafier,  if  the  Senfe  of  the  Quellion  is  once 
rightly  conceived ;  I  fliall  here  therefore  make  it  appear  more  evidendy,  that  Qiieiliotis 
propofed  in  that  fimple  manner,  are  Nonfenfe  in  Terms ;  by  which  means  I  Ihall  lead 
you  to  the  Senle  that  muft  be  put  upon  all  fuch  Quefluons:  and  in  its  proper  place  you'll, 
find  the  Rules  for  folving  them. 

Suppofe  then,  that  it  is  propofed  to  multiply  8  /.  by  3  /.  I  Ihould  ask  the  Propofer, 
What  he  means  by  multiplying?  H  He  can  make  no  other  Anfwer,  Bui  that  it  is  thci 
repeating  8  /.  a  certain  number  of  times,  (that  being  the  fimple  and  proper  Definition  of 
'MttltijpUcatio7i.)    Then  I  ask  him,  How  many  ti-'fies  he  would  luve  it  repeated  ?    And  if 

he. 


86       Multiplication  of  Applkate Numbers.  Book  i , 

5ie  anRvers  3  /.  I  hope  the  A'ofurdity  is  manifefl-.  He  miy  indeed  fay,  that  he  means  to 
have  it  taken  as  oft  as  3  /.  contain?  i  /.  ■  But  then  the  dircdt  fimple  Anfwer  to  ray  Queftion 
is  3  times,  and  not  3  /.  And  fo  the  Denomination  of  /.  apphed  to  3,  does  not  belong 
10  it  as  a  Multiplier,  and  is  only  a  certain  circumftantiil  way  of  fignifyi\ig  how  oft  the 
Multiplua.nd  is  to  be  repeated :  which  is  going  round  about  to  no  purpole,  when  your 
Meaning  can  be  exprelTed  more  (imply ;  for  you  fee  it  muft  ftill  end  in  this,  that  the 
Multiplier  is  an  abftrad  Number  exprelTing  only  how  oft  the  other  Number  is  to  be 
repeated. 

A^ahi  ohfer-ve.  That  the  Authors  of  fuch  Queftions  give  us  this  for  a  Principle,  That 
the  two  Terms  muft  be  both  applicate  to  one  kind  of  thing,  as  Money,  Weight,  or  Time ; 
fo  that  they  would  very  readily  pronounce  this  Queftion,  Nonfenfe,  viz.  To  multiply 
8  /.  by  3  Days.  But  here  their  confufed  Notion  of  this  matter  will  appear  yet  clearer  j 
for  this  Propofition  is  every  wliit  as  reafonable  as  the  other :  Becaufe  if  3  /.  cannot  be  a 
direct  and  reafonable  Anfwer  to  that  Queftion,  How  oftl  till  you  explain  it  by  faying,  as 
oft  as  3  /.  contains  i  /.  it  is  plain,  that  by  the  fame  Method,  I  may  propofe  to  multiply 
8  /.  by  3  Days ;  meaning  to  take  8  /.  as  oft  as  3  Days  contain  i  Day ;  wliich  is  equally 
good  Senfe  as  -the  other. 

But  farther :  Since  an  Explication  is  neceffary ;  and  fomething  muft  be  underftood 
which  is  not  dii  edly  expreffed  in  propofing  to  multiply  8  /.  by  3  /.  it  may  as  well  iignify 
the  taking  of  8/.  60  times,  [;.  <■.  as  oft  as  3  /.  contains  1  fij.  which  is  (Jo times;]  for  fo 
I  may  explain  it.  Again,  to  muldply  8  /.  by  3/6.  fignifies,  according  to  their  meaning, 
taking  -jj  Parts  of  8/.  (becaule  1/0  =  '^  of  a  /.)  which  is  not  purely  a  Queftion  of 
Multiplication,  but  of  that  and  Divijion  too.  But  why  may  it  not  as  well  iienify  the  taking 
8/.  3  times  (i.?.  as  oft  as  3//.?.  contains  i/&.)  or  36  times,  (/.e.  as  oft  as-^Jb.  contains  i  </.) 
All  thefe  meanings  are  equally  reafonable;  fince  the  fimple  propofing  to  multiply  8/.  by  ^/b. 
limits  it  to  none  of  them:  for  it  has  no  meaning  till  it  be  explained;  or,  it  has  any  one 
of  thefe  meanings  indifferently.  And  this  fhews  how  ambiguous  fuch  Propofitions  are  i 
or  rather,  no  Propofitions  at  all,  till  their  meaning  is  tlius  cleared  up  and  determined. 

But  now,  after  all  this,  you  are  to  know  that  Queftions  may  occur  which  are  folved 
bv  Multiplication:,  yet  the  mix'dCircumftances  of  the  Queftion  be  fuch,  that  all  tlie given 
Numbers  may  be  particularly  applied ;  whereby  the  Reaibnablenefs  of  fuch  Propofitions 
■as  I  have  here  cenfured,  may  feem  to  be  fairly  accounted  for.  To  which  I  anfwer. 
That  in  all  fuch  Cafes,  before  we  know  what  is  to  be  done,  we  are  obliged  to  reafon 
upon  the  Nature  and  Circumftances  of  the  Queftion,  and  by  that  means  we  difcover, 
that  fome  one  given  Number  of  things  is  to  be  taken  as  oft  (;.  e.  multiplied)  as  fome 
other  contains  an  Urjit  of  a  certain  Denomination.  But  then,  as  the  Multiplication  im- 
ports only  the  talcing  a  number  of  things  a  certain  number  of  times,  fo  in  the  Operation, 
the  Multiplier  fignifies  only  hoiv  oft  the  other  is  taken,  (this  being  the  proper  and  formal 
Notion  of  a  Multiplier)  tho'  it  is  difcovered  by  the  Circumftance  of  a  Number  applied 
to  fome  particular  thing  in  the  Queftion. 

Again,  the  very  fame  Number  of  things  in  different  Queftions  will  be  confidered  in 
different  Views,  when  it  exprcffes  the  Multiplier,  and  fo  make  different  Multiplications; 
which  (liews  that  a  fimple  Propofition  of  multiplying  8/.  by  3/.  or  37Z'.  (andallQueltions 
of  this  kind)  have  no  determinate  Meaning,  or  are  plainly  Nonfenfe.  Nor  is  the  Pro- 
polition  lefs  or  more  reafonable,  tlio'  the  two  Terms  are  applied  to  different  things  which 
can  be  explained  to  the  fame  meaning  as  the  otlier,  and  occur  as  often  in  theCircumftances 
•of  mixed  Queftions. 

I  fhall  iiluftrate  all  this  by  particular  Examples  immediately;  but  (hall  firfl:  explain  the 
Practice  in  finaple  Queftions:  which,  according  to  the  Diftindtion  above-mentioned, 
•coniiils  of  two  Cafes. 

I  Case 
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C  A  s  E  I.     To  multiply  a  Simple  Number. 

RuL  E.     This  is  to  be  done  by  the  General  ^uJe  for  Ah  fir  a^  Numbers  ,•  and  the  Pro- 
dud  is  an  Applicate  Number  of  the  fame  Denomination  with  the  Multiplicand. 

Example  I.  Example  2,. 

7464.  L.  A.6-J  Years. 

L  I 


Scholiums. 

I.  Since  any  one  of  two  Numbers  may  be  made  the  Multiplier,  and  that  it  is 
fometimes  more  convenient  to  make  it  the  one  than  the  other,  tho'  that  one  happens  to 
be  the  Applicate  Number,  (/.  e.  the  Number  to  be  multiplied)  there  is  no  matter;  be- 
caufe  it  is  but  fuppofing  the  Denomination  to  be  fliifced  and  applied  to  the  other  Number, 
and  then  the  EfFeft  is  the  very  fame.  For  Example:  To  multiply  3/.  by  48,  I  apply  3 
as  the  Multiplier,  as  if  it  were  48  /.by  3 ;  whereby  I  make  the  Multiplier  according  to  its 

? roper  Notion,  Abftrafti  which  gives  the  fame  ProduiS  and  of  the  fame  Denomination: 
or  fmce  48  times  3  =  3  times  48  j  if  the  Denomination  of  the  Multiplicand  is  the  fame, 
die  Produdt  is  in  all  refpeds  the  fame. 

II.  Multiplication  being  in  effe(ft  only  a  compendious  Addition  of  Numbers  equal 
among  themfelves,  or  the  Repetition  of  the  fame  Number,  the  Obfervations  made  in 
Schol.  2.  after  Cafe  i .  in  Addiiiott-,  are  applicable  here  alfo :  viz.  That  the  Produft 
of  a  mixed  Number  may  be  found  and  exprefled  two  ways ;  either,  i .  By  taking  the 
Produd  of  each  Number  by  itfelf  as  fo  many  diftind  Queftions  and  Applications  of 
Cafi  I.  which  make  aconfufed  Anfwer,  tho'  the  Work  is  fimple  Multiplication.  Or,  2. 
Regarding  the  Relations  of  the  Species,  and  exprelling  it  iji  the  highefl  as  far  as  poilible  :, 
wliich  is  confidering  it  properly  as  a  mixed  Number,  whereby  we  make  a  more  limplc 
and  ufcful  Anfwer,  tho'  the  Operation  is  more  complex ;  for  it  requires  Divilion,  the 
fame  way  as  Addition  of  mixed  Numbers. 

ni.  Again;  When  the  Number  multiplied  is  a  fimj^e Number  of  fuch  things  as  have 
a  fuperiour  Species,  the  Produft  may  be  found  alio  limply  in  its  own  Species ;  or  may 
be  expreired  in  fuperiour  Species,  as  far  as  it  reaches;  accordii^  to  the  Method  of  the 
following  Rule  for  mixed  Numbers.  But  whereas  in  Addition  we  had  an  eafy  way  to 
fupply  the  Rule  of  Divifion  by  pointing,  we  cannot  apply  that  Metliod  here ;  and  therefore 
Divifion  is  indifpenfible,  if  we  would  exprefs  the  Product  in  its  higheft  Species,  unlels  we 
make  ufe  of  the  Tables  defcribed  already  for  Addition;  and  then  the  Examples  mult  be 
either  very  fmall  Numbers,  or  the  Tables  exceeding  large.  But  there  is  yet  another  way 
of  exprelTing  the  Product  of  mixed  Numbers  fimply  wuliout  Divifion,  which  )'ou'll  find 
in  the  next  Cafe.  In  the  mean  time,  before  we  proceed  to  tiiat,  there  is  a  fpecial  Qafs 
of  mixed  Pradical  Queftions  preparatory  to  it,  which  ore  Applications  of  the  firft  Cafe, 
comprehended  under  this  Title ;  viz. 

JIEDUCTION  from  a  Higher  to  a  Lower  Species;  i.  e. 
Finding  a  Number  of  things  of  a  Lower  Species,   (Denomination,  or  Value) 
Equivalent  to  a  given  Number  of  a  Higher  Species.    For  which,  this  is  the 
Rule. 

R  t;  L  5  ■ 
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Rule.  Multiply  the  given  Number  by  that  Number  of  tlie  Species  to  which  you 
would  reduce  it,  which  makes  an  Unit  of  the  Species  reduced ;  the  Produd  is  the  Num- 
ber fought. 


Examp.  1. 
34  ^• 

12 

408  oz. 
20 

24 

i^6o-i,xgr. 


"Exavi.  r.  To  reduce  48/.  xojb-  it  is  =  960/5.  and 
this  again  to  d.  is  ±1=11526  a',  and  again  to  far.  is  = 
46080/.  According  to  the  Operation  in  the  Margin  j 
each  Step  being  in  efFeft  a  new  Queftion. 

Examp.  2.  To  reduce  34  ft  Tray  Weighty  it  is  = 
408  0*  =  8i68(/'u)  =196032  gr. 


46080/. 


TheReafoit  of  this  Pradtice  is  obvioos:  For  if  i  /=2o/'.  then  48/.  is  =  48  times 
to/h.  or  20  times  48/7^.  which  is  the  fame  thing.  (The  like  Reafon  will  be  found  in 
other  Cafes.)  Therefore  you  are  to  ohferve,  Thar  tho'  the  Denomination  of  /.  is  left  with 
the  <^iven  Number  48,  as  it  ftands  in  the  Operation,  yet  it  is  performed  in  a  quite  different 
view;  for  we  are  to  confider  it  not  as  the  Multiphcation  of  48  /.  by  20,  the  fimple  effeft 
of  which  would  certainly  be,  960/.  But  from  the  Reafons  now  explained,  we  confider 
it  as  the  Multiplication  of  48 /A.  by  20,  or  of  20/*.  by  48  ;  which  is  =^6op.  And  fo 
of  the  reft.  Which  takes  away  the  feeming  Abfurdity  of  naming  the  Product  differently 
from  the  Multiplicand. 

Scholiums. 

I.  If  it  is  required  to  reduce  a  Number  to  a  Species  which  is  not  immediately  the 
next  to  it,  as  /.  to  d.  We  may  either  do  it  by  Steps  thro'  aU  the  intermediate  Species,  as 
above;  or  it  may  be  done  at  one  Multiplication,  if  we  know  how  many  Units  of 
tliat  Lower  makes  i  of  the  Higher.  For  Example ;  To  reduce  /.  to  d.  we  multiply  by 
240;  becaufe  i  I  =24.0 d.  And  for  this  purpofe,  it  is  ordinary  to  have  Tables  of  Re- 
duction, fhewing  how  many  Units  of  any  Species  (of  common  Ufe  in  Bufinefs)  make  i 
of  any  other ;  which  are  ealily  made  by  the  preceding  Rule,  from  the  known  Relations 
betwixt  each  Species  and  die  next,  which  you  have  in  the  Tables  of  yidditiov.  One 
or  two  Tables  will  be  fufGcient  here  to  explain  this  Mattery  and  you  -may  make  the  like 
for  all  other  mixed  Numbers,  at  your  plcafure. 


TABLES  of  RE  DUCTI  O  N. 


I. 

Money. 

f-~ 

-A— 

~"n 

/.    : 

,//' 

:     d     : 

/. 

I  = 

:20 

=  240  = 

960 

I 

=    12  = 

48 

I  = 

=    4 

2.  Troy  Weight. 


ft  : 


diu 


.?'■■ 


1  =  12  =  240  =  5760 
i=    20=  480 

I=r        24. 


The  Ufe  of  tiiefe  Tables  is  plain ;  for  under  every  Denomination  you  have  i,  and 
jn  the  fame  Line  the  Number  to  which  this  i  is  equal  of  each  inferiour  Species :  So, 
•for  Example,  to  reduce  /.  to  /  at  once,  the  Multiplier  is  960. 

But  you'll  find  that  it  will  generally  be  as  convenient  to  reduce  any  given  Number  to 
•any  inferiour  Species  by  reducing  it  gradually  tliro'  all  the  Denominations,  cfpccially  for 

this 
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this  Realbn,  that  it  were  impolTible  to  remember  all  thefe  Table?,  and  too  much  trouble 
to  turn  to  them  upon  every  occafion,-  whereas  the  gradual  Relations  of  the  feveral  Species 
are  eafily  kept  in  mind.  And  laftly,  the  Rcdudtions  that  mod  frequently  happen,  arc  of 
mixed  Numbers,  which  necefTarily  muft  be  done  gradually ;  as  in  the  following  Article. 

II.  If  a  mixed  Number  is  propofed  to  be  reduced  to  the  lowed  Species  exprefled  in 
it,  [or  to  the  lowcit  poffible  J  bewin  at  the  higheft,  and  reduce  it  to  the  next  Species, 
adding  to  the  Produft  the  given  IvTumber  of  that  Species.  Then  reduce  this  Sum  to 
the  next  Species,  and  fo  on  thro'  them  all,  taking  in  always  the  given  Number  of  every 
infcriour  Species:  As  in  the  following  Example i  wliich  needs,  I  think,  no  further 
Explanation. 


Objerve,  The  Numbers  of  the  inferiour  Species  may  bs 
taken  into  the  Produft  of  their  Species  without  the  pains  of 
writing  them  down  and  adding  them,  by  adding  them  Figure 
by  Figure  to  the  like  places  oi  the  Produft,  as  they  are  found 
in  the  Multiplying.  You'll  ealily  underftand  the  Method  by 
examining  the  following  Examples.  I  iTiall  only  further  ob- 
ferve,  that  it  is  beft  to  take  them  all  in  upon  the  Multiplica- 
tion with  the  Units  place  of  the  Multiplier,  in  cafe  when  this 
has  two  Places,  you  do  the  Work  at  length.  But  in  the  fol- 
lowing Examples  I  have  made  the  Produdt  at  once. 


Examp. 

I    :    ft} 

I. 
:    d 

:/ 

724  :  17 
20 

:  09 

:  2 

14480 //&. 
1 7  add 

14497  y^- 

12 

173964  d. 
9  add 

173973  d 

4 
695892/ 

2  add 

6'<;isqt  f. 

Ex.  2.     Troy 
ft  :  01  : 

ITeight: 

diu  :  grl 

48  ;  oj  : 
12 

16  : 

=^3 

585  oz. 
20 

11 716  d-u). 
24. 

28120-'  gr. 

E*.  3.  AverdupoifelVeight. 
St  :  Va  :  oz.  :  dr  :  qr. 

256:12 
\6 

■■  14 

od 

:  2 

4108  Ife. 
t6 

65842  oz. 
16 

10514.74  qr. 

^?■.5.  In  this  Ex.  2.  as  you 
may  reduce  the  div.  at  two 
Steps  ,■  multiplying  firft  by  6, 
and  then  by  4,  (becaufe  6x4 
=  24)  you  muft  mind  that 
the  23  ^r.  are  to  be  taken  in 
with  the  laft  Multiplication. 


Thefe  Examples  fhew  the  Praftice  fufficicntly ;  and  we  need  give  no  other,  but  leave 
Examp  es  of  other  kinds  of  Things  to  the  Smdent's  own  Choice  and  Exercife. 

Youll  obferve  here  alfo  the  great  Difference  betAvixt  multiplying  a  mixed  Number,  and 
reducing  It itho  this  is  performed  by  Multiplication:  For  multiplying  it,  is  a  Repetition 
ot  the  Whole  fo  many  times,  or  finds  a  Number  which  contains  every  Part  of  the  given 
mixed  Number  fo  many  times;  but  reducing  is  only  finding  a  Number  equal  to  thegivcn 
mixed  Number  m  the  loweft  Denomination;  in  which  every  part  of  it  is  differently  mul- 
oplied,  and  the  laft  part  not  multiplied  at  all.  So  in  the  firft  Example,  724  /.  is  multiplied 
by  20,  and  12,  and  4.  continually,  that  is  by  960.  But  17  fb.  is  only  multiplied  by  12 
and  4,  or  48.  and  9^.  only  by  4.  The  Anfvver  of  theQueftion  being  695894/  Whereas 
the  Frodudt  of  724/ :  17  y  ;  9  ^  :  2/  by  any  Number  would  be  equal  to  that  Number 
of  nmes  695894/  N  ^  Case 
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Case  II.     To  multiply  a  Mixed  Number. 

Rule.  Begin  at  the  loweft  Species  of  the  Multiplicand^  and  having  multiplied  that 
Number,  reduce  the  Produd  to  the  next  Species  ■,  i.  e.  find  by  Divifion  [in  the  manner 
already  explained  in  Addition  of  Mixed  Numbers']  how  many  Units  of  the  next  fuperiour 
Species  it  is  equal  to,  and  what  remains  over  j  fet  what  is  over  as  a  Part  of  the  Anlwer  of 
the  Denomination  multipUed.  Then  multiply  the  given  Number  of  the  next  fuperiour 
Species,  and  to  the  Produd:  add  that  Number  to  wliich  the  Produdt  of  the  preceding 
Species  was  reduced ;  and  reduce  this  Sum  to  the  next  fuperiour  Species;  marking  the 
Remainder,  or  what  is  over,  as  a  Part  of  the  Anfwer  of  the  Species  multipUed ;  and  go  on 
thus  thro'  all  the  Species  of  the  Multiplicand. 

Examp.  To  multiply  236/  :   14/i  :  ^d.  hy  16. 

In  dieannex'd  Scheme  you  fee  the  Method  of  the  Work  of  this  Rule;,  except  that  the 
EfFedl  of  the  Redudtion  of  the  feveral  Produfts  is  fet  down  without  the  Operation  by 
which  it  .was  done ;  thefe  being  fuppofed  to  be  done  a-part  by  t'nemfelves,  and  transferred 
to  this  Scheme.  But  you'll  find  anodier  way  immediately,  wherein  Diviiion  is  ufedj  ajid 
the  whole  Operation  appears  in  one  Scheme,  without  any  confufion. 

I     :    P    ■     d. 
336  :    14    :    09  .  Another  Method -without  Divifion.' 

2.6 

6136  :  364  :  234  Prod,  of  each  Species.         Reduce  die  Multiplicand  to  the  loweft 

.   — 7       12J.V  Species,  as  has  been  already  taught  i  ±en 

—2.  ■          ■  ■       -3+   •  multiply  this  Number  by  the  given  Mul- 

?^ =304+19/^-  tiplier,  and  theProdudtis  die  Number  of 

19  :       3 =3837^.  that  Species  equivalent   to  the  propofed 

— 57^ =6136+19'-  Number  of  times  the  Multiplied. 

6x55  :  03  :  06  Total  Produdt. 

Operation  Examp.  To  multiply  48/  :  16/^  :   Sd.  by  4I,    it  is  eqUftl  to 

/•    Ih  ■  d       ^922^0  d.  as  in  the  Margin. 

48  :  16  :  8  rpj^.^  Anfwer  is  the  only  proper  and  natural  Effedt  of  Multipli- 

^°  cation.     And  if  it  is  required  to  know  the  Value  of  it  in  higher  Spe- 

976  fi-  cies,  this  is  properly  a  Qiiefldonof  Divifion,  to  be  performed  in  the 

12  marmcr  already  explained;  which  is  to  divide  by  the  Number,  of 

-     -.,0  J  every  Species  which  makes  an  Unit  of  the  next  above.     ButI  fliall 

''       '  refer  you  to  Divifion  to  fee  the  beft  and  neateft  Method  of  or- 

—  ,  dering  die  Operation.     And  here  only  obfervc  thefe  two  tilings. 

4922+0  a.  °  ' 

I  That  with  large  Multipliers,  this  laft  Mediod,  {viz.  of  reducii^to  the  loweft  Species 
by  Multiplication,  and  then  to  the  higher  by  Divifion)  wiU  gcneraUy  prove  a  more  con- 
venient Method  than  that  of  the  firft  Rule.  But,  2.  If  the  Multiplier  is  a  fingle  Digit, 
or  any  Produft  of  two  Digits,  the  Work  may,  in  moft  Cafes,  be  ealUy  performed  accor- 
ding to  the  firft  Rule,  without  writing  the  Divifions:  As  in  die  foUowing  Examples. 

Ex. 


I 


.      (58  :  14  : 

d. 

09  :  ? 

7 

48:;  :  o-i,  : 

8  :  I 

C  -.qr: 
37  :  3  ; 

ft 

18  by  28. 
4 

148  :  2 

:  iG 

7 

1040  :  2 

.  00 
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Here  I  fay,  3X7  =  21,-  which  is  i/.  over  20,   or 

I     \  fl)  :  d.  %  times  4 :  therefore  I  write  down  i,  and  carry  5. 

£;f.  1.       (58  :  14  :  09  :  7,  Then  7x9  =  63,  and   5  carried,  is  (>%d;   which  Lj 

8  over  60,  or  5  times  12:  fo  I  write  %d.  and  carry 
5.  Then  7X14=98,  and  5  is  103  ^  for  which  I 
write  3,  and  carry  5,  (for  5  times  20  is  too.)  Then 
multiply  tlie  68  /.  and  add  die  ^  from  the  Sliillings. 
For  the  2d  Examp.  I  rcfolve  the  Multiplier  into  4 
Ex.  i.         37  :  3  :   18  by  28.     and  7.     Then  beginning  with  4;  I  fay,  4X  18  =  72, 

which  is  2  times  28(==:56,)  and  16  ovcrj  or  rc- 

folving  the  4,  I  fay  2  X  18  =  36,  which  is  28,  and  8 

over;  confcquently  in  2  times  36  ( =:  72)  there  are  2 

times  28,  and  2  times  8,  or  16  over.     The  reft  is 

C'Xy.     Then  for  the  7,    I  confider  that   7  being  the 

4'"  Part  of  28,  and  4  the  4*"  Part  of  i6j    therefore 

7X  16,  or  16  times  7,  is  equal  to  4  times  28;  for  which  I  write  00,  and  carry  4.   Then 

7x2=  14,  and  4  carried  is  18^  for  which  I  write  2  qr.  and  carry  4  C. 

By  fuch  means  as  thefe,  one  may  by  Pradtice  eafily  perform  any  Queftions  of  tliis  kind. 

ScHoL.  As  to  the  Solution  of  other  mixed  Queftions,  there  is  no  other  general  Direftion 
can  be  given  whereby  to  know  when  MuldpUcation  is  to  be  applied,  but  only  this,  'uiz. 
To  confider,  that  the  true  Effeft  of  Multiplication  being  the  repeating  of  any  Number, 
or  taking  it  a  certain  number  of  times ;  therefore  whenever  the  Senfe  and  Reaibn  of  a 
Queftion  requires  that  any  given  Number  of  things  be  repeated,  or  that  a  Number  be 
found  equal  in  Value  to  a  certain  given  Number  of  things,  repeated  or  taken  as  oft  as 
fome  other  given  Number  in  the  Queftion  contains  Unity  ■■,  then  Multiplication  is  the 
Work  required.     As  in  the  following  Examples. 

Mixed  PraSlkal  ^ejiiotn  in  Multiplication. 

^efl.  I.  There  is  in  each  of  28  Bags,  44/  :  167^  :  Zd.  How  much  is  in  the  Whole? 
Anpw.   1255  /  :  G  jh  :  8  d. 

I   :  ftj  :  d.        HcretheNamreof  the  Queftion  plainly  requires  tliat  44/.  :  iGJh  -.id. 

44  :  16  :  8     be  multiplied  by  28,  the  Number  of  Bags;  for  if  i  Bag  contains  fo 

4.     much,  28  Bags  muft  contain  28    times  fo  much,  which  imports  a 

179  :  06  :  8     Multiplication  by  28  ;  which  is  taken  abftradtly  in  the  Operation,  tho' 

-     it  is  applied  to  Bags  in  the  mixed  Propolition.     As  to  the  Manner  of 

working,  I  have  chofcn  4  and  7  as  Fatiors  ^  becaufe  4X  7=28. 


1255  :  06 


^«p/?.  2.  At  '^  f  :  6 J/j  :  ^d.  per  Yard,  what  is  the  Value  of  465  Yards?  The  Reafort 
of  this  Queftion  (liews,  that  3  /  :  GJh  :  4  d.  muft  be  taken  46^  times ;  or  multiplied  by 
465.  For  the  Value  of  465  Yards  muft  be  465  times  as  much  as  the  \'alue  of  i  Yard. 
And  to  do  the  Work,  I  reduce  3  /  :  GJIj  :  ^d.  to  d.  it  is  ^zj^Gd.  which  multiplied  by 
465,  produces  ■^joi^od.  which  is  again  equal  to  1542/  :  5  A  by  Divifion.  As  youwill 
learn  afterwards. 

N  2  §i<'P- 
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/    -.Jb-.d. 
16  :  6  :    8 


^uefi.  3.   There  are  7  Chefts  of  Drawers  ^  in  each  of  which  arc 

18  Drawers;  and  in  each  of  thefe  are  6  Divilions  ,■  in  each  of  which 

98  :  o  :    o     there  is  16  1 :  6JJ}  :  %d.  How  much  Money  is  in  the  Whole?  A?ipw. 
18  12348/. 


^  Z  It  is  plain  there  muft  be  a  Sum  of  Money  equal  to  the  continual 

L  Product  o{  16 1  :  6JJj  :%  d.  hy  6,  18,  and  7. 

12248 

^iefl.j\..  If  i/.  give  4 //a  of  Intereft  in  any  time  i  How  much  will  34<j /.  give  in  the 
fame  time?  Aufw.  1384/^=:  346x4//'.  Here  the  346  is  applied  to/,  in  the  Propofidon, 
but  is  an  abftradt  Number  in  the  Operation ;  wliich  is  no:  multiplying  4//".  by  346  /. 
but  by  the  abftrad:  Number  346. 

If  this Queftion  bepropofed,  viz.  If  ifh.  yie\d^fJj.  Intereft;  How  much  will  4/  :  10  fh. 
yield  in  the  fame  time?   It  is  plain  it  muft  be  4  /^.  taken  as  oft  as  4/  :  10  fb.  contains 
I /&.  viz.  90  times,  (for  4  /  :  10  /Ij=:^o /!.'.)  which  makes  3<So/Z':=r  90X  4''A.    But  this 
is  not  multiplying  4 /?».  by  4/:  10 /&.  which  would  be  an  abl'urd  Piopoficion. 
„  Again,  Suppofe  the  Queftion  were;  If  i  /  yield  4/6.  what  will  4/:  10 /?>.  yield?  The 

'p/i-f'  Anfwer  isiOjh.  equal  to  4/Z'.  taken  as  oft  as  4/  ;  lo/Zi.  contains  i  /.  which  is  one  and  a 
half.  But  this,  and  all  other  Queftions  where  Fradions  come  in,  arc  not  fimple  Qucftions 
of  Multiplication.  And  as  either  of  thefe  Queftions  have  an  equal  right  to  be  called  the 
Multiplication  of  4^-.  by  4/:  10 s.  it  fhews  us  how  unreafonable  fuch  Propofitions  are, 
lince  it  is  the  mixed  Circumftances  of  the  Queftion  that  determine  how  the  Multiplication 
is  to  be  made,  which  is  different  in  different  Circumftances. 

§.S.  DIVISION  <?/"  Whole<2»^  Applicate  Numbers. 

INTROUVCTIOK. 

BEfbre  we  enter  upon  this  Application,  we  muft  confider  the  various  Senfes  that  may 
be  put  upon  Divipon. 

In  the  Definition,  Chaf.  6.  there  is  but  one  Senfe  expreffed ;  but  there  are  other  three 
ways  of  propofing  a  Queftion  in  Divijion,  fo  dependent  upon  that  in  the  Definition,  that 
the  fame  Number  folvesthe  Queftion  in  all  theSenfes  in  which  it  isapoffible  Queftion. 

The  firft  Senfe  is  that  in  the  Definition,  viz.  To  find  how  oft  one  Number  is  con- 
tained in  another.  The  fecond  is  to  find,  What  Part  of  the  Dividend  the  Divifor  is  equal 
ro.  The  third  is.  To  find  a  Number  which  is  contained  in  the  Dividend  as  oft  as  the 
Divifor  cxpreftes.  The  fourth  is,  To  find  a  Number  which  is  fuch  a  Part  of  the  Divi- 
dend as  the  Divifor  exprelfes  or  denominates. 

Now  it  will  eafily  appear,  That  the  Anfwers  to  all  thefe  Queftions,  orthelmpoflibility 
of  fome  of  ihem  in  fome  Cafes,  is  difcovered  by  dividing  according  to  tlie  preceding  Rule 
taken  in  the  firft  Senfe :  Thus, 

I .  Let  us  firft  fuppofe.  That  the  Divifion  is  without  a  Remainder,  and  all  is  plain :  For 
the  Number  fhewing  how  oft  one  Number  is  contained  in  another,  (which  is  the  firft 
Senfe,)  does,  from  the  nature  of  an  aliquat  Part,  denominate  what  Part  the  Divifor  is  of 
the  Dividend,  (which  is  the  fecond  Senfe.)  Again,  the  fame  Q^iote  is  a  Number  con- 
tained in  the  Dividend  at  oft  as  the  Divifor  expreffesi  (which  is  theihird  Senfe,)  as  has 
been  fhewn  in  the  Proof  of  Divifion^  And  hence,  laftly,  it  is  fuch  a  Pare  of  the  Dividend 
as  the  Divifor  denominates,-  (which  is  the  fourth  Senfe.) 

Bxamp. 
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Examp.  12-1-3  =  +,  ^'^^  no  liing  remaining,-  that  is,  3  is  coutained  4  times  in  12, 
(the  firll:  Scnfe.)  And  it  is  the  4.*"  Pait  of  12,  (the  fecond  fenfc.)  Again,  4.  is  a 
Number  contained  3  tipies  in  12,  (the  third  Senfe.)  And  it  is  the  3"*  Part  of  la,  (the 
fourth  Servle.) 

2.  Suppofe  in  the  next  place.  That  the  Di\'irion  has  a  Remainder;  or,  that  the  Divifor 
is  not  an  aliquot  Part  of  the  Dividend,  [which  includes  that  Cafe  wherein  the  Divifor  is 

freater  than  the  Dividend.]  Then  the  Queftion  is  Pollible  or  ImpoHible,  accordinn-  to 
ifferent  Views  and  Limitations ;  as  I  /"hall  here  explain. 
Let  the  Divifor  be  3,  and  the  Dividend  14;  the  Queftion  is  poHible  in  the  firft  Senfe ; 
and  the  Anfwer  is  4  times,  if  we  confine  it  to  the  number  of  times  that  the  whole  Divifor 
is  contained  in  the  Dividend:  but  taking  i:  in  a  larger  Senfe,  the  Aniwcr  is  44-J-.  And  in 
this  View  the  Divifor  may  be  greater  than  the  Dividend  :  So  if  we  ask  how  oft  14  is  con- 
tained in  3,  the  Anfwer  is  x*  P^tts  of  a  Time;  the  plain  Senfe  of  which  is,  that  3  con- 
rains  y'^  Parts  of  14. 

In  the  fecond  Senfe,  the  Queftion  fuppofes  the  Divifor  is  an  Aliquot  Part  of  the  Divi- 
dend ;  and  is  therefore  impolhble  wlien  it  is  not  fo.  But  if  we  take  a  Part  more  lai-gely 
for  Part  Aliquot  or  Aliquatit,  and  ask  what  Fraction  the  Divifor  is  of  the  Dividend,  then 
theQiieftion  is  pollible.  But  there  is  no  new  Queftion,  itriclly  fpeaking;  for  it  coincides 
with  the  firft  Qiieftion,  changing  the  Dividend  and  Divifor,  and  taking  ho'w  oft  in  the 
largeft  Senfe.  Thus ;  if  we  ask  what  Fraiftion  3  is  of  14,  the  Anfwer  is  J^  ;  which  is  alfo 
the  Anfwer,  if  we  ask  ho-w  oft  14  is  contained  in  3.  And  therefore  I  had  rather  in  this 
Cafe  call  3  the  Dividend,  and  reduce  it  to  the  former  Cafe;  efpecially  for  this  Reafon, 
That  the  fame  Quote  may  be  the  Anfwer  to  all  the  really  different  Senl'is  of  theQtieftion, 
while  the  Names  of  Divifor  and  Dividend  are  applied  to  the  fame  Numbers. 

In  the  third  Senfe,  If  we  ask  what  is  the  greateft  Number  contained  3  rimes  in  14; 
then  if  we  limit  it  to  a  Whole  Number,  the  Anfwer  is  4.  And  if  the  Divifor  is  greater 
than  the  Dividend,  the  Queftion  under  this  Limitation  is  impoftible;  as  it  alio  is  if  we 
fhould  ask,  what  Whole  Number  is  con:ain2d  without  a  Remainder  3  times  in  14 ;  for 
this  is  contrary  to  fuppoiition.  But  if  wo  enlarge  the  Senfe  of  the  Queftion,  and  ask 
what  Number,  Whole,  or  Fradion,  or  Mix'd,  ii  contained  in  the  Dividend  precifely  as 
oft  as  the  Divilbr  exprelles,  (fo  that  the  Produdl  of  the  Divifor  and  Quote  is  equal  to  the 
Di\adend,)  the  Queftion  is  always  poftible.  Thus,  as  3  is  contained  in  14,  4  i  times; 
fo  4  I  is  contained  3  times  in  14;  that  is,  4  times  any  thing,  an  J  |  Parts  of  that  thing  is 
contained   3   times  in  14  of  that  thing.     For  it  has  been  already  fhewn,   (in  Chap.  6. 

Schol.  4.  after  the  Definition  of  Divifon,)  that  B  times  g   Parts  of  any  thing,  is  equal  to  ^ 

PartsofB  times  that  thing;  therefore  a.s  3  is  contained  in  14,  '/  times;  fo  '^  is  contained 
'primes  in  14.     Or,  becaule  |-*=4  \\  therefore  as   3   is  contained  4  \  uiues  in  14,  fb 
4  J  is  contained  3  times  in  14. 

In  the  fourth  Senfe,  the  Queftion  is  impoffible  in  Pure  and  Integral  Numbers,  when 
"the  Divifor  is  not  an  Aliquot  Part  of  the  Dividend;  fo  becaufe  3  is  not  an  Aliquot  Part 
of  14,  there  is  no  Number  which  is  a  third  Part  of  14;  for  if  there  were,  3  would  be 
fuch  a  Part  of  14  as  that  Number  expre.Tcs.  But  taJ-:ing  the  Queftion  more  lars^elv,  and 
admitting  Fradions,  it  is  in  all  Cafes  pollible :  So  4  ^  Parts  of  any  thing  is  a  3d  Part  of 
14,  becaufe  it  is  contained  in  it  3  times. 

As  to  the  Circumftance  which  makes  the  third  and  fourth  Senfe  poflTihle,  when  the 
Divifor  is  not  an  Aliquot  Part  of  the  Dividend  ;  it  is  remarkable.  That  the  Subjeift  of  the 
Queftion  is  not  pure  Numbers,  but  fuch  Quaniitys  expreffed  by  Numbers  as  are  divifihle, 
cither  really  or  imaginarily,  into  Parts  or  leiTer  Quanritys :  for  in  pure  Numbers  14  has 
not  a  third  Part;  but  conlidering  the  i.^  as  applied  to  fome  divifihle  Subjeft,  theQiiantity 
expreffed  by  14  has  a  third  Part,  which  is  exprefted  by  4^;  therefore  the  Queftion  is 
pollible  only  in  Applicate  Numbers. 

3  From 
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From  what's  explain'd  we  i'ee  evidendy,  that  as  all  the  four  Queftions  or  Views  of  Di- 
vilion,  are  poffible  when  the  Divifor  is  an  Aliquot  Part  of  the  Dividend  i  fo  when  it  is 
not  an  Aliquot  Part,  there  are  but  three  really  different  Queftions ;  and  which  are  all  poilible 
when  the  Subjedt  of  the  Queftion  is  not  pure  Numbers,  i.  e.  When  we  admit  anodier 
Conlideration  than  that  of  the  Number  of  Things  expreiled,  wz..  their  Divifibility  into 
Parts  or  IcfTer  Quantides :  For  then  a  Fradlion  comes  naturally  into  the  Anfwer,  and  makes 
a  compleat  Quote. 

Nov/,  from  thefe  different  Views  and  Senfes  of  Divifion,  we  learn  what  Variety  there 
can  poffibly  be  in  the  particular  Application  of  Numbers  for  a  Queftion  of  DiviUon ;  of 
which  there  can  only  be  two  Cafes. 

1.  To  make  a  Queftion  in  the  firft  or  fecond  Senfe,  the  Divifor  and  Dividend  muft 
both  be  applicate,  and  both  to  things  of  the  fame  kind :  And  mutually,  if  the  Divifor 
and  Dividend  are  fo  applied,  the  Qiieflion  admits  only  the  firft  or  fecond  Senfe;  and 
the  Qiiote  is  an  abftrad:  Number,  fhewing  how  oft  the  Divifor  is  contained  in  the  Divi- 
dend, or  denominates  what  Part  the  Divifor  is  of  the  Dividend,  if  there  is  no  Remainder. 
For,  as  it  is  a  reafonable  Queftion  to  ask.  How  oft  one  Number  of  any  kind  of  Things 
is  contained  in,  or  what  Part  it  is  of  another  of  the  fame  kind  of  Thing ;  fo  a  Queftion 
being  propofed  in  this  manner,  and  either  Divifor  or  Dividend  being  applied  to  a  particular 
kind  of  Thing,  the  Nature  of  the  Queftion  imports,  that  the  other  is  alfo  applied,  and  to 
the  fame  kind  of  Thing ;  fince  it's  abfurd  to  ask,  How  oft  a  Number  of  one  kind  of 
Thing,  as  3  Pounds,  is  contained  in  a  Number  of  another  kind  of  Thino;,  as  14.  Days? 

2.  To  make  a  Queftion  in  the  third  or  fourth  Senfe,  the  Dividend  mull  be  an  Applicate 
Number,  and  the  Divifor  Abftradf,  denominating  what  Part  of  the  Dividend  the  Quote 
is,  or  how  oft  it  is  contained  in  it :  fo  that  die  Quote  is  a  Number  applicate  to  the  fame 
kind  of  Thing  as  the  Dividend ;  the  Part  of  any  Thing  being  of  the  fame  Nature  as  the 
whole.  Again,  mumally  the  Dividend  being  confidered  as  applied,  and  the  Divifor  as 
abftrad:,  the  Queftion  can  admit  only  of  the  third  or  fourth  Senfe. 

That  the  Application  muft  be  ordered  in  die  manner  now  explained,  may  be  alfo  de- 
duced from  the  Connexion  and  Dependence  of  Multiplication  and  Divifion :  For,  fince 
in  Multiplication  the  Produdt  and  one  Factor  muft  be  applicate  to  the  fam.e  kind  of  Thing, 
the  other  Faftor  being  abftraft;  and  in  Divifion  the  Diviibr  and  Quote  produce  the 
Dividend :  it  follows,  that  die  Dividend,  with  the  Divifor  or  Quote,  are  alike  applied,  the 
other  being  abltraft. 

Again,  Ohferve,  That  in  mix'd  Queftions  it  will  happen  that  two  Numbers  which  in  the 
Propolition  are  applied  to  different  Things,  muft  be  divided  one  by  the  other :  But  in 
this  Cafe,  you'll  always  find  diat  the  Number  made  Divifor  is  confidered  in  the  Opera- 
tion, as  abftraft,  denominating  what  part  of  the  other  the  Nature  and  Reafon  of  the 
Queftion-  requires  to  be  taken.  So  that  in  all  Cafes  it's  true,  that  the  Divifor  is  either 
abftradt,  or  applied  to  the  fame  kind  of  thing  as  tlie  Dividend. 

We  fliall  next  explain  the  fimple  Pradtice  in  Divilion  of  applicate  Numbers. 

Case  i.  The  Divifor  and  Dividend  being  both  applied  to  the  fame  kind  of  Thing. 

"Rule.  Reduce,  (if  need  be)  the  Divifor.  and  Dividend  to  fimple  Numbers  of  one  Name, 
<the  loweft  expreffed  in  either  Term;)  then  divide  thefe  Numbers  by  the  general  Rule. 
The  Quote  fhews  how  oft  the  Diviibr  is  contained  in  die  Dividend,  or  what  Part  the 
Divifor  is  of  the  Dividend,  when  diere  is  no  Remainder. 
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Exavip.  I.     3/.  )   24/.  (  8  Examp.  2.     3/.  )  20/.  ((J| 


95 


Examp.  3.     3./Z'.  )  12/. 
or, 
3A)24o7&.(8o 

Examp.  5.      1302.  8 //r.)  128  ft. 
By  Reduction, 
a^i^ofr.)  30^08  <^r.(  139  i^-l 

2l6 

"86^ 
648 


years,  mo.    ye.  mo.  da. 

Exafnp.^.         3   :    4  )    24  :  7  :  18 

By  Rcduftion  at  13  Months  to 

a  Year,  and  28  days  to  i  Month. 

izo:^. days)  8950 ^tf.  (7j4|| 

52Z 


2128 
184 


The  Heafon  of  this  R«/e  is  plain ;  for  the  Divifor  and  Dividend  exprefTing  Things  of 
the  fame  Value  and  Name,  it  is  evident  the  Operation  is  to  be  managed  as  with  abltradt 
Numbers,  by  the  General  Rule ;  i.  c.  The  Quantity  expreflfed  by  the  Divifor  is  contained 
in  the  Quantity  exprefled  by  the  Dividend,  as  oft  as  the  Divifor  is  contained  in  the  Divi- 
dend, taken  purely  as  Numbers.  Again,  If  the  Divifor  and  Dividend  exprefs  Things  of 
the  fame  general  Nature,  which  can  be  faid '  to  contain  one  anotlier,  then  tho'  they  are 
not  of  one  particular  Species  or  Name,  yet  the  Queftion  is  polTible,  only  it  requires  that 
they  be  reduced  to  Numbers  that  exprefs  Quantities  of  one  Species  or  Name;  and  then 
it  is  tnanifeft,  that  the  Divifion  of  thefe  Numbers  by  the  General  Rule,  gives  the  true 
Quote.  So  in  Exam.  i.  3  /.  is  contained  in  24/.  as  oft  as  3  in  24.  But  in  Examp.  2. 
3^.  is  oftner  contained  in  12/.  than  3  in  12  ^  for  it  is  as  oft:  as  3  in  240,  the  Number 
of  Shillings  equal  to  12/.  And,  becaufe  the  Divifor  and  Dividend  are  then  only  in  a 
State  to  be  managed  as  pure  Numbers,  when  they  are  b6th-  fimple  Numbers  of  one 
Name,  tliis  fhews  the  Reafon  of  reducing  mix'd  Numbers. 

Case  2.  The  Dividend  being  Applicate,  and  the  Divifor  Ahflra6i. 
Rule.  If  the  Dividend  is  a  fimple  Number,  greater  than  the  Divifor,  divide  it  by  the 
General  Rule ;  the  Quote  is  a  Number  of  the  fame  things  as  the  Dividend  :  and  if 
there  is  no  Remainder,  the  Operation  is  finifhed ;  but  if  there  is  a  Remainder,  reduce  it 
to  the  next  Denomination,  and  divide ;  and  fo  on,  as  long  as  there  is  a  Remainder,  and 
any  loVer  Denomination,  and  make  a  Fraftion  of  the  laft  Remainder.  Thus  you  have  the 
Anfwer  in  one  Species  or  feveral ;  which  is  an  Applicate  Number  contained  in  tlte  Divi- 
dend as  oft  as  the  Divifor  expreffcs,  or  is  fuch  a  part  of  the  Dividend  as  die  Divifor  de- 
nominates. (See  £a,-.  r.) 

Again,  If  the  Dividend  is  a  fimple  Number,  lefs  than  the  Divifor,  you  muft  firft  re- 
duce it  to  a  lower  Species,  till  it  be  equal  to,  or  greater  than  the  Divifor,  and  tlien  di- 
vide and  proceed  v/ith  the  Remainder  as  before.  (See  Ex.  3,4.)  If  it's  not  equal  to  the 
Divifor  in  any  Species,  then  the  Anfwer  is  a  Fradtion  of  the  given  Species,  whofe  Nu- 
merator is  the  given  Dividend.     (Ex.  6.) 

Laply,  If  the  Dividend  is  a  mix'd  Number,  you  may  do  the  Work  two  ways :  Either 
(i.)  Reduce  it  to  a  fimple  Number  of  die  loweft  Species,  and  then  divide;  fo  you'll 
have  the  Anfwer  in  that  Species,  (which  may  be  reduced  again  to  itiperiour  Species  by 
Divifion,  as  has  been  formerly  explained,  and  v.ill  be  more  particularly  by  and  by.)  But 
it  will  be  bctrcj-  to  proceed  in  this  manner :  (2  )  Begin  with  the  Number  of  the  higheft 
Species  in  the  Dividend ;  divide  it,  and  reduce  the  Remainder  to  the  next  Species,  taking 
in  the  given  Number  of  that  next  Species;  then  divide ;  and  fo  go  on.  (See  Ex.  2.)  But 
if  die  Number  of  die  higheft  Species  is  lels  than  t'nc  Divifor,  reduce  it,  taking  in  die 
given  Number  of  the  next  Species,  and  fo  on,  oil  you  have  a  Number  equal  to,  or 

greater 
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greater  than  the  Divifor:  ["Ex.  5.)  And  if  that  be  not  in  any  of  the  known  Species,  then 
the  Anfwer  is  only  a  Fraftion,  whofe  N-'umerator  is  the  Dividend,  reduced  to  the  loweft 
Species,  and  refers  to  an  Unit  of  that  Species.    (See  Ex  amp.  7.) 


Examp.  I. 
12 


2  Rem. 
20 

40 J.  ( ijx. 
39 

I  Rem. 

12 

izd.  (  ^. 


Examp.  4. 

42^  16 1. 

20 


320^.  (7^. 
294 
26  Rem. 
12 

512^.  (  ]d- 
204- 

18  Rem. 

4 

42 
30 


/.      s.    d. 
Examp.  2.  <) )  23  :  10 :  8  (  5  /. 
18 

5  Kem. 
20 

no/.  (18/. 
loS 

2  Rem. 
12 

32rf.  (5^. 
30 

2  Rem. 

4 

« J-  ( i  s/- 
Examp.  J. 

/.     y. 
14)  8  :  15 

20 

175^.(12/, 
168 

7  Rem. 

12 

84<<.  (d</. 
84 

Examp.  3. 

24)18/. 

20 

j6o/.  (15'/. 
24- 

120 

120 


Examp.  6. 

3460)  3  /.  (i^yyof  I  /.  becaufe  3  re- 
duced to  Farthings 
is  but  2880/. 

Examp.  7. 

3460)  3/.  12/. 
20 


73.{jiiyofif: 


The  'Reafon  of  this  Praftice  is  plain  t  For,  if  we  find  any  propofed  Part  of  all  the 
Members  of  which  any  Number  or  Quantity  is  compofed,  we  have  the  like  Parr  of  the 
Whole  i  fince  the  Whole  is  nothing  elfe  but  all  the  Parts.  And  if  the  Dividend  is  lefs 
than  the  Divifor,  yet  if  reduced  to  another  Species,  it  is  equal  to,  or  greater  than  the  Di- 
vifor;  it's  plain  that  the  equivalent  Number  in  another  Species  being  divided  by  the 
fame  Divifor,  gives  the  true  Anfwer:  Thus  i8/.  =  36oy.  therefore  ±e  24«''  part  of  18/. 
js  the  24"*  Part  of  360/. 

Scholium.  Whats  already  done  fliews  the  Pradtice  of  Divifion,  or  the  Solution  of 
fimp'e  Queftions,  where  the  Propofition  is  direftly  and  fimply  to  divide  one  Number  by 
another,  (in  any  of  the  Senfes  above  explained.)  And  as  to  the  Solution  of  mix'd  Que- 
ftions, all  the  further  Direction  can  be  given  for  knowing  when  Divifion  is  to  be  applied, 
is  to  cor.Jidcr  well  the  EfFcdt  of  Divilion  as  above  explained :  Which  may  be  reduced  to 
two  principal  Views,  tv~.  Finding  how  oft  one  Number  is  contained  in  another,  or  find- 
ing a  propofed  aliquot  Part  of  a  Number.    Then,  when  the  Reafon  and  Nature  of  a 

Queftion 
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Queftion  requires^  that  you  find  how  off  one  Number,  fimple  or  mix'd,  of  any  kind  of 
Thing,  is  contained  in  another  Number  of  the  fame-  kind  of  thing  ,■  or,  that  you  find 
fuch  a  Part  of  any  Number  of  things,  as  another  Number  denominates,  or  as  an  Unit  of 
any  Species  of  Things  is  of  a  certain  given  Number  of  the  fame  Tilings  \  then  is  Divilion 
your  Work,  as  in  the  following  Examples. 

Mix'd  Practical  QuEsTioNs/or  DIVISION. 
A  fpecial  Clals  of  fuch  Queftions  is  comprehended  under  Title  of, 

REDUCTION  from  a  loiuer  to  a  higher  Species,  i.  e.  To  find  a  Numter  of  things  of 
a  higher  Species,  equal  in  Value  to  a  given  Number  of  a  hii>er  Species;  or,  at  leafi, 
to  find  the  greatefl  Number  of  the  higher  contai?ied  in  the  Number  of  the  lo'uier,  ii:ith 
luhat  remains  over  of  that  lower  Species :  Stippofmg  alivays,  that  an  Unit  of  the  lower 
Species  is  an  aliquot  Part  of  an  Unit  of  the  higher.     For  lahich  this  is  the 

"Rule.  Divide  the  given  Number  by  that  Number  which  exprefleshow  many  Units  of 
the  Species  to  be  reduced,  are  contained  in  an  Unit  of  the  Species  to  which  it  is  to  be 
reduced.  The  Qiiote  is  the  Number  fought  of  that  higher  Species,  and  die  Remainder 
is  a  Number  of  the  Species  reduced. 

Thus  you  may  reduce  gradually  from  the  loweft  to  the  higheft  Species ;  or  all  at  once 
to  the  higheft,  if  the  Number  of  Units  of  the  loweft,  which  make  one  of  the  higheft,  is 
known.     (As  you  may  know  by  the  Redudion  Tables,  explained  in  §.  4.) 

In  all  the  following  Queftions,  I  have  performed  the  Divifions  by  the  contraded  Me- 
thods, explained  in  Chap.  vi.  §.  2. 

Examp.  I.  In  Money.  Here  74(508395  /.  being  divided  by  4,  Quote  1 8652098  </. 

•   74608395/.  and  3/.  over;  thefe  ^.  divided  by  12,  Quote  15543411-.  and 

i8652098</:  3/.  6d.  over;  thefeyZi.  divided  by  20,  Quote  77717/.  andir.  over. 

1554341^  ;  6  i/.  Wherefore  74608395/.=  18652098^.   3/.=  1554341^.  6/. 

77717    /:  IS.  ^f  =  jjjijl.  is.  6d.  3/ 


4 
12 

20 


24 


By  this  you  know  how  to  explain  the  following  Examples. 
Examp.  2.  Troy  Weight.  Examp.-!,.   Long  Meafure, 

46320689372589  inches. 
3860057447715  feet  :  ^inch. 
^   C  II       1286685815905   yd.  :  oo 


•  4 

2C 

i; 


3476589426^?7-<i;wy.  12 

869147356.^  _    3 

14485  7892  (/-J.'.  :  iS^r. 
7242894    0^.   :  12  ^w. 
603574     ^-   '■    ^''^■ 


116971437809- 
5848571890  furl.  :  io5;v/. 
731071486  Jiiiles  :  2.  furl. 


The  "Reafon  of  Dividing  in  thefe  Cafes  is  obvious:  For  Ex.  Since  4  Farthings  =  i  d. 
therefore  as  many  times  as  4/!  are  contained  in  any  Number  of  /.  fo  many  d.^s  that 
Number  of/,  equal  to.  In  which  obferve,  that  the  immediate  EfFedt  of  the  Divilion  is 
an  abftraft  Number,  fhewing  how  oft  4/  is  contained  in  a  greater  Number  of/,  and 
we  apply  the  Name  of  d.  to  the  Quote,  from  the  Reafon  of  the  Queftion,  as  now  ex- 
plained. 

§lueft.  I.  8  Men  have  equal  Shares  of  a  Stock  of  146/.  16  s.  what  is  each  Man's  Share  ? 

Anfwer,  18/.  -j  s.  viz.  the  8di  Part  of  146/.  16  s.     For  the  Nature  of 

8)  146/.  :  \6s.     die  Queftion  plainly  direfts  us  to  take  an   8th  Part.     ^Vhcre  obfcr\e,. 

18:7        that  tho'  8  expreffes  a  Number  of  Men  in  the  mixt  Propolition,  yet  in 

the  Operation  it  is  confidered  abftraftly  as  the  Denomination  ot  thnt 

Part  of  146/.  16/.  wliich  the  Nature  of  the  Qiicftion  requires  to  be  taken. 
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(^uefi.  2.  A  certain  Number  of  Perfons,  each  of  whofe  Ages  is  15  Years 

y.^^m.   y-        VI.      3  Months  (reckoning  15  Months  to  I  Year)  make  up  in  all  182  Years, 
15  :  3)182  :   10      10  Months  j  how  many  Perfons  are  there  ?     Anfwer,  12.    •viz..  The 
By  Reduftion.       Number  of  rimes  that  1 5  Years,  3  Months,  are  contained  in  1 82  Years, 
V2.      m.  10  Months. 

198)237(^(12 
198 
396 
39(5 

^f/?.  3.  What  is  the  Value  of  lYard  of  Cloth,  whereof  48  Yards  coft  ly/.  10  x.  4</. 

Anfwer,    6  s.  5^.  2|/.  =  4^Part  of  15 /.  lox.  4</. 

/.       s.      d.    f.  For  it's  plain,  the  Value  ot    i  Yai-d  of  48  Yards, 

056115:10:4:0  muft  be  the  48th  Part  of  the  Value  of  the  whole 

''■^82:11:8:2—  48  Yards,  which  diredts  us  to  Divifion,  or  taking  a 

I       :     6  :  5  :  2^or^        48ih Part  of  1 5 /.  10/.  4^.    And  fo  this 48,  wliich 

in  the  mix'd  Propolition  is  applied  to  Yards,  is  con- 
fidered  abftraftly  in  the  Operation  i  which  is  therefore  not  a  Divifion  of  Money  by  Yards, 
which  cannot  be  made  in  any  Senfe,  but  taking  fuch  a  Part  of  the  Money  as  i  Yard  is 
of  48  Yards,  viz.  a  48th  Part. 

Obferve,  Had  it  been  propofed,  in  the  laft  Queftion,  to  find  the  Value  of  i  Quarter  of 
a  Yard,  we  may  do  it  either  by  finding  firft  the  Value  of  1  Yard,  and  then  die  4th  Part  of 
this  is  the  Value  of  i  Quarter;  or,  by  reducing  48  Yards  to  Quarters,  which  make  192; 
and  taking  the  icji"^  Part  of  the  given  Money.  The  Reafon  for  which  is  the  fame  as  for 
the  other  Cafe. 

The  following  Queftion  requires  all  the  four  Operations  of  Arithmetick. 

^efl.  A  Father  left  among  5  Sons  an  Eftate,  confifting  of  500/.  inCafli^  with  5BilJs, 
each  of  48/.  \os.  6d  Reordered  20/.  to  be  beftowed  upon  his  Burial,  and  his  Dqbts 
to  be  paid,  amounting  to  1(147.  Then  his  free  Eftate  to  be  divided  in  this  manner,  i-iz. 
The  eldeft  Son  to  have  the  3^  Part,  and  the  other  4  Sons  to  have  equai  Shares.  What  is 
the  Shai-e  of  each  Son.='  Anfwer  i8(5/.  4/.  zd.  to  the  eldeft;  and  93/.  is.  id.  to  each 
of  tlae  reft. 

Operation.  I. 

48/.:  10  s.:  6  d.  20                       Scholium.     As  Qiieftions  maybe  vari- 

5  Bills.  164                    oufly  mLK'd,  fo  the  Solution  will  depend  upon  a 

24.2  •   12  :  6  "184                    '^"^  Confideration  of  the  feveral  Parts   of  the 

^00  •  00  :  o  Cafh  Queftion,  and  what  Operation  each  may  require, 

— ■ ~~7t-      1  according  to  the  Senfe  and  EfFeft  of  the  difFercnc 

742  :   12  :  o-lot^'  Operations  in  Arithmetick.     But  there  are  mix'd 

184  :  00  :  o  deduced.  Applications     of  Multiplication    and   Divifion, 


I 


3)558  :  12  :  6  Free  Eftate.  which  require  other  Rules   and  Diredions,  to 

1^6  :    4  :  2  Eldeft  Son.  know  when  and  how  rhey  are  to  be  made .  tiv.fe 

4J372  :     8  :  4 Remains.  you'll  learn  in  Book  4     and  efpccially  in  Bo':i  (">. 

93  :     2:1  the  Share  of  under  the  Name  of  T-oportion.     What  has  been 

each  of  the  other  4.  already  done  in  this  Book,  being  fufficient  tor 

explaining  the  Nature  of  the  fundamental  Ope- 
rations, and  their  more  fimple  Applications  in  whole  Numbers.  For  the  Doiftriiie  of 
Fia<ftions,  you  have  it  in  the  next  Book. 

CHAP. 
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CHAP.     VIII. 

Containmg  the  more  particular  Rules  of  the  Literal 
Arithmetick,  necejfary  in  the  following  Parts  of 
this  Work. 

I.    For  Addition  or  Subtraction. 

CASE  I.     If  the  Numbers  to  be  added  or  fubtraded  are  expreffed  all  by  the  ftme 
Letter,  multiplied  by  certain  Numbers,  as,  3  a,  or  5  h,  add  or  fubtradt  the  Co- 
efficients (;.  e.  the  Numbers  by  which  the  Letters  are  multiplied)  and  multiply  the 
fame  Letter  into  the  Sum  or  Difference,  it  is  the  Sum  or  Difference  fought. 

Examp.  3<i-|-5a  =  8ir.         Ex.  zb-\-T^b-\-b=^6h.         Ex.  ^n  —  2«=3;/. 
Ex.  i^.ab-\-'^ah=j  ah.         Ex.  ■^ab — ab:=:2ab. 

Scholium.  In  order  to  underfland  the  other  Cafes,  we  muft  premife  this  0^y?r- 
nation,  viz.  After  the  Addition  or  Subtradlion  of  one  Number  to,  or  from  another,  we 
may  fuppole  another  added  to,  or  fubrraded  from  the  preceding  Sum  or  Difference ;;  and 
another  added  to,  or  fubtradted  from  the  laft  Sum  or  Difference,  and  fo  on  :  Then  is  this 
whole  Work  exprefled  by  fetting  the  Numbers,  or  Letters  reprefenring  them,  in  the  fame 
order,  with  the  proper  Signs  of  the  feveral  Operations  betwixt  diem.  Thus,  if  b  is  added 
to  a,  af.d  from  the  Sum  c  is  fubtradled,  and  from  this  Difference  d  fubtradted,  and  to 
this  laft  Difference  e  added;  theRefult  of  all  this  is  exprcfled  thus,  a  -\~b  —  c  —  d-\-e.  But 
again,  Ohferve,  That  if  the  fame  Numbers  can  be  added  or  ilibtradfed  in  any  other  or- 
der, the  final  Refult  or  Effeft  will  ftill  be  the  fame;  which,  in  all  the  polfible  Orders 
wherein  the  Operations  can  be  made,  is  plainly  the  Difference  berwixt  the  Sum  of  all 
thefc  Terms  that  are  added  in  the  feveral  Steps,  and  the  Sum  of  all  thefe  that  are  fub- 
tracled :  Becaufe  in  whatever  order  any  Numbers  are  added  and  fubtradted,  it's  evident 
there  is  fo  much  in  whole  added,  as  the  Sum  of  all  thefe  that  are  added  in  the  icveral  Steps, 
and  as  much  fubtradted  in  whole,  as  the  Sum  of  all  that  are  fubtradted  in  the  feveral 
Steps:  Wherefore,  the  final  Rellilt  is  the  Difference  of  thefe  Sums.  Whence,  again,  tliis 
follows.  That  'tis  no  matter  in  what  order  we  place  the  feveral  Terms  of  a  mix'd  Evpref^ 
fion,  if  v/e  always  prefix  the  fame  Signs  to  tlie  fame  Letters,  and  alfo  take  the  Meaning 
of  the  Expredion  to  be  univerfally  the  fubtradting  all  thefe  Terms  that  have  —  prefix'd, 
out  of  the  Sum  of  all  thefe  that  have  -f-  prefix'd :  So  that  when  the  Operations  can  be 
performed  in  a  propofed  Order,  we  may  explain  the  Expreffion  either  according  to  that 
Order,  or  in  the  preceding  general  way,  (if  that  is  not  die  propofed  Order.)  And  if  diey 
cannot  be  performed  in  the  propofed  Order,  dien  we  explain  it  after  the  general  way,  as 
the  univerfal  Meaning  of  all  fuch  Expreffions  ■,  for  tho'  fome  may  be  explain'd  anotlier 
way,  yet  the  final  Rellilt  is  always  equal  to  tins. 

For  Exawple,  If  b  is  greater  than  a,  then  a  —  h-\-e  can't  be  explained  in  the  Order  of 
uiefe  Letters  and  Signs;  and  if  it  is  at  all  poffiblc,  it  is  fo  in  this  Order,  a-\-c — b;  yet  it 
may  reprefent  die  fame  thing  flanding  thus,  a  —  b-\-c,  wliile  we  do  not  fo  much  regard 

O  2  the 
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the  Order,  as  the  general  Meaning  of  the  Signs,  which  is  as  if  it  were  in  tliis  Order, 
a  +  c—h. 

C  A  s  E  II.  If  any  complex.  Expreffion  [whether  it  is  a  Sum,  having  all  its  Terms 
joined  by  the  Sign  -|- ;  or  a  Pifterenoe,  having  its  Terms  partly  +,  paitiy  — ]  is  to  be 
fubtrafted  from  another,  (exprelTed  fimply  or  complexly)  the  Difference  fought  may  be 
expreffed  two  ways. 
B-ole  I.  By  drawing  a  Line  over  the  whc^e  Terms  of  the  Subtraftor,  and  joining  it  to 
the  Subtrahend  with  a  Mark  of  Subtradtion  between  them.  Thus,  the  Difference  of 
a  and  6  -f-  c  is  expreffed  a  —  ^  + '"'  fignifying  that  fr  and  c  botli,  or  their  Sum,  is  taken 
from  a,  which  is  a  quite  different  thing  from  a  —  b-\~c  without  the  Line,  which  would 
fignify  the  Difference  betwbct  a-\-c  and  b.  ^gain-,  if  the  Subcrattor  is  the  Expreffion 
of  a  Difference,  as  i — c  from  a,  the  Difference  fought  is  expreffed  a  —  b  —  c,  fignifying, 
that  the  Difference  of  b  and  c  istal<en  from  a;  i.e.  That  c  is  taken  from  b,  and  the  Re- 
mainder taken  from  a,  which  is  a  different  thing  from  a — b — c,  which  expreffes  the  Dif- 
ference of  a  and  b,  c  both,  i.  e.  That  b  and  c  are  both  taken  from  a. 

Now,  tho'  this  Method  is  fometimes  convenient,  yet  it  would  often  prove  too  general 
and  indefinite,  which  is  fupplicd  by  another  Rule,  whereby,  from  the  fimp'e  Teims  of 
the  given  Subtradlor  and  Subtrahend,  another  Expreffion  is  found  equal  to  the  Difference 
fought.     Thus, 

Rule  2.  Change  the  Signs  of  all  the  Terms  of  the  Subtradtor,  and  join  them  to  the 
Subtrahend  without  a  Line  over  them;  and  this  expreffes  a  Number  equal  to  the 
Difference  fought.  Thus,  if  the  Subtradlor  is  a  Sum,  as  b-\-c,  the  Difference  of  this 
and  a  is  a — b  —  c  (  =  /»  —  b-\-c.) 

The  Reafin  is  plain  j  for  the  Sum  is  fubtradled,  when  all  the  Parts  are  fubtradted  one 
after  another ;   fmce  the  Parts  are  equal  to  the  Whole. 

Again,  If  the  Subtradtor  is  a  Difference,  as  if  ^  —  c  is  to  be  taken  from  a,  the  Re- 
mainder is  a  —  h-\-c  (=:rf  —  b^c)  which  more  diredily  reprefents  the  Difference  be- 
twixt a-f-f  and  h,  yet  is  equal  to  the  Difference  of  «  and  b  —  c. 

The  Reafon  is  plain ;  for  by  adding  the  leffer  Term  c,  and  then  taking  away  the  greater 
a,  we  take  away  as  much  as  was  before  added,  and  alfo  ail  that  a  exceeds  b :  Or,  if  b 
does  not  exceed  a,  we  may  firft  take  b  from  a,  and  to  the  Difference  add  c ;  "for  thus  we 
reftore  all  that  was  taken  away,  except  fo  much  as  b  exceeds  c :  And  fo  both  ways,  tlie 
Thing  really  taken  away  is  precifely  what  b  exceeds  c,  or  their  Difference.  If  the  Sub- 
tradtor is  a  more  complex  Expreffon,  or  confifts  of  more  than  two  Terms  added  and 
fubtradfed,  the  Reafon  of  the  Rule  is  ftill  the  fame,  from  what  has  been  explained,  -viz. 
That  fuch  Expreffions  fignify  no  more  in  Effedf,  than  the  Difference  of  the  Sum  of  all 
that  are  added,  and  the  Sum  of  all  that  are  fubtradled.  Wherefore,  by  what's  now  fhewn, 
all  that  are  added  in  the  Subtradtor  muft,  in  exprefling  the  Difference  fought,  be  fub- 
tradtedj  and  all  that  are  fubtradted  in  it,  mull  be  added:  Thus,  a  —  b-{-c — d — e 
=  <z  —  b  —  c-^d-\~e,  or  a-^d-^e  —  b  —  c 

Scholium.  The  lall  Ctjfe  of  this  Rulf  may  be  confidered  as  a  Theorem,  and  ex- 
preffed thus :  If  the  Difference  of  two  Numbers  is  fubtradled  from  a  third  Number,  the 
Remainder  is  the  fame,  as  if  we  added  the  leffer  of  thefe  two  Numbers  to  the  third,  and 
from  the  Sum  fubtradled  the  greater.     So  a  —  b — c  =  i-]-c  —  b. 

Case  III.  If  any  complex  Expreffion  of  a^ Difference  is  to  be  added  to  any  other 
Expredion,  join  them  without  changing  their  Signs,  or  any  Line  over  them.  Examp.  If 
to  a  we  add  b-\-c,  the  Sum  is  a-j-i-f-c  Again,  to  a  add  t — c,  the  Sum  is  <i -}^  ^  —  t. 
To  a  —  b&Adi  f  —  rf-f-*"?  tlie  Sumis<j:--t+f  —  «/4-e  {=ia-\^c-\^e—'b»^d.) 
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The  Jt-eafon  of  this  K«/e  is  evident,  when  the  Expreflion  added  has  all  its  Terms  -f-,  as 
in  Examp  i.  And  if  they  are  fome  -\-  fomc  — ,  as  in  Ex.  2.  the  Rcafon  is  this;  we  are 
to  add^  —  c ;  but  to  add  b  would  be  too  much  by  <-,  therefore  out  of  the  Sum  a-\-b, 
we  muft  take  away  c :  which  is  the  lame  in  Efteift,  as  if  the  c  had  been  firfl  tal<en  from  ^, 
and  the  Difterence  added  to  a.  And  here  objirve,  that  tho'  a  Line  is  drawn  over  die 
complex  ExprelTion  added,  it  alters  not  tlie  E&edt :  Soa-^b —  c  is  the  fame  inEffedt  as 
fl-f-i  —  f  j  Gnce  both  ways  the  Difference  of  b  and  c  is  added  to  a,  as  has  been  ex- 
plained. 

Now,  to  fum  up  thefc  Cafes  and  Rules  in  one  Gauval  Rule,  it  is  this:  To ^dW,  join 
the  Expreflions  without  changing  their  Signs ;  and  to  Subtraff,  join  them,  changing  all 
the  Signs  of  the  Subtraftor ;  or  draw  a  Line  over  the  Subtrador,  without  changing  the 
Signs,  only  join  the  whole  Expreflion  thus  united  (and,  as  it  were,  made  one  Exprelfion 
by  the  Line)  by  the  Sign  —  betwixt  it  and  the  Subtraliend.  Lafily,  If  the  Numbers  added 
or  fubtradted  are  exprelVed  by  the  lame  Letters  with  Coefficieius,  or  particular  Numbers 
prefix'd,  add  or  fubtrad  diele  Numbers,  and  prefix  the  Sum  or  Difference  to  the  com- 
mon Literal  Part. 

II.     For  Multiplication." 

Cas  E  L  When  two  Numbers  are  exprefled  by  any  Letters,  with  particular  Numbers 
4>refix'd,  (or,  multiplying  them)  then  if  two  or  more  fuch  are  to  be  multiplied  together, 
multiply  all  the  Coefficients,  and  prefix  the  Product  to  the  Produdt  of  the  Literal  Ex- 
preffions.     Thus,  4<7X  3^=  12.  a  b;  alfo,  T.abX'^  ac=  10  a'^  be. 

The  ReafoTi  is  obvious ;  for  it  is  only  a  continual  Multiplication,  wloich  may  be  done 
in  any  Order. 

C  A  s  E  II.  If  the  Multiplier  and  Multiplicand,  one  or  both,  are  complex  Ex- 
preffions,  the  Produdt  may  be  exprefled  by  the  general  Rule,  thus:  Draw  a  Line 
over  the  complex  Terms,  and  join  them  by  the  general  Sitrn  of  Multiplication  X. 
Example,  To  mu'tiply  a-\-b  hy  c-\-d,  the  Produdt  is  a~\-b  x  c~\~cl;  or,  a-\-b  bye — d 
makes  a-\-b  X  c  —  d.  Which  would  be  very  different  ExprefTions,  if  any  of  the  com- 
plex Terms  wanted  the  Line  (or  Vinculum,  as  the  Algcbraifts call  it ; )  thus  a~^b  x  c-\-d 
would  be  the  Sum  of  a,  and  the  Produdt  of  ^  into  c-\-d^  and  a-\-bx  c  —  d,  is  the  Dif- 
ference of  d,  and  the  Produdt  a-\-b'<  c. 

So  that  we  are  to  underftiand  the  Sign  of  Multiplication  to  refer  only  to  the  firfl:  of  the 
fimple  Terms  on  either  hand,  unlefs  t\vo  or  more  of  them  are  joined  by  a  Vmculum. 
And  here  too  obferve.  That  when  feveral  Letters  ftand  together,  with,  or  without  the 
Sign  of  Multiphcation,  (whereby  they  alio  exprefs  the  Produdt  of  thefe  Letters)  this  is  to 
be  reckoned  but  one  Term,  with  refpedt  to  the  following  or  preceding  Sign,  whether  of 
Multiplication,  Addition,  ^c.  as  ab-\-d,  or  a -\-b  X  cd.  And  mind  alio,  that  all  the 
Terms  joined  together  by  Multiplication  or  Divifion,  upon  the  Right-hand  of  the  Sigm  of 
Addition  or  Subtradtion,  make  but  one  Term  to  which  that  Sign  refei^j  as  a-\-hc%  c  -\-d 
which  is  not  to  be  underftood  as  if  a-\-bd  were  multiplied  by  c-j-d,  which  then  would 
be  made  a-^bc  x  c-^-d^  but  it  is  the  Sum  of  a  and  the  Produdt  of  ^  r  by  c  ~\-J. 

Obferve,  Tho'  this  general  way  of  reprefenting  the  Produdts  of  complex  Expreflions  is 
often  convenient,  yet  there  is  another  Rule  more  iiieful,  whereby  the  Produdt  is  not  ex- 
preffed  fo  indefinitely,  but  all  reduced  to  more  fimple  Terms  without  any  Vinculum. 
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Amthsr  R  C7L  E  for  Complex  Expreflions. 

Multiply  each  fimple  Term  of  the  Mulripher  by  each  fimple  Term  of  the  Miilriplicand< 
(according  to  tb.e  general  Rule.)  And  if  the  Signs  before  each  of  the  two  iimple  Terras^ 
multiplied  together,  are  the  fame  or  hke  [viz..  both  -\-  or  both—)  prefix  rhe.Sign  -j-  to 
the  Prodiidl;  but  if  tliey  are  unlike  (■v/^;.  the  one  -f-  and  the  other — )  prehx  the  Sign — . 
The  following  Examples  fufficiently  (hew  the  AppUcation. 


Examp.  1.     aXb~{-c  =  ab-{-ac.  Ex.4.     a-{-bx.c  —  d=^ac  —  ad-\-bc  —  bd: 


2.     a-\-b)'.c-\-d=.ac-\-ad-\^bc-\-hd  5.     a — 1>  y.  c  —  d=ac  —  ad — hc-\-hd. 

"i^.     a  X  b  —  c=ab — ac. 

Demonstration. 

1.  \Micre  all  the  Signs  are  -}-,  as  in  Examp.  i.  and  2.  the  Reafon  is  plain,  and  it  has 
alfo  been  ihcwn  in  Lemma  3.  Chap.  5.  Book  i. 

2.  If  one  of  tlie  Terms  is  fimple,  or  a  Sum,  and  the  other  a  Difference,  as  in  Ex.  3, 4. 
then,  for  Ex.  3.  to  multiply  b — c  by  a,  it  is  evident  that  ab  is  too  much;  for  we  muft 
take  only  a  times  the  Difference  of  b  and  c^  or  what  b  exceeds  c  j  therefore  if  we  take 
ac  out  of  ab,  the  Remainder  is  a  times  the  Number  by  which  b  exceeds  c.  Or  thus. 
Let  b  =  c-j-d,  then  ab=^aXc-^d  =  ac~{-ad  (by  the  ift  Ex.)  from  which  take  ac, 
there  remains  ad,  fiz.  the  Produft  of  a  into  the  Difference  of  b  and  c.  Again,  If  a 
Difference  c  —  d  is  to  be  multiplied  by  a  Sum  a~{-b,  the  Reafon  is  the  fame  for  the 
Multiplication  of  each  Term  of  the  Sum  into  the  Difference:  As  in  £.v.4. 

3-, If  both  Multiplier  and  Multiplicand  are  Differences,  as  in  Ex.f;.  then  having  muT-' 
tiplied  c  —  d  hy  a,  l^-rn  Ex. -3.)  the  Produdl  is  ac  —  ad,  which  is  a  times  c  —  d,  or 
c — d  times  a:  But,  ifinftead  of  f  —  d  times  a,  we  ought  to  takconly  c — d  times* — b„ 
therefore,  reafoning  as  in  Ex.  3.  ir's  plain  we  have  taken  too  much  by  c  —  d  times  b,  or 
cb  —  db;  and  this  being  taken  from  the  preceding  Produdl  ac  —  ad,  the  Remainder  is 
the  true  Produd,  -viz,,  ac  —  ad — cb  —  db-=  ac-~aJ—cb-\-db,  (by  the  Rules  of  Sub^ 
traction)  which  is  according  to  the  Rule.  

Or  we  may  reafon  thus:  Inftead  of  taking  a  times  c  —  d,  wliich  is  ac  —  dd,  we  ought. 
to  take  only  a — b  times  c  —  d^  therefore  we  have  taken  too  much  by  the  Produft  of 
c  —  dhy  b.,vj\\\chisch  —  db.  Oralfothus:  Let  <i  =  ^ -f- "' then  a  X  f  —  d=:b-f~>iXc — dy 
■=bXc — d  -}-ttXc  —  d,  (by  Artie,  i-  takinge — d  as  one  fingleTcrm.)  And  w  being  thd 
Difference  of  a  and .  b,  therefore,  w Xc  —  d  is  the  Produd:  fotight :  Confequently 
I, X  c^d-\- vxc  —  d,  or  its  Equal  aXc~d,  exceeds  it  by  b  x  c-—d  ==hc  —  bdi  y?hich 
taken  from  <:c  —  f</, -leaves  <jc  —  ad — ^r-j-Z-^/,  as  before.  ■        '• 

Obferve.,  If  any  of  the  Terms  arc  more  complex  than  thefe  Ex.imples,  yet  the  Reafon 
is  the  lame  m  all ;  becaufe  they  are  nothing  elfe  but  a  Sum  or  a  Difference. 

III.     For  Division. 

All  the  Ufe  that  is  to  be  made  of  the  Literal  Divifion  in  the  fbllov/ing  Work,  ro- 
quires'bnly,  diat  to  the  General  Rule  I  add  thefe  t^vo  Obfcrvations.     . 
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I.  If  the  fame  Letter,  or  Expreffion  whatever,  is  multiplied  into  all  the  Terms  of  both 
DiviCor  and  Dividend,  by  putting  it  out  of  bodi,  the  Qiiote  is  thereby  exprefTed  more 
ah  h 

fimply.     Thus,    ==  =  -——    And  mind,  that  if  one  Term  of  the  Divifor  or  Di- 

aX  c~\-d       c  -f-d 

vidend  is  multiplied  into  all  the  reft,  then,  in  putting  out  that  Multiplier,  fet  i   iji  the 
-       ,    ,  ,  abA~a        h-^\  Ta-\-6       a-\~2 

Place  where  it  ftood  alone  i  thus,  -,^= -.   and     — ; —  =  — — .for  6=1x2. 

ac  —  ad        c  —  a  -^  be  he  ■'        ■ 

The  Reafon  of  this  will  appear  in  the  4"' Book.  See  Chap.i.  General  Corollary  21. 
And  if  all  the  Letters  rcprefent  Integers,  fo  that  the  Quote  thus  reprefented  has  the  proper 
Form  of  a  Fradlion  j  the  Reafon  of  tliis  Rule  will  be  feen  in  Book  2.  Chap.  i.  Lemrja  ^. 
Cor.  3. 

2.  If  a  Quote  is  exprefTed  by  the  Sign  -h  or  )  fet  betwixt  Divifor  and  Dividend,  it's 
to  be  referred  only  to  the  fimple  Terms  on  each  hand,  or  which  have  a  Vinculum :  So 
a-^h-^c  is  the  Sum  of  a,  and  the  Quote  h^-c.  But  however,  many  fimple  Terms  (or 
fuch  as  become  one  Term  by  a  Vinculum)  are  continuouily  joined  by  Signs  of  Multi- 
plication and  Divifioni  we  may  explain  them  all  in  order  as  they  Hand,  one  after  another. 
Thus  aych-r-cycd-^e,  may  be  undei-flood  thus,  wz.  iz  multiplied  by^,  and  this  ProduA 
divided  by  c,  and  this  Quote  multiplied  by  d.,  and  this  Prodad  divided  by  e :  Or  thus. 
The  Produft  ah  divided  by  the  Produft  cd^  and  this  Qiiotc  divided,  by  e :  Or,  a  multi- 
plied by  the  Quote  h-^c,  and  this  Product  multiplied  by  the  Quote  d^^e.  All  which 
are  equivalent.    The  Reafon  of  which  wiU  appear  from  the  Rules  of  Fradtions,  when  wc 

exprefs  the  Quotes  fradionally,  thus,  <»x-rX  _j  and  this  Method  is  generally  moft  con- 
venient, as  it  leaves  no  Sign  but  that  of  Mukiphcation. 

The  Application  of  this  univerlal  Notation,  and  it's  Operations,  in  our  Reafoning  about 
Numbers,  is  made  by  means  of  thefe  few  fimple  and  eafy  Principles,  or 

A  X  I  O  J\I  S. 

1.  If  ro  any  Number  another  be  added,  and  from  the  Sum  be  fubtraiSted  the  Number 
added,  the  Remainder  is  the  firft  Number :  Or  it  is  the  fame  thing,  if  we  firlt  fubtnadt 
and  then  add.     Thus,  a~^-h'—l>  =  ai  or,  <«— c-f.<:  =  (7. 

2.  The  fame  or  equal  Numbers  added  to  the  fame  or  equal  Numbers,  make  the  Sums 
equal.  So  if  we  fuppofe  a=:h,  then  a-^d=h-j-d;  if  iT-^l>  =  c-}-d,  then  a-\-b-\~n 
=  c-\-d-\-f::,  it  a  =  h—'C.,  then  a -^c=:b.     (For  ^ — c-j~c^=b  by.thelaft.) 

3.  The  fame  or  equal  Numbers  flibtradted  from  the  fame  or  equal  Numbers,  make 
the  Remainders  equal.  So  it  a=:b,  then  a — d:=h  —  d;  if  a~\-b:^c-^b,  then  a=cj 
if  a -j-h=c,  then  <i=f  —  b^  if  a  ~\- b  =: c-^  b,  then  <7  =  f  •— 2  ^. 

4.  If  a  Number  is  multiplied  by  another,  and  the  Produdt  divided  by  the  fame  Num- 
ber, (or  lirlt  divide  and  then  multiply)  the  Quote  (or  Produift)  is  the  firft  Number. 
So  <?  X  »  -i-  «  =  a. 

5.  If  the  fame  or  equal  Numbers  arc  multiplied  equally,  the  Produifts  are  cqinl.  So 
if  a  =  h,  then  au  =  bu;  if  a-\-b  —  c=:d»-{-e,  thenr-xa-j-^  —  c=  rxd»-j-e,  or 
ra-\-rh  —  rc=rdn-\-rei  If  j  =2',  then  «=%,  (for  ^  X  i  =  «  by  the   laft.)     And  this 

Cafe  is  tlic  fame  as  the  Proof  of  Divifion. 

6.  If  the  fame  or  equal  Numbers  are  divided  equally,  the  Quotes  are  equal.     So  if 

a^=^b,  then  a-^d=h-^d,  or  thus, -2=^-7   andif  a  =  b<j,  thenr-  =  j.     (For  bq-~b 
=<j,  by  the  4th.) 

Obferi'e,  The  Trutli  contained  in.  thefe  Ay,ioms  are  univerfal,  whether  the  fuppofcd 
Nurabets  are  Integers  or  Fractions. 
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BOOK    II. 

0/  Fractions. 


CHAP.     I. 

Containing  the  General  Principles  and  Theory. 

WHAT  a  FraBion  is,  and  the  Notation  of  it,  has  been  already  explained.  I 
have  (hewn  wherein  the  eflential  Difference  betwixt  Integral  and  Fraiiional 
Numbers  does  confift^  and  have  obferved,  that  there  cannot  be  any  other 
Operations  in  Arithmetick  but  thofe  of  Whole  Numbers  ;  and  that  the  Ground 
and  Reafon  of  different  Rules  for  the  management  of  Fraftions  Ues  in  their  relative  Na- 
ture and  Value.  But  now  more  particularly  obferve.  That  from  this  relative  Nature  it 
follows,  that  the  fame  Quantity  may  be  fradtionally  expreffed  under  a  variety  of  different 
Forms,  which  in  moft  Cafes  requires  fome  preparatory  Work  for  reducing  the  Numbers 
propofed  into  a  like  Form,  before  the  common  Operations  of  Addition,  &c-  can  be  per- 
formed. The  firft  thing  therefore  to  be  done,  is  to  explain  the  feveral  Diftindlions  of 
Fraftions,  with  the  general  Theory  of  their  Nature ;  and  dien  the  Redudtions  of  them  from 
one  Expreflion  to  another. 

Obferve,  For  brevity  I  contra(2:  the  word  Numerator  into  Num'.  and  the  word  Deno" 
tninator  into  Den'. 

DEFINITIONS. 

From  a  Comparifon  of  the  Num''  'to  the  Den',  as  a  Part  (taken  more  generally) 
to  the  Whole;   Fraftions  are  diftinguifhed  into  Proper  and  Improper. 

1.  A  Proper  FraSlion  is  that  of  wliich  the  Num''  is  lels  than  the  Den"",  as  |j  and 
is  called  Proper  with  refped  to  the  relative  Integer,  becaufe  it  e.v'prefles  a  Quantity 
lefs  than  it,  (as  has  been  already  explained  in  a  Corollary  to  the  Definition  of  aFradion ;) 
as  if  the  true  and  proper  Signification  of  the  word  Fraction  were,  [a  Part  or  Quantity 
leffer  than  another. 

2.  An  Improper  FraBion  is  that  of  which  the  Num'  is  equal  to,  or  greater  than  the 
Den',  as  i,  or  |,  and  is  called  improper  with  refpctft  to  the  relative  Integer,  becaufe  it 
expreffes  a  Quantity  greater  than  it,  and  is  therefore  not  a  Part  of  it  in  any  fenfe.  But 
taking  the  word  Fr^(!?/(7;«  as  I  have  defined  it,  there  is  no  fuch  Diftinftion;  for  each  Unit 
of  the  Num'  is  an  Aliquot  Part  of  the  Integer,  and  the  Whole  is  a  Number  of  fuch  Parts : 
And  fince  the  applying  a  relative  Value  or  Denomination  to  any  Number,  makes  it  a 
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fraftional  Number ;  therefore  all  fuch  are  equally  true  and  proper,  according  to  thk  larger 
Senfe:  fo  that  wherever  this  diftinilion  is  applied,  the  meaning  of  the  word  Fra£lion  is 
reftraineJ ,"  or,  without  minding  that,  we  may  take  the  Terms  Proper  and  In/proper,  to 
fignify  no  more  than  a  Diftindion  of  thefe  different  Circumftances,  viz.  the  Numerator's 
being  lefs  or  not  lefs  than  the  Denojninator. 

Fradions  are  alio  diftinguiflied  into  Simple  and  Conipotivd. 

•^ .  A  Si7nple  Fraiiion  is  one  finglc  Fradion, .  referred  immediately  to  fomc  Integer  j 
as  ?-,  or  I  ot  any  thing. 

4,.  A  Compound  Fraifion  is  a  Fradion  of  a  Fradion,  confifting  of  two  or  more  fimple 
Fradions  referred  to  one  another  in  order,  and  the  laft  referred  to  fome  Integer i  as 
\  of  *  of  any  thing;  or  |-  of  |;  of  J  of  any  tiling;  the  Particle,  o/,  being  the  ^iark  of 
a  Compound  Fraction. 

Scholium.  One  Fradion  may  be  either  an  Aliquot  or  Aliquant  Part  of  another, 
as  well  as  one  whole  Number  is  of  another ;  fo  that  a  Fradion  which  is  \  of  *■,  is  an 
Aliquot  Part  of  \  :  but  |  of  *  is  Aliquattt. 

5.  A  Whole  Ni  'Tiber  with  a  Fradion  annexed,  is  called  a  it/wV  Number-,  and  if  the 
Fradion  is  referred  to  an  Unit  of  the  fame  thing  that  the  whole  Number  rep  refents,  then 
they  are  fet  together  withoiK  any  mark  of  Addition,  that  being  underftood;  for  Elxamp'e 
46  \ I.  but  if  the  Fradion  is  not  referred  to  an  Unit  of  the  fame  thing,  they  muft  be  fcpa- 
rated,  that  the  name  of  each  thing  may  be  diilindly  apply'd,  as  if  it  were  4'S  /.  -f-  '^  'A. 

Scholium.  In  Abflrad  Numbers  when  there  i?  no  particular  thing  named, «  Mix'd 
Number  is  always  underftood  in  the  firft  fenfe,  (i.e.  the  Fradion  is  fuppofed  to  relate  to  an 
Unit  of  the  fame  thing,  which  the  whole  Numoer  reprefents)  and  fo  it's  written  without 
any  mark  of  Ad'^ition,  as24|-.  Obferve  alfo,  that  if  we  fuppofe  (as  we  iliall  immediately 
provej  that  t^vo  Fradions  exprefs'd  in  different  Numbers  may  be  equivalent,  then  the  fame 
integral  Number,  with  the  fame  or  equivalent  Fradion,  makes  the  fame  or  equivalent  im- 
proper Fradion. 

COROLLARIES. 

1.  Every  Improper Fr^^ion  is  equal  to  fome  whole  or  mix'd  Number,  and  particularly, 
if  the  Numerator  and  Dejiominator  are  equal,  the  Fradtion  is  equal  to  i  j  for  then  you  take 
as  many  Parts  as  the  Integer  contains,  that  is,  the  whole  Integer  or  Unity,  fo  5  =  1.  And 
where  the  Num'  is  greater  than  the  Denomf,  the  Fradion  is  greater  than  Unit)', 
Cfor  the  Integer.)  But  how  to  reduce  it,  or  find  the  equivalent  whole  or  mix'd  Number, 
we  fhall  learn  afterwards. 

2.  Every  compound  Fradion  is  equal  to  fome  fimple  Fradion,  for  that  which  is  a  Part  of 
a  Part,  is  certainly  a  Part  of  the  Whole,  and  we  fhall  fee  below  how  to  find  that  limple 
Fradion. 

AXIOMS. 

1.  The  like  Fradions  of  two  equal  Quantities  or  Numbers  are  equal;  that  is,  if  A=B 
then  -of  A  =  -  of  B. 

m  m 

2.  If  two  Fradions  are  fuppofed  to  be  equal ;  and  if  alfo  one  of  their  fimilar  Terms  be 
equal,  the  other  is  To  too;  thus  if  —  =  -j  then  is  h=d. 

All  thte  other  common  Axioms  of  Numbers,  hold  in  Fractions  as  well  as  Integers. 
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L  E  M  M  A     I. 

The  greater  or  lefTer  tlie  Numr  of  a  Fraftion  is  with  the  fame  Denr,  the  greater 
or  leffer  is  the  Value  of  the  Fradion.     Or  thus. 

Two  Fra<Sions  with  the  fame  Denomf  and  different  Num'S  reprci^nt  quantities 
of  different  Value  i  and  the  greateft  Nun.''  makes  the  greateft  Fraftion.  ExaMp.{  is 
greater  than  |  (of  the  fame  thing  :)  For  the  Num^  being  the  diredt Number  of  things  ex- 
preffed,  and  the  Denomr  being  the  fame,  the  Value  of  each  Unit  of  the  Num""  is 
the  fame,  and  therefore  the  greater  Num'    makes  the  greater  Value  in  the  whole. 

But  more  particularly,  if  the  one  Numr  is  Multiple  of  the  other,  that  Fradion  is 
Equi-multiple  of  the  others  fo  *is  double  of  4  becaufe  4  is  double  of  2.  For  the  Value  of 
each  Unit  of  the  Num'^  being  equal,  the  comparifon  of  them  is  the  fame  as  if  they 
were  pure  abftraft  Numbers. 

CoROLL.  AFradlionis  multiplied  or  divided  by  any  Integer,  if  we  multiply  or  divide 
itsNum'j  and  this  is  a  proper  Multiplication  or  Divifion  of  thedireft  Number  of  things 

reprefented  -.   So  i  x  2=;A  and  |  -—2=^ ;  and  univerfally  <»  X  — =  —  and ~  a=  -  or 

,1  p  ai  i 

the   -  part  of  —  =  — , 

Obferve,  That  the  Divifion  is  fuppofed  here  to  be  without  a  Remainder,  for  otherways 
a  Fraftion  cannot  be  divided  by  dividing  its  Num'.  Becaufe  the  compleat  Quote  being 
a  mix'd  Number,  it  cannot  be  the  Num'  of  a  Fraftion  in  proper  terms.  Obferve  alfo 
that  when  the   Num'   of  a  Fradion  is  i,  it  is  multiplied  by  any  Number,  by  placing  that 

Number  inftead  of  the  i :  thus,  w  times  '-  Part  is  —  Parts  j  the  truth  of  which  needs  not 

this  'Lemma-y  but  is  comprehended  in  the  very  Nature  and  Idea  of  a  Fraftion.  So  ^,  or 
3  4."*  Partr,  is  an  equivalent  Expreflion  for  3  times  \  Part,  as  every  Number  of  any  kind 
of  things  fignifies  fo  many  Units  of  that  kind. 

I.  E  M  M  A    II. 

Any  Fraftion  of  any  Number  is  equal  to  the  Sum  of  the  like  Fractions  of  all  the  lefler 
Numbers  of  which  that  Whole  i5  compofed.    For  Examp.  20=  12 -f- 8.     therefore  4  of 

20    (  =  5)    iS  =  4of  I2(  =  3)  +1  of  8(  =  2.)       Alfolof  20(  =  I5)is  =  |0f  I2(=:9) 

4-'  of  8  (  =  5.)     Or  Vniwrfally,  If  M=A  +  B  +  C,  6-c.  then  ^  of  M  is  =  ^  of 

A+  -   of  B+~  of  C.    Or,  -  of  M=  i  of  A  +  ~  of  B  +.  -    of  C.    [Howfe- 

veral  Fraftions  arc    added  together  in  one   fimple  Fradfion,    we  learn  aftei wards;   aU 
that  is  defigned  here,  is  a  general  Truth,  concerning  a  number  of  Fractions ;  for  whatever 
way  they  are  exprelted,  the  general  Idea  is  the  fame  thing. 
The  Beafin  of  this  Truth  is  very  plain  i  for  the  Whole  being  nothing  elfe  but  all  the 

Parts,  when  you  have  taken  the  |  or  |,  (or  generally,  ^  Part,  or   ^  Parts)  of  eadi 

Member  of  the  Whole,  you  have  taken  the  like  Part  or  Parts  of  the  Whole. 

ScHoL.  We  may  alfo  exprefs  this  Truth  in  this  manner,  viz.  If  one  Quantity  is  made 
up  of  a  number  of  other  Quantities,  A-f-B-f-C,  and  another  made  up  of  as  many 
a-\-b-\~c.)  (drc.  which  are  refpecStivcly  leffer  than  the  former,  and  which  are  each  equal 
to  the  fame  Fradtion  of  their  Correfpondents  in  the  other,  {i.  e.  a  of  A,  and  h  of  B,  a^rc) 
then  is  the  Whole  a-\r-h-\-c,  &c.  equal  to  the  fame  Fradtion  of  the  Whole  A  -}-  B  -f-  C, 
&c.  that  is,  the  Sum  of  the  like  Fradtions  of  any  two  or  more  Numbers,  is  the  like 
Fradtion  of  the  Sum  of  thefe  Numbers. 

C  O- 
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COROLLARIES. 

I.  Any  FracStion  of  any  Number  is  equal  to  that  Number  of  times  the  hire  Fraftioti 
of  I  i  for  Examp.  j  of  2  is  =  2  X  f  ot  i  (=|  of  i  Corol.    Lem.  i)     Alio  i  of  2,  is  = 
2XA  of  1  (=*  of  I.)      Or  Vniverfally,  £   of  "  's  a  times  -   of  i  (=  f,"  of       b 
Cor.  Lem.  i.)      For  ■£   oi  a,  is  the  Sum  of  the  Z   Parts  of  every  lefTer  Number,  which 
makeup  a,  i.  e.  of  every  Unit  in  a,  which  is  ^  of  i,  as  often  taken  as  there  are  Units 
in  a,  or  ^  times  ■;  of  i;  that  is,  -    multiplied  by  «=-"  of  r.  (Cor.  Lem.  i.)     [And 
let  it  be  always  minded,  that  when  the  Fraftion  of  a  Number  is  propofed  which  has  no 
fuch  Fraction  in  pure  Numbers,  wc  muft  have  recourfe  to  applicate  Numbers,  Co  tliat 
the  Number  propofed  is  conceived  to  reprefent  a  Qiiantity  fubdivifible  fo  as  to  have  the 
Part  propofed.] 

ScH  o  L.  In  this  Corollary  wc  have  a  compleat  Demonftration  of  what  we  have  in  part 
fuppofed  in  Divifion  of  whole  applicate  Numbers,  and  referr'd  to  this  Place,  -viz..  That  any 
Part  of  any  Number  of  Things  is  equal  to  that  Number  of  Times  the  like  Part  of  one  of 
thefe  Things.     Examp.  That  |  of  2  /=  *  of  i/.  or  '7  of  ?/  =  -   of  i. 

2.  Any  Fradtion  referred  to  any  Number  is  equal  to  a  Fradion  whofe  Num'  is  that 
given  Number,  and  its  Den""  the  given  one,  and  which  is  referred  to  the  given  Num' 
as  die  Whole.  Thus,  1  of  2  =  |  of  3:  or  generally,  ~  ofw=:  "  of^.  For 
^  of  »;  is  =:-'  of  li  and  -^  of  tf=  ~  of  li  {per  the  laft.)  Confeqiientlyj  ~  ofw 
=  -  of;i. 

n 

3.  From  die  two  laft  this  follows  again.  That  any  Fratflion  of  any  Number  is  an 
^//^■//o/ Fraftion  having  the  fame  Den',  and  referred  to  theProduft  of  the  Num''  and  the 

given  Number,  as  the  Whole  :  Thus,  |of  5  =  J  of  to.  Ufirjerfally.,  ^  of  l>=:-^  o(ak. 
For  ~  of  hz=b  times  ~  of  i  i  or,  -  of  r,  (by  die  firft,)  and  -  of  i  is  =  -  ofia. 
(by  the  laftj)    therefore  ^   of^  =  -i   of  a  h. 

4.  The  Sum  of  two  or  more  Fractions  having  the  fame  Den',  is  equal  to  a  Fraftion  of 
the  fame  Den"",  whofe  Numf  is  the  Sum  of  the  given  Num'^  Examp.  -  -|_  1  -L  i, 
=  1±1±1-  For^  of^+^of/.+  „-of^=^of^+/'+.,  but^of<z=..^  ofi. 

Ard  fo  of  the  reft:    Therefore, (^-fr. 

5.  Here  now  we  have  a  further  Demonftration  of  that  general  Truth  mentioned  in  Scbol. 
after  !>?«».  2.  for  demonftrating  t)ivifion  of  Whole  Numbers;  -viz..  That  the  Sum  of  the 
complete  Quotes  of  any  Numbers  is  equal  to  the  complete  Qiioce  of  the  Sum  of  thefe 

Numbers,  being  aU  divided  by  the  fame  Divifor.     For  "^"^^,"^^=7 +-^+-^;  and 

whatever  tliefe  Quotes  are,  whether  Whole  Numbers  or  Mix*d,  thefe  Fractions  ex-prels  the 
Quotes  of  thefe  Numbers  by  the  Den'' ;/.  But  again,  we  fee  here  this  more  generalTruth,  wr. 
That  v/hatever  Numbers,  (Whole  orFrafhional)  any  Number  (WholeorFraftional)  ii  re- 
folved  uito,  the  Sum  of  the  Quotes  is  equal  to  the  Quote  of  die  Sum,  being  divided  by  the  fame 

P  2  Integral 
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Inte<^ral  Divifor :  For  whatever  kind  of  Numbers  A,B>C  are,  ftill  it  is  true,  that    i  of  A  -f-  -i 
of  B  -f-  of  C=  -  of  A  +  B -f  C i  aiid  the  ~   of  any  Quantity  is  the  Quote  of  it 

divided  by  w-  Afterwards  when  we  learn  what  the  meaning  of  dividing  by  a  Fradion  is, 
we  ihall  fee  the  iame  truth  hold  in  that  Cafe  alfo :  So  that  it  is  Univerfal  for  all  Cafes, 
whatever  the  Dividend  and  Divifor  is  i  as  you  may  eafily  make  Examples  of,  when  yoii 
have  learned  the  Operations  of  Fradions. 

6.  Any  Aliquot  Part  of  one  Quantity  or  Number  whatever.  Whole  or  Fradion,  is  the 
fame  Fradion  of  rlie  like  Aliquot  Part  of  another,  as  the  one  Whole  is  of  the  other :  Or 
thus,  any  tv.'O  Numbers  or  Quantitj's  are  the  fame  Fradions  one  of  another  as  their 
Equimultiples.     Exam^.  If  f  of  any  Quantity  is  equal  to  \  of  the  \  of  another^  then  the 

firft  Whole  is  \  of  the  other :   Or  if  7  of  one  Quantity  is  =  ^  of  -^   of  another,  the 

firft  Quantity  is  =  j  of  the  otlier :  For  each  Whole  being  compofed  of  equal  Parts, 
they  are  reprefented  thus,  A  + A  +  A,  d-f.  and  a-}-a-^a,  dfc  And  the  Number  of 
Parts  being  equal,  a  and  A  are  the  like  Aliquot  Parts  of  their  Wholes ;  and  a  is  the  like 
Fradion  of  A,  as  the  Sum  a -{-a,  &c.  is  of  A+ A,^*^- 

7.  If  we  compare  any  Fradion,  as  ^   of  any  Quantity,  or  Number  whatever  A,  and 

the  like  Fradion  of  another  Number  B  j  then  is  ^   of  A  equal  to  the  fame  Fradion  of  1 
of  B,  as  A  is  of  B;  which  is  plain  from  the  laft :  for  w  x  -  of  A,  and  »x  ^  of  B,  are 
Equimultiples  of  i  of  A,  and  -^  of  B:  And  by  the  laft.    Equimultiples,  or  \\k(i  Aliciuqt 
Parts  of  any  two  Quantity's  are  the  like  Fradions  one  of  another  as  thefe  Quantities  are  •■, 
;.  f.   «x  i.  of  A  (=  -   of  A)  is  the  fame  Fradion  of  wx  ~  ofB  (=  -  of  B,)    as  i 

rif  A  is  of  '  of  B :  Alfo  -  of  A,  is  the  fame  Fradion  of  -  of  B,  as  A  is  of  B.  Hence 
laftly,  -   of  A  is  the  fame  Fradion  of  -^  of  B  as  A  of  B. 

LEMMA    III. 

The  Difference  betwixt  the  like  Fradions  of  two  Quantitys  or  Numbers  v/hatever,  ij 
equal  to  the  like  Fradions  of  the  Difference  of  thefe  Numbers.     Examp.  |  of  1 5  (=  10) 

_^of  6  (  =  4)  is  =|of  15  —  6  (  =  6i)  or  generally,  ~   of  A—  ~  of  B=  1    of 
AI^.  Orthus,  if  «i,^  are  like  Fradions  of  A,B,  wz-  £  Parts,  then  <«—^  =  £  of  A—Q. 

Demonst.  L^tA— Bbe  =  afj  then  is  A  =  </+B:  Wherefore  "  of  A— B=  -  jof 
rf,  and  -  of  A=  -  of  flTfBi  which  is=  ^  oid-\-~  of  B,  (by  laftiww;<t.)  Con- 
fequently,  -  of  A  =  -^  of  ^ -}- "  of  B;  out  of  each  of  thefe  take  -  of  B^  then  is 
-  of  A— -   ofB=  -  of</.    But  "   of  A— B=  "    of  ^,  (as above i)  therefore  ~  of 

m  ft  m  m  ^  "' 

A--  ofB=-£  ofA^^. 

I  COROL- 
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C  o  R  o  L.  The  DiiTerence  of  two  FraAions  of  the  fomc  Den''  is  equal  to  a  Fiadicn 
of  that   Den',  whofe  Num"'  is    the  Difference    of  the  given   Numbers.      Exanple^ 

=  "— )  for  -    of  a-=-~    ofi,and  -    of  *=:-   ofi,and  -    of<r— ^  =  ''  — 


of  I  :    Therefore  —  —  -  =  — • 

M  «  M 

L  B  M  M  A     IV. 

The  more  (equal)  Parts  any  Number  is  divided  into,  the  fmallcr  thcfe  Parts  are;  and 
tlie  fewer  the  Number  of  Parts,  the  greater  is  the  Part.  For  Examp.  |  Pare  is  gre.ucr 
tlian  4  Part ;  and  fo  of  others  ;  For  it  is  plain,  you  cannot  divide  the  Whole  into  more 
Parts  without  breaking  the  former  Parts  into  Pieces  or  fmaller  Parts.  But  more  parti- 
cularl}-,  if  the  Den''  of  one  Part  is  Multiple  of  the  Den''  of  another,  then  this  Part  is 
Equimultiple  of  the  firft.  For  Examp.  \  of  any  thino;  is  do.ible  of  y,  becaufe  6  is  double 
of  ^     And  it  is  evident  that  the  fame  reafon  mulf  hold  in  all  Cafes. 

Or  we  may  exprefs  it  thus ;  li  any  Quantity  is  divided  into  any  Number  of  equal  Parts, 
and  the  fame  (or  an  equal)  Qiianticy  is  divided  into  2,  3,  4,  <^c.  times  as  many  Parts, 
then  the  Part  of  this  laft  Divifion  is  but  i,  ^,  4-,  &c.  of  the  Part  of  the  former.  For 
you  cannot  make  ^■,■i.■,&c.  times  as  many  Parts,  otherways  than  by  breaking  or  dividing- 
each  of  the  former  Parrs  into  2,  ■i,-,&c.  whereby  they  will  become  4i  f' -"''^-  of  the  Part 
divided ;  and  reciprocally  if  the  lafl  Divif.on  is  into  |,  '->,  -4-,  &c.  of  the  Number  of  Parts 
of  the  firft,  then  is  the  Part  of  the  laft  Divifion  2,  3,  4,cj-c.  times  as  great  as  that  of  the 

firft.    TJiiiverfaUy,  ~  Part  of  any  thing  is  equal  to  r  tim^s  -    Part  of  that  thing ;  and 

Reciprocally}  ^^  Part  is  but  the  ~  Part  of  ~  Part :  So'  that  if  the  Den""  of  an  Aliquot 
Fradion  is  theProduia  of  two  Numbers,  that  Fradion  is  equal  to  the  Compound  of  two 
Aliquot  Fradtions  whofe  Den'''  arethefe  Numbers.    Thus,  ifg^r;/,  then  is  -   =  i. 

Of     ^. 

LEMMA     V. 

If  rwo  Fraftions  have  the  fame  Num'  with  different  Doii""',  they  rcprcfcnt  Quantities 
of  different  Values,  and  that  which  has  the  greateft  Den'  is  the  leaft  Fradion.     For  Examp. 

1  is  lefs  than  \,  becaufe  it  reprefents  the  fame  Number  of  leflcr  Parts,  (Lrw.  ^.;  But 
more  particularly,  if  the  greater  Den'"  is  equal  to  2,  or  3,  ef  c.  times  the  lefler,  that 
Fradion  is  but  \  or  y,  cJ^f.  of  the  other.     And  Reciprocally,   this  Fraftion  is  equal  to 

2  or  3  times  tlie  former;  fo  ^  is  ■}  of  \  (and  |  is  3  times  |.)  becaufe  3  is  1  of  (J;  and 

^  is  1  of  4,  becaufe  7  is  J-  of  28.  Univerfally,  ~  is  .-  of  4,  and  -  is  r  times  '  ■> 
becaufe  w  is  —   of  r  n. 

T 

* 

The  Reafon  is  plain:  Thus,  -^  of  any  tiling  ijr  times  ^  of  that  thing,  (L?ct..  4.)  j,  c 
~  of  ^  =  rx  -  of  <?;  but  -^  of  a=.  ~  of  I,  and  -  of  a=.  '  of  i,  (by  Cor  3 
Lem.  2.)  therefore  ■;   of  i  =  r  times  £  of  i. 

Or  we  may  fee  the  Truth  of  this  fome\vhat  oclierwife  i  thus    -  and  -^  ^ire  the  like 

4liquot  Parts  of  ^   and  -,  'J'-''^-  the  ~   Part;'  (for  A  ==-  -r-  a,  or  -^   of  -,     and 

;^„  =  ;^,  -H-  <»  =  -i   of  £  i     {Corol.Lm.  i.)  But  ^^~~   of  --,  (by  Lem.  4.)     There- 
fore 
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fore  thatWhole  of  which  1_  is  the  ^  Part,  [viz.  £j  is  alfo  the  -;  Part  of  that  Whole, 
of  which  ~  is  the  ~  Part,  [viz.  ~y)i.  e.  £  is  the  i  of  ^,  (Or.  5.  Lf «;.  2 )  And 
Reciprocally,  -   is  r  times  -. 

COROLLARIES. 

1.  A  Fraftion  is  multiplied  or  divided  by  any  Integer,  if  \vc  divide  or  multiply  its 

Dcn'i     So  £xr=^,  and  ^  -^'•  =  r„'     For    £=-i    of  ^,     (by  this  Le»ma.) 

But    the  -    Part  of  any  Quantity  multiplied  by  r,  produces  that  Quantity;   therefore 

-  X  r  =  -  -    whence  again  -  h-  y  =  - . 

And  take  notice.  That  the  Divifion  is  fuppofed  here  to  be  without  a  Remainder ;  for 
otherwife  the  Fraiftion  cannot  be  multiplied  by  Diviiion  of  its  Den"',  becaufe  the 
complete  Q^iote  is  a  mix'd  Number,  and  fo  cannot  be  the  Den''  of  a  Fraction, 

Sc  H  o  L.  As  to  this  Corollary,  'obferv'e,  That  by  multiplying  or  dividing  the  Den*"  of  a 
Fradion,  what  we  call  properly  the  fractional  Number  is  not  multiplied  or  divided,  for 
that  is  the  Num''  j  but  the  mix'd  Value  or  Quantity  expreffed  by  the  Fraftion  is  multiplied 
or  divided  ,•  fo  that  it  is  ftill  proper  to  fay,  the  Fradion  (/.  e.  the  Quantity  expreflTed  by 
it)  is  multiplied  or  divided.  Again,  it  is  manifeftly  the  fame  thing  in  effed:,  to  increafe 
or  diminifh  a  Number  of  things,  keeping  the  fame  Value  of  each ;  or  to  increafe  or  di- 
minilTi  the  Value  of  each,  keeping  the  fame  Number  ^  for  either  way  the  Quantity  or 
mix'd  Value  of  the  V^''hole  is  equally  increafed  or  diminifhed.     Hence, 

2.  If  the  Nunir  and  Den''  of  a  Fradion  are  equally  multiplied  or  divided  by  any  Num- 
ber, the  Produds  or  Quotes  (where  there  is  no  Remainder)  make  an  equal  Fradion : 
Or  thus;  two  Fradionsare  equal  if  the  Num''  and  Den"" of  the  one  are  Equimultiples,  or 

like  ^%«c/ Parts  of  the  Num"'  and  Den''  of  the  other:  So  -^  =  -^.  For  by  multi- 
plying or  dividing  the  Number,  the  Fradion  is  multiplied  or  divided  in  the  Number  of 
things  diredly  expreffed,  (Cor.  Levi,  i.)  and  by  multiplying  or  dividing  the  Deri'  bv  the 
fame  Number,  the  Fradion  is  contrarily  as  much  divided  or  multiplied  in  the  Value  of 
the  things  exprelfed,  (laft  Cor)  fo  that  what  the  Fradion  gains  or  lofes  in  the  one  Mem- 
ber, it  contrarily  lofes  or  gains  as  much  in  the  other  j  and  confequently  it  remains  ftill 
tlie  fame  Fradion,  only  in  different  Terms. 

3.  If  we  find  a  Number  which  will  exadly  divide  the  Num'  and  Den'"  of  a  Fradion, 
we  can  thereby  reduce  it  to  lower  Terms,  (/.  e.  find  another  Expreffion  in  leffcr  Num- 
bers, which  is  an  equal  Fradion,)  viz..  by  dividing  the  Num'  and  Den'  of  the  given 
Fradion  by  that  Number,  and  taking  the  Q^iotes  in  place  of  the  former  Num'  andDenr. 
Thus,  |-=:4)  by  dividing  6  and  8  both  by  2. 

ScHoL.  Such  Divifoss  will  be  eafily  difcovered  in  many  C.lfe^•;  and  from  the  Na- 
ture of  Numbers  we  have  thefc  particular  Rules  for  finding  a  Number  which  will  divide 
two  other  Numbers,  {i.e.  the  Numr  and  Den»  of  a  Fradion)  iv:;.  i.  If  both  are  even 
Numbers,  or  have  in  place  of  Units  2,  4,  6,  8,  or  o;  then  they  are  both  divifible  by2i 
fo  ■j|^  =  Y»-  And  after  one  Divifion  by  2,  if  thev  are  ftill  even,  divide  again  by  2,  and 
fo  on  as  long  as  they  are  even;  thus,  i-}=4^  =/4^=:f . 

2.  If  any  one  or  both  of  them  have  f  or  o  in  the  iirft  Place,  then  will  5  divide  them 
both  i  or  if  they  have  boih  o's  in  the  fiift  Place;  on  the  Right-hand,  cut  away  an  equal 

Num- 
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Number  of  o's  from  both,  (which  is  dividing  them  both  equally  by  lo  or  loo,  ^r. 
According  to  the  Number  of  o's  cue  off"; )  and  alter  thcfe  are  cut  off,  apply  fome  of  the 
other  Divilioiis,  if  the  Cafe  admit  it. 

Examf.  I.  tVo=4I  ('^''«-  '5 -^5  =  3'  and  24.0-^-5=48.)  Ex.  2.  ^^^  =  ^\. 

When  none  of  thefe  Cafes  occur,  yet  in  fmall  Numbers  you  will  eafily  difcover  a  Num- 
ber which  will  divide  both,  if  tiierc  is  any  fuch ;  and  tho'  2  will  divide  them,  yetyou'll  fre- 
quently find,  at  firft,  a  greater  Number  which  will  divide  them. 

'3'-'    »s  —  5)    4y  —  T?)   4»  —  '■'    S*  —  J'    5? — 7- 

Definition  i.  Two  Fraftions  are  laid  to  be  reverfe  or  reciprocal  to  one  another, 
when  the  Num^  and  Den'  of  the  one  is  the  Den'  and  Num'  of  the  other,  as  \  and  -»,  or 

generally  j-  and  -  are  Reciprocals ;  and  becaufe  any  integral  Number  is  made  an  impro- 
per Fraction  by  making  i  the  Den' :  Therefore  a  whole  Number  has  alfo  its  Reciprocal, 
f/».  a  FraiSion,  whole  Der.f  is  that  whole  Number,  and  its  Numf  i.     So  2  and  |,  or 

<»and  —  are  Reciprocals. 

2.  Two  Fradions,  whereof  the  Terms  of  tlie  one  are.  the  2  Num''=j  and  the  Terms  of 
the  other  the  two  Denf'  of  other  two  Fradions,  are  called,  The  Alternate  Fradions  of  thefe 

A  B  AC 

other  two :  Thus  ^  and   -^  are  the  Alternate  Fradlions  of  thefe  two  -^    ■p;     and    thefe 

CD  B)    Dj 

Alternate  of  thofe. 

L  E  M  MA    Vr. 

If  t\vo  Fraftions  are  equal,  then  thefe  Truths  follow. 

1.  The  Produfts  made  of  the  Numerator  of  each  multiplied  into  the    Denominator 

of  the  other  are  equal.     Thus,  if  -7  =  — -  then  is  am  =  hi. 

Examf.  -,-  =  1^  therefore,  2X6  =  3X4  (=12.)  ' 

Demon  ST.    Since  v=£-  multiply  each  by  w,  die  Produds  muft  be  equal:  But 

~  X  w  =  '"^  (by  Cor.  Letn.  i.)  and  -  X  w  =1   or  w,    (Corol.  i.    Lemma  4.)    that  is, 

'•^  =  7t.    Again,  multiply  each  of  thefe  by  b,  the  Produds  are  alfo  equal,  r/z.  a7n  =  h?/, 

which  alfo  follows  from  the  Proof  of  Divifion. 

Hence  we  have  learned  a  certain  Rule  for  trying  the  Equality  or  Inequality  of  two 
Fradions. 

The  Reverfe  of  this  Article  is  alfo  true,  viz..  That  if  the  Produds  made  of  the  Nu- 
merator of  each  Fradion,  multiplied  into  the  Denominator  of  the  other,  arc  equal,  thefe 

Fradions  are  equal.  Thus,  if  <J7*  =  te,  tlien  -j^^-  For,  divide  <!;«and  ^«  both  by^, 
the  Quotes  are  equal,  viz,.  v'=»i  and  again  dividing  both  by  m,  the  Quotes  are  equal 

a n      .^     am  a  ^ 

Corol.     Ifj^^^j  then  are  w,  w,  both  lefs  or  both  greater,  or  both  equal  to  their 

Correfpondcnts  a.,  f^  for  fince  am  =  h/,  if  »is  lefs  than  a,  b  muft  be  greater  than  w,  elfe 
it's  plainly  impoffible  that  b  v  Ihould  be  =;  <?  m  \  and  if  «  is  greater  than  a,  h  muft  be  lefs 
than  m.     Lafily,  if  »  =  <7,  then  b  =  m. 


112       Ge7ieral  Principles  and 'Theory  of  FraBiions.  Book  2, 

a.  The  'Reciprocal  Fraffmsare  alfo  equal;  that  is,  if  j-=^>  then  is-=-.  Ex.  iff-^f 
then  is  1  =  1. 
D  E  M  o  N  s  T.    Bccaufe  ~  =  ^,-  therefore  «»;  =  »^,  (^>v.  i .)  Divide  each  by  a,  andthc 

Quotes  are  equal,  wz.  w=  -  :  then  divide  each  of  thcu;  ■  by  ?i,  the  Quotes  are  equal, 

t m 

■a        » • 

Scholium.  Becaufe  the  Reciprocals  of  two  equal  Fractions  are  equal,  we  may 
alfo  fay,  that  the  Reciprocal  of  one  of  two  equal  Fractions,  is  a  Reciprocal  ro  the  other ; 

Soif4  =-  then  arc  -  and  -Reciprocals,  alfo^  and  ^      But  .then  it  will  be  convenient 

to  diftinguifli  betwixt  immediate  and  remote  Reciprocals.     Thus  -^  and  -  are  immedi7 

ate  Reciprocals,  and  ^    ~   are  remote  Reciprocals.     But  when  we  fpeak  of  Reciprocals 
in  general,  without  ditlinguifliing,  then  dither  of  the  kinds  may  be  fuppofed.  ^ 

Co  R  o  L.  Il  the  Numerator  of  two  reciprocal  Fractions  are  multiplied  together,  and 
alfo  theur  Denominators,  the  Produfts  make  a  Fraftion  equal  to  i.  So  if  ^  ^  are  Re- 
ciprocals, then  |^=  ij   fo>'  ^  ^^  ^  2"'^  am  =  hi,  (Art.  i.)  hence  ^'^  =  i- 

-!.  The  Alternate  Fradions  are  alfo  equal :  That  is,  if  r  ='-j  then  alfo  is  -  =^ 
and  ■^  =  f .     T^xamp.  if  j=|,  then  |  =  ^- 

Demon  ST.     Since  ^  =- then   am-:=h?t  (Art.  i.)    divide  both    by  w,    and  the 

Qiiotes  are  equal,  viz.   ~  =  hi   again,  divide  both  thefe  by  w,  and  the  Quotes  are 

equal,  ^  =  ^  Cfor  ^-^'»  =  7  andi-Hw=  - : )  And  becaufe  ~=  ~  therefore  ~ 

ss  "■     By  Art.  2. 

Co  R  o  L.  I.  If  two  Fractions  are  equivalent,  as  j-  =  ^  the  Terms  of  the  one  are 
like  Fradlions  of  the  correfponding  Terms  of  the  other :  Thus  »,  m,  are  like  Fraftions  of 
a,  b,  or  a-,  b,  like  Fractions  of  ?/,  t».     For  ?/=  -  of  a,  and  7/1=  f  of  ^;    but  -=-  • 

Alfo  1  =  ^  of  fi,  and  b=.  ~  of  w;  but  ^  =  ~_ 

2.  If  two  Fraftions  are  equivalent,  as  f  =  -  the  Terms  of  the  one  are  the  Quotes 
of  an  equal  Divilion  of  the  correfpondent  Terms  of  the  other,  by  fomc  Number,  either 
integral  or  fraftional:  For  by  Cor.  2.  Lem.  2.  ~  or  ^  of  1  is=  ~^  of  a,  and  -  is  =  ^^ 

of  h.  Suppofc  then,  that  -  =  </,  then,  whether  d  is  3.  whole  Number  or  Fraftion,  it's 
plain,  that  w  times  d  is  =  a,  and  confequently  d  is  contained  in  a,  n  times,  or  a  -!-</=  v. 
Aoain,  -  =  -,  therefore,   -  =  </,  and  for  the  fame  Reafori  as  before,  d  is  contained 

VI  times  in  t,  or  b-~d^=w.     In  the  fame  manner,  if  we  fuppofe  ~  •=  d,   then  n  -^  d 

=  a\  and  becaufe  7=^-5  therefore,    ^  =«'>  and  w  -f-r/=  h. 

Ohferve, 
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Ohfirve,  When  we  have  learned  afterwards,  that  the  Quote  of  any  Number  (Whole, 
or  Fradion,)  divided  by  any  other  Number,  i^  fuch  a  Fraction  of  the  Dividend,  as  the 

Reciprocal  of  the  Divifor  exprefTes,  (/.  e.  the  ~  Part,  if  the  Divilbr  is  a  whole  Number 
<»,  or  the  ~  Parts,  if  the  Divifor  is  the  Fradion  ^)  then  it  will  be  plain  that  the  one  of 
thefe  two  Corollaries  is  contained  in  the  other,  fo  aJ  either  of  them  may  be  deduced  from 
the  other. 

L  E  M  MA    VII. 

If  any  Number  A  (whole  or  fraftional)  is  equal  to  any  Fraiflion  (proper  or  improper) 
of  another  Number  B,  then  is  B  equal  to  the  reciprocal  Fradion  of  A.     Examp.    If  A 

=|of  B,  thenisB=i^  of  Ai  univerfally,  if  A=  ^  of  B,  then  is  B=  ^  of  A. 

D  E  M  o  N  s  T.  If  A  =  -  of  B,  this  fuppofes,  that  B  being  divided  into  m  Parrs,  A 
contains  »  of  thefe  Parts  i  which  infers  reciprocally,  that  A  being  divided  into  «  Parts, 
B  contains  m  of  fuch  Parts. 

Co  R  o  L.  Hence  we  have  another  Proof  of  the  a<*  Article  of  the  preceding  'Lemma, 

viz.  That  if  two  Fractions  are  equal,  their  Reciprocals  are  alfo  equal :  For  if  A  =  ~  of  B, 
then  is  B=  ^  of  Ai  and  if  ^  =  7,  therefore  A  =  ;^'  of  B,  and  B  =  ^  of  A.  But 
fmce  alfo  B  =  -  of  A,  it  follows  that  -  =  -,  elfe  B  would  be  equal  to  two  different 
Fractions  of  A,  which  is  impoflible. 


CHAP.     II. 

Reduction  ^Fractions, 
probleat  i. 

'TT'  O  reduce  an  improper  Fra^ion  to  its  equivalent  PFho/e  or  Mix'd  dumber. 

Pu.'e.     Divide  the  Num'  by  the  Den',  the  Quote  is  the  Anfwer. 

Examp.  I.  %=i.  Ex.  2.  '/  =:4,  (the  Quote  of  24  by  6.) 

Ex.  3.  •,♦=3  J,  or  3 1,  (becaufe|  =  J,  Cor.  2.  Lem.^.) 

D  E  M  o  N  s  T.  The  Den'  reprefents  the  relative  Integer  or  Unit,  expreffing  it  by  a 
Number  of  Parts  i  therefore  as  oft  as  the  Num'  contains  the  Den',  it's  equal  to  fo  many 
times  that  Integer,  (or  fo  many  Int^al  Units  j )  and  wh«it's  over  in  the  Divilion,  makes 
a  Fradion  of  the  given  Denominator. 

PROBLEM    II. 
To  redtue  a  mix'd  N»»»iw,  to  an  equivalent  improper  Fra&itn. 
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"Rule.  Mulriply  the  inteo;ral  Number  by  the  Den'  of  the  Fraftion,  and  to  the  Produft 
add  the  Num'j  make  the  Sum  a  Num'  to  the  given  Dea',  and  that  is  the  Frac- 
tion fought. 

Exajnp.     6|  =  '_»;  thus,  6x3  =  18,  then  184-2  =  20. 

D  E  M  o  N  s  T.     Tliis  is  plain  from  the  laft,  for  it's  only  the  Reverfe  of  it. 

F  K  O  B  L  E  M    HI. 
To  reduce  a  Whole  Number  to  an  improper  Fraiiion,  having  any  given  Denominator. 

Hule.  Multiply  the  given  Number  by  the  given  Den',  and  the  Produft  is  the  Num' 
of  the  FracSion  fought. 

Examp.  To  reduce  8  to  a  Fradlion,  having  6  for  its  Den',  it  is  =  V. 

D  EM  o  N  s  T.     This  is  alfo  plain  from  Froh/.  2.  being  the  Reverfe  of  it. 

C  o  R  o  L.  Every  Whole  Number  is  reduced  to  the  Form  of  a  Fradlion,  by  making  i 
the  Den' i  thus,  4=f. 

Scholium.  The  fame  or  equivalent  mix'd  Number,  ;.  e.  the  fame  integral  Num- 
ber, with  the  fame  or  equivalent  Fraftion,  will  always  make  the  fame  or  equivalent  im- 
proper Fraction,  only  m  different  Terms,  according  as  the  fradlional  Part  is.  ^W  Re- 
iierfe/y.  The  fame  or  equivalent  improper  Fradion  will  always  reduce  to  the  fame  or 
equivalent  mix'd  Number. 

Examp.  4|— V'  3"'^  +f=H'*'  ^^^  becaure^  =  i,  therefore  4 f  =  4 ^,  confequently, 
Y  =  '_*;  and  from  this  it  follows  reverfely,  that  4I  (='V)  =4-1  (=';*•). 

Hence  we  fee  the  Demonflration  of  a  Truth  propofed  in  Schol.  2.  to  Divifion  of  whole 
Numbers,  viz.  That  the  fame  Quote  will  always  be  expreffed  by  the  fame  Fradlion;  /.  e. 
That  if  two  Numbers  are  propofed  to  be  divided  by  other  two,  if  the  integral  Quotes  are 
the  fame,  v/hen  there  is  no  Remainder ;  and  when  there  is  a  Remainder,  if  the  fradtional 
Parts  are  alfo  equivalent,  then  the  Quotes  taken  fradtionally  (/'.  e.  by  fetting  the  Dividend 
as  Num'  over  the  Divifor)  will  always  be  equal  j  and  if  the  integral  or  mix'd  Quotes  are 
unequal,  fo  will  thefe  fradtional  ones  be:  And,  in  fine,  whatever  Part  or  Pans  the  lefler 
mixd  Qiiote  is  of  the  greater,  the  fame  will  the  equivalent  fradtional  Quotes  be.  So  that 
in  the  Comparifon  of  one  Quote  to  another,  it's  the  fame  to  all  Intents  and  Purpofes  to 
exprefs  them  fraftionally  by  the  Dividends  and  Divifbrs,  or  to  reduce  (/.  e.  divide,)  and 
cxprefs  ihem  direftly  and  properly.  But  the  Ufe  and  Conveniency  of  this  way  of  expref- 
fin<^  Quotes,  we  Ihail  learn  more  particularly  afterwards. 

PROBLEM    IV. 

To  reduce  a  compound  Fra&ion  to  an  equivalent  Jlmple  Fra£i/o». 

Bute.  Multiply  all  the  Num"  continually,  the  laft  Produd  is  the  Num""  fought  j 
and  multiply  all  the  Den's,  the  laft  Product  is  the  Den'  fought. 

Examp.  I.  J  of|=-^i-,  (for  2X4=8,  and  3X7=21.) 
Examp.z.     |of4of|  =  ,Vs,  (for  2x5x8  =  80,  and  5  X  yx  9  =  315)  =•». 

D  E  M  o  N  s  T.  I.     If  the  compound  Fradion  confifts  of  two  Parts,  as  -  of  -  ;     the 

Reafon  of  the  Rule  is  this :  Since  ^  Parts  of  any  thing  is  =  a  rimes  ^  Parr,  ■  (Cor.  Lem.  i .) 

or 
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or  airo  =  -  Part  of  a  times  that  thing,  {Cor.  2.  Lem.  2.)     Thence  it's  plain,  that  if  we 
take  firft  a  times  -    which  is  =  -,  and  of  this  take  -  Part,  which  is  =  —  .  or  firft 

"^^  (II,  «»'  n  '  "tn  i 

take  -  Part  of  - ,  which  is  =  -^ .  and  then  a  times  this,  which  is  -  :  We  Iiave  either 

way  taken  -  Parts  of  -,  which  gives  the  fimple  Fraftion  according  to  the  Rule. 

2.  The  lame  Reafoning  holds  if  the  compound  Fracflion  has  three  or  more  Members  i 
for  the  two  firft  being  reduced  to  one,  that  one  and  the  third  make  the  fame  Cafe  as  that 
of  two  Numbers  i  which  being  reduced,  gives  the  fimple  Fraction  equivalent  to  the  Com- 
pound of  three  given  ones,  (which  will  be  plainl)^  according  to  the  Rule,  'viz.  the  con- 
tinual Produdl  of  Numfs  and  Denrs )  and  fo  on  for  four  or  more  Members. 

Scholiums. 

1.  It's  no  matter  whether  the  Members  of  a  compound  Fradion  be  Proper  or  Im- 
proper, the  Reduction  is  done  the  fame  way,  and  for  the  fame  general  Reafon,  wherein 
tliere  is  no  Regard  had  to  the  Diftinciion  of  Proper  and  Improper. 

But  diis  is  to  be  obferved,  that  if  all  the  Members  are  Proper  Fra£i;ofii,  their  equiva- 
lent fimple  Fraftions  will  neccfTarily  be  Proper  j  and  if  they  are  all  Improper,  it's  Improper  : 
But  if  fome  of  them  are  Proper  and  others  Improper,  the  fimple  ones  will  in  fome  Cafes  be 
Proper  and  in  fome  Improper,  according  as  the  Value  of  the  Proper  and  Improper  Members 
happen  to  be.  But  it  is  not  to  be  known  what  it  will  be,  otherwife  than  by  applying  the 
Rule,  and  adually  finding  the  fimple  Fraction  fought.     So  here, 

i  of  I  of  X  =  -'^  ;  but.  f  of  ?  of  i  =  '/#. 

2.  Fradions  which  are  referred  to  a  Number  greater  than  Unity,  as  -  of  3,  may  be 
alfo  confidered  as  compound  fractional  Expreirions  (by  puttino;  the  whole  Number  in 
form  of  a  Fraction,  as  |  of  |,  reducible  to  a  Fradtion  of  an  Unit  (of  the  fame  things) 
by  the  fame  Rule,  (and  for  the  fame  Reafons  as  before  j )  where  it's  plain  we  have  no- 
thing to  do  but  multiply  the  Num^  of  the  Fradtion  by  the  given  whole  Number,  and  ap- 
ply that  Product  to  the  given  Denr  j  fo-^of3  =  *,  and  4  of  2=-|  (=^I-J  Butthemore 
original  Reafon  for  this  Cafe,  we  hav^  already  leam'd  in  Cor.  2.  Lem.  2.  Ohferve  alfo 
that  htre,  as  in  the  other  kind,  the  fimple  Fradtion  will  in  fome  Cafes  be  Proper,  and  in 
fome  improper,  even  tho'  the  given  Fraftion  is  Proper ;  but  muft  always  be  Improper,  if 
the  given  Fravflion  i;  fo.  .Aiab:,  W^e  may  have  a  Fradtion  referred  to  a  mix'd  Number, 
as  I  of  5  I,  and  the  Redudlion  to  a  fimple  Form  is  plainly  this;  Reduce  the  mix'd  Num- 
ber by  Problan  2,  and  then  apply  the  prefent  Problem,  thus,  57  =  Vj  and  then  \  of  »^ 
=  \\-{~%Vi.-Prob.i) 

3.  Some  Au;hors  propofs  as  a  kind  of  compound  Fractions,  fuch  Expreffions  wherein 

?  •  5 

the  Nurr/  and  Den"'  are  thevnfelves.  Fractions  pure  or  nuxcdi  as  thefc,   — -     or      -? 

or  — ;.     But,  in  my  Opinion,  we  cannot  call  any  of  thefe  a  Fradtion  widi  any  Propriety  j 

5  7 
for  they  exprefs  not  a  certain  Number  of  determinate  Parts,  which  is  the  true  and  pro- 
per Notion  of  a  Fradtion.  They  are,  indeed,  reducible  to  an  equivalent  Expreflion  iii 
the  natural  Form  of  a  Fradtion  ;  but  that  does  not  make  diem  Fractions  in  die  proper 
Notion,  more  than  a  Number  of  Sliillings  can  be  faid  to  be  an  Expreflion  of  Pence,  be- 
caufe  it's  reducible  to  fuch  an  Expreflion,  (/".  e.  bccaufe  a  Number  of  PenCe  can  be  af- 

Q^  3  figncd 
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ficcned  equal  to  the  given  Number  of  Shillings.)  For  this  Reafon  I  would  never  confider 
th'jie  F,\-pre!Tions  as  Fraftions,  but  only  as  a  manner  of  fignifying  that  the  one  is  to  be 
di/iid  by  the  other  j  or  at  moftj,  as  an  indefinite  way  of  exprclhng  the  Qjote  of  the 
upper  .-lumber  divided  by  the  under :  1  he  hnJing  of  which  Quote  (or  the  Reduftion, 
if  you  pleafe  to  call  it  fo)  muft  therefore  be  learnd  from  the  Divilion  of  Fraftions.  And 
upon  the  Divifion  of  Fractions  does  alfo  depend  another  Prohle?ri,  which  fome  Authors 
brint^  in  among  F.edi  ffions,  viz,.  To  findof  what  Number  any  one  <iiven  Number  (Wliole, 
or  Fraction,  or  MLx'd,)  is  another  given  Fraftion.  Examp.  To  find  of  what  Number  | 
is  the  I  i  or  to  find  of  what  Number  6  is  the  | :  But  diefe  we  mult  lea\e  to  the  Rule  of 
Divilion. 

4.  The  preceding  Huk  is  general,  and  finds  the  true  fimple  Fradtipn  required  in  all 
Cafes,  as  has  been  demonftrated  ^  and  that  limple  Fraction  may  be  again  reduced  to  lower 
Terms,  in  the  manner  fliewn  in  Cor.  3.  Le7>i.  5.  But  you  may  more  ealily,  in  many 
Cafes,  find  the  limple  Fraction  required  in  lower  Terms,  at  the  firft,  tlun  the  General 
Rule  gives i  by  this  Method:  Firll,  fee  if  the  given  limple  Fraiftions  can  be  exprelTed 
lower  by  the  Method  of  Cor.  2.  Lent.  5.  and  ufe  thefe  new  Exprelhons  in  place  of  the 
former,  which,  muft  certainly  give  the  true  Fraction  fought ;  becaufe  equal  Fractions  are 
the  fame  Fractions,  only  differently  exprelled.  Bxamp.  i.  |  of  |  (  =  ||  j  is  the  fame  as  | 
of  4-  (^=:;f)  becaufe  I  =|.  But,  2//,  When  you  cannot  reduce  the  given  Fractions, 
or  after  you  b.ave  done  it,  proceed  thus ;  t/z.  Compare  the  feveral  Num"  and  Den's  to- 
gether, and  if  the  Num''  of  one  Frafticn  and  the  Den"'  of  another  are  divifible  by  the 
fame  Number,  (which  may  fomccimes  be  the  lelfer  of  thefe  t%vo  Numbers  themfelves) 
take  the  Quotes  and  put  in  the  Places  of  the  Numbers  divided;  and  do  this  with  as  many 
as  you  can ;  and  then  apply  the  General  Rule,  which  will  give  the  Fradion  fought  in 
lower  Terms.  Thz'Reajm  of  which  is,  that  by  this  Method  you  have  done  the  fame  in 
efFed,  asif  you  had  found  the  fimple  Fradion  by  the  General  Rule  without  fuchprc.ious 
Work,  and  then  divided  both  Num''  and  Den"-  by  thefe  Numbers  which  were  made 
Divifors  in  the  previous  Work. 

The  follov/in?  Examples  will  illuftrate  this  fufficiendy.  I  have  made  Examples  only 
with  tv.-o  Members ;  but  vou  can  ealily  do  the  fame  when  there  are  more  Mem- 
bers :  And  as  for  fuch  Examples  as  thefe,  where  there  are  but  two  Members,  there  will 
be  no  need  to  fet  down  the  EfFed  of  the  preparatory  Work,  but  the  Anfwer  of  the 
Queftion  all  at  once,  the  intermediate  Steps  being  eaiHy  done  without  writing.  The 
finding  the  limple  Fradion  in  the  fmallefl:  Numbers  pollible,  depends  upon  the  next 
Troblewj  wliich  you  are  to  apply  to  the  Fradion  found  by  the  preceding  Rule. 

Examp.z.     *  of  *  =  f  of  i=i  of^  =  f.  £.v.  3.    |of|  =  iof|  =  rV 

JEx-.  4.     |off|  =  f  of^V=if  -E-^-5-     i^of*=|off  =  ^V 

Ex.(,.     |of^  =  tofTs=^-  ■E''-7-     |ofi|=i.of|  =  4. 

E.x.%.     jtof^==|ofi=|.  Er.  9-    |ofV=fof4  =  8. 

CO'B.O'L'LA-RIES. 

•     I.  In  whatever  Order  the  Members  of  a  Comnound  Fradion  are  taken,  it  is  ftill  equal : 
So  I  of  *  =  4  of  \  ;  and  \  of  f  of  J^f  of  f  of  % 

Or  alio  exchanging  the  Nun.'''  ana  Dei  «  ot  any  two  of  the  Members,  it  is  ftill  equal : 
So  *  of  »  =:  i  of  *.  In  fhortithe  fame  Number  of  Simple  Fradions  make  an  equal  Com- 
pound one,  if  the  Nun."  of  the  Simples  in  each,  and  alfo  the  Den"  are  the  fame  Numbers, 
tho'  in  fuch  Order  as  not  to  make  tlie  fame  limple  Fradions.    The  Reafon  is,  becaufe 

I  "  die 
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the  Simph  Fri£lion  to  which  each  of  thefe  Compounds  is  reduced,  will  be  the  fame, 
being  produced  by  the  fame  Numbers. 

2.  Hence  we  learn  how  to  dilTolve  a  Fradion  (if  pofTble)  into  two  or  more  compo- 
nent Parts  i  '■  c.  to  reduce  a  Simple  Frad:ion  to  a  Compound  one :  Thus,  if  wc  can  dif- 
cover  two,  or  three,  or  more  Numbers,  which  multiplied  together  will  produce  a  Num- 
ber equal  to  theNum'  of  the  given  Fradion,  and  as  many  which  will  produce  a  Number 
equal  to  the  De  ."■  i  then,  of  thefe  Numbers  we  may  make  as  many  Simple  Fraftions, 
which,  connefted  as  the  Members  cf  one  Compound  Fraction,  will  be  equal  to  that 
Simple  Fr.iftion.     Exa/np.  i.  ^  =  ^  of  ^.     Fxavip.i.  ^V  — ?  of  f     Examp.  7,.  f^— - 


of 


or 


of  4 


off 


Examp. 


+•   4? 


of  f  of  -'-.     /\nd  this  Relblution  does  not  de- 


pend upon  the  Simple  Fraftion's  being  reducible  to  lower  Terms ;  for  diis  Fraftion  '^, 
which  is  not  reducible  to  lower  Terms,  is  yet  equal  to  \  of  ^-.  In  fhort,  as  many  Num- 
bers as  there  are  which  will  produce  the  Den'',  the  Fraction  is  reducible  to  a  Compound 
having  as  many  Members,  whereof  thefe  Numbers  are  the  Den^'j  and  tho'  the  Nun\t  is 
the  Produft  of  no  Numbers  but  i  and  itfelf,  yet  that  will  afford  as  many  Num"  for  the 
Members  of  the  Compound  Fraction,  as  in  Examp.  2,  and  4. 

D  EFi  N  IT  I  o  N.  As  one  of  two  equivalent  Fraftions  muft  be  in  lefTer  Numbers  than 
tlie  other,  (by  L.em.6.  Cor.  to  Part  i.)  So  that  one  which  is  exprelfed  by  the  lelTer 
Numbers,  is  (aid  to  be  in  /oiucr  Terms  than  the  other :  And  a  Fraftion  is  faid  to  be  in  its 
haft  or  loweft  Tervis,  when  there  cannot  be  another  equal  to  ic  exprelTed  in  fmallcr  Num- 
bers: So  y=  jj  and  -  is  in  the  loweft  Terms. 


PROBLEMS. 

To  reduce  aVra&ion  to  its  lo-wejt  Terms;  i.  e.  to  find  an  equivalextFraffion  exprejfed 
in  the  leaft  Nuvihers  pojjihk. 

We  hive  already  in  L?m.  5.  Cor.  3.  learnt  how  a  Fra£l:ion  may  be  reduced  to  lower 
Terms,  by  finding;  a  Number  (if  there  is  any  fuch)  which  will  exadlly  divide  both  it^ 
Nun.r  and  Denon  f.  But  to  reduce  a  Fradtion  to  its  loweft  Terms,  (or  find  if  it  is  fo 
already)  you  muft  take  the  following 

Rule.  Divide  the  greater  Term  by  the  lefler,  and  the  Divifor  by  the  Remainder, 
and  the  lail  Remainder  by  the  preceding  one,  continually  till  nothing  remains.  Then  by 
the  laft  Remainder  divide  the  Num'  and  alfo  the  Dcr.'";  (in  which  Divilion  there  will 
be  no  Remainders,)  the  Quotes  are  the  Terms  of  the  Fradtion  fought.  So  that  if  die 
lall  Remainder  is  i,  the  Fraction  is  already  in  its  leaft  Terms. 


Examp.  1. 


,     ^  irreducible; 

Operation. 

for 

1+4)560 (3 

ATI 

12.6)  I44(  1 

i5)i28( 

8 

7)^7(5 
21 

6_ 

I 

000 


Then  T44-i-i<S  =  9,  and 
560^-16  =  35. 


Examp.  2. 


De- 
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Demon  ST.  There  are  three  things  to  be  here  demonftrated,  'viz,,  i.  That  the  kft 
Remainder  will  divide  the  Numr  and  Devs  exadtly,  (or  without  a  Remainder.)  2. 
That  it  is  the  greateft  Number  that  will  do  fo.  3.  That  the  Quotes  make  the  leaft  equi- 
valent Fraftion. 

For  the  firft,  I  muft  premife  thefe  Truths,  vix,.  i.  If  any  Number  does  meafure  (or 
divide  without  a  Remainder)  each  of  two  or  more  Numbers,  it  will  alfo  meafure  their 
Sum  j  for  it  is  contained  in  theSum  precifely  as  oft  as  the  Sum  of  the  times  it  is  contained 
in  ■^ach  of  the  Parts,  {Lem.  2.  hi  Divifion  of  Whole  Nuvibers.)  Therefore  the  Number 
which  meafures  another,  will  alio  meaiure  all  the  Multiples  of  that  other.  2.  Every  Di- 
vidend is  the  Sum  of  the  Remainder,  and  that  Multiple  of  the  Divifor  produced  by  the 
rnieg:ral  Quote,  (by  the  Proof  of  Divijion.)  Hence,  3.  If  the  Remainder  of  any  Divifion 
meafure  the  Divifor,  it  will  alfo  me.ifure  the  Dividend ;  for  it  meafures  the  two  Parts  of 
the  Dividend,  viz.  the  Remainder  itfelf,  and  that  Multiple  of  the  Divifor  produced  by 
the  Integral  Quote. 

From  tliefe  Truths  we  have  a  clear  Demonftration  of  the  firft  thing  propofed :  For  in 
the  Operation,  eveiy  Diviibr  and  Dividend  (upward  from  the  laft)  is  the  Remainder  and 
Divifor  of  the  laft  Divifion:  Wherefore  iince  the  laft  Remainder  exaftly  divides  the  laft 
Divifor,  it  will  alfo  meafure  the  laft  Dividend  j  but  thefe  being  the  Remainder  and  Di- 
viibr of  the  preceding  Divifion,  it  mult  alfo  meafure  the  preceding  Dividend ;  and  for  the 
iame  Reafon,  the  Dividend  preceding  that ;  and  fo  on  it  muft  meafure  every  Divifor  and 
Dividend  to  the  firft,  which  are  the  Terms  of  the  given  Fraction ;  the  thing  to  be  proved. 

For  the  fecond  Article.  The  laft  Remainder  is  the  greateft  Number  that  will  meafure 
the  Nun:r  and  Der/.  In  order  to  prove  this,  confider.  That  if  a  Number  meafures 
the  Sum  of  two  Numbers,  and  alfo  any  one  of  them,  it  muft  meafure  the  other ;  for 
•the  Sum  and  one  Part  being  Multiples  of  that  Number,  fo  15  the  other  Part,  {Carol.  3. 
Le7ii.  2.  in  Divifo?!-  of  mole  Numbers)  and  every  Nmnbcr  meafures  itfelf  and  its  Mul- 
tiples. But  that  Number  which  meafures  the  Divifor,  meafures  any  Multiple  of  it,  'viz. 
■that  Multiple  produced  by  the  Integral  Qiiote,  which  is  one  Part  of  the  Dividend ;  and  if 
the  fame  Number  alfo  meafure  the  Dividend,  it  muft  meafure  the  Remainder,  which  is 
the  other  Part  of  the  Dividend.  Now  then  if  the  laft  Remainder  is  not  the  greateft 
Number  that  meafures  the  Num'  and  Den''  of  the  given  Fradtion ;  fuppofe  another 
greater  will  do  it:  Then,  by  what  is  now  flievvn,  that  other  will  alfo  meafure  the  firft 
ifiem.ainder,  (which  is  die  fecond  Divifor  0  and  becaufe  the  firft  Divifor  (which  this  fup- 
pofcd  Number  meafures)  is  the  fecond  Dividend,  it  will  alfo  meafure  the  fecond  Re- 
mainder j  and  fo  on  every  fucceeding  Remainder :  Confequently  it  will  meafure  the  laft 
Remainder,  v.'hichis  abfurd^  for  this  Number  is  fuppofed  to  be  greater  than  the  laft  Re- 
mainder: Wherefore  the  la(t  Remainder  is  the  greateft  Number  wliich  meafures  both 
the  Numerator  and  Denominator. 

For  the  laft  Article.,    viz.    That  the   G^otes  make  the   Equivalent  TraUion  in  htuefi 

Terms:    Let  the  given  Fraction  be  exprefTed  g  '  and  any  Fraction  in  lower  Terms  be   ^i 

Thefe  Terms  a  and  b  are  Quotes  of  an  equal  Divifion  of  A,  B,  (by  Car.  2.  Lem.6.)  But 
the  greater  the  Diviibr  is,  the  lefiTer  is  the  Quote.  Therefore  the  greateft  Number  which 
meafures  A  and  B,  makes  the  leaft  Quotes,  and  confequently  the  leaft  Terms  of  an  Equi- 
valent Fraction. 

Co  R  o  L.  If  a  Fraction  is  not  in  its  leaft  Terms,  the  Terms  of  it  are  Equimultiples  of 
its  leaft  Terms;  and  thefe  like  Aliquot  Parts  of  thofe.  Hence  again,  All  Equivalent 
Fradtkins  in  difrerent  Terms  are  different  Multiples  of  the  leaft  Terms. 

1  PRO- 
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p  R  o  B  L  E  A/  vr. 

To  reduce  tix:o  or  more  Tra&iovs  to  one  Denoinhiator\  i.e.  to  fiyid  as  many  Equi- 
valejit  Fradions  having  all  the  fame  Denominator . 

Rule.  Multiply  all  the  Den"  continually  into  one  another,  the  Product  is  the 
common  Denr  fought.  Then  multiply  each  of  the  given  Nun-.n  into  the  Dei." 
of  all  the  other  given  Fradions  continually  ^  the  Produdt  is  the  Nun.r  of  the  Fraction 
fought,  equivalent  to  the  Fradtion  whofe  Numr  was  multiplied. 

Examp.  I.  y,  |,  =i4,  \\:  Thus,  3X  7=21,  the  common  Den'  :  Then  2x7 
=  14,  which  makes  5*  =  '.    And  3x5  =  15  makes  If  =  f 

Examp.  2.  i,fi,  -»,=-%it.,  f*fl,ff||.  Thus,  9X  15  X  13=  1755,  the  common  Den'. 
5X  15  X  13  =  975,  thetirlt  Num'.  13  X9X  13  =  1421,  the  fecond  Num'.  8x15x9 
=  1080,  the  third  Num'. 

Demonst.  The  Num'  and  Den""  of  each  Fradion  is  equally  multiplied,  viz.  by 
the  Den"  of  all  the  other  Fradtionsi  confequently  the  Fraftions  produced  are  equiva- 
lent, hy  Lem.  4.  Cor.z. 

Scholium.  If  it  is  propofed  to  reduce  any  Number  of  Fracflions  to  as  many 
equivalent  Fractions  in  the  loweft  Terms  that  can  be  with  a  common  Den' ;  it  is 
plain,  that  having  reduced  them  firft  according  to  the  preceding  Rule,  if  wc  can  find 
the  greated  Number  that  will  meafure  the  common  Denr  and  all  the  new  NnnJ^,  thefe 
being  divided  by  it,  the  Qyotes  will  make  the  Fraftions  fouglit.  But  the  Demonltration 
of  the  Rule  for  finding  that  greateft  Number  mud  be  referred  to  another  Place.  To 
which  I  fhall  therefore  refer  this  Part  of  th3  Froblcm ;  and  here  only  ohferve,  that  tho' 
the  given  Fraftionj  are  in  their  loweft  Terms,  yet  being  reduced  to  a  common  Den'  by 
the  prefent  Problem,  the  new  Fraiflions  will  not  always  be  in  their  loweft  Terms  that  ad- 
mit of  a  common  Den'.  Examp.  i.,  ||,  are  both  in  their  loweft  Terms;  and  beino- 
reduced,  they  are  /jV,  |^|,  which  are  again  reducible  to  thefe,  ||,  H;  for  3  meafurt? 
75by25,  {i.e.  3x25  =  75)  and  117  by  39,  andi35by45. 

CoROL.  Hence  we  hive  another Demonftration  o't  Article  i.  Lemma  5.  -viz.  That 
two  Fractions  are  equal  when  the  Produdls  are  eoual  which  are  made  of  the  Nun:.'  of 
each  multiplied  into  the  other's  Der':  So  j=^,  becaufe  2X9=3x6.  For  when 
the  two  Fradions  are  reduced  to  one  common  Den',  by  the  preceding  Rule,  thefe 
Jroduds  are  the  new  Num« ;  and  it  is  certain,  that  when  x\vo  Fraftions  are  reduced  to  a 
common  Den',  if  the  new  Nuir.'s  are  alfo  equal,  thefe  new  Fradions  are  equal,  and 
confequently  fo  are  the  Fraftions  to  which  they  are  equal ;  lb  in  rhe  preceding  Example, 
i  and  ~  being  reduced,  are  each  =i| ;  therefore  |  and  |,  which  are  each  equal  to  the 
feme,  muft  alio  be  equal  to  one  another. 

PROBLEM    VII. 

To  reduce  a  Fra&ion  to  an  Equivalent  one  of  any  other  given  De;:r  (if  foPiHe ;) 
i.  e.  to  find  a  Kum'  -which  -with  that  giveit  Deuon.r  vjill  make  an  Equiva.'e/rt 
Frailion. 

RuLE'. 
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Rule.    Multiply  the  given  Denom'  by  the  Numr  of  the  Fradion,  and  divide  the 
Produift   by  its  Dei»f  j   the  Quote  (if  there  is  no  Remainder)  is  the  Nuir.f  fought. 

Exavip.  To  reduce  %  to  an  Equivalent  Fradion,  having  for  its  Denr   12.     It  is  y*. 
Thus,  5X  12=:  3(5,  and  36-^-4:=  9,  the  Nun."-  fought. 

Pe.monsT.  This  follows  from  Carol,  to  the  laft.  For  let  the  given  Fradion  be 
4   ,'if  the   Denr    to  which  it  is  to  be    reduced  be  rf,   fuppofe  the  Numr  fought  is  c-- 

And  becaufe  -^  =:  -^  by  fuppolition,  then  a  dz=.b  c  j  therefore  dividing  both  by  b^  it  is 

-J-  =  f,  according  to  the  Rale. 

Scholium.  If  the  Divifion  has  a  Remainder,  the  Trohkm  is  plauily  impoffiblej 
yet  the  given  Fradion  is  equal  to  the  Sum  of  two  Fraftions,  one  of  which  has  the  given 
Dear,  audits  Numr  is  the  Integ^l  Quote  of  ths  Dividend  diiedted,  by  the  preceding  Rule; 
and  the  other  has  for  its  Num"^  the  Remainder  of  the  Divifion,  and  the  Denr  is  the  Pro- 
duft  of  the  given  Deri''  and  the  Den^  of  the  Fradion  reduced.  VorExav:p.  if  ^  is  pro- 
pofcdto  be  reducedto  the  Denr  5,Itake  4x5  :=50i   then  20-7-7=2,  and  6  remains. 

Whence  I  conclude,  that  4  =  f -f  »V      Univerfa!/y,    Let  it  be  propofed  to  reduce  ^ 

to  the  Dcn"^  w.     And  let  u )  am  =  5,  and  r  remaining  i  then  the  Problem  is  ImpofTible. 

But  I  fay,  that  -  =  -^  +  - . 

D  E  MO  N  s  T.  Since  ^  =  ?  +  - ,  then  dividing  both  by  wf,  it  is  ^  =  i  -f.  £^,  by 
Lemma  2.  For  —  expreffing  the  Sum  of  f  -f-  -  the  w»  Part  of  — >  which  is  the  Sum, 
is=:the  Slim  of  the  w«  Parts  of  5  and  -•,  i.  e.  -   +  -. 

PROBLEM    Viri. 
To  reduce  a  TraBion  to  an  Equivalent  owe,  having  a  given  Nun.';  (jf  pojpblc.) 

R  u  I,  E.  Multiply  the  given  Numt  by  the  Den'  of  the  given  Fradion,  and  divide  the 
Produd  by  its  Numr,  the  Quote  (if  there  is  no  Remainder)  is  the  Correfpondenc  Den'' 
fought. 

Exarnp.  To  reduce  J  to  a  Fradion  having  18  for   its  Numr;  h  is  done  thus,  18  x  (J 

=  108,  and  108-^4=27:  So  the  Fraction  foi^ht  is  ft.  U»,aw_/<z//)';  To  reduce  -    to  tlid 

.Of 

Numr  r,  take  C7i-~a  =  vi,  then  is  -  —  -r. 

D  E  M  o  N  s  T.  By  reverfing  the  given  Fradion,  and  taking  the  given  Num'  as  a  Denf,  it 
becomes  the  fame  Cafe  with  the  preceding  Problem :,  and  it  has  been  fliewn,  that  if  two 
Fradions  are  equal,  they  are  fo  when  reverfed.    But  we  may  argue  for  this  the  fame  way 

as  in  thatPro^te:    Thus,  if  -^  =  -^'then  am=.cn,  {Lem.  6.)  andw=  ~. 

Scholium.  If  there  is  a  Remainder,  the  Prob/effi  is  impoITible;  yet  we  can  find 
two  Fradions,  the  one  of  which  has  the  given  Num^,  and  whofe  Difference  is  equal  to 
the  given  Fradion.    For  which,  this  is  the  Rule;  viz.  Having multiphed  tlic given  Num' 

into 
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into  the  Der'  of  the  Fraftion,  and  divided  the  Produdt  by  its  Num',  take  the  Integral 
Quote  as  a  Denr  to  the  given  Nuni'.  And  if  from  this  Fradion  you  fubtradt  another, 
whofe  Num'  is  the  Remainder,  and  the  Denf  ij  the  Produdi  of  the  Den"^  {'viz..  of  the 
given  Fradion  and  that  laft  found)  this  Difference  is  equal  to  the  given  Fradion. 

Examf.  If  it's  piopofed  to  reduce  4  to  a  Pradion  whofe  Num'  is  9 ;  work  thus, 
7x9  =  63.  Tlien  65 ~- 5  =12,  and  3  rexnaini.  And  then  I  fay,  |-  =  iV  —  iV  (84. 
being=7X  12.)  Vtiiverfally,  If  it's- propofed  to  reduce  ~    to  the  Nun.r  w^  and  if  -'  == 

J,  with  r  remaining,  then  -j   is  not  reducible  to  fuch  a  Num'.     But  I  fay,  ^  =-  — y. 

D  E  M  o  N  s  T.  Since  -^  =  f,  and  r  remaining,  then  is  t  w  c=*  j  -{-♦'j  -(^7  '^  Proof  of 
Divifioa.)    Hence  dividing  equally  hy  h,itis  v^^'lllhL'    And  again  dividing  by  ^, 

fore  "  =  7  +  ^ .  Heace  laftly,  by  equal  Subtradion,  ~  —  T  '^^  7  •  According  to 
the  Rule. 

Ohfirvey   The  preceding  Prohbvts   relate  all  to  AhfiraB  FraSiovs,  i.  t.  the  Fraftion 
reduced,  and  that  to  which  it  is  reduced,  are  fuppofed  to  have  the  fame  abfolure  Deno- 
mination, or  all  to  be  applied  to  the  fame  Integer;  therefore  there  is  none  mentioned. 
The  foHoiwing  Frebkms  concern  TraEl'tms  as  they  are  fpecially  Ap^lhate. 
(C  i  1?  1 

PROBLEitflX. 

To  reduce  a  Fra&ron  of  an  Unit- of  a  higher  Value^  to  an  Equivalent  Fraffion  of  an 
.i         Unit  of  a  Ion;::er  Value,  thefe  Utiits  havivg  a  kno'-jjn  Re/aTroK  to  ovc  another,  i.  c- 
the  leijfer  ieing  -equal  to  a  certain  ittoiLV  aliquot  Tart,  of  the  other. 

RuL  E.  Take  the  Reciprocal  of  the  Fraftion  \\'hich  expreffes  what  Part  or  Parts  the 
lower  Unit  is  of  the  higher,  and  making  that  with  the  given  Fraftion  (of  the  higher)  the 
two  Members  of  a  Compound  Fraftion,  reduce  it  to  a  Simple,  [by  Froh.  4.3  ;.  e.  multiply 
the  two  Num«  tc^ether  and  the  two  Den"*,  the  Products  make  the  Fradion  fought. 
And  obferve,  if  the  lower  is  an  A/iquotV^rt  of  the  higher,  we  have  no  more  to  do  but 
multiply  the  Num'  of  the  given  Fradion  of  the  higher  by  the  Der.'  of  that  Part. 

E.xaafi.  u  To  reduce  |-  of  i  /.  to  a  Fradion  of  ijb.  it  is  ♦/  of  i  /?>.  for  i  }&.  is  ^  Part 
of  iL  and  il.  is  20  fl>.     rherefore  i  of  i  /.  is  .j  of  20  fb.  by  the  Rule. 

Examf.  2.  To  reduce  *  of  i  /.  to  a  Fradion  of  i  Merk,  it  is  t?  — \  '•  Thus,  i  Merk 
is  I  of  J  /.  Therefore  i  /.  is  4  of  i  Merk,  (Lem.  7.)  So  that  f  ot  i  /.  is=  ♦  of  i  of  i 
Merk,  which,  according  to  the  Rule,  makes  f|,  the  Fradion  fought. 

D£ii.oNST.  'lo  the  preceding  Examples,  I  have  made  the  Reafon  obvious.  But  to 
demonftraM  «  more  tktiverfaf/j  ;  let  it  be  propofed  to  reduce  ~  of  a  h^her  Unit  to  a 

Fradion  of  a  lower,  which  is  £   of  the  higher.     I  &y  it  is  .|   of  -   of  the  lower :   for 

fince  the  lower  is  ~  of  Ae  higher,  this  muft  be  ■^  of  the  other,  {Lem.  7.)    Therefore 

•y  of  the  higher  is  =  ~  of  ~  ( =  ^)  of  the  lower,  according  to  the  Rule.    And  if 

R  the 
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the  lower  Unit  is  an  Aliquot  Part  of  the  higher,  all  we  have  to  do,  is   to  muitiply  the 
Numr  of  the  given  Fradtion  ( of  the  higher )    by  the  Dea>-  of  the  Aliquot  Pare.     So, 


a  m 
It  IS    . 


ScHOL.  If  a  Compound  FraiHon,  or  a  Fraftlon  of  a  Number  greater  than  Unity,  is 
propofed,  nrft  reduce  it  to  a  Simple  Fraftion,  and  then  proceed  as  above. 

T  n  O  B  L  E  M    X. 

To  reduce  a  VraBion  of  a  lovier  Unit  to  a  higher,  {the  lower  having  a  knovin  Re- 
latioft  to  the  higher.) 

Rule.  Make  a  Compound  Fraftion  of  the  given  Fradion  (of  the  lower,)  and  that 
Fradtion  which  expreffes  what  Part  or  Parts  the  lower  is  of  the  higher  j  and  reduce  this 
Compound  to  a  Simple,  you  have  the  Fraftion  fought. 

Exam.  I.  To  reduce  |  of  i  JIj.  to  the  Fradtion  of  i  /.  it  is  g'-  /.  =  (^,)  For  ifj. 
beino-  _•- '.  therefare  {  !h  =  |  of  ,V  of  a  /.  which  is  =  ^- 1,   accoruing  to  the  Rule. 

I^xai'ip.  2.  ?  of  I  Merk  =-^  of  i  /.  For  i  Merk  =  |  /.  therefore  f  of  i  Merk  is 
=-*  of  |.  of  1  /.  =:  Ti  I-  according  to  the  Rule. 

•    The  Beafoji  of  this  Rule  is  obvioufly  the  fame  in  all  Cafes,  and  needs  not  be  farther , 
iililted  on. 

S  c  H  o  L.  In  either  of  the  two  kfl:  Problems,  if  there  are  any  intermediate  Species  ba^ 
twixt  the  two  given  Units ,  and  if  inftead  of  the  Relation  betwixt  the  higher  and  lower, 
there  be  given  the  feveral  Relations  betwixt  the  Extremes  and  the  Intermediate  Species, 
then  reduce  the  given  Fraftion  to  the  firft  intermediate  Species,  and  from  that  to  the  next, 
t'll  you  come  to  the  Species  required.  Exavi^.  f  of  i  /.  reduced  to  the  Fradion  of  i 
Farthing,  is  "'"'  i  which  is  found  either  all  at  once  by  knowing  that  i  Farthing  is  yy^of 
i/.  or  by  degrees  thus,  \l  =  '^? ^}  =  ^ d='J^ farthings.  By  multiplying  the  Nu- 
merators gradually  by  20,  12,  and  4.  .  . 

PROBLEM    XI. 

To  exprefs  any  Applicate  WhoU  Number,  fmple  or  mixed,  by  a  TraUion  of  fame  fu" 
periour  Integer. 

Case  i.  For  a  Simple  Number,  make  it  theNum',  and  for  Den'  take  the  Number 
of  the  inferiour  Species  which  is  equal  to  i  of  the  fuperiour  j  and  that  is  the  Fradion 
foug;ht.     So  8</.  is  i-  of  i/Z-.  or  ^\-  of  i  /. 

Case  2.  For  a  mixed  Number,  reduce  it  to  the  loweft  Species  exprefTed  in  it,  and 
make  that  the  Num''i  and  the  Nujmber  of  that  lower  Species  which  is  equal  to  i  of  the 

the  mixed 


PROBLEM    XII. 

To  find  the  Value  of  a  EraBion  of  any  Unit  (or  other  Number)  of  a  given  Name, 
in  Integers  of  lower  Species,  {-where  there  are  any  fuck.)  ';.  _.  jj  ,^^; 

Rule.     The  given  Fraftion  being  (or  made)   a  Simple  Fraftion,  reduce  it    to  a 
Fradtjon  of  the  next  lower  Species,  (by  Prob.  9.)  which  being  improper,  reduce  it 

(by 
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(by  Proh.  i.)  and  the  Integral  Qiiote  is  the  Anlwer  in  that  Species,  if  there  is  no  Re- 
mainder i  but  if  there  is  a  Remainder,  it  makes  a  Fradion  of  that  Species  ;  with  whicli 
you  are  to  proceed  to  the  next  Species,  and  reduce  as  before ;  and  lb  on  to  the  lowell ; 
then  the  Integral  Number  found  in  each  Species,  with  the  Fraction  of  the  lower,  if  there 
is  a  Remainder,  make  up  the  complete  Anfwer.  [And  ohferve,  if  the  Fraftion  of  the 
firft,  or  any  fucceeding  lower  Species  is  Proper,  it  is  plain  you  can  have  no  Integer  of 
that  Species  i  and  ib  you  mufl  proceed,  and  reduce  it  to  the  next  continually  till  youluve 
an  Improper  Fraftion :  And  if  you  never  find  fuch  a  Fradtion,  then  the  given  Fradion  is 
not  exprelfible  in  Integers.] 

Exawp.  I.  f  of  i/.  is  =  iiPj.  4^.  which  I  find  thus,  il=^?/j  {Proi.  lo.)  =i-'jl. 
4-  \  ()}.  {Proh.  I.)  and  V  //-'  =  V  ^-  (P'""^-  1°)  =  4  ^-  {Proh.  i.) 
*  I'he  "Reafin  of  this  Rule  is  evident  of  itfelf 

"      Scholiums. 

t.  This  Problem  fuppofes  the  given  Fradtion  a  Proper  one;  but  for  an  Improper,  firft 
reduce  it,  and  the  Integral  Quote  is  the  firft  Part  of  the  Value  ibught.  Then  proceed  with 
the  Remainder  according  to  the  Rule. 

2.  This  Rule  is  accommodated  to  all  Cafes,  whether  the  lower  Units  be  Aliquot  or 
Aliquant  Parts  of  the  higher.  But  becaufe  in  the  Cafes  which  moft  commonly  occur, 
they  are  Aliquot  Parts,  therefore  the  Operation  is  the  more  Simple  j  and  the  Rule  ma/tie 
exprefled  thus,  viz.  Reduce  the  Numf  of  the  given  Fradtion  Cas  an  Integer)  to  the  next 
lower  Species,  till  the  Product  be  equal  to,  or  greater  than  the  Den' ,  then  divide  by  the 
Den',  the  Integral  Quote  is  the  Part  of  the  Anfwer  in  that  Species :  Reduce  the  Remainder 
to  the  next  Species,  and  divide  as  before  (by  the  Den'')  and  fo  on  to  the  lowcft  Species ; 
and  you  have  the  Anfwer  either  in  a  Simple  Whole  Number  of  one  Species,  or  IVlixed  of 
different.  And  if  there  is  a  Remainder  upon  the  laft  Species,  it  maiies  that  Part  of  the 
Anfwer  belonging  to  that  Species  a  Mixed  Number  with  a  Fradtion.  And  this  in  effedt 
is  tlie  fame  as  the  preceding  Rule.  ■ 

Examf.  2.    To  find  the  Value  of  ^f.  kis  i^/b.  id.  2 ff/^ 

OperatioK. 
2+/. 

35)48o#Ci3/-'''  '  ■ 

^^  Tiiis  way  of  ordering  the  Operation  is  d'AinOizni  aCy  ;  and  it 

130  is  exaftly  according  to  the 'Gfwfr<j/R»/?  of  the  P'/oi!>/i>7«,  which  you 

'°>       •  .-  ..  f  iWill  readiJy  perceive  by  comparing.     For  this  Redudfion  of  the 

~25"Remf  ~  '^'^^^'"^"der,  and  then  the  Djvilion  of  the  ProducJ,  is  exadtly  the 

J  2  Operation  whereby  the  Fradtion  made  of  tliat  Remainder  is  re- 

X .  /  o' j*"*^^'  '-<Juced  to  the  Fradtion  of  thencxt  Species,  and  tliac  again  reduced 

...  35>|QOi<  I  ,;(#,  ,1     <oaWhGle  NtimbcfJ  c-"Oa  ;.,  ..:.a  ^yadl  iriobit  1 

ao  Rim.    ■ 

4. 

10  Rem.  * 
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3.  If  the  FraftToa  to  be  valued  refers  ttva  Whole  Number^  greater  than,  i,  as  i  ©f  5,^, 
or  to  a  Mix'd  Fraftion,  as  |  of  6  J  /.  let  the  Expreffion  be  reduced  to  a  limple  Fradiion:, 
and  then  find  the  Value.  If  that  limple  Fia<£J:ion  is  improper,  redivce  it  to  its  equivaje.it 
Whole  Number,  and  then  find  the  Value  of  the  Remainders  in  iaferiour  Species.  Foe 
the  valuing  the  Fraftion  of  a  Mi.if'd  Whole  Number,  as  -^  of  4^^  14//^.  %d.  it  is  bo  be 
done  by  multiplying  the  Mix'd  Number  by  the  Num'  of  the  Fraiiion,  aiid  dividing. the 
Produifl  by  the  Der.r ;  for  ~  of  any  kind  of  Quantity  is  the  fame  as  fi  of  2  times  that 

Quantity.     Or  Geverally,  ^  of  any  Quantity  is  j-  of  <?  times  that  Quantity,  wiiich  Aew» 

the  Reafon  of  this  Rule. 


A 


CHAP.     III. 

Addition  (j/"  Fractions. 

JXEFlNrriOH. 

EVDITION  of  Fractions,  .is  finding  a  fx3£tion  eqtralL  tor  rfl  the  given 
Fradions  taken  together.     [    ■,  „  .^,    ,,.,         „  ,  „-  .  .  ,     ■    ' 

PROBLEM.    Tff  ad/f'tW'i* .  i^tt'  ffaf^m' iifff'ow  Siia.  -jv  ' 

^«/e.  Reduce  all  the  given  Fraflions  to  fimple  Fra£lion3,  of  one  Unit,  aiid  Onetfen*^, 
^if  they  ai-e  not  fo  dready  0  thea  the  Sum^  of  the  Num«  being,  made  a  Nuiri'  to  the 
comrnoa  Deif,  makes  the.  fradionai  Sinn  lbught>  ^whickmay  be  furtl^er  reduced  as  ^ 

Cafe  admits.)  .,,.,,■..,    .. -j  :••>.'_,  u   .,■.  •       •-(]    •jwinA 

Scholium.  In  the  following  Exa^nplet,  I  thought  it  fiigerffubus  to  write  3i(>\vn 
the  Operations ;  but  I  have  fet  down  the  Effed  of  every  Step  in  the  Work,  fepafatlng 
them  from  each  other  by  the-Miark;  ofE^/it/,  ihewii^  that  what  foUowi-is  equivalent 
to  what  precedes ;  being  only  the  fame  Fradions  reduced  (where  if  was  neceffary)  to  a 
different  State,  according  to  the  Diredion  of  the  Rule :  Which  therefore  being  com- 
pared with  the  Rule,  all  will  be  clear  and  manifeft. 

£X4.     4ofi+iof^  =  ^V  +  TV  =  44T  +  TH  =  -|4^- 

In  the  precediiig:  £j?ow/>ier  die  Inttgeji  i$  fuppofed  to  b^,  the  fame  in  all  the  giveti 
Fradions,  therefore  I  have  named  nonej  b«ifti  ibe  fioikwiagwe  Ihaft  ifnalfe^^flfctiT  dif- 
ferent. .2— 

Examp.  5 .     I /.  +  l/Z-.  =  '/p.  +  f  A  =  V A  =  ^A-i:  lo  ^. 

Again; 


I 
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Again,  vA\m  there  are  mix'd  Fraftions,  as  4 1  -j-  7 1,  we  may  cither  reduce  thefe  to 
hnpioper  FraifVions,  and  proceed  by  the  General  Rulej  or,  add  the  fraiftional  Parts  by 
themfeh'es,  and  the  integral,  and  then  join  both  their  Sums.  Thus  in  the  preceding 
Exirmple,  the  Fradlions  added  make  J  =  i-J,  and  the  Integers  make  11  i  fo  the  Total  is 
i:|  Again,  take  this  Example  to  add  2^  J.',  and  jdl.  10 1  Z>.  The  Sum  of  the  two 
Fradions,  t;z.  \!.  and  |'J.willbe  found  15//^.  4^'.  3  f  /  Tiie  Sum  of  the  whole  Numbers 
k  40/.  roll,  and  the  Total  is  41/.  ffi.  ^d.  7  If.  Ohfcrvc  alfo,  that  if  the  relative  In- 
tegers of  two  Fraftions  aie  nor  of  one  general  Nature,  lb  as  to  have  fome  relation,  there 
can  be  no  Addition. 

Demonst.  It  is  already  £he\'CTi,  in  Ccr.^.  I^w. 2.  that  if  feveral  Fraflions  have 
one  Den',  die  Sum  of  their  Nam"  applied  to  that  Dcnr,  is  a  Fradtion  equal  to  their  Sum  j 
but  without  tiat  Lemma,  this  Truth  will  appear  very  limply  and  eafily  thus:  The  given 
Fradions  being  fuch,  or  reduced  to  fuch  a  State,  that  all  the  Num"  reprefent  things  cif 
ihe  lame  Denominarion,  both  abfolute  and  relative,  [;'.  e.  of  the  fame  Species  and  Value 
in-  sdi-  refpcifts-,}  their  Sum  is  therefore  a  Number  dF  things  of  the  lame  kind,  or  aNum- 
ber  of  fuch  Parts  as  the  conmion  Den'  exprelles  of  the  &me  common  Integer. 


C  H  A  P.     IV. 

-.•^''^      SUBTRACTI-ON    (j/*  FraCTIO^N  S. 
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DEFINITION. 

UBTB.  ACTION  is  the  finding  a  Fradion  equal  to  the  DifFerence  of  two  given 
Fractions.  ._    .  ; 

■ I*  R  0^  L  E  M.     To  fubtraS  one  Ffailion  from  another. 

Rule,  ftedute  them  both  to  fimple  FradVions  of  one  Unit,  and  one  Den',  (if  they  are 
not  fo)  then  fubtraft  the  one  Numr  out  of  the  other ;  and  make  the  Remainder  a  Num' 
to  the  common  Der.f,  and  you  have  the  fraftional  Difference  fought. 

The  Reafon  of  this  RuJe  is  founded  upon  the  fame  Principle  as  that  of  AxUition,  which 
need  not  be  repeated.  Or  may  alfo  be  deduced  hcm'Lemwa  3.  where  it's  Ihewn  that 
^  of  A-'  y  of  B  =  i-  of  A^B,  tRar  is  J  -  ^  ==  tzil .  becaufe  i-  of  A=  f ,  and 
j-  gf-B  =»  I'    and-  ~  of  K^d  ~  -^    {Cor.  2.  Lem.  2.) 

P*r     -2  *— .*rif"    3   *- —  '05^.^       8       . 07 

Ex.5..|.of^'.-f.  =  ^V^— ^='tV  — t-='7Vt^— H^=t|^  =  *'- 

When  there  is  a  Whole  Number  concerned,  either   in  the  SuhtraHor  or  Subtrahend, 

or  both,  the  Difference  may  be  found  ^o  by  the  General  Rule ;  after  reducing  Whole 

'-    ■  ■  and 
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and  Mix'd  Numbers  to  Improper  Fractions :  But  fuch  Cafes  may  be  folved  eafier,  by 
reducing  only  the  fraftional  Parts  according  to  the  Rule,  and  then  fubtradting  Fraflion 
from  Fraftion,  and  Whole  Number  from  Whole  Number.  See  Ex.  6,  7.  below. 
Obferving  this,  that  where  the  abfolute  Denomination  is  the  fame,  and  the  fracflional  Part  of 
the  Subtrador  is  greater  than  the  Subtrahend,  borro.v  UrJty ;  /.  e.  add  the  Den''  (which 
reprefents  the  integral  Unit)  to  the  Num'',  and  then  fubtradl,  and  for  that  carry  and  add  i 
to  the  Whole  Number  of  the  Species  to  which  the  Fradtion  rei'ers  :  And  if  there  is  no 
Fraction  in  the  Subtrahend,  fuppofe  one,  whofe  Num/  and  Den'  are  equal  each  to  the 
Den''  in  the  Subtr.iftor,  and  the  Fraftion  therefore  eoual  to  i ;  and  fubtrad'  from  it 
(that  is,  fubtradl  the  Num'  of  the  Subtrador  from  its  Den'^  and  for  that  add  i  to  the 
Whole  Number  of  that  Species,  (Ex.  8,  9.)  And  if  there  is  no  Whole  Number  of  thaf 
Species  in  the  Subtrahend,  or  lefsthan  that  to  be  fubtrafted  from  it,  (Ex.  12.)  you  muft 
fupply  it  as  in  Subtraftion  of  Whole  Numbers.  And  faJHj.,  mind  that  the  Unicy  bor- 
rowed for  the  integral  Part,  muft  be  repaid  to  the  Integrals  of.ihe  next  Species,  {Ex.  ii.) 
and  alfo  the  Unity  which  may  happen  to  be  borrowed  for  the  Fraction  of  that  next 
Species,  {Ex.  13.)     But  the  following  ExamplefwiR  make  all  clear. 


Examp.  6. 

Subtrahend.  7  J-=  7  j^ 
Subtracter.  4f  =4A 
Differ.  3  h 


Examp.  9. 
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1 1 


Diff.   45/? 


Diff. 


Exdmp.  10. 
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Examp.  7. 
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Such  Example:  as  the  I2«''  and  i^*"  may  perhaps  i|ever.  (or  yery  feldom)  occur  in  Bu-       J^ 
finefi,   yet  they  are  an  ufeful  Exercife  t©  coropleat  002*3  Notion  of  the  Nature  of 
Fradtions. 

SubtraSiion  of  Fraflionf  is  proved  by  Addition  J  the  fame  Way,  and  for  the  fame  Reafon, 

lu  in  Whole  Numbers.        ■  ,  •  t         ■    __ 


CHAP 


chap.  5.  Multiplication  bf  Pra'Bions.  127 

CHAP.     V. 

Multiplication  o/"  Fractions. 

DEFINITION. 

TO  multiply  any  Number  or  Quantity  by  a  Fraftion,  is  no  other  thing  than  taking 
fuch  a  Part  or  Parts  of  it  as  that  Fradion  exprefifes. 

PROBLEM.     To  multiply  one  Frallion  hy  another. 

■Rule  Reduce  both  to  fimple  FraSions  (if  they  are  not  fo)  and  then  multiply  the  two 
Num"  together,  and  the  rivo  Den" ;  their  Produds  make  a  Fraftion,  which  is  the  Pro- 
dud  fought. 

Examf.  I.     ^  X  f  =  4,2..  Ex.  2.     f  of  _?_  X  J-  =  |||-  (=  tVV  ) 

When  either  of  the  two  Faftors  is  a  Whole  Number,  and  the  other  a  Fraftion  or 
fWix'd,  or  both  being  Mix'd  i  thefe  Cafes  come  alfo  under  the  preceding  Rule,  if  the 
Whole  or  Mix'd  Numbers  are  firft  reduced  to  the  Form  of  limple  Fradions,  (as  in  the 
following  Examples.)  So  that  when  there  is  a  Whole  Number  to  be  multiplied  into  a 
Fradion,  it's  plain  we  have  no  more  to  do  but  multiply  the  Nun.'  by  that  whole  Num- 
ber- fo  4  by  '  =  '-  •  And  the  Reafon  of  this  we  have  alfo  learn  d  before.  Cor.  Lem.  i. 
for  V  of  4  is  4  times  {  =■  V  i  fo  that-  it's  no  matter  which  of  thefe  you  caU  the  Mul- 
tiplier. 

Examp.  1.     24XJ.  =  y   (=144.) 

Ex.4.     37T'^^T='-pxV  =  q^(  =  ^58H) 

Ex.  ?.     64X  8  2.';?1  =  64X  8  i^=  V  X  VV  =  '-^a^  (5^7  ^\-^ 

Scholium.  After  the  Produd  is  found  by  the  General  Rule,  it  may  be  reduced 
to  lower  Terms :  But  this  Multiplication  being  nothing  elfe  than  the  Redudion  of  a  com- 
pound Fradlion  to  a  fimple,  we  may  apply  the  Directions  in  Scho/.^.  Prob/.i\..  ReJuilioti, 
for  finding  the  Produd  in  lower  Terms  than  the  General  Rule  gives  it ;  of  which  fee  the 
Examples  there  explained,  which  will  be  needlefs  to  repeat  here. 

D  E  M  o  N  s  T.  To  multiply  by  a  Fradion  fignifies  no  more  by  the  Definition,  than  to 
take  fuch  a  Part  or  Parts  of  the  Multiphcand  as  that  Fradion  expreflcs ;  /.  e.  plainly  taking 
the  given  Fradions  as  Members  of  a  compound  Fradion,  and  reducing  it  to  a  Simple^ 
which  is  done  (fee  Vrohl.  4.  V.eduBion)  precifely  accordin"'  to  the  Rule  here  given :  So 
to  multiply  4  by  f  is  no  other  ihing  than  taking  \  of*  —A'  (byPrffW.  4.  and  thisRule.^ 
And  becaule  it's  equivalent  in  what  Order  the  Members  of  a  compound  Fradion  are  taken, 
therefore  it's  the  fame  which  of  them  is  called  the  Multiplier  or  Multiplicand. 

For  the  Vrojf  of  this  Workj  it  cannot  have  any  which  is  a  more  limple  or  eafier  than 
itfelf  i  but  it  has  a  counter  Operation  in  Divilion,  as  wc  fliall  explain  when  we  come 
to  it. 

J-  For 
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For    AFFhlCATE    NUMBERS. 
■  Any  ■abfolote  Denomination  may  be  applied  to  one  -of  the  Terms ;  -bw  the  other  mutt . 

be  abftradl  by  the  Definition  ;  for  it  can  fi9;nify  only  what  Part  or  Parts  of  the  other 
are  to  be  taken,  and  the  Produft  is  Applicare  ro  the  fame  Things,  v/hich  is  to  be  fUrther 
reduced  as  the  Cale  requires.     For  Example    4 /■  X  y  ^^  ,-4  A  =  12 /A.  6d. 

If  the  Multiplicand  i;  a  Mix'd,  Applicate,  Whole  r4 umber,  and  the  Miiltiplier  a  Frac- 
tion, then  redikie  die  fiDtmerto  ihe  lower  Species.;  ind  if  iliere  ig  yj  thai  Term  a  Frac- 
tionj  make  the  whole  an  improper  Fraftion,  and  then  apply  the  Rule. 

Examp.  6.    To  multiply  24  /.  12.  &.  SL  d.  by  iJ  |.     By  Redudtion  they  are  equal  to 

But  here  if  the  Multiplier  is  a  Whole  Number,  and  a  fmnll  one,  fo  that  the  Multipli- 
cation can  eafily  be  performed  without  jirevious  Reduftion,  ier  it  be  xione  that  way ,  '^t- 
ginning  with  the  Frafticn  in  the  loweft  Species.  Exainp.  7.  14/.  zis.  \o\d.  by  4, 
=  58/.  iis.t,\d:  Thus  txa^=.\^=.i\d.  which  i  is  carried  to  the  PiDdiifi  ^of  Pence. 
Examp.  8.  78/.  14^.  6d.  by  |:  Multiply  the  IVIix'd  Number  by  5,  then  divide  .the  Pro- 
duift  by  9 ;  and  this  is  a  Queition  of  that  iame  land  which  we  have  feen  already  in 
Schol.  3.  Froil.  12.   Redu^ion. 

General  Scholium. 
The  word  Multiplication,  more  property  tmd  ilriftly  taken,  fignifies-the.encreafuig  of  a 
dumber  by  Repetition;   whereas  to  multiply  by  a  proper  Fraftion  (according  to  the 
preceding  Rule)  does  plainly  find  a  Number  lefs  tnan  the  Multiplicand  ;  which  -does  there- 
fore rather  divide  than  multiply  it.     But  more  particularly,  when  the  Multiplier  is  an  Ali- 
quot Fraction,  as  f,  tlie  Effeft  of  this  Operation  is  plainly  nothing   elle  but  Divifion, 
•viz..  of  the  Multiplicand  by  5,  which  finds  f  of  it.     Again,  If  the  Multiplier  is  a  Fraftioa 
of  any  other  kind,  proper  or  improper,  a^  f  or  f ,  the  Operation  is  mix'd,  whereby  the 
Multiplicand  is  firft  multiplied  and  tne  Produft  divided ;  for  we  Take  a  ccrtajnTart  of  .a 
certain  Multiple  of  it.     But  diis  Differ«HCe  is  remarkable^  riz;.  That  if  the  Multipher  ^ 
a  proper  Fraftion,  the  Divifion  prevails,  and  the  Number  faid  to  be  multiplied  is  really 
leftened :  But  if  it's  an  Improper  Fracftion,  the  Multiplication  prevails,  and  the  Multipli- 
cand is  encreafed.     The  firft  is  therefore  in  fome  fenfe  more  properly  a  Divifion,  and 
the  laft  a  Multiplication ;  tho',  according  to  the  Definition,  they  are  both  called  Multi- 
plication ;  (nor  does  the  firft  agree  to  the  Definition  in  Divifion,  as  we  (haD  fee  in  the 
next  Chapter.)     Again^  Take  notice,  that  if  a  Whole  Number  and  a  Proper  Fradion 
are  multiplied  together,   the  Fraftion  is,  in  a  ftricft  and  proper  Senfe,   multiplied ;  but 
the  Whole  Number  is  leffened,  and  is  only  multiplied  in  that  Senfe  in  which  Klultiplica- 
tion  by  a  Fraftion  is  here  defined.     And  now  at  laft  if  you  enquire.  How  the  Name  of 
Multiplication  comes  to  be  applied  to  a  Work  which  really  diminifties  ?    it  feems  to  be 
from  this  Confideration,  viz.  That  whether  the  Multiplier  is  a  Fraftion  or  Whole  Numbe?, 
the  Number  found  has  the  fame  relation  to  the  one  Faflor  as  the  other  has  ro  i ;  /.  e.  ft 
contains  it  as  oft,  or  as  many  Parts  of  it,  as  the  other  exprefTes,  or  as  it  contains  Unity 
or  Parts  of  Unity ;  which  is  plain  from  the  Definition.     So  in  Whole  Numbers,  axh 
(or  the  Produft  of  «  by  i)  contains  <i,  b  times,  and  fo  does  h  contain  i,  6  times.    In 

Fradions  the  Produdt  of  «  by  -  is  ■^  Parts  of  <?,  as  "  expreftes  -  Parts  of  i :   An4 

^     m  m  m         ~  m 

bccaufe  of  this  f^eneral  Likenels  in  the  EfFe<S,  both  are  called  Multiplication  j  which  is 
al(b  defined  in  this  general  manner,  viz..  Finding  a  Number  which  (hall  have  the  {amfc 
relation  (above  explained)  to  one  of  the  two  given  Numbers,  as  rhe  other  has  to  Unity: 
the'  the  EflfeA  of  this  is  in  fome  Cafes  really  Divifion,  and  in  all  others,  is  mix'd  of  Mm- 
tiplication  and  Divifion,  taking  thefe  in  their  more  ftritft  and  proper  Senfe.  ■  "''' 

CHAP. 
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Division  of  Fractions. 
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I V I S I O  N  is  taken  here  in  the  fame  Senfe  as  already  explained  in  Whole  Num- 
bers, "Viz..  finding  how  oft  one  Fraftion  is  contained  in  another. 

General   Scholium. 


We  fee  now  by  comparing  the  General  Nature  of  Multiplication  and  Divifion  by  Frac- 
tions, as  it  appears  in  their  Definitions,  that  they  are  the  fame  way  oppofite  in  their  Effects, 
as  in  Whole  Numbers.  For,  let  any  Number  A  (Whole  or  Fradtionj  be  multiplied  by 
any  Number  B,  (Whole  or  Fraction)  and  let  the  ProduiSl:  be  reprefented  by  D ;  then  D 
contains  A,  B  times,  or  fuch  a  Fradtion  of  A  as  B  exprefles,  (according  to  tlie  Namre 
of  Multiphcation  by  Fradionsj)  confequently,  if  we  divide  D  by  A,  /.  e.  enquire  how  oft 
A  (or  what  Fradion  of  it,  if  it's  greater  than  D)  is  contained  in  D,  the  Quote  muft  be 
B :  And  reverfely,  if  any  Number  (Whole  or  Fradlion)  is  contained  fo  of:  (or  fuch  a 
Fracftion  of  it)  in  D,  as  B  exprefles,  then  muft  fo  many  times  (or  fuch  a  Part  of)  A,  as 
B  exprefles,  be  equal  to  D.  Therefore,  whatever  be  the  Rule  for  finding  how  oft  any 
Fra(5tion  is  contained  in  another  Number,  this  is  certain,  that  the  Quote  multiplied  into 
the  Divifor  (according  to  the  Rules  of  Fraftions)  muft  produce  the  Dividend,  or  its 
equivalent  j  for  it  may  arife  in  difterent  Terms,  as  we  fliall  prefently  fee. 

PROBLEM.     To  divide  one  Fruition  by  another. 

Huk.  Reduce  both  to  fimple  Fraftions,  then  take  the  Dividend  and  the  Reciprocal 
of  the  Divifor,  as  Members  of  a  Compound  FradHon,  and  multiply  them  together ,-  the 
Simple  Fradfion  produced  is  the  Quote  fought;  /.  e.  the  Quote  is  equal  to  fuch  a  Frac- 
tion of  the  Dividend  as  the  Reciprocal  of  the  Divifor  exprelTes :  Or  thus,  (which  is  the 
fame  thing)  Multiply  the  Numr  of  the  Dividend  into  the  Den'  of  the  Diviibr,  then  the 
Der.i-  of  the  Dividend  into  the  Num'  of  the  Divifor  j  make  the  firft  Product  the  Nun.', 
and  the  other  Den'  of  a  Fraction,  and  it's  the  Quore  fought  j  wliich  is  to  be  further  re- 
duced according  to  the  Circumftances  and  Senfe  of  the  C^-icilion. 

Examp.i.     _.^.^)^l.(y/=6.  Ex.2,     i.)  |  ( ^4.=  I J'.^^  i^. 

£^-  3-     i)  T  (tV  -E^-  4-     ^oi^)  ^V.  or  ^)-r\{  f^- 

If  there  is  a  Fraiflion  any  way  concerned  in  either  of  the  Terms,  /.  e.  if  either  of  them 
is  a  whole  Number,  and  the  other  a  Fraftion  or  mix'd,  or  both  mix'd  Numbers,  they 
come' both  under  the  preceding  Rule,  if  the  Whole  or  Mix'd  Number  is  firft  reduced  to 
the  Form  ofa  Simple  Fraction,  (as  in  the  following  Exaviplcs.)  So  that  when  either  of 
them  is  a  Whole  Number,  we  have  no  more  to  do  but  multiply  the  Nurr.r  or  Den'  ot 
the  other  by  it,  according  as  that  whole  Number  is  the  Dividend  or  Divifor. 

S  ExaiKf. 
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Ev.  (,.     8)  -   (^Vt  =  tV-  ^^-  7-     =i)6f  or  V  )  V   (  VV=Hf 

Ohfervc.  The  preceding  Examples  me  all  in  abftratSt  Nurrvbers ;  and  for  the  Manage- 
ment of  applicate  Numbers,  vhere  Fraifbions  are  concerned,  I  fhall  conlider  thcni  by 
themfelves,  becaufc  of  fome  things  tha:  require  to  be  paniciiJari}'  exp'ained  •.i';  to  the 
Senfe  and  Meaning  of  Di\-irion  applied  in  fonie  Cafes  i  bti:  I  llialf  firll:  demonltrate  tire 
preceding  General  Rule. 

DemonsT.  The  Reafon  of  this  Rule  may  be  varioufly  deduced  thus :  (i.)That  isthetrue 
Quote,  which,  multiplied  by  the  Divifor,  produces  tlie  Dividend,  (by  what's  iliewii  in  the 

preceding  Ge?t.Schol-)  Now  if  ■-  is  divided  by  ^^  the  Quote  according  to  the  Rule  is  ^, 

which  multiplied  by  the  Divifor  ~  (/.  e.  take  ^  of  ~)  the  Product  is  equal  to  ~j. 
But  this  bein^  reduced  to  lower  Terms,  viz.  by  dividing  both  Num""  and  Den'  by  alp, 
(or  ba,)  becomes  equal  to  ~  the  given  Dividend  ^  therefore  ~  is  the  true  Qiiote. 

Or,  2.  We  may  prove  it  thus:  Suppofe  7  —  f  =  ^,  that  is,    i  is  contained  in  7 

~  times  i  wherefore  ^  times  p  or   ^ '^^  f  =  ^  ■  But  ^  of  f.  =  t  of  ^,  which  is 

therefore  =  7;  and  hence  (by  Lew;.  7.)   ^==7°^  7'  wliich,  according  to  the  Rule,  is 

the  Quote  of  7  -^  j"- 

Now,  tho'  either  of  thefe  two  is  a  ftrid  Demonftration  of  the  Rule,  yet  being  deduced 
only  from  the  Oppolition  betwixt  Multiplication  and  Divifion,  it  will  be  uieful  to  fee  the 
Reafon  and  Invention  of  it  more  diredly  and  immediately  from  the  Nature  of  Diviiion 
itfelf    Thus, 

-«  Let  it  be  required  to  divide  7  by  j-  If  we  firft  enquire  how  ofc  is  a  contained  in 
Li  tlie  Quote  is  7-  (by  Cor.  1.  Lem.  5.  Cbap.  i.)  But  becaufe  we  ought  to  enquire,  how 
ft  i  or  ^  of  tf  is  contained ;  and  this  muft  be  b  times  as  oft,  therefore  multiply  tbc 
laft  Quote  £  by  h,  the  true  Qiiote  is  J^  (  =  -  of  -,)    according  to  the  Rule. 

4.  We  have  yet  a  more  fimpIeView  of  it,  thus:  Suppofe  the  Divifor  and  Dividend  have 
fdc'  aa-e  reduced  to)  one  common  Den',  then  it's  evident  that  die  Dividend  contains  the 
Divifor  as  oft,  or  as  many  Parts  of  it,  as  its  Num''  does  the  other ;  for  Iiaving  one  Den', 
they  are  in  the  fame  State  with  refped  to  one  another,  as  Whole  Numbers :  So  that  the 
Num'  of  the  Dividend,  fet  fraftionally  over  tlie  Num'  of  tlie  Divifor,  exprefTes  the  true 

Quote.     For  it's  evident,  that  -  contains  -  as  oft  as  <i  contains  h,  fince  thefe  Numbers 

expreis  Units  of  the  fame  Value.  Now,  tho'  there  is  no  word  in  the  Rule  of  reducing  to 
one  Den',  yet  the  fractional  Quote,  found  by  the  Rule,  is  plainly  the  fame  as  that  now  men- 
tioned ;  for  the  Operation  is  tlie  fame  as  that  by  which  the  Num"'  are  found,  when  they 
are  reduced  to  a  common  Den'.    Thus,  if  -g  and    7  are  reduced  to  a  common  Detf, 

they 
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Chey  are  ^  and  ^    and  the  Fraftion  made  of  their  Num"  ,•   ;.  e.   the  Number  of  times 

yj  is  contained  in  |^,  is  truly  cxprefTed  by  ^,  wliich  is  the  Qyote  of  y  divided  by  y> 

according  to  the  Rule. 

Corollaries. 
IftheDivifor  and  Dividend,  being  fimple  Fra^flions,  (or  reduced  to  that  State)  have  a 
common  Der',  their  Qiiote  is  the  Quote  of  the  Num"  taken  by  the  Rule  of  Dividon  ot 
whole  Numbers.     So  ^  j |( |  and  | ; I ( A  =  2. 

II.  From  the  General  Rule  this  plainly  follows :  That  the  Reciprocal  of  any  Quote 

wdll  be  the  Quote  when  the  Divilbr  and  Dividend  are  changed.     For  ExaK'pIc,   f  h-  i 

=:  ri    and  ^  -H  r  =  4-  Or  thus,  \i  y  ~  ~  =  i    then  is  -  of  ^7  =  r)  and  -  =: 

tc  d  b  ad  o  d  nO  m  d  b  '       "    j 

~  of  ~,-  therefore  7  ^~  J"  ^=  7.  And  the  fame  thing  being  true  in  whole  Numbers- 
alfo,  we  learn  this  general  Truth,  viz.  That  if  any  two  Numbers  are  divided,  eirlier  by 
the  otlier,  the  Quote  of  the  one  by  the  other,  is  the  Reciprocal  of  the  Quote  of  that 
other  by  the  former. 

Scholium.  When  the  Quote  is  found,  it  may  be  reduced  to  lower  Terms  ,■  but 
if  you  confider  the  Dividend  and  the  Reciprocal  of  the  Divifor,  as  Members  of  a  com- 
pound Fraftion,  (according  to  the  Rule)  then  you  may  apply  the  Diredions  given  in 
Scho!.  4.  Frob!.  4.  IReduiiioji,  for  finding  the  Quote  in  lower  Terms.  But  the  Rules  for 
the  more  ufeful  of  thefe  Cafes,  applied  to  Divilion,  may  be  exprefled  in  this  manner, 
I'iz. 

(i.)  If  the  Numf  and  Den'  of  the  Dividend  are  Multiples  of  the  Num"-  and  Den'  of 
the  Diviibr,  divide  them,  and  make  the  firft  Quote  Numf  and  the  other  Denr,  and  that 
Fra<flion  is  the  Quote  fought. 

Examp.     ^)VV  =  f 

f2.)  If  the  Num'  of  the  Dividend  is  Multiple  of  the  Num'  of  the  Divifor,  but  not 
the  Denrs,  then  take  the  Qiiote  of  the  Num''  and  multiply  it  into  the  Fra<flion  made  by 
fetting  the  Der.r  of  the  Divifor  over  the  Dcr/  of  the  Dividend. 

Examp.     i.)    4(2X1  =  ^ 

(3.)  If  the  Den' of  the  Dividend  is  Multiple  of  the  Den""  of  the  Divifor,  but  nor  the 
Niimfs ,  then  take  the  Fradion  made  by  fetting  the  Num""  of  the  Dividend  over  the  Kum^ 
of  the  Divifor,  and  divide  it  by  the  Qiiote  of  the  Den'S  '•  f-  multiply  its  Den'  by  that 
Quote. 

Examf.     ^)|.(|-2  =  4,=  ii,. 

(4.)  If  the  Nunr.'-  of  the  Dividend  is  Multiple  of  the  Numr  of  the  Divifor,  and  the 
Den'  of  the  Divifor  Multiple  of  the  Den'  of  the  Dividend,  divide  the  Num's  one  by  the 
other,  alfo  the  Den's^  the  Produdt  of  thofe  Quotes  is  the  Qiiote  fought. 

Examf.    ._^)  _.1.=:6,  for  6h-5  =  2j  and  39^15=3. 

The  'Rcafon  of  all  thefe  Rules  is  contained  in  what  is  explained  in  the  place  above  re- 
ferred toj  and  were  fuperfluous  to  repeat. 

S  3  For 
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ForAPTLICATE    NUMBERS. 

Tliere  is  the  fame  Variety  in  Divifion  of  Applicate  Numbers  where  Fraftions  are  con- 
fidered,  as  when  all  are  Whole  Numbers.  But  before  we  make  any  Examples  of  this 
kind,  it  will  be  proper  that  we  firft  refled  upon  the  four  different  Senfes  explained  in 
Divifion  of  Whole  Numbers,  and  confider  how  they  are  to  be  applied  with  Fradions. 

Firft,  If  the  Divifor  is  a  Whole  Number,  the  Dividend  being  a  Fradion  either  pure 
or  mixed,  the  different  Senfes  are  Applicable  the  fame  way  as  if  the  Dividend  were  alfo 
a  Whole  Number.  For  we  may  enquire,  i.  How  oft  the  Divifor  is  contained  in  the 
Dividend.  2.  What  Part  it  is  of  the  Dividend.  Or,  3.  What  Number  (Whole  or 
Fradion)  is  contained  in  the  Dividend  as  ofi:  as  the  Divifor  exprelles.  Or,  4.  What  is 
that  Number  which  is  fuch  a  Part  of  the  Dividend  as  the  Divifor  denominates.  In  all 
v/hich  there  is  no  matter  what  the  Dividend  is ;  for  the  Anfwer  of  the  Queftion  in  the 
firft  Senfe  will  anfwer  it  in  them  all  j  except  in  the  fecond,  when  the  Divifor  is  not  an 
Aliquot  Part  of  the  Dividend  ^  as  has  been  already  explained. 

In  the  next  Place,  let  the  Divifor  be  a  Fradion  pure  or  mked ;  whatever  the  Dividend 
is,  the  firfl  two  Senfes  are  appUcable  without  any  Variation  :  for  we  may  reafonably  ask, 
I.  How  oft  a  Fradion  is  contained  in  any  Number.  Or,  2.  What  Part  it  is  of  any 
Nimiber.  Obferving  this.  That  whether  the  Divifor  is  an  Integer  or  Fradion,  if  it  is 
not  an  Aliquot  Part,  yet  we  may  ask  what  Fradion  it  is  of  the  other.  ^ .  We  may  enquire 
what  is  that  Nimiber  which  is  contained  in  the  Dividend  fuch  a  Fradion  of  a  time  (/'.  e. 
of  which  the  Dividend  contains,  or  is  equal  to  fuch  a  Fradion)  as  the  Divifor  exprelTes. 
It  is  plain,  the  Quote  taken  in  the  firft  Senfe  will  anfwer  this  alfo^  becaufe  the  Quote 

and  Divifor  produce  the  Dividend.  For  let  -^  "^  7  '^^  ^^  « '  ^^^ich  in  the  firft  Senfe 
fignifies  that  -  is  contained  im ,  -  Parts  of  a  time  i  /'.  e.  that  4  =  -  of  T-      But    -^ 

*~^  y  a '  -  m  a  VI  o  m 

of  ^  = -^  of  ",  (by  Cor.  i.  Probl.^.  of Redudiorr.)  Therefore  -3  =  7  °f  ■^''•^• 
~.  contains  - ,    4   Parts  of  a  time.    Wherefore  -   is  the  Qitote  in  this  third  Senfe  alfo. 

a  m.      p  tn  ^^ 

And  this  Queftion  applied  to  a  fradional  Divifor,  is  parallel  to  the  tliird  Senfe  applied  to  an 
Integral  Divifor.  And  to  comprehend  both  without  diftinguiftiing,  we  may  ask  what  is 
the  Number  which  is  contained  in  tlie  Dividend  fo  many  times,  or  fuch  a  Fradion  of  a 
time  as  the  Diviibr  exprciTes. 

4.  The  fourth  Senfe  in  Whole  Numbers  is  findiiig  a  Numbei- which  h  fuch"  a  Part  of 
the  Dividend  as  the  Divifor  denominates;  which  is  ineflfed  multiplying  by  its  reciprocal 
Fradion  ■■,  for  it's  plainly  taking  fuch  a  Fradion  of  the  Dividend  as  the  Reciprocal  of  the 
Divifor  expreffes.  So  to  divide  by  4,  m  this  Senfe,  is  to  take  %.  And  to  make  a  Queftion 
like  this  with  a  fradional  Divifor,  we  muft  feek  a  Number  whicK  is  fuch  a  Fradion  of 
the  Dividend  as  the  Reciprocal  of  the  Divifor  expreffes;  which  is  the  immediate  efFed 
of  the  Rule  given  for  finding  the  Quote  in  the  firft  Senfe:  So  that  it  is  plain,  the  Quote 
which  anfwers  the  Queff  ion  in  the  firft  Senfe,  does  fo  in  this  Senfe  alfo  ;  i.  e.  is  a  Num- 
ber which  is  luch  a  Fradion  of  the  Dividend  as  the  Reciprocal  of  the  Divifor  expveffes. 
This  therefore  is  a  general  Truth,  that  whatever  the  Divifor  and  Dividend  be,  the  Qitote 
found  by  the  general  Rule,  is  fuch  a  Fradion  of  the  Dividend  as  the  Reciprocal  of  the 
Divifor  expreffes. 

But  laftly  obferve,  That  if  a  Queftion  is  thus  propofed,  viz.  to  fina  -  Parts  of  -j ,  it 
iidiredly  in  the  Form  of  Multiplication,  and  fo  does  not  appear  as  a  Queftion  of  Divi- 
fion; nor  is  it  fo  in  any  other  Senfe  than  as  the  Anfwer  of  it  is  equal  to  the  Number  of 

3  times 
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tim«  that  its  Reciprocal  ~    is   contained  in  -■    Or,  as  it  is  the  Anfwer  of  a  Queftion 

of  Divifion  made  with  the  Divifor  -^  in  the  third  Senfe. 

Now  then,  as  in  Divifion  of  Applicate  N\'Tiole  Numbers,  fo  here  in  Fraftions  there  are 
but  two  Cafes  :    For  either, 

1.  The  Divifor  and  Dividend  are  both  Applicate  to  the  fame  kind  of  thing;  and  the 
Queftion  is  always  in  the  firft  and  fecond  Smte :  Therefore  the  Quote  is  an  Abftrad 
Number.  And  to  find  it,  you  muft  reduce  the  given  Numbers  to  one  abfolute  Denomi- 
nation or  Integer,  and  then  apply  the  preceding  general  Rule.     SczExa7;ip.  8,  9,  10. 

beloiu. 

2.  The  Dividend  is  Applicate,  and  the  Divifor  Abflrad;  then  the  Queftion  can  be 
propofed  only  in  the  tliird  and  fourth  Senfe.  Minding  that  the  fourth  Senfe  is  to  be 
called  Divifion  only  as  it  is  the  Anfwer  of  the  Queftion  propofed  in  the  third  Senfe,  with 
rhe  Reciprocal  of  the  Divifor,     See  Examp.  14,  15,  16.  below. 

Examples  of  CASE  I. 
Ex.  8.  4./.  )  |.  /.  (  |-  =  iT-  ■^*-  10.  34  /.  )  18  i.  A     Or,  V  /.  )-LL^fi. 

Ex.  9.  ^fi. )  I  /.  Or,  ^Jb. )  ^p.  (  ^i.. 

ByReduclion.      ^^  "'  -/^O.^/.     Or,    -fi.)  LLf /Z.  (^=  ,^,  .  . 

If  either  Divifor  or  Dividend  is  a  mix'd  Whole  Number  of  different  Species,  reduce 
both  to  a  Simple  Number  of  the  loweft  Species  j  and  if  there  is  a  Fraftion  in  one  or  both 
they  muft  alfo  be  reduced  to  one  Integer,  and  that  the  fame  to  wliichthe  Integral  Num- 
bers are  reduced.     But  this  will  be  beft  done  by  reducing  to  an  Improper  Fraction,  and 
then  reducing  this  to  the  Integer  required. 

Ex.  12.  4  4-/A  )  48  /.  18  y.  94'.  By  Redudion,  12l  d  )  LULL!  4  r  sSj^g  _ 
=  12  tI^ 

Ex.i^.     3/.  4fA)38/.  12/lK  84./ 

By  Reduction. 
64  fA)  92724-/     Or,  li_°yz,.)±iJj^^.     Or,  t-L^ A )  ^Lli-ii y,^  ( 


27000 


12  rr 
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Examples  0/  C  A  S  E  .II. 

Where  the  Dividend  is  Applicate.^  and  theDii-ifor  AbfiracI :,  i.  e.  -xherein  is  fought 
aNumber,  of  which  fuch  a  Fraiiion  or  Multiple  as  the  Divifor  exprcffes-,  is  e^iial 
to  the  Dividend. 

Examp.  14.'    |.  )  |/,  (±./.  =  1   .i./.  =  i/.  6p.  %d. 

Examp.  15.     4^  )  24/.  ^cs.  9/     Or,  V  )  -^  ''•  (  ^-~-^  /=  1295  i^d-  - 

5/.  y^.iiH''-  '  If 
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If  die  Divifor  is  a  Whole  Number,  you  need  not  always  reduce  the  Dividend  when  it 
is  a  mixed  Number,  but  carry  on  the  Divifion  by  degrees  to  die  loweft  Species,  where 
the  Fraction  is ;  and  what  is  Remainder  upon  dividing  the  Integral  Part  of  that  Species, 
annex  to  the  Fraclion,  and  reduce  them  to  an  Improper  Fraction,  and  then  divide  as  is 
done  in  the  following  Example. 

E.v<?7,'.^.  16.     4  )  18  /.  13 p.  s>\'^-  (  4-^-  ij/-'-  5  h  <^- 

GeneralScholium. 

As  we  obferved  before  upon  the  multiplying  by  a  proper  Fradion,  thatit  diminifliesthe 
Number  multiplied  by  it,  contraiyto  theeffeo:  of  an  Integral  Multiplier,  and  to  tlieniore 
limited  Senfe  of  the  word  Multiplication  \  fo  here,  to  divide  by  a  proper  Fra<Sion  does  al- 
ways quote  a  Number  grc-iter  than  the  Dividend,  contrary  to  what  is  done  widi  an  Inte- 
gral Divifor  \  and  contrary  alfo  to  the  more  ilriit  Senfe  of  the  word  Divifion,  which  im- 
ports the  leflening  of  a  thing:  and  fo  the  Quote  will  in  fome  Cafes  be  a  Whole  or  Mix'd 
Number,  tho'  the  Dividend"  is  a  Fraftion ;  becaufe  one  Fradlion  may  be  equal  to  another 
taken  once,  twice,  or  any  Number  of  Times,  or  Parts  o\-er.  Now,  that  the  Quote 
muft  be  always  greater  than  the  Dividend,  is  plain  from  the  Rule.  For  the  Divifor  being 
a  Proper  Fraction,  its  Reciprocal  is  an  Improper  Fraction  greaccr  than  Unity,  by  which 
the  Dividend  is  multiplied,  which  Is  therefore  taken  more  than  once  to  make  the  Quote. 
A<Tain  more  particularly,  if  the  Divifor  is  an  Aliquot  Vran'mi-,  the  Operation  is  in  efFedl 
a  proper  Multiplication  j  fo  to  divide  by  5^,  is  no  other  thing  than  multiplying  by  4.  And 
the  Divifor  being  a  Fradtion  of  any  other  kind,  the  Operation  is  mix'd  of  a  proper  Mul- 
t!plkatio7i  and  Difijion,  in  which  the  Multiplication  prevails,  if  the  Divifor  is  a  pioper 
Fraction;  but  the  Divifion  prevails,  if  the  Divifor  is  an  improper  Fraction.  Now,  becaufe 
the  Quote  may  be  in  fome  Cafes  greater  than  the  Dividend,  we  may  enquire,  How  the 
name  Dififon  came  to  be  applied  to  an  Operation  which  really  increaies  a  Number : 
And  theReafon  of  this  is  probably,  (as  before  we  alledged  in  Multiplication,)  the  general 
likeuefs  in  the  efFciSt  of  dividing  by  a  Whole  Number  and  by  a  Fra'ftion,  vit,.  That  the 
Quote  has  the  fame  Relation  to  the  Dividend  that  Unity  has  to  the  Divifor,  /.  e.  that  the 
Quote  contains  the  fame  Part  or  Parts  of  the  Dividend  as  Unity  does  of  the  Divifor.     This 

is  manifeft  in  Whole  Numbers  i  for  if  B  is  divided  by  A,  the  Quote  is  j  of  B,  and  i 
is  -  of  A.  In  Fraftions  tlie  fame  truth  will  exadly  appear  j  Thus,  let  the  Dividend  bcD, 
(either  a  Whole  Number,  or  Fradlion,)  and  the  Divifor  jy  by  the  Rule,  the  Quote  is 
=  i  of  Di  but  I  is  alfo  —  \  of  7  i  (thefe  -being  Reciprocals,  Cor.  Lem.  5.)  And 
from  hence  fome  define  Divifzon  in  this  manner,  viz.  Tittding  a  Number  v>hkh  fli all  have 

the  Came  Udation  (as  before  explained)  to  the  Dividend^  as  Unity  has  to  the  Divifor. 

But  we  have  alfo  this  Difference  to  obferve,  in  the  Definitions  which  I  have  applied  to 
Multiplication  mdDivijwt :  That  mDivifon,  the  Definition  is  the  fame  for  Fradtions  and 
Wliole  Numbers  v/ithout  changing  one  Word,  i-iz.  finding  how  oft  the  Divifor  is  con- 
tained in  the  Dividend.  But  in  Multiplication  there  is  Variety  ;  for  in  Whole  Numbers  it 
is  repeating  the  Multiplicand,  and  taking  die  Whole  of  it  a  Number  of  Times  ^  but  with 
a  Fradion  it  is  only  taking  a  Part,  or  certain  Parts  of  it.  Yet  this  is  iHll  true.  That  the 
Operations  of  Multiplication  and  Divifon  are  reverfe  to  one  another i  fo  that  the  one 
undoes  what  the  other  did,  whereby  they  prove  one  another.    And  liarce  we  have  diis 

GE- 


Chap. 6.  Divifwn  of  FraSiions.  135 

G  E  H  EH  A  L     C  O  R  O  L  L  y4  R  T,  To  the  Rules  of  Multiplication  and  Di-vifiont 
both  by  Mt'ole  Numbers  and  Frailions ;  viz. 

To  multiply  by  any  Number,  Whole,  or  Fradion,  and  to  divide  by  ia  Reciprocal, 
have  always  the  lame  effect,  or  brings  out  the  fame  Number ^  fo  8x  5  =  8-^  f  •  or 
generally,  Ax;//=A-^-^,  each  being  ( by  their  proper  Rules)  =An;  or,  |  X"* 
_  A  _^  i    each  being  =  ^^.     And  A  x  £  =  A  -^  ~  ^  ibr  each  is  =  —^     Alio    ^ 

The  laft  tiling  T  have  to  ohferve,  is.  That  fome  may  ask,  Why  die  finding,  for  Ex- 
ample, V  of  a  thing  is  not  called  Divifioji,  fince  f  is  found  by  dividing,  (viz..  with  3.) 
The  Ai-.lwer  is  plainly  tliis.  Dividing  by  3  is  the  iame  as  multiplying  by  f .  So  that  to 
find  '■  v.e  do  multiply  according  to  die  Rules  of  Fraftions,  which  makes  the  Produa  a 
Fraction ;  and  when  this  happens  to  be  an  Improper  Fradion,  (as  it  is  always  when  the 
Dividend  is  a  Whole  Number  greater  than  3)  the  Divifion  by  3  is  only  the  Reduftion  of 
that  Improper  Fraftion.  And  for  the  fame  Reafon  to  find  \  will  alfo  require  a  Divifion, 
if  the  Fradion  produced  be  Improper :  But  to  make  the  Comparifon  aright,  let  them 
confider  the  Difference  betwixt  dividing  by  3  and  by  f ;  thefe  cannot  have  the  fame  Effed:. 
And  if  dividing  by  ?,  finds  f  of  the  Dividend  ^  dividing  by  f  does  not  alfo  find  f  of  it. 
Indeed,  the  finding  f  is  in  iome  fenfe  Divijion;  but  it  is  not  Divifion  by  {,  but  by  3. 
Or  it  is  not  finding  how  oft  f ,  but  how  oft  3  is  contained  in  the  Dividend.  In  the  fame 
manner,  finding  |'is  in  a  fenie  Divifon,  but  it  is  not  Divifion  by  |,  but  by  i  its  Reciprocalj 
in  the  lame  manner  as  \  is  found  by  dividing  by  3,  the  Reciprocal  of  f.  In  iLort,  we 
mufl  take  Multiplicatioti  and  Di^^ifojtzccord'ms,  to  their  eftablidied  Definitions  j  about  which 
I  have  faid  all  that  is  necellary  to  make  diem'be  clearly  underftood. 


CHAP.     VII. 

Of  the  mo7'e  fpecial  Application  of  FraEiions. 

I  Have  in  the  preceding  Chapter  not  only  explained  the  general  Principles  and  Opera- 
tions in  Fraorions,  but  alfo  made  Application  to  particular  things  by  Examples  in  all 
ihe  Opcnuions.  Thefe  Examples  are  indeed  Simple,  and  but  pure  Suppofitions : 
And  if  we  confider  that  Fracftions  require  more  Operarion  than  abfolute  Numbers,  it  is 
unreafonable  to  bring  them  into  Bufinefs  without  necefiTit)'.  It  remains  then  that  I  make 
a  few  further  Refleiftions,  and  fhew  you  how  they  neceflarily  occur  in  Bufinefs.  In  the 
firft  place  obferve,  that  in  what  we  call  mix'd  Whole  Numbers,  the  inferiour  Species  are 
indeed  Fraftioiv,  but  fiich  as  v.'e  may  call  tacite  ones-,  becaufe  their  Denominations  are 
never  exprefs'd,  it  being  thought  more  convenient  to  diftinguiHi  them  by  common 
Names  than  by  numeral  Denominations  ■-,  yet  thefe  are  always  underftood,  and  really  ap- 
plied in  all  Operations :  And  the  Rules  given  about  them  in  the  firft  Book,  are  either  the 
very  fame,  or  deduced  from  the  general  Rules  of  Fradlions  explained  in  this  Book;  and 
fo  have  the  fame  effedt :    For  funce  each  of  thefe  Rules  is  demonftrated  to  be  true  and 

3  "gilt) 
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right,  the  Effed  of  each  muft  be  the  fame,  when  applied  to  the  fame  things.  But  I  fliall 
alio  iliew  it  by  a  fhort  ComparUbn,  thus : 

In  Addition  of  mix'd  Whole  Numbers,  we  add  the  Numbers  of  each  Species  by 
themfclves  without  any  further  preparation,  becaufe  they  are  Fractions  of  the  fame  In- 
teger, viz..  the  next  higher  Species,  having  all  one  common  Denominator,  (or  numeral 
Relation  to  the  next  Species,)  which  is  exaftly  the  Rule  of  Addition  of  FracStions  ^  and 
then  if  the  Sum  is  greater  than  that  Den"',  it's  an  Improper  Fradion  i  and  accordingly 
we  do  in  ei&6t  reduce  it  to  an  Integral  Number  of  that  Species,  in  die  very  Addition, 
(which  is  equivalent  to  dividing  it  by  the  common  Dei  f )  leaving  the  Remainder  in  the 
lowed  Species  to  which  it  belongs.  So  Pence  are  ii"'  Parts  of  a  Shilling,  and  therefore 
we  carry  the  Number  of  12's  contained  in  the  Sum  of  Pence  to  the  Shillings  ^  and 
fo  on. 

In  StibtraEiion  we  do  the  fame  in  efTeft  as  the  P-.ule  for  Fradions  requires,-  for  the  like 
Species  are  I'taiftions  having  the  fame  Dcrr,  (with  rcfpedt  to  the  next  above,)  and  when 
the  Number  in  the  Subtrahend  is  Icall,  we  borrow  Unity  from  the  next  Species,  i.  e. 
the  Den"',  (as  in  Exavifi.  -,  8,  9.  Sultraciion  of  Fraflions.) 

In  Mnltiplication,  which  is  but  a  reiterated  Addition,  the  Comparifon  is  the  fame  as  in 
Addition,  if  the  Work  is  performed  by  beginning  at  the  lower  Species,  and  multiplying 
upwards;  and  if  we  reduce  firft  the  Mix'd  Number  to  a  Simple  Number  of  the  lowelt 
Species,  then  it  is  a  Fraclion  of  the  higheft,  whofe  Den''  is  the  Relation  betwixt  the 
lowed  Species  and  highcif .  And  this  Fradion  is  multiplied  by  multiplying  its  Nun/, 
(i.  €.  the  Number  produced  by  the  Rcdudtion,)  and  the  Produ(fl  makes  an  Improper 
Fraftioni  the  Reduction  of  it  being  nothing  elfe  but  finding  its  equivalent  Mix'd  Num- 
ber, and  ag.iin  reducing  the  Integral  Part  to  the  higher  Species. 

In  Dii-ifioi!-)  if  the  Dividend  is  a  Mix'd  Whole  Number,  and  the  Divifor  a  fimple  Ab- 
ftrad  Number,  the  Comparifon  is  the  fame  as  in  Mttltiplicatioji,  if  we  take  the  Method 
of  reducing  the  mix'd  Number  to  the  lowed  Species ;  and  if  we  divide  from  the  higheft 
Species  gradually,  then  it  is  the  fame  as  if  we  cxprefs'd  each  Species  as  a  Fracflion  of  the 
next  above  it,  and  divided  each  Member  by  itfelf.  Again,  if  the  Divifor  and  Dividend 
are  both  Applicate,  whether  both  are  mix'd,  or  only  one,  the  Redudion  of  both  to  the 
fame  loweit  Species,  is  making  them  both  Fraftions  of  the  higheft  Species  and  of  one 
Den'',  {viz.  the  Relation  benvixt  the  higheft  and  loweft,)  and  then  dividing  their  Nurr.'s, 
which  is  according  to  the  Rule  of  Fractions.  .  , 

But  again,  as  in  Whole  Mix'd  Numbers  each  Species  has  a  Relation  to  all  the  reft, 
fo  the  feveral  Members  of  a  Mix'd  Whole  Number  may  be  exprefted  as  Fractions  of  the 
higheft  Species  j  and  then  if  thefeare  all  added  together,  they  will  mate  with  the  Number 
of  the  higheft  Species,  a  Mix'd  Fraftional  Number.  For  Example,  8/.  6jh.  ±d.  is  equal 
to  /•  8-f-3^/:-f-y5j/.  and  this  reduced,  is  equsl  to  /.  S-Ys-  And  when  feveral  Mix'd 
Numbers  of  one  kind  are  thus  exprcfs'd,  the  Addition  or  Subtradion  by  the  Rules- of 
Fradions,  will  bring  out  for  the  Sum  or  Remainder,  a  Number  equal  to  what  will  arife 
from  expreffing  the  Sum  or  Remainder  got  by  the  common  Rules,  in  the  fanse  fractional 
manner  with  refpeft  to  the  higheft.  And  the  fame  thing  will  hold  for  the  Produds  and 
Quotes  in  Muhiplicatioji  and  Divifoa ;  for  if  this  were  not  true,  either  the  Ru!e3  given  for 
fraftional  Operations,  or  thofe  for  Whole  Mix'd  Numbers  muft  be  falfe.  But  each  of 
thefe  are  dcmonftrated  to  be  true. 

But  again,  Obfeyvc,  that  the  common  Rules  for  Mix'd  Whole- Numbers  do  makeeafier 
and  diftinder  Work  than  what  would  happen  by  that  way  of  cxpreding  the  infcriour  Spe- 
cies, except  upon  certain  Suppofitions  of  their  mutual  Relations,  as  we  fhall  immediately 
explain.  But  keeping  to  the  common  Subdivifions  at  prcfent  inftituted,  it  is  better  to 
exprefs  them  as  Mix'd  Whole  Numbers,  and  ufe  the  Rules  given  about  thefe  in  the  firft 
Book,  and  never  bring  in  Fradions  when  they  can  be  avoided:  But, this  cannot  always 
be  done ;  for  fincc  Fradions  necefTarily  arifc  from  Impcrfed  Divifionj  'therefore  they 

will 


chap.  8.  Of  Decimal  FraStiom.  137 

will  unavoidably  happen  upon  the  Divifion  of  Numbers  of  any  loweft  Species,  or  of  tilings 
for  which  no  inferiour  Species  are  inftiruted.  ^ 

Now,  tho'  tlie  Operations  with  MLx'd  Whole  Numbers,  according  to  the  prefent  Sub- 
divilions,  are  ealicr  tiian  what  would  be  if  the  Numbers  of  their  inferiour  Species  were 
exprefs'd  fradionally,  and  the  general  Method  of  Fradlions  applied ;  yet  there  is  a  Sup- 
polition  in  the  Subdivifion  of  Quantirys,  /.  e.  a  certain  Species  of  Fradions,  according  to 
which  the  Divijio?i  being  made,  it  would  be  more  eafy  and  convenient  to  exprefs  the 
lelfer  always  as  Fraftions  of  the  greater:  and  that  Species  is  the  Decimal  Fraiiion  already 
mentioned  ■,  wiiofe  Principles  and  Operations  I  fliall  m-ft  explain,  and  then  more  particularly 
their  Ufe  and  Application. 


CHAP.     VIII. 

CyDECiMAL  Fractions. 

§.i.    "DEFINITION. 

IF  we  fuppofe  any  Integer  divided  into  lo  Parts,  and  each  of  thefe  again  into  lo  Parts, 
making  of  the  Whole  loo  Parts ;  and  each  of  the  laft  Parts  again  into  lo  Parts,  ma- 
king of  the  Whole  looo,  and  fo  on  :  tliefe  Parts  are  called  Decimal  Parts:,  and  any 
Number  of  them  is  called  a  Decimal  Fraffiov :  Whofe  Definition  is  therefore  this,  t'«. 
Q  Fraction  whofe  Den''  is  lo,  or  loX  lo,  or  loX  lo  X  lo,  ^.  /.  e.  lo,  or  loo,  or 
1000,  ^c. 

:Examp.    ._V,    .1^,    r^^>    <^'- 

It  is  plain  therefore  that  the  Den'  of  any  Decimal  Fra^ion  is  i,  with  one  or  more  o's 
on  the  Right-hand  of  it.  And  in  this  lies  the  efiential  Difference  betwixt  Decimal 
Fr anions  and  all  others.  But  there  is  alfo  another  Difference,  which  is  in  the  dotation 
of  tlicm:  For  tho'  they  may  be  written  in  the  Vulgar  Form,  yet  from  this  Property  of 
the  Den',  we  have  a  Method  of  Notation  different  from  and  eafier  than  the  General  or 
Common  Way  ufed  in  the  preceding  Chapters.  And  hence  alfo  we  have  Operations  as 
Simple  and  Eafy  as  thofe  of  Whole  Numbers. 

J.  2.     Notation  0/* Decimals. 

TH  E  Numerator  and  Denominator  of  a  Decimal  Fra^ion,  whether  Proper  or  Impro- 
per, being  known,  write  firft  down  the  Num',  then  confider  how  many  Cyphers, 
or  o's  beldng  to  the  Denr  j  and  beginning  at  tlie  Right-hand  or  Place  of  Units  of  the 
Num"",  reckon  towards  the  Left-hand  one  Figure  or  Place  for  every  o  in  the  Der.f.  And 
if  there  arc  not  as  many,  fupply  tlie  Defect  with  o's,  fct  on  the  Left-hand ;;  and  fet  before 
them  a  Point,  (rcprefenting  the  i  beloiiging  to  the  Den')  called  the  Decimal  Point  j  which 
is  therefore  the  Mark  of  z  Decimal Fraaion :  As  in  the  following  Examples,  written  both 
in  the  Fulgar  and  Decimal  Form. 

T  Ex- 
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Exam^.i.     ^^is-l  Examp.z.     _iJ»_is  .24  Examp.i.     ^I^L^^is  .0^6 

Examp.  4.     T^V  o-  is  .0028      Examp.  5.     fi±  is  4.6      £:«r<j7«/.  6.       V^l.^  is  34.67 

This  Notatio7i  is  arbitrary,  and  requires  no  Demonftratioa,  but  only  to  iTiew  that  the 
Nuni'  and  Denr  are  thus  diftinftly  marked,  tho'  not  altogether  feparated  from  one  another : 
And  this  is  very  obvious ;  for  the  Numr  is  completely  exprefled,  (what  Cyphers  are  in 
fome  Cafes,  fet  on  the  Left-hand  of  i'",  changing  nothing  of  its  Value,)  and  becaufe  tlie 
Denr  confifts  of  a  Number  of  o's  on  the  Right-hand  of  i,  we  want  only  to  know  how 
many  are  of  thefe  o's :  and  this  we  know  by  numbering  the  Places  that  ftand  on  the  Right- 
hand  of  the  Point.     Therefore 

To  read  a  Dechnal  lubich  is  -xritteK  in  its  proper  Form:, 

Take  the  whole  Rank  of  Figures,  which  together  make  one  Number,  (/.  e.  the  whole 
Rank  excluding  the  o's  that  ftand  on  the  left  of  all)  for  the  Num'  ^  and  for  the  Denr,  rec-- 
kon  as  many  o's  ss  there  are  Figures  before  the  Point  on  the  Right-hand.  So  .o'^-j  is  ^^^ 
and  .004607  is  7^^^. 

S  c  H  o  L.  The  fame  Prohkms  and  Hules  of  'Redu&ion  belong  to  Decimals  as  to  any  other 
Fraftions,  which  need  not  be  repeated.  There  are  only  thefe  few  particular  things  to  be 
remarked,  which  are  confequences  of  the  Nature  and  Notation  of  Decimals,  and  the 
general  Rules  oi  Redu&ion  of  FraBions  already  explained;  and  which  will  ferve  as  Pfiu-^ 
ciples  for  the  Demonftration  of  the  following  Rules  of  Operation. 

COnOLLAniES. 

1.  A  proper  Fraftion  in  Decimals  can  have  no  Figures  ftanding  on  the  Left-hand  of 
the  Point,  but  all  upon  the  Right ;  for  the  Der.'  muft  neceflarily  have  more  Places  than 
the  Nun  ',  and  fo  the  Point  muft  fall  without  them  on  the  Left-hand :  And  an  Improper 
one  muft  have  Figures  on  both  hands  of  die  Point  ;  for  becaule  the  Deiv  cannot  have 
more  Places  than  the  Nun,',  therefore  the  Point  cannot  fall  without.  Examp.  .046,  is 
Proper  i  and  4.62,  is  Improper. 

2.  Amix'd  Decimal  Number  and  its  equivalent  Improper  FradHon  have  the  fame  No- 
tation in  Decimal  Form,  and  therefore  require  no  Operation  to  re'^u'-e  them ;  and  fo  the 
Diftincftion  can  only  be  made  in  the  reading  them.  For  Example,  V^'  =  3+  +  -x*^'  'i^ve 
the  fame  Decimal  Notation,  'dz.  34.67.  For  this  is  the  Reduction  of  die  ip.iproper 
Fraction,  by  the  General  Rule;  and  it  is  plain  the  mixd  Number  can  have  no  ciher 
Notation,  except  that  a  Mark  of  Addition  may  be  put  betwixt  the  Integers  and  Fraction 
thus,  34-1- .67.  But  this  Mark  is  fuperfluous.  Hence  any  Decimal  Expreflion,  v/here 
there  are  Figures  ftanding  on  the  Left-hand  of  the  Point,  may  be  read  either  as  an  Impro- 
per Fraiftion,  or  a  Mix'd  Number;  thus,  as  an  Improper  Fraftion,  taking  the  v>'hole 
Rank  as  it  ftands  (without  minding  the  Point)  for  the  Num',  and  for  the  Dcr.r  reckon  as 
many  Cyphers  as  ftand  on  the  right  of  the  Point;  or  as  a  Mix'd  Number,  by  tnking  all 
the  Fio^ures  on  the  left  of  the  Point  as  a  Whole  Number,  and  diofe  on  the  right  as  a 
Decimal  Fraftion.     So  this  oxhtx Example,  234.08,  is  either  ^-~^,  or  234-f- ^1^ 

3.  It  is  manifeft,  that  all  ExprctTions  wherein  there  are  no  i'igures,  but  os  after  the 
Point,  are  piu-e  Whole  Numbers  compofed  of  the  Figures  ftanding  before  the  Point. 
So  34.00  is=34.  Yet  fuch  ExpretTions  are  equal  to,  and  may  be  read  as  an  improper 
Decimal  Fraftion,  whereof  the  Num'  is  all  the  Rank  of  Figures  on  each  fide  -he  Point, 
and  the  Df^ii"  has  as  many  o's  as  ftand  after  the  Point ;  fo  we  preceding  is  ^^,  which, 

aq- 
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according  to  the  Decimal  Notation  is  34..00.  Wherefore  a  Whole  Number  is  expreflfed 
in  Decinial  Form  by  fectiiig  any  Number  of  o's  after  ic,  and  a  Point  between  i  which  is 
to  be  read  as  a  Fraftion  in  the  manner  explained. 

4..  Cyphers  Handing  in  Places  next  the  Right-hand  of  a  Decimal,  make  the  Fradion 
the  fame  as  if  they  were  not  there ;  fo  .3400  =  .34.  Becaufe  thefe  Cyphers  being  rec- 
koned both  to  the  Nun.r  and  DerJ,  if  they  arc  taken  away,  do  equally  divide  both;  fo 
.3400  being  ^-^^s^  divide  botli  Terms  by  100,  (or  take  two  Cyphers  from  each)  it 
is  yVsj  or  •14 

5.  Two  Decimal  Fradlions  having  the  fame  Number  of  Figures  on  the  right  of  the 
Point,  have  the  fame  common  Den';  fo  .34  and  .06  have  the  fame  Den"-,  viz..  100. 
Hence  two  or  more  Decimals  are  reduced  to  oneDen'  by  adding  as  many  Cyphers  on  the 
right  of  thofe  that  have  fewer  Places,  till  they  have  all  an  equal  Number  of  Places.  So 
thefe,  .4,  .25,  .067,  are  equal  to,  .400,  .250,  .067;  having  a  common  Denr  1000. 

5.  Every  proper  Decimal  Fraftion  is  equal  to  the  Sum  of  lb  many  lelTer  ones,  whofe 
Numrs  are  the  feveral  lignificant  Figures  of  the  given  Num',  their  Den"  having  as  many 
o's  as  there  arc  Places  from  the  Point  to  that  Figure.  For  Examp.  i.  .34=:.3 -I-.04, 
for  .3  =.30,  which  has  the  fame  Den«-  with  .04;  and  therefore  thatSum  is  .34.  Ex.2. 
.04608=  .04  -f-  .006  -}-  00008 

§.  3.    Additions/ Decimals. 

ILV  L.  E. 

WHether  the  Numbers  given  are  pure  or  mix'd  Decimals,  or  fome  of  them  Whole 
Numbers,  write  them  down  under  one  another  in  fuch  order  that  the  Decimal 
Points  ftand  all  in  a  Column,  and  the  Figures  all  in  diltindt  Columns,  in  order  as  they 
are  removed  from  the  Point  either  on  the  Right  or  Left-hand ;  then  beginning  at  the 
Column  on  the  Right-hand,  add  the  Figures  in  every  Column  together,  and  carry  forward 
I  for  every  10  in  the  Sum,  as  in  Whole  Numbers;  placing  a  Point  in  the  Sum  under 
die  Points  of  the  given  Numbers. 

Examp.  X.  Examp.  2.  Examp.  3. 

.24  .004  3().24 

•378  .9  450.058 

.057  .4067  3  78. 62 

.9356  .08  8923.9 

.6^27  .235  42.007 

2.2q:;3  1.6257  98^0.825 

If  fome  of  the  Numbers  given  are  Whole  Numbers  without  a  Fradtion,  the  Work  is 
the  fame,  fetting  thefe  Whole  Numbers  on  the  left  of  the  Column  of  Points;  and  if  the 
Sum  of  the  firft  Column  in  the  decimal  Part  is  a  Number  of  lo's,  the  o  need  not  be 
written  down,  but  proceed ;  and  do  the  fame,  if  the  Figure  to  be  fet  down  in  the  next 
Column  happens  alfo  to  be  o.  But  mind  that  after  a  fignificant  Figure  comes  in  tlie  Sum. 
fuch  o's  belonging  to  the  following  Columns  muft  not  be  neglefted. 

T  2  Examp. 
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Examp.  4. 

ExaMj>.  ^. 

Ex  amp.  6 

468. 

•45<^ 

(S7.00J. 

2.\..o6 

.08 

8.2o(i 

48.724 

5  ■'.60+ 

■.018 

2370. 

478.26 

•4 

8.4 

.8 

.28 

2919.184 

517.2 

75.908 

D  E  M  o  N  s  T.  If  you  conceive  a.s  many  o's  to  be  fet  on  the  Right-hand  of  die  De- 
cimal Point  in  each  of  the  Numbers  added,  till  they  have  all  an  equal  Number  of  Fi^urej 
after  th:  Point,  they  are  thereby  reduced  to  Fradtions  (Proper  or  Improper)  having  a 
common  Der/,  {Corof.  5.)  and  the  Sum  of  the  Num"  is  the  Numr  of  the  Sum  foughfto 
be  apj'lied  to  that  common  t)sn' ;  but  thefe  o's  adding  notliing  to  the  Sum,  need  not  be 
Med  up,  and  therefore  the  Sum  of  the  Nun."  is  truly  found  by  the  Rule  ^  and  by  fctting 
a  Point  in  the  Sum  under  the  Column  of  Points  in  the  Numbers  added,  the  common 
Der/  i)'  right  applied,  therefore  the  Rule  is  good. 

Or  we  may  deduce  the  Reafon  of  diis  Rule  thus:  All  the  Figures  of  the  fracftional 
Parts  ftanding  in  one  Column,  are  Num's  of  Fraftions  having  the  fame  common  Den', 
(hy  Carol.  6.)  and  f  om  the  nature  of  a  Decimal  Deh',  each  10  in  the  Sum  of  any  Co- 
lumn is  equal  to  a  Fraftion  whofe  Nurr.'  is  i,  the  Den''  having  one  o  lefs  dian  the  Den*' 
of  the  Column  added ;  i.e.  .oio  =  .oi.  Therefore  it  is  plain,  that  adding  and  carrying 
of  every  10  from  the  ieveral  Columns  according  to  the  Rule,  gives  die  true  Sum. 

S  c  H  o  L.  In  Applkate  Numbers,  the  Decimals  thus  added  muft  all  refer  to  one  In- 
teger, or  be  reduced  to  that  ftate  ;  and  in  doing  this,  reduce  always  the  higher  Species 
to" the  lower,  by  multiplying  the  Numerator,  or  the  lower  to  a  liigher  by  dividing  die 
Nun/,  if  it  can  be  done,-  and  either  way  the  Fradion  found  will  be  a  Decimal.  But  if 
you  reduce  any  other  way,  theFradion  will  not  always  be  a  Decimal.  Examp.  .6  Yards 
-f-  .08  Quarters,  are,  by  Redaftion,  .24  qr  -j-  .08  qr.  Or,  .6  y"*  -{-  .02  y"".  Bur  if 
inftcad  of  .08  qr,  you  put  .07  qr.  then  if  you  reduce  this  to  a  FraAion  of  a  Yard,  it  will 
not  be  aDecim.al;  for  it  can  only  be  made  4^  Yards.  And  therefore  reducing  the  Higher 
Denomination  to  the  Lower  is  the  General  Ruje  that  will  keep  the  Expreflion;  in  Decimals. 
But  fuch  Examples  feldom  occur ;  as  we  iTiall  fee  afterwards  in  explaining  die  Ufc  of  Decimals. 

§.   4.       SU'BTRACTION   ^DECIMALS.. 
RULE. 

ORder  die  Subtrahend  and  Subtraftor  the  fame  way  as  direded  in  Addition,  then  fub- 
trad  as  in  \Vhole  Numbers,  every  Figure  of  the  Subtrador  from  what  ftands  over  it 
in  the  Subtrahend,  (iuppoiing  o  to  ftand  where  there  is  no  Fmire  in  that  Place  of  the 
Subtrahend;)  and  fet  a  Point" in  tlie  Remainder,  in  the  fame  Column  with  the  Poirits  of 
the  given  Numbers  j  and  when  o's  fall  next  the  Right-hand  of  the  Remainder,  they  need 
noi.  he  i'et  down. 

Ex.1.     .34  Ex.2.     68.28  Ex.1,.     48.  Ex.  ^.     478. 

.1,2.  2+057  9  86  .oxj 

.52  44.22^  38.14  4."  7- 96^ 

Ex. 
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Examp.  5. 


82.0(^42 

29.7><)2 


Ex.  6.     234-075 
8;. 0.1. 


Ex. 


150^5 


28.24 
16. 

12.24 


The  Demo7ifiration  of  this  Rule  ftands  upon  the  fame  Principles  as  that  for  Addition. 
The  fame  Scholium  is  alfo  applicable  here,  wliich  was  made  after  Addition. 

§.  i.    Multiplication  <?/ Decimals. 

RULE. 

TAKE  the  Numbers  propofed  (».  e.  the  Rank  of  Figures  in  each)  as  Whole  Num- 
bers, and  multiply  them  one  by  the  other  as  fuch,  neglefting  the  o's  that  itand  nexc 
the  Left-hand,  as  ufelels  in  the  Multiplication  ^  then  take  the  Number  of  Places  or  Fi- 
gures, whatever  they  are,  that  ftand  after  the  Point,  both  in  the  Multiplier  and  Multipli- 
cand, and  numbering  as  many  Places  from  the  Right-hand  of  the  Produft,  fet  a  Point 
before  them  j  and  if  there  are  not  as  many,  fjpply  the  Defedl  with  Cyphers,  and  you  have 
the  Produft  duly  ex-preffed  i  which,  according  to  the  Circumftances  of  the  Faftors,  may 
be  either  a  Pure  Fraftion,  {Exaivp.  i,  2,  3.)  or  a  Mix'd  one,  {Examp.  4,  5,  (J.)  or  a 
Whole  Number,  [Examp.  7.) 


Examp.  I. 
.46 
.28 

Ex. 

-P 

.001 

17 
78<Ti 

.0  1 0  ■■- 

Ex.  5. 

723.24(> 

48.00:; 

2'. 

.78 
D94 
112 

02 

132 

Ex.^. 
.00048(5 

.02A. 

Ex.  4. 
6.08 

•47 

92 

1944 

9-'2 

4256 
2432 

.1288 

.00001  10(14 

2.8^-6 

Ex.  6. 

578.32 
64 

231328 

3J.6<)Q2 

37012.48 

Ex.7. 
4  5(S 

2-7> 

2  169  738 
<:-85  9(58 
28920  84 

■i.Xl\l.C)l^  nxi 

22  80 
3192 
912 

1254.00 

Demons  t.  The  Rcafou  of  tliisRule  is  obvious;  for  if  you  conceive  the  tv/o  given 
Numbers  as  Fraftions,  Proper  or  Improper,  the  Work  of  the  Rule  is  plainly  multiplying 
their  Num"  together,  [which  are  the  Rank  of  Figures  propofed,  taken  as  whole  Num- 
bers ;  ]  and  applying  to  the  Produdf  a  Decimal  Den',  equal  to  the  Produd  of  the  given 
Den":  [Which  is  done  by  taking  as  many  Places  from  the  Produ(5t  of  the  Num""  for 
Decimal  Places,  as  there  are  in  the  DeiP  of  both  the  Faftors;  for  the  Sum  of  ihefc  i> 
the  Number  of  Places  in  the  Product:.]  And  this  Fra(a:ion  is  tiiePradud  ibught,  by  the 
general  Rule  of  multiplying  Fractions,  [Chap.  5.) 

ScHOL.  To  multiply  any  Decimal  (Pure  or  Mix'd)  by  10,  or  100,  ^t^.  ('•  <■•  any 
Number  exprcffed  by  i,  with  o's  after  it,)  it  is  plain  wc  have  no  more  to  do,  but  re- 
move the  Point  as  many  Places  toward-:  the  Right-hand,  as  there  are  o's  in  the  Miiki- 
pliei  i  and  then,  if  ail  happen  to  be  o's  on  the  Left,  they  are  ulelefs  and  to  be  neglected. 

Ex/tmp 
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Examp.  I.  .46X10=46      Ex.2.  .004X100  =  4      JEa;.  3.  82.6375 X  100=8203.75 

It  is  plain  tliat  this  has  the  fame  EfFeft  as  the  preceding  Rulej  according  to  which  we 
fliould  fet  as  many  o's  after  the  Multiplicand  as  there  are  in  the  Multipliers  and  then 
taking  from  the  Produft  as  many  Decimal  Places  as  are  in  the  Multiplicand,  (for  We  itow 
fuppofe  none  in  the  Multiplier)  the  Point  will  be  removed  as  many  Places  to  the  Right, 
as  the  Number  of  o's  annexed  i  and  thefe  being  fupcrfluoiis  on  the  Right  of  a  Decimal, 
need  not  be  fet  down.  But  if  there  are  not  as  many  Places  after  the  Point,  the  Defeft 
muil  be  fupply'd  with  o's,  and  the  Produdt  will  be  a  \Vhole  Number.  So  4.6  X  100  =  460. 
Or  the  Reafbn  of  this  Praftice  is  alfo  clear  by  confidering,  that  by  fetting  the  Point  a 
Place  nearer  the  Right,  every  Figure  is  thereby  10  times  the  Value  it  was  ;  and  confe- 
gueatly,  fo  is  the  whole. 

Hovj  to  Contract  Muhiplicat'wn. 

When,  betwixt  the  Multiplicand  and  Multiplier,  there  are  more  decimal  Places  than 
ive  incline  to  have  in  the  Produft,  then  we  may  find  the  Produdt  true  to  as  many  deci- 
mal Places  as  we  pleafe,  (or  very  nearly  true)  without  producing  all  the  reft  of  the  Figures, 
vvhich  will  in  many  Cafes  make  a  great  Abridgement  of  the  Work.  For  which  talce  this 

link.  Confider  how  many  decimal  Places  you  would  have  in  the  Produd:  j  fet  the  Figure 
in  Units  Place  {viz..  of  Integers)  of  the  Multiplier,  under  that  decimal  Figure  of  the 
Multiplicand,  whofe  Den"'  is  what  you  would  have  in  the  Produdt,  (7.  e.  under  the  1*"% 
-d^  or  3"*,  &c.  Place  after  the  Point,  if  you  would  have  only  one,  two,  or  three  decimal 
Places  in  the  Produft.)  Then  fet  the  other  Figures  of  the  Multiplier  in  the  reverfe  Order 
from  that ;  and  multiply  by  every  Figure,  in  the  Multiplier:  In  doing  which,  begin  only 
at  the  Figure  of  the  Multiplicand,  under  which  the  multiplying  Figure  ftands,  negleding 
all  towards  the  Right.  But  at  the  fame  time  confider  what  would  have  been  carried  from 
the  Produd  of  the  preceding  Figures  on  the  Right,  (which  will  be  found  in  moft  Cafes 
by  multiplying  the  two  next  preceding  Figures)  that  it  may  be  added  to -the  Produdt 
-which  is  firft  written  down.  Again.,  Let  all  the  partial  Produdts  be  fet  under  one  ano- 
ther, fo  as  the  firft  Figures  in  each  ftand  in  one  Column,  and  the  reft  in  the  fame  Order. 
Laftly.,  In  adding  thefe  partial  Produfts  together,  you  muft  judge  as  near  as  you  can 
what  would  have  been  carried  from  the  preceding  Columns,  if  we  had  negledted  none  of 
the  Figures  of  the  Multiplicand  ^  fo  as  to  add  that  to  the  firft  Column  written  down.  See 
the  following  Examples. 

Exavip.  To  multiply  47.32685  by  8.463,  and  have  three  Places  Cff  Decimals  in  the 
Produdr. 

Operation  at  large.  Abridged. 

47.32685  47.32685  As  the    Allowance   for 

8.463  3  64.8  what  may  be  carried  from 

the  Columns  neglcfted  is  al- 
together a  Guefs,  we  may 
very  often  make  the  Pro- 
duft  lefs  than  it  ought  to 
be,  by  I  or  2  in  the  laft 
Place ;  which  can  fcarcely 
be  help'd  otherwife  than  by  making  one  or  two  more  Columns  than  the  Number  of  De- 
cimal Places  you  would  have  in  tlic  Produfl')  and  then  you  may  cut  off  the  two  laft 
Places  from  the  Prodijd. 

Examp, 


141 98  055 
283961 10 
18  930740 
37861480 

378614 

1893  0 

2839 
141 

400.527  13 155 

400.52  7 

Operation  at  large. 

463.25  639 

6-T.864 

Abridged. 
.    465.25639 
468.76 

185502556 

27795383+ 
3  70  605  1 1  2 
3242  794  73 
27705  ^8:?  4 

2-795  3  83 

3242794 

370605 

27795 
I  85-, 

■?i438.+;i  65  006 

31438.4:; 
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Examp.  2.  To  multiply  463.25639  by  67.864,  fo  as  two  Places  of  Decimals  fhall  be 
true  in  the  Produft. 

In  this  Exampk  I 
have  fet  the  7  which  k 
in  rhe  Unit's  Place  of 
the  Multiplier  under  the 
3''  decimal  Place  of  tiie 
Multiplicand,  tho'  I 
wanted  only  two  Places 
in  the  Produd,  th.ic 
by  that  other  Place,  the 
two  firft  Places  may  be 
true. 

Ohferve,  If  there  be  not  a?  many  decimal  Places  in  the  Multiplicand  as  are  wanted  in 
the  Produdt,  you  muft  fupply  them  with  o's.  As  if  in  the  preceding  Exa7i!p!e  the  Mul- 
tiplicand were  463256.39  and  I  wanted  four  decimal  Places  in  the  Produd,  then  I  write 
the  Multiphcand  thus:  463256.3900  (or  with  one  o  more)  and  fet  the  7  of  the  Multi- 
plier luider  the  laft  o. 

Again-,  If  the  Multiplier  is  all  a  decimal  Fraftion,  imagine  a  o  in  the  Unit's  Place, 
and  fet  the  other  Figures  in  order  from  that  on  the  Left. 

For  the  'Reafon  of  this  Pra<Sbice  it  is  feen  in  the  Comparifon  of  the  Work  at  large  and 
abridged,  which  you  fee  is  but  the  former  reverfed. 

^.6,    Division  tf/"  Decimals. 

RULE. 

TAKE  the  Numbers  propofed  as  Whole  Numbers,  /'.  e.  fuch  a  Whole  Number  as' 
the  Rank  of  Figures  would  make,  without  regard  to  the  Point ;  (in  which  View  o's 
ntxt  the  Left-hand  will  be  altogether  ufelefs)  and  as  fuch,  divide  the  one  by  the  other. 
If  there  is  a  Remainder,  which  is  necelTarily  lels  than  the  Divifor,  fet  a  Cypher  after  it, 
and  then  divide  again :  But  when  the  Remainder,  with  one  o  added,  makes  a  Number 
left  than  the  Divifor,  fet  o  in  the  Quote,  and  add  another  o  i  and  fo  on,  till  the  Re- 
mainder, with  the  o's  added,  make  a  Number  greater  than,  (or  equal  to)  the  Divilbr. 
And  thus  continue,  adding  Cyphers  to  the  Remainder,  and  dividing,  till  there  be  no  Re- 
mainder. But  as  this  will  not  happen  in  every  Cafe,  the  Divifion  is  to  be  thus  carried  on 
to  a  greater  or  IclTer  Number  of  Figures,  according  as  the  Circumftanccs  of  the  Qucltion 
require,  as  fhall  be  further  explained  in  the  ufe  of  Dcchnals.  Ob(cr\'e  alfo,  that  if  at  the 
beginning  of  the  Work,  die  Dividend  makes  a  lefler  Number  than  the  Divifor,  when 
both  are  conlidered  as  Whole  Numbers,  then  fet  as  many  o's  after  it,  till  it  be  greater 
than  (or  equal  to)  the  Divifor  j  and  then  begin  the  Divifion,  proceeding  with  the  Re- 
mainders, as  before  dire(fted. 

When  the  Diviiion  is  finillied,  or  carried  on  as  far  as  you  think  fit,  thcQiiote  muft  be 
qualify "d  in  this  manner ;  ^vz.  Confider  how  many  Decimal  Places  (or  Figures  after  the  Point 
on  theRight-hand)  there  are  in  theDiviibr,  and  alfo  in  the  Dividend;  (among  which  laft  are 
to  be  reckoned  ail  the  o's  added  to  tlie  Dividend,  and  to  the  Remainders :  and  if  the  Dividend 
is  a  Whole  Number,  the  o's  added  are  reckoned  the  Decimal  Places  of  it.)  Then,  i .  If  the 
Number  is  equal  in  botli,  the  Quote  is  a  Whole  Number,  (Ex.  1.)  2.  It  the  Number  in  the 
Dividend  is  greateft,  take  the  Difference,  and  feparate  as  many  for  Decimal  Places  from 
the  Right  of  the  Quote,  (fupplying  the  Defed  with  o's)  by  a  Point  fet  before  them  i  and 
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then  the  Quote  becomes  either  a  Troper  Fraliion  or  Improper,  i  e.  a  Mix'd  Number. 
(Examp  2rr,  6-0)  3.  If  the  Number  in  theDivifor  is  greatefc,  take  the  Difference,  and 
fet  as  many  o's  after  the  Quote,  and  take  all  for  a  Whole  Number.    {-Rxamp.  7, 8.)  ■ 

Exajnp.  1.  Ex.  2.  Ex.  3.  .     Ex.  4. 

.00+). 128 (32  .32)  .152  (.47?  ■  .64). 847(^(1. 324-3    27)  io9-3r (40-? 
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008  240  23  7  155 


8 


307 
192 

128 

280 

2<;6 

240 
102 

Retn.  a8 

n> 


.8)2.04(2.55   4.-6).o28(  .024)  .48  (20      .5<J7)  2721.8  (4800 

16  or  2268 

4.6)  .0280  (6o86__  4^^  8 
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276      True  Quote,  +53<J 

.006086 


I 


40  400  Rem. 


4.0 


368 


320 
276 


Rem.     44. 

0/  Valuing  the  Hemairider,  and  tompkat'mg  the  ^ote. 
There  remain  yet,  as  a  Part  of  this  Rule,  fome  further  Confiderations  about  the  Re- 
mainder and  Compleating  of  the  Quote.  For  tho'  in  the  Application  and  Ufe  of  Deci- 
mals, as  we  fhall  afterwards  learn,  the  Remainder  is  neglefted,  yet  what  I  am  now  to 
add,  is  not  only  fit  to  be  known  as  a  Part  of  the  Theory,  but  neceflary  for  our  judging 
aright  how  far  the  Divifion  ought  to  be  carried  on  in  different  Cafes,  that  the  Defedl  of 
the  Quote,  arifine  from  the  Negleft  of  the  Remainder,  may  not  be  too  great.  For  this 
is  certain,  that  where  there  is  a  Remainder  the  Divifion  is  not  perfedl;  fothat  the  Quote 
found,  and  qualify'd  by  the  preceding  Rule,  will  be  deficient  of  the  compleat  Quote  i 
and  this  Deficiency  depending  on  the  true  Value  of  the  Remainder,  we  (hall  firft  fee  how 
that  is  to  be  found,  and  then  what  is  to  be  added  to  the  Quote  already  found,  to  make 
the  compleat  Quote. 

1.  The  Remainder  is  to  be  valued  thus:  Make  it  theNum'  of  a  Fraiftion,  whofeDeh* 
•is  that  of  the  .Dividend,   (taking  in  all  the  Cyphers    added  in  the    Operation.)     So  in 

Ex.  3.  the  Remainder  in  its  true  Value  is  .000048;  in  Ex.  6.  it  is  .0000044,  and  in 
Ex.  8.  it  is  .2: 

2.  If  you  demand  the  compleat  Quote,  (when  there  is  a  Remainder)  /.  e.  which  mul- 
tiplied by  the  Divifor  will  produce  the  Dividend  (refpefting  their  true  Values)  you  may 
find  it  by  the  general  Rule  in  Chap.  6.  But  if  you  would  keep  the  Quote  already  found 
as  one  diftinifl  Part,  and  would  know  what  is  to  be  added  to  it  that  the  Sum  may  be  the 
compleat  Qiiotc ;  then  take  the  Remainder  in  its  true  Value  (as  above,)  and  divide  it  by 
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the  Divifor  taken  alfo  in  its  true  Value,  by  the  Rule  of  Chap.  6.  and  that  Quote  is  the 
thing  fought.  Or  thus:  Firft  make  a  Fradion  of  the  Remainder  and  Divifor  (as  Whole 
Numbers^  without  refpedin^  their  true  Value)  and  then  fet  as  many  o's  after  the  Der/  as 
the  Decimal  Places  of  the  Dividend  exceed  in  number  thofe  of  the  Divifor  ,■  or  if  thole 
in  the  Divifor  be  moft,  fee  as  many  Cyphers  as  the  Difference  after  the  Nun/:  But  if 
they  are  equal  in  Number,  you  have  nothing  more  to  do.  And  thus  you  have  the  thin» 
fought,  which  will  be  tlie  fame  as  that  found  by  the  Rule  of  C/:ap.  6.  only  in  lower 
Terms,  as  will  eafily  appear  by  comparing  them. 

Thu;  in  Ex.  5.  the  compleat  Quote  is  1.3243  +  J4|.~;  in  Ex.  6.  it  is  .006086  -f- 
4»       •  i-  Ex.  8.  it  is  4800 -f-{|^.     See  alfo  the  toliovifing  Examples.,  where  I  have 
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only  written  down  the  Quotes  without  the  Operation 

Obferve  again,  tliat  this  additional  Member 
Examp.  9.     .23)  4(1.8  (187 -(-Ts-  to  the  Quote  will  always  be  a  proper  FradHon, 

when  the  Number  of  Dccim.il  Places  in  the 
Ex.  10.     .0432)  342.8(79004- 'III'-       Dividend  is  equal  to,  or  greater  than  that  in 

the  Divifor ;  for  the  Remainder  which  is  the 
Ex.  II.    .008)  2.68  (330  + */•  Nun-/,    is  lefs  than  the  Diviibr  which  is  the 

Der/,  and  the  o's  are  added  to  the  Den"" :  Bu: 
Ex.  12.     .o8)2742(342oo-f--|-.  if  it's  lefs,  then  it  will  be  an  improper  Fraftion 

in  fome  Cafes,  (Ex.  10,  11,  12.)  which  lli ews, 
that  the  Divifion  being  carried  further  on,  the  integral  Number  of  the  Quote  would  be- 
come greater  ^  and  particularly  if )  ou  reduce  that  improper  Fraction,  then,  as  many  Fi- 
gures as  its  equivalent  Whole  Number  contains,  after  ib  many  more  Steps  in  the  Divi- 
fion, the  Qiiote  would  have  in  it  all  thewhole  Number  that  can  potlibly  belon«-  to  it,  lb 
that  the  additional  Member  will  be  after  that  a  proper  Fradion:  So  in  Ex.  lo.  the  com- 
pleat  Quote  being  7900 -f-  'III',  and  this  Fradion  being  =:  ■^'^'j,  makes  the  compleat 
Quote  7935  4^.  Again,  if  the  additional  Member  is  an  improper  F"rad:ion,  equal  to  fome 
whole  Number,  it  fhews,  that  after  lb  many  more  Steps  as  that  Whole  Number  has  Fi- 
gures, the  Divilion  would  have  been  perfect  without  a  Remainder.  So  in  Ex.  n.  the 
additional  Number  of  the  Quote  15*/  =  5,  and  the  compleat  Quote  is  33^  ,•  and  inE.r.  12. 
the  additional  Member  is  '=»=  85,  making  the  compleat  .Quote  34275.    , 

Wherefore,  that  the  additional  Member  of  the  Quote  may  be  always  a  proper  Fraction, 
(and  fo  the  firft  Part  never  want  an  Unit  of  the  compleat  Quote)  carry  on  the  Divilion 
till  the  Number  of  Decimal  Places  in  the  Dividend  are  equal  to,  or  greater  than  that  in 
the  Divifor  ,•  unlefs  the  Divilion  is  finifh'd  without  a  Remainder  before  you  come  to 
thatj  for  then  the  Quote  found,  and  qualify "d  according  to  the  Rule,  is  compleat. 

Demonstration  of  the  preceding  Rule. 

The  Divifor  and  Dividend  being  confidercd  as  Whole  Numbers  in  the  Operation,  and 
the  o's  added  to  the  Dividend  an<f  Remainder  as  belonging  to  the  Dividend ;  then  the 
Quote  being  found  by  the  Rule  of  Whole  Numbers,  all  we  have  to  account  for,  is  the 
qualifying  of  the  Qiiote  and  Remainder,  and  the  additional  Member  foi-.compleating  t!ie 
Quote.-   The  Realbn  of  which  wiU  eafily  appear,  by  comparing  it  with  Multiplication. 

We  fhall  firft  fuppofe  there  is  no  Remainder,  and  then  the  Produdt  of  tlic  Quote  and 
Divifor  is  equal  to  the  Dividend;  bat  the  decimal  Places  of  any  Produdl  are  equal  to  tlie 
Sum  of  the  decimal  Places  in  the  A  lultiplier  and  Multiplicand  :  So  the  Number  of  dccim.U 
Places  of  the  one  Fador  is  the  Difterence  of  the  Number  in  the  Produd,  and  in  the. 
other  Fador,  /.  e.  the  Number  of  decimal  Places  in  the  Quote,  muft  be  equal  to  the. 
Difference  of  the  Numbers  in  the  Dividend-  arid  Divifor,  when  the  Number  in. the  Di- 
vidend is  greater,  or  equal  to  the  Number  in  the  Divifor,  (which  accounts  for  thelc  n.vo 
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Cafes,  (ccExamp.  i,  2,  3.)  Agnin-,  When  the  Number  of  decimal' Places  in  the  Div^ifor 
is  greater  than  in  the  Dividend,  then  the  Quote  found  (without  any  Qualihcatioii)  being. 
multiplied  into  the  Divifor,  there  would  be  more  decimal  Places  in  the  Product  than  in 
the  Dividend ;  wherefore  that  is  not  the  true  Qiiore  :  But  now  let  as  many  integral  Place* 
of  o's  as  the  Difference  of  the  Number  of  Places  in  the  Divifor  and  Dividend,  be  an- 
nex'd  to  the  Quote  ,•  and  this  multiplied  into  the  Divifor,  there  will  be  the  fame  Number 
of  decimal  Places  in  the  Produft  as  before.  But  as  many  of  thefe  Places  next  the  Right, 
as  the  forefaid  Difference  of  decimal  Places  in  the  Divifor  and  Dividend,  being  o's,  be- 
caufe  of  the  o's  annex'd  to  the  Quote,  they  don't  increafc  the  decimal  Part  ■,  and  there- 
fore being  cut  away  from  the  Product,  they  leave  no  more  decimal  Places  in  the  Prodnil 
than  in  the  Dividend,  the  Produft  being  the  very  fame  Rank  of  Figures :  therefore  die 
Qiiote  is  truly  qualify'd.  So  if  48  is  divided  by  24,  the  Qiiote  is  2  j  but  if  the  given 
Numbers  are  .024  and  .48,  the  Qiiote  mull  be  20,  for  .024X2=  .048,  which  makes 
one  more  decimal  Place  in  the  Product  than  in  the  Dividend  ■,  therefore  that  is  not  the 
true  Quote;  but  reckoning  this  20,  the  Produft  is  .480  ==.48 

In  the  next  place,  fuppofe  there  is  a  Remainder ;  then,  that  the  Quote  and  Remainder 
are  duly  qualify'd  by  the  Rule,  will  eafily  appear  thus :  The  Produdl  of  the  Quote  and 
Divifor  is  equal  to  the  Dividend,  after  the  Remainder  is  fubtraiiled  out  of  it,  (taking  them 
all  as  Whole  Numbers ; )  therefore  the  Remainder  added  to  that  Produiif ,  makes  the  Di- 
vidend. But  now  the  Quote  being  qualify'd,  as  in  the  Rule,  (».  e.  with  regard  to  the 
number  of  decimal  Places  in  the  Dividend  and  Divifor)  the  Produdt  mult  neccfErrUy 
have  as  many  decimal  Places  as  the  Dividend,  otherways  the  Quote  (which  is  qualify'd 
with  a  Regard  to  the  decimal  Places  of  the  Dividend)  would  not  be  tlie  true  Quote  out 
of  that  Produifl ;  which  fliews  the  Reafon  of  the  Rule  for  qiialifying  the  Quote  in  tills 
Cafe.  Then  for  the  Value  of  the  Remainder,  it's  plain  its  Figures  muft  be  of  the  fame 
Value  with  the  Places  of  the  Dividend  of  which  it's  the  Remainoer, which  are  the  lafl  Places 
on  the  Right-hand :  Or  alfo  thus ;  That  the  Remainder  added-  to  the  Produft  of  the  Di- 
vifor and  Quote  (in  their  true  Values)  mav  make  up  the  Dividend,  it's  evident  it  mail  be 
of  the  fame  Value  witli  the  Places  of  the  Dividend  to  which  it's  added;  and  thefe  are  the 
laft  Places  on  the  Right-hand,  which  make  the  Num'  of  a  Fraction,  whofe  Der/  is  that 
of  the  Dividend ;  wherefore  the  Remainder  muft  be  fo  alio,  (which,  according  to  dit- 
ferent  Circuniltancsi,  will  be  a  Wiiole  Number,  or  a  Fradtion,  or  Mix'd.) 

A7i9ther  Demon  str  at  ion. 

ThtDemoiiflration  of  all  that  relates  to  this  Rule,  (vix,.  for  both  Members  of  thecom- 
pleat  Qiiote  when  there  is  a  Remainder)  may  alio  be  calily  deduced  from  the  General 
Rule  in  Chap.  6.  and  iliewn  to  be  the  iame.  T/.vis,  When  the  Divifion  is  finiflied,  or 
you  have  put  a  Stop  to  it,  coniider  the  Dividend  and  Divifor  as  Fradlions,  Proper  or 
Improper,  as  they  happen  (reckoning  always  the  o's,  added  to  the  Dividend  and  Remain- 
ders, to  belong  both  to  the  Num'  and  Den'  of  the  Dividend.)     And  let  -  be  the  Divifov 

and  -  the  Dividend,  (wherein  the  »  and  m  are  both  decimal  Den",  or  the  one  of  them 
fuch,  and  the  other  i,  as  happens  when  there  is  no  decimal  Place  in  that  Term,  but  all 
a  Whole  Number.)     Then  by  the  General  Rule,  the  compleat  Quote  of  —  divided  by 

7'  ^^  am  ^<?"^to  a  ^  ^'  -^^^  7  '^  thcQuote  of  the  two  Num«,  which  if  it's  a  Whole 
Number  (thereb  eing  no  Remainder)  call  it  f,  and  if  there  is  a  Remainder,  let  it  be  r . 
tlicn  is  ~  =  q-{-L  (the  very  thing  found  by  the  Rule  of  Diviiion  of  Decimals:)  But 

this 
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this  i»uft:  be  multiplied  by  -,  /.  e.  both  Parts,  q,  and  -^    if  there  is  a  Rcmaiudcri  wliich 

is  the  fanre  very  thing  in  efteft  that  this  Rule  diredls  to  be  done,  for  qualifying  theQiiote 
firft  found,  and  then  compleating  it.  For  it's  plain,  if  n  =  m  {i.  e.  if  the  decimal  Place^ 
in  the  Divifor  and  Dividend  are  equal  in  number)  the  Qiptc  found  is  not  thereby  aL 

tcr'd,  and  therefore  q-\-  -  is  the  compleat  Quote. 

Agahiy  Suppofe  w  and  m  unequal,  then  by  cutting  avvay  an  equal  Number  of  o's  from 
»  andw,  they  arc  equally  divided.     Now  therefore  if  i/i  (the  Der.r  of  the  Disideiidj  ha^- 

more  o's  than  w  (the  Den'  of  die  Divifor)  the  Fraftion  -  is  equal  to  a  Fraction  whofe 
Num'is  I,  and  its  Den' a  decimal  one,  having  as  many  o's  as  die  Difference  of  the  Num- 
ber of  o's  in  w  and  w.  For  Examp.  ~  =  _^=  -^  But  to  multiply  by  fuch  a  Frac- 
tion, is  to  divide  by  its  Den' ;  that  is,  plainly  to  divide  q-\-  ~  (die  Number  found  by 

the  Operation)  by  a  decimal  Der^j  having  as  many  o's  as  the  decimal  Places  of  the  Di- 
vidend exceed  in  Nimiber  thofe  of  the  Divifor.     And  this  Divifion  is  done  by  fetting 

ofFfo  many  decimal  Places  in  the  Partf ;  and  in  the  Part  -,  byfecting  as  many  o's  after 

the  Den'  a,  which  is  the  2.4  Cafe  in  the  Rule. 

yigain,  let  »  be. greater  than  ?»,  then  is  -  equal  to  a  Whole  Number  confifting  of  i, 

and  after  it  as  many  o's  as  thoic  in  w  exceed  thofe  in  w.     Examp.  —  =:  ^i^"  =s  loo. 

But  <j  4"  •-•>  '5  to  be  multiplied  by  tliis  j  which  is  done  by  fetting  as  many  integral 

Places  of  o's  both  after  5,  and  after  r,  as  there  are  in  ^  fo  reduced  i  i.  e.  as  the  decimal 

Places  of  the  Divifor  exceed  in  Number  thofe  of  the  Dividend.  Which  is  the  laft  Cafe 
of  the  Rule. 

We  have  here  demonftrated  the  Reafon  for  qualifying  the  Quote,  and  compleating  it; 
but  have  not  conlidered  the  true  Value  of  the  Remainder  by  itfelf,  which  is  that  in  which 
it  niuft  be  added  to  the  Produifl  of  the  Divifor  and  Quote,  taken  in  their  true  Values  to 
make  up  the  Dividend,  (according  ao  its  true  Vake)  But  this  is  done  in  the  former 
Detnonllration. 


0/ /^^  Ufc  <z«^  Application  <?/"  Decimal  Fractions, 

WE  have  already  obfeived,  that  the  great  Benefit  propofed  b\- Decimal  Fractions,  is 
a -more  fimple  and  eafy  Operation  than  what  Vulgar  Fradtions,  taken  eithej-  in  their 
proper  Form,  or  as  mix'd  Integers,  do  require.  We  ih.ill  confider  how  the  Application 
is  made  for  anfwcring  that  End,  and  how  far  it's  a  real  Advantage. 

In  the  firft  place,  this  is  very  evident,  that  if  inftead  of  the  Subdivilion  of  Coins, 
Weights  and  Meafures,  (and  other  kind  of  Quantities  ufcful  in  Society)  which  now  obtain, 
tliere  were  one  ftandard  fupcrior  Species,  and  all  the  Subdivilions  were  Decimals,  whe- 
ther the  fevcval  Parts  were  alfo  diftinguiflicd  by  Names,  or  only  by  their  decimal  Deno- 
minations, it  were  the  fame  thir^g  to  the  purpofe ;  then  the  Common  Operations  would 
be  as  hmple  and  eafy  as  Whole  Numbers.  The  Rules  and  Reafons  of  v/hichare,  I  hone, 
compleady  explained  in  the  preceding  Part.  But  fuppofing  this  were  fo,  yet  cithe;-  we 
could  not  entirely  avoid  the  Conlidcraticn  of  Vulgar  Fradtiocis,  orwcmuft  admit  of  fome 
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Inaccuracies  in  Calculations,  wliich  are  unavoidable  with  Decimals ;  and  which  will  be  of 
more  or  lefs  Confequence  in  different  Circumftances.  For  we  have  feen  thit  Decimals 
will  have  Remainders  (becaufe  every  Number  is  not  an  Aliquot  Pare  of  every  other) 
and  then  the  Quote  is  not  compleat  without  bringing  in  a  Vulgar  Fraction  j  and  therefore 
if  wc  take  the  Quote  without  this  Corredlion,  it's  lefs  than  juit  according  to  the  Value  of 
the  Remainder,  or  rather  the  Value  of  the  Vulgar  Frartion  that's  neceflary  to  compleat 
i':.  Now,  if  the  Number  found  by  this  Divifion  is  the  final  Anfwcr  of  aQueftion,  which 
h  to  be  applied  in  no  further  Calculation,  then  if  it  is  brought  fo  low  as  to  be  lefs  than 
any  Quantity  of  that  kind  that  is  ufed,  (for  Example,  the  Imalleft  real  Coin  or  Weight,  e^c. 
that  has  r.ny  Name  or  diftinft  Being  in  Society)  then  the  Defect  is  not  to  be  complained 
of;  becaufe  if  you  do  compleat  the  Quote,  the  additional  Part  is  of  no  ufe :  But  if  a 
Quore  is  to  be  further  employ'd  in  Calculation,  efpecially  if  it's  to  be  multiplied,  the  De- 
fedl  may  become  confiderable  ,■  and  it  will  be  the  more  fo,  as  the  Multiplier  is  greater, 
and  alfo  according  to  the  Value  of  the  Integer.  Now  the  only  Remedy  for  this,  v/hile 
we  ufe  none  but  decimal  Fradions,  is  to  bring  the  Divifion  very  low  j  i.e.  carry  it  on  till  the 
Der.r  be  very  large,  and  confequently  what  is  deficient  be  very  little :  and  this  is  to  be 
regulated  according  to  the  Circumftances  above-mentioned ;  for  which  you'll  find  more 
particular  Rules  afterwards.  But  then  this  Incon^'eniency  will  frequently  happen.  That 
by  this  means  we  fhall  have  very  large  Numbers  to  work  with,  which  will  prove  more 
troublefome  than  the  Method  of  Vulgar  Fradioas.  Thefe  things  we  fhaU  find  more  par- 
ticularly exemplify'd  afiierwards.  « 

Again-,  Tho'  decimal  Subdivifions  are  not  in  common  ufe,  yet  they  may  be  applied 
by  a  Reduftion  of  the  common  Species  to  Decimals,  and  thefe  back  again  to  the  other: 
I  fhall  therefore  explain  this  Redudlioii,  and  then  by  particular  Exaviples  lliew  the  Ap- 
plication, with  fuch  Remarks  as  may  give  a  general  View  of  the  Conveniences  and  In- 
conveniences of  Decimals,  and  conlequently  help  to  judge  where  they  are  preferable  or 
not  to  the  common  Method. 

F  -R  O  B  L  E  M    I. 

To  reduce  a  Vulgar  FraSiion  to  a  Hecitnal. 

Rule.  To  the  Num'  of  the  given  Fradlion  add  one  or  more  o's,  as  Decimal  Places, 
till  it  be  greater  than  (or  equal  to)  its  Den''j  then  divide  by  the  Den'',  adding  o's  to  the 
Remainders,  and  carrying  on  the  Divifion  (as  direfted  in  Hivifion  of  Decimals-^  till  o  re- 
main, or  as  far  as  you  pleafe :  then  make  the  Quote  a  Num"",  and  apply  to  it  a  Decimal 
Den"",  with  as  many  o's  as  the  Number  of  o's  added  to  the  Dividend  and  Remainders. 
This  Decimal  is  exaftly  equal  to  the  given  Vulgar  Fraction,  if  there  is  no  Remainder  in 
the  Divifion ;  but  if  there  is  ftiU  a  Remainder,  that  Decimal  is  deficient  by  a  Compound 
Fradion,  the  one  Member  of  which  is  a  Simple  Fradion  whofe  Num'  is  the  Remainder, 
and  its  Den'  the  Diviforj  and  the  other  Member  is  a  Fiadion  whofe  Num'  is  i,  and 
its  Den*"  is  that  of  the  Decimal  already  found.  Or  it  is  a  Simple  Fradion  whofe  Num^is 
the  Remainder,  and  its  Denr  the  Diviibr  multiplied  by  the  Den''  of  the  Decimal  Fradion 
found  i  i.  e.  having  as  many  o's  prefix'd  to  it  as  belong  to  the  Den'j  wherefore  die  more 
Places  the  Decimal  found  has,  the  lefs  is  the  Defed. 

The  B-eafoji  of  this  Rule  you  have  in  the  Dinjijion  of  Decimals  j  for  the  Dividend  with 
the  o's  added  is  an  Improper  Decimal.  Or  you  may  take  it  from  Trob.  7.  Chap.  2.  for 
the  o's  added  to  the  Num''  and  Remainder  belong  to  the  Decimal  Denominator  of  the 
Fradion  fought,  by  which  the  Num'  of  the  given  Fradion  is  multiplied,  and  the  Divifion 
ipade  finds  the  correfpondent  Numr  according  to  that  Rule,  to  which  the  Den>-  is  ap- 
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plied  according  to  the  Notation  of  Decimals  i  and  what  this  Decimal  Fraaion  is  deficient, 
is  alfo  found  according  to  the  fame  Rule. 

Ex.i.    4  =.5     EA-.2.  1=75         £.v.  5.  ^V=o(J2T  Ex.^.    ^'_.=.y384,eff. 

Operation.                  Ofer.                                Oper.  Ofer. 

2)10(5              4)30(75                   \G)ioo{(,z^  I})  70  (5384 

28                            96  <;<f 

20                                         40  50 

_20                                             J2_  39 

80  no 
80  104 


60 
Rem. X_ 

In  the4*''E3<;tfw/».  there  is  a  Remainder  8 ;  and  fo  the  Qiiote  wants  -—sto  of  "^^e  com- 
plete Value  of  the  given  Fradioni  ;.  e.  /.  =  -5384  +  ri^ooi  this  being-  the  true  Va- 
lue of  the  Remainder.  * 

Ohfervc,  The  Decimal  may  be  found  all  at  once  in  the  Divifion,  by  firft  fetting  a  Point 
in  the  Place  of  the  Quote ;  then  if  one  o  does  not  make  the  Num'  equal  to  the  Den', 
fet  o  after  the  Point  j  and  if  another  o  makes  it  ftill  lefs  than  thJ  Den'',  fet  another  o  in 
the  Quore,  and  fo  on :  That  is.,  fet  as  many  o's  after  the  Point  in  the  Qjote  as  the  Num- 
ber of  o's,  which  being  fet  on  the  Right-hand  of  the  Numf,  leaves  it  ftill  lefs  than  the 
Den';  and  then  after  fhefe  o's  comes  the  Nurr.'  of  the  Decimal,  found  by  fetting  one  o 
more  on  the  Right-hand  of  the  Num'  which  gives  the  firft  fignihcant  Figure  of  the  Quote, 
and  by  o's  gradually  annex'd  to  the  Remainders,  the  Work  is  carried  on,  and  the  Num' 
and  Deiir  of  the  Decimal  fought  are  thus  both  to^tlier  formed  i  the  Reafon  of  which  is 
manifeftfrom  the  way  of  finding  and  applying  die  Den'  to  the  Num'.     See  tliis  £x/jiw?/)/e. 

Ex.    ~T  =  -oo78i25  Corollary  I.     In  dividing  any  Whole  Number  by 

another,  when  there  is  a  Remainder,  inftead  of  making  a 
Operatitn.  Vulgar  Fradlion  of  it,  we  may  tiirn  it  into  a  Decimal  equal  or 

128 )  1000  ( .0078125         nearly  equal  to  it,  by  carrying  on  the  Divifion  with  o's  added 
896  to  the  Remainders,  (in  the  manner  taught  in  Divifion  of  De- 

10,3  cimalsy  or  in  the  preceding  Problem-,)  till  o  remain ;  then  the 

iQ~,  Decimal  is  equal  to  the  Vulgar  Fraftion  :  or  till  there  be 

many  Decimal  Places,  and  then  it  is  nearly  equal  to  it.  But 
how  far  it  ought  to  be  carried  on,  depends  upon  Circum- 
ftances  of  the  Application  (Sec  the  following  Scholium  2.) 
And  after  the  Integral  Quote  found,  fet  a  Point  ■■,  fo  that  all 
the  Figures  that  come  aFtcr,  are  Decimal  Places :  As  in  the 
following  Exawfk. 


a» 
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a8)  7<f45  ( a75-«>157 


I9() 

Rem.     4  whole 
true  Value  is    .0004. 


CoR'OL.2.  When  of  a  finable  applicate  Whole  Num- 
ber it  is  prOpofed  to  find  a  certain  Part,  inftead  of  redu- 
cing the  Remainders  in  the  Divifion  to  lower  known  Spe- 
cies, we  may  carry  on  the  Divifion  decimally  \  and  fo  all 
the  Numbers  of  inferloiir  Species  that  would  arife  by  re- 
ducing and  dividing  are  thus  turned  into  a  decimal  Frac- 
tion, (the  Dcfign  and  Ufe  of  which  you  will  hear  of  more 
particularly  afterwards.)  If  the  Divifion  docs  not  foon  come 
to  an  end,  carry  it  on  asCifcumftances  make  it  neceiVary. 
200  See  the  Rule  in  Schol.  2.  following. 


Scholium    I. 


That  every  Vulgar  fraction  is  riot  reducible  to  a  ddtstminate  Decimal,  (/'.  e.  where 
there  is  no  Remainder  in'thfe  Divifion,)  we  =kn6w  in  fad  by  Examples  i  in  which  we 
find  this  certain  Mark  That  the  Divifion  will  never  come  to  an  end,  viz..  that  there  hap- 
pens  a  Remainder  which  is  the  fame  with  a  former  Remainder  i  in  which  Cafe  it  is  not 
only  certain  that  the  Divifion  will  never  have  an  end,  but  this  we  know  alfo  that  the  re- 
maining Figures  of  die  Qiiote  mult  neceffarily  be  a  continual  Repetition  of  the  fame  Fi- 
gures (m  the  fame  order)  that  ftand  already  in  the  Quote  from  that  one  which  pro- 
ceeded from  that  former  Remainder ;  as  in  thefe  Examples. 

Exanif.  I. 
;3 )  20  ( 66,  cJ-f .  To  reduce  |  to  a  Decimal,  it  is  .666^  &c.  (the  6  being  ahvays 

'..    18  repeated,)  for  it  is  manifeft  the  fame  Figure  6  will  always  arile  in 

OQ  the  Quote,  bccaufe  it  is  the  fame  Dividend  20. 

i8 


2,  (drc. 

Examp.  2.  To  reduce  lif,  it  is  .42626, ^r.  tlie  26  being  ftill  repeated;  for  the  Re- 
mainder at  which  the  Operation  is  ftop'd  being  the  fame  as  a  former  which  was  the  very 
firll  Remainder,  it  is  plain  that  carrying  on  the  Work,  we  fhould  have  for  the  next  two 
Figures  in  the  Quote  26,  and  fo  on  (fill  26  hiinjir.itum.  Therefore  whenever  this  happens 
in'anyCaie,  wc  need  proceed  no  further,  but  obferving  what  Figures  in  the  Quote  would 
be  repeated,  take  as  many  of  them,  or  the  whole  of  them,  as  many  times  as  we  tliink  fit. 

OperatiOKofEx.  2.  Such  Decimals^are  very  properly  called  Circulating  Deci- 

495 )  2HO  ( .426,  <d'(.        mals,  bccaufc  of  the  Continual  Remrn  of  the  fame  Figures  i 

j(j8o  and  may  be  Called  Indeterminate  or  Infinite  Decimals,  bc- 

■ — ; —  caufc  they  can  never  come  to  an  end  :  as  we  alfo  call  thofo 

^ '°°  which  are  the  Effedt  of  a  Redudtion  which  has  no  Rcmain- 

der.   Finite  or  Determinate    Decimals.    -G^y? rrf  alfo,  that 

3'°"^  thefe  Infinite  Decimals  may  be  reckon'd  as  complete,  bccaufe 

-970  tho'  they  are  compofed  of  an  infinite  Scries  of  Fractions,  yet 

Rem.     130  there  is  a  certain  and  known  Order  in  the  ProgrclTion  of  the 

Series,  from  the  conftant  Repetition  of  the  fame  Figures, 

wRereby 
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wherel-iy  they,  arc  capable  of  bc.iiig  managed  iq  Operatious  fo.  as  nothing Hial!  bp  wanting. 
BVit  the  Demonftration  of  the  Theory  and  Rtiles  of  Operation  with  fuch  FradWons  rc- 
<iuires  other  Principles  than  liave  yet  been  explained,  and  mufi  tlieiefore  be  referred  to  ano- 
ther place:  {See  Book  1^.  Cb.jf.  4,]  wherein  you'll  find  it  demonllrated,  thaf  every  Vulgar 
Fradion  will  reduce  to  a  Decimal,  cither  finite  or  circulating. 

Scholium    U. 

Tho'  fome  Vulgar  Fradions  wiU  become  finite  Decimals,  yet  if  thefe  have  a  great 
many  Places,  the  Ufe  of  them  will  become  very  incon\'enienc  and  tedious  m  Prafiice. 
Aifoj  tho'.  we  have  Rules  for  managing  Circulating  Decimals  without  any  Detcdf,  yet 
the  lame  Inconveniency  will  arife  in  thefe,  when  they  circulate  upon  many  Figu'C?,  or: 
when  the  Circulation,  begins  at  a  great  diftancc  from  the.  Point  i  therefore  it  is  fufficient 
for  common  Ule  to  carry  the  Reduction  fo  far  only,  as  that  the  Defed  be  inconliderable  j 
(for  the  further  the  Redudtion  is  carried,  the  Defed  is  the  lefs  :)  in  ordor  tO:  wMch,  I 
lliall  here  fliew  )ou  how 

T  R  0  B  L  E  M    II. 

To  carry  theRedu&mi  of  a  Vufgar  FraSiieu  fi  fiir,  that  the  Decimal  found  jhall -want 
left  than  any  ajj^tied  FraUwi. 

Rule.  Let  the  affigned Fradion  be  reprefented by  -j)  if  a  Decimal  ^  carried  to  fo 
many  Places  after  the  Point,  as  are  cxpreffed  by  ^^  the  defed  of  that  Decimal  cannot  b^ 
equal  to  -^  :   For  it  cannot  want  a  Fradion  whofe  Num^  is  i,  and  its  Den""  that  of  the 

decimal  Quote  already  found,  which  we  may  exprefs  — —  the  Den?  living  as  many 

o's  as  h  has  Figures.  Since  in  that  Cafe  the  Figure  in  the  lall  Place  fo^und  would  neceffa- 
rily  be   greater  than  it  is  by  i  j  or,  becaufe  by  the  preceding  Rule  o£  this  Problem  the 

defed  is  onlv  a  compound  Fradion,  whereof  one  Member   is  this  Etadion      '    ,^ 

100  STf. 

which  Defed  is  therefore  lefs  than  -^^^^  and  this  is  evidently  lefs  than  ~  ;  lince 
,00,  &c.  having  a^  many  o's.  as,  b  has  Figures,  mud  be  a  greater  Number  j  and  a  is  not 
kfe  than  1 :  Wherefore  -. — sr-  muft  be  lefs  than  ~ , 

100  CSTi',  0 

To  apply  this  more  particularly:  Conlider  to  what  Integer  any  Decimal  refers;  reduce 
that  Integer  to  the  lowell  known  Denomination  j  if  the  Decimal  has  ^  many  Places  after 
the  Point,  ac  that  Nuniber  of  the  lowell  Denomination  which  is  equjl  to  the  Unit  to 
which  the  Decimal  refers,  thcji  the  Decimal  docs  not  want  the  Value  of  an  Unit  of  chat 
lov/eft  Denomination.  And  if  the  propofed  Decimal  were  again  to  be  multiplied  by  any 
Number,  then  to  make  it  fo  diat  the  Pipduct  ilwU  not  be  dtficienr  by  an  Unit  ( f  the 
loweft  Denomination,  make  it  have  as  majiy  Plact-s  after  the  Point,  as  the  Sum  of  the 
Number  of  Figures  in  the  projx>fed  Multiplier,  and  in  the  Nmobcr  of. Units  of  the 
lowell  Denomination  which  makes  an  Unit  of  the  Denomination  to  wluch  the  Decimal 
refers. 

For  Exawf.  If  a  Decimal  of  1  /.  has  3  Places  after  the  Point,  k  docs  not  want 
■^i-  of  it,  therefore  does  not  want  i  Farthing,  which  is  -jy  of  it.  And  if  the  Decimal 
is  again  to  be  multiplied  by  a  Number  of  5  Places,  let  ilie  Decimal  bave  8  ( =  ^  +  3  ) 
Places,  and  the  Produd  mall  not  want  if.  For  being  carried  to  8  Places,  it  cannot 
>ant  .jT^^i^^^  of  I  /.  whidi  is  T^^^,^  of  3.3^^-^  Bur  -J-~  is  lefs  tlian  i  /.  and 
•      a  hence 
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hence --JL-.-.  of  toW^- is  lefs  than  __'___  of  i/.  Confequently  if  the  Decimal  car- 
ried to  8  Places  is  multiplied  by  a  Number  of  5  Places,  (which  is  lefi  than  1 00000) 
the  Produd  cannot  want  if.    The  Univerfality  of  this  Reafon  for  all  Cafes  is  manifeft. 

T  R  O  B  L  E  M    III. 

To  reduce  Integral  Numbers  of  infcriour  "Denominations  to  ths  Decimal  of  ti  higher. 

C  A  s  E  I-     To  reduce  a  Simple  Number. 

Rule.  Exprefs  it  firft  as  a  Vulgar  Fradlion  of  tlie  higher,  by  making  itfelf  the  Num', 
and  taking  for  the  Den'  the  Number  of  the  inferiour  Denomination  that  is  equal  to  1  of 
the  higher.     Then  reduce  this  Vulgar  to  a  Decimal  Fradion,  by  the  laft  Problem. 

Examp.  I.  To  exprefs  ^yZ".  in  the  Decimal  of  a  Pound:  Firft,  it  is  J~l.  and  this  a- 
giin  is  reduced  to  .25  I. 

Ex  amp.  2.  3  ifc  A-jerdiipoife  Weight  the  greater,  to  the 
Decimal  of  a  hundred  Weight.  It  is  ^\~  C.  and  this  is  again 
.026780.  Heie  the  Divif  on  is  imperfedt,  and  we  are  to  carry 
it  on  lefs  or  more  as  Qrcumftances  require,  according  to  the 
preceding  Diredions. 


Operation. 
112) 300  (  .02672^7 
224 

760 

672 


880 

640 
^60 

800 

_78£ 

Rem.     16 


Another  Method. 
ft. 

H  7  .7500000 

\a    .1071428 

.02^7857 


It  will  be  in  moft  Cafes  eafier  to  divide  gradually  from  one  Species 
to  another,  as  in  the  Margin ;  where  3  ft  is  divided  by  28,  (at  two 
Steps,  viz.  by  4  and  7.)  to  bring  it  to  the  Decimal  of  i  jr.  and 
this  again  by  4,  wliich  brings  it  to  the  Decimal  of  i  C. 


C  A  s  E    II.     To  reduce  a  Mix'd  Number. 


Rule.  Reduce  each  of  the  Numbers  by  the  firft  Cafe,  and  then  add  their  Deci- 
mals together :  Or  reduce  the  mix'd  Number  to  a  iimple  Number  of  the  loweft  Species, 
and  then  turn  that  into  a  Decimal. 

Examp.  To  reduce  pj^.  6d.t0  2L.  Decimal  of  i /.  it  is  .475/.  by  adding;  .45,  (the 
Decimal  equal  to  9  JIj.)  and  .025,  (that  equal  to  6  d.)  or  by  reducing  ^Ji.  6  d.  viz. 
1 14  rf.  equal  to  ^11  /  =  .475  /. 

Another  Method  to  fitd  the  Decimal  of  a  mix'd  Number.  Reduce  the  Number  of  the 
lov/eft  Species  to  the  Decimal  of  the  jiext  above,  (whether  there:  be  any  Number  of  that 
Species  in  the  Qiieftion,  or  not,)  add  I0  it  the  Number  of  that  Specres  ia  the  Queftion, 

(it" 
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(if  there  is  any)  and  reduce  the  Sum  to  the  next  higher  Species;  adding  to  the  Number 
found,  the  Number  of  that  Species  given  in  the  Q^ieftion  j  and  go  on  lb  till  you  conic 
to  the  propofcd  Integer. 


4 

12 

20 


Examp.    To  reduce  4 /J.  j d.  3/.  to  the  Decimal  of  a  Pound:    Makes  .23229KJ/. 
.00  ■\     Thus,  3  f.  is  .75</.  to  which  add  yd.     Then   is   7.75   equal  to 

'.750000  (      .6458333,(^1:. /.».  to  which  add  4 y&.  and  then  L>  4.645833,  e^r. 

.. 6458333, (^cr     equal  to  .232291666, cf'f./. 

.23229l6,C7"'.i/ 


Scholium. 
Concerning  the  Conflrudion  and  Ufe  of  Decimal  Tables. 

In  order  to  the  Application  of  Decimals,  we  ought  to  have  ready  calculated  the  Deci- 
mal of  any  Inrc^er  of  Money-,  fi-'tight,  Meajure,S^c.  anfvvering  to  every  Number,  Simple 
or  Mi\-'d,  of  interiour  Denomination,  and  of  lefs  Value  than  that  Integer;  which  Deci- 
mals being  orderly  colledted  and  difpofcd,  make  what  vvc  call  Dechnal  Tables-,  by  which 
any  Dec'raai  required  may  be  readily  found,  or  alfo  the  Value  of  any  given  Decimal  in 
known  infer'our  Species. 

As  to  the  Conltruclion  of  thefe  Tables,  it  would  certainly  be  a  very  tedious  Work  to 
find  eveiT  Decimal  by  a  feparate  Application  of  this  Problem-,  [tho'  this  is  a  complete 
general  Rule.]  There  are  other  Methods  to  fhorcen  and  make  that  Conftrudtion  eafier; 
wliich  I  lliall  here  e.vplain  as  far  as  the  Principles  already  taught  do  permit. 

Rule.  Find  the  Decimal  equal  to  an  Unit  of  the  loweft  Species  j  and  if  that  is  a 
determinate  Decimal,  tlirn  from  it,  as  the  Root,  the  Decimals  of  all  the  reft  may  be 
found  accurately  by  Add-rio?!.  Thus,  double  the  Root,  that  gives  the  decimal  Fradiion 
for  2  of  that  loweft  Species ;  then  add  the  Decimal  of  1  and  2,  the  Sum  is  the  Decimal  of 
3,  and  lb  on  by  adding  ftill  the  laft  Decimal  to  the  firft,  till  you  come  to  a  Number  of 
that  Spec:es  equal  to  an  Unit  of  the  next  Species  above;  then  make  that  the  Firft  or  Root 
of  all  the  Decimals  of  that  Species,  making  them  up  the  fameway  as  thelaft,  i.e.  doubling 
the  firft  for  the  Decimal  of  2  (of  that  Species,)  add  the  Decimal  of  i  and  2  for  3,  andfo 
on  in  thb  manner  go  tlirough  all  the  Species  till  you  come  to  the  Integer  itfelf ;  and  if 
you  add  the  Decimal  of  the  Number  next  lefs  than  the  Integer  to  the  Root,  the  Sum  will 
be  Unitv  in  the  Place  of  Integers. 

If  the  Root,  carried  to  a  certain  Number  of  Places,  is  not  determinate,  then  is  it  a  de- 
ficient Decimal;  and  if  we  make  up  the  Table  from  that  Root,  all  the  other  Decimals  in 
the  Table  arc  allb  deficient,  wanting  gradually  more  and  more  from  the  Root  upwards, 
lb  that  the  Number  that  comes  againft  the  Integer  will  be  a  Decimal.  But  the  more 
Places  the  Root  is  carried  to,  the  leis  is  the  defeft  in  that  and  every  other  Part  of  die 
Table.  And  that  there  may  not  be  wanting  in  any  of  thefe  Decimals  an  Unit  of  the 
loweft  Speoies,  or  any  Part  you  pleafe  of  fuch  an  Unit,  follow  the  Directions  already 
given. 

Obferve  again.  That  as  all  Vulgar  Fradions  become  Decimal;;,  which  are  either  de- 
terminate or  circulate,  fo  there  is  an  eafy  way  of  making  up  the  Tables  by  Addition  from  a. 
Root  which  has  one  or  more  circulating  Figures,  (and  that  by  ufing  only  the  firft  Period 
of  them)  fo  as  all  thefe  Decimals  which  would  be  found  determinate  by  a  feparate  Rc- 
duiftion,  ftiall  come  out  fo  in  the  Table,  and  all  the  reft  circulate  upon  the  fame  Num- 
ber of  Figures  in  the  fame  Places  as  the  Root  does.    But  as  the  Reafon  of  this  Method 
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depends  upon  the  particular  Doftrine  of  circulating  Decimals,  and  both  the  Method  (fed 
Reafoii  will  be  ealily  underllood  when  you  leaiii  thiC  Dodriiie  in  Booki.  Chap.  ^  J 
Ihall  fliy  no  more  of  ic  here.     And  only  obferve  tliefe  few  things. 

1.  Tliat  to  bring  fome  Vulgar  Fraftlons  to  a  Decimal^  determinate  or  circulating, 
v.'il!  ^e  fuch  a  long  Work,  that'it's  more  convenient  to  take  it  impeffed  with  a  lefs  num- 
ber of  Places. 

2.  As  to  the  following  Tables  obfer've.  That  the  Roots  of  fome  of  them  are  determi- 
nate; whence  all  the  other  Decimals  of  fuch  Tables  are  alio  determinate;  and  are  known 
by  their  wanting  this  Sign  -|-  after  them.  In  others  the  Root  circulates,  and  fo  the 
Table  is  made  up  not  by  the  Method  of  Addition  fimply,  but  with  a  due  regard  to  that  Cir- 
culation; fo  that  the  Decimals  in  the  Table  are  thefe  which  would  be  found  by  calculating 
each  feparately,  and  carrying  it  to  the  fame  Number  of  Places. 

2.  But  again  obferve.,  That  the  Roots  of  fome  of  the  Tables  circulating  upon  a  fingl<j 
gure,  that  Decimal  is  taken  as  far  as  the  firft  Figure  of  the  Circulation;  and  what  Deci- 
mals in  I'lch  Tables  do  circulate,  are  marked  by  the  Sign  +  after  the  ckcuiating  Figure ; 
thofe  \.hich  want  it  being  determinate. 

4.  In  thelaft  place  obferve-,  That  for  the  Tables  of  ^wr^?//-*);/^  Weight  the  greater,  and 
of  Time  the  Root  was  carried  on  to  a  Circulation,  and  the  Table  made  up  with  a  regard 
to  that -.'But  thefe  Decimals  running  to  many  Places,  you  have  here  only  the  firft  fcvea 
Places,'  which  are  enow  for  common  Ufe.  And  for  Money,  I  have  made  two  different 
Tables  i  theM^inerandDefign  of  which  I  have  cvplained  with  the  Table. 
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DECIMAL  'TABLES  0/ Money,  Weights,  aw^f  Measures. 


TABLE  I.    Money. 
Thelnteffer  i  Pound. 


Farth. 


Penny 


Shilling 


.001041(5 
.002083     ~- 

OO-^llN 


Another  TABLE  0/ Money.' 


Farth.      i 


Penny 


3 
4 
5 
6 

7 
8 

9 

10 
1 1 


Shilling   I 


3 
4 
5 
6 

7 
8 

9 
10 
II 
12 

13 
H 
15 
16 

17 
18 

19 

20 


•00 1 041 6666 

.oo2o'!55332 
00^ 12+9098 


00416O6664. 
0083333328 
012499999a 
0166666656 
0208533320 
0249999984 
0291666648 

033333331^ 
0374999976 
0416666640 

01.583:!  :t304 


°+999999<58 
0999999936 
1499999904 
1999999872 
2499999840 
2999999808 
3499999776 
3999999744 
4499999712 
4999999680 
5499999648 
5999999616 
6499999584 
6999999552 
7499999520 
7999999488 
8499999456 

89999994^4 
949999939a 

9999999360 


Ohferve,  This  fecond  Tabis  of  Money  I  have  made  for  no  mher  end  but  to  ihew,  that 
if  the  Root  of  any  Table  is  not  determinate,  yet  being  taken,  to  many  Placej,  the  Error 
will  be  VC17  little ;  for  the  Tiable  being  here  carried  to  2.0  fi.  thi.;  inftead  of  being  equal 
to  I  /.  [as  it  would  be  had  the  Root  been  determinate,  or  th4  Numbers  calcnlatcd  with 
a  due  regard  to  that,  as  in  thjE  firft  Table,]  it  is  a  Decimal  of  i  /.  bat  whjch  wants  lefs 
^^^^  i5?s'o?5«  P-^'''^j  ^^^  '■^ft  wanting  lefs  asthey  ftand  nearer  to  _i/.  Forth*  grror  grows 
from  1  /.  10  I  /. 
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Troy  Weighty 


The  Integer 
Grains       i 

2 

3 
4 
5 
6 

1 
8 

9 

lO 

II 

12 
13 

J4 

^5 
16 

17 
18 

19 

20 

21 

22 
i'> 


Penny  V  I 
Weights'  I  • 


I  ounce. 
.002083 
.00416 
.00625 
.0083 
.010416 
0125 
.014583 
.016 
.01875 
.02083 
.022916 
.025 
.027083 
.02916 
.03125 
.03 
.035416 

•0375 

.039583 

.0416 

.04375 

.04583 

.047916 


+ 
+ 

+ 


+ 

X 
X 


TABLE  IK.  Averdupoife 
Height  the  Lejfcr. 


o? 


The  Table  for  Penny 
Weights  is  the  fame  as  that 
for  Shillings  with  relped  to 
1  Pound. 


rl 


TABLE  V 

'.  Of  Liquid 

Meafure. 

The  Integer 
q'ofaPinti 

2 

I  gall. 

.03125^ 

.0625 

3 

■o9n^ 

Pint  I 

.125 

2 

.25 

3 

•375 

4 

I 

1 

■T) 
.875 

The  Integer 
q'  of  a 
Dram 


Dram 


Ounce 


1  ft. 


'^ 

.00097656  -J- 

2 

.00195313   + 

2^ 

.0020296    -4- 

1 

.00390625 

2 

.0078125 

3 

.01171875 

4 

.015625 

5 

.01953125 

6 

.0234375 

7 

■02734375 

8 

.03125 

9 

.03515625 

10 

.0390625 

II 

.04296875 

12 

.046875 

13 

.05078115 

H 

.0546875 

15 

.o«'859-'Tc- 

■     1 

.0625 

2 

.125 

3 

■1875 

4 

■25 

5 

.3125 

6 

•375 

7 

■4375 

8 

•5 

9 

.5625 

10 

.625                  1 

11 

6875 

12 

V 

13 

.8125 

15 

.875 

•9375 
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TABLE  IV.  Averdupoife 
Weight  the  Greater. 


The  Integer 
c^  of  an 
Ounce 


Ounce 


1  Cwt. 
0001395 

2  .0002790 

3  I  0004.1 8< 
■0005580 
001  n6o 
0016741 


I 

2 

3 

4 

5 
6 

7 
8 

9 
10 
II 
12 

13 

14 

15 


.0027901 
.0033482 
.0039062 
.0044642 
.0050225 
.0055803 
.0061383 
.0066964 
.0072544 
.0078125 
. 008:5705 


Pound 

1 

.0089285 

2 

.0178571 

5 

.0267857 

4 

.0357142 

\ 

.0446428 

6 

7 
8 

9 

10 

II 
12 

13 

15 
16 

17 
18 

19 

20 
21 
22 
2^ 
24 

25 
26 

27 


.0535714 
.0625,  Exaft. 
.0714285 
.0803571 
.0892857 
.0982142 
.1071428 
.1160714 
125,  Exaft. 
.1339285 
.1428571 
.1517857 
.1607142 
.1696428 
.1785714 
.1875,  Exaft. 
.1964285 

•2055571 
.2142857 
.2232142 
.2321428 
.2410714 


TABLE 
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'^57 


Of  Dry 


The  Integer 
Pint  I 

S. 

%_ 
q'  of  a 
Peck 


I  qr  Chald. 
.001953 
.00390(1 
.00^859 


.0078125 

.015625 

i  -0234375 
For  Pecks  and  Bufhcls, 
tliey  have  the  fame  Decimals 
as  q'  of  Pints,  and  Pints  in 
Liquid  Meafure  with  refpeft 
to  I  Gallon. 


TABI.-E  Vir.     0/  Uvg 

Meafure. 


The  Integr 
q' of  Nails  i 


NaUs 


of  Yard  i 

2 
3 


I  yd. 
015625 
03125 
04.6875 


0625 
125 


=5 

75 


TABLE    VIII.     Of  Long 
Meafure. 


The  Inte 
ct  of  an 
Inch 


Inches 


ger 

I  foot. 

V 

.02083 

+ 

2 

.0416 

+ 

3 

.062^ 

I 

°5 

-- 

2 

-- 

% 

•25 

4 

•3 

+ 

5 

.416 

+ 

6 

■5 

7 

.583 

+ 

^ 

.6 

+ 

9 

■75 

10 

.83 

- 1- 

II 

.916 

+ 

TABLE  IX.     OfTme. 


The  Integer 
I 
2 


Days 


Weeks 


I  Tear. 

.0027397 
.0054794 
.0082191 
.0109589 
.0136986 
.0164.383 


In  this  Table  of  Time,  the 
Decimal  for  i  Day  is  taken  by 
the  365'"  Part  of  a  Year;  and 


Quarter 


I 

.0191780 

2 

.0383561 

3 

•057534^ 

4 

.0767123 

5 

.0958904 

6 

.1150684 

7 

.1342465 

8 

.1534246 

9 

.1726027 

10 

.1917808 

II 

.2109589 

12 

.2-?oi;69 

•^5 
•5 

■75 


fo  the  Table  is  carried  on  to 
12  Weeks,  or  84  Days.   Then 
as  r  reckon   13    Weeks  to  i 
Quarter  of  a  Year,  fo  after  12 
Weeks  comes  next  i  Quarter. 
But  that  Decimal  and  the  fol- 
lowing  arc   taken  accurately, 
which  would   not  happen   if 
they  were  continued  from  the 
preceding.     So  that  as  the  De- 
cimals from  1  Day  to  84,  or  12 
Weeks,  are  true  to  7  Places ; 
thefe  for  Quarters  are  accu- 
rate,  tho'  a  Quarter  is  not  a 
precife  Number  of  Days,  but: 
91  Days  and  4  of  a  Day ;  rec- 
koning 365  Days  to  a  Year: 
So  that  in  applying  thisTablo 
to  the  Calculations  of  Intereft, 
for  which  chiefly  it  is  defigned, 
you  muft  reckon  91  Days  to  a  Quarter;  by  which  means , 
the  Decimal  will  be  a  little  greater  than  what  correfponds 
to  9 1  Days.     But  if  we  continue  the  Table,  then  the  Deci- 
mals for  15  Weeks, 26  W.  39  W.  52  W.  (which are lefs  than 
I  Year  by  i  Day,)   are  as  in  the 
Margin.     And  if  we  reckon  13 
Weeks  a  Quarter,  then  thefe  are- 
the  Decimals  for  i,  2,  3,  4  Quar- 
ters; but  deficient  for  the  exacl: 
Quarter  of  a  Year,  d^c     And  per- 
haps it  may  be    beft  to  ufe  thefe  Numbers.    So  that  if 
he  time  is  within  13  Weeks,  or  91  Days,  take  the  Deci- 
mals in  the  2  upper  Parts  of  the  Table ;  and  if  it  exceeds 
91  Days,   take  for   91   Days  (=  13  W.)   or   182  Days 
(■  =  26  W.)  or  273  Days  (:=  39  W.)  the  Decimals  in  this 
laft  Part;    taking  Decimals  for  what  Days  are  over  any  of 
thefe   Numbers,   and  lefs  than  91,    in  the  former  Part; 

(and  add  all  together.  In  fliort,  Reduce  the  Number  of 
Days  to  Quarters,  Weeks,  and  Days,  (at  91  Days  to  a 
Quarter,)  and  take  their  correfponding  Decimals  and  add 
together.  You  lliall  fee  tlie  Application  particularly  af- 
terwards. 


VSE 


I T,  Weeks 
26 

39 

52 


.2493150 
.4986301 
.7479452 
.9972602 
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USE  of  the  preceding  TA  B  L  E  S. 

I.  To  find  the  Decimal  of  any^  Integer  (which  is  in  the  Tables)  anfwering  to  anyNum- 
ber,  fimple  or  mix'd,  lefs  than  that  Integer. 

Etile.  (i.)  If  it  is  a  fimple  Number,  ieek  it  in  the  Left  Colurrji  of  the  Table  relating 
to  that  Integer,  and  againft  it  you  have  the  Decimal  fought:  So  for  -js.  (in  the  Table  of 
Money)  we  find  .3^/.  .  . 

(2.)  If  it  is  a  Mix'd  Number,  feek  the  Decimals  anfwering  to  the  feveral  Members  j 
their  Sum  is  the  Decimal  fought.  Examp.  The  Decinial  for  9^.  %d.  is  .4.83  (the  3  cir- 
culating for  ever)  which  is  tlie  Sum  of  .j.^  and  03  3  3/  the  Decimals  of  <)s.  and  of  %d. 

Ohferve.  Decimal  Tables  would  be  more  compleat,  if  they  were  made  up  for  every 
Number,  Mix'd  as  well  as  fitnplc,  lefs  than  the  Integer  ^  but  as  this  would  fwell  them  to 
a  great  Bulk,  fo  thefe  for  the  fimple  Numbers  are  fufhcient^  becaufc  from  them  thcotliers 
can  be  got  cafily  as  there  is  occalion.  Or  if  any  body  wants  fuch  Tables,  they  are  ealily 
made,  either  by  adding  theii"  Parts,  or  by  the  Method  of  C«/f  2.  Frobl.  3. 

II.  Having  the  Decimal  of  any  Integer  to  find  the  correfponding  Number,  fimple  or 
mix'd,  of  known  inferior  Species. 

Rule.  (I.)  Seek  the  given  Decimal  in  the  Table ;  if  you  find  it  there,  againft  it  Hands 
the  Number  fought :  So  againft  .75  in  the  Table  of  Money  ftands  15  j.. 

(2.)  If  the  given  Decimal  is  not-exa«ftly  found  in  the  Tatrle,  take  the  next  leiler  found 
there,  the  Number  againft  it  is  Part  of  the  Anfwer  ^  then  take  the  Difference  betwixt 
that  Decimal  and  the  given  one  j  and  feek  it  or  the  next  lefler  in  the  Table,  and  agaii-ril 
it  you  have  another  part  of  the  Anfwer  in  a  lower  Species  than  the  preceding  part.  Go 
on  thus  as  long  as  you  can,  and  you'll  find  the  Anfwer  as  near  as  pollible  in  loiov/n 
Species. 

Examp.  I.  To  find  die  Value  of  .6875  /.  I  feek  this  in  the  Table,  but  the  neareft  to 
it  (leffer)  which  I  can  find  is  .65,  to  which  anfwers  13X.  then  the  Difference  of  .6875 
and  .65  is  -0375,  which  I  find  in  the  Table,  againft  ^d.  thereforethe  Anfwer  is  1 3  i.  9^. 

Examp.  2.  For  .4768/.  the  neareft  lefiTer  Decimal  is  .45  againft  cfs.  then  .4768  left 
.45  is  .0268,  and  the  next  lefs  than  this  is  .025  againft  Gd.  then  .0268  lefs  .025  is  .0018, 
the  next  lefs  than  which  is  .00104,  '^'-  againft  i  farth.  So  tlie  Anfwer  is  <)s.  6d.  if. 
with  a  Fracflion  of  a  Farthing. 

But  obferie.  That  if  any  Decimal  given  is  not  found  exaftly  in  the  Tables,  the  Value 
of  it  may  be  had  in  moft  cafes  as  ealily,  by  Reduction  (as  in  Trobl.  12.  Redudion  of 
Vulgar  Fradlions.)  And  for  any  Integer  in  the  preceding  Tables,  jt  will  be  fuificient  to 
take  the  firft  three  Places  after  the  Point.  But  tlie  eafieft  way  to  folve  the  Problem  is 
by  fuch  compleat  Tables  as  are  already  mentioned. 

As  the  Decimals  of  Money  are  of  the  greateft  ufe,  fo  alfo  there  is  an  eafy  way  of  finding 
the  Value  of  any  Decimal  of  a  Pound  j  or  finding  the  Decimal  for  ar.y  Number  lefs  than 
1/.  without  Tables.    Thus: 

I.  To  ftid  the  Value  of  any  Decimal  of  i  /.    ivithotft 'Tables  or  Pen. 

Rttlf.  Take  the  firft  three  Figures  after  the  Point,  neglecfting  the  reft ;  daen  double 
that  Number  which  ftands  in  the  firft  Place  (after  the  Point)  it  is  fo  many  Shillings  of 
the  Anfwer.  And  if  the  Figure  in  the  fecond  Place  is  5  or  greater,  add  1  to  the  Shillings 
already  found  ;  then  take  \vhat  the  Figure  in  the  fecond  Place  exceeds  5,  with  the  Fimre 
in  the  third  Place,  (and  if  there  is  no  Figure  in  the  third  Place,  fuppofe  o)  confider  thefe 
two  Fif^rcs,  in  order  as  they  ftand,  as  one  Number.  If  they  make  a  Number  not  exceed- 
inf  23,''take  fo  many  Fardiings  (and  reduce  them  to  Pence)  for  the  remaining  Part  of  the 
"  T  ■  Anfwer: 
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Anfwer:  But  if  that  Number  exceeds  23,  take  i  from  it,  and  the  Remainder  is  fo  mar.y 
Farthings  in  the  Anf.ver.  Thus  you  iliall  have  the  Anfwer  exadlinatl  its  Value  of  known 
Species  i  or  lo,  that  the  Error  lliall  not  be  i  Farthing. 

Examp-  I.  .4/.  =  8r.  Ex  amp  ^.  .089/.=    is.  ^d.  2/. 

a.  .35/.  =  7  y.  6.  .67/.  =  15^.  5//. 

3.  .248/.=4X.  \\d.  3/  7.  .038/.=           c,d.  if. 

4.  .T,!-; l.  =  6s.  ^d.  8.  .04/.=         pi/.  3^; 

If  you  compare  thefe  Examples  with  the  Hule,  the  manner  of  finding  the  Value  will  be 
plain,  without  any  farther  Explication. 

The  R?afon  of  this  Rule  i?  thus : 

1.  Since  i  Shilling  is  the  5^  Part  of  a  Pound,  ar.d  double  any  Number  of  ic'''  Parts, 
makes  fo  many  20'"  Parts  ^  [lb  /^  =  -f^)  therefore  double  the  Figure  in  the  i/?  Place 
(whole  Den'  is  10'"  Parts)  is  equal  to  fo  many  20"*  Parts,  or  Shillings.     Again, 

2.  Since  jV^tIs'  therefore  5  in  the  z^  Place  (whofcDen''  is  100""  Parts)  is  i  Shil- 
ling.   Then, 

3.  The  Figure  in  the  3''  Place  has  1000*"  Parts  for  its  Den',  and  this  with  the  Num- 
ber over  5  in  the 2^  Place,  makes  fo  many  looo"'  Parts;  v/hich  is  little  lels  than  fo  many 
Farthings;  becaufe  i  Fanhing  is  5^3-  Part  of  a  Pound.  But  when  we  make  up  a  Decimal 
Table  for  Farthings  from  i  to  47,  (which  is  11  d.  3/.)  we  find  this  true  in  Fad,  That 
from  I  to  23  Farthings  the  Figures  in  the  2''  and  3"'  Places  of  the  Decimal  are  the  iame 
with  the  Number  of  Farthings:  But  from  24  to  47,  the  Figures  in  the  z^  and  ;''  Places 
make  a  Number  i  more  than  the  Number  of  Farthings.  And  tho'  in  all  thefe  Decimals 
(except  that  for  6d.  or  24/)  there  are  Figures  after  the  3"*  Place,  yet  their  \'^alue  is  not 
1  Farthing,  becaufe  they  do  not  make  .001,  which  is  lefs  than  i  Farthing. 

II.  To  find  the  Decimal  of  a  Pound,  anficerh/g  to  any  Number  of  ShillmgSy  Pejue,  and 
Farthijigs,  lefs  thav  a  Pound,  -[xiithout  Tables  or  Pen. 

Rule  I.  If  the  Number  of  Shillings  is  even,  take  its  Half  and  fet  in  the  firft  Place  after 
ilie  Point,  (Ex.i.}  Ifit'sodd,  fettheHalf  of  the  next  lelTer  even  Number  in  the  firft  Place, 
and  5  in  the  2'',  (jE.v.  2.)  then  reduce  the  d.  and  /  to  /  and  if  thev  are  fewer  than  24 
(/.  e.  the  d.  fewer  than  <)  =  24/.)  fet  that  Number  in  the  2''^and  3''  Places  ij.  e.  in  the 
3"'  Place  if  it's  but  one  Figure,  (Ex.  3.)  and  if  it  has  two,  add  that  v.-hich  is  in  the  Place 
of  Tens  to  the  Figure  ftanding  a'ueady  in  the  2''  Place,  if  there  is  any,  and  fet  tiic  other 
in  the  3'' Place,  Ex.^.)  But  if  thefcFarthings  exceed  25  (i.e.  if  the</.  exceed  5J  add  i  to 
them,  and  fet  that  Number  in  the  2'*  and  3''  Places  as  before,  {Ex.  5,6.)  Thus  you  have 
the  Decimal  fought,  true  to  three  Places,  which  is  fufficient  for  common  ufe.     But, 

2.  If  you  would  compleat  the  Decimal,  then  if  die  Number  of/,  to  which  the  d.  and 
/.  in  the  Qiieftion  sre  equal,  do  not  exceed  25,  take  that  Number  of/  or,  if  they  ex- 
ceed 23,  take  the  Remainder  after  24  is  fubcracled  from  them,  and  divide  that  Number 
or  Remainder  decimally,  (i-iz.  by  prefixing  o's  to  it)  by  24  (which  is  eafily  and  readily 
done  by  4  and  6)  the  Quote,  which  will  either  be  determinate,  or  circulate  on  6  or  ^r, 
being  fet  after  the  Figures  already  found,  tlie  Decimal  is  compleated. 

Examp.  I. 


I.     4y.  =  .8/. 

Examp. 

6.     <)s.  <)d.  =  .i,l-^ 

2.     i^s.  =  .6^ 

7.    ■]  d.  3/.  =  .o3229i5  eff. 

3.     6s.  2/.  =  . 308 

8.     4r.   %d.  3/ =  .2564583  c-- 

4.     Zs.  3</.  =  .4i2«r 

9.     5^.  4*/.  1/  =  .2(5 77083  6-c. 

5.     js.  d(/.  =  .37? 

The 
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The  Reafon  of  this  Rule  is  this : 

1.  For  the  Shillings ;  The  half  of  any  Number  of  20'"  Parts  (r.  e.  of  any  Number  of 
Shillino;?)  makes  fo  many  10'"  Parts;  and  if  there  is  an  odd  Sliilling,  it  is  equal  to-  c  in 
the  1*  Place,  or  rh  Parts,   becaufe  ^^  is  ^V- 

2.  For  thePencc  and  Farthings:  If  we  make  a  Table  of  Decimals  for  any  Number  of 
Farthings  from  i  to  47  (equal  to  \\  d.  3/)  then  for  any  Number  lefs  that  24  (or  6d.) 
the  Decimal  has  that  Number  in  the  f,  or  2''  and  7,^  Places,  (/.  e.  it  will  have  fo  many 
jooo*"  Parts.  And  if  thefe  Farthings  exceed  23,  the  Decimal  has  i  more  1000'"  Parts. 
Again,  For  any  Number  of  Fartliings  lefs  than  24  (or  6d.)  conlider,  that  becaufe  i  Far- 
thino;  is  5^-  Part  of  a  Pound,  which  is  greater  than  ^-Part;  therefore  befidesfo  many 
looo"' Pares,  thercmuftbe  addedfuch  a  Decimal  as  is  equal  to  the  Difference  of  fo  many 
560"'  Parts  and  looo""  Parts.  Now,if  we  fubtradt  ~i^  from  yy-  the  Remainder  is  34^3^; 
wherefore  any  Number  lefs  than  24,  of  24000'**  Farts,  will  make  a  Decimal,  wtiofe 
firft  Pbce  will  fall  in  the  fourth  Place  after  the  Point :  Confequently  this  Decimal  which 
remains  to  complcat  the  Deciinal  fought,  falls  after  the  3  Places  already  found. 

Lailly,  If  theNumber  ofFarchings  exceeds2;,  it  is  either  24;  and  then  there  is  nothing 
to  be  added  to  the  Number  of  1000"'  Parts  already  iet  down  :     Or  it's  more  than  24. 
And  what's  more,  being  lefs  than  23;  the  Decimal  to  be  added  for  that,  comes  under 
the  fame  Rule  as  the  lall:  Article. 
<VU  EST  IONS,  ficiuhig  the  Application  0/  Decimals  in  Multiplication  and  Tiivifwv'. 

^efl.  I.  There  is  i^l  :  %s  :  6d  in  each  of  6  Bags:  How  much  is  in  the  whole? 
Anfwer-,  %6l  :  11  s.  Thus,  14/  :  "is  :  6dis  14.425/.  which  multiplied  by  6  produceth 
86.<;5  equal  to  %6l:  \is. 

§iueft.  2.  If  I  Yard  of  Cloth  coft  14^  :  8^.  what  is  the  Value  of  24  ji/y  :  3  ^r  :  i  «<* 
A7if.  18/  :  3^  :  2/.  neareft.  Thus,  14^  :  8^^  is  -7333  ^c  /.  and  2/\.yds  :  3f  :  i  na' 
is  2j^,.j62')  yds :  Which  multiplied  by  .7333  produces  18.158  (^c./.  which  is  18/13^  :  zf 
nearly. 

^/p/?.  3.  If  30/.  buy  124  yds  :  iqr  :  2na.  of  Cloth,  How  much  will  i  /.  buy? 
Anjhjj.  Ji^yds  :  2  na.  and  .32  nearly.  Thus,  124 /(/y  :  i  jr  :  2  »a.  is  124.375,  which 
divided  by  30,  quotes  4.145  ^<r.  which  is  ±  yds  :  2  71a.  and  .32  nearly. 

^efl.  4.  If  8  /  :  9  /Z»  :  4  </.  buy  3  hunared  Weight  :  i  qr :  and  1 8  Pound  of  Sugar, 
What  may  be  boughtifor  i  /.?  Avfii).  i  qr  :  17  ft  and  .1  nearly.  Thus,  8/  :  9/^  :  ^d. 
is  %-^666  &c.  and  3  C  :  i  ^r.  18  ft.  is  3. 4107 14,  which  divided  by  the  other,  quotes 
.4028  c^c.  which  is  I  q'  :  17  ft  and  .1  nearly. 

Obfervc,  The  Ufc  and  Application  of  Decimals  will  more  fully  appear  in  the  remain- 
ing Parts  of  this  Work  j  efpecially  by  applying  them  in  Boo*  6.  As  to  which  Application, 
this  in  general  only  needs  to  be  further  faid  here,  That  any  Integer  being  confider'd  as 
the  higheft  Denomination,  all  Numbers  or  Quantitys  lefs  than  that  are  to  be  exprelFed 
decimally  by  taking  the  Decimal  of  that  Integer  anfwering  to  that  leflcr  Qiiantity;  and  inj 
the  fame  Qiieftion  ufing  Decimals  of  the  fame  Integer  for  all  Numbers  of  the  fame  kind, 
\!.  e.  for  all  Numbers  of  Money,  ufe  the  fame  Integer  as  i  /•)  Then  multiply  and  divide 
by  thefe  Numbers  according  to  the  Rules  of  Decimals.  And  in  Multiplication  you 
may  ufe  the  manner  of  Contraftion  explained  in  Ch.  8.  §.  5. 

I  muft  ohferve  in  the  laft  place,  that  moft  Queftions  in  common  Bufinefs  are  fooner 
done  without  Decimals,  by  the  common  Methods  of  Redudtion ;  but  when  to  ufe  De- 
cimals, or  the  common  Mctliods,  muft  be  left  to  every  body's  own  choice :  and  indeed 
a  CTood  deal  of  Practice  will  be  necelTary  to  enable  one  to  chufe  judicioufly.  And  par- 
riciilarly  as  to  the  preceding  Examples,  ohferve,  That  the  firft  is  eafier  done  by  the  com- 
mon Method ;  becaufe  it.can  be  done  without  Reduiftion,  the  Multiplier  being  'fmall. 
The  fecond  and  fourth  cannot  be  done  by  any  Method  hitherto  e\-plain'd,  (except  by 
Decimals ;)  becaule  by  the  Method  of  Reduction  they  require  both  Multiplication  and 
Divilion;  as  you  will  aftenvards  underftand  in  the  Rule  of  Three,  {Book  6.)  Tlie  third 
jnay  be  eafily  done,  the  common  way.  ^  BOOK 
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Of  the  Powers  and  Roots  of  Numbers. 


CHAP.     I. 

Containifjg  theT n^o  ^y. 


D 


EFINITIONS. 


I.     A    ^7^;: f  f  Number,  which  is  the  Produdt  of  a  certain  Number  of  equal  Fadors, 
-Ly.  Times  Number  multiply'd  into  itfelf  continually  a  certain  Number  of 

beJ'wIlict:  cdlSd^irpSer^istrlcS'""^  Multiplication  into  itfelf  another  Num- 
8  r-!7/)  .Y,-7.^^y^^'  ^u^^  multiplied  into  itfelf,  the  Produfts  are  4  (=2x2) 
catdthe^^wetrofLVtot.  ^'"  "  ^  ""^'  ''^^  ^^"  °^  ^^^^^  Produas.'ih.h  ar^ 
nf  ^.',!^"d'  ''  P'"'!]'  ^'"^  ^^'^^''  ^"'^  ^°°f  2^e  relative  things.     Every  Power  is  the  Power 
£  r  the  PowJ;  nTVT^^°°^i^  '^'  ^°°^  °f  '■""'^  P°^-=  So  thalby  cding  oneNum 
^^^^^^lr^S:S;IlS^  -^  cheNumberproJuced,  SrtheNum- 

coSS'J^fdturAenfl''/?  ''?  P^'."''^"^''■  ^^"'^  ^"^°"g  "^^  Ancients;  but  they  are  very 
Se^oTthe  sSce  Wher°  c  f  ^T""'^'  T'^  ^'°1  ""  ^^^  ^°  ^l^^  Improvement  or  Ea- 
them  by  then    S;^  rV^^^^^  ^','^"^"  "°  '""^^  ^^  ^«^   but  diftingui(h 

the^eco^nd  P  odua  the  feronf  p "  °^  ^''^'^,"''^^^  ""'"g  ^'^'-'  ^^^^  P^^dud  the  firft  Power, 
in  a  ve^v  fimnl7  ,n  f  r  ^°'''^'''.  ^"'^  ''^  °"'  ^^^"^l^X  f^^^'^e  Names  do  of  themfelves 
Snml  DefinTi'^n  ^f  'v^  '"'".""  du1.nguiih  the  feveral  Powers,  in  confequence  of  the 
general  Definition  of  a  Power:  for  they  exprefs  the  Number  of  Multiplications  of    he 


o 
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Root  in  tlie  Production  of  each  Power;  which  the  ancient  Names  do  not.  For  the 
Names  Square  and  CubCj  of  which  the  reft  were  compounded,  are  Names  of  g;eometri- 
cal  Qijantitics  applied  to  Number?,  only  from  this  Confideration,  that  the  Meafurcs  of  thefe 
Quan[ities  are  found  by  fuch  an  Application  of  Numbers,  as  do  produce  the  Numbers, 
which  are  hence  called  Square  and  Cube. 

But  obferve  again,  that  tho'  in  confequence  of  the  preceding  Definitions  of  Power  and 
Root,  thefe  Terms  ought  always  to  be  comradiflinguifhed,  fo  that  the  Produdls  only  can 
be  called  Powers;  yet  for  the  fakej^f  a  particular  Conveniency,  which  we  (hall  prefentiy 
undeiftand,  the  Root  is  called  the  firft  Power,  and  the  Produdts  in  order  are  called  the 
fecond,  third,  &c.  Power,  as  here : 

2.        2Xa.         4X2.         8x2.         16x2.  cfr. 
2.  4  8  16  32     &c. 


1^  V. 


u 


.3  -rt'       -p.  -= 


In  which  Method  the  Root  is  the  fame  with  the  firft  Power,  and  contradiftinguifhed 
only  from  the  fuperior  Powers,  with  refped  to  which  we  call  it  the  fecond  or  third,  (^f. 
Root ;  tho'  more  commonly  we  ufe  the  Names  Square  and  Cube,  aod  Square  Root,  Cub?" 
Root ;  ufing  the  Names  fourth,  fifth,  drc.  Power  and  Root,  for  the  degrees  above  the  Cube 
or  third  Degree. 

Of  the  univerfal  Notation  of  Powers  and  Roots. 

I.  0/  Powers. 

TAKE  any  Number  A  for  a  Root,  and  the  Series  of  its  Powers  according  to  the 
Definition  will  be  thus : 

A.        AA.        AAA.        AAAA.    6'c. 

!=;  ^ 
-  o 

Each  of  thefe  Terms  expreffing  the  continual  Produ«fl  of  A,  taken  fo  of:  as  it  is  placed  in 
each  of  them,  which  being  once  more  at  every  Step  gradually  from  the  Root,  We  have 
alfo  this  more  convenient  Method  of  exprefling  them,  vix..  by  writing  only  the  Root  with 
a  Number  over  ir,  to  fignify  how  oft  the  Root  is  to  be  taken,  or  placed  as  a  Fador  in 
producing  that  Power.  Thus  the  ^th  Power  of  A  is  AAAA,  to  be  written,  according  to 
this  other  Method,  thus.  A*;  and  fo  of  others,  the  whole  Series  of  the  Powers  being  re- 
prefented  thus: 

A',  AS  A',  A*,  AS,  A«,  6'c. 

When  a  Number  A  has  no  Figure  or  Mark  of  Power,  it's  fuppofed  to  be  the  firft,  fo  that 
A'  or  A  are  equivalent. 

Thefe  Figures  we  call  Indexes  or  Exponents  of  the  Powers;  becaufe  by  (hewing  the 
Number  of  Factors,  they  (hew  what  Power  is  fignified  by  that  ExprefBon,  or  what  Term 
in  order  of  the  Series;  for  the  Numbers  of  Favors  increafe  gradually  in  the  Series,  the 
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Root  ftanding  alone  in  the  ift  Term,  twice  in  the  2J,  and  fo  on.  And  fmce  the  Deno- 
minations of  the  Powers  are  taken  from  their  Places  in  the  Series,  they  do  alfo  exprefs  the 
Number  of  equal  Faftors,  or  the  Number  of  times  the  Root  is  placed  by  Multiplication 
in  every  Power,  and  confcquently  the  Index  is  the  Denomination ;  fo  if  k^^z  then  A'-= 
AAA=2X2X2=8. 

Again:  By  this  Method  any  Power  indefinitely  may  be  cxpreded  by  a  general  or  inde- 
finite Index  thus,  A"i  which  is  any  Power  of  A,  according  to  the  Value  we  put  upon  the 
Index  ". 

Hence  any  Scries  of  Powers  dccreafing  from  a  given  one  down  to  the  Root  may  be  ex- 
prefled  thus : 

A",  A"—',  A"— S  A"— 5,  A"— +,  6-c. 

Still  fubftradling  one  more  from  the  Index  till  it  become  equal  to  i,  and  then  you  have 
the  Root. 

II.   For  Roots. 

The  Root  of  any  Number  conGdered  as  a  Power  may  alfo  be  conveniently  expreffed 
by  that  Number  with  an  Index;  thus,  over  the  Number  which  is  the  Denomination  of 
the  Root,  fet  ',  in  form  of  a  Fraftion ;  this  is  the  Index  of  the  Root :  For  Example ;  The 

Z  T  f 

Square  Root  of  A  is  A',  the  Cube  Root  A*",  the  4th  Root  A*,   and  fo  on  j    fo  that  if 

A=4,  then  A*  =2:  Or  if  A=8,  then  As^=2;  And  an  indefinite  Root  thus.  A". 

There  is  alfo  another  way  of  marking  Roots  by  this  Mark  1/,  fetting  the  Power  before 
it,  and  the  Index  above  it :  Thus  the  Squire  Root  of  A  is  \/A,  the  "  Root  is  /  A. 

And  now,  to  underiland  the  Conveniency  of  diftinguifhing  the  Powers  by  their  Order 
in  the  Series,  i.e  by  the  Number  of  Factors  or  Indexes,  Confider  that  the  variou.';  Powers  of 
the  fame  Root  differ  only  by  thefe  Indexes,  or  Numbers  of  Faftors ;  and  the  Rules  for  their  mu- 
tual Application  to  one  another  by  Multiplication  and  Divifion,  (by  which  chiefly  their  different 
Properties  are  difcovered,)  depending  upon  the  Confideration  of  thele  different  Numbers 
of  Fadors,  it  is  a  more  fimple  and  eafy  Method  to  make  the  fame  Number  exprels  both 
the  Number  of  Fadt^rs,  and  give  a  Denomination  to  the  Power  j  which  would  not  be,  if 
we  fhould  begin  the  Numeration  of  the  Powers  at  the  firft  Product,  calling  AA,  or  A* 
the  Firft  Power.  It  is  true  indeed,  that  by  this  Method  the  Denomination  would  always 
be  one  lefs  than  the  Index  or  Number  of  Fadtors,  and  fo  would  be  a  certain  regular  Me- 
thod of  fliewing  that  Number  j  but  ftill  the  other  is  more  fimple  and  eafy:  Which  the  Ap- 
plications to  be  made  afterwards  will  make  appear  more  evidently. 

There  is  one  thing  more  you  may  obfcrve  upon  this  Method  of  denominating  Powers, 
•viz.  Thattho'thcRootisnotaProducft  of  itfelf  multiplied  into  itfelf,  and  foisnot  a  Power 
according  to  the  general  Definition  j  yet  we  may  always  contra-diftinguirti  Root  and  Power, 
underftanding  them  according  to  the  general  Definition,  and  at  the  fame  time  take  the  De- 
nominations of  Powers  from  the  Indexes  or  Numbers  of  Fadors;  provided  we  underftand 
thefe  Denominations  or  Indexes  to  exprels  no  other  thing  but  the  Number  of  Fadors,  /'.  e. 
a  Power  coa:ipofed  of  fo  many  Fadors  as  the  Index  expreffes,  and  not  as  Cgnifying  the 
Degree  and  Order  of  the  feveral  Powers  from  the  firft  Produd,  which,  according  to  the 
general  Definition,  is  the  firft  Power,  tho'  the  Index  is  2  ;  fo  for  Example,  A*  is  called  the 
Fourth  Power,  not  as  being  the  fourth  Term  in  the  order  of  Produds,  for  it  is  only  the  3d 
Produd,  but  as  being  compofed  of  four  Fadors ;  viz.  the  Root  ftated  as  a  Fador  four 
times;  fo  A*=AxAxAxA. 

But  now  after  a!!,  it's  to  the  fame  Purpofe  in  which  of  thefe  Views  you  take  the  Derib- 
mination ;  for  the  v/hcilc  Conveniency  lies  in  having  the  Number  of  Fadors  expreffed, 
which  is  done  either  way.     0;hers  again  confider  i  as  a  Fador  in  every  Power,  and  then 

T  2  they 
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they  make  the  Index  exprefs  the  Number  of  Multiplications  by  which  a  Power  is  produced: 
Thus  A*^=:ixAxAi  in  which  are  two  Multiplications,  ifl;  ixA,  2d  ixA  by  A. 

D  E  F  I  N.  IV".  Fo-wers  or  Roots  are  called  Like  or  Similar  to  one  another,  whofe  Deno- 
rainitioas  or  Indexes  are  the  fame;   fo  A*,  B*,  or  A",  B",  are  fimilar  Powers,  and  thefe  fi- 

milar  Roots,  A"",  b".  Such  are  alfo  faid  to  be  Powers  or  Roots  of  the  fame  Degree  or 
Order. 

And  when  the  Indexes  are  dififerent  or  unequal,  they  are  called  unlike  or  of  a  different 

Order:  As  A",  B";  alfo  A",Bi^. 

V.  The  finding  any  Power  of  a  Number  is  called  Raijijig  that  Number  to  fuch  a  Power; 
as  finding  the  4th  Power  of  A  is  called  Raifing  A  to  the  4th  Power :  And  this  is  alfo  call'd 
in  generS,  Invoking,  or  the  Involution  of  that  Number,  according  to  the  Index  of  the 
Power. 

VI.  The  finding  any  propofed  Root  of  a  Number,  is  called  the  "ExtraBing  of  fuch  a 
Root  from  that  Number ;  as  finding  the  Cube  Root  of  A  is  call'd  the  extradting  the  Cube 
Root  of  A ;  and  this  we  call  in  general  Evolving,  or  the  Evolution  of  that  Number,  ac- 
cording to  the  Index  of  the  Root. 

VII.  As  any  Number  may  be  made  a  Root,  and  involved  to  any  Power,  fo  if  a  Number 
Cis  a  Power  of  another  B,  which  is  again  a  Power  of  another  A,  then  may  C  be  called  a 
Compound  Power  of  A,  i-  e.  a  Power  of  a  Power  of  A,  ( as  with  refped  to  B  it's  a  fim- 

ple Power,)  and  may  be  generally  exprefled  thus:  A™!",  that  is,  the  "  Power  of  A™.  Ex- 
ample :  64  is  the  Square  of  the  Cube  of  2,  for  it  is  the  Square  of  8,  which  is  the  Cube  of 
2.  The  Compofition  may  alfo  confift  of  more  than  two  Members,  as  the  f  Power  of  the 
■"  Power  of  A°. 

VIII.  If  any  Number  A  is  a  certain  Root  of  another  B,  which  is  alfo  a  certain  Root 
of  another  C,  then  may  A  be  called  a  compound  Root  of  C  ( as  with  refpefl:  to  B   it  is 

a  fimple  Root )  and  may  be  expreded  thus,  C'"^',  that  is,  the  "  Root  of  C"'.  Example :  2 
is  the  Cube  Root  of  the  Square  Root  of  64. 

Scholium.  That  thefe  Compound  Powers  and  Roots  muft  be  equal  to  fome  im- 
mediate or  fimple  Power  or  Root  of  the  Number  to  which  they  are  referred,  will  eafiiy  be 
underftood  from  the  Nature  of  fuchNunbers;  that  is,  the  °  Power  of  the  "  Power  of  A 
is  fome  immediate  fimple  Power  of  A,  as  A°;  and  fo  of  Roots :  How  fuch  fimple  Expref- 
fions  are  found,  Ihall  be  explained  in  its  place. 

IX.  A  Number  which  is  firft  confidered  as  a  certain  Root  of  another,  as  the  ■>  Root, 
may  be  itfelf  involved  according  to  fome  other  Index  "",  and  this  Power  being  referred  to 
the  fame  Number  to  which  the  preceeding  Root  was  referred,  may  be  called  a  mix'd 

Power  of  that  Number ,  fo  if  B=A~,  then  the  ">  Power  of  B,  that  is,  the  «>  Power  of 
the  "  Root  of  A  is  a  mix'd  Power  of  A  {  which  referred  to  B  is  a  fimple  Power }  and  may 

be  exprefied  A ","'.  Example :  9  is  the  Square  of  the  Cube  Root  of  27,  for  it  is  the 
Square  of  3,  whofe  Cube  is  27. 

In  the  fame  manner,  a  Number  being  confidered  as  a  certain  Root  of  a  certain  Power 
(  whofe  Index  is  different  from  that  of  the  Root  j  of  a  Number,  it  may  be  called  a  mix'd 

Root,  as  the  «"  Root  of  the  »  Power  of  A,  reprcfented  thus :  A  •".  Example :  9  is  the 
Cube  Root  of  the  Square  of  27,  for  the  Square  of  27  is  729,  which  is  alfo  the  Cube 
of  9.  a  Ohfervcy 
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Obferve,  For  either  of  thefe  Kindsj  ws.  a  mix'd  Power,  or  tnix'd  Root,  we  may  infti- 

tute  this  manner  of  Reprefcntation  A~,  which  may  fignify  either  the  >"  Root  of  A",  or 

the  "  Power  of  A"'.  But  then  obferve,  that  we  can't  make  it  reprefent  either  of  thcfc  in- 
differently, till  we  have  fiiil  demonlfratcd  that  they  are  equal;  which  fliall  be  afterwards 
done  j  and  till  then,  I  fliall  only  ufe  it  for  the  ">  Root  of  the  "  Power. 

Scholium.  Every  Number  is  a  Root  of  any  Order  whatever,  becaufe  it  may  be 
invohed  to  any  Po'u:!r-,  but  every  Number  is  not  a  Power  of  any  Order;  fome  being 
Powers  of  no  Order  but  the  firft,  which  is  only  being  a  Root;  ;'.  e.  there  are  fome  Num- 
bers which  cannot  be  produced  by  the  continual  Multiplication  of  any  Number  whatever; 
and  fuch  are  3,  5,  6,  7,  and  an  infinite  Number  of  others.  Some  again  are  Powers  of 
one  particular  Order  only ;  as  4,  which  is  only  a  Square ;  and  8,  which  is  only  a  Cube. 
Some,  in  the  laft  place,  are  Powers  of  more  than  one  Order,  but  limited  to  a  certain 
Number  of  different  Orders;  as  64  is  both  a  Square  and  a  Cube;  its  Square  Root  being 
8,  ana  the  Cube  Root  4;  for  8x8=4X4X4  =  64:  The  Demonftration  of  thefe  things 
you'll  learn  afterwards;  to  mention  them  in  general  is  enough  here^  Vv-hich  was  only  nccef- 
fary  for  the  fake  of  the  following  Definition. 

D  E  F  I  N.  X.  When  a  Number  A  is  propofed  as  a  Power  of  any  Order  ",  and  yet  is 
not  a  Power  or  that  Order,  i.e.  if  it  has  no  determinate  Root  of  that  Order,  or  there  is  no 
Number  which  involved  as  the  Index  "  direfts,  will  produce  that  Number;  yet  it  has 
what  we  may  call  an  indeterminate  Root,  (as  fhall  be  afterwards  ex'plain'dj  and  thii  ima- 
gin'd  Root,  under  the  Notion  of  a  true  and  compleat  Root,  is  called  a  Surd  [i.e.  inexpref- 

fible)  Root,  and  is  reprefented  in  the  general  Form  A";  and  fuch  Roots  as  are  real,  are, 
in  Diftiniition  from  Surds,  called  national  Roots.  Exam.  8  is  not  a  Square;  for  there  is  no 
Number,  which  multiplied  into  itfelf,  will  produce  8.  No  Integer  will,  fince  2X2=4, 
and  5x3  =  9;  and  that  no  mix'd  Number  betv.ixt  2  and  3  can  do  it,  will  be  afterwards 
demonftrated. 

But  now  as  to  Surds,  don't  miftake,  as  if  fuch  Roots  or  Reprefentations  were  nothing  at 
all,  or  fo  merely  imaginary  as  to  be  of  no  Ufe  in  Arithmetick;  for  though  there  be  no 
fuch  determinate  or  aflignable  Number,  whofe  "  Power  is  equal  to  A;  yet  we  can  find 
Numbers  mix'd  of  Integers  and  Fradfions,  that  fhall  approach  nearer  and  nearer  to  the  Con- 
dition required,/./  i-nfinitum  ■,  i.  e.  we  can  find  a  Series  of  Numbers  decrcafing  continually, 
v/hofe  Sum  taken  at  every  Step  is  a  Number,  the  Power  of  which  approaches  nearer  and 
nearer  to  the  given  Number;  and  this  Series  confider'd  in  its  infinite  Nature,  as  going  on 
by  the  fame  Tenor  and  Law  without  end,  and  thereby  approaching  infinitely  near  to  the 
Condition  of  a  true  Root,  is  truly  and  properly  what  we  call  a  Surd  ;  which,  'tis  plain,  is 
fomething  real  in  itfelf,  though  we  can't  exprefs  the  whole  Value  of  it  by  any  definite  Num- 
ber; for  that  is  contrary  to  its  Nature:  So  we  find  that  the  Surd  Roots  of  different  Num- 
bers have  certain  Connexions  and  relative  Properties  the  fame  way  as  rational  Numbers 
have;  ("all  which  things  fhall  be  demonftrated  in  their  proper  place. j 

Therefore  we  conceive  Surds  as  Quantities  compleat  of  their  own  kind,  and  Co  ufe  the 
fame  general  Notation  for  Surds  and  rational  Roots:  And  hence  the  following  Theory  rela- 
ting to  Roots  are  to  be  underftood  generally,  whether  they  are  Surds,  or  rational  Roots; 
corc.-rning  the  Reafon  and  Application  of  which  to  Surds,  you'll  learn  more  Particulars 
afterwards  in  Chap.  3. 

XI.  The  Povers  and  Roots  of  Fra^iofts  are  to  be  undcrflood  the  fame  way  as  of  whole 
Numbirs;  that  is.  any  Fradion  being  continually  multiplied  into  itfelf,  is  a  Root  or  firji 
Power,  with  refped  to  the  Products  which  are  the  fuperior  Powers. 

Exam' 
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Example.    |.  X  |  =  *,  and  i  is  therefore  the  Square  of  f ,   and  may  be  univerfally  ex- 

preffed  thus^  t\  i  or  thus,  %-:,  and  the  Root  thus,  ;  K  or  thus,^- 

Obferve,  That  only  is  the  proper  and  immediate  Power  of  a  Fraftion,  whofe  Terms  are 
the  Powers  ot  the  Terms  of  that  Fraftion;  yet  as  the  (me  Frafiion  may  be  exprcffed  in 
various  Terms,  fo  all  equivalent  Fradions  may  be  taken  for  the  Power  or  Root  of  the  fame 
Fraftion,  becaufe  they  have  the  fame  EfFeft  in  ail  Operations,  if  any  one  of  them  is  fo, 
according  to  the  Definition.  Thus,  becaufe  f  x |- =  |  and  becaufe  ^:=|-  therefore*, 
which  is  the  Square  of  i,  may  be  alfo  called  the  Square  of  ^,  alfo  -^  (=  -J;  may  be  cal- 
led the  Square  of  j  or  ^. 

Scholium.  When  a  complex  literal  Expreffion  is  confider'd  as  a  Root,  to  expre& 
any  Power  of  it  we  draw  a  Line  over  the  whole  Expreffion,  and  then  annex  the  Index ; 

thus,  A+B'  is  the"Powerof  A-(-B,  and  AB  is  the  "  Power  of  the  Produft  AxB:  But  if 
there  is  no  Line  over,  then  the  Index  is  applied  only  to  the  Member  over  w  hich  it  is  im- 
mediately fet,  as  A-f-B"  is  only  the  Sum  of  A  and  B'\  and  AB"  the  Produdt  of  AxB". 

AXIOMS. 

I/?,  Like  Foiuers  or  Hoots  of  equal  Numters  fhowever  diflferently  expreffed)  are  equal. 

Thus:  If  A  =  B,  then  A"=B",  and  A"=B".  But  unequal  Numbers  have  their  fimilar 
Powers  and  Roots  unequal  j  the  greater  having  the  greater  Number  for  its  Power  or  Root. 
Hence, 

C  o  R  o  L.  If  the  different  Powers  of  unequal  Numbers  are  equal,  the  Power  of  the 
leffer  Root  has  the  greater  Index.  Thus:  If  A"  =  6"",  and  A  be  lefs  than  B;  then  is  w 
greater  than  ?n:  For  if  n  =  m,  then  is  A"  lefs  than  B™;  and  much  more  is  it  fo,  if  »  is  leis 
than  w.     'Exam.  8-=  45  =64. 

\\d.  If  a  Number  is  involved  to  any  Power,  and  from  this  Power  a  Root  of  the  fame 
Denomination  is  extraded,  this  Root  is  the  fame  Number  which  was  firft  involved.  So  if 
A  is  involved  to  the  »  Power,  and  of  this  Power,  viz..  A",  we  extrad  the  "  Root,  it  is 

t 

equal  to  A,  i.e.  A  =  A^ '.  And  reverdy  extrad  any  Root  of  a  Number,  and  then  in- 
volve that  Root  to  a  Power  of  the  fame  Denomination ;    this  Power  is  the  fame  Num- 

ber  frotn  which  the  Root  was  firft  extrafted;  fo  the  ^  Power  of  A",   or  A"I=A.  Hence, 

n 

CoROL.  I.  An  Expreffion  of  this  Sort  A",  where  the  Numerator  and  Denominator 
of  the  Index  are  equal,  whether  it  is  undevftood  as  the  "  Root  of  the  "  Power ;  or  the  " 
Power  of  the  "  Root  of  A,  is  no  other  thing  in  EfFed:  and  Value  but  A.     Hence  again  j 

2.  Involution  and  Evolution  are  diredly  oppofite,  the  one  undoing  the  Effed  of  the 
other  i  whereby  they  are  mutual  Proofs  one  of  the  other. 

T    H    E    O    R    E    M       I. 

If  two  fimilar  Powers  of  different  Numbers  or  Roots  are  multiplied  together,  the  Pro- 
duft  is  the  like  Power  of  theProdudlof  thcle  Numbers  or  Roots.    Thus,  the  Produa-  of 

two  Squares  is  the  Square  of  the  Produd  of  their  Roots.    Univerfally  A^X  B"  =  AB  . 

'Dcmon^r. 
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Bemonflr.  In  the  Produ>fl  A"xB",  A  and  B  are  applied  as  Fa- 
dors  equal  times  ^  fo  that  in  the  whole  Produft  there  is  a  Num- 
ber of  Faftors  equal  to  2»;  and  confequentiy  the  Prodtufl  AB, 
conlider'd  as  one  Nutnber  or  Fadtor,  is  applied  in  tliat  Produft 
n  times  [for  in  whatever  Order  the  Fadors  are  taken,  the  Pro- 


Ahi^io.  A-xB^  = 

ioo=AB  . 

du£t  is  lli'.l  the  fanne] ;  fo  that  the  Produvft  given  is  A  B  raifed  to  the  w  Power,  or 

AB".     Thus  particularly,   AsxBs  =  AAAx  BBB  =•■  ABx  AB  x  AB  =  AB'. 

C  o  R  o  L.    Hence  we  learn,  how  the  Produd:  of  a  Number  expreffed  as  a  Power,  and 
another  not  expreffed  as  fuch  Tbut  fuppofed  to  be  one  )  may  be  reduced  to  fuch  an  Ex- 

preffion.    Thus,  A"  xB=  Ax  b"|  i  for  the  w  Power  of  A  is  A",  and  the  n  Power  of  B" 

is  B,  therefore  A"xB  =  AxbT. 

ScHOL.  This  Theorem  is  true  alfo,  when  the  Roots  are  the  famej  as  A"xA"  = 

A  A  .  But  I  have  not  taken  this  Cafe  into  \htThe0re7n,  becaufe  it  falls  within  another  (fee 
"Iheor.  6.)  where  the  ProduiS  is  expreffed  in  a  more  limplc  and  convenient  way.  You  are 
to  underftand  the  fame  of  the  Theorems  2,  3,  and  4. 

T   H    E    O    R   E    JSI      II. 

If  two  fimilar  Powers  of  different  Numbers  or  Roots  are  divided  one  by  the  other, 
the  Quote  is  the  like  Power  of  the  Quote  of  the  given  Roots.    Thus  the  Quote  of  two 
Squares"  is  the  Square  of  the  Quote  of  their  Roots  univerfally  B"  H-  A"  =  b  -^  A]  '• 
A  =  3-  A5  =  27  Detnoiiflr.  1.    Suppofe  A,B  are  Integers,  then  B-nAexpref- 

g_~^__^  BJ-^A'=8         ^^^  fiadionally  is  — .  whofe  n  Power,  according  to  Defin.  11.  is 

F=^^  =  8.  ?:-B"^A" 

A"~*^       a. 

c  d  c'^  d" 

2.  Suppofe  B  and  A  fradlionai;  thus,B=-  and  A  =  -,  then  is  B"  =  -^,  and  A"  =  — • 

AlfoB"--A"  =  '-;-^=^„  =  ^  (Theor.i.)    But  "4=--- -  =  B- A,  and  its  « 

oa 


ac 


Power  is  -^,  which  is  B  h-  A  . 
od 
Scholium.    I  have  not  here  conGdered,  whether  B"-h  A"  is  a  whole  Number  or  * 

Fraftionj  for  which  fo  ever  of  them  it  be,  you  fee  plainly  that  it  is  equal  to  B -4- A  -  Iri 
another  place  you'll  find  it  demonftrated,  that  according  as  B"  H-  A"  is  integral  or  fradtional, 
fo  is  B  — Ai  and  reverfly. 

7loe  follovjing  Corollaries  2,  5,4,  mid  f,  are  deduced  from  this  and  tbefirfi 
Theorem  jointly  conftdered. 

Co  ROLL.  1.     The  Quote  of  two  Numbers,  whereof  one  is  expreffed  as  a  Power 
and  the  other  not,  ( tho'  fuppofed  to  be  one, )   may  be  reduced  to  fuch  an  ExpreffiOQ 

thus  i  A"  -H  B  =  A  ^  t#|\  for  A"  is  the  "  Power  of  A,  and  B  is  the  "  Power  of  B^. 

2-  If  any  Produft  atd  one  of  the  Fadtors  are  fimilar  Powers,  the  other  is  alio  a  fimi- 
lar Power,  and  its  Root  is  the  Quote  of  the  Roots  of  the  other  two  Terms.     Thusj  if 

^  A" 
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A"  X  B  =  D",  then  is  B =D"  -^  A"  =  D— Al'  whofe  "  Root  is  D  -f-  A.    In  another  Place 
it  fliall  be  demonftrated  that  D  H-A  muft  be  integral  if  D"  -H-  A"  or  B  is  fo. 

III.  If  the  Dividend  and  either  of  the  other  two  Terms,  'viz.  Divifor  and  Quote,  are 
fimilar  Powers,  the  other  of  thofe  Terms  is  alfo  a  fimilar  Power,  whofe  Root  is  the  Pro- 
dudt  of  the  Roots  of  the  Dividend  and  the  former  of  the  other  two  Terms.    Thus  if 

B" H-  A  =  D",  then  A  =  B-^  X  D"  =Bl3'' . 

4.  The  Produdl  of  two  Numbers  being  a  Power,  the  Favors  are  either  both  like 
Powers  with  the  ProduiSt,  or  neither  of  them  is  fo.  Alio,  if  one  Fador  is  a  Power,  and 
the  other  not  a  like  Power,  the  Produd:  is  not  a  like  Power.  Let  AB  =  p",  if  A  is  a 
Power  of  the  Order  ",  fo  is  B,  for  if  A=:  a"  then  is  d"  X  B  =/>",  and  confequently  B  is  of 
the  Order  "  (  by  the  2d)  whence  alfo  if  the  one  A  or  B  is  not  a  Power  of  the  Order", 
neither  is  the  other;  for  one  being  fo,  the  other  would  be  fo  too.  Again,  if  A"  X  B  =D, 
and  B  not  a  Power  of  the  Order  ",  neither  is  D ;  for  if  D  were  fo,  B  would  be  fo  too. 

5.  If  the  Qiiote  of  two  Numbers  is  a  Power,  thefe  Numbers  are  either  both  Powers 
like  the  Quote,  or  neither  of  them  is  fo:  This  is  the  Reverfe  of  the  laft. 

Scholium.  In  thefe  Corollaries  you  are  to  underftand  Rational  Powers;  for  other- 
wife  any  Number  may  be  reprcfented  as  a  Power  of  any  Order. 

Theorem  III. 

If  two  fimilar  Roots  of  different  Numbers  are  multiplied,  the  Produft  is  the  like  Root 
of  the  ProduiS  of  thefe  Numbers.    Thus  two  Cube  Roots  produce  a  Number  which  is 

1  s.       J. 

the  Cube  Root  of  .the  Produft  of  their  Cubes.    Univerfally,  A"  x  B"=Ab'. 
Example : 

Demonfiration   This  is  but  the  Reverfe  of  the  i&Tbeorem,  and 
follows  eafiiy  from  it.     Thus,  Let  A  B  be  any  fimilar  Powers, 


then  is  A  X  B  =  A"  X  b"|    by  Theor.  I.  and  by  ^x.  i.  A  x  li^'  =: 
A"  X  B'",  which  is  the"  Root  of  A-  x  bT. 


A=   27.  A==  3 

B  =    8.  B^  =  a 

AB=2i(S.A"^xBT=^ 

ABt=d 
'  C  o  R  o  L  L.    The  Produft  of  two  Numbers,  whereof  one  is  exprefled  as  a  Root  and 

J  i. 

the  other  not,  may  be  reduced  to  fuchan  Expreffion  thus;  A'*  x  B=  A  x  b")" ;   for  A  is 

■2.  -^—^ — -J- 

the  "  Power  of  A",  and  B''  of  B;  therefore,  by  this  Theorem  A'^x  B  =A  x  B'  1".    This  is 
alfo  the  Reverfe  of  Coroll.  Theor.  i. 

Theorem  IV. 
I F  two  fimilar  Roots  of  different  Numbers  are  divided,  one  by  the  other,  the  Quote  is 
the  like  Root  of  the  Quote  of  the  one  Number  divided  by  the  o.her.     Thus,  two  Cube 
Roots  "ive  for  a  Quote  the  Cube  Root  of  the  Quote  of  the  Cubes.    Univerfally,  D~-hA" 


=  D-^A.". 

Exar/ple  ; 

D  =  2i<5.  Ij'  =  6 

A=  27-  AT  ==3 

D  ^  A=  8.  D~H-  A"3=2 

D  r>  .    D"  _ 

whofe  "  Power  is  -r-  i  '•  ^-  the  "  Rcot  of  -r-  is  — ;  or  D"  -^  A" 

n  **  An 


Ttemovfir.i.  SuppofeD",A"  are  both  Integers,  then  are 
D,  A  alfo  Integers,  (I'lz.  the  Powers,  or  Products  of  integral 

Faftors,;  therefore  D" -^  A"  or  -^  is  a  Fradion  in  Terms 

A" 


( 


A"  2.  If 
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2.  If  D"^,A~'  are  fradional,  then  are  D,  A  alfo  fraaional,  faccording  to  a  former  Ob- 
fervationj     ^uppofe  \>^=  t  and  A"=l  then  is  D  =  ^,  and  A  =  -J  f^x.  i.)   Alfo 

D^  -.  ^:=Ui^^  andD- A=^-;--  4:  =  %  -  ^.thcreforeUTTV  = 
a       c        ad  a"       c"         a'd"        aU 

ii  =  D"-HA". 
ad 

C  o  R  o  L  L.    The  Quoreof  two  Numbers  whereof  one  is  exprefled  as  a  Root,  and  the 

other  not,  may  be  reduced  to  fuch,  thusi  D~-^A=--D^  A"l".  ForD"  is  the  "  Root  ot 
D,  as  A  is  of  A". 

Scholium.  From  the  two  laft  Theorems  jointly  confider'd,  we  have  four  Corol- 
laries after  the  fame  manner  as  the  2.d,  ^J,  ^th,  ^th  Corollaries,  deduced  from  Thiortin 
lid  and  Ifi. 

Theorem   V. 

The  Produft  or  Qiiote  of  any  hke  Mixt  Power  (or  Root)  of  two  difiFerent  Numbers, 
is  the  hke    Mixt    Power   of  the  Product  or  Quote    of   thefe  two  Numbers :     Thus 


A'"  X  B    =  AB'"  and  A'"  --  B    =  A^S"- 

Demonflr.  I.  A"xB"  =  A^"  (Theor.  I.)  and  A^"^  X  B'T^  =  A"xB"^™  {Tijeor.  Ill) 
But  A^"^"  =  A  ■"  and  B^  =  B ""  by  the  Notation ;  and  fincc  A"  X  B''  =  A  B ' ,  hence  A "»" 
X  B"~=AB™. 

2.  A'-^B  =A-H  b"  (Theor.ll.)  AndA")^  —Wf"  =  A"  ~ B"}",  (Theor.  IV.)  = 


A-^B"-,  (Ax.  I.)  That  is.  A'"  ^  B™  =  A-^-B-". 

Example.  The  Square  Root  of  i6  is  4,  and  the  Cube  of  4  is  64,  therefore  the  Cube  of 
the  Square  Root  of  16,  or  16'  is  =  ^4.  In  like  manner  ,  the  Cube  of  the  Square  Root 
of  81,  or  ti^  is  =  729.  Then  81  X  16  =  1296,  whofe  Square  Root  is  36,  and  the 
Cube  of  this  is  46(156  =  64  x  729 ;'  that  is,  16*  x  81^  =  16  x  8iV^ 

Theorem  VI. 

If  two  Powers  of  the  fame  Root  are  multiplied,  the  Produftis  fuch  a  Power  of  the 
fame  Root,  whofe  Index  i^  the  Sum  of  the  Indexes  of  the  Fadtors.  Thus,  The  Produdt 
of  the  2d  and  3^  Powers  of  any  Number,  is  the  ^th  Power  of  the  fame  Number.  U- 
riverfally.  A"  xA'"  =  A"+'". 

Examp/e. 


A=  3.     Ai=  9 

•A:  =27.    A-xA3=243 
A'  =  243. 


Demonflr.     A"  and  A""  being  each  a  Produ<fl  of    A 

continually  multiplied  by  itfelf,  their  Produdt  muft  be  a 

Produft  of  A  continually  by  ic  fclf  i  ;.  e.  a  Power  of  A. 

U  Alfo 
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Alfo  it's  plaitijthat  in  A"  X  A™,  the  Root  A  is  applied  as  a  Faflor  as  oft  as  the  Sum  w-f-w, 
fo  that  A"  X  A'n  =  A"  +  'n.  Particularly,  fuppore  A^  X  A^,  the  Produdt  is  A  A  x  A  A  A. 
==AAAAA  =  AS. 

Scholium.  What's  here  proved  for  two  Faftors,  holds  equally  for  three  or  more: 
Thus  A"  X  A""  X  Kf  =  A" +■"+■•. 

Co  ROLL.  Hence  we  learn  how  to  find  any  Power  of  a  given  Root,  without  finding 
all  the  intermediate  Powers ;  viz..  by  multiplying  together  two  or  more  Powers  of'  that  Root:, 
the  Sum  of  whofe  Indexes  is  the  Index  of  the  Power  fought:  Thus,  having  the  3</and4f>& 
Powers,  their  Produd  is  the  yrw  Power. 

Theorem  VII. 

I F  one  Power  is  divided  by  another  Power  of  the  fame  Root ;  the  Quote  is  equal  ei- 
ther to  another  Pov.er  of  the  fame  Root,  or  to  a  fraftional  Power  whofe  Numerator  is 
1,  and  the  Denominator  fomc  Power  of  the  fame  Root.  Thus,  particularly.  If  the 
Dividend  is  greater  than  the  Divifor,  the  Quote  is  a  Power  of  the  fame  Root  whofe  In- 
dex is  the  Difference  of  the  Indexes  of  the  propofed  Powers  j  and  if  the  Dividend  is 
lefsj  the  Quote  is  a  fradional  Power  whofe  Numerator  is  i,  and  the  IJenominator  is 
fuch  a  Power  of  the  given  Root  whofe  Index  is  the  Difference  of  the  given  Indexes. 

Thus  A"  -H  A™  is  either  A"  — ■",  or  A™— ". 


Example  I. 
A=3     A*  =  81 
A*  =9    A4-^A-  =  9 
A*— i  =  A^=(j 


Example  2.  Bemonflr.     This  is  the  Re- 

A^=9-     A' =243  verfe  of  the  laft  Theorem,  and 

A^  ^-  A5  =  9  -^  243  =         the  Reafon  of  it  contain'd  in 

-Xj^r7 '\l I  t^^f'  ^fO"^  t^^  reciprocal  Na- 

^       "  '       81  ture  of  Multiplication  and  Di- 

vifion,  with  that  of  Addition  and  Subftradiion.  Or,  this  fubftrading  of  the  one  Index 
from  the  other,  is  only  the  taking  out  equal  Fadiors  from  the  Diviibr  and  Dividend,  i.t. 
dividing  them  equallv  j  which  makes  the  Quotes  ftill  the  fame;  Thus,  As-7-A-=  A= -H  i 
=  A3,  andA^-HA5=iH-As. 

Theorem  VIII. 

Every  Compmii  Power  f  or  Power  of  a  Power )  of  any  Root  is  equal  to  fuch  a 
Simple  Power  of  the  lame  Root  v/hofe  Index  is  the  Produft  of  the  given  Indexes  :  Thus 
the  id  Power  cf  the  la?  Power  is  the  dth  Power.     Univerl^lly,  the  "  Power  of  the "" 

Power  of  A,  or "A^' is  =  A""".  i'^uVo.i. 

Exavifle.         1         Demmijlr      A"xA'"=A^'"  (Theor.  6.)  and  involving  or  multiplying 
ji^==:2.  A-=^4.     1     A""  by  itlelf  once  more,   the  Index  of  the  Produft  contains  m  once 
it _g_'^;     I     more  ^  fo  that  however  oft  A'"  is  employed  as  a  Faflor,  as  w  times,  the 
*  I    Index  of  the  Produft  will  be  fo  many  times  w,  or  w  x  w  :  But  A™  em- 

ployed as  a  Faiftor  w  times  makes  the  w  Power  of  A™;  v/hich  is  therefore  equal  to  the 
m  n  Power  of  A,  or  A™". 

SCHOLIUMS. 

1.  The  fame  Reafoning  is  2;ood,when  the  Compofitionconfifts  of  more  than  two  Steps: 
Thus  the  w  Power  of  the  m  Power  of  the  r  Power, is  the  mnr  Power  of  A,  or  A'""'. 

2.  If  the  Index  of  any  Power  is  the  Produdt  of  two  Numbers,  it  may  be  confidercd  as 
a  Compound  Power  j  or  if  it  is  the  Produft  of  more  than  two  Fadors,  it  may  be  redu- 
ced to  a  Compound  of  two,  by  taking  any  one  of  thefe  FaiTtors  for  one  Member,  arid 
the  Produd;  of  all  the  reft  for  the  other.  Thus,  A"™''  is  the  r  Power  of  A""",  or  the  n 
Power  of  A"",  or  the  m  Power  of  A"*".    In  fliort,  if  the  Index  of  a  Power  is  the  Product 

of 
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of  other  Numbers,  whatever  Variety  is  in  the  CompoCtion  of  that  Produft,  there  is  the 
fime  Variety  in  the  CocnpoGtioa  of  that  Power. 

COROLLARIES. 
I.  Here  we  learn  to  find  a  Number,  which  is  a  Power  of  a<;  many  diffe- 
rent Orders  as  can  be  propoCed,  iiiz..  by  multiplying  the  Indexes  of  all  thefe  propofed  Or* 
ders  continually  into  one  another,  and  railing  any  Number  to  a  Power,  whofc  Index  is 
that  Product.  Thus:  To  find  a  Number  which  is  both  a  Square  and  Cube,  raife  any 
Number  to  the  fixth  Power.  Univerfally,  to  find  aNumber  which  is  a  Power  of  the  Or- 
ders w,w,r,  raife  any  Number  A  to  the  nmr  Power,  and  A"""'  is  the  Number  fought: 
for  it  is  the  r  Power  of  A""",  the  n  Power  of  A""",  the  m  Power  of  A"''. 

Obferve  alfo.  That  if  one  of  the  Indexes  is  an  aliquot  Part  of  another,  we  need  not 
multiply  that  Index  which  is  the  uliquet  Part.  Thus;  To  find  a  Number  which  is  both  a 
fecond  and  fourth  Power,  wc  need  only  to  take  fome  fourth  Power,  fincc  every  fourth 
Power  is  alfo  a  fecond  Power.  For  becaufe  2X2  =  4,  therefore  A*  is  the  fecond  Power 
of  A^.     By  this  you'll  underftand  any  other  Cafe. 

2.  If  out  of  a  certain  Power  of  a  given  Number,  a  Root  is  to  be  extracted  of  3  difFe- 
rent  Index,  and  if  the  Name  of  the  Root  is  an  aliquot  Part  of  the  Name  or  Index  of  the 
Power;  by  dividing  the  Name  of  the  Power  by  that  of  the  Root,  and  applying  the  Quote 
as  an  Index  to  the  given  Number,  we  have  an  Exprelfion  for  the  Root  fought.  Thusj 
the  Square  Root  of  A*  is  A^,  becaufe  6-^2  =  3.    And  univerfally,  let  n^r-m^=r.  Then 

n 

is  A"=  A^  i-  e.  where  there  is  a  mixt  or  fradlional  Index  fwhich  expreSes  a  certain  Root 
named  by  the  Denominator,  of  a  certain  Power  named  by  the  Numerator)  if  the  Deno- 
minator is  an  aliquot  Part  of  the  Numerator ;  then  dividing  the  Numerator  by  the  Deno- 
minator, the  Quote  is  an  Index,  which  applied  to  the  fame  Number,  exprefles  the  Value 
of  that  mixt  Root. 

Theorem     IX. 
Every  Compound  Root  (or  Root  of  a  Root)   of  any  Number,  is  equal  to  fuch  a 
fimple  Root  of  the  fame  Number,   whofe  Index  is  the  Product  of  the  propofed  Indexes. 
Thus;  the  Square  Root  of  the  Cube  Root  is  the  fixth  Root.     Univerfally,  the  n  Root  of 

:  m  Root  is 

Example : 
■ 
A  =  <S4.  AT=4 

A^=a  =  AT,^- 


the  m  Root  is  the  7/  m  Root,  or  A"  j '  =  A'"". 

Demonjlr.    The  Reafon  of  this  is  contained  in  the  preceding,  be- 
caufe extrafting  of  Roots  is  oppofite  to  raifing  Powers.    Or  it  may 

be  demonftrated  thus:  Suppofe  A"'"=B,   then  A  =  B''"  {^x.  i,  2. 

^  nm 

for  A  is  the  ww  Power  of  its  w  w  Root^  and  A"'=B"'  =  B"   {Cor.  3.  Tbeor.  8.)     Again, 
A"i"  =  B    [Ax.  I.)   ButB=:A"n'j   therefore  A"f=A"'". 

Theorem     X. 

Any  Power  of  any  Root  of  a  Number  is  equal  to  the  fame  Root  of  the  fame  Power 
of  that  Number.    Thus,  the  Square  Root  of  the  Cube  of  any  Number  is  the  Cube  of 

the  Square  Root  of  that  Number.    Univerfally,  AM=A"r. 
Example : 


A=9.  A'^=3.  A:=729. 
A"5j=27=A'S"l'. 


Bemonfir.     Suppofe  A^=B,   then   is   A  =  B™   (Ax.   1.) 
and  A"  =  B™"  [Ax.  i.  with  Theor.  7.)     Again,  A",'"=B"' 


(Ax.  I.)  =B"  [Cor.i.  Tlieor.%.)    But  Cncc  A"'=B,  there- 

foreA'^=E''i  confequently  A"i"'=A"'' • 

U  2  SCHOL. 
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SCHOLIUMS. 

i.  J.  — T\n 

X.   When   A'"   is    rational   fo    alfo    is    A",'",  becaufe  this  is  equal  to  A""/  y  which 

i  A 

is  the  Power  of  a  rational  Root:  But  tho'  A"r  is  rational,  it  does  not  follow  that  A"  is 

fo,  as  one  Example  fhews.    Thus:  Let  A=5,  then  A''=A+  =  8i.    But  A'   is  Surd, 
for  3  has  not  a  Cube  Root. 

n 

1.  Here  we  learn,  that  A"  may  indifferently  be  taken  for  the  n  Power  of  the"  m  Root, 
or  the  m  Root  of  the  71  Power  of  A,  fince  thefe  are  equal.  So  that  henceforth  we  fhall 
take  it  either  way,  as  fliall  be  moft  ufeful.  Hence  alfo  we  have  a  Rule  for  exprefling  the 
Involution  of  a  fimple  Root,  or  the  Evolution  of  a  Cmple  Power. 

Theorem     XI. 

If  the  Index  of  a  mixt  Powev  (i.  e.  which  has  a  fradional  Index)  has  both  its  Mem- 
bers, Numerator  and  Denominator,  equally  multiplied  or  divided,  the  Produfts  or  Quotes 
put  in  place  of  the  others  make  an  equivalent  Expreffion,  or  exprefs  a  mixt  ("or  fimple) 
Power  or  Root  of  the  iame  Number  equal  in  Value  to  the  former.     Thus  r  =  -5,  and 

therefore  A'';^: A*.    Univerfally,  let»  =  «^,  ?n  =  ad.    Then  is  A"  (or  A»'J  =  Aj. 
'Example : 


A  =  i6-7772i6.  A*^=i6 
A'^  =  256.A'5=()5535. 


Dwionjlr.  A"  is  the  ad  Root  of  the  ah  Power  of  A  (by 
the  Notation)  which  is  the  d  Root  cf  the  a  Root  (Theor  9,) 
of  the  a  Power  of  the  l>  Power  {.Thcor.  8.)  Now  the  b 
Power  of  A  is  A"*,  and  the  a  Power  ot  this  is  A^*",  {Theor.  8) 
whofe  a  Root  is  A'',  (Theor.  8.  Cor.  2)  and  the  d  Root   of 


this  is  A  a  f/ifr  Notation)  jf.  A"^=AJ.     Or  the  Demonftra- 
tion  will  go  on  the  fame  way  by  taking  A»''  for  the  ah  Power  of  the  ad  Root. 

Theorem  XII. 

The  Simple  Power  of  a  Mixt  Power,  or  Mixt  Power  of  a  Simple,  of  any  Number, 
is  equal  to  a  Mixt  Power  of  the  fame  Number,  whofe  Numerator  is  the  Produd  of  the 
Simple  Index  by  the  Numerator  of  the  Mixt  one,  and  its  Denominator  that  of  the  Mixt 
one  ■    or,   in  (hort,  whole  Index  is  the  ProduS  of  the  two  given  Indexes.     Thus,  the  r 

JL  —  »  — V— 

Power  of  A'"  is  A""  j   which  is  alfo  the  -  Power  of  the  ■■  Power ;  /".  e.  A'''" . 


Demonpr.  A"  is  the  »  Power  of  the  m  Root  of 

A;  therefore  the  r  Power  of  A'"  is  the  r  Power  of 
the  w  Power  of  the  m  Root :  But  the  r  Power  of  the 


Example. 
A  =  409<).  A*  =  8.  A'*=5i2 
Squ.  of  A'^  or  A"*=  32768 

» Power  is  the  rn  Power,  (rheor.VUJ.)  therefore  the  r  Power  of  A~  is  the  r«  Power  of 

the  w  Root,  ;■.  e.  A'^.  (/>?/ Notation.)     Again,  This  is  alfo  the  -Power  of  A^:  For  the 

Index  "  is  the  w  Root  of  the  n  Power  j  wherefore  Al"^  is  the  w  Root  of  the  »  Power 

of  the  r  Power,  i.e.  the  w  Root  of  the  »r  Power,  or  nr  Power  of  the  m  Root; -viz.  A-. 

T  HE©- 
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Theorem  XIII. 

The  Simple  Root  of  a  Mixc  Power,  or  Mixt  Power  of  a  Simple  Root  of  any 
Number,  is  fucli  a  Mixt  Root  of  the  fame  Number,  whofe  Denominator  is  the  ProduA 
of  the  Simple  Index  into  the  Denominator  of  the  Mixt  one,  and  the  Numerator  that  of 
the  Mixt  one.  In  fhort,  whofe  Index  is  the  Quote  of  the  Mixt  one,  by  the  Name  o|-  the 
Simple  one,  or  the  Produdt  of  the  two  Indexes,  taking  the  Simple  Root  fradicinally:  Thus 

the  r  Root  of  A",  or  the  -  Root  of  A',  is  A^"" :  For  _H-r=  -x  -  =  — . 

m  m  m      r       mr 

Exampe^:  Demonfir.  A"  is  the  m  Root  of  the  »  Power  of  A;  there- 

A  =  655  36.  A'— 25(5.  fore  the  r  Root  of  A»  is  the  r  Root  of  the  w  Root  of  A", 

A^==  167772116.  Sq.  Root  j.  e.  the  rwj  Root,  (r/^^-or.  9.)  orA'"^.     Again,    thisisalfo 

of  AS  or  A*=:4096.  |    ^^^  «  j^^^^  ^^  p^        ^^  ^-j:    P^^  «            (f^^    the    „ 

Power  of  the  w  Root,  and  fo  the—  Root  of  A^  is  the  w  Power  of  the  m  Root  of  the  r 
Root,  i.e.  the  »  Power  of  the  ?ar  Root,  or  A™. 

Theorem     XIV. 

The  mixt  Power  of  a  mixt  Power  is  equal  to  a  mixt  Power  whofe  Index  is  the  Pro- 
duct of  the  given  Indexes.    Thus,  the  -  Power  of  the  -  Power  is  the  —  Power ,    i.  e, 

A"|'"=  A°". 

n  m  Ti^ 

Demonflr.     The  r  Power  of  A™  is  A",  [Theor.  12.)    and  the  s  Root  of  this  is  A"° 
{Tijeor.  13.)  which  is  therefore  the  s  Root  of  the  r  Power,  or  the  r  Power  of  the  s  Root 

of  A™. 

Theorem  XV. 

The  Produft  of  any  two  Roots  Simple  or  Mixt,  or  of  any  Power  and  Root  of  the 
feme  Number,  is  equal  to  fuch  a  Power  or  Root  of  the  fame  Number  whofe  Index  is  the 

.  1.1  '"'■n  "  ' 

m  TT  T    •■ 


Sum  of   the  given  Indexes.       Thus    Ax  A^  =  A"     f=A  "■•  j     and  A""/  A" 

r     I    s  n  s+  m  r 

Am        r=A      °"        i    Alfo, 


r  _1_ s  n  at  in  r  r  s  ns-^r 

■  ■ '3,  A"  X  A~=  A"  >"""  =  a""^". 


Demovfir.  The  moft  univerfal  Cafe  or  Expreffion  is  A '"  X  A  '  j  for  by  fuppofing  w 
or  r,  or  each  of  them,  equal  to  i,  you  make  them  Simple  Roots  j  and  by  making  m  or  s 
equal  to  i,  you  make  that  Term  a  Simple  Power :  And  fo  all  the  Variety  fuppofed  in  the 
Theorem  will  be  demonftrated  in  this  one  Form ;   thus :  The  Thing  to   be  demonftrated 

n  r  n  r  s  s-f'Oi  r 

is,  that  A^X  A~  =  A^r*  =  =  A~^^^^    :  In  order  to  which,  fuppofe  A"'  =  B,  and  A""- 

—  IS  n  I  mr  r 

~D;  then  is  B'^'=A'"'  {.Ax.i.)  =A~  (Theor. XI.)    Alfo  D^  =  A'"  =  A'*"^     and 

n  S-+  m  f  I  1  I 

BD  =  A"s  X  A">'  =  A"Hiiir  (Thecr.6.)  Hence  A    >"•    =BD~»=  B^  x  D~»  = 

n  T 

A^  X  A^.  ,      T  H  Eo- 
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Theorem  XVI. 

The  Qiiote  of  any  two  Roots,  SimpL'  or  Mixt,  or  of  any  Power  and  Root  of  the 
fame  Number,  is  equal  to  fuch  a  Power  or  Root  of  the  fame  Number,  whofe  Index  is 
the  Difference  of  the  given  Indexes,  when  the  Index  of  the  Dividend  is  greater  than  that 
of  the  Divifor.    But  if  the  Index  of  the  Divifor  is  the  greater,  fet  i  over  that  Number  fo 

n 

found,  or  divide  i  by  it,  and  tliis  Fradtion  or  Quote,  is  the  Quote  fought.    Thus  A"  -;- 

r  Jl       i  r'  -  -  m  r  in  r  —  n  t 

A~=A'"  s  =A   ■"'    when  —  is  greater   than-;    but  it  is  i   -h-  A    '^^     if-   is 

Idis  than  -.  All  other  Cafes  are  contain'd  in  this  Form. 

Bemovfir.  Suppofe  A"==iB,  and  A'n'-  =  D,  thea  is  B™i=»A'n^==  A™',  and  D^^  = 

A^=  A~i  alfo  B  ^  D  =  A"'-4-  A™--  =  A"=  — "•■.  {Theor.  VII.)     Hence  A~^ 

t  T  I  n  r 

=B-^Dn«  =  B"~-:-  T)~*—  A^ ~  A~. 

n  Y  .-    «•    p    —    t-' 

But  if  -  is  lefs  than  -  ,  then  alfo  is  wy  Ie(s  th^  hfL  aftd  therefore  A"»-h  A""'  is  a  pro- 
7n      _  s  *^ 

per  Fraftion.  Let  us  fuppofe  wr  =«x-f-  <*,  or  wr — v's  =  a,  then  is  A""'  -h  A">''  = 
A"s  ^- A'^'  +  ^i  but  A"*^  *  "  =  A"5  X  As  ( r/;for.  VI. )  wherefore  reduce  the  Fradtion 
A''«-^A™^  or  A"*  H- A"' f " »  to  lower  Terms  by  dividing  both  by  A"^  the  new  and  equi- 
valent Fradion  is  i-^-A"=i-^A'"'— "S  but  A"» -H  A™"- =  B -^  D,  which  is  therefore 

m  r — n  s  ^  i  i  n  t  ' 

zszi^r-A^"  — "':  Hence  i-^A^"'    =s  b -i-  D~'  =  Bms-^-D'i^^s  A"^-r-  A~/ 

General  Scholium  relating  to  the  preceding  Theorems. 

From  the  preceding  Theorems  we  have  Rules  for  the  Multiplication,  Divifion,  Invo- 
lution and  Evolution  of  Numbers  expreffed  in  Form  of  Powers  or  Roots  of  other  Num- 
bers, /.  e.  for  a  more  fimple  and  convenient  ExpreiTion  of  the  Produds  and  Quotes.  Powers 
and  Roots ;  and  the  Subftance  of  the  whole  may  be  reprefented  in  four  General  Rules, 
which  bein?  particularly  exemplified,  will  fhew  in  one  fhort  View  all  the  preceding  Theo- 
ry. And  obfervc.  That  in  order  to  reduce  it  to  fo  few  Rules,  any  Expreffion  made  of  any 
Letter  A,  with  any  Index,  Integral  or  Fradlional,  may  be  called  a  Fo'u:er  of  A;  for  it's 
fuch  a  Power  as  the  Numerator  expreffes,  of  a  certain  Root  expreffed  by  the  Deno- 
minator. 

Rule  I.  Add  the  Indexes  of  any  two  Powers  of  the  fame  Number  A,  and  the  Sum 
is  the  Index  of  a  Power  equal  to  the  Produft  of  the  other  two. 

Rule  II.  The  Difference  of  the  Indexes  of  two  Powers  of  A,  is  the  Index  of  a 
Power  equal  to  the  Qiiote  of  the  other  two;  minding,  that  if  the  Index  of  the  Divifor  is 
greateft,  1  is  to  be  fct  over  the  Power  found,  and  that  fradlional  Expreflion  is  the  true 
Qiiote. 

Rule  III.    If  the  Index  of  a  given  Power  of  A  is  multiplied  by  another  Index,  the 

Product  is  the  Index  of  a  Power  v/nich  is  equal  to  fuch  a  Power  of  the  given  Power  as 

I  that 
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that  other  Index  denominates.  And  becaufe  the  Word  Voiuer  does  here  (ifjnify  both  what 
is  in  a  more  particular  Definition  call'd  Poiv-'r  and  Root,  therefore  this  Rule  comprehends 
both  Involution  and  Evolution. 

Rule  IV.    If  to  the  Produift  or  Quote  of  two  Numbers  any  Index  is  applied,  the 
ExpreflTion  is  equal  to  the  Produft  or  Quote  of  the  fame  Powers  of  thefe  two  Numbers. 


Rule     i. 

A"xA'=A  ■ 
A"x  A'=A  ~ 
A"xA'=A  '' 
A"kA'  =  A  ■■" 
A~xA'=A" 

Rule  2. 
A"-hA'"=A"— ">,  or  A' 
A»-!-A'^= 
A' 
A' 


Examples  of  thefe  Rules. 

Tljeor.    I  R  u  L  E     3. 

^th.     I     A^"  =  A'""     .    -    .    - 

A'", "  —  A"""    -    ~    "    "■ 

A^'1  =  A''    -    -    - 


15th. 


■'-!-A'  =  A~^ ) 

."-hA' =A  "■  ,ori-H-A  "  f 

r  -lis — r  »       ni  1 

A"H-A"=  A  '  ,  ori~A  '  >"i 

A'n-r-A^=sA  *"*  ,ori-^A  ■"'      \ 

A"  -^  A'  =  A  °"  .,  on  -^  A  "        i* 


6ch. 


a1"-  =  A' 


A~ 

fi 

Arm 


Rule    4. 
A"  X  B"  ="aB  '     -     - 

A"-r-B"=A"=^"      -       ■ 

A^  X  B"=aB^    -     - 
A" 


-^B°  =  A-^B"    - 

n 


A=-r-B"=A=^'"       - 


Theor. 
8th. 
9th. 

loth. 
I2th. 

13th. 
14th. 

ift. 

2d. 
-     3d. 

4th. 

5tb. 
.    5th. 


Theorem  XVII. 
I F  the  »  Power  of  one  Number  is  equal  to  the  m  Power  of  another,  then  is  the  m 
Root  of  the  firft  equal  to  the  »  Root  of  the  fecond :  Thus  if  A"  =  B'",  then  is  A^  =  B'*- 

n  in  »_ 

Denunfir.  Since  A"  =  B"',  then  is  A'«'=  B,  (Ax.  \.)  and  B"  =  A«"',   {4x.  i.)  =  A™> 
(Theor  XI.) 

The  Reverfe  is  alfo  true,  viz.  That  if  A™  =B",  therefore  A"  =  B'"  i  for  A'~=B"=jB.and 
therefore  A"=B'''. 


:itn:9r  J. 


yi  jofi  biii'w 


ScfipLiuii. 


«i 
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S  c  H  o  L I  u  M.    This  Theorem  may  be  made  yet  more  univerfal  by  taking  any  Mixt 

n  r 

Index,  and  making  the  Theorem  thus:   IfA">=:Bs  then  isA"«=B™;  and  hence  again, 

t  I  n  I  t        -      1 

A""  =  B"»:  For  the  firft,  fuppofe  A"  =<»,  and  B^=l>,  then  is  A'"=  <»™and  B~  =  f'j 

wherefore  i*™  =h';  and  hence,  ( as  is  already  fliewn )   a' =h"'.    But  <»  =  A",  and  i= 

Bf,  therefore  a^=  A"',  andi"'  =  B"";  that  is,  A"»=B™;  whence  again,  Ai^=B^». 

I  I 

C  o  R  o  L  L.    It  A"  =B™,  and  if  A"  is  Rational,  fo  alfo  is  B" ,  fmce  they  are  equal. 

Theorem  XVIII. 

If  A"  =  B™,  call  m — »=</.  Then  is  A"*  a  Power  of  the  Order  w,  and  B'' a  Power  of  the 
1  i 

Order  ?i;i.  e.  A™,  and  B"  are  both  Rational,  tho' they  are  not  always  equal. 

Demonfir.  Since  A"  =  B'"  =B''  +  '',  (for  m  =  n-\~  J)  multiply  bcth  by  A'';  and  then 
A"  +  '^=B"  +  ''xA"';  therefore  A""  is  aPowcr  of  the  Order  Ji-j-d  orm,  [byCoroll  2.  Theor.  II.) 
Divide  both  by  B'*  and  it  is  A"-H3''  =  B''i  therefore  B""  js  a  Power  of  the  Order  w,  [Coroil. 

5.  Theor.  II )  i-  e.  A^  and  B~  are  both  Rational. 
Co  ROLL.    If  d=i,  that  is,  w  =  «-}-i,  then  A  has  an  »-j-  i  Root,  and  B  an  »Root: 

/.e.  A'-and&'are  both  rational;  as  they  are  alfo  equal  by  the  Theorem. 

L  E  M  M  A. 
If   any     Fraftion  -  is  in   its  leaft  Terms,    or    is    not    fo,  then,  accordingly,  any 

Power  of   this    Fraftion ,     as  — ,  is  alfo  in  its  loweft  Terms,  or  is  not  fo.     And  the 

Co7iverfe,  if  —  is  or  is  not  in  its  lowed  Terms,  accordingly  -  is  or  is  not  fo. 

The  Vevwfiflration  of  this  Truth  muft  be  referred  to  another  Place,  becaufe  it  depends 
upon  Principles  not  yet  explained:  You'll  find  it  demonftrated  in  Book  V.Ch.l.  Theor.  13. 
Coroil.  In  the  mean  time  we  muft  fuppofe  it  to  be  true,  for  the  fake  of  feme  things  be- 
longing to  this  Book,  whofe  Demonftration  depends  upon  this  Lemma,  and  whicl\  could 
not  be'fo  regularly  referred. 

Theorem  XIX. 

I F  any  Integer  A  has  not  a  propofcd  Root  in  Integers,  it  can  have  no  determinate 
Root  of  that  Order ;  i.  e.  it  is  a  Surd  Power  of  that  Order.  Or  thus :  If  an  Integer  A 
is  not  the  Power  of  a  certain  Order  of  an  integral  Root,  it  cannot  be  fo  of  a  fractional. 

Example.  7  has  no  Square  or  Cube  Root  in  Integers,  and  therefore  has  no  fuch  deter- 
minate Root  in  a  Fradion. 

Demonftr.      Let  -r  be  any  Fradion  in  its  loweft  Terms,  and  fuch  as  is  not  equal  to  any 

a" 
Inregcr,  i.  e.  let  r  be  greater  than  i ,  then,  by  t\it Lemma,  —   is  alfo  a  Fraftion  in  its  loweft 

Terms :  and  confequently,  r"  is  not  an  aliquot  Part  of  A"  i  nor,  confequently,  is  —  an 

Integeri  for  in  thisCafe^  would  not  be  in  its  loweft  Terms:   Hence  again  it's  clear,  that 
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no  Fradion  (fuch  as  is  not  equal  to  an  Integer)  can  be  any  Root  to  a  Whole  Number: 
Forfuppofc-  to  be  the  »  Root  of  A,   then  is  -^  =  A;  but  if'-  is  in  its  Icaft Terms,  fo 

is  i_-  therefore  — ;,  not  an  Integer  is  equal  to  A  an  Integer,   which  is  abfurd.     Again,  if 
to"'  '" 

—is  not  in  its  lead  Terms,  let  -  be  its  Icaft  .Terms ;  then,  becaufc  —  =  -  therefore    —^= 
l.  =  A.  But     being  in  its  leaft  Terms,  fo  is  — ;  whence  the  fame  Abfurdity  as  before. 


CHAP.     II. 

Containijtg  //5^  Practice  of  Involution  and  Evolution. 

§.  I.     Probl.     O/'Involution,  or  Raifing  of  lowers. 

TH  E  General  Rule  for  the  Praftice  of  Involution  is  plainly  contained  in  the  Defi- 
nition, and  is  nothing  elfe  but  a  continued  Multiplication  of  the  Root  into  it  felf, 
whereby,  to  come  at  any  higher  Power,  we  muft  make  up  the  Series  of  all  the 
interior  Powers :  Thus j  the  Series  of  the  Powers  of  3  is  3:9:27:81:243,  &(.  By 
this  Operation  3x3x3x3x3,  z^c. 

But  there  is  a  particular  Method  whereby  all  Powers  above  the  Cube  or  3d  Power  may 
be  found,  without  actually  finding  all  the  inferior  Powers ;  Which  Rule  is  this : 

Rule.  Find,  by  the  general  Rule,  two  or  more  fuch  Powers  of  the  given  Root  as 
that  the  Sum  of  their  Indexes  be  equal  to  the  Index  of  the  Power  required  j  then  multiply 
thefe  Powers  continually  into  one  another ;  the  Produdt  is  the  Power  fought.  Or  find  any 
one  Power  whofe  Index  is  an  aliquot  Part  of  the  Index  of  the  Power  fought,  and  involve 
that  Power  to  an  Index  equal  to  the  Denominator  of  that  aliquot  Part. 

Example  i.  To  find  the  7th  Power  of  4,  I  find  the  2d,  3d,  and  4th  Powers i  w».  16, 
64,  256  j  then  the  3d  X  4th,  or  64  X  256=  16384  the  7th  Power  j  becaufe  3-4-4=7.  Or 
inftead  of  finding  the  4th  Power  I  find  the  5th,  by  multiplying  the  2d  and  3a;  viz. 
16x64=  1024;  then  the  2dx  5th,  or  16  X  1024=16384  the  7th  Power. 

Example  2.  To  find  the  12th  Power  of  3,  I  find  the  Square,  viz.  3  x  3  =  9 ;  the 
Square  of  the  Square,  or  9  x  9  =  8 1  is  the  4th  Power;  again,  the  2d  x  4th,  or  9  x  81  ^ 
729  the  6th  Power;  then  6th  x  6th,  or  729  x  729  =  531441  the  12th  Power. 

I  need  infift  no  more  on  this  Pradice;  the  Reafin  of  which  is  plainly  contained  in  the 
preceding  Theor.  VI.  But  I  muft  ohferve.  That  it  does  not  in  every  Cafe  give  any  Advan- 
tage either  of  Eafe  or  Expeditioufnefs  to  the  Work  ;  yet  as  it  will  do  fo  in  many  Cafes,  and 
in  none  can  it  make  the  Operation  more  tedious,  it  will  always  be  a  very  convenient 
Method. 

Of  the  Praftice  in  Univerfal  CharaSlers. 

A  s  to  the  literal  Practice,  or  Involution  of  Numbers  reprefented  by  Letters  and  Indexes, 
this  is  alfo  fufficiently  explained  in  the  preceding  Definitions  and  Theore  ms. 

X  But 
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But  obferve.  That  when  a  Root  is  reprefented  as  a  complex  Quantity ;  for  Example,  If 
inftead  of  S  we  put  A-f-B,  its  Powers  may  be  reprcfeiued  two  different  Ways^   Thus, 

A  +  B''  A+b'  or  A  +  B  ;  which  Method  is  in  fome  Cafes  fufficienti  hut  inpthersit's 
neceffary  to  have  the  Operation  performed^  and  the  Power  expreffed  according  to  the  Re- 
fult  -of  the  Multiplication ;  fo  that  the  Index  be  applied  only  to  the  fingle  Letters :  Thuj, 

A  -j-B'  =  A»-f>2  AB-f-B*.  The  moft  confiderable  and  important  of  all  thefe  Cafes  of 
complex  Roots,  with  their  Powers,  is  that  wherein  there  are  only  two  Members  in  the 
Root,  asA~f-B,  called  hence  a  Binomial  Rootj  or  A  —  B,  called  a  Rffdual  Root;  the 
Confideration  of  whofe  Powers,  i.e.  of  their  Compofition  by  the  various  Powers  and 
Multiples  of  the  different  Members  of  the  Root,  has  been  found  of  very  great  Ufe  in 
Mathematicks,  and  in  Arithmetick,  efpecially  for  tlie  Bufinels  o(  ,the  Extra<ftion  of  Roots  j 
in  order  to  which  I  fhall  here  explain  it. 

Of  the  Compofition  of  the  Poiaen  of  a  Binomial  and  Refidual  Root. 

In  the  annex'd  Operation  you  fee  the  feveral  Powers  of  A  -f-  B  raifed  by  Multiplying, 
according  to  the  common  Rules,  each  Member  of  the  Root  into  each  Member  of  the 
feveral  Powers,  which  produces  the  next  Powers  j  in  which  thefe  Things  are  remarkable. 

Obfervatioos  on  the  Table  of  Powers. 

I.  In  the  ExprefTion  of  each  Power  there  are  as  many  and  no  more  different  Members, 
(  which  contain  different  Powers  of  the  Parts  of  the  Root  A  and  B )  as  the  Index  -f  i 

exprefles:   For  tho'  each  Member 

Table  of  Powers  raifed f-om  the  'Root  A  +  B-  of  any  of  the  Powers  being  multi- 
plied by  A  and  B  feparately,   do 

Root.            A  +  B  make  in  all  twice  as  many  Produds 

Azh^  8s  the  Terms  in  the  Power  multi- 

"A'-  -}-  A^  plied  j  yet  each  of  the  Series  of  Pro- 

4-  A  B  +  Bi^  duds  by  A  and  B  have  all  their 

Square.          A^ -f- 3  AB+1»  Terms  (imilar,   except  the  firft  Pro- 

A  _L  B  ^^^  hy  A,  and  the  laft  by  B ;  for 

A3  +  2A^;&+AS^"  thefe  two  are  A"  and  B"  i  ;...  the 

4_  A^B-4-->  A  B^-l-B5  ^^^  Series  of  Products  by  A  and 

-,  ,                 ^'-'   I '"■,',  L>  r — 'v  dT"'i   o'.'  B  contain  in  their  feveral  Members 

€"b^-           ^'       a"^V^     +  the  fame  Powers  of  A  and  B,   ex- 

.rrr;    L-.,i,  .■..^~'7 ;•  ,s — i — r-R-  cept  die  firfl  Term  of  the  Line  of 

^    7"i-^'^7"r?^,    'To^,  „  Produdtsby  A,  which  is  A",  and 

+  A-  B  +  1  A-  B^  +  ^  A  Bs  -f  B4  ^^^  ^^^  y^^^  ^p  ^^e  Line  by  B, 

4th  Power.   A^  +  4  As  B  +  6  A^  B^  -j-  4  A  B?  -f  B^    ^hich  is  B" ;  confequendy,  thefe  fi- 
(^■c.  milar  Produds  are  reducible   to  a 

more  fimple  Expreflion  by  adding 
them  together,  ( i.  e.  addding  the  Numbers  by  which  they  are  multiplied,  and  joining  the 
common  or  fimilar  Letters  wi:h  their  Indexes  j  thus.  A*  B-f- 3  A5B=  4  A^  B  j  alfo  5A- 
B^-f-  ^  A'B'-==(}  A»B"i  which  explains  the  Reafon  of  placing  the  Lines  of  Products  by 
A  and  B,  as  is  here  done,  viz..  in  order  to  the  Addition  of  fimilar  Produ<5ls.  That  this 
Obfervation  will  hold  true  however  far  the  Powers  are  carried,  is  easily  feen  from  the  Na- 
ture of  the  Thing ;  which  will  yet  farther  appear  from  the  next  Obfervation,  in  which  we 
have  a  joint  Demonflration  of  this. 

II.  Each  Power  of  A  -\-  B  contains  a  Scries  of  gradually  different  Powers  of  A  and  of  B : 

Tbus,  The  Index  of  any  Power  of  X^^  being  n,  the  firlt  Tertn  is  fimply  A",  and  the 

laft 
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laft  is  B" ;  the  iotermediare  Terms  containing  each  a  different  Power  of  botli  A  and  B, 
multiplied  together;  the  Index  of  A  dccreafing  gradually  by  i  in  each  Term  from  A"  to 
the  Term  preceding  the  laft,  or  B",  in  which  it  is  fimply  A ;  and  the  Indexes  of  B  increafing 
the  fame  way  from  the  Term  next  after  A",  in  which  it  is  only  B,  to  the  laft,  or  B"  \  fo 
tliatinall  the  intermediate  Terms  there  is  fome  Power  of  A  and  of  B;  and  the  Sum  of  their 
Indexes  is  equal  to  n,  the  Index  of  the  Power  propofed  of  A  -f-  B.  Therefore,  omitting  the 
other  Numbers,  which  are  Multipliers  in  the  feveral  Terras  of  any  Power  of  a  Binomial,  whofe 
Index  is  »,  thefe  Terms,  in  as  far  as  they  arc  compofcd  of  the  Powers  of  A  and  B,  may  be 
reprefcnted  thus ; 

A"  -}-  A"—'  X  B  +  A"—-  X  B^  +  A"— 3  xBs  +  &c.  h?- x  B"— ^  +  A  x  B"— '  +  B". 

wherein  there  are  as  many  Members  z%  n-\~\,  according  to  the  firft  Obfervation;  and  the 
Index  of  B,  or  the  Number  taken  from  n  in  the  Index  of  A,  is  the  Number  of  Terms 
after  A"  to  any  Term. 

This  Ohfervation  we  fee  to  be  true  fo  far  as  the  Table  of  Powers  is  carried  ;  and  that  ic 
muft  be  true  for  ever,  is  eafy  to  perceive.  Or  it  may  be  demonftrated,  thus:  Suppofe  it's 
true  in  any  one  Cafe  or  Power  of  A  -f-  B,  as  the  n  Power,  it  muft  be  true  in  the  next 
Cafe,  or  the  n-\-i  Power :  becaufe  when  each  Term  of  the  given  Power  is  multiplied  by 

A,     the    Produds 
A"  +  a'x B + Ax B*+  Ax B3  +,  (^<-.  +  A x  B x B"  "^"^  '^^^  A  ?"" 


A  +  B 


more   involved    in 
them   than  in   the 

a"  +  A"  x  B  4-  Ax  B-  4-  Ax  B5  +,-^<r.  +  A-  x  B^-f  A  x  B"  T^",™    "^"'^'P^'^i^  = 

^  "^  ..,         ■    „..         '  ^  „.,  And  fince  the  In- 

+  A"xB  +  AxB^  +  AxB5+,e^<:.-f  AixB  +  AxB"+B"-*-'        dexesof  Adecreafe 

gradually  from  A" 
in  theTerms  multiplied,  confequently  they  will  decreafe  gradually  from  A"t'  in  the  Series  of 
Produdls ;  the  Powers  of  B  continuing  as  they  were.  Again ;  The  Series  of  ProdutSs  made  by  B 
muft  have  B  once  more  involved  in  each  j  aiid  confequently  increafing  gradually  from  BtoB"-t ', 
leaving  the  Powers  of  A  as  they  were  :  But  again,  Thefe  Produdts  made  by  B  are  all  of  them,  (ex- 
cept the  laft  B"+'j  fimilar  to  the  feveral  Produds,  (after  the  firft  A"+  V  made  by  A;  becaufe 
the  Indexes  of  A  in  the  given  Power  decreafing  from  the  firft  Term  A",  which  has  no 
Power  of  B  multiplied  into  it,  and  thofe  of  B  increafing  from  thefecond  Terra  A" — '  X  B 
to  the  laft  Term  B",  it's  plain  that  A  multiplied  into  any  Term  except  the  firft  A",  and  B 
multiplied  into  the  preceding,  muft  make  fimilar  Produces;  for  A  multiplied  into  any 
Term  raifes  the  Index  of  the  Power  of  A  by  i,  which  makes  it  equal  to  the  Index  of  A 
in  the  preceding  Term,  without  changing  that  of  B  ;  and  B  multiplied  in  the  preceding 
Term,  raifes  the  Power  of  B  in  it  to  tlie  Index  of  B  in  the  following  Term,  without 
changing  that  of  A;  confequently  thefe  Produds;  are  fimilar,  which  makes  the  thing  ob- 
fcrved  manifeftly  true  in  any  Cafe,  in  confequence  of  its  being  true  in  the  preceding:  But 
it's  true  in  the  Root  .or  ift  Power,  and  as  far  as  we  have  carried  the  Powers,  there- 
fore it's  univerfally  true.  And  this  alfb  is  manifeft,  that  the  Sum  of  the  Indexes  of  A  and 
B  that  are  in  any  Term,  is  always  equal  to  the  Index  of  the  Binomial  Power,  viz..  n.  Add 
alfo  this  Obfervation,  that  the  Index  of  A  or  B  is  always  i  lels  than  the  Number  of  Terms 
from  A"  or  B",  to  that  Term. 

Scholium.  If  any  one  Member  of  a  Binomial  is  i,  as  A  -f- 1,  then  the  Powers  of 
I  bein»  all  i,  the  Powers  of  fuch  a  Root  will  confift  only  of  the  Series  of  the  Powers  of 
A,  and  i  added;  thus,  A"-f  A"— '  -f-A"— ^+  6-c.-\~  i.  Or  thus,  i -f- A  +  A» -f  2^<'- 
4-  A". 

III.  The  Numbers  v/hich  in  every  Power  are  multiplied  into  the  feveral  Terms  are  called 
Coefficients  ( i  e.  joint  Multipliers  or  Fadors  j  of  thefeTerms  jand  froru  the  Manner  of  raifing 
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the  Powers  this  is  to  be  obferved.  That  the  Coefficients  of  the  firft  and  laft  Terms  are  i, 
and  thofe  of  the  intermediate  Terms  are  each  the  Sum  of  the  Coefficients  of  tlie  corre- 
fponding  and  preceding  Terms  of  the  preceding  Power;  thus.  The  Coefficient  of  the 
third  Term  of  the  4th  Power  is  6,  equal  to  3+3,  the  Coefficients  of  the  3d  and  2d 
Terms  of  tlie  3d  Power,  (  fee  the  preceding  Table  of  Powers. )  Now  that  you  may  per- 
ceive the  Reafon  of  this,  and  that  it  muft  continue  fo  for  ever  in  all  Powers,  confider 
thefe  two  Articles : 

fi.)  The  Produds  of  the  feveral  Terms  of  any  Power,  made  by  A  or  by  B,  do  not 
change  the  Coefficients  of  the  Terms  multiplied,  becaufe  A  and  B  have  no  Coefficient 

but  I-  Then 

(a.)  The  fimilar  Produfts  made  by  A  and  by  B  are  thefe,  viz.  The  Produdt  of  the 
2d  Term,  (of  the  Power  multiplied )  by  A,  and  the  Produtfi:  of  the  ift  Term  by  B ;  the 
3d  Term  by  A,  and  the  2d  Term  by  B;  and  fo  on.  Which  fimilar  Produds  are  added 
by  the  adding  of  their  Coefficients,  and  annexing  the  fimilar  Parts  or  Powers  of  A  and  B. 

Now  froni  thefe  two  Things  the  univerfal  Truth  of  the  Obfervation  is  raanifefti  and 
the  annex'd  Table,  fo  far  as  it  is  carried  on  by  this  Rule,  (hews  the  Series  of  Coefficients 
of  any  Power  of  a  Binomial. 

T  A  B  L  E  0/  Coefficients  of  the  Voviers  of  a 
'Binomial  Root. 


2d 
3d 
&  4th 

"  5th 
6th 
7th 
8th 
t)th 


o 


Coefficients. 

I  :  I 

1:2:    I 

t:3:    3:    I 

I :4:  6:    4:      i 

1:5:10:10:      5:      I 

1:6:15:20:    15:     6:    I 

1:7:21  :  35:    35  ••   =1:    !■■ 
I :8:28:56:    70:    56:28: 
1 :  9:  36: 84: 126:  126: 84 

1 

8:1 
36:9:1 

C  o  R  o  L  L.  From  the  two  laft  Obfer- 
vations  we  learn  a  new  and  eafier  Way 
than  the  common,  for  raifing  any  Power 
of  a  Binomial  Root.  Thus:  take  the  Se- 
ries of  Produdts  of  the  Powers  of  A  and 
B,  according  to  the  fecond  Obfervati- 
on ;  and  to  thefe  apply  the  proper  Coef- 
ficients, as  they  ftand  in  this  Table;  and  if 
^ou  have  no  fuch  Table,  you  muft  raife 
one,  as  far  as  the  propofed  Power ;  which 
being  done  by  fimple  Addition,  is  much 
eafier  than  the  common  Rule.  Thus,  for 
Example;  The  4th  Power  of  A  4-  B  is 
A+  +  4A3B  +  6A»E»  +  4AB:-fB*. 

Bur,  again,  to  make  this  yet  eafier,  fee  the  following  Obfervation,  and  its  Corollary. 
IV.  Any  two  Coefficients  in  the  Series  belonging  to  each  Power  are  the  fame  Numbers, 
if  they  are  taken  at  equal  Diftances  from  the  Extremes,  ( which  have  both  i )  for  the 
Coefficients  increafe  from  the  one  Extreme  to  the  Middle  Term,  where  there  is  one  Mid- 
dle Term,  and  decreafe  from  that  to  the  other  Extreme  by  the  fame  Series  by  which  they 
HiCreafed ;  and  if  there  are  two  Middle  Terms,  thefe  are  equal,  and  they  decreafe  upon 
each  hand  by  the  fame  Numbers  to  the  Extremes.  The  univerfal  Truth  of  this  is  manifeft 
from  the  way  of  conftrudting  the  Table :  For  being  true  in  any  Cafe,  (as  we  fee  it  is  as  far 
as  the  Table  is  carried)  it  muft  be  true  in  the  next  Cafe  or  Power,  and  foon  for  ever.  And 
hence  again,  if  we  call  the  Place  of  any  Term  from  the  one  Extreme  a,  the  other  Term 
whofe  Coefficient  is  equal,  is  from  the  fame  Extreme  in  the  Place  exprefied  by  « — "-{-z 
( » being  the  Index  or  the  Power  j  For  the  whole  Number  of  Terms  is  n-\~i,  by  Ob- 
ferv.  I.  And  that  Term  which  is  in  the  a  Place,  from  the  one  Extreme,  mufl  neceflarily 
be  m  the  n  -j-i  — ^  -\-\-==.n  —  a-j-z  Place  from  the  other  Extreme.  And  fince  Co- 
efficients at  equal  Diftances  from  the  two  Extremes  are  equal;  hence  it  is,  that  reckoning 
them  both  from  the  fame  Extreme,  their  Places  are  a  and  n —  a -{-2..  Again,  If  we  call 
the  Index  n  =  a-\-b  —  2.  (ie.  add  2  to  the  Index,  and  fuppofe  the  Sum  n-\-2  =  a-\-h, 
whereby  «  =  <»  +  t  —  2 )   then  are  the  Coefficients  equal  which  are  in  the  a  and  i>  Places 

fromi 
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from  the  fame  Ertreme;  for  b  =  n —  a-\~2;  and  we  have  feen  already  that  the  Coeffi- 
cients, in  the  <j  and  «  —  a-\~2  Places  are  equal. 

In  the  laft  Place,  take  Notice,  That  the  2d  Term  from  either  Extreme  has  for  its  Co- 
efficient the  Index  of  the  Power.  „^ 

Co  ROLL.  Hence,  in  making  up  the  Table  of  Coefficients  for  any  Power,  as  A-f-B  ' 

when  we  are  come  to  that  Series  which  has  as  many  Terms  as  ■  ~  ■  i.  e.  the  half  Num- 
ber of  Terms  belonging  to  the  propofed  Power  w,  when  that  Number  w  -f- 1  is  an  even 
Number ;  or  that  has  as  many  Terms  as      ■  ■-  when  w  -}-  i  is  an  odd  Number ;  we  need 

raifc  the  following  Series  of  the  Table  to  no  more  Terms,  till  we  come  to  the  propofed 
Power  »j  and  the  remaining  Terms  of  it  are  the  fame  with  thefe  already  found,  taken  in 
a  reverfe  Order,  as  above  explained.  Thus :  To  find  the  Coefficients  of  the  9th  Power, 
which  has  ten  Terms  ^  when  you  have  arrived,  in  making  the  Table,  at  the  4th  Power, 
which  has  five  Terms ,  you  need  raifc  no  more  Terms  in  the  following  Series  till  you  come 
to  the  loth,  and  then  make  the  remaining  five  Terms  of  it  the  fame  with  the  preceding, 
in  a  reverfe  Order.  And  for  the  8th  Power,  which  has  nine  Terms,  you  muft  alfo  have 
the  Coefficients  compleat  to  the  4th  Power,  which  has  five  Terms ;  and  when  you  come 
to  the  8th,  the  remaining  four  are  the  fame  with  the  firft  four  reverfcly. 

V.  The  preceding  Obfervations  were  all  obvious:  But  the  following  moft  valuable 
Property  of  the  Coefficients,  in  which  we  have  a  curious  Rule  for  finding  the  Coefficients 
of  any  Power  without  regard  to  the  preceding  Powers,  we  owe  to  the  happy  Genius  of 
the  incomparable  Sir  Isaac  Newton  ;  Vvhich  is  this,  I'iz,. 

Rule.  The  Coefficient  of  any  Term  is  equal  to  the  FroduB  of  the  Coefficient  of  the  preceding 
Terra  multiplied  into  the  Index  of  A  in  that  preceding  Term,  and  divided  by  the  Number  of 
Term!  from  A"  to  that  Term :  And  becaufe  the  Coefficients  of  the  firft  and  fecond  Terms 
are  always  known,  which  are  1  and  n,  by  Obferv.  4.  therefore  it  is  plain,  that  by  this  Rule 
the  Series  of  Coefficients  of  any  Power  may  be  found  independently  of  preceding  Powers. 

Exam.  The  Coefficient  of  the  fourth  Term  of  the  eighth  Power  is  56,  the  Index  of 
A  in  that  Term  is  5  ;  then  56x5=: 280,  and  280-7-4=70,  which  is  the  5th Term. 

In  order  to  the  Demonfiration  of  this  Rule,  we  ffiall  firft  explain  the  univerfal  Expreffion 
of  it  in  Letters,  which  is  this :  Take  the  Index  of  the  Power  n,  and  make  this  Series  of 

Faftors,  i  X  -  x  '^^^  x  ^JUl  x  2Zli  x  ^11^  x,  &c.  carrying  it  to  a  Number  of  Terms  equal 
12  3  4  5  '    °  ^ 

te  » -j- 1  j  and  the  firft  Term  or   i  is  the  Coefficient  of  the  firft  Term  of  the  Power ; 

1  X  -  or  fimply  n  is  the  fecond  Coefficient ;  i  x  -  x  is  the  third  Coefficient,  and'  fo 

on,  taking  in  always  one  FadVor  more  at  every  Step,  till  you  have  all  the  Coefficients  be- 
longing to  that  Power,  which  are  in  Number  n-\-i.  But,  as  is  before  obferv'd,  having 
found  them  for  the  one  half  of  the  Terms,  or  to  the  middle  Term,  the  other  half  is  found 
alfo  without  any  farther  Operation. 

Now  that  this  is  a  true  and  juft  Expreffion  of  the  preceding  Rule,  will  be  plain  from 
thefe  Confiderations :  i.  That  the  firft  and  fecond  Terms  are  in  all  Cafes  i  and;;.  2. That 
the  Inaex  of  A  decreafts  continually  from  A"  the  firft  Term;  A"—'  being  the  fecond, 
and  fo  onj  v;hercby  it  is  manifeft,  that  according  to  this  Rule  with  that  in  Ohferv.  2.  the 
»  Power  of  A  -}-  B  is  reprcfentcd  as  in  the  following  Series ;  which  is  called 

The  Binomial  Theorem. 


Tt — I      ,"■'  „,    ,  n — r      » — 2 


ATB  =  ixA"-fix»xAxB  +  ix«x  -;^xAxB^  +  ix«x^x  '-L-ixAxBJ 

-f- 1  X  «x X X '  x  Ax  B+-f-,  &c.  which  is  carried  to  a  Number  of  Terms 

equal 
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equal  to  »  +  i  j  and  then  the  laft  Term  will  be  B"i   the  Index  of  A  being  0,  whereby  A 
is  out  of  that  Term  j  and  the  Coefficient  is  i. 

Before  we  come  to  the  Demonftration,  we  muft  obfcrve  upon  this  Exprcflion  of  the 
Rule  for  the  Coefficients,  that  the  Numbers  taken  from  71  in  the  Numerators  arc  always 
1  lefs  than  the  Denominators^  and  thefe  fwhich  are  alio  equal  to  the  Index  of  B,  or  the 
Number  taken  from  w  in  the  Index  of  A)  being  in  Arithmetical  Progreffion  increafmg 
from  I,  the  Numerators  are  in  Arithmetical  Progreffion  decreafing  from  n.  Hence  the 
Denominator  of  the  laft  Faftor  in  each  Coefficient  is  the  Number  of  Faftors  after  i^ 
and  is  alfo  the  Number  of  Terms  after  A"  to  that  Term ;  wherefore  if  the  Denominator 
of  the  laft  Fadtor  of  any  Coefficient  is  called  a,  that  Term  is  in  the  <i-4-  i  place  from  the 
beginning;  or  if  it  is  in  the^  Place,  that  Denominator  is  a — i.  Wherefore  the  Coeffici- 
ent of  the  a  Place  of  the  n  Power  is  i  x  »  x  -^^,  &c.  carried  on  till  the  laft  Fador,  is 

2 

«     **.+? .  or,  make  a  the  Place  of  the  Term  after  the  firft,  i.  e.  the  Number  of  Terms 
a  — I 

T  •  then  the  Coefficient  is  i  x  «x  "      ■,  (drc.  to  - — ^^  .    And  if  we  take  this  Series  of 


Faftors  backwards. 


•,  it  is  - — **         X ^ti,  ^c.   to  I,    when  a  is  the  Number  of 


2 
» 


Terms-  or  *"    x— — -^^I—,  (^c.  to  i,  when  a-\-i  is  the  Number  of  Terms.  We 

'  a  a  —  I 

fliall  next  demonftrate  the  univerfal  Truth  of  this  Rule  for  Coefficients.    Thus: 

Demonjlration  of  the  peceding  Rule  /or  Coefficients. 

I.  If  the  Rule  is  good  in  any  one  Cafe  or  Power  of  A+B,  as  the  w  Power,  it  muft 
therefore  be  good  in  the  next  Power,  or  »+i.  To  prove  this  Connedion,  fee  the  two 
following  Series ;  whereof  the  firft  contains  the  Coefficients  for  the  a  Power,  according  to 
the  Rule;  and  the  other  the  Coefficients  for  the  n+i  Power,  according  to  the  fame 
Rule ;  and  becaufe  i  does  not  multiply,  I  have  omitted  it  in  all  the  Coefficients  but  the 
firft,  which  is  itfelf  i. 

W      Pt        «— I       ft       »•-— I        «  — 2      ft       »— I        tt—2        M  —  l  r      , 

For  the  »  Power,   i,    -5  -x-— ^j  rX"^-  x-^-J  7 ^ "T"  ^  "T~ ^ "7^5  *^'- 
Forthe«+iPower,i,'4=^,2±ix-^,li^x-x— j-^x^x-^  x -p,  &c. 

By  Ohferv.  1.  the  Coefficients  of  any  Power  of  A  +  B  are  each  equal  to  the  Sum  of 
the  Coefficients  of  the  correfponding  and  preceding  Terms  of  the  preceding  Power  of 
A+B-  wherefore  the  firft  Series  being  the  true  Coefficients  of  the  n  Powers,  the  fecond 
will  be' the  true  Coefficients  of  the  ?/+  i  Power;  providing  that  they  have  this  Connedi- 
on  with  the  former,  -viz..  that  any  Term  is  the  Sum  of  the  correfponding  and  preceding 
Terms  of  that  former;  which  is  therefore  the  thing  to  be  proved.    Thus: 

The  firft  Coefficient  in  all  Powers  is  i ;  then  the  Sum  of  the  firft  and  fecond  Coeffici- 
ents of  the  »  Power  is  i  +- =^^^t-i  the  fecond  Term  of  the  fecond  Series;    Again,  the 

Sum  of  the  fecond  and  third  Terms  of  the  firft  Series  is  *+  *  x  -j-  =  -  x  i  + 1— - 
__«^M+i__w+_i^  -  (by  changing  the  Order  of  the  Numerators,  which  does  not 
change  the  Produft)  and  this  is  the  third  Term  of  the  fecond  Series;  then  the  Sum  of 


A 
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the  thiiJ  and  foiircli  Terms  of  the  firfl:  Series  is  "x"      ^  -i-"  x  ''~^  x  "      '  =  "-X  ^^ 

1212312. 

X  I  +  :ii::3  =-  x  '^i^=^  x  HlL=!L±I  x  "  x  'LZ^  (  by  changing  only  the  Order  of 

the  Numerators,  which  does  not  change  the  Product)  and  this  is  the  fourth  Term  of  the  (econd 
Series.  From  the  Nature  of  theCe  Series,  it's  evident  they  muft  have,  evcry-where,  the 
fame  Conneflion  j  or  we  may  alfo  (liew  the  Univerfality  of  ir.     Thus: 

By  what's  fhewn  in  the  Obfervation  made  upon  the  Expreffion  of  this  Rule,  the  Coeffi- 
cient of  any  Term,  as  that  in  the  a  Place  after  the  firft  or  A",  may  be  thus  expreffed, 

I  X  -  X  ^i=l-'  X,  &c.  X  ^Llll±3  X  fZZf±i,  and  the  preceding  Term  will  be  i  x  -  x  'fZl'x 
I         2  a  —  I  a  J.  o  12 

5^r.  X  ""'''"?,  which  contains  all  the  Faftors  of  t&e  other  except  the  lafl.    The  Sum 
a — I 

of  thefe  two  is  therefore,  i  x  ?  X  "-=1  x,  &c.  x  "-■*+-  x  i  +"~'''^'  =  ix".X 

I  2  a — I  a  I 

1=J  X,  &c.  X  "JUl+lx  l±i  =  I  X  "-±1  x  « X  ^ni X,  &c.  X  tZZl+l,  (by  chan- 

2  <J  —  I  <<  I  z       ■   3  «  '    ' 

ging  the  Order  of  the  Numerators^  which  is  the  <?Term  after  the  firft  in  the  w-f-  i  Pow- 
er j  becaufe  the  Denominators  are  the  fame  Series,  i,2>'^,  dfc.  to  a,  which  are  the  Deno- 
minators in  all  Powers^  and  the  Numerators  decreafe  gradually  from  the  Index  »-f-i;  fo 
that  the  Number  fubtradted  from  the  Index  »-f~  't  i"  'he  laft,  is  lefs  by  one  than  the  De- 
nominator, (as  has  been  obferved  and  explained  upon  this  Expreffion  of  the  Rule)  j  for  the 
laft  Numerator  is  here  » — <»-(-  2  =  «-j- i  — (ij-t  ==n~\-i  — a —  i. 

2.  But  this  Rule  is  true  when  applied,  to  the  firft  Power,  and  to  all  the  Powers  as  far 
as  we  have  raifed  them  in  the  preceding  Table  j  therefore,  by  what's  now  fiicwn,  it's  true 
in  the  next  Power  above;  and  confequently  in  all  above,  ;,  e.  m  all  the  Powers  whatever 
of  A-f  B. 

SCHOLIUMS. 

i/?.  Different  Authors  have  made  different  Demonftrations  of  this  Rule;  I  have  chofen 
what  I  think  as  eafy  as  any  of  them,  and  fitteft  for  this  place.  In  Book  V.  Chap.  6.  you'll 
find  another  Demonftration  of  it  from  Principles  which  have  not,  as  I  know,  been  appli- 
ed to  this  purpoie. 

2.  If  inftead  of  a  Binomial  A-f-B  we  take  a  Refidual  A — B,  it's  manifeft  that  all  the 
Difference  bct\vixt  its  Powers  and  thefe  of  A  -f-  B  will  be.  That  whereas  all  the  Members 
of  the  Binomial  Powers  are  added  togedier,  thefe  of  the  Refidual  Powers  will  be  conneded 
with  the  Signs  of  Addition  and  Subllradion,  alternately ;  but  the  Powers  of  A  and  B,  with 

die  Coefficients  are  the  very  fame:   Thus,  A  — B'  =  A*  —  2  AB-f-E*,  and  A —  iJ  = 

A^— 3  A»B+  3  AE*— B=;  alfo  A^=TJ*=  A*  —  4  A^  B -f  6  A'B^— 4  A  Bs  +  E+i 
andfo  on. 

3.  In  applying  this  Rule  for  finding  any  Coefficient,  (  either  of  a  Binomial  or  Refidual ) 
obferve  to  take  its  Place  from  the  neareft  Extreme,  A"  or  B",  which  will  make  the  Ope- 
ration  fhorter,  and  produce  the  fame  Number,  fince  the  Coefficients  are  the  fame  Series 
of  Numbers,  from  either  Extreme.  Thus,  to  find  the  Coefficients  in  the  a  Place  (from, 
either  Extreme)  of  the  »  Power:  Comparer,  and  w  —  a-f- 2  (for,  by  Oh ferv.  ^.  the  Co- 
efficients in  the  a,  and  n  —  a-\-  z  Places,  from  the  fame  or  different  Extreme,  arc  equal.) 
Which  ever  of  thefe  Numbers  is  leaft,  find  the  Coefficient  for  that  Place.  ExarnpU:  To 
find  the  7th  Coefficient  of  the  loth  Power ;  I  find  the  5th  Coefficient,  which  is  equal 
to  the  7th;  for  if  »=  10.  7  =  *,  then  is »  —  <i-{-2=^-.  4.  Jho' 
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4.  Tho'  we  had  taken  no  notice  of  the  Equality  of  Coefficients  at  equal  Diftances  from 
the  two  Extremes,  yet  the  Rule  now  demonilrated  would  ha\c  (hewn  it  of  itfelF:  Thus. 

The  Theorem  for   Coefficients  is    i  x  -x  "         x  ^ x 3  x,  ^c.  "      "'t''-  . 

13  3  4  <2    .       ' 

which  is  the  Coefficient  in  the  a-\-i  Place,  or  the  d  Place  after  the  firft.  Now  the  Nu- 
merators decreafe  from  w  to  w  —  a-\-  i,  or-n  — a — i,  by  a  conftant  Difference  i,  and 
the  Denominators  increafe  from  i  to  'K  Again ;  Since  the  Number  of  Terms  in  the  w 
Power  is  n-j-i,  and  in  every  Coefficient  there  are  as  many  F;?dors  as  the  Number  of 
Terms  from  the  Beginning,  or  A" ;  therefore,  if  we  want  the  laft  Coefficient,  or  that  in 
the  n-j-i  Place,  then  is  «  =  »  j  and  confequently,  «  -|-  i  =  «  -j-  i,  and  n  —  a-\-i  = 
n  —  »-f-i  =  i;  fo  that  the  Numerators  and  Denominators  are  the  very  fame  Series  of 
Numbers,  only  in  different  Order,  which  alters  not  the  Produft  j  and  being  equal,  there- 

fore  the  Produd  is  =  i.     Let  us  now  exprefs  the  Series  thus:  i  x  -  x  x  • &c. 

'^  '123 

— - —  x  — = —  X  - ;  it's  plain  the  laft  Coefficient  but  one,  is  the  Produdl  of  this  Series, 

excluding- j  which  Produd  is  equal  to  ix  -,  for  all  the  other  Fadors  upon  each  hand  of 

the  middle  one,  ("whofe  Numerator  and  Denominator  muft  be  equal)  are  reciprocal  to  one 
another,  and  fo  make  the  Produft  of  them  all  only  i  ^  or  if  there  are  two  middle  ones 
they  are  Reciprocals.    By  the  fame  Reafon,  the  Coefficient  in  the  laft  Place  but  two,  is 

is  I  X-  x :    For  excluding x  -,  the  middle  Terms  after deftroy    one 

12  °  n —  I      w  2  ' 

another's  Effed,  and  make  their  total  Produd  no  more  than  i :  The  fame  Reafoning 
holds  in  every  Place.  And  hence  again  obferve,  that  if  we  apply  the  Rule  to  find  a  Co- 
efficient ftanding  from  the  firft  Place  further  than  the  middle  Place,  or  the  laft  of  two 
middle  Places  ^  then  whenever  in  writing  down  the  Fadors,  we  come  to  one  whofe  Nu- 
merator and  Denominator  are  equal,  or  to  two  adjacent  Fadors  that  are  Reciprocals,  there 
we  may  ftopj  for  what  follows  will  deftroy  the  Effed  of  as  many  of  thefe  preceding  that 
one  whofe  Numerator  and  Denominator  are  equal,  or  the  firft  of  thefe  two  adjacent  Reci- 
procals, as  the  remaining  Number  to  be  yet  let  down;  and  therefore,  by  cutting  off  (b 
many  of  the  Fadors  (as  leaves  a  Number  equal  to  the  Place  of  the  Coefficient  fought, 
number'd  from  the  neareft  Extreme)  we  have  what's  fought:  Thus;   For  the  8th  Coeffi- 

ri  uTi  •■  100876^4,.,.  10      9 

cient  of  the  loth  Power,  itisix— x-x-x-x-x  -rX-;  which  is  =  i  x  —  x  - 

1234567'  12 

g 
X  - )  for  the  reft  deftroy  one  another,  being  Reciprocals. 

^.  Ifwetaketheperpendicular  Columns  of  theTableof  Coefficients,  it's  plain  thefe  are  Co- 
efficients all  in  the  fame  Place,  or  Diftance  from  the  Beginning  in  different  Powers  \  and 
may  be  called  Similar  Coefficients  of  different  Powers.  Again ;  We  have  explained 
above,  that  if  the  Place  of  any  Coefficient  is  a,    the  laft  Fador  that  compofes  it  is 

- — ^itij  and  fo  that  Coefficient  will  be  i  x-  x  -""'  y.,&c.  x  ^ — tllLl-   then 
a  —  I  1  2  a  —  I 

by  changing  the  Value  of  w  this  will  expreft  all  the  fimilar  Coefficients  in  the  a  Place  of 
different  Powers :  obferving  this.  That  the  loweft  Value  we  can  put  upon  n  is  <j  —  i ; 
becaufe  no  Power  below  that  of  the  Order  a  —  i  can  have  a  Number  of  Terms  equal 
to  <j  (by  Obferv.  i.j;  and  if  n  =  a — i,  the  Coefficient  will  be  1;  for  it  is  the  <» Co- 
efficient of  the<j —  I  Power,  which  being  the  laft  Coefficient,  is  therefore  i,  and  is  confe- 
quently the  firft  Term  of  the  Series  of  fimilir  Coefficients  of  different  Powers,  from  that 
v/hofe  Index  is  ^ —  i :  So  that  by  taking  w  fucceffively  equal  to  a —  i,  a,  a-\-i>  drc.  we 
fliall  have  the  Series  of  Coefficients  of  the  a  Place  of  thofe  different  Powers  whofe  In- 
dexes are  a  —  i,  <?,  a-\-i,  a~\-  2>  &c.  But 
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But  we  may  exprefs  this  Rule  alio  thus :    Inftead  of  «  put  a  -\~  h  —  2,  and  it  is 

aA-b- — '2      aA-h — 1         ,  a-\-h — 2  —  a  —  2  h  ,.  .  ,. 

I  X  — 3_ X  — -C X  e-f .    to  — ■ or ;  which,  according  to 

I  2  a —  I  a —  I  ° 

the  general  Rule  of  Coefficients,  is  the  Coefficient  of  the  n  Term  of  the  a-\-b  —  2 
Power i  and  by  taking  h  fucceffively  equal  to  i,  2,  3,  &c.  we  fhall  have  hereby  the  Se- 
ries of  Coefficients  in  the  a  Place  of  all  Powers  fro?//  the  a  —  i  Power ^  for  if  b=i, 
then  iso-f-t  —  2  =  a — i,  and  the  Rule  gives  the  firfl  limilar  Coefficient,  which  is  al- 
ways li  if  6  =  2,  then  a-\-b  —  2  =  a,  and  we  have  the  fecond  fimilar  Coefficient;  if 
i=3,  then<T-f-^ — 2  =  <j-f-i,  and  we  have  the  third  limilar  Coefficient,  and  lb  on: 

-,      -  ,  !     ,      >      -r.    I    ■  ^  —  2       7n — 3     ,  m  —  a 

Or  if  we  take  m=a~\~  b,  the  Rule  is  i  x X  &c.  x  . 

'  I  a  a — I 

Hence  again  we  have  this  general  Truth  to  obfcrve,  viz..  That  the  a  Coefficient  of  any 
Power  whofe  Index  is  <«  -f"  ^  —  -'  "  ^'""^  '^"^^  ^^  ^^^  ^  Term  of  the  Series  of  fimilar  Coef- 
ficients which  are  in  the  a  Place  of  different  Powers.  And  this  will  ealily  be  proved 
from  thefe  two  Conliderations :  The  ift  is  what  we  have  already  explained,  ■viz.  That  if 
the  Index  of  any  Power  is  a-\-b  —  2,  then  the  a  Coefficient  of  that  Power  is  equal  to 
its  b  Coefficient  (See  Ohferv.  4  )  The  2d  is.  That  from  any  Term  in  the  Table  of 
Coefficients,  ( ;'  e.  any  Coefficient  of  any  Power )  there  Hand  as  many  Terras  on  the  right 
hand,  as  there  are  Terms  above  i:  in  the  perpendicular  Column  of  fimilar  Coefficients ; 
and  therefore  that  Term  is  in  the  fame  Place  of  the  fimilar  Coefficients,  and  of  the  Line 
of  Coefficients  of  that  Power,  numbering  from  the  right  hand:  Wherefore  it's  plain,  that 
the  a  Coefficient  (reckoning  from  tlie  left  hand)  of  the  a -f-^  —  2  Power,  is  the  fame  as 
the  h  Term  of  the  Column  of  fimilar  Coefficients  in  the  a  Place  of  different  Powers,  be- 
caufe  it's  the  (ame  as  the  b  Coefficient  from  the  Right  of  the  fame  Power. 

COROLLARIES. 

1.  Thefe  Expreffions  of  Powers  of  a  Binomial  Root  fliew  us  how  the  Difference  be- 
twixt any  two  fimilar  Powers  is  compofed  of  the  various  Powers  and  Multiples  of  any 
one  of  the  Roots,  and  the  Difference  betwixt  the  Roots:  Thus,  A  being  one  Root,  and 
B  the  Difference  of  that  and  another  A  -|-  B,  or  A  —  B,  the  Difference  of  their  Squares 
is2AB  +  B^     Hence 

Having  any  Power  of  any  Root,  we  can  find  another  fimilar  Power  whofe  Root  ffiall 
differ  from  the  given  one  by  any  Difference,  and  that  without  either  knowing  or  enqui- 
ring what  that  other  Root  is. 

For  Examf>le :  14a.  is  the  Square  of  12;  and  if  the  Difference  betwixt  this  Root  and 
another  is  9,  hence  the  Square  of  that  other  is  144-l-^X  12  x  9  +  81  =  144-4- 216 -f- 81 
=  441,  if  12  is  the  lellerRooti  but  it  is  144  —  216  +  81  =  9,  if  12  is  the  greater  Root. 

Obfirve,  If  the  given  Difference  B  is  i,  then  in  all  the  Terms  wherein  there  is  any  Power 
of  B,  we  have  nothing  but  the  Powers  of  A,  with  the  Coefficienrs ;  except  the  lall:  Term 

B",  which  (lands  alone,  and  is  1 :,  for  A4r£''=  A*-f-  2  A  -f-  i,  and  a+  i'  =  A5-f-3  A* 
+  3  A+i. 

2.  We  have  here  alfo  learnt  another  Way  of  Raifing  a  given  Number  to  any  Power,  by 
means  of  the  fimilar  Powers  of  the  Binomial:  Thus; 

T'ake  all  the  lignificant  Figure;  of  the  given  Number  in  their  compieat  Value,  as  fo  many 
different  Members  that  compofe  it,  by  Addition;  then  rake  the  two  highcft,  calling  them 
A  and  B :  Raife  this  Binomial  to  the  propofed  Power ;  then  confider  the  firft  two^Mem- 
bers  as  one;  call  their  Sum  again  A,  and  call  the  next  Member  B,  and  raife  this  new  Bi- 
nomial to  the  fame  Power;  in  doing  of  which,  obferve,  that  fo  much  of  the  Work  is 
already  done,  becaufe  tie  n  Power  of  the  firft  Member  of  the  prefent  Binomial  is  the  to- 
tal Power  of  the  preceding  Binomial,  which  is  already  found ;  io  that  what  remains  is  to 
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make  up  the  other  Members  of  the  Power  fought,  according  to  the  general  Canon.  In 
the  fame  manner  confider  the  three  higheft  Members  as  one,  and  call  it  A,  and  join  the 
next  Member,  calling  it  B,  and  raife  this  Binomial ;  and  thus  proceed  till  all  the  Members 
arc  taken  in. 

Example :   To  find  the  Square  of  lifi  =  20c -\-\o-\-6,  the  Operation  is 

200 -[-40  =40000+ 1 6000 -|- i<Soo  =  57600 
A4rB*  =    A»    +  2AB+  B^ 

57(Joo  +  2880  -f.  56  =  (J0J16  the  Square  fought. 
+  2AB  +  B^ 


Then    3.|.o  +  6 

If  there  are  more  Members,  you  muft  go  on  the  fame  Way. 

Example  2.  To  find  the  Cube  of  235  =  200-1-30-1-5.  the  Work  is 

200 -f-  30  =  8000000 -f-  3600000-}- 540000 -f-  27000  =  12167009 
A  +  Q'      =      A3      +    3A^B+3ABi+     Bs 

Then  330  +  5' =12167000-}- 793500 -f  17250+  125  =  12977875  the  Cube  fought. 

A  +  B'    =       A3       +  3A»B  +  3AB»  +  B3 

Scholium.  As  to  this  Method  of  railing  Powers,  it's  more  tedious  than  the  com- 
mon Way,  and  therefore  not  to  be  recommended  for  Practice ;  the  Defign  of  confidering 
it  here  being  only  for  the  fake  of  a  particular  Illuftration  to  be  made  by  it  of  the  Rules  of 
Extradtion. 

§,  II.    0/  E  V  o  L  u  T  I  o  Nj  or  Extradion  of  Roots. 
P  A  R  T  I.     Of  Whole  Numbers. 

Problem  I.     To  extraSl  the  Square  Root  of  a  Whole  Number. 

Rule  I-  TN  Order  to  the  Solution  of  this  Problem,  we  muft  have  a  Table  of  fimple 
A  Squares,  or  Squares  of  Numbers  from  i  to  9,  as  here  in  the  Margin  :  Then 
^        II.    Beginning  at  the  Right  hand,  diftinguifti  the  Figures  of  the  given  Num- 
ber into  Periods  of  two  Figures  as  long  as  you  can,  by  putting  a  Point   over 
the  firft  Figure,  and  over  every  other  Figure,  i.  e.  pafling  one,  take  the  next. 

Example:  1849  is  pointed  thus,  1849,  and  34968  thus,  34968 j  the  pointed 
Figure  being  the  firft  of  each  Period,  and  that  on  its  Left  the  other  j  tho'  the 
laft  Period  may  fometimcs  have  but  one  Figure. 

The  given  Number  being  thus  pointed,  the  Number  of  Points  or  Periods 
fhews  us  how  many  Figures  the  Root  confifts  of  i  to  find  which  we  proceed 
thus : 

III.  Take  the  laft  Period,  ( or  that  next  the  Left )  and  feek  it,  or  the  next 
lefler  Number  you  can  find,  in  the  Table  of  Cmple  Squares,  the  Root  of  this 
is  the  firft  Figure  on  the  Left  of  the  Root  fought;  which  being  written  down 
to  the  Right  of  the  given  Number,  as  we  do  the  Quote  in  Divifion,  then  fet 
down  its  Square  under  the  laft  Period,  and  take  their  Difference,  to  which 
prefix  the  next  Period  of  the  given  Number ;  And  all  this  taken  for  one  Num- 
ber 
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ber,  as  it  ftands,  we  call  the  Second  Refolvcnd,   becaufe  out  of  it  we  feek  the  next  Fi- 
gure of  the  Root,  ( the  lall  Period  being  the  firft  Refolvend  )  thus : 

IV.  Confider  the  Figure  found  as  having  o  before  it,  and  then  multiply  it  by  2, 
(  which  is  in  effed,  multiplying  it  by  20 ;  ^  make  this  Produdl  a  Divifor,  and  find  how 
ofc  it  is  contained  in  the  Refolvend  j  which,  to  the  prefcnt  purpofe,  mull  not  be  taken 
above  nine  times ^  tho'  in  forae  Cafes  it  may  be  oftner  contained;  and  then  alfo  it  mu(t 
be  under  this  Limitation,  wz.  that  the  Square  of  the  Quote,  or  Figure  now  fet  in  the 
Root,  added  to  its  Produd:  by  the  Divifor,  the  Sum  do  not  exceed  the  Refolvend:  Or, 
which  is  the  fame  thing,  put  the  Quote,  or  fuppofe  it  pur,  in  the  Place  of  the  o  which 
ftands  in  the  Place  of  Units  of  the  Divifor  j  then  multiplying  the  whole  by  the  Quote, 
the  Produd  muft  not  exceed  the  Refolvend  :  For  if  it  do,  the  Figure  taken  is  too  great, 
and  you  muft  try  a  leflfer,  till  it  anfwer.  The  Figure  thus  found  is  the  next  Figure  of 
the  Root  fought,  which  muft  be  fet  on  the  Right  of  the  laft:  And  fetting  the  Sum  or 
Produdt  mention'd  under  the  Refolvend,  take  their  Difference,  to  which  prefix  the  next 
Period  of  the  given  Number ;  and  all  this  confidered  as  one  Number,  is  your  next  Re- 
folvend i  out  of  which  the  next  Figure  is  to  be  fought  thus: 

V.  Take  both  the  Figures  of  the  Root  found,  as  they  ftand,  for  one  Number ;  dou- 
ble it,  and  prefix  o,  ( or  prefix  o,  and  then  double,  which  is  the  fame  thing, )  and  this 
is  your  Divifor :  Find  how  oft  it  is  contained  in  the  Refolvend,  under  the  iame  Limita- 
tions as  formerly ;  place  the  Figure  found  on  the  Right  of  thefe  before  found,  and  fub- 
flradting  the  Produft  diredled  to  be  compared  with  the  Refolvend  from  itj  to  tho  Diffe- 
rence prefix  the  next  Period,  and  you  have  the  next  Refolvend  ;  to  which  make  a  Divifor 
out  of  the  Figures  of  the  Root  already  found,  the  fame  way  as  before  j  and  thus  proceed 
till  all  the  Periods  are  employed,  finding  a  new  Figure  of  the  Root  for  every  Period: 
And  if  at  any  Step  the  Divifor  is  greater  than  the  Refolvend,  or  if  i  added  to  the  Divifor 
makes  the  Sum  greater  than  the  Refolvend ;  then  place  o  in  the  Root,  and  prefix  another 
Period,  forming  a  new  Divifor  by  fetting  another  o  to  the  former  Divifor,  and  fo  go  on. 

Examples. 
Ex.  I.   To  find  the  Square  Root  of  1369,  it  is  37,  as  found  by  this 
Operation. 

Explication. 

The  given  Number  being  pointed,  the  laft  Perfod 
is  13,  and  the  next  Square  to  this  is  9,  whofe  Root 
is  3,  which  is  the  laft  Figure  of  the  Rootj  and  call- 
ing it  a,  I  take  ^^  =9  out  of  13,  and  to  the  re- 
maining 4.  I  prefix  the  next  Period  69,  which  makes 
469  the  2d  Refolvend:  Then  talking  <7=:  30,  I  dou- 
ble it,  and  make  2  a  =  60  a  Divifor;  and  feeking 
how  oft  it  is  contained  in  469,  under  the  Limita- 
tions of  the  Rule,  I  find  it  7  times,  which  is  therefore  the  other  Figure  of  the  Root  i 
v;hich  is  proved  by  this,  that  j.ab-\-h^=^  4(^0,  the  Refolvend ;  and  becaufe  there  is  no 
Remainder,  the  given  Number  1369  is  a  true  Square,  whofe  Root  is  37. 


2<»  =  6o'\  469.  2d  Refolvend. 
(tf=:3ojy  469  =  2  «  6 -f- 6=- 
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Example  2.  To  find  the  Square  Root  of  23097636,  it  is  ^^06. 
Operation. 

(ahbb  Explication. 

,  ,.    .         i^^*^  The  laft  Period  being  23,    the  next 

^-=    16  .f._  Square  Icffer    is   \6,   whole  Root  is  4, 

,  T.   r  1'^     J  which    I  place  in  the   Root,    and  cali- 

709.  2d  Refolvcnd  ing  it  a,  I  take  a^=  16  out  of  23,  and 

7o^.~2al>-\-b^  (h—Z)  to  the  Remainder   7  I  prefix  the  next 

^  J  r.  r  ,       J  Period  90,  which  makes  jt>9  the  2d  Re- 

2a  =  960^       576.  3d  Reroivend.  folvend  :  Then  takings  =  4*,  according 

(■(j  =  48o)  y  '       ,   n  n       J  to  the  Rule,  I  double  it,  and  2X40  =  80 

2«  =  96oo^    57636.    4th  Refolvend.  jj  the  Divifor,   which  is  contain'd  in  the 

(a  —  4800)   J    — 7~r_       ,    ,   ,   /i_^s   Refolvend  8  timesj  which  Number  alio 

^j67,6~2ab  +  b-i^t>  —  6)   anfwers  the  Limitations  of  the  Rule :  For 

'  28  X  8    is    =  704  =    z  a  b  -{-  b'-,  OT 

°°°°°  2a-\-b  xb,  b  being  8,  wherefore  8  is  the 

next  Figure  of  the  Root  fought;  and  fub- 
ftrafting  704  from  709,  to  the  Remainder  5  I  prefix  the  next  Period  76,  and  576  is  the 
3d  Refolvend;  then  taking  <j  =  48o,  its  Double,  960,  is  the  Divifor;  which  being  greater 
than  the  Reiblvend,  I  fet  o  in  the  Root,  then  prefixing  the  next  Period  36,  the  4th  Re- 
folvend is  57636,  and  the  Divifor  is  9600,  («  being  here  4800  j  which  is  the  former  Dt- 
vifor  widi  o  prefix'd :  Then  I  find  9600  contained  in  57636,  6  times,  which  Number  an-r 
f,vering  the  Limitation  of  the  Rule,  I  fet  6  in  the  Root,  and  calling  it  b,  I  find  2  ab 
^^1  =57636,  the  Refolvend;  fo  that  nothing  remains;  And  fo  the  given  Number 
23067636  is  a  perfed  Square,  whofe  Root  is  4806. 

SCHOLIUMS. 

I.  If  you  begin  your  Guefs  or  Trial  for  the  Qi'ote  in  any  of  the  Steps  after  the  firft, 
at  the  greateft  Number  of  times,  not  exceeding  9,  that  the  Divifor  is  contain'd  in  the  Re- 
folvend ;  Then  the  Limitation  of  the  Rule  for  the  Number  to  be  compared  with  the  Re- 
folvend is  fuflficient  to  determine  when  we  have  the  true  Figure ;  becaufe  if  that  Number 
is  greater  than  the  Refolvend  the  Quote  is  taken  too  big;  and  then  we  try  the  next  lefTer, 
till  it  anfwcr  the  Rule :  Yet  obferve,  tliat  if  you  fhould  make  trial  at  random,  then  tho' 
2.ab-^b^  be  le(s  than  the  Refolvend,  yet  the  Quote  b  may  be  too  little,  and  you'll  prove  it 
by  this  Mark,  'viz.  The  Remainder,  after  taking  2ab-j-b^  out  of  the  Refolvend,  may  be 
greater  than  the  Divifor,  but  it  muft  not  exceed  the  Sum  of  the  Divifor  and  double  the 
Quote,  ;'.  e.  2a-\-2b,  elfe  the  Quote  is  too  little:  See  belotv  the  Explication  ^Exam.  3. 
And  here  I  muft  obferve.  That  fome  Authors  think  the  forming  of  a  Divifor  an  ufelefs 
thin",  and  would  have  us  left  altogether  to  a  random  Gueft  for  the  Figure  of  the  Quote 
at  every  Step  after  the  firft,  tho'  they  prefcribe  the  fame  necelTary  Limitation  of  the  Figure 
gueffed :  Bjt  they  have  not  confidered  this  Conveniency  of  the  Divifor,  that  the  greateft 
Number  of  times  it  is  contained  in  the  Refolvend  not  exceeding  9,  is  a  Limit  to  our 
gueiring;  for  the  Figure  fought  cannot  exceed  that,  and  fo  will  in  many  Cafes  fave  the 
■J'roubfc  of  gueffing  at  Figures  which  cannot  anfwer,  Bcfides,  the  Divifor  is  of  a  necelTary 
Confideration  in  the  Demonftration  of  the  Rule;  and  a  further  Ufe  of  it,  fee  in  the  next 
Article. 

2.  If  the  Divifor  is  contained  in  the  Refolvcnd  oftner  than  9  times  in  any  Step  after  the 
ad,  the  Figure  fought  is  certainly  9:  And  alfo  in  the  2d  Step  it's  9,  if  the  firft  Figure  is 
at  the  &me  time,  5,  6,  7,  8,  or  9.  But  if  this  is  below  5,  wc  mull  make  trial  j  for  fome- 
timrs  it  wiil  be  9,  and  fony:tiQics  not.    See  Exam.  3,  4.  3-  For 
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3.  For  forming;  the  Divifor  a  little  more  eafily,  you  have  no  more  to  do  after  the  2d 
Step  but  add  the  double  of  the  Figure  laft  found  to  the  laft  Divifor,  and  then  prefix  o  j 
as  you  may  eafily  perceive  in  the  Example,'. 

4.  If  there  is  a  Remainder  after  all  the  Periods  arc  employed,  then  the  given  Num- 
ber is  not  a  pcrfeft  Square ;  and  the  Root  found  is  the  Root  of  the  greateft  Integral  Square 
contained  in  it.  How  to  find  a  Mixt  Root  whofe  Square  fliall  be  within  any  alligned  Dif- 
ference from  the  given  Number,  (hall  be  taught  in  its  proper  Place. 

Example  3.  To  find  the  Square  Root  of  151426.  By  the  Operation  we  find  it's  not  a 
Square,  but  the  Root  of  the  greateft  Integral  Square  contained  in  it  is  380. 

Operatiojt.  Explication. 

151426  /jSo  Vitxe  in  the  fecond  Step  60  is  contained  in  614, 

^1=;   p  V  10  times  J   yet   the  true  Quote,   or  Figure  for  the 


2X  3o  =  6o\  614 


544  =  2<jt-f-^'' 


2X38o  =  7(>o\     7626 

'     6021  = 


Root,  is  only  8 :  For  9  would  make  the  Produdt 
621,  which  is  greater  than  614:  And  had  we  ta- 
ken 7,  it  would  have  been  found  too  little,  from 
the  Mark  given  in  Schol.  i. ;  for  then  the  Produdt  is 
499,  which  taken  from  614  leaves  145,  which  is 
692i=2<»^  +  6'  greater  than  <o -|-  I (j  (or  2a -|-2^)  =7().  And 
becaufe  the  Remainder  of  the  whole  Work  is  105, 
the  greateft  Square  contained  in  151426  is  151321, 
whole  Root  is  389. 


105.  Remainder. 


Exdmple  4.    To  find  the  Square  Root  of  15437052  :   The  Root  of  the  greateft  Square 
contained  in  it  is  3929. 

Explication. 

In  the  fecond  Step,  60  is  contained  in  543 
JO  times,  and  the  true  Quote  is  9.  In  the 
third  Step,  780  is  contained  in  2270  only  2 
times j  and  7840  in  70652  9  times:  The 
Remainder  of  the  Operation  being  11.  So 
that  the  greateft  Square  contained  in  the  given 
Number  is  15437041,  whofe  Root  is  3929. 


OperMtion. 

15437052  ("3929 
<«^=  9 

2X  30  =  60"!  643.  2d  Refoivend. 
'   62\=2.ab-\-b'^. 


2X 


390  =  780)     2270.  3d  Refoivend. 
'      l'i6±  =  zab-\-b-. 


+i 


2 X  3920  =:  78401      70652  4th  Refoivend. 
/        70641   =2^^-f-iV 
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Demonftration  of  the  preceding  Rule. 

In  order  to  this  Demonftration,  the  follo-.ving  Lemma's  muft  be  firft  demonftratcd. 

LEMMA    I. 

The  ProQu<a  of  any  two  Numbers  can  have  at  moft  but  as  many  Places  of  Figures  a» 
are  m  both  the  Fadtors^  and  ac  leaft  but  one  Place  fewer.  Exam,  3  X  4=  12,  and  2  x  16. 
~?^-  Dem}njlr. 


A  =  \6-j%.  6  =  37549 

Ax  8  =  175654222 

D  =  100000.  Ax  0  =  4^7800000. 


A  =  25.  B=  J4<S 
A  8=7958 
D=:ioo.  AD=23oo. 
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Bemonpr.  r.  That  the  Produft  may  have  as  many  Places  as  both  the  Fadors,  one  Ex~ 
ample  is  enough  to  demonftiate.    Thus>  46  X  82=  3772  ■,  and  that  in  no  Cafe  it  can  have 
more,  I  thus  prove. 
Let  any  two  Numbers  be  A,  B  i  then  take  D  the  lead  Number  poffible,  which  has  one 

Place  more  than  8 ;  it's  evident  from  the  Notation 
of  Numbers,  that  D  will  confiCl  of  i,  wich  as  ma- 
ny o's  as  the  Number  of  Places  in  8^  and  alfo  D 
will  be  a  greater  Number  than   B;    if  we  then 
multiply  A  by  D,  the  Produdi  A  D  will  be  equal 
^o  A,  with  as  many  o's  before  it  as  are  in  D ,  ;.  e..  as  the  Number  of  Figures  in  8 :  there- 
ore  it  has  as  many  Places,  and  can  have  no  more  than  are  in  both  A  and  B.     But  again ; 
fince  B  is  a  lelTer  Number  than  D,  therefore  A  B  is  a  leffer  Number  than  A  D,  and  con- 
equently  cannot  have  more  Places,  /.  e.  more  than  are  in  A  and  8  both. 

2.  The  Produft  may  have  fewer  Places  than  are  in  A  and  B  both,  which  one  Example 
will  (hew.  Thus,  23  x  34(1=  7958  :  but  it  can  in  no  Cafe  have  above  one  Place  fewer, 
which  is  thus  proved. 

Take  any  two  Numbers  A,  8;  and  take  D  confifting  of  i, 
with  as  many  o's  before  it  as  the  Figures  lefs  than  one  in  8  j 
i.  e.  the  ieaft  Number  poffible,  which  has  as  many  Figures  as 
B;  then  will  the  Produdl  AD  be  equal  to  A,  with  as  many 
o's  before  it  as  are  in  D,  which  are  one  fewer  than  the  Figures 
in  B ;  confequently  A  D  has  as  many  Places,  and  can  have  no  fewer  than  the  Sum  of  the 
Places  in  A,  and  one  fewer  than  are  in  B ;  i.  e.  all  the  Places  in  A  D  can  be  but  one  fewer 
than  the  Sum  of  thofe  in  A  and  B.  But  fince  B  is  a  greater  Number  than  D,  fo  will  A  B 
be  greater  than  A  D ;  and  confequently  cannot  have  fewer  Places  than  A  D,  which  can  be 
but  one  fewer  than  in  A  and  B  both. 

C  o  R  o  L.  A  Number  being  multiplied  into  itfelf,  the  Produdl  or  Square  cannot  have 
more  Places  than  double  the  Places  of  the  Root;  and  but  one  fewer  at  Ieaft  than  that 
double.  Wherefore  a  Square  being  diftributed  into  Periods,  as  the  Rule  direds,  the  Root 
has  precifely  as  many  Figures  as  the  Square  has  Periods. 

LEMMA    II. 

If  any  Number  A  is  not  a  Square,  yet  being  diilributed  into  Periods,  according  to  the 
Rule,  the  greateft  Square  contained  in  it,  as  N^,  will  have  precifely  as  many  Periods  as 
that  Number  A  has. 

Exam.  237694  is  not  a  Square,  and  the  greateft  Square  contained  in  it  is  237169;  both 
which  have  three  Periods. 

Demonjir.  I.  N*  cannot  have  more  Periods  than  A;  for  then  it  will  have  more  Figures, 
and  confequently  be  a  greater  Number  than  A;  contrary  to  Suppoli- 
tion. 

2.  Take  i  with  as  many  o's  before  it  as  there  are  Figures  ftanding  be- 
fore the  laft  Period  of  A  for  on  the  right  Hand  of  k)  call  the  Number 
arifing  8;  then  it  is  plain  that  B  is  a  fquare  Number,  whofe  Root  is  i, 
with  half  as  many  o's  as  are  in  B.  For  to  fouare  any  Number  expreffed 
by  I  with  a  Number  of  o's  before  it,  it's  manifeft,  from  the  Nature  of 
Mui;ip!ication,  that  the  Square  is  i,  with  double  as  many  o's;  wherefore  B  is  a  Square  of 
as  many  Periods  as  A  has,  and  being  evidently  contained  in  it,  it  follows,  that  the  greateft 
Square  contained  in  it  cannot  have  fewer. 

CoROL.  The  Root  of  the  greateft  Square,  contained  in  any  Number  A  which  is 
not  a  Square,  hath  as  many  Figures  as  A  has  Periods;  for  it  has  as  many  as  its  own  Square 

I  has 


A=  37694 
N^  =  257169 
B=  10000 
B^  =  100. 


: 22733824-  B47<j8 
D  r 
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has  Periods  (by  Corol.  "Lemma  i.)   which  are  as  many  as  A  has,   by  the  prefent  Iheo- 
rcm, 

LEMMA    III. 

Any  Number  being  diftributcd  into  Periods,  the  grer^tcfl;  Square  cont?ined  in  the  laft 
Period  on  the  left,  conlidered  as  one  Number  by  itfelf,  is  the  Square  of  the  laft  Figure 
of  the  Root  of  the  given  Number,  if  it  is  a  perfedt  Square  j  or  of  the  Root  of  the  great- 
eft  Square  contained  in  it,  if  it's  not  a  Square.  Again ;  the  greatcft  Square  contained  in 
the  two  laft  Periods,  taken  as  one  Number  by  themfelves,  is  the  Square  of  the  laft  two 
Figures  of  the  Root  of  the  given  Number,  or  of  the  greatcft  Square  contained  in  it  j  and 
the  fame  thing  is  true,  comparing  the  3  or  4,  d"f.  laft  Periods,  with  the  Square  of  the  3 
or  4,  (^f-  laft  Figures  of  the  Root  of  the  given  Number,  or  of  the  greatcft  Square  con- 
tained in  it. 

Demonflr.  Let  A  be  any  Number,  and  B  the  Square  Root  thereof,  or  of  the  greateft 
Square  contained  in  it  j  alfo  let  D  rcprefent  the  laft,  or  2  laft,  ©"f-  Periods  of  A,  [as  in 
the  annexd  Example,  take  D  =  22  or  2273,  °'"  227338]  and  let  r  reprefent  the  laft,  or 
2  laft,  &c.  Figures  of  the  Root  B,  [as  here  4  or  47,  or  476] ;  fo  that  r=-  is  the  Square  of 
that  laft,  or  2,  &c.  laft  Figures  of  the  Root  B. 

Thefe  things  being  fettled,  the  Truths  to  be  proved  are  comprehended  in  one  univerfal 
Cafe,  which  is  this,  -viz.  that  r^  in  the  greateft  Square  contained  in  D  ■■,  which  I  fliali  de- 
monftrate  in  two  At  tides:  Thus, 

1.  r'- is  contained  in  D  i  forfince  {by  Corol.  to  Lem.  lOindz) 
there  are  as  many  Periods  in  A,  as  there  are  Figures  in  B; 
confequcntly  there  are,  in  every  Cafe,  as  many  Periods  ftand- 
ing  before  D  in  the  total  A,  as  there  are  Figures  before  r  in 
the  total  B ;  fo  that  taking  D  and  r  in  their  compleat  Values,  as  they  ftand  in  their  Totals, 
there  will  be  as  many  o's  before  D,  as  the  Number  of  Figures  in  the  Periods  of  A,  which 
ftand  before,  or  on  the  right  Hand  of  D  i  and  as  many  o's  before  r,  as  the  half  of  thofe 
before  D.  [Exam.  If  D  =  2aooooeo,  then  is  r  =  4ooo;  and  if  0  =  22730000,"  then  is 
r  =  47oo.]  Then  r^  will  have  as  many  o's  before  it  in  its  compleat  Value,  as  double  the 
Number  of  o's  before  the  Root  r  in  its  compleat  Value;  and  confequcntly  as  many  as  be- 
fore D.  We  ftiall  now  exprefs  thefe  Numbers  in-  their  compleat  Values;  thus,  ?oo,  ^c. 
y*oo,«o,  ^c.  Doooo,  &c.  and  ftiew  that  r-  is  contained  in  D.     For, 

If  r»  is  greater  than  D,  ( both  taken  without  the  o's)  then  is  r'oooo,  eJ-r .  greater  than 
Doooo,  &c.  ir''  and  D  being  here  equally  multiplied)  by  an  equal  Number  of  o's  pic- 
fix'd.)  But  A  is  equal  to  D,  with  as  many  Figures  before  it  as  there  are  o's  before  D  or 
r*  taken  in  their  compleat  Values;  (;'.  e.  'Dooq9>&c.  r-oQoo,&c.)  Therefore  r'oooo,^^. 
is  greater  than  A ;  [for  any  Figures  whatever  in  the  Places  of  the  o's  before  D,  cannot 
be  equal  to  the  Excels  of  r^  above  D,  tho'  that  Excefs  were  but  i]  ;.  e.  the  Square  of 
r  00,  c^r.  which  is  but  a  Part  of  B,  is  greater  than  the  Square  of  B;  becaufe  A  is  at  leaft 
equal  to  B- :  but  this  is  abfurd;  therefore  /-  cannot  be  greater  than  D,  and  confequenily 
muft  be  contained  in  it. 

2.  r=-  is  the  greateft  Square  contained  in  D:  For  fuppofe  N»  a  greater  Number  than  r»- 
then  take  N  with  as  many  o's  before  it,  as  are  before  r  in  its  compleat  Value,  and  expred 
it  thus,  Noo,  c^c.  fo  that  its  Square  is  Noooo,  ^f.  having  double  as  many  o's  as  Noo 
&c.  the  Root  has;  or  as  many  as  r'oooo,  &c.  or  Doooo,  ^c.  has.  Now  becaufe  D 
contains  Ns  by  Suppofition ;  therefore  Doooo,  eJ^r.  contains  N^oooo,  c^c.  Alfo  becaufe 
N»  is  fuppofed  greater  than  r=-;  therefore  N  is  greater  than  ?•;  and  Noo,  c^c.  greater  than 
roo,  &c.  or  than  r  with  as  many  of  any  Figures  before  it;  /,  e.  Noo,  ^c.  is  greater  than 
B,  (which  is  equal  to  r,  with  as  many  certain  other  Figures  before  it,  as  there  arc  o's  be- 
fore 
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fore  y  in  its  compleat  Value  roo,  (^c.  or  in  Noo,  df^.)  Co  that  Dooooj  drc.  a  Part  of  A, 
contains  N*oooOj  dfc.  the  Square  of  Noo,  dfc-  a  Number  which  is  greater  than  B,  the 
Root  of  the  greateft  Square  contained  in  A,  which  is  abfurdi  therefore  7*  is  the  greateft 
Square  contained  in  D. 

C  o  R  o  L.  If  we  find  the  Root  of  the  greateft  Square  contained  in  the  laft  Period  of 
any  Number,  we  have  the  laft  Figure  of  the  Root  fought:  And  if  we  find  the  Root  of 
the  greateft  Square  contained  in  the  two  laft  Periods,  we  have  the  two  laft  Figures  of  the 
Root  fought,  and  fo  on;  which  fo  far  explains  the Inveftigation of  the  Rule;  what  remains 
to  compleat  it,  you  have  in  the  following 

LEMMA    IV. 

Part  I.  If  the  Root  of  any  known  Square  is  fippoied  to  confift  of  two  Parts,  or 
Members ;  then  if  one  of  thefe  Members  is  known,  we  have  a  Rule  for  finding  the  other 
from  the  Confideration  of  the  Square  of  a  Binomial  Root.  Thus :  It  the  Root  is  A  +  B, 
the  Square  is  A*  +  2  AB  -f-  B*,  i'»'z.  the  Sum  of  the  Squares  of  the  two  Parts,  and  twice 
the  Produdt  of  thefe  Parts;  wherein  it  is  evident,  that  if  the  Square  of  either  Part,  as  A*, 
is  fubtraiSed  from  the  total  Square  A^-f"^-^^"!"^^,  the  Remainder  is  the  Sum  of  the 
Square  of  the  other  Member,  and  the  double  Produdf  of  the  two  Members,  ^v■s.2AB-f-B*. 
Now  fuppofe  A  to  be  known ;  if  we  take  2  A  for  a  Divifor,  and  find  how  oft  it  is  con- 
tained in  that  Remainder;  but  under  this  Limitation,  fix,,  that  the  Quote  being  added  to 
the  Divifor,  and  the  Sum  multiplied  by  the  Quote,  the  Produdl  fliall  be  equal  to  the  Di- 
vidend sAB-f-B'j  then  it  is  manifeft,  that  the  Quote  can  be  no  other  Number  than  B, 
the  other  Member  of  the  Root  fought.  For  Cnce  2  A-|-BxB  =  2  AB-f-B'  theDividend, 
therefore  it's  plain  that  no  other  Number  but  B  added  to  2  A,  and  the  Sum  multiplied  by 
the  fameB,  will  produce  2  AB-j-B',  fince  either  a  greater  or  lefler  Number  added  to  2A. 
makes  a  greater  or  leffer  Sum ;  which  being  multiplied  by  the  fame  Number,  produces  ftill 
a  greater  or  leffer  Number. 

Part  2.  Tho'  a  Number  is  not  a  Square,  yet  having  one  Member  of  the  Root  of  the 
greateft  Square  contained  in  it,  we  can  find  the  other  Member  by  the  fame  Method,  as  if 
it  were  a  Square.    Thus: 

Let  M  be  any  Number  not  a  Square,  and  A-f-B 
the  Root  of  the  greateft  Square  contained  in  it; 
the  Square  is  therefore  A*  -j-  2  A  B  -)-  B*.     Alfo  let 


M=A*  +  2AB-fB»-f  R 
M— A'  =  2AB-|-E'  +  R  =  D 


R  be  the  Number  that's  more  than  A  -)-  B  in  M, 
fo  that  M  =  A''-4-2  A.B-f-B^4-R-  Now  A  being  known,  if  we  take  A=  from  M,  the 
Remainder  is  plainly  3  A  B  -J-B--L-R,  which  we  may  call  D.  And  if  we  find  how  oft 
2  A  is  contained  in  D  under  this  Limitation,  viz.  that  the  Quote  being  aaded  to  the  Di- 
vifor, and  the  Sum  multiplied  by  the  fame  Quote,  the  Produdt  Chall  ftill  be  lefs  than  D :  [For 
this  is  to  be  obferved,  that  there  is  no  Number  which  will  make  a  Produdl  equal  to  D; 
becaufe  then  M  would  be  a  Square;  therefore  any  Number  you  can  take,  will  make  the 
Product  either  greater  or  leffer  than  D.]  Then,  I  lay,  the  Quote  is  the  other  Member  of 
the  Root  f  )Uoht,  viz.  B :  For  let  us  fuppofe  the  Qiiote  is  another  Number  N.  then  if  N 
is  lefs  than  B,^it  follows,  contrary  to  Suppnfition,  that  N  is  not  the  greateft  Number  qua- 
lified according  to  the  Rule,  viz.  which'  added  to  the  Divifor,  and  tiie  Sum  multiplied  by 
the  fame  Nurnbcr,  makes  a  Produdl  lefs  than  D;  for  B  is  greater  than  N,  and  yet  is  a 
Number  fo  qualified,  becaufe  D  =  2AB  +  B'  +  R  =  2A+Bx  B-fR:  Therefore  N 
is  not  lefs  than  B.  Nor,  again,  can  it  be  greater;  for  by  Suppofiiion  2  A-|-Nx  N  (= 
2  A  N  4-  N-;  is  lefs  than  D  (=  M  —  A^)  and  adding  A-  to  both,  then  A-  -f-  2  A  N  -)-  N'- 

/=:A4-iN')  is  lefs  than  M*  and  is  therefore  contained  in  i:.    But  again;  fince  N  is  greater 
^  '  •  ,  than 
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than  B,  A-j-N  is  greater  than  A  +  B,  and  A  +  N    (=  A»  +  2  AN-f-N-j  greater  than 

A-f-B"  (=A-  +  2AB  +  B-)  and  confcquently  this  is  not  the  greatell  Square  contained 
in  M,  as  was  luppofed :  Wherefore  N  is  not  greater  than  B  j  and  if  it's  neither  greater  nor 
Icffer,  it  mull  be  equal. 

C  o  R  o  L  L.  If  a  given  Number  M  is  not  a  Square,  the  Number  R  which  is  over  the 
greareft  Square  contained  in  it,  ( and  is  neceffarily  the  Remainder,  which  happens  in  the 
Operation  after  B  the  fecond  Member  of  the  Root  is  found )  may  be  greaier  than  2A 
the  Diviforj  bccaufe  we  have  not  taken  2  A  out  of  the  Dividend  D  as  oft  as  poffiblej 
but  it  can  never  exceed  double  of  the  Root  found,  if  that  is  the  true  Root  of  the  greateffc 
Square  contained  in  M :  For  let  the  Root  found  be  called  N,  if  the  Remainder  exceeds 
2  N,  it  muft  be  at  leafl;  2  N  -f-  1  >  and  if  this  is  added  to  Ns  the  Sum  N-  -|-  2  N  -f-  i, 

( =  N  -j-  i)  being  evidently  contained  in  M,  it  follows  that  N  is  not  the  Root  of  the 
greateft  Square  contained  in  it,  as  was  fappoled. 

Application  of  the  preceding  Lemma's  for  demonfirating  the  Extraflion 

of  the  Square  Root. 

1.  The  firft  and  fecond  Lemmas  are  already  applied ;  from  whence  are  deduced,  as 
Corollaries,  the  firll  Thing  alTerted  in  the  Ride,  viz.  That  the  Root  rnuft  have  as  many 
Figures  as  the  given  Number  has  Periods. 

2.  From  Lsmma  III.  we  have  the  Reafon  why  the  given  Number  is  pointed  from  the 
Right  Hand  to  the  Leftj  becaufe,  being  done  fo,  it  is  demonftrated  that  the  latl  Figure  of 
the  Root  fought,  the  two  laft,  and  fo  on,  make  the  Root  of  the  greateft  Squire  contained 
in  the  laft,  the  two  laft,  i^c.  Periods  of  the  given  Number. 

3.  The  remaining  Part  of  the  Rule  is  to  find  the  Figures  of  the  Root,  one  after  ano- 
ther, out  of  thefe  Periods;  the  Reafon  of  which  is  contained  in  'Lemma  III.  and  I\'.  and 
its  Coroll.  and  is  deduced  thus : 

We  firft  take  the  laft  Period,  and  the  greateft  Square  contained  in  it  we  feek  in  the 
Table  of  limple  Squares,  [which  muft  be  found  there;  for  fince  a  Period  has  but  two 
Figures  at  moft,  the  Root  of  the  greateft  Square  contained  in  it  can  be  but  one  Figure ; 
becauufe  the  Square  of  10,  the  leaft  Number  of  two  Figures,  is  100,  which  has  three  Fi- 
gures]. The  Root  ofthis  Square  is,  by  Lsm.  3.  the  laft  Figure  of  the  Root  fought.    So  in  the 

preceding  Example  3.  the  given  Number  is  15 1426;  the  laft  Period  is  i<^,  and  the 
greateft  Square  contained  in  it  is  9,  whofe  Root  is  3,  the  laft  Figure  of  the  Root  fought. 

Now  if  we  fuppofe  the  two  laft  Periods  15 14  to  be  the  given  Number,  then  the  Root 
of  the  greateft  Square  contained  in  it  has  but  two  Figures,  whereof  we  have  found  the 
laft,  miz.  3.  whofe  Real  Value  is  30;  and  to  find  the  other,  it's  plain,  from  Letmna  IV. 
that  calling  the  firft  Member  of  the  Root  now  found,  viz.  3o=<7,  and  calling  the 
Member  fought  h,  then  the  greateft  Square  contained  in  15 14  \s  a- -\- 1  a  b  ~\- b^  ■,  but 
a-^c),  or  rather  500  taken  in  its  true  Value;  fo  that  9  from  15,  and  14  prefix'd  to 
the  Remainder,  (which  is  the  Method  of  the  Rule_)  is  the  fame  thing  as  900  i^rom  15 14: 
The  Remainder  is  614,  the  fecond  Refolvend,  which  is  equal  to  2ah-\-b'  at  leaft,  with 
fome  RetBainder  over  perhaps;  we  fliall  therefore  call  the  Remainder  2ab-^b--\-r: 
What  remains  then,  is  to  find  this  fecond  Member  of  the  Root  b ;  and  according  to  Le?n. 
IV.  if  we  make  22  the  Divifor,  and  find  how  oft  it  is  contained  in  the  Refolvend 
2sb-\-b-~\-r,  fo  that  calling  the  Quote  b,  this  Quote  added  to  the  Divifor,  and  the  Sum 
(2a-\-h)  multiplied  by  b,  the  Produdt  {zab-\-b-)  fhall  not  exceed  the  Refolvend 
(■2.ab-]-b^-\-r),  then  it's  fliewn  that  the  Qiiote  is  truly  the  fecond  Member  of  rhe 
Root  .•  But  it's  maiiifeft  thaL.  this  is  the  very  Method  of  the  Rule ;  wherefore  it's  juft  and 
^.  Z.  good 
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good  when  the  Root  fought  has  but  two  Figures.     Again  j  The  Number  given  having 

three  Periods,  as  if  it  were  15 1426,  then  having  found  38  the  Root  of  the  greateft  Square 
contained  in  the  two  firft  Periods  15 14.  fas  already  fliewn  j;  thefe  are  the  two  laft  Figures 
of  the  Rootof  151426,  (by  Lew.  3.J  And  if  we  take  38  in  its  true  Value  it  is  380,  be- 
caufe  there  is  another  Figure  on  its  Right  in  the  Root  fought;  then  380  being  confidered 
as  one  Member  of  the  Root  fought,  we  call  it  alio  a ;  and  by  Lsvima  IV.  we  are  to  fub- 

trad:  its  Square,  •viz..  300  +  80  =  "300 -f-2  X  300  x  80 -f- 80  out  of  the  given  Num- 
ber 15 1426:  But  this  is  already  done,  btcaufe  we  have  taken  firft  the  Square  of  3,  ("which 
was  in  the  former  Step  called  a)  viz.  9,  out  of  15,  which  is  equivalent  to  taking  the 
Square  of  300,  (which  is  now  a)  viz..  90000,  out  of  i^iJf.z6,  which  leaves  (31426;  then 
h  being  8,  and  a=:.i,o,  we  have  taken  2ah-\-b-=i^.^^  out  of  614,  the  former  Re- 
mainder; to  the  Remainder  70  we  have  prefix'd  26,  the  firft  Period,  which  makes  the 
whole  7026;  and  this  is  the  fame  Number  which  remains,  if  taking  6=80,  and<?  =  3oo, 
we  take  2  <7 1-}-^-  =  48000 -1-6400  =  54400  out  of  the  former  Remainder  61426.  Now 
the  Square  of  380  being  taken  out  of  the  given  Number  151426,  the  Remainder  7026  is 
the  next  Refolvend ;  and  for  a  Divifor  we  have  made  2X<i:^2X  380  =  760,  and  the 
Member  fought  we  have  found  the  fame  way  as  before,  which  is  both  according  to 
Lemma  IV.  and  the  Rule  for  Extradtion  j  which  is  therefore  good  for  any  Root  of  three 
Figures. 

If  there  are  more  than  three  Figures  in  any  Root,  the  Reafons  of  the  Rule  from  one 
Step  to  another  for  ever  are  manifeftly  the  fame,and  need  not  be  further  infifted  on.  Ilhall 
only  illuftrate  this  Application  by  one  Example  of  a  perfed;  Square,  whofe  Involution  by 
the  Method  fliewn  in  the  preceding  Section,  and  its  Evolution  by  the  prefent  Rule,  will  il- 
luftrate one  another;  and  you'll  evidently  perceive,  that  as  by  knowing  the  true  Place  of 
every  Figure  found  in  the  Root,  we  may  take  it  in  its  compleat  Value,  and  perform  the 
Work  that  way,  as  in  the  following  Operation ;  yet  we  fave  the  trouble  of  many  fuper- 
fluous  Figures  by  the  Method  of  the  Rule,  which  produces  the  fame  Effedt. 


Involution  of  389  to  its  Square  makes 
151321. 

Thus: 
Root. 
389  =  300+80+9 

90000  =  ^^.  (<i  =  3oo) 
48000  =  2^6  (i  =  8o) 
6400  =  b- 

144400  =-a-\-b  =  380  =A'' 
684o  =  2AB,  (B  =  9) 
8i  =  B^ 


i5i32i  =  A+B  =38o+t>  =38(j 


Evolution  of  15 1 321  to  its  Square  "Root 
makes  389. 

Thus: 

A  B 

Square.      a  b 

151521   /300  +  80  +  9 
<ji=  90000  \ 

Divifor.  2  X  300/     61 321  Refolvend. 


48000  =  2  ab 
6400  =  b^ 

54400  =:2ab-\-b^ 

6921  Refolvend. 


Divifor.  2X  380; 


6840  =  A  B 
81  =  B^ 

6921  =  2  A  B  +  B» 


0000 


Thele 
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Thefe  Opcrarions  are  rcverfe  of  one  another  ■  and  as  to  the  Evolution,  it  differs  from 
the  Method  of  the  Rule  in  this  only,  that  the  feveral  Members  of  the  Root  arc  here 
written  in  their  com  pleat  Value,  which  occafions  the  writing  down  many  Figures  unnc- 
celFirily,  which  we  avoid  the  other  Way. 

There  remain  yet  two  things  to  be  demonftrated,  which  are  delivered  in  SchoL  i. 
and  2. 

ijl  The  Remainder,  after  every  Figure  of  the  Root  is  found,  cannot  exceed  the  Sum  of 
the  Divifor  and  double  the  Qijote :  The  Reafm  of  this  is  contained  in  Corol.  Lnxma  IV. 
where  it's  fliewn,  that  what's  over  the  greateft  Square  contained  in  any  Number  cannot 
exceed  double  the  Root  of  the  greatcft  Square;  which  is  plainly  the  Sum  of  the  Divifor 
at  every  Step,  and  double  the  Quote ;  for  the  Divifor  is  double  of  all  the  precedino'  Fi- 
gures taken  in  their  compleat  Value,  which  therefore  added  to  double  the  Q^iotc,  makes 
double  all  the  Root.  Thus,  if  any  Root  is  a-\-b,  the  Divifor  for  finding  b  is  2  <3 ;  and 
when  2ab-\-i*  is  taken  out  of  the  Refolvend,  call  the  Remainder  r;  and  in  the  Coroll. 
to  LemmaV^ .  it's  ("hewn  that  r  cannot  exceed  2a-\-zb. 

2.  If  the  Divifor  is  contained  oftner  than  9  times  in  the  Refolvend,  after  the  fecond 
Step,  or  after  the  fecond  Figure  of  the  Root  is  found,  the  Figure  fought  is  9.  For  finco 
the  Refolvend  contains  the  Divifor  {za)  at  leafl:  10  times,  it  may  be  reprefented  thus; 
2<ix  i)-\-za-\-K.  Now  taking  9  for  the  Quote,  the  Produdt  according  to  the  Rule  is 
a^xp-f-px  9,  which  cannot  exceed  the  Refolvend,  becaufe  9X9  cannot  exceed  2  a,  which 
in  this  Caie  exceeds  100,  fince  there  being  two  Figures  found  in  the  Root,  and  o  prefix'd 
to  them  in  order  to  form  the  Divifor  za,  then  is  2<«  a  Number  of  at  leaft  three  Places, 
which  is  therefore  greater  than  9  x  9  =  81.  Laftly,  fince  it  is  demonllrated  that  in  every 
Step,  the  Quote,  under  the  Limitation  of  the  Rule,  is  but  one  Figure;  and  9,  which  is  the 
greateft  Number  of  one  Figure,  makes  a  Produd:  not  exceeding  the  Refolvend;  there- 
fore 9  is  the  Number  fought. 

In  the  fecond  Step,  if  the  Divifor  is  ofiner  than  9  times  contained  in  the  Refolvend, 
then  it's  plain,  that  if  81  is  lefs  than  2<?,  [as  it  will  certainly  be  when  a  is  5,  6,  7,  8,  or 
9,  i.e.  50,  60,  70,  80,  or  90,  as  they  arc  taken  in  forming  the  Divifor;  for  then  the  Dou- 
bles, or  za,  are  100,  120,  140,  160,  180.]  then  9  is  the  Figure  fought;  becaufe  2iiX  9 
-\-  81  muft  be  le(s  than  2<JX  9 -f-2a-j-R,  the  Refolvend,  fince  81  is  lefs  than  za.  Butif 
the  firfl  Figure  is  r,  2,  3,  or  4,  that  is,  if  2  a  is  2  X  10,  2  X  20,  2  X  30,  or  2  X  40,  /.  e.  20, 
40,  60,  or  80,  which  are  lefs  than  81,  then  the  Figure  fought  will  be  lefs  than  9,  if 
2<i-{-R  is  lefs  than  81 ;  and  it  will  be  9,  if  2<j  +  R  is  equal  to  or  greater  than  81 :  Be- 
caufe the  Refolvend  being  2  <jX  9 -f- 2^ -f-I^»  if  the  Figure  fought  is  made  9,  then  the 
thing  to  be  fubrra<£ted  from  the  Refolvend  is2«X9-f-8i,  (o  that  2<j-f-R  mull  be  at 
leaft  equal  to  81 ;  and  if  it  is  not,  we  muft  therefore  take  a  lefs  Figure  for  the  Quote,  (b 
that  the  Refolvend  be  at  leaft  equal  to  the  Number  to  be  fubtraifted. 

Of  the  Proof  of  the  Square  Root. 

As  Extraflion  is  oppofite  to  the  Raifing  of  Powers,  fo  the  one  is  the  Proof  of  the, 
other:  Thu>;  To  prove  the  Square  Root,  multiply  it  by  itfelf,  and  if  the  Produdl  is  equat* 
to  the  given  Square,  or  to  the  given   Mumber  after  the  Remainder  of  the  Extradtion  is 
taken  out  of  it,  then  the  Extrartion  is  right  done. 

But  this  may  be  alfo  proved  by  carting  out  of  9's :  Thus ;  Caft  the  9's  out  of  the  given 
Numbsr.  if  there  is  no  Remainder  in  the  Extradion;  or  out  of  the  Difference  of  that 
Number  and  Remainder;  then  calt  the  9's  out  o^  the  Root  found,  and  multiply  the  Hx- 
cefs  (or  what  it  wants  of  9)  by  irfelf,  and  caft  the  9's  out  of  the  Produd;  if  the  Excels, 
or  what  it  v/ants  of  9,  is  equal  to  the  preceding  Exceis  of  9's,  the  Extradlion  is  right. 

Exanff't'  I.  The  Square  Root  256  is  16;  proved  thus;  the  Excefs  of  9's  in  256  is  4. 
In  16  it  is  7,  and  this  multiplied  by  itlelf  is  49.  in  which  the  Excefs  of  9's  is  alfo  4. 

Z  2  Examfle 
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Example  2.   The  greateft  Square  Root  contained  in  330  is  15,  and  6  remains':  For  230— 
6  =  225,  in  which  there  is  o  over  9'sj  then  in   15  there  is  6  over  jj  and  6x6  =  36, 
in  which  there  is  alfo  o  over  9's. 
The  Reafon  of  this  Pradice  is  evident  from  what  is  demonftrated  of  it  in  Multiplication. 

Problem  II.     To  ExtraEi  the  Cube  Root  of  a  Whole  Number. 

Rule  I.  TV/T  A  K  E  a  Table  of  Cmple  Cubes,  as  in  the  Margin  j  then 

II.  Diftribute  the  given  Number  into  Periods  of  three  Figures,  begin- 
ning at  the  Right  Hand :  The  Number  of  Periods  (hews  the  Number  of 
Figures  in  the  Root. 

III.  Begin  at  the  laft  Period,  which  is  the  firft  Refolvend,  and  feek  it  or 
the  next  Cube  Number  lefs  than  it  in  the  Table  of  fimple  Cubes,  the  Root 
of  that  is  the  laft  Figure  ( or  that  in  the  higheft  Place )  of  the  Root  fought ; 
which  being  fet  down,  fubtrad:  its  Cube  out  of  the  laft  Period  j  to  the 
Remainder  prefix  the  next  Period,  and  you  have  the  next  Refolvend. 

IV.  Confider  the  Figure  found  as  in  the  Place  of  lo's,  or  with  o  pre- 
fix'd,  and  under  that  Value  take  the  Triple  of  it,   and  alfo  the  Triple  of  its 

Square,  making  the  Sum  of  thefe  theDivifor;  [which  being  compofed  of  two  Parts.itwillbe  con- 
venient to  diftinguifti  them  by  calling  the  Triple  Square  the  firft  Part,  and  the  other  thefecond 
Part.]  Then  find  how  oft  this  Divifor  is  contained  in  the  Refolvend  laft  formed  j  which  muft  ne- 
ver be  taken  above  9,  ftho'  it  may  be  oftner  contained)  and  then  alfo  it  muft  be  under  this  Limi- 
tation, i^te.That  having  multiplied  the  firftPart  of  the  Divifor  by  the  Quote,  (now  found)  and  the 
fecond  Part  by  the  Square  of  that  Quote ;  and,  laftly,  to  the  Sum  of  thefe  two  Produds 
adding  the  Cube  of  the  Figure  found ;  this  Sum  fliall  not  exceed  the  Refolvend  :  which  Sum 
being  therefore  fubtradled  out  of  the  Refolvend,  and  the  next  Period  prefix'd  to  the  Re- 
mainder, you  have  the  next  Refolvend. 

V.  Take  both  the  Figures  of  the  Root  already  found,  and  confidering  them  as  fo  ma- 
ny lo's,  /.  e.  place  o  before  them,  and  under  that  Value  take  the  Triple  of  that  Num- 
ber, and  alfo  the  Triple  of  its  Square ;  whofe  Sum  is  your  next  Divifor,  diftinguifhed  into 
firft  and  fecond  Parr,  as  before :  Then  find  how  oft  this  Divifor  is  contained  in  the  Re- 
folvend laft  formed,  under  the  fame  Limitations  as  before^  place  the  Figure  found  on  the 
Right  of  thefe  already  found  in  the  Root  ■-,  and  fubtradting  from  the  Refolmid,  as  for- 
merly diredted,  to  the  Remainder  prefix  the  next  Period  for  a  new  Refolveno^ 

VI.  Make  a  new  Divifor  from  the  Figures  of  the  Root  found  in  the  fame  manner  as 
in  the  preceding  Steps,  and  divide,  under  the  fame  Limitation  j  and  thus  proceed  till  all  the 
Periods  are  taken  in  j  finding  at  every  Step  a  new  Figure  of  the  Root :  which  will  in  fome 
Cafes  be  o,  as  when  the  Divifor  is  greater  than  the  Refolvend,  or  when  i  added  to  the 
Divifor  makes  the  Sum  greater  than  the  Refolvend  ^  in  which  Cafe,  after  the  o  is  fet  in  the 
Root,  prefix  the  next  Period  to  the  fame  Refolvend  ^  and  go  on,  forming  t  new  Divifor 
by  prefixing  another  o  to  the  laft  Divifor. 
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SCHOLIUMS. 

Thefe /«fr*;ftt/<atr  Observations  may  be  ufefully  added  to  this  Rule  (tho'it's  a 
compleac  general  Rule  by  itfelf ) : 

1.  If  you  begin  your  Trials  for  the  Quote  at  the  greatefl:  Number  of  Times  ( not  ex- 
ceeding 9 )  that  the  Divilbr  is  contained  in  the  Refolvend ;  then  the  Limitation  of  the 
Rule,  for  the  Number  to  be  compared  with  the  Refolvend,  is  futScient  to  determine  when 
you  have  the  true  Figure.  Yet  it  will  be  ufeful  to  ohferve.  That  if  you  fliould  begin  at 
a  leffer  Figure  than  the  Remainder,  tho'  it  may  be  greater  than  the  Divifor,  yet  it  muft 
never  exceed  the  Sum  of  tliefe  two  Numbers,  i/z.  Triple  all  the  Figures  of  the  Root 
already  found,  ( taken  as  one  Number )  and  triple  its  Square. 

2.  If  the  Divifor  is  contained  in  the  Refolvend  oftner  than  9  times,  at  the  fecondStep, 
or  when  you  feek  the  fecond  Figure  of  the  Root ;  and  if,  at  the  fame  time,  the  firft  Fi- 
gure is  8  or  9,  then  the  Figure  fought  is  certainly  9 :  But  if  the  firft  Figure  is  lefs  than 
8,  you  muft  make  Trials.  Again  j  If  in  any  Step  after  the  fecond,  the  Divifor  is  oftner 
than  9  times  contained  in  the  Refolvend,  the  Figure  fought  is  certainly  9. 

3.  If  there  is  a  Remainder  after  all  the  Periods  are  employ 'd,  the  given  Number  is 
not  a  Cube;  and  the  Root  found  is  that  of  the  greateft  int^ral  Cube  contained  in  it. 
How  to  find  a  Mixt  Root  whole  Cube  fhall  be  within  any  alligned  Diflerence  from  the 
given  Number,  (hall  be  taught  in  its  proper  Place. 

Examples. 


Example  i.    The  Cube  Root  of  614125  is  85. 


Operation. 

(514125 
,43  =  512 


Explkation  for  Examc  1. 


'a.b 
.85 


3  a* -f- 3  "=19440")  102125.  2dRefoIvend. 
(■  wherein  a  =  80  J'  -— — _ 
(  «*  =:  6400  )  96000  =  3  ij-  X  A 

6000  =:  3  <i  X  6^ 
125  =  ^3 


102125.  Sum. 


000000.  Remainder. 


The  given  Number  being  pointed,  the 
laft  Period  is  614,  and  the  next  Cube  to 
that  is  512,  whofeRoot  is  8,  which  I  call 
a,  and  fubtra£ting<j3  =  5i2  from  614,  the 
Remainder  is  102,  to  which  the  next  Period 
prefix'd  makes  102125,  the  2d  Refolv.  Then 
for  a  Divifor  I  take  <«  =  80,  and  fo<j^  =  6400, 
and3iji=i920o;then3a=24o,and3<ji+3« 
=  19200-1-240=  1 9440,  the  Divifor;  which 
is  contained  in  the  Refolvend,  under  the 
Limitation  of  the  Rule,  5  times,  the  2d 
Figure  of  the  Root,  which  calling  h,  then 
3<jix^  =  9()00o,  3  <a  X  i»=:6ooo,  *■'=; 
125,  and  the  Sum  of  thefe  is  102125,  equal 
to  the  Refolvend;  fo  that  the  given  Num- 
ber is  a  true  Cube,  whofe  Root  is  85. 
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The  Cube  Root  of  41421756  is  346. 
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Oferatiop. 

fab 

a'  =  zj  Ad 


5  (J*  -j-  3  "*  ^^  2790  \   1442 1 .  2d  Refolvend. 


(4  =  ^0) 


io8oo  =  3<»^x  t 
i44o  =  3«xi» 
64  =  63 


12304  Sum. 


3  A'-4-3A  =  34782o\ 
^fA  =  340J  / 


2080800  =  3  A^xB 
36720=  3  A  xB» 
2i6  =  B3 


2117736  Sum. 
0000000   Remainder. 


Explication  for  Exam.  2. 

The  firfl:  Period  is  41^  and  the  next 
Cube  is  27,  whofe Root  is  3  =  rf.  The 
fecond  Refolvend  is  1442 1 :  Then  for 
the  Divifor  I  take  a  =  30,  whereby 
317^=2700,  3.7=90,  and3a^-f-3<» 
=  2790,  the  Divifor,  by  which  thefe- 
cond  Figure  of  the  Root  is  4;  which 
is  proved  by  the  Operation:  for  3  <a*6 
~\-  lab'--^-  h'  =  12304,  fas  in  the 
Work^  which  fubtradted  from  the 
Refolvend  leaves  2 1 1 7;  which  is  a  Num- 
ber not  exceeding  three  times  34  -f- 
3  X  Square  of  34,  as  Schol.  i.  prefcribesj 
for  34X34=115600,  whofe  Triple 
is  346800,  and  3  X  34=  102,  then 
346800  -}-  102  =  346902.  Or  fhould 
we  have  begun  to  guefs  for  the  Figure 
fought,  the  greateft  Quote  is  5,  which  is 
too  great  for  the  Limitation  of  the  Rule, 
and  4  the  next  Number  not  being  too 
great,  muft  be  the  true  Number.  The 
third  Refolvend  is  21 17736;  and  to 
whence  A*=  1 15600  j  and  the  Divifor  is  347820, 


2 1 1 7736. 3d  Refolvend. 


form  the  Divifor,  I  take  A  =  340 

whence  the  laft  Figure  of  the  Root  is  6,  as  the  Work  (hews. 

Example-^.  If  we  feek  the  Cube  Root  of  7059i9947284>  we  find  it's  not  a  perfeft 
Cube,  but  the  Root  of  the  greateft  Cube  contained  in  it  is  8904 ;  whofe  Cube  is 
705919947264*  and  theRemaioder.is  20,  as  you  fee  in  the  Operation. 

Operation. 

705*919947284  /■8904 
83  =  512  ^ 

Divifor  =  3<»i4"3'*'=i944-o.'\  i9"9i9   2dRefolvend. 
(«■=  8oj  (J*  =  6400 )         )  ■ 

1 72800  ==3/1*^ 

19440  =  3  a  i* 

,  729  =  ^3 

192969  Sum. 

(i»=89o)  3  4»4-?'*=237897o'>       950947.  3d  Refolvend. 
4  =  8900;  30^+3  <»= 237656700  J       950147284.  4th  Refolvend. 
I"  ■•'  "  ■•' 

CI  (  950520000  =  3  <»'^ 

387200  =  3  ab^ 
6^  —  b' 

950907264.  Sum. 

20.  Remainder." 

Here  the  3d  Refolvend  being  lefs  than  the  Divifor,  I  put  o  in  the  Root,  and  form  ai 
new  Refolvend  by  the  next  Period.    The  reft  of  the  Work  is  obvious.  D  E^ 
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Demonstration  of  the  preceding  Rule. 

I.  E  M  M  A    I. 

IF  any  three  Numbers  are  multiplied  into  one  another,  the  Produd  can  have  at  mofl; 
but  as  many  Figures  as  are  in  all  the  three  Fadtors,  and  at  leail  but  two  fewer.  Exam- 
ple: 3x4x9=108. 

Demonftr.  This  is  a  plain  Confequence  of  Lsm.  i.  for  the  Square  Root:  Becaufe  the  Pro- 
du(!l  of  two  Fadors  cannot  have  more  Places  than  are  in  both  Factors,  or  but  one  fewer 
at  lead  ;  which  Produd  being  conlidered  as  one  Fadtor,  and  multiplied  by  a  third  Fadlor,' 
the  fame  is  true  of  this  new  Produdt ;  which  makes  the  Truth  propofed  manifeft. 

C  o  R  o  L  L.  The  Cube  of  any  Number  can  have  at  moft  but  as  many  Figures  as 
triple  the  number  of  Figures  in  the  Root,  and  but  two  fewer  at  leaft.  Wherefore. 
a?ain ;  Any  Cube  being  djftributcd  into  Periods  of  three  Places,  the  Number  of  Periods, 
arid  the  Number  of  Figures  in  the  Root  muft  necelfarily  be  equal ;  and  the  laft  Period 
may,  in  fome  Cafes,  confift  only  of  one  or  two  Figures. 

LEMMA    II. 

If  any  Numbei  A  is  not  a  Cube,  yet  being  diftributed  into  Periods,  according  to  the 
preceding  Rule,  the  greateft  Cube  contained  in  it,  as  N^,  will  have  precifely  as  many 
Periods  as  that  Number  A  has. 

Example:  35987  is  not  a  Cubej  but  being  pointed  has  two  Periods,  viz.  as  many  as 
the  greateft  Cube  contained  in  it,  35937- 

Demovflratiott  i.  N'  cannot  have  more  Periods  than  A,  for  then  it 
will  have  more  Figures,  and  confequently  be  a  greater  Number  than  A, 
contrary  to  Suppolition. 

2.  Take  i  with  as  many  o's  before  it  as  there  are  Figures  ftanding 
before  the  laft  Period  of  A^  (i.e.  on  the  right  Hand  of  it)  call  the 
Number  ariling  B:  Then  it's  plain  that  is  a  Cube  Number,  whofe  Root 
is  I,  with  as  many  o's  before  it  as  .'  Part  of  the  Number  of  o's  before 
the  I  in  the  Cube  Bj  for  to  cube  any  Number  expreffed  by  i  with  o's,  it's  maniteil 
from  the  Nature  of  Multiplication,  that  the  Cube  is  i  with  three  times  as  many  o's^ 
wherefore  B  is  a  Cube  of  as  many  Periods  as  A  hasj  and  being  evidently  contained  in 
it,  it  follows,  that  the  greateft  Cube  contained  in  it  cannot  have  fewer. 

Co  ROLL  The  Root  of  the  greateft  Cube  contained  in  any  Number  A,  which 
is  not  a  perfeifl  Cube,  hath  as  many  Figures  as  A  hath  Periods:  For  it  hath  as  many 
as  its  own  Cube  hath  Periods,  ( by  Coroll.  Lemma  I. )  which  are  as  many  as  A  has,  by 
the  prefent  Theorem. 

LEMMA    III. 

Any  Number  being  diftributed  into  Periods  according  to  the  Rule,  the  greateft  Cube 
contained  in  the  laft  Period  on  the  left,  confider'd  as  one  Number  by  itfelf,  is  the  Cube 
of  the  laft  Figure  of  the  Root  of  the  given  Number,  if  it's  a  perfcdt  Cube  ^  or  of  the 
Root  of  the  greateft  Cube  contained  in  it,  if  it's  not  a  Cube.  Again ;  the  greateft  Cube 
contained  in  the  two  laft  Periods,  taken  as  one  Number  by  themfelves,  is  the  Cube  of  the 
laft  two  Figures  of  the  Root  of  the  given  Number,  or  of  the  greateft  Cube  contained  in 
it.    And  the  fame  thing  is  true,  comparing  the  3  laft  or  4  hft  Periods,  and  fo  on,  with  the 

^  Cube 


A  =35987 
N3  =  35937 

B  =  1000 
B"^==io 
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Cube  of  the  3  or  4,  <^c.  laft  Figures  of  the  Root  ot  the  given  Number,  or  of  the  great- 
eft  Cube  contained  in  it. 

Demonfir.  Let  A  be  any  Number,  and  B  the  Cube  Root  thereof,  or  of  the  greateft 
Cube  contained  in  it.  Alfo  let  D  be  the  laft,  or  2  laft,  or  3  laft,  &c.  Periods  of  A ;  [as 
in  the  annex'd  Example,  take  D  =  4i,  or  4I42J3  and  let  r  reprefent  the  laft,  or  two  laft, 
or  three  laft,  &c.  Figures  of  the  Root  B,  (as  here  3  or  34  j  fo  that  r'  is  the  Cube  of 
that  laft  or  two  laft,  <^c.  Figures  of  the  Root.  Thefe  things  being  fettled,  the  Truths 
to  be  proved  are  comprehended  in  one  univerfal  Cafe,  thusj  I'iz,.  T'  is  the  greateft  Cube 
contained  in  Dj  which  I  fliall  demonftrate  in  two  Articles,  thus: 


A  =  4i42i73()l  B=:  346. 
D  j"  r 


I.  7-3  is  contained  in  D:  for  fince  fby  Cor.  to  Letn.  1, 
and  2.j  there  are  as  many  Periods  in  A,  as  there  are  Fi- 
gures in  Bi  confequently  there  are,  in  every  Cafe,  as  ma- 
ny Periods  ftanding  before  D  in  the  total  A,  as  there  are 
Figures  before  r  in  the  total  B;  fo  that  taking  D  and  r  in  their  compleat  Value,  as  they 
ftand  in  their  Totals,  there  will  be  as  many  o's  before  D,  as  the  Number  of  Figures  of  the 
Periods  in  A,  which  ftand  before,  or  on  the  right  Hand  of  D ;  and  as  many  o's  before  r,  ■ 
as  the  third  Part  of  thefe  before  D.  [For  Example:  If  0  =  41,000,000,  then  is  r  = 
500.  If  0  =  41421,000,  then  is  r  =  34o.]  Then  r'=  will  have  as  many  o's  before  it,  in 
its  compleat  Value,  as  triple  the  Number  of  o's  before  the  Root  r  in  its  compleat  Value, 
and  confequently  as  many  as  are  before  D.  We  fhall  now  exprefs  thefe  Numbers  in  their 
compleat  Values,  thus,  too,  cJ-c  rsoooooo,  (^c.  Doo6,oo6,  &c. 

Again;  If  r~=  is  greater  than  D,  then  is  r3oo6,oou,  <^c.  greater  than  Doo6,oo6, e^c.  (be- 
ing equally  multiplied  by  the  equal  Number  of  o's  prefix'd.)  But  A  is  equal  to  D,  with, 
as  many  certain  Figures  before  it  as  there  are  o's  before  D,  orrs  in  their  compleat  Values,  i.e. 
Doo6,oou,  &c.  or  r=oou,oou,  c?r.  therefore  r~ool),oo'o>  <d^c.  is  greater  than  A;  [for  any 
Figures  whatever  in  the  Places  of  the  o's  before  D,  cannot  be  equal  to  the  Excels  of  rs 
above  D,  tho'  that  Excefs  were  but  i];  /.  e.  the  Cube  of  roo,  &c.  which  is  but  a  Part 
of  B,  is  greater  than  the  Cube  of  B,  becaufe  A  is  at  leaft  equal  to  B-'.  But  this  is  abfurd^ 
therefore  r3  cannot  be  greater  than  D,  and  confequently  muft  be  contained  in  it. 

2.  rs  is  the  greateft  Cube  contained  in  D.  For  fuppofe  N^  a  greater  Number  than  rsj 
then  take  N  with  as  many  o's  before  it,  as  are  before  r  in  its  compleat  Value,  and  exprefs 
it  thus,  Noo,  ^c.  fo  that  its  Cube  is  Noo6,oo6,  (^c.  having  triple  as  many  o's  as  Noo, 
C^f.  the  Root  has;  or  as  many  as  r3oo6,oo6,  (^c  or  Doo6,oo6,  ^c.  has.  Now  becaufe 
D  contains  Nj  (by  Suppofition)  therefore  Doo6,oo6,  (drc.  contains  N^ooojOOo,  ^c.  Al- 
fo, becaufe  Ns  is  fuppofed  greater  than  r=,  therefore  N  is  greater  than  r,  and  Noo,  ^c. 
greater  than  roo,  c^c.  or  than  r  with  as  many  of  any  Figures  before  it ;  i.  e.  Noo,  c^c.  is 
greater  than  B,  (which  is  equal  to  r  with  as  many  certain  other  Figures  before  it,  as  there 
are  o's  before  r  in  its  compleat  Value  roo,  &c.  or  in  Noo,  <^c.)  fo  that  Doo6,oo6,  ^c. 
a  Part  of  A  contains  N3oo6,oo6,  (^c.  the  Cube  of  Noo,  <irc.  a  Number  which  is  greater 
than  B,  the  Root  of  the  greateft  Cube  contained  in  A,  which  is  abfurd ;  therefore  n  is  the 
greateft  Cube  contained  in  D. 

CoROL.  If  we  find  the  Root  of  the  greateft  Cube  contained  in  the  laft  Period  of 
any  Number,  we  have  the  laft  Figure  of  the  Root  fought;  and  if  we  find  the  Root  of 
the  greateft  Cube  contained  in  the  two  laft  Periods,  we  have  the  two  laft  Figures  of.  the 
Root  fought,  and  fo  on.  Which  fo  far  explains  the  laveftigation  of  tlie  Rule ;  what  re- 
mains to  compleat  it,  you  have  in  the  following 

LEMMA    IV. 

Tart  I.  If  the  Root  of  any  known  Cube  is  fuppofed  to  confift  of  two  Parts ;  then  if 
one  of  th.'fe  Pans  is  knowcb  wc  can  find  the  other  by  mcaoe  of  the  Cube  of  a  Binomial 
Root.    Thus:  A-fE 
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A+B'=A5-f-5A'B+3AB' -fB-'i  wherein  it's  evident,  that  if  the  Cube  of  the 
known  Part  A,  viz.  A^,  is  kibtradted  from  the  Cube  of  the  whole,  the  Remainder  is 
3  A'  B  -f-  3  A  B'  +  B^  Now  fince  A  is  known,  Co  a!fo  is  3  A'  -f-  3  A ;  and  if  we  ieck 
how  oft  this  is  contained  in  the  preceding  Remainder,  under  this  Limitation,  that  the  firft 
Member  of  the  Divifor,  3  A',  being  muhiplied  by  the  Qiiote,  and  the  fjcond  Member 
3  A  being  multiphcd  by  the  Square  of  the  Quote,  and  to  thefe  two  Produds  the  Cube  of 
the  Quote  be  added,  the  Sum  (hall  be  equal  to  the  Dividend;  then  the  Quote  fhal!  be 
equal  to  B  the  Number  fought ;  bscaule  no  other  Number  but  B  can  anfwer  to  this  Con- 
dition:  For  if  you  call  the  Quote  D,  then  muft  3  A' D -}- 3  AD* -f-D'  be  equal  to 
3  A'  B-f-3  AB*  +  Bs  which  is  manifeftly  impoffible,  unlcfs  D  be  =Bj  fince  otherwifc 
the  refpeflive  Members  of  the  one  will  be  leffer  or  greater  than  thofe  of  the  other,  and 
confequendy  the  Wholes  will  not  be  equal. 

Fart  2.  Tho'  a  Number  is  not  a  Cube,  yet  having  one  Member  of  the  Root  of  the 
greaceft  Cube  contained  in  it,  we  can  find  the  other  by  the  fame  Method,  as  if  it  were  a 
Cube.     Which  will  eafily  appear.    Thus : 

M  =  A3  +  3A*B-f-3AB'-f-B;  +  R  I        Let  M  be  a  Number,  not  a  Cube, 

M  — A3  =  3  A'B-f3  AB'-f-B5-f  R=:D.  (  and  A  +  B  the  Root  of  the  greateft 
Cube  contained  in  it;  which  Cube  is  therefore  A5-f-3A'B-j-3AB^-J-'^'-  Again;  let 
R  be  the  Number  that's  more  than  that  Cube  in  M ;  fo  that  M  =  A^-f-  3  A'  B-f-  3  A  B* 
+  B5-(-R.  Now  A  being  known,  take  As  from  M,  the  Remainder  is  3  A'  B-f.  3  A  B* 
-j-B3-f~Rj  which  we  may  call  D  :  And  then  if  we  find  how  oft  3  A* -(- 3  A  is  contained 
inD,  under  thefe  Limitations,  viz.  that  the  Quote  being  multiplied  into  3  AS  and  the 
Square  of  the  Quote  multiplied  into  3  A,  and  to  thefe  Produdts  the  Cube  of  the  Qiiote  be 
added,  the  Sum  fliall  ftill  be  lefs  than  D.  [For  obferve,  that  whatever  Number  you  chufe 
for  the  Quote,  it  will  make  this  Sum  either  greater  or  lefler  than  D,  and  never  equal;  be- 
caufe  were  it  equal,  then  M  would  be  a  Cube,  contrary  to  Suppofirion.]  Then,  I  fay, 
the  Quote  is  equal  to  B,  the  other  Member  of  the  Root  fought.  Becaufe,  if  it  can  be 
different,  fuppofe  it  to  be  N ;  which  is  either  leiTer  or  greater  than  D  :  But  it  cannot  be 
lelTer;  for  then  it  would  follow,  that,  contrary  to  Suppofition,  N  is  not  the  greateft  Num- 
ber qualified  according  to  the  Rule,  vtz.  (o  that  3  A*  N  -|-  3  A N'  -j-  Ns  is  lefs  thsri  D  • 
for  B  is  greater  than  N,  and  yet  is  fo  qualified,  lince  D  =  3  A' B-f-3  AB' -f-B^-f-R  : 
Wherefore  N  cannot  be  lefs  than  B ;  nor  can  it  be  greater,  becaufe,  by  Suppofition! 
3  A»N-f3  AN'+Ns  islefs  than  D  C=M  — A?);  and  adding  As  to  both,  then  A=-f. 

3AN«-f3A*N-}-N3  (=a4-N)  is  ieis  than  M,  and  therefore  is  contained  in  it. 

But  again ;  A  +  N  is  greater  than  A +  3,  and  A -4- N' greater  than  A  +  b',  confequentiy 

A-)-B'  is  not  the  greateft  Cube  contained  in  M,  contrary  to  Suppofition;  fo  that  N  can- 
not be  greater  than  B :  Wherefore,  laftly,  fince  N  cannot  be  either  lefler  or  greater  than  B, 
it  muft  be  equal  to  it. 

CoROL.  If  a  Number  M  is  not  a  Cube,  the  Number  R,  which  is  over  the  greateft 
Cube  contained  in  it,  (which  is  neceffarity  the  Remainder  after  the  fecond  Member  B  is 
found)  can  never  exceed  the  Sum  of  triple  the  Root  found,  and  triple  its  Square  .■  For  if 
the  Root  found  is  N,  then  if  the  Remainder  exceed  3  N '  -f-  3  N,  it  muft  be  at  leaft 

3  N'  -f  3  N4- 1 ;  which  added  to  N?  makes  N^  -f  3  N'  -f  3  N  -f  i  ==  N  -(-  1 '.  And 
hncc  this  Cube  is  manifeftly  contained  in  M,  (for  it's  the  Sum  of  the  greateft  Cube  N? 
contained  in  M,  and  the  Remainder  3  N^-|-3  N-f-i  added);  it  follows,  contrary  toSuppofition, 
that  NisTiot  the  Root  of  the  greateft  Cube  contained  in  M,  becaufe  N-|-  i  is  greater  than  N  • 

and  N  +  i'  is  contained  in  M,  if  R  is  greater  than  3  N»  -f  3  N ;  therefore  this  cannot  be. 

A  a  A  p  p  L  I- 


1 7  8  Of  Extradlion  of  Roots.  Book  III. 

Application  (?/  the  preceding  Lemma's  for  demonjirating  the  ExtraSling  of 

the  Cube  Root. 

1.  The  firft  and  fecond  'Lemmas  are  already  applied  \  from  whence  are  deduced  as  Corol- 
hr'tes,  the  firft  thing  alTerted  in  the  Rulcj  rjiz.  That  tlie  Root  mull  have  as  many  Figures 
as  the  given  Number  has  Periods. 

2.  From  T-.em.  3.  we  have  the  Reafon  why  the  given  Number  is  pointed  from  the  ri»ht 
Hand,  'vi'x..  becaufc,  being  done  fo,  it  is  demonltrated,  that  the  laft  Figure  of  the  Root 
fjughr,  (i.  e.  the  Figure  in  the  highcft  Place)  the  two  lad,  <^c.  make  the  Root  of  the 
grcateft  Cube  contained  in  the  laft,  or  two  laft,  (ice.  Periods  of  the  given  Number. 

3.  The  remaining  Part  of  the  Rule  is  to  find  the  Figures  of  the  Root,  one  after  another, 
out  of  thefe  Periods ;  the  Reafon  of  which  is  contained  in  'Levi.  3  and  4,  and  its  Carol. 
and  is  deduced  thus : 

We  firft  take  the  laft  Period  j  and  in  the  Table  of  fimple  Cubes,  we  feek  that  Number, 
cr  the  next  Letter,  whofc  Root  is,  by  Lem.  3 .  the  higheft  Figure  of  the  Root  fought.     So 

in  the  preceding  Example,  the  given  Number  is  4142 1736,  which  we  Ihall  here  call  N. 
The  Lift  Period  is  41,  and  the  next  Cube  to  this  is  27,  whofe  Root  is  3,  the  laft  Figure  of 
the  Root  fought.  Now- if  we  fuppofe  the  two  laft  Periods  4i'42i  to  be  the  whole  of  the 
given  Number,  then  the  Root  of  the  greateft  Cube  contained  in  it  has  but  two  Figures, 
■whereof  we  have  now  found  the  laft  ■,  and  to  find  the  other  (which  is  the  next  Figure  of 
the  Root  fought,  by  Lem.  3.)  we  proceed  thus:  Calling  the  Figure  found  a,  we  fubtradl 
its  Cube  ai  =  2ji  from  41  the  laft  Period;  and  to  the  Remainder  14  prefixing  the  next 
Period  421,  the  whole  14421  is  the  2d  Refolvcnd.  And  obferve,  that  as  the  41  is  really 
41000,  in  refpcd  of  the  total  4142 1;  fo  the  Figure  found  is  really  30,  in  refpedi:  of  the 
next  to  be  found;  and  in  that  Value  we  do  adually  take  it  by  fubtradling  it  from  41,  con- 
fidering  where  th:s  ftands,  and  which  the  prefixing  the  next  Period  to  the  Remainder  does 
farther  clear:  For  this  is  the  fame  thing  as  if  we  had  written  27000  the  Cube  of  30,  and 
taken  that  from  414a  i ;  wherefore  this  is  the  fame  Operation  as  that  explained  in  Lejn.  4. 
>.  e.  having  found  30  the  firft  Meinbcr  of  the  Root  of  41421,  we  take  its  Cube  out  of 
the  whole;  and  out  of  the  Remainder  14421,  we  feek  the  next  Member  of  the  Root, 
which  we  know  cannot  exceed  9,  becaufe  it's  the  fecond  Member  of  a  Root  confifting  of 
two  Figures;  v.'hereof  we  have  found  that  belonging  to  the  higheft  Place,  which  confider'd 
in  its  compleat  Value  is  the  firft  Member.  Now  to  find  the  Figure  fought,  we  form  a 
Divifor  according  to  the  Rule  (demonftrated  in  Letn  4.J  thus:  Taking  30  =  ^,  the  Di- 
vifor  is  ■^a^-\--3,a=-^X^oo-}-'!,x  io  =  2yoo-\-9o:^2.yc)o.  And  this  we  find  contained 
in  the  Refolvend  1442 1,  5  times;  but  under  the  Limitation  of  the  Rule  we  can  take  it 
at  moft  4  times;  and  4  is  the  Figure  fought;  which  calling  l>,  the  Proof  of  its  being 
the  true  Figure  is  this :  We  take  3  a-  ^  -f-  3  <7 1^'  -f-  i=  :^=  12304,  which  is  lefs  than  the  Re- 
folvend  1442 1;  and  4  is  therefore  the  right  Figure,  becaufe  5  would  have  made  ^a^b-j- 
■> a b'' -{- i>'  greater  than  14421.  Or  had  we  at  a  guefs  taken  3  =^b,  then  would  it  be  '^a'^b 
_i   ^^^i_[_^;=  g()37^    which  taken  from   14421   leaves   5484;    which  is  greater  than 

jx  ^'^+3x33=3  X  io89-{-3X33  =  3267-f-99=  33<j6;  and  therefore  3  is  too  little, 
as  is  lliewn  in  Schol.  i.  added  to  the  Rule.  Thus  we  have  found  34,  the  Root  of  the 
greateft  Cube  contained  in  41421,  (the  Remainder,  or  what  is  over,being  2117J  and  have 
fhewn  that  the  Rule  is  juft  and  good  for  a  Root  of  two  Figures.  Again ;  For  a  Number 
of  three  Periods,  as  4142 173<?,  whofc  Root  has  three  Figures;  having  found  the  two  Fi- 
gures in  the  higheft  Places;  and  taking  thefe  with  o  prefix'd,  which  rnakes  the  true  Va- 
lue; anii  calling  this  again  a,  or  A,  the  firft  Member  of  the  Root,  the  fecond  Member, 
which  is  a  lingle  Figure,  is  found  the  fame  way  as  before  explained;  which  is  according  to 
the  Rule.    But  now  in  this  there  is  fo  much  of  the  Work  already  done;  for  the  Cube  of 
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t'li"!  firft  Member,  or  A',  is  already  fubtradtcH  from  theTohl  ^jj^i\j'!,6,  bccnufc  A  is  now 
equil  to  the  former  <j-j-ij  and  it's  evident  tVom  tlic  \Vork  that  wc  have  fubtra<ftc(l  a'', 
and  then  3  <i*i  -|-  3  "  ^^  4"  ^'  fo  make  the  Cube  of  a  -]-  b.  It's  true,  wc  have  taken  a=:^%o 
and  *=4i  whereas  A=^8o,  fo  that  a  fliould  be  300  and  b=^to:  But  by  the  Pisces  in 
which  we  liave  fet  a=,  and  t^  a'^  b -\- 7,  ah'^-\~h',  we  liavc  in  effect  taken  them,  as  if  it  h.id 
been  <J  =  300  and  ^=:Soj  and  fo  we  have  duly  fubrraifted  As  or  rhe  Cube  of  380, 
from  the  Total  41421756;  the  Reniainder  whereof  is  2117,  to  which  the  ncxT  Period  73<) 
is  prcfix'd,  makinr;  2117736  the  Refolvcnd  for  finding  the  next  Figure  j  which  we  find  to 
be  6,  by  the  fame  Rule  and  Rcafon  as  we  found  the  lall  Figure. 

If  there  arc  more  than  three  Figures  in  any  Root,  the  Rcalbns  of  the  Rule  are  manifcft- 
ly  the  fame  from  one  Step  t:o  another  in  ittfimtum.  1  fliali  add  for  an  Dluftration  one  Ex- 
ample, wherein  each  Figure  of  the  Root  is  taken  in  its  compleat  Value. 


Involution  o/'3 46  to  itsCnbe,  makes :^1j^2JJ'^6 

Thus: 
Root 
346  =:  300  4-  40  4-  6 

2700COOO  ^=  rt'.  {,1  =z  300.) 
I  oSooooo  =  3  /»'•  ^.  (i  =  40.) 
1440000=  3  i^  a. 
64000  =  ^'. 

•39304000  =  a^b''  =  A". 
.  2080800  =  3  A»B.  (A  =340.  B  =  6.) 
36720  =  3  A  B». 

2l6  =  B3. 


41441736=  A+  B 


Evolution  fl/ 4142 1736  to  ittCube  Root, 
viakes  346. 

A        B 

.     .  ("  /> 

41 42 1 736I300  4-40-4-6. 

/J'=:  27000000 

3^*4- 3:  a  =  276900)  14421736  Refolvend. 

10800000  =  ^  n'  b. 

1 440000  n:  3  all''. 

64000=:^  . 

12304000  Sum. 


3A*  4-  3  A=  347820)  2117736  Refolvend. 

2080800  =  3  A*  8. 
3672o=:3  AB-. 
216  =  B-. 


2117736  Sum. 
000000 

There  remain  yet  two  things  to  be  demonfl:rated;,..which  are  delivered  in  Schol.  i  and  " 
■.'Drc.  "       '    -  ' ' 

"  I.  The  Remainder  can  never  exceed  the  Sum  of  thefe  two  Numbers,  v-.z  triple  all 
the  Figures  of  the  Root  already  found  ftaken  as  one  Number)  and  triple  the  Square  of 
the  femci  the  Reafon  of  which  you  have  plainly  in  Cor.  Lem.j^.. 

2.  If  the  Divifor  3^»-f  3^  is  contained  ofcner  than  9  times  in  the  Refolvend,  then  if 
ifs  fo  aker  the  fecond  Figure  is  found,  9  is  the  Figure  fought  i  for  in  this  Cafe  the  Refol- 
vend may  be  thus  reprefented,  3  <j^x  io  +  3<7X  10  + R=  3  ^^  9  +3  ^--f  3ax  lo  +  R, 
and  the  Sum  upon  which  the  Limitation  depend?,  being  ■},  a~b-^  7  ab^Xh,  if  ^  is  g 
then  this  Sum  is  3  ^-x  9+ 3  <,x  8i-f  729  :  Compare  this  with  the  Refolvend,  they  have' 
this  Fart  m  common,  viz.  3  ^»  x  9;  Set  .this  afide,  and  compare  the  Remainders  in  both, 
t;z.  ^/>^  +  3'!X  io-)-R,  and  3<7X  8i-f  729;  this  laft  is  lefs  than  the  former:  for,  after 
two  Figures  of  the  Root  are  found,  d  confifts  of  three  Figures,  in  its  compleat  Value,  and 
.  fo  mult  be  at  leaft  100 :  Therefore  3  <t  x  81  is  lefs  than  3  a-,  and  729  is  lefs  than  3  <7  x  10, 
•  Which  is  at  leaft  300  x  10=  3000.  Hence  it  is  plain,  that  the  Refolvend  is  greater  than 
the  rJumber  to  be  compared  with  it  in  the  Limitation  of  the  Quote;  and  the  greater  that 

A  a  2  a  is. 


i8o  Of  Extv2i€tion  of  Roots.  Book  III. 

a  is,  as  it  will  be  always  greater  at  every  Step  after  the  fccond,  fo  much  will  the  Refolvend 
exceed  that  other  Number. 

Again  j  In  the  iecond  Step,  the  Quote  is  certainly  9,  if  the  firft  Figure  found  is  either 
8  or  9j  i.e.  if  A  =  80  or  90  j  which  you'll  find  by  comparing  as  before  3  A^-f-?  Ax 
10-f-Rwith  3^x814- 72  9i  for  putting  <J  =  80  or  90,  you'll  find  3  A  X  8 1 -f- 745^  lefs  than 
3  A'^^"  3  -A'^  lo-  But  when  A  is  fuppofed  70,  or  60,  ^c  it  will  be  greater,  and  therefore 
the  Quote  mufl  be  lefs  than  9,  unlefs  the  Number  R,  which  belongs  to  the  Refolvend,  is 
greater  than  the  Excefs  of  3  A  X  81  -f-  729  above  3  A^  -|~  3  -^  ^  ^O'  ^  '"  ^odq^  Cafes  it 
will,  and  in  fome  it  will  not. 

SCHOLIUM,  concerning  a  different  Method  of  Fra6iice  in  the  Extrailion  of 

a  Cube  Root. 

The  preceding  Rule  is  nearly  according  to  the  moft  common  Method,  that  it  might  be 
accommodated  to  the  Principles  from  which  the  Reafon  and  Demonftration  of  it  might 
be  moft  eafily  deduced :  Bat  there  is  another  Method,  differing  a  httle  in  one  of  the 
principal  Steps,  which  is  this : 

Having  pointed  the  given  Number,  and  found  the  firft  Figure  of  the  Rootj  then  in  all 
the  fucceeding  Steps  form  the  Divifor  as  before,  and  find  the  Quote  under  this  Limita- 
tion, viz.  That  being  added  to  the  Divifor,  and  the  Sum  multiplied  by  the  fame,  the  Pro- 
duift  fliall  be  lefs  than  the  Refolvend ;  which  is  fo  far  like  what  we  do  for  the  Square 
Root:  But,  again;  the  Remainder  muft  not  exceed  the  Produft  of  thefe  Numbers,  vi::,. 
the  Sum  of  the  Q^iote  and  the  fecond  Member  of  the  Divifor  multiplied  into  the  Diffe- 
rence betwixt  the  Quote  and  its  Square;  i.  e.  add  together  thefe  two  Produfts,  and  their 
Sum  muft  not  exceed  the  Refolvend,  and  what  remains  here  belongs  to  the  next  Re- 
folvend. 

You  may  alfo  form  your  Divifor  thus;  Take  the  Figures  already  found,  and  to  thetn 
prefix  I  (or  take  them  with  o  prefix'd,  and  then  add  i,  which  will  fall  in  the  Place  of  die 
o ) ;  multiply  this  Sum  by  triple  the  Number  to  which  the  i  was  added  :  The  ProdusSt  is 
the  Divifor.     See  this  Example  wrought  after  this  Mannner. 


/a.b 
1(514125  U  5 


The  Letters  and  Operations  fliew 
the  Application  of  this  Method  ;  and 


j^.  .J.  y^~        "  what  istobedemonftratedisonlychis, 

ivior.  .  jT>  ri      J  that  theNumber  compared  to  theRe- 

3  «H-  3  4^440 >.   102125.  2d  Refolvend.  ^^j^^^^  .^  ^^^^j  ^^  ^  /^^^  ^  ^,_j_^.^ 

(       3"^'' "T-J       ^                                      ,   ,     ,  which  is  the  Number  compared  in 

3x80x81)              972i5  =  3£-M_£-Mx^  the  former  Rule;  and  the  Truth  of 

4900  =  ■^a-l-hxb^  —  b  this  you'll  find  by  performing  the 

Operation  of  thefe  two  Produ(fls,and 

102125.  Sum.  adding  them  thus,   3  z;^  -f-  341  -j-  ^ 

■ •  X  b=i  T,  a'^  b  -\-  -^  a  b  -\-  i>-,  then 

000000  ^  a-]-bxb-  —  ^  =  3  ab*  r\.  bi  — 

— • ■^ab  —  b^:  whicli  added  to  the  for- 

mer mi!;es  1  a'^b~\~  ■^a  b^  -}-  b^. 
What  I  have  further  to  obferve  is.  That  this  Method  will  in  many  Calcs  be  of  Advan- 
tage, by  helping  us  to  difcover  more  eafily  that  Ibn^.c  Figures  arc  too  great  for  the  Quote, 
without  the  Trouble  of  making  out  the  total  Number,  which  is  here  to  be  compared 
with  the  Refolvend  :  For  if  the  firft  Part  of  it  (viz.  ilie  Produ<5t  of  the  Quote  by  the 
Sum  of  the  Divifor  and  Quote,   or  3<»'~[- 3a-i--^  xb]   is  equal  to  the  Refolvend,  or 

greater. 


Chap. 


2. 


Cube  Root.  i9i 


greater,  that  Figure  is  certainly  too  big  to  anfwer  the  Rule.  Bat  tho'  that  firft  Part  is  lefs 
than  the  Refolvend,  v/e  cannot  conclude  that  wc  have  the  true  Figure,  till  vvc  add  the 
other  Part  alio,  and  find  that  the  Sum  is  not  greater  than  the  Relblvend. 

Obferve  alio.  That  it  the  Prodiuft  of  the  Quote  b,  and  firft  Member  of  the  Divifor, 
vix..  3  /»*,  is  equal  to  the  Refolvend  or  greater,  then  certainly  that  Quote  is  too  big,  and 
fo  we  might  have  the  fame  kind  of  Advantage  by  the  common  Method ;  yet  the  Produit 
of  the  Q;^iote  into  the  Sum  of  the  Quote  and  Divifor,  being  always  a  greater  Number 
than  the  Produdt  of  the  Quote  and  firft  Member  of  the  Divifor,  the  laft  Method  will 
difcover  fome  Figures  to  be  too  great,  which  would  not  appear  fo  without  Trial  by  the 
other  Method. 

Of  the  Proof  of  the  Cube  Root. 

Involve  the  Root  found  to  the  Cube,  and  compare  it  with  the  given  Cube,  or  the 
Difference  betwixt  the  given  Number  and  the  Remainder  of  the  Extraction. 

Or,  By  cafting  out  9's  thus :  Caft  the  9's  out  of  the  given  Number,  if  there  is  no  Re- 
mainder in  the  Extradion ;  or  out  of  the  Difference  of  that  Number  and  the  Remainder 
of  the  Extraction ;  Then  caft  the  9's  out  of  the  Root  found,  and  fquare  the  Exceft,  out 
of  which  caft  the  9's,  and  multiply  this  Excels  by  the  preceding,  and  out  of  this  Produft 
caft  the  9's ;  the  Excefs  or  Defecft  of  9  muft  be  equal  to  that  found  in  the  given  Number. 

Example:  The  Cube  Root  of  2744  is  14;  thus  proved:  The  Excefs  of  9's  in  2744  is 
8.  in  14  it  is  5  j  then  5  x  5=25.  in  which  the  Excefs  of  9's  is  7,  which,  multiplied  by 
the  preceding  Excefs  5,  the  Produtft  is  35,  in  which  the  Excefs  oi  9's  is  8. 

(The  Reafon  of  this  Pradtice  is  alfo  obvious  from  what   i.5 
fiiewn  in  Multiplication  :   For  taking  14  x   14  as  one  Fadlor, 
and  14  as  another,  we  firft  caft  out  9's  out  of  14  X  14,  and  then 
out  of  14  j  and,  multiplying  thefe  two  Exceffes  together,  we  compare  the  Excefs  of  9's  ia 

the  Produft  with  that  in  2744,  which  is  =  14  x  14X  14. 

Problem  III.     To  ExtraB  the  Root  of  any  'Tower  above   the 

Cube. 

General  "KvLZ. 

'\T7'Hatever  Root  is  propofed  to  be  extradted,  as  in  general  the  »  Root,  diftribute  the 
•  '  given  Number  into  Periods,  taking  as  many  Figures  to  each  Period  as  the  Number 
of  Units  in  the  Index  w  j  then  make  a  Table  of  the  limilar  Powers  ( ;.  e.  the  «  Powers ) 
of  all  the  Digits,  as  far  at  leaft  till  you  find  one  which  is  equal  to,  or  exceeds  the  firft  Pe- 
riod on  the  Left  of  the  given  Number,  taken  by  itfelf;  the  Root  of  that  Power  is  the  firft 
Figure  on  the  Left  of  the  Root  fought,  which  call  A^  then  fubtradt  A'^  from  the  faid 
firft  Period,  and  to  the  Remainder  prefix  the  next  Period  for  a  Refolvend  j  and  to  find  the 
next  Figure  of  the  Root,  form  a  Divifor  thus;  take  a  Binomial  A-f-B,  and  involve  it  to 
the  n  Power,  as  has  been  explained;  your  Divifor  is  the  Sum  of  all  the  Produdts  of  the 
feveral  Powers  of  A,  except  the  higheft  A",  multiplied  by  the  proper  Coefficients  of  the 

Terms  in  which  they  ftand  in  the  Power  A-f-t5  :  Thus,  for  the  4th  Root  the  Divifor  is 
4  A'-j-6  A--I-4  A;  for  the  5th  Root  it  is  5  A* -j- 10  As -f- 10  A--}- 5  A,  as  you'll  find 
<rom  the  Table  of  Binomial  Powers  and  Coeffcieitts.  And  uni-jerfally,  the  Divifor  will  be 
n  k^—^  -\~ay.  A" — --f-^x  A" — i-^&c.  -f-^X  A,  where  I  have  fHXiply  expreffed  theCo- 
cfficients  by  fingle  Letters,  which  you  muft  underftand  as  repveCinting  the  true  Cwtiicients. 
Alfo  remember,  that  the  firft  Figure  of  the  Root  found,  which  A  reprefents,  muft  be  mul- 
tiplied 


1 8  2  Of  Extradion  of  Roots.  Book  III. 

tiplied  by  lo,  or  o  fireSx'd  to  it,  becaufe  that  is  its  true  Value  v.'ith  refpeft'  to  the  next 
Fiffure  to  be  found;  and  in  this  Value  you  are  to  u!e  it  in  forming  ilis  Divifor;  then  find 
the  Quote  B,  ( which  cnn  never  exceed  9 )  limited  fo  thit  the  leveral  Members  of  the 
Divifor  being  multiplied  by  rhe  feveral  Powers  of  8,  which  you  find  multiplied  into  them 

in  the  feveral  Term?  of  the  Binomial  Power  A -j- B  ;  and  B"  added  to  the  Sum  of  allthele 
Produ&s,  the  total  IliaU  nor  exceed  the  Refolvend.  Thus  in  the  4th  Power  the  Number 
to  be  compared  with  the  Refolvend  is  this,  4  As  B  4-<)  A-B^-|-4  ABs-f-B^;  in  the  5th 
Power  ic  is  5  A+  B  +  10  A^  B'  -!-  10  A^  B;  +  5  A  E+  +  H^-  Univerfally,  it  is  n  A"—  x  B 
-4-jA'^— ^xB-  +  6  A"— ?xB?4-d"ir.  -(-«AB"— ■ -f  B",  which  is  the  whole  Binomial 
Power  except  the  Term  A". 

In  the  next  place  take  the  two  Figures  found,  and  prefixing  o,  call  this  Number  A, and 
form  a  new  Divifor  as  before,  of  the  feveral  Powers  of  this  new  Number  A,   multiplied 

n 

by  their  Coefficients  in  A-\-li  ,  and  by  this  find  the  3d  Figure  of  the  Root,  which  call 
again  Bj  under  the  fame  Limitation  as  before ;  and  fo  proceed  to  the  End. 

SCHOLIUMS. 

I.  If  you  begin  your  Guefs  for  the  Qi^iote  (i.e.  for  any  Figure  of  the  Root  after  the 
firft )  at  the  greateft  number  of  times  (  not  exceeding  9  )  that  the  Divifor  is  contained  in 
the  Refolvend,  then  the  Limitation  ot  the  Rule  for  the  Number  to  be  compared  with  the 
Refolvend  is  fufficient  to  determine  when  you  have  the  true  Figure.  But  if  you  chufc  at 
a  Guefs,  then  you  are  to  mind  this  Mark  of  a  Figure  too  little,  w=.  That  if  you  take  all 
the  Root  found,  taking  in  the  Figure  now  put  in  the  Root,  and  call  it  A ;  then  take  the 
Sum  of  die  Produfts  of  the  feveral  Powers  of  it  ( except  A"  )  which  belong  to  the  new 
Divifor;  the  Remainder  muft  not  exceed  this,  elfe  the  Figure  lafl:  found  is  too  little. 

2  If  there  is  a  Remainder  after  all  the  Periods  are  employed,  the  given  Number  is  not 
a  Power  of  that  Order,  and  the  Root  found  is  only  that  of  the  greateft  Power  contained 


in  It. 

Roots. 

I 
2 

•      4 


5th  Powers. 
:       I 

:       32 

••      243 
:       1024 


I  (hall  illuftrate  this  Rule  as  far  as  i*  neceffary  by  an  Ex- 
ample. Suppofe  the  5th  Root  of  this  Number  74560898  is  re- 
quired. Having  pointed  it,  the  laft  Period  is  745  ;  and  rai- 
fing  the  5th  Powers  of  the  Numbers  from  i  to  4,  whofe  5th 
Power  is  the  firft  which  exceeds  745,  I  find  243  the  greateft  5th 
Power  contained  in  745;  and  the  5th  Root  of  this  being  3,  I 
put  3  as  the  laft  Figure  of  the  Root  fought. 


AS  = 


4329 


i5o"\ 


/AB 

74560898    (^3  7 

243 

50260898.  ad  Refolvend. 


28350000=  5  A*  X  B 

13230000=  10  A5xB» 
3087000=  ID  A^xBs 
3601^0  =  5  AxE* 
16807=  Bs 


(B=r) 


4504395  ?• 


Sum. 


J216941.  Remainder. 


Then  raifing  A+B  ,  it  is  A'  -f  5  A+B 
+  ioA3E»+  ioA»B5-{-5AB+-fBJ; 
and  taking  A  =  50,  the  Divifor  is  5  A^-f- 
10  A^-f- 10  A- -(-5  A  =  4329150,  which 
is  found  in  the  Refolvend,  under  the  Li* 
mitation  of  the  Rule  7  times;  the  Re- 
mainder being  5216941. 


The 
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The  Divilbr  being  formed  thus: 

Dr.MONSTR.  The  Dcmonftrarion  of  this  general 
Rule  depends  upon  tiis  fame  kind  of  Principles  as  thofe 
for  the  Square  and  Cubs :  And  whoever  underftands 
thefc  thoroughly  will  be  able  to  extend  them  to  this 
univerfal  Rule  with  great  Eafc :  For  if  we  put  n  ia 
the  Place  of  2  or  3  in  the   preceding  Lemmas,   they 


5  A*=  4050000 
ioA==  270000 
10  A^  =         900a 

5A=  150 


45 -9 '5°  v/ill  become  univerfal  for  all  Cafes. 


Scholium.  What  a  tedious  thing  it  is  to  form  the  Divifors,  and  the  Numbers  to 
be  compared  with  tlic  Refolvend  in  high  Powers,  and  indeed  in  sU  above  the  Cube,  it's 
cafy  to  perceive.  All  that  can  be  faid  in  favour  of  this  general  Rule  is  only  this.  That  it  is  . 
exceedingly  preferable  to  our  being  left  to  a  pure  blind  Guefs,  with  no  other  Help  than 
raifing  the  Power  of  the  Root  guelled,  and  comparing  it  with  the  propofed  Number.  Yet 
the  great  Labour  of  this  Rule  has  excited  the  Mathematicians  to  the  Invention  of  other 
Methods;  the  explaining  of  which  conies  not  within  the  Limits  I  have  prefcribed  my  felf 
in  this  Work,  except  that  Method  which  is  by  the  help  of  'Logarithms ,is,  you'll  find  after- 
v/ards  explained.  Li  the  mean  time  ohferve,  that  as  Square  and  Cube  Roots  are  the  things 
only  ufeful  in  the  common  Affairs  of  Life,  fo  the  Rules  for  them  are  tolerably  eal'y,  efpe- 
ciilly  the  Square.     But  there  is  alfo 

Another  Gemral  Rule  for  Compound  Rooti  ( i.  e.  luhofi  Itidex  is  the  Troduii  of 

t'wo  or  more  Numbers  ). 

Take  any  two  or  more  Indexes  whofe  Product  is  the  given  Index,  and  extraft  out  of 
the  given  Number  a  Root  anhvering  to  any  of  thefe  lefler  Indexes;  and  then  out  of  this 
Root  extradf  a  Rootanfwering  to  another  of  thefe  lelTer  Indexes,  and  fo  on,  till  you  go  thro* 
them  all :     The  laft  Root  found  is  the  Root  fought. 

Example  1.  To  find  the  4th  Root  of  6i^,  I  find  the  Square  Root  25;  then  the  Square 
Root  of  this,  which  is  5,  is  the  Root  fought. 

Example!.  To  find  the  6th  Root  of  4096:  It  is  4;  which  I  find  thus:  6  =  2X  5, 
therefore  I  find  the  Square  Root  of  409(5,  which  is  64,  and  then  the  3d  Root  of  64  is  4. 

Demowflr.     The  Heafia  of  this  Rule  is  obvious,  being  only  the  Reverfe  of  what's  done 

and  dcmonftrated  for  involving  a  Number  to  a  compound  Power;  or  you  have  the  Rea- 

—         X— 
fon  of  it  in  Theor.lK.  §.  i.  where  it's  fhewn  that  A"™=  A~"". 

Ohferve,  It's  bed  to  begin  with  the  Root  of  the  lowed  Index. 

tilfo.  If  the  given  Number  is  not  a  Power  of  the  Order  you  firft  try,  neither  can  ft 
be  a  Power  of  the  Order  propofed ;  and  to  find  the  Root  of  the  greatell  like  Power  con- 
tained in  it,  other  Methods  do  better. 

Of  the  Proof  of  all  Roots  of  Integers  univerfally . 

It  is  done  either  by  the  oppofire  Involution,  or  by  cafting  out  the  9's,  thus: 
Caff  the  9's  out  of  the  given  Number,  or  the  Difference  of  it  and  the  Remainder  of 
the  Extraftion,  and  mark  the  ExceG :  Then  caff  the  9's  out  of  the  Root  (and  take  the  Ex- 
cefs,  or  the  Root  itfelf  if  lefs  than  <))\  multiply  it  by  itfelf,  and  caff  out  the  9's  from  the 
Produft ;  tlien  multiply  the  Excefs  by  the  Excefs  in  the  Root,  and  caff  the  9's  out  of 
the  Produ>5l;  this  laft  Excefs  multiply  by  the  Excefs  in  the  Root,  and  caff  the  9*3  out  of 
the  Produ^ll,  and  go  on  ib  till  the  Excefs  of  9's  in  the  Root  is  employ'd  as  a  Multiplier,  as 

off 


Of  Extradion  of  Roots.  Book  IIL 

oft  as  the  Index  of  the  Power  expreCTes :  The  laft  Excefs  muft  be  equal  to  chat  in  the  giveo 
Number. 

§.   11.    Part  II. 

Probl.  4.    Of  the  Extradtion  of  the  Roots  of  Fradions.  ^ 

A  Fraftional  Power  is  to  be  confidered  in  two  different  Views:  i.  As  being  an  immedi-       9 
•^  ate  Power,./,  t.  the  immediate  Effedl  of  the  continual  Multiplication  of  fome  Frafti-        ■ 

on  into  itfelf,  as  S  =  -  x    ;  and — =-x  -x  -.    Or,  2.  As  being  only  equivalent  to 
9      3     3  27      3     3     3  &       /     ^ 

fome  immediate  Power,  but  not  itfelf  fuch  a  one,  as  — -  =  t:. 

IS         9 

Now  if  a  Fradtion  is  immediately  a  Power,  it's  manifeft  from  the  Definitions,  that  if  we 
extrad  the  Root  propofcd  from  the  Numerator  and  Denominator  ftparately,  thefe  are  the 
Numerator  and  Denominator  of  the  fradional  Root  fought.    Example  :  The  Square  Root 

of  ~  is  -  i  for  8  =  64. ',  and  9  =  81'.    But  if  the  given  Fradion  is  only  equivalent  to 

fome  immediate  Power,  the  Root  {viz.  of  that  Power;  which  is  alfo  in  another  Senfe, 
the  Root  of  the  given  Fraction)  cannot  be  difcovered  by  this  Method ;  for  the  Numera- 
tor and  Denominator  have  not  both  in  this  Cafe,  and  perhaps  neither  of  them  has  a  per- 
fc&  Root ;  and  fo  we  cannot  determine  by  this  Mechod,  whether  the  Root  fought  is  ra- 
tional orfurd;  yet  by  other  Methods  we  can  difcover  this,  and  find  the  Root  where  there 
is  one.    For  which  cake  this 

General  Rule. 

Reduce  the  given  Fraftion  to  its  loweft  Terms,  and  then  extradl:  the  propofed  Root  from 
Numerator  and  Denominator  feparatelyj  and  thefe  Roots  are  the  Numerator  and  Deno- 
minator of  the  Fradtional  Root  fought;  which  is  alfo  in  its  loweft  Terms.  But  if  both 
Numerator  and  Denominator  have  not  fuch  a  perfecSl  Root,  the  given  Number  is  not  a 
Power  of  the  Order  propofed,  either  immediately  or  equivalently. 

Example  i.  To  find  the  Square  Root  of  — ,  I  find  its  leaft  Terms  — ,  whofe  immediate 

Root  IS  -. 
5 

Example  2.     To  find  the  Square  Root  of  9^,  I  find  its  leaft  Terms  — .    But  neither  8 

24  ^'^  ^5 

nor  23  are  Squares,  and  therefore  ^  is  not  a  Square  in  any  Senfe. 

Demon,  i.  If  the  loweft  (or  any)  Terms  of  the  given  Fradlion  are  Powers  of  the 
Order  propofed,  it's  plain  that  tbeir  Roots  make  a  Fraction,  which  is  the  Root  of  the  given 
Fraction;  by  the  Definition.     And, 

2.  If  the  leaft  Terms  of  a  Fradion  are  not  Powers  of  the  given  Order,  no  Terms  of 

it  are  fo ;  or  the  given  Fradtion  is  not  a  Power  in  any  Senfe.     For  let  -5   be  a  Fradlion 

M"      A 
in  its  leaft  Terms,  and  fuppofe  i^  =  tt  ('•  *•  ^ome  other  equivalent  Terms  of  the  Fra- 

A  M" 

£Hon  to  be  an  immediate  Power.^    Then  becaufc  ?,  is  in  leaft  Terms,  j^tjt  is  not  fo,  bc- 

M 
caule  it  conufts  of  different  Terms  by  Suppofition.    Confcquently  -rr,  its  »  Roo:,  is  not 

1  in 


I 
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•-.-1  v 

in  its  leaft Terms,  fby  Lfw.  preceding  thcTAwr.  Chap,  i.)    Take  -  in  its  leaft Terms> and 

=  — ;  thenis—  in  its  lead  Terms,  (by  the  fame  'Lem)     And  fince  -  =  vTj  therefore  -5 

=  i-;^  =  j5  j  wherefore  -  and  -^  are  both  in  the  Icaft  Terms,  which  is  abfurd  i  or  -7;)  ^ 
are  the  fame  Terms,  which  is  alfo  contrary  to  Suppofition. 

SCHOLIUMS. 

I.  A  FradJion  made  of  the  greateft  Integral  Root  of  the  Numerator  and  Denominator 
may  in  one  Senfe  be  called  the  Root  of  the  greateft  Fraftional  Power  contained  in  the  gi- 
ven Fra6tion  j  which  Root  will,  in  fome  Cales,  be  a  deficient,  and  in  fome  an  c.vceffivc 

Root,  i.  e.  whofe  Power  wants  of,  or  exceeds  the  given  Fradtion.  Example :  -1 ,  the  great- 
eft Square  Fraction  contained  in  it,  in  this  Senfe,  is  i,  whofe  Root  is  ?;  which  is  an  e.'c- 
ceffive  Root  to  —  ,   becaufe  ^  is  a  greater  Fradion  than  — .    But  in  —  the  greateft  Square 

T  'I  I  5 

is  -,  which  is  Icfs  than  -2- ;  therefore  its  Root  -  is  a  deficient  Root  to  -^. 

Again :  In  another  Senfe,  /.  e.  if  we  ask  what  is  the  greateft  Fradlion  which  is  an  im- 
mediate Power,  and  is  lefs  than  a  given  Fradlion  which  is  not  a  Power  in  any  Senfe,  then 
there  is  no  iuch  thing  as  a  greateft  \  the  Reafon  of  which  you'll  find  afterwards.  (See  Ca- 
rol. Troh.<i.) 

1.  The  preceding  General  Rule  requires  two  Extraftions,  ws;.  both  from  the  Numera- 
tor and  Denominator;  but  I  fhall  give  you  other  particular  Rules,  whereby  the  Root  is 
found  by  one  Extradion  ^  and  fuch  as  are  accommodated  to  the  Methods  of  Approxima- 
tion, afterwards  explain'd. 

F articular  Rules  for  the  Roots  of  Fra8ions. 

I.  For  the  Square  'Root. 

Multiply  the  Numerator  and  Denominator  together,  and  extrad  the  Square  Root  of  the 
Product;  whicb  is  always  a  compleat  Square,  if  the  given  Fraftion  is  fo  in  any  Senfe. 
Make  this  Root  the  Numerator  to  the  given  Denominator,  and  this  Fradion  is  the  Root 
fought ;  or  fct  the  given  Numerator  fraftionally  over  the  Root  found ;  and  this  alfo  is  the 
Root  fought,  tho'  neither  of  them  is  in  the  leaft  Terms.  But  if  the  Produft  is  not  a  com- 
pleat Square,  neither  is  the  given  Fraftion:  And  having  found  the  Root  of  the  greateft  In- 
tegral Square  contained  in  it,  ufe  that  as  diredled;  and  you  fhall  have  a  Root  wanting  of  a 
juft  Root  to  the  given  Fradtion,  if  the  Root  extradled  is  made  Numerator  j  but  exceeding, 
if  it's  made  Denominator. 

Example  i.    To  find  the  Square  Root  of  ^,  I  take  4X  9=  36,  whofe  Root  is  6;  and 

fo  the  Root  fought  is  ^=?,  or  f=i;for5x  ?  =  1 
9      3         63         33'' 

Example  2.    To  find  the  Square  Root  of  — ,  I  take  12  x  147=  17^4,  whofe  Root  is 

42 ;  and  Co  ^=  11=  5  is  the  Root  fought ;  for  =^  x  ^-=J  =  ^. 
147      42      7  ^  7     7      49      147 

B  b  Example 
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Example  %.    For  the  Square  Root  of  -I.  I  take  7  X  12  =  84,  which  is  not  a  Square ; 

therefore   -2-  is  not  fo:  But  the  greateft  Integral  Root  in  84  is  9,  therefore  -2.  =  2  is  a  Root 
12  ^^      4 

wanting  of  a  true  Root  to  1  j  for  3  x  3  =  ^,  which  is  lefs  than  2.,  becaufe  9X12  is 
lefs  than  7X  16.  And  Z  is  an  excefllve  Rootj  for  ?x  2=12  greater  than  1-,  becaufe 
49X 12  is  greater  than  yx  81. 

Scholium.    Tho'  the  Fradtion  given  be  in  its  leaft Terms,  yet  the  Root  found  by 
this  Method  will  not  be  in  its  leaft  Terms  in  every  Cafe  where  the  given  Fradion  is  not 
a  perfeft  Power,  as  the  preceding  Exam.  3.  fhews.     And   if  it  is  a  perfedl  Power,   the 
Root  found  will  never  be  in  its  leaft  Terms,  as  is  manifeft ;  becaufe  the  leaft  Terms  are  • 
the  Root  of  the  Numerator  and  Denominator  of  the  leaft  Terras  of  the  given  Fradtion. 

Demon,  i.    The  given  Fradion  being  g,  multiply  both  Terms  by  B,  or  by  A  ^  and 

then  ^  =  -^  =  -^.  Suppofe  AB  is  a  compleat  Square,  whofe  Root  is  a,  fo  that  AB 
'       B       BB      AB         *^ 

„   ,   ^  „        -.  ,      .      aa AB  _    A AA      AA 

i=aay  then  are  all  thefe  Expreffions  equal,  viz.    _  _  ^  _  g"— -^  =  -^  i  confe- 

quently  %  the  Square  Root  of  4|>and  -  the  Square  Root  of  -—  are  each  a  true  Root  to  4- 

2.  If  A  B  is  not  a  perfed  Square,  then  neither  is  g  in  any  Senfe.    Forfuppofe^*  = 

^  =  ^,  then,   by  equal  Multiplication,  according  to  the  Nature  of  FradJions,  it  is 


iJ—Fb 


M^ X  B^      MB 


Ml>lB-—  A  B.    But  M^xB-  =  M  B',  therefore  i^l^  =i^f  ;  which  is  plainly  an 

N^  MB  iN  IN 

immediate  Square,   whofe  Root  is  -^ ,  and  is  therefore  a  true  Root  to  AB,  which  is  ab- 

(Lird-  for  AB  is  fuppofed  not  to  have  a  true  Square  Root  in  Integers,  and  confequently  has 

ao  fuch  Root  true,  {Theor.  19.  Chap,  i.)  therefore  .^  is  not  the  Square  Root  of  ABj 

Not  is  ^^^^^^4^°"  equal  to  AB  j  nor  ^  equal  to  -^  (~^)  ^  ^^^  fuppofed,  i.e.  no  im- 
mediate Square  ^^  can  be  equal  to  g,  or  ^  is  not  a  Square  in  any  Senfe. 

3.  Suppofe  a  the  greateft  Integral  Root  of  AB,  fo  that  a  a  is  lefs  than  ABj  then  is 
—  lefs  than  ^  (^-\  '•*•  ^  '^  ^  deficient  Root  to  ^.    Alfo  fince  a  a  is  lefs  than  AB, 

therefore  ^  is  greater  than  A.^  ^=g_=g-J  i.  e.  _  is  an  excefllve  Root  to  g. 

2.  For  the  Cube  Root. 

Multiply  the  Numerator  by  the  Square  of  the  Denominator ;  the  Produdt  will  be  a 
compleat  Cube,  if  the  given  Fraftion  is  fo  in  any  Senfe :  the  Cube  Root  of  this  Produfir 
fst  fradtionally  over  the  Denominator  of  the  given  Fraction,    is  tlie  fractional  Root 

ibught. 
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fougbt.  Or  thus:  Multiply  the  Denominator  by  the  Square  of  the  Numerator,  and  over 
the  Cube  Root  of  the  Produ(5t  let  the  given  Numerator  fraftionally  ^  and  this  alfo  is  the 
Root  fought.  And  ohferve,  that  if  the  given  Fraftion  is  a  proper  one,  the  laft  is  the  bcfl 
Method  i  but  if  it  is  improper,  take  the  firft  Method.  But  if  the  Produft  mention'd  is 
not  a  compleat  Cube,  neither  is  the  given  Fraftion.  And  if  we  take  the  greateft  Integral 
Root  of  that  Produdt,  and  ufe  it  as  directed,  we  have  a  deficient  or  cxcelTive  Root,  ac- 
cording as  we  chufe  the  firft  or  fecond  Method. 
="  g 

Example  i.  To  find  the  Cube  Root  of  — ,  take  27X27  =  729,  then  729  X  8  =  5832, 

i8       2 
whofe  Cube  Root  is   18 ;    then  is  —  =-  the  Root  fought.     Or  thusi  8  x  S  =  64,   then 

27      3  °  ^ 

8      2 
64X  27=  1728,  whofe  Cube  Root  is   12  i  therefore  --==  -  is  alfo  the  Root  fought. 

Example  2.    For  --,  take  54x54  =  2916,  then  2916X  15=  43740,  which  has  not  a 

Cube  Root,  and  fo  —  is  not  a  Cube  ^  but  the  greateft  integral  Cube  Root  of  43  740  be- 

ing  35,  therefore  t—  is  a  deficient  Root  to  ~;  or  if  we  take  15x15=  225,  then  225  X 

54=  12150,  whofe  neareft  Cube  Root  is  22,  and  —  is  an  Exceflive  Root. 

^^  A 

Demon,  i.    For  the  firft  Method,  multiply  each  Term  of  the  FraiSion -n  by  B»,  and 

it   is  -gj-=:  — ;  and  if  AB'  is  a  Cube,  let  its  Root  be  m,  then  jt  is  the  Cube  Root  of 

— jj-=-g-.     Again  J   if  A  B''  is  not  a  Cube,  neither  is  -g-i  for  if  we  fuppofe  -j=-ot-» 

fni  X  B'      tnW      ,    r  ^  L     T^         .  w» B 

— ,    ,  whofe  Cube  Root  is  — 
K'  n 

m  R 

contrary  to  SuppoGtion,  if  —^  is  Integer  \  and  if  it's  not  Integer,  it  cannot  be  the  Cube 

Root  of  A  Bs   which  has  no  Cube  Root  in  Integers   (ri&?or.XIX.C;&.  i.).     But  if  we 

fuppofe  m  the  greateft  integral  Cube  Root  contained  in  AB^,  fo  that  tws  is  lefs  than  AB^, 

•  •      1  •      f      w3  .    ,  -    ,      A  B^      A  m  .       ...       _ 

It  s  plain  that  gj  is  lefs  than  -gr-  =  -g .  or  -g  is  a  deficient  Root. 

2.   For  the  fecond  Method,  multiply  each  Term  of-g  by  A*,  and  it  is  -47^=  d'.  fo 

A  A=        A 

that  A^B  being  a  true  Cube,  whofe  Root  is  »,  then—  is  the  Root  of  "aTR^'r'j   ''"' 

if  A»B  is  not  a  Cube,  neither  is-g  j  for  fuppofe  ■^  =  -x=^'  t^enis^x  A^B=  A',  and 

A*  B  =  A?  -H  —  =:  — ~—l  =  — — ,  whofe  Cube  Root  is  —  ;  ;.  e.  A*  B  is  a  Cube,  con- 
trary  to  Suppoficion:  But  if  we  take  m  the  greateft  integral  Cube  Root  contained  in  A»  B, 
fo  that  m=  is  lefi  than  A=-B,  then  is  —  greater  than  xi^'  ^nd  confequently  -  is  an  ex- 
ceflive Root  to  -g-. 

Scholium.    Both  thefe,  and  the  Extradlion  of  all  higher  Roots,  may  be  compre- 
nended  in  one  general  BmU,  thus: 

Bb  2  Gent" 


then  is  AB'  =  — ;;t — =—,    ,  whofe  Cube  Root  is-;;-^  /.  e.  A  BMs  a  Cube,  which  is 
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General  K  WE.  for  all  the  Hoofs  e/  FracStions,  after  the  Manver  of  the  preceding 

Particular  Rules. 

Raife  the  Denominator  of  the  given  Fradion  to  a  Power,  whofe  Index  is  i  lefs  than 
that  of  the  Root  to  be  extradted,  and  multiply  this  Power  by  the  given  Numerator :  Ex- 
tradl  the  propofed  Root  of  this  Produdt  ( which  is  a  compleat  Power,  if  the  giVen  Fra- 
tlion  is  fo ),  and  fet  it  fradtionally  over  the  given  Denominator,  and  this  makes  the  Root 
fought.  But  if  that  Produd  has  not  fuch  a  Root,  neither  has  the  given  Fradion ;  and  ta- 
king the  greateft  integral  Root  contained  in  that  Produft,  it  makes,  with  the  given  Deno- 
minator, a  deficient  Root  to  the  given  Fradion. 

Or  alfo  thus :  Raife  the  Numerator  to  the  Power  direded,  and  by  that  multiply  the 
Denominator  j  extrad  the  propofed  Root  of  the  Produd  if  it  has  one,  or  take  the 
greateft  integral  Root  contained  in  it^  over  this  Root  fet  the  given  Numerator,  and  it 
makes  an  exceffive  Root  to  the  given  Fradion. 

Example.   To  find  the  4th  Root  of  -g-,  I  multiply  Bs  by  A,  and  fet  the  4th  Root  of 

the  Produd  A  B?,  or  the  greateft  integral  4th  Power  contained  in  it,  over  B,  and  it  makes 
the  Root  fought,  or  a  deficient  one  j  or  alfo  over  the  4th  Root  of  A'  B  fet  A,  it  makes 
the  Root  fought,  or  an  exceffive  one. 

Demon,  i.     For  the  n  Root  of  -g- :  If  A  B"— '  is  a  true  Power  of  the  Order  »,  let 

•.     1-     ,      '»•    u      o         ,AB"— '       AB"— •        A       ,   J 
Its  Root  be  w,  then  its  plain  that  g-  is  the  w  Root  of — ^ —  ^^bx  B"— '  ^^  "B' 

if  m  is  only  the  Root  of  the  greateft  integral  Power  contained  in  A  B" — ',  it  felf  not  being 

one,  then  is-rr  plainly  a  deficient  Root  to  -g,  which  in  this  Cafe  has  no  true  Root  j  for 

^       ^    w"       AB"— '   ,      A\      ,       .     .  D„    .        wxB"      ot"B"        .    - 
if  we  fuppofe  —  = — gH—  (=  -^)'  then  is  A  B''— '=  — ^^^  =  -^,    whofe    n 

R 

Root  is  — J  i.e.  AB" — '  is  a  Power  of  the  Order  «,  contrary  to  Suppofition. 

A"  A 

2.   For  the  2d  Method;  ^  ah— i="r"j  ^'^^  '^  ^"^^  '"■  R'^o'  of  BA" — I  is  »,  then  is 

—  the  Root  fought :  But  if  n  is  enly  the  Root  of  the  greateft  integral  Power  contain!d 

A  A 

in  B  A"— ',  it  felf  not  being  one,  then  is  —  an  exceffive  Root  to  -g^,  which    in    this 

Cafe  has  no  true  Root;  for  if  — r-  = .,  .  „ , ,  then  is  BA" — '  = |r— ,  whofe w Root 

rf         D  A       .  W 

A" 
is  — j  i.e.  B  A" — '  is  a  Power  of  the  Order  n,  contrary  to  Suppofition. 

ScHO-LiuM.  If  the  Denominator  of  the  Root  is  a  Compound  Number  j  i.e.  the  Pro-- 
dud  of  two  or  more  Integers,  the  Excradion  may  be  made  by  fevcral  more  fimple  Extra- 
itionss  in  the  manner  already  explained,  which  needs  not  to  be  further  infifted  on. 


I 


5.  11- 
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Approximation  of  Roots^ 


i8p 


§.  II.    Part  III. 
Problem  j.     Of  the  Approximation  of  Roots. 


D   E    F   I    N 


I   T    I    O    N. 


WE  have  already  obferved,  that  tho'  a  Number  has  no  determinate  Root,  yet  it  has 
what  we  may  call  an  indeterminate  one  ( ordinarily  called  a  Surd  Root ) ;  i.e.  there 
is  a  certain  Series  of  Numbers  dccrealing,  which  can  be  carried  on  by  a  certain  Law  or 
Order  in  ivfimtum,  whofe  Sum  taken  from  the  beginning  is  a  Root  whofe  Power  ap- 
proaches nearer  and  nearer  to  the  given  Number,  as  the  Series  goes  on;  and  tho'  it  is  never 
equal  to  it  precifely,  it  may  be  brought  within  any  affignable  Difference :  The  hiventioni- 
or  carrying  on  of  this  Series  is  what  we  here  call  the  Approximation  of  the  Root ;  and  if 
we  take  the  Series  of  the  Sums  invented,  it  maybe  called  the  Series  of  Approaching  Roots. 
Obferve  alfo,  that  they  may  be  found  approaching  yet  either  llill  lels  or  llill  greater  than 
true  Roots. 

I.     For  Roots  of  Integers, 

Rule.  Whatever  Root  is  propofed,  after  the  Root  of  the  greatefl  integral  Power 
contained  in  the  given  Number  is  found,  by  the  preceding  Rules ;  To  the  Remainder  pre- 
fix a  Period  of  o's  according  to  the  Index;  thus  oo  for  a  Square  Root,  ooo  for  a  Cube, 
oooo  for  a  4th  Power,  and  fo  on :  Then  form  a  Divifor,  and  find  a  new  Figure  in  the 
Root  the  fame  way  as  in  the  preceding  Steps  of  the  Work :  To  every  fuccceding  Re- 
mainder prcfi.>c  a  Period  of  o's,  and  find  a  new  Figure  of  the  Root,  and  this  Work  will  go 
on  for  ever,  bccaufe  there  will  always  be  a  Remainder.  The  Figures  thus  found  are  all 
Decimal  Places  in  the  Root,  the  decimal  Point  being  placed  immediately  after  the  in- 
tegral Part,  and  before  thefe  new  Figures.  And  thus  we  have  a  Mixt  Number  for  the 
Root  i  which  is  ftill  nearer  and  nearer  to  the  true  Root  of  the  given  Number,  the  further 
the  Operation  is  carried  on,  but  is  ftill  deficient,  becaufe  there  is  ftill  a  Remainder.  Again  ; 
Obfer-je,  that  if  to  the  laft  Figure  found  in  the  Root  you  add  i,  the  Sum  will  make  an  c.v- 
celliveRoot;  and  thus  you  may  have  a  Series  of  Roots  nearer  and  nearer,  but  ftill  exceffive. 

The  following  Example  of  a  Square  Root  will  fufEciently  illuftrate  this  Pradlice, 


Operation. 
■387  /19.672,  &c. 


28400 

27489 

91  ICO 

78684 
124 1 6 


To  find  the  Square  Root  of  387.  The  Root  of  thegreateft  in- 
tegral Square  contained  in  it  is  19.  Then  by  one  Period  of  o's  the 
Root  becomes  19.  <5;  by  a  2d  it  is  19.  67;  by  a  3d  it  is  19.  672  j 
and  may  be  carried  further  at  pleafure;  and  each  of  thefe  Roots 
are  deficient;  i.e.  their  Figures  are  lefs  than  387;  but  the  Difference 
is  ftill  lei's  and  lefs :  and  what  I  called  the  Series  of  Numbers  de- 
creafing,  whofe  Sums  make  the  Scries  of  approaching  Roots,  tho' 
ftill  defective,  are  thefe  19,  .6,  .07,  .002,  &c.  and  the  Series  of 
their  Sums,  which  make  the  approaching  Root,  is  19,  19.6,  19.67, 
19.  672,  &c.  And  laftly,  by  adding  1  to  each  of  thefe,  we  have 
a  Series  of  approaching  Roots,  but  ftill  exceflive,  tho'  the  Dif- 
ferences grow  ftill  lefs.     Thus,  20,  19.7,  19.68,  19. 673,  <^r. 

Demo  n.  i.  If  any  compleat  integral  Power  of  any  Order  is 
multiplied  into  a  Number  which  is  not  a  Power  of  that  Order,  the 
Product  is  not  a  Power  of  that  Order;  or  has  not  a  perfed 
Root  of  that  Order.  Thus ;  If  A  is  not  a  Power  of  the  Order  w, 
neither  is  AxB",  as  has  been  demonftrated  in  Theor.  II.  Coroll.  4. 
Chap.  I.  2.  If 
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2.  If  the  Root  of  the  greateft  integral  Power  contained  in  A  B"  is  divided  by  B,  which 
is  the  n  Root  of  the  Multiplier  B",  the  Quote  is  lefs  than  a  true  Root  to  the  gi/en  Num- 
ber. For  fuppofe  r  to  be  the  n  Rooc  of  the  greateft  integral  Power  of  the  Oni^r  »  con- 
tained in  A  B ',  and  it's  plain  that  r"'  is  lefs  than  A  B",  therefore  take  their  like  aliquot  Farts, 

y"  A 13"  r  r" 

and    oir  is  lefs  than     p„   ,  or  A;  '■^■'^'  the  «  Root  of  -g;^,  is  lefs  than  a  true  Root  to 

A.    Again  J  If  to  r,  the  greateft  integral  Root  of  AB",  we  add  i,  and  call  the  Sura  s, 

s"  A  B>  s 

then  X"  is  greater  than  AB"  j  and  confequendy  ^  greater  than  ■  u„   ,  or  IK;  i.  e.  w  is  an 

exceffive  Root  to  A. 

From  thefc  two  Articles  we  (hall  eafily  demonftrate  the  Rule  of  ^pproximatioti,   thus.: 

3.  The  greateft  integral  Root,  or  Root  of  the  greateft  integral  Power  contairxd  in  the 
given  Number  being  founds  what  remains  to  be  proved  is  this  only.  That  the  Extraftion 
will  go  on  in  this  manner  without  end ;  /'.  e.  that  there  will  always  be  a  Remainder,  and  fo 
a  new  decimal  Fraftion  will  at  every  Step  be  added  to  the  preceding  Root,  making  the 
whole  greater  and  greater;  yet  fo  that  the  Mixt  Root  will  Hill  be  deficient,  or  its  Power 
ftiU  lefs  than  the  given  Number,  tho'  ftill  nearer  in  ivfimtv.m.  Tofhewthis  Truth,  confiJer, 
that  by  prefixing  Periods  of  o's  to  any  Number,,  we  do  really  multiply  it  by  a  Number 
confifting  of  i  with  as  many  o's  as  are  thus  prefix'd  ;  but  it's  tlie  fame  thing  to  multiply 
the  given  Number  (  whofe  Root  we  feek )  by  prefixing  ©'s,  and  then  bringing  them  down 
to  the  Remainders,  or  prefixing  them  only  to  the  Remainders;  for  either  way  we  find  the 
Root  of  the  Produd  ( or  the  greateft:  integral  Root  contained  in  it ).  Thus,  for  a  Square 
Root  one  Period  00  multiplies  the  given  Number  by  100,  two  Periods  multiplies  by 
loooo,  d^f.  For  a  Cube  lJ.oot  one  Period  000  multiplies  by  1000,  and  two  Periods 
multiplies  by  loooooo,  c^'f.  and  fo  of  other  Pov/ers.  But  thefe  Multipliers  arc  evi- 
dently true  and  compleat  Powers  of  their  feveral  Orders,  whofe  Roots  are  i,  with  as  ma- 
ny o's  as  we  have  ufed  Periods  of  o's ;  thefefore,  by  the  firft  Article,  however  far  the  Ex- 
traftion  is  carried  by  Periods  of  o's  thus  prefix'd  to  the  Remainders,  i.  e.  however 
great  the  Power  is  by  which  we  have  thus  multiplied  the  given  Number,  there  will  al- 
ways be  a  Remainder,  becaufe  the  given  Number  not  being  a  true  Power,  tho'  the  Multiplier  is, 
yet  the  Produft  is  not.  Again ;  By  putting  all  the  Figures  found  by  means  of  thefe  Periods 
of  o's,  in  decimal  Places,  we  do  evidently  divide  the  Root  of  the  Produdf,  ( /'.  e.  the  Root 
of  the  greateft  integral  Power  contain'd  in  it )  by  the  Root  of  the  Number  multiplied  into 
the  given  Number :  Becaufe  for  every  Period  annex'd  we  have  one  Place  in  Decimals ; 
which  is  plainly  dividing  the  Root  found,  conCdered  all  as  a  whole  Number,  by  10,  or 
100,  O'c.  according  to  the  Number  of  Periods  of  o's  employ'd.  Therefore,  by  the  2d 
Article,  this  Mixt  P>.oot  will  always  be  left  than  a  juft  Root  to  the  given  Number,  tho' 
ftill  approaching  nearer,  which  demonftrates  the  Rule  as  to  the  Series  of  deficient  Roots : 
and  as  to  the  excelfive  Roots,  it's  evident  that  adding  an  Unit  to  the  laft  Place  of  the 
Root  already  found,  is  adding  i  to  the  Root  of  the  greateft  integral  Power  contained  in 
the  given  Number,  or  to  its  Produdt  by  the  Power  which  multiplies  it:  Therefore,  by  the 
2d  Article,  the  Root  becomes  exceffive.  Or  it's  found  by  this  Confideration,  That  i  in 
any  Place  of  a  Number  either  integral  or  decimal,  is  of  more  value  than  all  the  reft  of  the 
Number  ftanding  on  the  Right  of  that  Place,  however  many  Figures  there  be.  ■ 

SCHOLIUMS. 

I.  The  Proof  of  this  Operation  is  made  the  fame  way  as  has  been  already  explain'd,  viz'. 
cither  by  raifing  the  Root  found  to  its  Power,  and  adding  the  Remainder;  or  by  cafting 
out  of  the  9's. 

As  to  the  former  Method,  Obferve,  That  we  need  to  take  no  notice  of  the  Root's  be- 
ing a  Mixt  Number,  but  take  ic  all  as  a  whole  Number,  and  the  Remainder  fo  alfo;  and 
^  then 
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then  the  Sum  of  the  Power  and  Remainder  muft  have  as  many  Periods  of  o's  on  the 
Right  as  were  ufed  in  the  Operation ;  becaufe  when  the  Rcot  and  Remainder  are  taken 
for  Integers,  (b  many  Periods  of  o's  belong  to  the  luppoltd  Power  or  Number,  whereof 
that  Root  is  the  gieateft  integral  Root :  But  if  wc  take  the  Root  as  it  really  is,  a  ^llxt  Num- 
ber, then  the  Remainder  is  a  decimal  Fradtion,  whole  Denominator  is  i,  with  as  many 
o's  as  were  added  to  all  the  Remainders  in  the  Operation,  and  in  this  value  it  is  to  be 
added  to  the  Power  of  the  Mixt  Root:  Thus  in  the  preceding  Example,  the  Root  found 
is  19. 672,  whofe  Square  is  386.987584,  and  the  Remainder  is,  in  its  true  value,  .oi24i(}; 
for  two  Periods,  or  6  o's,  were  employed  in  the  Operation  ^  and  the  Sum  of  386. 987584, 
+  .012416  is  =:38700oooo  (=387  J,  which  is  the  fame  as  if  the  Quote  and  Remain- 
der had  been  taken  for  Integers,  and  the  given  Number  had  been  387000000. 

As  to  the  Method  by  calling  out  9's;  When  we  fubtraft  the  Remainder  from  the  given 
Number,  we  may  take  it  either  in  its  real  Value,  or  as  a  whole  Number,  and  then  we  muft 
take  the  given  Number,  with  as  many  o's  after  it  as  were  ufed  in  the  Operation.  For  ic 
is  the  fame  to  the  prefent  Purpofe,  to  take  .oi24i()from  387,  or  12416  from  387000000, 
the  Remainder  in  both  Cafes  being  the  lame  Figures,  t.72;.  386.  987584,  or  386987584. 

2.  If  we  point  the  true  Value  of  the  Remainder  at  every  Step  of  the  Approximation, 
this  will  iliew  gradually  how  much  the  propofed  Power  of  the  Root  found  wants  of  the 
given  Number;  and  as  the  Root,  fo  confequently  its  Power  continually  increafes;  there- 
fore thefe  Remainders  will  continually  diminilTi ;  fo  that  by  obferving  this,  we  can  carry 
on  the  Work  till  that  DilFerence  or  Remainder  be  as  little  as  we  pleafe,  or  lefs  than  any 
alTigned  Difference. 

But  if  inflead  of  this,  it  fliould  be  required  to  extraft  the  Root  fo  near  to  a  true  and 
perfedl  Root  to  the  given  Number  that  it  fhall  want  lefs  thap  an  affigned  Difference,  i.  e. 
fo  that  this  Difference  added  to  the  Root  found,  the  Power  of  the  Sum  iliall  exceed  the 

given  Number,  it's  done  thus ;  Suppofe  any  Fraflion  -  to  be  the  given  Difference,  with- 
in which  the  Root  is  to  be  brought  i  then  extrafl  the  Root  to  a  Number  of  decimal 

Places  equal  to  the  Number  of  Figures  in  r,  and  you  have  done;  for  -  is  lefs  than  ~,  if 

T  r 

a  is  greater  than  i ;  and  a  decimal  Denominator  having  as  many  o's  as  r  has  Figui;ps,  is  a 
greater  Number  than  r  ;  and  fo  a  Fraction  whofe  Numerator  is  i,  and  its  Denotninator 

that  decimal  one,  is  lefs  than  — ,  becaufe  the  Denominator  is  greater,  and  the  Numerator 

not.  Laflly,  fince,  as  has  been  (hewn,  i  added  to  the  lafl  Figure  of  the  Root  would 
make  it  exceed  a  true  Root ;  therefore,  in  whatever  Place  of  Decimals  the  lafl  Figure  of 
the  Root  Hands,  the  whole  docs  not  want  of  a  true  Root  to  the  given  Number,  an  Unit 
of  the  Value  of  that  Place,  and  confequently,  if  the  Denominator  of  that  lafl  Place  is  a 

Number  greater  than  r,  the  Root  is  within  -  of  a  true  Root,  becaufe  it's  within  a  leffer 

Fradion,  and  much  more  is  it  within  - ,  which  is  greater  than  either  of  the  former.  Ex- 
ample: Let  r  be  a  Number  of  three  Figures;  if  the  Root  have  three  decimal  Places 

whereby  the  Denominator  is  1000,  the  Root  is  within ,  which  is  lefs  than  any  nro- 

1000  '  • 

per  Fradion  whofe  Denominator  is  a  Number  of  three  Figures^  fo  in  the  preceding  Ex- 
ample 19.672  is  within  ■^~  of  a  perfed  Root  to  387. 

H.  For 
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II.     For  the  Roots  of  Fraftions. 

The  Approximation  of  the  Roots  of  Fradtions  is  performed  thus:  Let  that  Root  which 
the  particular  Rules  for  Square  and  Cube,  or  the  general  Rule  following  thefe,  pre- 
fcribes  to  be  extrafted,  be  carried  on  to  what  Length  of  decimal  Places  you  pleafe,  and 
then  divide  it  by  the  Denominator  of  the  given  Fradlion,  if  you  chufe  the  firft  Method 
of  thefe  Rules ;  and  thus  you  have  a  Root  ftill  lefs,  but  approaching  to  a  perfed  one :  But 
if  you  chufe  the  2d  Method  of  the  Rule,  divide  the  given  Numerator  by  that  Root,  and 
you  have  a  Root  approaching,  but  ftill  exceffive ;  and  the  further  the  Approximation  oi 
that  Root  is  carried,  the  truer  will  each  of  thefe  fradtional  Roots  be. 

Example.    For  the  Square  Root  of  ~^y  I  take   13  X  24=  312,    uhofe  Root   to  2 

Places  of  decimals  is  i-j.66,  which  divided  by  24  Quotes  - —  ^=-— — ,  leis  than  a  true 

Root;  or  It  is  13  -i-  17. 6()  =       ,,-  =  og— ,  greater  than  a  true  Root. 

Demon.  The  Reafon  is  manifeft  from  the  preceding  Rules ;  for  the  Square  Root 
of  g-  is  A^'^-^B,  or  A  -H  A^^.    Univerfally,  the  n  Root  of  -g-  is  Ali— 'I'"  -^    B, 


or  A  -4-  B  A'- — '1'  if  thefe  Roots  are  perfedj  and  if  they  are  not,  yet  by  approximating 
them  we  make  the  fradlional  Root  alfo  truer,  tho'  never  perfedt. 

C  o  R  o  L  L.  Tho'  a  given  Integer  is  not  a  perfed  Power  of  any  Order,  yet  there  is  a 
greateft  Power  of  that  Order,  which  is  a  leifcr  Number  than  the  given  one;  and  alfo 
there  is  a  leaft  Power  of  the  fame  Order,  which  is  a  greater  Number  than  the  given :  But 
in  Fradtions  there  is  no  fuch  greateft  and  leaft  Power;  becaufe  we  can  find  new  Roots 
increafing  for  ever,  or  decrealing,  yet  fo  as  the  Powers  are  ftill  lefs  or  greater  than  the 
given  Number. 

S  c  H  o  L  I  u  M.  There  remains  one  curious  Problem  relating  to  the  Extradlion  of  Roots, 
which  goes  a  little  deeper  into  the  Algebraick  Art  than  at  firft  I  defigned :  but  without  it, 
I  found  I  muft  omit  fcveral  other  curious  things ;  and  fince  among  feveral  ways  of  folving 
this  Problem,  there  is  one  that  ariies  very  eafily  and  naturally  from  the  Confideration  of 
Square  Numbers,  efpecially  the  Square  of  a  Binomial  Root  (already  fufficiently  explained,) 
therefore  I  was  determined  to  give  it  a  place  here. 

Problem     VI. 

Having  the  Sum  or  Difference  of  any  Square  Number,  and  a  certain  Multiple  of  the 
Rootj  alTo  having  the  Multiplier  ofthe  Root;  to  find  the  Root.  Thus:  Suppofe  R=:^"-j-i2f, 
or  R  =  <J^  —  ac,  or  R=<7r  —  a*.  Then  if  the  Numbers  exprefled  by  R  and  c  are  given, 
we  can  find  the  Number  exprefled  by  a  by  the  following  Rules. 

C  yl  S  E     1. 

When  the  Sum  and  Multiplier  are  given  to  find  the  Root,  ;.  e.  if  K=:a--{-nc;  and 
RjC  are  given  to  find  a. 

Rule.  To  the  Sum  add  the  Square  of  half  the  Multiplier,  (or  a  4th  of  the  Square  of  the 
Multiplier.)  Excrad!:  the  Square  Root  of  this  Sum ;  and  from  it  fubtradt  half  of  the  Mul- 
tiplier, the  Remainder  is  the  Root  fought.    Which  Rule  is  expreffed  in  Chiradlers  thus: 

«  =  R  +  — ' •  Exam- 

4I       2 
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Examplf.  R==2i.  f  =  4;  then  is  4=3;  for  4X4=16,  whofe  4th  is  4;  then  21-f- 
4=:  25,  whofc  Square  Root  is  5,  from  which  take  2  (=  the  half  of  the  Muhipher  4)  the 
Retnainder  is  3  the  Root.     Proof:  3x3  =  9,  3x4=12,  and  12  +  9  =  21. 

Demon.  Since  by  Suppofition,  R=:a^-\-ac;  add  —  to  each  Side,  then  R  4-  —    = 

4  4 

fli  _L  a  f  4--  ;  which  lad  ExprelTion  is  a  complea:  Square,  whofe  Root  is  a-\-  -:  therefore 
4  ^^  2. 

a  4. '  =  R  +i: I'  {^x.  I .)  and  fubtraiting  -  from  both,  it  is,  ^=  R  +  i^P—  i.     Which  is 

24'  2  41       2 

the  Rule. 

CASE     II. 

If  the  Difference  and  Multiplier  are  given,  to  find  the  Root; 

Here  there  are  two  Rules,  according  as  the  Square  or  Multiple  is  fuppofed  to  be  greateft.' 

I.  Suppofe  the  Square  greater  than  the  Multiple,  i.e.  K  =  a^  —  ac. 
^      Rule.  To  the  Difference,  add  the  Ath  of  the  Square  of  the  Multiplier;  and  to  theSquare 
Root  of  the  Sum,  add  half  the  Multiplier:    this  Sum   is   the   Root   fought.     Thus: 


a 


=  R  +  i"-|-i. 


4 


2 


Example.   R  =  28,  £-  =  3;  thenis<z  =  7:  for  if  =  2=2 -,  andR-f-  — =:  28  +  2- 

4       4         4  4  4 

=2  7o}=^~->  whofe  Square  Root  is  11  or  5! ;  to  which  add  -3  or  1 1,  the  Sum  is  7. 
44  22  2         z 

Proof.  7  X  7=49,  and  3x7  =  21;  then  49  —  21  =  28. 

Demon.  SinceR=:<»-  —  ac,  add  —  to  both  Sides;  then  is  R-l —  =  <»-  —  ac-U-. 

4  _J; 4 

Which  laft  Expreflion  is  the  Square  of  a—-.    Wherefore  a  —  L=R-f-£ij';  and  ad- 

2       ,  2  4I 

— — — ij_ 

ding  i  to  both  Sides,  it  is  <»=R-f.i5*  +!•    Obferve,  Th.o' a^  —  ac  +  —  is  the  Square 
2  4I        2  4  ^ 

c  e  e  c 

cither  of  <i— -,  or  -  —  a,  yet  we  cannot  here  ufe «;  for  if  <»  is  lefs  than -, <z- is lels 

J.         J.  2  2 

than  a  c,  contrary  to  Suppofition. 

2.  Suppofe  the  Multiplier  greater  than  the  Square,  i.  e.  R  =  ac  —  a*. 

Rule.  From  the  4th  of  the  Square  of  the  Multiplier  fubtraft  the  given  Difference, 
(which  cannot  exceed  the  Multiplier,  if  the  Problem  ispoffible);  then  extras  the  Square  Root 
of  the  Remainder;  and  either  add  it  to,  or  fubtradt  it  from  half  the  Multiplier,  ("which  is 
greater  than  the  other,  if  the  Problem  is  poflible);  the  Sum  or  Difference  will  either  of 

them  folve  the  Problem.    Thus:  a=z--\~" — Rf,  or  alfo  «=:-  —  — pi*' 

2      4         2       4  I 

Example.   R  =  (J,  c  =  ^;  then  is  4  =  3=^  +  ^-61*,  or  •^  + 1;' =-^ +i  =  -. 

•"24         '  2'4J         222 

Pm/  «<:=i5,  and  «<:  — a''=ic-— 9  =  d  =  R.     Alfo,  4  =  2=-— -  =  -.      Proof. 

2       2      2  J 

*<:— <ji=io  — 4=5=!R.  Cc  Demon. 
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Demon.  Since  K^=ac—a-.  Subtradteachofthefefrom— ,  thenis R= ac4-a'^- 

4  4  4 

which  laft  is  the  Square  either  of  a  —  -,  or  -  —  a.    Wherefore  a or <»  (ac- 

is  =  — —  R|'-    Hence,  in  the  ill  Cafe,  or  taking 
rf—  -  i  by  adding  ;  to  both  Sides,  it  is  <»  =  "  +T"~^I  >  ^"^  taking  -  — a,  add  <«— . 


cc      _)i                 _                         c       cc      ~|i- 
;,  it  is  <J  =  -  — R|  • 


— — Rl    to  both  SideS; 

There  renaainsyettobedemonftrated.  That-  can  never  be  lefs  than  R,  if  the  Problem 

is  poffible  j  and  that  ^  is  greater  than  i/— -Rl*.    Now  it  is  plain,  that  the  Solution  is  im- 

poffible,  according  to  this  Rule,  if  R  is  greater  than  ^ ;  and  that  if  R  does  not  exceed 

-^  one  of  the  Solutions  is  good.  But  to  fliew  that  the  Problem  will  always  neceflarily  have  the 
4 

two  Solutions  explained,  ir  muft  be  (hewn  that  R  cannot  exceed  '-,whenitis  =  tff— ^^^ 

and  then  the  other  Part  will  eafily  follow. 

To  demonftrate  this,  we  muft  firft  objerve.  That  a  may  be  either  greater  or  leffer  than 

-  confiftently  enough  with  R  =  <Jf  —  a  a.     For  this  requires  no  more  than  that  ac  be 

<»reater  than  a  a,  which  requires  again  that  a  be  lefs  than  c ;  confequently,  whether  a  be 

greater  or  lefs  than  -  ,  providing  it  be  lefs  than  o  fas  it  may  be)  ac  will  be  greater  than 

a  a.     Agam\  Whether  we  take  a  —  -  or  -  —  a,  the  Square  of  it  is  <j-  —  ac-\-~  z=.  — 

~  4         4 


^ac-\-a^>  which  is  alfo  = ac  —  aa=^~  — R,  fbecaufe  «<:  — «<»  =  R)     But  the 

'  4  4 

Root  being  real  or  poGtive,  fo  muft  die  Square  be  i  ;.  r  -   is  greater  than  R.     Or,  ii  a=. 

~,  then  a~^=^'—y  and  2<i  =  <"i  alfo  o.aa=-aCy  confequently  ac  —  aa=-2aa  —  a»-:=aa-^ 

3  4 

and  'Sz=^ac — rfd==R.     So  that  R  can  never  be  greater  than  -^  tho'  it  may  be  either 

4  ^ 

equal  or  lefs.     And  obfervey  if  they  are  equal,  then  there  is  but  one  Solution,  via.  <«=-i 

for  here  both  the  Solutions  coincide. 

For  the  fecond  thing,  viz.  that  -  is  greaterthan*";^  — Rf ;  conGder  that  i-"  is  greater  than 

iS  __  R,  and  confequently  '-  fihe  Square  Root  of  -f\  is  greater  than '-'  —  Rj' .    Or,  we  have 
this  in  the  very  SuppoGtion;  for,  by  the  Gift  Part  cf  the  Dcmonftratioo  of  tliis  Rule,  the 
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',  upon  that  very  Suppofition  that  -    is   greater    than    a; 

2 


Value  of  tf  IS  =  -  — -  —  K 
2       4 


whence  it  was  fliewn  that  —  —  R 
4 


'= a,  and  conrequently  -  greater  than Rl' 

2.  2  4*  t 


SCHOLIUMS. 

1.  If  the  Difference  of  the  Square  and  Multiple  of  the  Root  is  givenj  without  determi- 
ning which  of  them  is  greatefl:,  then  we  muft  try  both  Rules. 

2.  This  Problem  is  what  the  Algebraifts  call,  Extra&hig  the  Root  of  an  adfeded  Square, 
(«.  e.  wherein  the  Number  given  is  the  Sum  or  Difference  of  a  Square,  and  a  certain  Mul- 
tiple of  the  Root;  whofe  Multiplier  is  alfo  given.)  The  Solutions  explained  are  all  that  are 
real  and  poGtivej  yet  the  Algebraick  Art  confiders  two  Roots  or  Solutions  in  every  Cafe: 
But  tlie  Roots  that  I  have  not  explained  are  only  negative  and  imaginary ;  and  to  fay  any 
thing  farther  about  them,  were  to  exceed  the  Limits  prefcribed  to  this  Work ;  and  for  the 
fame  Reafon  I  am  obliged  to  fpeak  nothing  of  extrading  the  Roots  of  higher  Powers  that 
are  adfecled. 


CHAP.     III. 

T'he  Arithmetick   of  Surds. 

WH  A  T  a  Surd  is  has  been  already  explained :  It  has  been  demonftrated  that 
every  Number  has  not  a  perfed:  and  determinate  Root;  but  yet  that  we  can 
find  an  Approximate  Root  within  any  aflijnablc  Difference  of  a  true  and  com- 
pleat  one  j  fo  that  it  may  be  truly  faid,  that  the  Quantity  which  hinders  any  Number 
from  being  a  compleat  Power  of  any  kind,  is  infinitely  little;  or  that  a  Quantity  infinitely 
little  (  or  left  than  any  affigned  one )  being  taken  from  the  Quantity  cxprefTed  by  any  given 
Number,  the  Remainder  is  a  Quantity  expreflTible  by  a  Number  (of  the  fame  Parts ^ 
which  is  a  true  Power  of  the  Order  propofed  ;  with  this  Difference,  that  it  will  be  a  fra- 
<5tional  Power  and  not  an  integral.  Now  fince  Surds,  or  indeterminate  Roots,  can  be  de- 
termined infinitely  near ;  and  fince  the  indeterminate  Series  goes  on  by  a  certain  Law  or 
Condition,  it  may  be  conceived  as  fome  whole  and  compleat  thing  of  its  own  kind;  and 

therefore,  taking  Surds  under  the  general  ExpreiTion  of  Roots,  as  N",  we  may  apply  all 
the  Theory  of  Chap.  I.  and  all  the  Operations  of  Arithmetick  to  them,  as  if  they  were  de- 
terminate ;  For  thus  we  can  form  general  Ideas  of  Sums,  Differences,  Produfts  and  Quotes 
of  Surds,  imagined  under  the  Notion  of  compleat  Quantities  of  their  own  kind,  the  fame 
way  as  we  do  of  rational  or  determinate  Roots  exprefled  after  the  lame  geiaeral  manner. 
And  hereby  we  can  difcover  certain  Connedtions  and  Relations  of  Quantities  thus  repre- 
fented,  which  may  lead  us  to  fome  other  particular  Truths  we  would  difcover. 

It's  true  indeed,  that  as  to  any  artual  Operation  with  fjch  Roots  it  can  only  be  made  in 

Pan  imperfedt  manner,  by  way  of  Approximation ;  yet  fmcc  we  can  approximate  or  dcter- 

imine  the   Root  fo  far,  that  taking  it  for  true,  and  compleat,  the  Eyor  ic  can  make  in  any 

[Operation  or  Conclufion  fliall  be  within  any  alTignable  Difference  of  what  it  would  be  if 

the  compleat  Value  of  the  Surd  could  poffibly  be  determined  and  ufed  in  the  Operation : 

Therefore  our  arguing  with  them  as  we  do  with  rational  and  determinate  Roots,  is  fo  far  at 

lead  juft  and  conclufivci  and  is  indeed  abfolutcly  fo,  taking  them  ingene.-al  and  abftractly. 

Cc  2  To 


196  'the  Arithmetkk  of  S  u  k  n  s.         Book  III. 

To  illuftrate  tWs  by  a  few  Examples:  The  Sum  of  -/S  and  y'12  may  be  expreffcd 
in  general  \/S-\-\/i2,  whatever  thefe  are  in  thcmfelvesj  and  if  we  would  apply  this  by 
an  aftual  Operation,  then  we  can  approximate  each  of  thefe  Roots  fo  near,  that  their  Sum 
(hall  want  lefs  than  any  affigned  Difterence  of  what  it  would  be  if  the  Roots  could  be 
determined. 

Example  2.  To  multiply  -/S  by  3,  it  may  be  exprefTed  thus,  3X^/8^  and  by  Ap- 
proximation we  can  find  a  determinate  Number  for  •j/8,  which  multiplied  by  3,thePfodu<2: 
Ihall  want  lefs  than  any  afligned  Difference  of  what  it  would  be  if  the  Root  could  be 
compleatly  determined. 

Example  3.  The  Produd  of  -/S  and  \/6  may  be  expreffed  y^Sx  ^6;  and  by  Ap- 
proximation we  can  take  ■/S  and  y/6  fo  near,  that  multiplying  them  together  at  every 
Step,  the  Produfts  fhall  flill  increafe  and  come  within  any  alligned  Difference  of  what  it 
would  be  were  the  Roots  determined. 

A.gain  :  Tho'  Surds  can  never  be  reduced  to  determinate  Numbers  (  for  then  they  were 
not  Surds),  yet  in  many  Cafes  their  Sums,  Differences,  Produdts  and  Quotes  can  be  ex- 
prefied  after  different  ways  (  by  means  of  the  Theory  explained  in  Chap.  I. ),  which  are  more 
or  lefs  fimple  and  convenient;  fo  that  what  by  the  more  general  Rules  can  be  exprefled 
only  by  Signs  of  Addition,  drc.  may  be  exprelled  more  fimply,  either  by  one  Surd,  or 
by  an  Expreffion  partly  furd,  partly  rational,  and  in  fome  Cafes  altogether  rational.  Now 
to  this  tends  the  more  particular  Pradtice  or  Arithmetick  of  Surds  j  which  depending  upon 
certain  different  Forms  in  which  the  fame  Surd  may  be  exprefTed,  therefore  the  firil  thing 
to  be  explained  is  The  Redtiillon  of  Surds;  the  Demonflration  of  which  depends  upon  the 
Theorems  in  Chap.  I.  applied  to  Surds. 

Ohferve  alfo.  That  all  the  following  Practice  is  equally  applicable  to  rational  Roots  ex- 
prefTed in  the  general  radical  Form ;  for  when  we  take  general  Expreifions  they  compre- 
hend all  poffible  Cafes;  and  the  Praftice  propofed  is  often  as  convenient  with  refpedt  to 
nationals  as  Surds,  becaufe  it's  convenient  fometimes  to  exprefs  even  rational  Numbers 
in  this  radical  Form ;  and  therefore,  tho'  it's  commonly  called  the  Arithmetick  of  Surds,  it 
were  as  proper  to  call  it  the  Arithmetick  of  Radicals. 

Redudlion  0/ Surds  (cr  Radicals). 

Case  I.  To  exprefs  any  Number  in  Form  of  a  Surd  (i.e.  in  a  radical  Form). 
Rule:   Raife  the  given  Number  to  the  Power  of  the  Surd,  and  then  apply  the  Surd 

Index,  thus;  8  =  64",  for  8x8=6+.    UniverMy,  A  =  A",". 
The  Reafon  is  manifeft  from  the  Defnitiont,  and  Ax.  I. 

Case  II.  To  reduceaSurdwitba  Mixtlndex  (i. e.  whofeNumeratorisgreaterthaniJ  to 
another,  having  a  fimple  radical  Index  (i.e.  whofe  Numerator  is  i.)  Rule:  Involve  the 
Number  given  to  a  Power  whofe  Index  is  the  Numerator  of  the  Mixt  Index,  and  to  the 

Number  found  apply  the  Denominator  radically.    Example:  8'  =  64';  for  8'  =64. 
Univerfally,   A~  =    ATf" 

The  Demonjlratioji  of  this  is  plainly  in  tlic  Definition :   For  A  ■'  exprefTes  the  r  Root  of 
the  w  Power  (  which  is  alfo  the  w  Power  of  the  r  Rooti  by  Theor.X.) 
% 

Case  III.  To  reduce  two  Unlike  Surds  to  Like:  »'.  e.  having  two  unlike  Surds  of 
the  fame  or  different  Numbers,  to  find  other  two  Surds  equal  -refpedtively  to  the  given 
ones,  but  having  the  fame  Index,  and  that  alfo  the  leaft  poflible;  and  fuch  too,  that  the 
Numbers  under  the  common  Index  be  the  leaft  poffible.  Rule. 
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Rule.  Reduce  their  Indexes  to  one  common  Denominator  by  the  Rules  of  Fra- 
(Sions.  Again,  find  the  greatell  common  Meafure  to  both  the  new  Numerators,  ( /'.  e.  the 
greateft  Number  which  will  divide  them  both  without  a  Remainder,  j  by  the  Method 
taught  in  the  Reduction  of  the  Numerator  and  Denominator  of  a  Fradlion  to  their  ieafl 
Terms;  make  that  common  Meafure  the  common  Numerator  to  the  common  Denomi- 
nator before  found  :  The  loweft  Terms  of  this  Fraftion  is  tlie  common  Index  fought. 

Again;  Divide  the  new  Numerators  mentioned  by  their  greateft  common  Meafure, and 
mark  the  Quotes;  then  involve  each  given  Number  to  a  Power  whofe  Index  is  the  rc- 
fpeiftive  Qjotc;  and  that  is  th.-  Number  to  which  if  the  common  Index  is  applied  the 

Cafe  is  compleatly  folved. 

J.  j^ 

Example:    To  reduce  8^  and  15 -  to  Like  Surds,  with  the  other  Conditions  propofed. 

I.  They  are  S*"    and    15^,  by  reducing  the  Indexes—   and  -    to    one    Denominator  • 

Then  the  greateft  common  Meafure  of  the  Numerators  3,  2,  is  i,  and  the  common  In- 

I 
dex  is '^5  and  to  have  Numbers  to  which  it  muft  be  applied,  I  raife  8  to  the  3d  Power, 

and  15  to  the  2d,  (for  here  the  common  Meafure  of  3  and  2  is   i,  which  makes  the 

Quotes  the  fame, )   thefe  Powers  are  512,  225;   wherefore  the  Surds  fought  are  ?n^.= 

8",  and  225""  =  15^. 

Examflez.  To  reduce  4^  and  5T  :  They  are  firft  4^^,  5"^^.  then  the  greateft  com- 
mon Meafure  of  14,  12,  is  2;  and  fo  j^  is  the  common  Index,  which  is  in  its  leaft 
Terms.  Again;  The  Numerators  14,  12,  divided  by  their  greateft  Meafure  2,  theQuotei 
are  7,  6,  and  4'  =  i6584.  5'  =  15525.    Then  laftly,  i6iZ^~  =  ^.  i'^62f~  =  <i^. 

Example  3.  To  reduce  3''  and  ^T-.  They  are  firft  y"^ ,  4"^,  and  the  greateft  Mea- 
fure of  the  Numerators  3,  6,  being  3,  the  common  Index  is  ^g-=g- in  its  leaft  Terms; 
then  3,  6,  divided  by  3,  the  Quotes  are  i,  2;  and  3'  =  3:  4^=16:  Wherefore,  laftly' 
S'",    16^  are  the  Surds  fought. 

Demon.  Let  A",  B"  be  any  ^vo  S^rds,  (where,  if  r  or  «  are  i,  the  Surds  are 
fimple.;  Thefe  are  firft  equal  to  A"',  B^  by  Redudion  of  the  Indexes  to  one  Deno- 
the  Quotes  be  r^--m  —  x;  ns^m=y,  fo  that  ru^mx,  and  ns  =  my:  Then  the 
Surds  are  A-,  B-,  that  is,  (by  Theor.  XIL;  a^^  .  Bvs  which  is  exadly  the  Ex- 
prefllon  of  the  Rule,  fuppofmg  m  the  greateft  common  Meafure  of  ru,  ns,  and  —  to 
te  in  its  leaft  Terms;  or  if  it's  not  in  loweft  Terms,  yet  its  loweft  Terms  bein?  PuHn  its 
Place  makes  an  equivalent  Expreffion  {Theor.  XI.)  Ohfirve  alfo,  that  tho'  ..  is  not  tho 
fo"uife  SuZTho^'"^""  °H  ^ l'^  "T  N-erators  \  u,  Js.  yet  we  have  the  Surds  redact 
V  ihnn.n    i  I '"  ^'^^  '^^^  ExprefTions ;  which  it's  plain  will  then,  and  then  on- 

ly  happen  when  m  is  the  greateft  common  Meafure. 

SCHOLIUMS. 
1.  It  will  be  the  fame  thing  if  we  firft  reduce  the  given  Surds  to  fimple  Indexes,  if  they 
arc  Mixr,  and  then  reduce  thefe  new  Indexes  to  one  Denominator,  and  go  on  with  the 
reft  asm  the  Rule.  i  "  2  When 
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2.  When  there  are  more  Surds  propofed,  the  Operation  and  the  Reafon  of  it  is  the 
fatne;  except  that  we  have  not  yet  learn'd  how  to  find  the  greateft  common  Meafure  to 
3  or  more  Numbers  (  which  you'll  find  in  Book  IV.  Ch.  I. )  and  therefore,  till  that  be 
learn'd,  we  muft  be  content  to  reduce  the  Surds  to  Likes,  tho'  not  in  their  loweft  Terms, 
by  ufing  I  as  a  common  Meafure,  which  mal<es  the  Dividend  and  Quote  the  fame. 

Case  IV.  To  reduce  a  Surd  having  a  fimple  Index  to  lower  Terms ;  i.  e.  to  an 
equivalent  Expreffion  in  which  there  is  a  fimilar  Surd  of  a  lefTer  Number  multiplied  into 
fome  rational  Number. 

Rule.  Among  the  Numbers  greater  than  i,  which  meafure  the  given  Number,  (or 
Surd  Power)  feek  one  which  is  a  fimilar  and  rational  Power,  by  which  divide  the  given 
Number:  Take  the  Quote,  and  to  it  apply  the  given  Index;  and  multiply  that  Root  by 
the  Root  of  the  Divifor :  This  Produd  is  the  ExpreCTion  fought. 

r  I  I 

Example  1.    8' =  2  X  i'^;  for  8-^4  =  2,   and  4^  =  2. 

r  •  _l  I 

Example  2.     6^'(J  =  2  X  8iT=3X  24'  ;  for  648 -H  8=  81,  and  8s"  =  2;  whence, 

i,  t 

by   the  Rule,    the   ift  Solution  is  2  X   81'.    Againj  648-^27=24,  and  27' =j- 

whence  the  2d  Solution  is  3  X  24I". 

Demon.   Suppofe  A  -h  D^  =  B,  fo  that  A  =  B  x  D",  then  is  A"  =  b  x  U"p,  (Jx. 

I.)  and   B  x  D°T  =  D  x  B",  {Theor.  Ill  J  which  is  precifely  conform  to  the  Rule;  A 
reprefenting  the  given  Number. 

SCHOLIUMS. 

1.  If  the  Power  by  which  we  meafure  the  given  Number  is  the  greateft  Like  Power 
which  meafures  it,   then  we  find  the  loweft  Terras  of  the  given  Surd. 

2.  As  to  the  finding  the  Numbers  that  meafure  any  given  Number,  you'll  have  it  more 
particularly  explained  in  Bgok  IV.  Chap.  I. :  Here  we  fuppofe  thefe  to  be  given ;  be- 
caufe  from  the  Nature  of  the  Thing  this  Rule  for  finding  them  is  obvious,  viz.  To  try 
all  the  Numbers  not  exceeding  the  half  of  the  given  Numtjpr  j  for  all  of  thefe  which  mea- 
fure it,  together  alfo  with  the  Quotes,  make  all  the  Numbers  that  meafure  it.  But  unle£ 
thefe  Meafures  that  ferve  the  prefent  Problem  are  obvious,  the  finding  them  out  is  more 
Trouble  than  is  always  neccflary. 

3.  If  the  given  Surd  has  a  mixt  Index,  the  fame  kind  of  Reduftion  may  be  performed 
by  reducing  it  firft  to  a  Surd  with  a  fimple  Index  j  and  then  applying  the  prefent  Rule. 
And  againt  If  the  Number  under  the  radical  Sign  in  the  Anfwer  thus  found,  is  a  ra- 
tional Power  of  the  Order  exprelfed  by  the  Numerator  of  the  given  Index,  then  by  taking 
the  Root  of  it  we  may  alfo  reduce  the  whole  to  a  Surd  with  the  given  mixt  Index.    Thus, 

I92~isfirft=368<)4'5"  (  =  i^P'"  );  which  again  reduced  is  =  16x9^ ;  for  165  =  4096, 

and  36864-4-4096=9:   And  becaufe  9  is  a  Square,  therefore  5*^  =  3^j     and    hence 

16  X  9»  =  i6  X  3^  =  192*. 

C  o  R  o  L  L.  Hence  wc  fee  plainly.  That  one  fimilar  Surd  may  be  a  Multiple  or  ali- 
quot Part  of  another.  But  obferve  that  in  applying  this  to  Pradlice,  all  we  can  make  of 
it  is,  That  the  greater  Surd  approximate  to  a  certain  degree,  and  divided  by  the  other  ap- 
proximate to  the  fame  de^^ree,  the  Q^iote  will  be  within  a  certain  Diflference  of  that 
Number,  which,  by  this  Rcduftion,  appears  to  be  the  Quote:  But  bein^  approximate 
nearer  and  nearer  ;;;  infinitum,  the  Qiiote  will  be  nearer  i-a  infinitum  to  that  other,  which 
we  here  Cill  the  True  and  Compleat  Quote.    But  if  the  fame  Di/idtnd  be  divided  by 
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any  other  Surd  or  Number  whatever,  the  QLiote  can  be  brought  to  exceed  that  true 
Quote,  or  will  never  be  brought  within  an  aflignable  Difference  of  it ;  and  therefore  it's 
juftly  called  the  true  Quote  of  thefe  two  Surds. 

Case  V.  To  reduce  any  two  Surds  to  ExprelTions,  having  a  common  Surd  j  i.e.  to 
ExprelTions  that  are  ProducSs  of  rational  Numbers  into  a  common  Surd. 

Rule.  Reduce  the  given  Surds  to  the  fame  limple  Index,  if  they  are  noc  fo  already 
(  by  Cafe  i- ) :  Then  find  the  greatcll  common  Meafure  of  the  Powers  ( or  Numbers  un- 
der the  radical  Signs ) ;  and  taking  the  Quotes,  examine  by  Extradion  if  they  are  rational 
and  fimilar  Powers  of  the  Order  expreffed  by  the  Denominator  of  the  common  limple  In-^ 
dexj  if  they  are,  tlieir  Roots  are  the  rational  Numbers  fought;  and  the  furd  Root  of  the' 
common  Meafure  is  the  furd  Part  fought :  But  if  thefe  Quotes  are  not  fuch  fimilar  Powers, 
the  Q^ieilion  is  impoflible. 

i  — 

Example:    To  reduce   12-  and  27-:  The  grcateft  common  Meafure  of  12,  27,  is  3, 

and  the  Quotes  are  4,  9.  which  being  rational  Squares,  I  take  their  Roots  2,  3,  and  mul- 
tiply  them  into  the  common  Surd  3"^,  and  the  ExprefTions  fought  are  2X3^  ^  13-, 
and  3x3"=  27-. 

D  E  M  o  N  s  T  R.  Let  A",  B~  be  the  given  Surds  ( or  the  Expreffions  to  which  they 
are  reduced) :   Suppofe  A-^  m  =  a",  and  B  -^m=  b",  fo  that  A  =-mXa'\   and  B  = 

mxb^;  then   A"  =mAa''f  {Ax.  I.)  =  a  X  w",  (Theor.  I.  Cor.)  Alfo  B"  =  tn,^  e'\ ', 

:=bx  OT~,  which  is  exadfly  according  toihe  Rule,  fuppoGng  m  to  be  any  common  Mea- 
fure: And  the  Reafon  why  it's  in  the  Rule  called  the  greateft  common  Meafure,  is,  be- 
caufe  if  the  greatell;  will  not  quote  fimilar  rational  Powers,  none  of  the  other  common 
Meafures  will  i  which  remains  to  be  demonftrated.     Thusj  take  the  given   Surd  Powers 

fraftionwife,     -n  i  This  is  not  an  immediate  fra'ftional  Power  of  the  Order  w,  becaufe  by 

Suppofition,  neither  A  or  B  are  rational  Powers  of  that  Order ;   but  if  any  other  Fradion 

A  A 

equivalent  to  -^   is  an  immediate  Power  of  that  Order,  the  leafl  Terms  of  -„-    will  be 

fo;  and  if  the  leaft  Terms  are  not  fo,  no  other  Terms  can  be  fo,  (as  has  been  demon- 
ftrated  in  the  Rule  for  Extrafting  the  Roots  of  Fractions )  ;.  e.  if  A,  B,  being  divided  by 
iheir  greateft  common  Meafure  do  not  give  for  Quotes  fimilar  rational  Powers  of  the  Or- 
der rt,  neither  can  their  Quotes  by  any  other  common  Meafure  do  fo. 

SCHOLIUMS. 

1.  The  greateft  common  Meafures  quoting  fimilar  rational  Powers,  is  a  certain  Cbara- 
dler  of  the  Problems  being  pollible,  tho'  none  of  the  other  common  Meafures  fhould 
make  fuch  Quotes;  but  if  any  of  thefe  others  do  fo,  thefe  would  make  fo  many  different 
Solutions  to  the  Problem;  in  which  this  Difference  is  to  be  obferved,  that  the  leflcr  the 
common  Meafure  is  which  we  ufe,  the  kiTer  Terms  will  the  Sclutionbe  in,  as  to  the  Surd 
Part :  And  the  Reafon  why  we  chufe  the  greateft  Meafure  in  the  Rule  is,  becaufe  that 
tho'  from  any  other  Meafure's» giving  Quotes  which  are  rational  Powers  we  are  lure  that 
the  Problem  is  poftible,  yet  we  can  conclude  it  impoffible  from  no  other  but  the  greateft 
common  Meafure  giving  Qi^iotes  which  are  not  Like  Powers. 

2.  If  the  two  Surd  Powers  are  Fradtions,  then  reduce  them  to  any  common  Denomi- 
nator; and  if  the  new  Numerators  are  reducible  according  to  this  Rule,  lo  are  the  given 

Surds. 
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Surds.    One  Example  will  fliew  this:    Suppofe -T,     -^1',  the  Numerators  12,  3,  taken 

radically,  "viz..   iz',     3^  are  reduciWe  to  there,  2x3*,  i  X  3*j  or  3'«"j  wherefore  the  gi- 
ven Surds  are  reduced  to  thefe,  ax-^-F,  and  -M*. 

Again ;  If  either  the  Numerators  or  Denominators  of  two  Fraftions,  affeded  with  a 
fimple  radical  Sign,  or  reduced  to  that  State,  are  rational  Powers  of  the  Order  expreffed 
by  the  Denominator  of  the  Index.  The  Fradions  need  not  be  reduced  to  a  common 
Denominator  j  for  we  need  only  examine  if  the  other  Terms  arc  reducible  to  a  common 

Surd  Power:  Thusj  Suppofe— *,    2£j'  :  Here  the  Denominators,  i(5,  25,  are  Squares, 

i  i  i  .JL  i  t 

whofe  Roots  are  4,  5.    Again ;  50*  =  2  x  25  *  =  f  x  2» .  Alio  72'  =  2  x  36*  =6 x  ^■ 
whence  it's  plain  that  the  given  Surds  are  2'x-,  2'x-.    And    had  the  given  Surds 


been   i^i*,  ^P,  the  Solution  is*  x  il',  i  x  - 
50(721  5      2I      6      2 


i  for  i6'  =  +,  and  yo'=5X  2^,  then 


js   I^p-  =  _iL_^=^  X  -V,   or  J  x  -,',  and  fo  of  the  other, 
sol       5x2^      ^        -T  S        2| 

3.  This  Cafe  is  commonly  called  Finding,  if  tu-o  Surds  are  commmfurahk-^  i.  e.  if  they 
have  a  common  Meafure,  or  if  there  is  any  Siurd  which  meafures  or  is  an  aliquot  Part  of 
each  of  them  j  whereby  they  are  reducible  to  ExpreCTions  which  are  the  Products  of  that 
common  Surd  into  the  rcfpedive  Quotes.  Obferve  alfo.  That  the  Meafure  of  a  Surd  mud 
be  a  Surd,  which  is  manifetlj  for  if  any  rational  Number  fliould  meafure  a  Surd,  or  be 
an  aliquot  Part  of  it.  then  that  aliquot  Part  and  its  Denominator  ( or  the  Meafure  and 
Quote )  would  produce  the  Dividend,  ;.  e.  two  rational  Numbers  would  produce  a  Surd, 
which  is  impoflible. 

The  Vfe  of  thefe  ReJu&ions  in  the  common   Operations  of  Addition,  i^c.    I  Jtjall  briefly 
jjjev}  thus: 

In  Addition  and  SubtraSlion  of  Surds. 

If  one  Surd  is  to  be  added  to  or  fubtrafted  from  another,  and  if  they  arc  commenfu- 
rable,  i.e.  reducible  to  a  common  Surd,  by  Cafe  5.  this  RedudHon  being  made,  or  if  the 
given  Expreflions  are  of  this  kind,  the  Sum  or  Difference  of  the  rational  Parts  multiplied 
into  the  common  Surd  Part  is  the  Sum  or  Difference  fought,  in  a  more  fimple  and  con- 
venient Form  than  connedfing  the  given  Numbers  by  the  general  Signs  of  Addition  and 
Subtradion,  which  is  the  general  Rule  for  all  other  Cafes. 

Example  i.     b"^  +  50^=  2  X  2^  +  5  X  2' =  7  X  2\ 

I  Z  i  JL  _.^—  J,  JL 

Example  2.    54.'^  —   16' =  3  X  2'  —  2  X  2*  =  3  —  2  X  2»  =  2'. 

The  Sum  or  Difference  of  two  Square  Roots  may  be  alfo  exprefe'd.    Thus:  Take  th? 
Surd  Powers,  or  Numbers  under  the  radical  Sign;   to  the  Square  Root  of  double  theirj 
Produft,  add  their  Sum,  or  fubtradi:  that  Root  from  this  Sum  i  the  Square  Root  of  thja 

I  J.  I.  xw 

Sum  or  Difference  exprefTes  the  Sum  or  Difference  fought.   Example:  5"^+  3'=8+3oVl| 

i         A  Hi- 

and5'  — 3'  =  8  — 3©M  • 

Demo] 
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Demon.  Suppofe  A~=tf.  B^  =  ^i  then  is  al>  =  A'  X  B'^  =  AB'  {Thtor.  3.)  and 

A''+B'  =  tf  +  *=:J+7H-2^^-     MoA'~h^'==a  —  l>  —  a'-\-k'—2abi^t 
which  is  exaftly  according  to  the  Rule. 

For  MuItipUcation  and  Divifton  of  Surds. 

If  one  Surd  is  to  be  multiplied  or  divided  by  another  j  then  if  they  are  unlike,  reduce 
them  to  Likes,  and  examine  if  they  are  commenfiirable,  /.  e.  reducible  to  Exprcflions, 
wherein  the  fame  common  Surd  is  multiplied  into  rational  Numbers  j  and  if  it  is  fo,  mul- 
tiply or  divide  the  rational  Parts,  the  Produdt  multiplied  again  inro  the  Square  of  rhecom-, 
mon  Surd  is  the  Product  fought:  fo  tliat  if  the  given  Surds  are  Square  Roots,  the  Product 
is  rational.  But  in  Divifion  the  Q^ioce  of  the  rational  Parts  alone  is  the  Quote  fought  i 
which  is  therefore  rational. 

-I         i  J.  J         i 

Example.  72'X32'=48.     For  72  =  8x9,  and  9' =3;  therefore  71'  =  8x9'    = 


cjTx  s>  =  5x8'.    Again,  32==.4X8'  =  4'X8»=2X8'':   fo  that  72*  x  32^=3  x  8' 
X2  X  8='=  3X2X  8"^ x  £'=6x8  =  48.     And  72'H-32~=3x  8^-^2x8'  =  3-^2- 
D  E  M  ok.  Suppofe  A"  =  tf  X  R",  and  E'^  =  ^  x  R^-    then  A'^x  ff'  =  « i x R"  x  R^ 
=  tf^xR».    Wherefore  if  n  =  2,  the  Produd  is  a  ^  R.  Alfo  A"-hB"  =  «  x  R"^-h^xR" 

SCHOLIUMS. 

I.    To   multiply    fimilar  Surds:   If  we  multiply    the  Surd   Powers,  and  apply  the 
fame  Index  to  that  Produd ;  this  exprelTes  the  Produft  f  )ught  more  fimply,  than   by  the 

general  Sign  of  MnlripHcation.  Thus:  A~xB"  =  A^B~  {7*wr.  3.)  Again^  if  this 
is  reducible,  bring  it  to  lovveft  Terms,  and  you'll  hive  in  many  Cafes  the  fame  Pro- 
dua  that  the  preceding  Rule   brings  out;  and    it's  always   the   beft  we  can  make  of  it, 

when  the  given  Surds  are  not  commenfurable.  In  the  preceding  Example,  72"  x  32*^= 
72  x  32 '  =  2304*  =  48. 

2.  If  a  rational  Number  is  multiplied  into  a  Surd,  it  may  be  fometimes  convenient  to 
expreft  it  altogether  radically;  for  which  you  have  a  Rule  inTloso.  3.  Cor.  Thus:  Raife  the  ra- 
tional Part  to  the  Power  whofe  Index  i;  the  Denominator  of  the  furd  Part,  and  multiply  this 

Power  into  the  furd  Power;  then  apply  the  radicallndex.  Exam.  AxB"  =  A"B",  andAxB" 

=  A"B^|~,f.r3~=Br~ 

3.  If  a  Surd  and  rational  Number  are  multiplied;  and  if  the  Surd  is  reducible  to  lower 
Terms,  the  whole  Produd  is  fo.  Thus:  6x  45' =:dx  3  x  5^^=  i8x  5^;  for45=:9Xc, 
and   45*  =  9' X  5^=3x5'. 

You  may  apply  the  fame  Obfervations  to  Divifion.  Sofortheift,  72^-=- 32^=?  72-^^2' 

=  F=R'.orif=3. 

^1       2 

And  from  this  Example,  wherein  the  Produd  or  Quote  becomes  rational,  we  have  a 
farther  remarkable  Proof  of  the  Reafonablenefs  and  Ufefulnefs  of  our  treatin<r  Surds,  and 
working  with  them  in  all  refpedts  as  wich  Rationals  or  compleat  Roots;  for  if  any  other 
Number  than  48  is  fuppofed  to  be  the  Produd  of  72»x  32^  we  can  prove  it  to  be  ftlfc. 

E>  d  Thus: 
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Thus:    Since  72."  and  32*  can  be  Approximate  »»  infinitum,   the  Produdis  of  thefe  ap- 
proximate Roots  will  grow  in  infinitum  towards  a  certain  Limits  which  muft  neceflarily  he 

i  i  -i  .  J. 

72 X  32*  =48;  becaufe  if  72'  and  32*^  are  both  rational,  then  is  72X  32*  rational,    being 

equal  to  72'^X32^  {Theor.  3.)     And  tho'  72",  32'   are  furd,    yet  being  infinitely  ap- 

proximable,  their  Product  will  grow  infinitely  near  to  72  X  32=^  =  48 ;  which  h  therefore 

the  true  Limit  or  compleat Value  of  72^x32*^,  beyond  which  it  cannot  poffibly  grow; 

nor  can  it  be  fuppofed  lefs,  becaufe  we  can  approximate  72*  and  32'  fo  ftir,  that  the  Pro 

dud  fliall  exceed  any  aflignable  Number  lefs  than  48  =  72X  32"^^  for  elfe  they  were  not 
infinitely  approximable,  as  is  fuppofed  and  demonftrated. 


CHAP.     IV. 

Containing  feveral  Theorems  relating  to  the  Powers 

of  Niijnbers. 

IN  the  following  theorems  and  Corollaries  are  comprehended  all  the  Propofitions  of  the 
Second  Book  of  E  u  c  L  I  D  that  are  applicable  to  Numbers,  excepting  four,  wiich  are 
in  effedt  already  explained  in  this  Work  j  but  that  you  may  fee  them  all  in  thisPlace, 
1  briefly  repeat  thefe  four. 

I,  If  one  Number  A,  for  Line,  as  it  is  in  Euclid,  BookW.  Theor.  i.)  is  multiplied  fe- 
veraUy  into  all  the  Parts  of  another  B=<j-j-^-f-^>  &c.  the  Sum  of  the  Produifte  is  the. 
Produd:  of  the  two  Wholes;  thus  Aa-\-  Ab-\-  h. c,  &c.  ==  A B;  This  you  have  alreadyj 
in  Lemma  3.  Ch.  ^.  Book  I.  which,  obferve,  is  equally  applicable  to  Fradions  and  Integers, 
a.  If  any  Number  is  multiplied  into  all  its  own  Parts  feverally,  the  Sum  of  the  Pro- 
dufts  is  equal  to  the  Square  of  the  Whole  j  which  is  the  Confequence  of  the  laft;  thus,  if 
N  =  «  +  ^,  then  is  N^=Ni<i-f-Ni  (Euclid,  Theor. 2.) 

3.  If  a  Number  is  divided  into  two  Parts,  the  Produdt  of  the  Whole  and  one  Part,  is 
equal  to  the  Sum  of  the  Square  of  this.  Part,  and  th^  Produ£t  of  the  Parts :  This  is  alfo  % 
Confequence,  or  particular  Cafe  of  the  ift:  Thus,  if  t>i=^a-\-h,  thep  1^ «  =  «* -|- <» A» 
( Euclid,  Theor.  3. ) 

4.  If  a  Number  is  divided  into  two  Parts,  the  Square  of  the  Whole  is  equal  to  the  Sum 
of  the  Squares  of  the  Parts,  and  twice  the  ProduiSl  of  the  Parts :  This  proceeds  alfo  from 
the  ift:  Thus,  if  N=^-l-i,  then  N^  =  <»^ -f. i» -(- 2 a i,  (Euclid,  Theor. 4.) 

The  reft  of  Euclid  you  have  in  the  following  Theorems. 

Theorem     I. 

1 

'•The  Square  of  any  Number  is  equal'to  the  DifFerence  of  the  Produdsof  that  Num- 
ber, multiplied  into  any  greater  Number,  and  into  the  Difference  of  thefe  Numbers.  Or 
it  is  equal  to  the  Sum  of  the  Produdts  of  that  Number  multiplied  into  any  lefler,  and  into 
the  Difference  of  thefe  Numbgrs. 

Demonstr.  (i.)  Let  two  Numbeis  be  a,  a'\-d,  wherein  d  is  the  Difference; 
then  a  X.T^d  =  a^-\-ad;  hence  ai=  a.Xa-\~d  —ad.  (i.)  Let-  the  Numbers  be 
a  —  a,  a,  whereia,</.is  alio  the  Difference  j  th6n>«X(?-^(<~:.i?f-i"«i<i,  and<»*'==i«><»r-'«f 

+  *</.      '       ^  ''^  THEO; 
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Theorem  II. 

The  Sum  of  the  Squares  of  two  Numbers  is  equal  to  the  Sum  of  twice  their  Produdt 
and  the  Square  of  their  Difference. 

D  E  M  o  N  s  T  R.     Let  the  Roots  be  a.  h,  then  <»»-{-  i»  ==  a  <«  b  -\~  a  —  h  ;  for  a  —  b^=i 
^1  —  z4b-\-b^;,  whence  the  Theorem  is  manifeft. 

Or  let  the  Roots  be  a,  a-\-b,  wherein  b  is  the  Difference;  then  is  <»« ^ a -f- b^  =  «» 

-f-  «*  -^2«^-|-i'*==2  a'--\-2.ab-\'b-=.2aXa  ■^b-^-b'^. 

ScHOL  lU  M.     In  this  laft  Form  we  fee  plainly  comprehended  T.ucUJ'sTheor .  7.  which 
is  this  j   If  a  Number  conGft  of  two  Parts,  (<i,  h,)  the  Sum  of  the  Squares  of  the  Whole 

and  of  one  Part,    (viz.*-}-b   -f-"' J  '5  equal  to  double  the  Produdt  of  the  whole  into 

this  Pirt,  and  the  Square  of  the  other  Part  ( viz.  zaXa-\-b-\~b'^). 

Theorem  III. 

Tnt  Sum  of  the  Squares  of  two  Numbers  is  equal  to  the  J^  Sum  ef  the  Squares  of 
their  Sum  and  Difference. 

D  E  M o N s  T R.    The  two  Numbers  being  a,  b,  then  ^^ -f- **  =  ""'        *""      ^  ,  for 


a-]-b  ^^■a^-^-zab-^b'^,  and  « — b  =a^—'iab-{-b*,  and  the  Sum  of  thefe  tjvo 
Squares  is  2  <>'+  aiS  whofe  i  is  <j*  +i*. 

C  o  R  o  L  L.    The  Sum  of  two  Squares  is  ;double  the  Sum  of  the  Squares  of  their  half 
Sum  and  half  Difiference;  ioT-ti-\^b,  a — h,  may  reprefent  any  two  Numbers,  whofe  half 

Sum  is  a,  and  their  half  Difference  is  i  j  but  we  fee  above  that  2  a*  +  ^  ^^  =  a-{-b^    •\- 

SCHOLIUMS. 

1,  This  Catrollary  is  in  effed  the  fame  as  Euclid,  Theor.  9.  vix..  If  a  Number  is  di- 
vided into  two  equal  Parts,  a,  a,  and  into  two  unequal  Parts  a-\.b.  a  —  b,  f  whofe  Sum 

is  2a)  the  Sum  of  the  Squares  of  the  unequal  Parts,  (viz.  a'-j-b  -(-  a  —  b^  )  is  equal  to 
twice  the  Square  of  the  half,  ( -viz.  zxa-)  and  twice  the  Square  of  the  middle  Part,  or 
half  Difference  of  the  unequal  Parts  (viz.zxb'-). 

2.  If  we  exprcfs  the  fuppofed  Numbers  thus,  a,  a-\-b,  then  the  Theorem  is  a'' -{-T^b' 
^  a  I  y  _i  ^z 

^=- — -      '         •     Alfo  by  taking  b  and  za-\-b  for  two  Numbers,  whofe  Sum  is  2*-4- 

2  b>  and  their  half  Sum  a-\-b,  and  half  Difference  a,  the  preceding  Corollary  is  thus  ex- 

preffed,2«  +  t  -j-  i^  =  2  X  u  -^  b'  4-2  X  a^ :  Which  is  in  effeft  the  fame  as  Euclid, 
Thepr.  lo.  'viz.i  If  a  Number  is  equally  divided  into  two  Parts,  a,  a,  and  to  the  wliole  2  a 

another  NLimber  be  added  as  b,  the  Squar*  of  the  Sum,  rvk..  xa^S,  and  the  Square  of 

D  d  2  the 
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the  Number  added,  viz.  b^,  are  together  equal  to  double  the  Squares  of  ~  the  ift  Num- 
ber,  and  of  the  Sum  of  that  half  and  the  Number  added,  viz.   2  <j^  -f-  2  X  a  -j-^'.  - 

Theorem    IV. 


The  Sum  of  the  Squares  of  two  Numbers  is  equal  to  the  Difiference  betwixt  the  Square 
of  their  Sum  and  double  their  Produdl.  <    .  ;,  ,  1    ,  , 

DemoNstr.  The  two  Numbers  being  a,  i,  the  Theorem  is  a'-^b^  =  a-^b  —lab, 

for  a'-^b  =za'-~\~2ab~\-b'->  from  which  take  zab,  remains  a'- -f- b^. 

Or  tbusi  Let  the  two  Numbers  be  2a,  b,  then  ^a^-^b^  =2<?  +  ^  -—^ab. 

C  o  R  o  L  L.  The  Square  of  the  Sum  of  two  Numbers  is  4  times  their  Produd:,  more 
the  Square  of  their  Difference.     This  appears  by   making  a,  a-\-h,  the  two  Numbers, 

whereby  za-\-b  is  their  Sum,  and  then  adding  j^ab  10  both  Sides,   whereby  2a-\.h  = 

Scholium.  Thi,'?  Coroll.  is  the  fame  in  effefb  as  Euclid,  Theor.  8.  viz.K  a  Number  is 
divided  into  two  Parts,  as  a,  a-^b;  then  4  times  the  Produd  of  the  whole,  and  one  Part, 
more  the  Square  of  the  other  Part,  is  equal  to  the  Squares  of  the  Sum  of  the  whole  and 
that  Part.  • 

TheoremV. 

The  Square  of  the  Sum  of  two  Numbers  is  equal  to  the  Sum  of  the  Square  of  one 
of  them  •  and  the  Product  of  the  other  into  the  Sum  of  this  other  and  double  the  former. 

Alfo  the  Square  of  the  Difference  of  two  Numbers  is  equal  to  the  Difference  of  the 
Square  of  one  of  them,  and  the  Product  of  the  other  into  the  Difference  of  this  other, 
and  double  the  former. 


1 


1 


DeMoNSTR.  I.  a-\-b  ■=a^-\-2ab-\'b^  =  a'>--\-2a-{~bxb. 

2.  J^^^'  =  <i'—  2  ab  -\-h'^=^a*  '-2a  —  bxb. 

ScHOt-iUM.    The  firft  Part  of  this   comprehends  EacM   Theor.  6.  viz.  If  a  Num- 
ber is  divided  into  two  equal  Parts  a,  a,  and  to  the  whole  2  a,  another  Number  b  is  ad- 
"ded-  the  Produft  of  the  Sum  2a\-b  by  the  Number  added  b,  viz.  za-\-bxb,  ^c.  to- 
gether with  the  Square  of  -  the  firft  Number,  viz.  <jS  is  equal  to  the  Square  of  the  Sum 
of  this  half  Number,  and  the  Number  added,  viz.  a-\-b 

Theorem     VI. 

The  Difference  of  the  Squares  of  two  Numbers  is  equal  to  the  Produdl  of  their  Sum 
and  Difference. 

Demon.  r+Txa  —  b  =  a''-{'ab  —  ab  —  b^  =  a^'-b\ 

COROLLARIES. 

I  Of  two  unequal  Numbers,  a-j-b,  a  —  b,  the  Square  of  half  their  Sum,  viz.:  a'-  (for 
ft<»  is  the  Sum)  is  the  Sum  of  their  Product,  vix,.  a^—b';  and  the  Square  of  their  Diffe- 
rence, m.  K  SCHOL. 


Ciiap. 
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Scholium.  This  is  EucliiTi  Theor.  <;.  -viz.  If  a  Number  is  divided  into  two  equal 
Parts,  a, a;  and  into  two  unequal  Parts,  a~\-i>y  a  —  b;  the  Produft  of  the  unequal  Parts 
{viz.~a-^hxa  —  A  =  ,a»— ;i')  together  with  the  Square  of  the  middle  Part,  (i.  e.  of  half 
their  Difference,  h^)  is  equal  to  the  Square  of  half  the  given  Number,  r/z.  «». 

2.  The  Sum  and  Difference  of  two  Numbers  are  the  reciprocal  aliquot  Parts  of  the 
Difference  of  their  Squares. 

3.  The  Square  of  any  Number  may  be  produced  after  a  new  Method.  Thus:  Let  the 
given  Root  be  N,  aiTumc  any  other  Number  A;  the  Produd  of  their  Sum  and  Diffe- 
rence, which  call  p,  is  the  Difference  of  their  Squares,  i.  e.  /)  =  N* — A-,  or  A- — N*. 
Hence  N'=A^-|-/'.  or  A^ — p. 

4.  Take  any  Number  A,  and  make  a  Series  from  it  continually  decreafing  by  i,  till  the 
leaft  Term  be  i  ;  alfo  a  Series  increafing  by  i,  to  the  fame  Number  of  Terms  i  multiply 
the  correfponding  Terms  of  the  two  Series  together ;  the  Produdts  make  a  Series  decrea- 
fing in  i'uch  a  manner,  that  comparing  each 
Produdt  to  the  Square  of  A,  the  Differences 
are  the  Series  of  Squares  of  the  natural  Pro- 
greffion,  i,  2,  3,  ij^c.  the  Dedudion  of  which 
from  the  Theorem  is  cafy.  Thus :  A — n  x  A-)-« 
=  A- — N^     But  the  Diffevences  betwixt  A, 

and  the  feveral  Terms  of  the  Series,  are,  by  Suppofition,  i,  2,  3,  4,  ^c.  that  is,  n  is  gra- 
dually 1,  2,  3,  &c  Confequently  the  Differences  of  the  feveral  Products  of  the  corre- 
fponding Terms  of  the  two  Series  from  A-  the  firft  Produdt,  are  gradually  the  Squares  of 
thefe  Roots,  1,2,  3,e^f.  'Hence  again,'       '  '-'•'.-'■ 

5.  We  have  this  Rule  for  fumming  the  Series  of  the  Squares  of  the  natural  ProgrefTiOn 
I,  2,  3.  &c.  -viz.  Take  any-  Nuihber  A  greater  than  ;/,  the  greateft  of  the  Roots  whofe 
Squares  are  to  befummed;  then  beginning  at  A — i,  and  A-if-  i,  continue  a  Series  down- 
wards from  A  —  I,  and  upwards  from  A+i,  with  the  common  Difference  i,  till  the 
Number  of  Terms  be  w ;  then  taking  the  Products  of  the  two  Series  as  before,   fubtract 

their  Sum  from  wx  A'  j  the  Remainder  is  the 
A  —  4,  &c.  Sura  fought.  The  Reafon  is  plain^  for  the  Sum 
of  the  Produds  is  »  times  AS  wanting  the  Sum 
of  the  Series  of  Squares  1,4,  9,  e^c.  taken  to  a 
Number  of  Terms  equal  to  »  j  therefore  alfo  the 
Sum  of  the  Squares  is  w  x  A'  wanting  the  Sum  of  the  Produdts. 


A=  8.  7.  6.  5.  4.   3;  2.  I. 

A=  8.  9.10  II. 12  13.14.15. 

Produds 6463.60.55.48.39.28  15. 

Differs  from  64.  -  -  i.  4.  9.16.25  3649. 


A —  1 :  A —  2:  A- 

A4-I  :  A-4-2:A+3:  A-f4.  d-c 

A- — I :  A'  —  4;  A^ — 9:  A= — 16,16-0 


Theorem   VII. 

The  Sum  of  any  Number  of  different  Powers  of  the  fame  Root,  which  ftand  all  next 
together  in  the  Series  or  Order  of  Powers,  [/.  e.  whoi'e  Indexes  follow  one  another  in  the 
natural  Series  of  Numbers  i,  2,  3,  cJ-c.  but  beginning  at  any  Power,  or  Place  of  the  Se- . 
ries]  is  equal  to  the  Qiiote  of  the  Difference  of  the  leall:  of  thefe  Powers,  and  that  next 
above  the  greateft  of  them,  divided  by  the  Difference  of  the  Root  and  i.    Thus: 

Example  1.     «♦ -f- a' -}-<»*=: "-Zlf.  Ex.  3.  a-{-<j»-f-«3,(i-c.4-«n  =:f-=Lf. 


2. 


I-j-<»'-[-<»5-|-4+=: 


a —  X 


a —  T. 


f -\- a*  ^  a- -A-  a*,   drc.   -f-  a". 


a —  1 

Demon.  Take  the  Series.7-f  a^-f-^r-f  <»♦ 
to  a",  multiply  it  by  a— i;  the  Produdt  is 
a'*^a,  as  the  annex'd  Scheme  of  the  Operati- 
on manifeftly  fliews :  For  the  given  Series  being 
multiplied  by  a,  the  Series  of  Prodiids  is  the 
fame  as  the  given  Series  from  the  fccond  Term, 

taking 


2o6 


Theore'ms,  &'c. 
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taking  in  the  Power  next  above  the  grcatcft  given  Power;  then  the  other  Part  of 
the  Muitiplier  being  i,  its  Produd  is  the  given  Series.  But  this  is  to  be  fubtrafted  from 
the  former,  (becaufe  the  Multiplier  is  a —  i);  and  all  the  Terms  of  the  two  Series  of  Pro- 
dudls  being  the  fame,  except  the  greaceft  of  the  firft  Series,  and  the  leaft  of  the  other,  it's 
inanifeft  that  the  Difference^ «.  e.  the  Produd  fought,  is  <»"  +  ' — «,  that  is,  a-\-a*  -^ai,^c  <;" 

x<?  —  i=:tf""— (7.    Hence  dividing  both  Sides  by  a — i,  it  isu-f-"' 4-<'5,  &c-  «"== 


a  —  I 


Whatever  Power  the  Series  begins  at,  the  Reafon  of  the  Rule  is  the  fame;  for  thePro- 
dudts  by  a  an(l  by  i  will  be  the  fame  Series,  except  the  greateft  of  the  former,  (which 
will  be  the  next  Powpr  above  the  greatcll  given  Power,)  and  the  Icafl:  of  the  other,  (which 
is  the  leaft  given  Powerj ;  fo  that  the  Difference  pf  the  two  Series  muft  be  the  Difference 
of  thefe  two. 

Theorem  Vlll. 

The  Difference  betwixt  any  two  Powers  df  the  fame  Root,  is  the  Produ^fl  of  the  Dif- 
ference of  the  Root  and  i,  multiplied  by  the  Sum  of  all  the  Powers  of  that  Root  from 
the  leffer  given  Power  to  that  next  below  the  greater. 

Example  l.    a"  —  a'  =a —  i  X  a^  -\-a'-^'  -I-,  ^c.  ~\-  a"~' . 

2.    a"  —  a  =  a —  i  X  a-{'a'  -j-a=,  &c.  a"—'. 
Demon.  This  is  a  manifeft  Confequence  of  the  preceding. 

/.  ■•  ii. .   .'■i..;;  y.. : 
T'i«  te  6'*R-^'nt    IX. 


Take  the  Series  of  Powers  of  any  two  Numbers  (or  Roots)  to  any  the  lame  Length 
or  Index.  To  each  of  thefe  Series  prefix  i ;  then  fet  the  one  of  thefe  Series  under  the 
other  in  a  reverfe  Order,  and  multiply  the  correfponding  Terms  of  the  one  Series  into 
thofe  of  the  other;  then  take  the  Sum  of  the  Produds:  I  fiy,  if  this  Sum  is  multi- 
plied by  the  Difference  of  the  given  Roots,  the  Prod.uft  is  equal  to  the  Difference,  of  their 
fimilar  Powers  of  the  degree  next  above  the  highbfl:  in  the  Scries. 

Example.  Take  any  two  Roots  a,  b ;  take  their  Pow- 
ers to  the  4Ch ;  the  two  Series  formed  and  multiplied  as 
in  the  Margin  make  the  Series  of  Produds,  a*-\-bai 
-\-a*  h^  ■j-^alfi-\-L'*;  which  multiplied  by  a  —  b  pro- 
duces a^— is.  ■WV'4  Vr 

tDemon.    The  Reafon  of 

this  appears  the  fame  way  as  that 
of  Theor.  7.  for  a"Xa=a''i .', 
and  ^"xi:=i"  +  ';  then  the  Pro- 
dudl  of  a  into  every  Term  after 
a",  is  dertroyed  by  that  of  b 
(which  is  to  be  fubtraded)  into 
the  preceiiinj. 

CoROL.  Hence  the  Difference  of  any  two  Roots  is  an  aliquot  Part  of  the  Difference 
of  any  their  fimilar  Powers.  •      n.      • 

ScHOL.  From  the  Doftrinc  of  the  next  Book,  Cl:ap.  3.  you'll  find  the  Invettignnon. 
and  another  Demonftration  of  this  and  Theor.  7,  and  8.  viz.  from  the  Coiifideration  of 
Geomecricil  Progrefllons.  But  I  have  placed  them  here,  becairte  they  have  »  Demonftra- 
tion independent  of  thefe  Prqgreffions:  And  Thm-  7-  iumillics  us  another  Deironftratioa 
for  tlie  fumming  of  thefe  Progreffions.  ARITH- 


<5*,       a>,        a-,         a,  I. 

I , b, b' . bi, ^4 

6*  ^  bai  -j-  b'  a^  -{-  a  bi-j-  I* 
a  —  b. 
fl5  — f5  Produft. 


Univer&lly : 
a"—' J      <j"— ',     &c.     a*,  a,  i. 

b,  b\ ^■<^i_i"Tj.  _i"~i'       *"• 

a  —  b. 


a" 
I, 


.,'W 


'b"-t'. 
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ARITHMETICK 

B  O  O  K    IV. 

The  Dodrine  of  P  r  o  p  o  r  t  i  o  n. 

CHAP.     I. 

Explaining  the  general  Nature  of  Proportion. 
Definitions. 

I.  TW  TU  M  BERS  are  compared  in  order  to  difcover  certain  Relation j  they  have  to 
J  ^^    one  another  j  and  as  to  every  Comparifon  there  muft  be  two  Terms  or  Things, 

JL  ^  vii,.  one  which  is  compared,  and  another  to  which  it  is  compared,  fo  muft  ir 
be  alfo  in  Numbers;  where  more  particularly  the  Number,  compared  is  called  the  Antece- 
dent, and  the  Number  to  which  it  is  compared  is  called  the  Confequent.  For  Example  j  if 
Wc  compare   ^  to  4,  3  is  caLJ  the  Antecedent  and  4  the  Confequent. 

ScHOL.  Every  Comparifon  is  reciprocal,  and  includes  a  Comparifon  of  each  Term  to 
the  other ;  but  becaufe  the  Relation  may  be  difFerent  according  as  the  one  or  the  other  is 
made  the  Antecedent  (as  we  fhal!  fee  below);  and  becaufe  all  Companions  muft  be  of 
things  of  like  Species,  therefore,  in  order  to  compare  again  the  Relations  of  different 
Couplets  of  Numbers  fas  you'll  find  afterwards),  we  muft  carefully  diftinguil1\  the  two 
particular  Comparifbns  that  may  be  made  in  every  Coupler,  which  is  done  by  this  Diftia- 
rtioii  of  Antecedent  and  Confequent,  according  as  they  are  applied  to  the  two  Numbers. 

n.  The  Comparifons  and  confequent  Relations  of  Numbers  are  of  two  kinds,  diftin- 
guifhed  by  the  Nanies  of  Arithmetical  and  Geometrical. 

(i  )  0/ Arithmetical  Helation. 

If  wc  compare  Numbers  fo  as  ro  confider  their  fimple  Differences,  or  how  much  the 
Antecedent  is  greater  or  Icfler  than  the  Confequent;  their  Relation  in  that  View  is  called' 
Arithmtical ;  and  the  Difference  of  thefe  two  Numbers  is  called  the  Arithmetical  Ratio,  or 
£;f/i»»f»;  of  the  Arithmetical  Relation  of  the  Antecedent  to  the  Confequent.    Example; 

If 
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If  we  compare  3  to  ?,  the  Arithmetical  Ratio  is  2,  fignifying  thij  Relation>  viz.  that  3  is 
lefs  than  ^  by  ; ;  and  reciprocally,  if  we  compare  5  to  :(  the  Ratio  is  alfo  2>  fignifying,  in 
this  Cafe,  that  the  Antecedent  5  is  greater  than  the  Confequent  3,  by  2. 

If  the  Numbers  compared  are  equal,    their  Arithmetical  Ratio  is  o,  figiufying  their  . 
Equality. 

Here  then  we  fee  Arithmetical  Relation  diftinguifliable  into  two  Kinds,  fiz.  a  Relation 
of  Equality  and  Inequality.^  and  thejaft  again  diftingujfhablc  into  two  Species,  vix,.  a  Re- 
lation of  Except  wh^n  the  Antecedent  is  greateft',  and  of  pef'^l,  when  the  A^tecedenc'is 
lejft.  Now  it  wouM  feem'^  reafonable  that  the  Exponents  of  diif-Tent  Relayons,  as  the 
mutual  Relations  of  unequal  Numbers  are,  (hould  be  difFerent;  yet  here  it  is  the  fame 
Number,  whether  the  Antecedent  is  greateft  or  leafl ;  and  therefore  that  it  may  determine 
the  Species  of  the  Relation,  we  muft  apply  the  Words  Excefs  and  D?fe^ ;  or  fome  Mark 
to  figiiify  it  in  Writing.  So  if  you  fay  that  3  is  the  Arithmetical  Ratio  betwixt  two  Num- 
bers, as  4  and  7.-  it  may  bj  ajiRfie^  two  yv ays,  Recording  as;  we  fuppofe  the  Antecedent 
greateft  or  leaft,  for  there  are  neceffarily  two  mutual  Relations  {)etwixt  two  Things ;  yet  by 
faying  3  in  Excefs  or  Defeft,  or  ufing  fome  Mark  of  Diftiniflion  in  Writing,  the  Compa- 
riibn  is  determined.  But  the  Terms  compared  being  knovvn,'  the  moft  fimple  and  narural 
Method'of  deterntining  rhe  Comparifon  is-  to  put  the  Antecedent  always  before  the  Confe- 
quent (as  thefe  Names  do  import),  wiih  the  Word  To  betwixt  them.  For  Example  j  To 
fay.rhe  Relation  of  ^  to  -j,  is  a  particular  and  determinate  Comparifon,  whereas,  to  fkyxbe 
Relation  betiuixt  4  and  7  is  ambiguous,  for  this  may  be  either  the  Relation  of  4  to  7,  or 
of  7  to  4.  When  the  Relation  of  different  Couplets  are  to  be  again  compared,  this  De- 
termination is  abfolutely  necefliry.  ."1    A    Cl    <J 

(2)   Of  Geometj-ical  Relation. 

If  we  compare  two  Numbers  fo  as  to  confider  how  often  th:  Antecedent  contains  or  is 
contained  in  the  Confequent,  the  Relation  in  that  View  is  called  Geometri(a\  and  the  Quote 
of  the  greater  Term  divided  by  the  leffar,  (which  fhews  the  hoiu  oft  required )  is  called 
the  Geometrical  Ratio,  or  Exponent  of  the  Geometrical  Relation  of  the  Antecedent  to  the 
Confequent.  Ex.  gr.  If  we  compare  4  to  la,  the  Geometrical  Ratio  is  3,  fignifying , this 
Relation  of  4  to  12,  viz,,  that  it  is  contain'd  in  it  3  times;  and  reciprocally,  the  Ratio  of 
12  to  4,  is  3,  fignifying  the  Relation  of  12  containing  4,  3  times.  Again;  the  l^atio  of 
JL  to  19,  or  19  to  4,  is  ^i  fignifying  this  Relation,  17's.  of  4  being  contain'd  in  19,  or  19 
containing  4  four  times,  and  \  Parts  of  it.  Of  two  eqml  Numbers,  the  Geomc:rical  Ratio 
is  always  i,  exprefling  a  Ratio  of  Equality!  ,     , '     ', 

Geometrical  Relation  is  alfo  diftinguifhcd  into  two  kinds,  one  of  Equality  and  ano- 
ther of  Inequality;  and  the  laft  again  into  two  Species,  iiiz.  a  Relation  of  cont.%tniT!g,  when 
the  Antecedent  is  greateft,  and  of  being  contai>:ed,\\hin  the  Antecedent  is  leaft;  both  which 
having  the  fame  Number  for  their  Exponent,  it  mull  be  applied  differently  according  to 
the  different  Cjfes.  But  the  Comparifon  is  clearly  and  certainly  determined  in  the  fame 
manner  as  is  already  explain'd  in  Arithmetical  Relation,  'vix..  by  putting  the  Aiitecedent 
before  the  Confequent,  with  the  Word  To  betwixt  them.;  thuf,to  iay  the  Relation  of  4 
to  12,  is  determinate  and  certain;  and  in  this  Cafe  the  Ratio  3  fignihes  that  4  is  contain'd 
a  titnes  in  12:  And  if  you  call  it  the  Ratio  of  J2  104,  it  figmfici  a  Relation  of  Contait:ing. 

Bur  again  ohfer-ve ;  There  is  another  way  of  conceiving  the  Geometrical  Relation  of  a 
le'Ter  Number  to  a  greater,  whereby  the  Exponents  of  the  two  reciprocal  Relations  will  be 
d  fir  rent :  Thus,  in  comparing  a  leffer  to  a  greater  Number,  we  may  confider  what  Part 
or  Pars  it  is  of  the  greater;  and  then  the  Fraction  excrrlTing;  this  is  the.  Geometrical  Ra- 
tio: For  Example;  the  Ratio  of  4  to  12  is -j ;  and  fo  by  this  Method  thc'Rarios„or  Ex- 
ponents of  the  l<eciprocai  different  Relation^  of  t  o  N'-ar.be: ,  .vill  always  be  different,  and 
of  themfelves  d^^ermine  the  Quality  or  Species  of  the  Relation  which  they  exprefs,  i.  e, 
,  whether 
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whether  the  Antecedent  is  greater  or  leder,  and  that  whether  the  Numbers  compared  are 
known  or  not;  Thus,  the  Antecedent  being  gi eater,  the  Ratio  will  always  be  a  whole  or 

luixt  Number  i  fo  the  Ratio  of  12  to  4  is  3,  or  of  14  to  4  is  3-  ^  but  the  Antecedent 
being  lead,  it  will  be  a  proper  Fraiftioni  fo  the  Ratio  of  4  to  12  is  —,  and  of  4  to  14 

is  — .  Now  by  the  common  Rules  we  find  what  Fradion  the  Antecedent  is  of  the  Confc- 

quent,  by  dividitig  that  Term  by  this;  thus,  if  they  are  both  Integers,  the  Quote  and  Fra- 
dtion  fought  is  got  by  making  the  Antecedent  Numerator,  and  the  Confequent  Denomi- 
nator, (which  is  perhaps  not  in  its  loweft  Terms,  but  that  is  no  matter;)  fo  4  is-^-.or  -  of 

*       7 

14.    And  if  they  are  not  both  Int^ers,  then  we  proceed  by  the  Rules  given  in  Divifion 


12 


,i=:ll. 


of  Fradtions;   fo  the  Ratio  of  4  to  13^  is  — , for  13^=:-^,    by   which   dividing  4,  the 

12  2 

Quote  is  — .  which  expreffes  what  Frailion  4  is  of  13-  from  the  Nature  of  Divifion. 

Again  \  Since  the  Fradion  expreding  the  Relation  of  a  lefler  to  a  greater,  is  equal  to  the 
Quote  of  the  Antecedent  divided  by  the  Confequent;  therefore,  according  to  the  Diftindli- 
on  of  the  reciprocal  Relations  of  two  Numbers,  now  expbin'd,  the  Ratio  is  in  all  Cafes 
the  Quote  of  the  Antecedent  divided  by  the  Confequent,  exprelfing  how  oft  the  Antece- 
dent, when  it  is  the  greater  Term,  contains  the  Conl'equent;  or,  when  it  is  Icaft,  what 
Part  or  Parts,  i.  e.  what  Fradion  it  is  of  the  Confequent.  And  this  was  the  Method  of 
the  ^ntients  in  explauiing  Geometrical  Relation :  But  this  we  may  reduce  to  a  more  uni- 
form Notion,  whereby  the  fame  general  Definition  comprehends  both  the  mutual  Relations 
of  Inequality,  and  the  Ratios  they  have  to  the  fame  Number,  thus:  All  Quotes  are  Fra- 
ftions,  and  may  be  exprelTed  fradfionally ;  for  by  making  the  Dividend  Numerator,  and 
the  Divifor  Denommator,  when  they  are  both  Whole  Numbers,  that  is  a  Fraiftion  equiva- 
lent to  the  Quote ;  and  if  they  are  not  both  Integers,  yet  being  divided  by  the  common 
Rule,  the  Q_iote  will  come  out  in  Form  of  a  Fradion  Ctho'  in  fome  Cafes  it  may  be 
equal  to  a  Whole  Number).  And  hence  the  Relation  of  a  greater  to  a  lefTer  may  be 
conceived  under  a  like  View  with  that  of  a  lefler  to  a  greater,  above  explained,  mix,,  as  be- 
ing equal  to  a  certain  Number  of  Parts  of  the  Confequent ;  and  the  improper  Fradion  e.x- 
prefling  this  is  the  Ratio,   found  out  the  fame  way  as  in  the  other  Cafe.    For  Example; 

The  Ratio  of  7  to  5  is-,  and  of  7  to  2-  it  is  —,  for  2-=-—:   From  which  we  may 

deduce  this  general  Definition  of  a  Geometrical  Relation,  viz..  That  it  is  the  "Relation  of  the 
.Antecedent  being  equal  to  a  certain  Part  or  Farts,  i.  e.  a  certain  Fra£lion  proper  or  impro- 
per  of  the  Confequent-^  which  Fradion  is  the  Ratio,  expreffing  the  Relation  of  a  Idler  to 
a  greater  when  it  is  a  proper  Fradion,  but  of  a  greater  to  a  lefler  when  it  is  improper. 
Hence,  laftly,  we  may  reafon  about  thefe  Ratios  under  the  Notion  of  Quotes  or  Fradions 
indifferently,  thele  being  in  eflFed  the  fame :  And  the  great  ufe  of  this  is,  that  from  the 
Dodrine  of  Fradions  we  can  eafily  deduce  the  Theory  of  Geometrical  Relation  and  Pro- 
portion, as  you'll  find  afterwards  done. 

Now  as  to  thefe  different  Ways  of  conceiving  Geometrical  Relation,  it  is  indiflferent  as  to 
the  Truth  of  the  Science  built  upon  it,  which  we  chufe ;  for  they  anfwer  equally  true  to 
all  the  Ends  and  Purpofes  of  comparing  the  Relations  of  Numbers ;  bccaufe  they  depend 
fo  upon  one  another,  that  in  comparing  the  Relations  in  two  different  Couplets,  if  the 
Relations  taken  one  Way  are  equal,  they  will  be  fo  taken  the  other  way :  Thus,  if  the 
Antecedent  is  greateft,  the  Ratio  is  the  fame  either  way  ^  for  both  the  Methods  of  taking 
it  coincide,  and  it  is  either  a  VVhole  or  Mixt  Number,  or  their  Equivalent  improper  Fra- 

E  e  dion : 


2 1  o  'The  DoSirine  of  Proportion.  Book  IV. 

«aion :  If  the  Antecedent  is  leaft,  then  the  Ratio  taken  the  one  way  is  the  reciprocal 
Quote  or  Fiadtion  of  the  Ratio  taken  the  other  way,  and  confequently  two  Ratios  being 
equal  the  one  way^  they  are  fo  the  other  way  alfo,  becaufe  the  Reciprocals  of  equal  Fra- 
dtions  or  Quotes  arc  alio  equal.    Thus,  for  Jixample  j  If  the  Ratios  of  lo  to  14,  and  of 

15  to  21,  taken  the  one  way,  are  both  equal,  viz,.  i-=i.,  then  alfo  muft  the  Ratios 
taken  the  other  way  in  both  be    ^5  or  alfo  thus,  as  -^  =—   is  the  Ratio  the  one  way ; 

fo  alfo  will  —  =:  ~  be  the  Ratio  taken  the  other  way  (from  L.em.  6.  Ch.  I.  of  Fraftions.) 

I  have  explain'd  both  thefe  Methods  of  conceiving  and  exprefTing  the  Geometrical  Re- 
lation of  Numbers,  becaufe  you'll  meet  with  both  in  other  Books  on  this  Subjed ;  but 
chiefly  becaufe  I  find  it  convenient  to  follow  fometimes  the  one  Method  and  fometimes 
the  other  j  and  fometimes  for  Variety  and  lUuftration  to  apply  both  Methods. 

COROLLARIES. 

I.  Comparing  thefe  different  Notions  of  a  Geometrical  Ratio,  with  the  common  Ope- 
rations of  multiplying  and  dividing,  this  will  evidendy  follow,  viz,.  That  the  Ratio  of  two 
Numbers  taken  the  firfl:  way,  (which  is  always  a  whole  or  mixt  Number)  is  that  Number 
by  which  the  lefler  Term  being  multiplied,  or  the  greater  divided,  (which  foever  of  them 
is  the  Antecedent)  gives  the  other  Term  \  and  taken  the  i'econd  way,  (which  may  be  either 
a  whole  or  mixt  Number,  or  a  proper  Fradtion)  it  is  that  Number  by  which  the  Antece- 
dent beincr  divided,  or  the  Conlijquent  multiplied,  (which  foever  of  them  is  the  greateft) 
gives  the  other:  Or  alfo  thusj  By  whofe  Reciprocal  the  Antecedent  being  multiplied,  or 
the  Confequent  divided,  gives  the  other.     If  this  is  not  evident,  ic  may  be  made  fo  thus : 

If  the  Ratio  is  taken  the  firft  way,  the  Realbn  of  this  is  manifeft  from  the  mutual  Proof 
of  Multiplication  and  Divifion.  Thus:  If  A  is  lefs  than  B,  and  if  B-^  A  =  t/,  which  is 
the  Ratio;  then  A<i=Bj  and  hd-^d,  that  is,  B-i-flf=A.     Again;  If  the  Ratio  is  taken 

tlie  other  way,  fuppofe  A  is  the  Antecedent,  the  Ratio  of  A  to  B  is  this  Quote  g-,  and 
its  reciprocal  — .  Now  if  A,  B  are  both  Integers,  -^  and  -r  are  really  fradional  Exprcfli- 
ons  in  Terms ;  and  from  the  Rules  of  Fradlions,  it  is  plain  that  if  the  Antecedent  A  is  di- 
vided by  ^,  the  Quote  is  B ;  or  if  B,  the  Confequent  is  multiplied  by  it,  the  Produdl  is  A. 
Again ;  Take  the  reciprocal  Ratio  -^y  and  the  Reverfe  of  the  former  Operations  produce 
the  fame  Effeft.  Thus :  A  multiplied  by  -^  produces  B,  and  B  divided  by  it  quotes  A : 
all  which  is  evident  from  the  common  Rules.  But  again :  If  A,  B  are  not  both  Integers, 
then  fuppofe  the  Quote  g,  taken  in  its  own  proper  Terms,  is  this  fraiSional  Expreflion  — 
( for  every  Qiiote  is  either  a  Fraction  proper,  or  improper,  which  is  exprelTible  fractionally) 
then  is  A  =  ^  of  B  =  B  X  ^'  =  B-^^.    Again;  Since  A=:^of  B,  th:reforcB=^   of 

A  =  Ax-=Ah--,  wherein  you  fee  all  the  Parts  of  the  Rule. 

Example  in  Numbers.    Thus:  The  Ratio  of  12  and  4  taken  the  firft  way  is  3;  then 
i2-;-3  =  4,  and  4X  3  =  13.     Again;  Make  4  the  Antecedent,  and  7  the  Confequenti 

the  Ratio  taken  the  fecond  way  is  ^;  then 4 -e-^  =4x^=7,  and  7X- =  7  h- -  =  4. 
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2.  Hence  again :  Having  one  Number  given,  and  the  Rario  betwixt  it  and  another,  we 
C»n  cafily  find  that  other;  providing  alfo,  that  if  the  Ratio  is  a  whole  or  mixt  Number,  it 
be  determined  whether  the  greater  or  lefler  Term  is  fought.  And  if  it  is  a  proper 
Fraction,  let  it  be  determined  whether  the  Number  fought  is  the  Antecedent  or  Confe- 
quent.  Exam.  Let  there  be  giwn  one  Number  8,  and  3  the  Ratio  betwixt  it  and  another 
Number,  to  find  that  other  Number.    If  8  is  the  greater  Term  of  the  Relation,  or  if  you 

call  it  the  Antecedent,  then  8-^3=2-  is  the  Number  fought;  or  if  it  is  thelefTerTerm 

or  Confequent,  then  is  8x  3  =  24,  the  Term  fought.     Again;  If  8  is  the  given  Term,  and 

1  the  Ratio,  then  8  being  the  Antecedent,  8H-i  =  8x  z  =  lr=:  10 -is  the  Confequent  j 
4*  2  A  ^  3        3  3 

but  if  8  is  the  Confequent,  then  8  X  -2  =  8  -^  2:  =  g  is  the  Antecedent. 

,4  3 

Ohferve,  To  prevent  fuch  tedious  Names  as  Arithmetical  and  Geometrical  "Ratios,  we 
(hall  hereafter  ule  the  Word  Difference  for  the  firit,  and  Ratio  for  the  other. 

III.     Of  Proportion. 

When  the  fame  Kind  of  Relation,  Geometrical  or  Arithmetical,  is  confider'd,  in  each 
of  two  or  more  Couplets  of  Numbers,  whofe  Terms  are  alfo  fimilarly  compared,  viz.. 
the  leffer  to  the  greater,  or  the  greater  to  the  lefler  in  each ;  then  if  thefe  fimilar  Relations 
are  equal,  that  is,  if  their  Exponents  are  equal  Numbers,  this  Equality  is  call'd  Proportion -^ 
which  we  may  therefore  more  briefly  define  thus,  viz.  Proportion  is  the  Equality  of  the 
Differences  or  Ratios  of  two  or  more  Couplets  of  Numbers,  whofe  Terms  are  fimilarly 
compared.  And  then  the  Numbers  ftated  in  Order  as  they  are  compared,  the  Antecedent 
of  each  Couplet  before  its  Confequent  are  faid  to  be  proportional  Numbers,  or  Proportio- 
tials,  Arithmetical  or  Geometrical,  according  as  we  confider  Differences  or  Ratios.  Exam, 
3,  4,  and  5,6  are  arithmetically  proportional;  becaufe  their  Antecedents  are  both  Icaft,  and 
their  Differences  are  equal,  viz..  1 ;  alfo  theie  7,  3,  and  5,  9,  the  Antecedents  being  both 
greateil,  and  the  Difference  in  each  being  4. 

Again;  Thefe  3,  6,  and  4,  8  are  geometrically  proportional;  the  Antecedent  in  each  be- 
ing the  lefler,  and  the  Ratio  equal,  viz..  2  taken  the  one  way,  and  2f  taken  the  other: 
Alfo  thefe  9,  2,  and  18,  4,  whofe  Ratio  taken  either  way  is  4^ 

Vniverjally:  It  A  —  B  =  C  —  D,  then  A.B, C, D  are  arithmetically  proportional:  and 

if  i5-==5''  ^'■'^"  A,B,C,D,  are  geometrically  proportional. 

SCHOLIUMS. 

1.  Among  Arithmetical  Proportionals,  o  may  be  one  Term.  Exam,  o,  2,  and  3,  5 
have  the  fame  Difference,  viz.  2.  But  all  the  Terms  of  Geometrical  Proportionals  mufl 
be  real  Quantities. 

2.  The  two  Numbers  compared  arc  ordinarily  written  with  fome  Mark  betwixt  them, 
("the  firft  written  being  the  Antecedent,  and  the  other  the  Confcquentj ;  and  two  Couplets, 
whofe  fimilar  Relations  are  equal,  (;.  e.  which  are  proportional  j  are  written  with  fome  dif- 
ferent Mark  betwixt  them:  and  it  being  convenient  to  diftinguifh  the  Marks  of  Arithmeti- 
cal and  Geometrical  Relation,  and  their  Equalities  or  Proportion,  thefe  diftinguifliing  Marks 
I  fliail  make  thus:  Betwixt  two  Numbers  compared  Arithmetically,  (or  in  tcfpcd  of  Dif- 
ferences) I  fhill  fet  a  Point,  thus,  3.5;  and  betwixt  two  fuch  Couplets,  whofe  Difference 
is  equal,  a  Colon,  thus,  ■},.'j:^.6.  Again;  Betwixt  two  Numbers  compared  Geometrical- 
ly, (or  m  rcfpeft  of  Ratios)  (et  a.  Colon,  thus,  3:4;  and  betwixt  zvjo  fuch  Couplets, 
whole  fimilar  Ratios  are  equal,  a  double  Colon,  thus,  5:41:6:8;  and  then  thefe  Marks 
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fave  the  Trouble  of  telling  what  kind  of  Comparifon  is  made  of  the  Numbers.  Vniver- 
fally:  Thefe  exprefs  Arithmetical  Proportionals,  a.b:  c.d;  and  thefe  Geometrical,  a:b::c:d; 
and  then  we  read  or  exprefs  the  Proportionality  thus,  'viz.  In  Arithmeticals  we  lay.  As 
much  as  the  one  Antecedent  a  exceeds,  or  wants  of  its  Coniequent  b ;  fo  much  does  the 
other  Antecedent  c  exceed,  or  want  of  its  Confequent  d;  and  when  it  is  fo  betwixt  four 
Numbers,  they  are  Arithmetically  proportional.  In  Geometricals  we  fay.  As  oft  as  a  con- 
tains, or  is  contain'd  in  ^j  fo  oft  c  contains,  or  is  contained  in  d.  Or  alio  thus:  What 
Fradfion  (proper  or  improper)  a  is  of  ^;  the  fame,  or  equal,  Fradlion  is  c  of  d. 

Obferve  alfo.  That  Proportionality  may  be  read  thus  more  generally,  -viz.  As  a  to  b,  fo 
is  c  to  d.  Arithmetically  or  Geometricallyj  underftanding  this  to  fignify  what  is  above  ex- 
plain'd.  And  indeed  the  word  Proportion,  or  Proportionality,  is  no  more  than  a  Word 
contriv'd  to  exprefs  more  briefly  the  Equality  of  Relation  explain'd ;  fo  to  fay  that  four 
Numbers  are  proportional,  is  only  faying  all  in  one  Word  what  muft  be  faid  in  a  grca: 
many,  if  explained  at  large,  as  has  been  now  done. 

The  Diftindtion  then  betwixt  Differences  or  Ratios,  and  Proportion,  is  this ;  A  Diffe- 
rence or  Ratio  arifes  from  the  Comparifon  of  two  or  more  fimilar  Relations,  whofe  Expo- 
nents being  equal  make  Proportion  j  which  therefore  can't  exift  without  at  leaft  four  Terms 
(/'.  e.  two  Couplets)  j  but  obferve,  that  the  fame  Number  may  be  antecedent  in  one  Cou- 
plet, and  confequent  in  another ;  and  therefore  there  may  be  Proportion,  where  there  are 
but  threfe  different  Numbers,  if  the  one  is  twice  taken;  So  thefe  3.4  5  are  Arithmetically 
proportional,  for  3.4 : 4.5  j  and  thefe  Geometrically,  3:6:12,  for  3  :  6  ::  6 :  12. 

It  is  to  be  obferv'd  too,  that  fometimes  the  word  Proportion  is  ufed  for  Ratio ;  Co  wc 
£ay  the  Proportion  of  3  to  6  for  the  Ratio  of  3  to  6. 

IV.  Of  Proportion,  ConjunH:  and  DisjunH. 

When  two  or  more  Couplets  are  proportional,  but  fo  as  they  have  no  common  Term 
( 1.  e.  the  Antecedent  of  none  of  them  is  the  fame  Number  as  the  Confequent  of  another ), 
they  are  called  Disjunll  Proportionals;  as  thefe  Arithmeticals,  2.3  :4.5  :6.7:  and  thefe 
Geometricals,  i :  2 : :  3  :  6  : :  4 :  8.  But  if  the  Confequent  of  the  firft  Couplet  is  the  fame 
Number  as  the  Antecedent  of  the  fecond,  and  fo  on,  the  Confequent  of  every  Couplet  the 
Antecedent  of  the  next,  thefe  are  called  ConjunEi  (or  continued)  Proportionals;  as  thefe, 
1.2:2.3:3.4:  and  thefe,  i:2::2:4::4:8.  But  in  this  Cafe  the  common  Term  need 
HOC  be  twice  written;  for  it  is  enough  to  fct  all  the  diflfiirent  Terms  in  one  continued  Rank 
or  Series,  according  to  their  Order  of  Comparifon  ;  thus,  1.2.3.4.  o*"  1:2:4:8;  where- 
in it  is  underflood  that  every  Term  is  compared  to  the  following;  fo  that  each  is  taken 
both  as  an  Antecedent  and  a  Confequent,  except  the  firfl,  which  is  only  Antecedent,  and 
the  laft,  which  is  only  Confequent.  Such  Series  of  Numbers  are  alfo  called  Arithmetical 
apd  Geometrical  Frogrejjtons. 

V.  Of  Proportion,  DireSl  and  Reciprocal. 

When  the  Ratios  of  two  Couplets  are  fimilar  and  equal,  the  Proportion  is  called  Bkeil, 
as  in  thefe,  1.2:3.4:  and  thefe,  i :  2  : :  4  :  8  .  But  if  they  arc  dilTimilar,  yet  fo  as  the  one 
is  equal  to  the  Reciprocal  of  the  other,  the  Proportion  is  called  Reciprocal;  as  in  thefe, 
1.2:  4.3,   and  in  thefe,  i  :  2 : :  6 :  3 . 

Scholium.  This  Diftindion  may  be  applied  either  to  Arithmeticals  or  Geome- 
tricals, tho'  it  is  commonly  applied  only  to  the  lalt ;  as  to  which  obferve.  That,  according 
to  Definition  V.  Proportion  is  no  other  thing  than  what  is  here  called  Dired,  the  other 
proceeding  merely  from  the  inverting  one  of  the  Couplets  of  a  Dired  or  Proper  Propor- 
lion ;  So  that  to  fay  1 : 2 ; ;  6  :  3  are  proportional  reciprocally,  is  uo  more  than  to  fay  that 
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thefe  Numbers  are  proportional,  it  you  invert  any  one  of  the  Couplets,  thus,  2  :  i  : :  6 :  3  j 
this  Dilbnction  i?  thc'refore  of  no  ufe  in  difcovcring  or  applying  any  Properties  of 
Numbers  i  but  it  has  taken  rife  from  the  Circumftanccs  of  fome  particular  kind  of  mixc 
pradtical  Qiieftions;  in  which,  the' the  Numbers  arc  Hated  in  the  proper  Order  of  Pro- 
portion, yet  the  Proportion  is  faid  to  be  reciprocal  from  a  certain  Confideration  of  the 
Order  of  the  Terms  as  they  lie  in  the  Subjedl  of  the  QLieftion,  of  which  you'll  fee  Ex- 
amples in  the  proper  Place. 

VI.     Of  Proportion,  Harmonlcal . 

If  four  Numbers  are  fuch,  taken  in  a  certain  Order,  that  the  firft  has  the  fame  Ratio 
to  the  foi,rth,  as  the  Difference  of  the  firft  and  fecond  has  to  the  Difference  of  the  third 
and  fourth,  thefe  Numbers  are  faid  to  be  in  Hnrmonical  Proportion.  Example:  9,  12, 
16,  24,  are  harmonically  proportional,  viz..  9  :  24  : :  12  —  9  :  24  —  16,  C  or  9  :  24  : :  3  :  8  ) 
but  it  the  firft  is  to  the  fourth,  as  the  Difference  of  the  third  and  fourth  to  the  Difference 
of  the  firft  and  fecond,  it  is  called  Contra-harmonic al  Proportion;  as  2,  8>  4,  6,  where 
2:5::6  — 4:  8  — 2  f/.  f.  2:<5:  :2:  6.). 

SCHOLIUMS. 

1.  This  kind  of  Proportion  may  exift  alfo  betwixt  three  Numbers,  one  of  which  is  com- 
pared as  a  middle  Term  to  both  the  Extremes ;  that  is,  if  the  firft  has  the  fime  Ratio  to 
the  third,  as  the  Difference  of  the  firft  and  fecond  to  the  Difference  of  the  fecond  and 
third  j  or  as  the  Difference  of  the  fecond  and  third  to  that  of  the  firft  and  fecond  ;  for 
fuch  coincide  with  the  former  by  taking  the  middle  Term  twice.  Example:  3,  4,  6,  are 
Harmonical,  becaufe  3:6:;4  —  3:6  —  4  (  viz.  3  : 6 : :  1 :  2  J  i  and  thefe  Contra-harmoni- 
cal,  3,  5,  6;  becaufe  y.6::6  —  5:5  —  3  ( viz.  3  :  6  : :  i  ;  2  J.  And  if  in  a  Series  of  Num- 
bers every  three  Yerms  are  Harmonical,  it  is  an  Harmonical  Series  or  Progreffion,  (i.e.  a 
Series  of  Conjundt  or  Continued  Harmonicals.j  Example:  10,  12,  i^,  20,  30, 60,  where- 
in every  three  Terms  next  together  are  Harmonical.  And  when  of  four  Terms  the  two 
middle  are  different,  that  may  be  call'd  Disjundt  Harmonical  Proportion. 

2.  But  this  confiderable  Difference  is  to  be  obferv'd  betwixt  this  kind  of  Proportion 
and  the  former,  viz.  That  here  in  a  Series  of  continued  Harmonicals  every  four  Terms  ad- 
jacent will  not  alfo  be  Harmonical,  as  they  are  Geometrical  or  Arithmetical  in  thefe  kinds 
of  Progreffion.  Example:  Tho'  10,  12,  ly,  are  Harmonical,  and  alfo  12,  15,  20 ;  yen 
10,  12,  15,  20,  are  not  fo. 

3.  If  we  take  the  Word  Proportion  ftridly,  according  to  the  general  Definition,  for  an 
Equality  of  fimilar  Relations  betwixt  two  Numbers,  then  it  muft  be  own'd  there  is  no 
new  Species  of  Proportion  here  j  for  there  is  no  new  kind  of  Relation  in  any  two  Terms, 
but  only  a  mixt  Comparifon  betwixt  two  Numbers  and  their  Differences  from  othersj  and 
the  Proportion  conftituted  is  really  a  Geometrical  one,  or  an  Equality  of  Ratios ;  not  in- 
deed of  the  given  Numbers,  but  of  the  Ratio  of  the  Extremes,  compared  to  the  Ratio 
of  the  Differences  of  thefe  Extremes  with  the  middle  Terms :  But  tho'  this  is  not  ftridl/ 
a  Proportion  among  the  given  Numbers  immediately  compared  together,  yet  it  is  certainly 
a  new  and  Complex  Relation  ( diftindt  from  the  immediate  Arithmetical  or  Geometrical 
Relation  betwixt  the  feveral  Couplets  of  Numbers  themfelves),  to  which  alfo  the  Name 
Proportion  is  applied. 

This  Denomination  of  Harmonical  arifes  from  Alujick;  becaufe  the  Relations  or  Pro- 
portions of  Sounds  that  make  Harmony  are  found  to  be  of  the  Kind  here  defin'd,  of  which 
you  (hall  find  a  more  particular  Exphcacion  afterwards. 

jiXIOMS. 
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AXIOMS. 

Ohferve,  The  following  Axioms  are  expreffed  fo  as  to  regard  Geometrical  Relations 
only  j  and  the  Ratio  is  to  be  underftood  a^  the  Qiiote  of  the  Antecedent  divided  by  the 
Confequen: :  Bjt  by  putting  the  Word  Diprence  in  place  of  Ratio,  they  are  alfo  applied 
to  Arithmetical  Relations  or  Differences. 

Axiovi  I.  Two  or  more  equal  Numbers  { integral  or  fradlional )  A  and  B,  have  all  the 
fame  Ratio  to  the  fame  Number  D,  and  D  has  the  fame  Ratio  to  equal  Numbers.  Alfo 
thefe  Numbers,  A,  B,  <^c.  are  equal,  which  have  all  the  fame  Ratio  to  the  fame  Num- 
ber D,  or  to  which  the  fame  Number  D  has  the  fame  Ratio.  Again ;  Two  equal  Num- 
bers have  the  fame  Ratio  to  any  other  two  alfo  equal  j  fo  if  A  =  B,  and  C  =  D,  then 
A  •  C  : :  B :  D  ;  this  being  the  fame  as  A  :  C : :  A :  C. 

A      L      C  N  A 

C  o  R  o  L  L.    If  A :  B : :  C :  D,  and  L  :  M : :  N :  O,  then  g  :  j^"  •" :  ;[j  •  q  >  ^°''  B  ~ 

C        J   I^_N 
jj,  and^— Q. 

II.  Two  different  Numbers,  A  and  B,  have  different  Ratios  to  the  fame  Num- 
ber D  j  and  the  greater  or  lefTer  of  the  two,  A  and  B,  has  the  greater  or  leffer  Ratio  to 
D.  Again ;  The  fame  Number  D  has  a  different  Ratio  to  two  different  Numbers  A  and 
B,  and  it  has  reciprocally  the  lelTer  or  greater  Rano  to  the  greater  or  lefTer  of  the  two 
Numbers  A,  B.  Alfo  that  is  the  greater  or  leffer  of  two  Numbers  A,  B,  which 
has  the  greater  or  leffer  Ratio  to  one  Number  D  \  and  that  one  of  two  Numbers,  A,  B, 
is  the  greater  or  lefTer  to  which  the  fame  Number  D  has  the  lefler  or  greater  Ratio. 

Co  ROLL.  To  the  fame  three  Numbers,  A,  B,  C,  there  canont  be  two  different 
Numbers  that  make  a  4th  Proportional  i  nor  to  two  Numbers,  two  that  are  each  a  third 
Proportional. 

III.  If  each  of  two  Ratios  is  equal  to  a  third,  they  are  equal  to  one  another. 
"Example :    If  A  :  B : :  C :  D,  and  A  :  B : :  F  :  G,  then  is  C :  D : :  F :  G. 

C  o  R  o  L  L.  If  one  Ratio  is  equal  to  another,  and  this  equal  to  a  5d,  and  this  3d  to  a 
4th,  and  fo  on ;  the  firft  Ratio  is  equal  to  the  lalf,  and  each  of  them  equal  to  each  j  fo  that 
the  Terms  of  any  two  of  them  arc  proportional  Numbers.  Example :  If  A  :  B  : :  C :  D  ; :  E 
•.F::G:H,  then  is  A:B:;G:H. 

IV.  Two  equal  Ratios,   A :  B  and  C  :  D,   are  both   equal  to,  or    both  greater,   or 
both  leffer  than  any   third  Ratio  G  :  H.     But  obferve.  That  the  Reverfe  holds  only  when 
they  are  both  equal  to  G :  H,  ;.  e.  they  are  then  only  equal  to  one  another ;  for  they  may 
be  both  greater  or  leilcr,  and  yet  not  equal ;  there  beir.g  Degrees  of  Inequality,  but  none  _ 
of  Equality. 

V.  Two  equal  Ratios  are  flill  equal  in  whatever  Order  they  are  taken :  So  that  of 
two  Couplets  that  make  Proportion,  it  is  indifferent  which  of  them  is  fet  firft  or  laft. 
Example :  If  A  :  B : :  C :  D,  then  alfo  C :  D  : :  A :  B. 

VI.  All  Ratios  of  Equality  are  equal  Ratios;  fo  A:  A::B:B:  :  C  :  C,  &c.  but! 
equal  Ratios  are  not  always  Ratios  of  Equality  j  and  thefe  things  mull  be  carefully  j 
diftinguifhed :  For  a  Ratio  of  Equality  is  the  Ratio  betwixt  tv.'o  equal  Numbers ;  but  twoj 
Ratio's  may  be  equal,  tho'  ihey  are  both  Ratio's  of  Inequality,  i.  e.  of  unequal  Numbers.! 

Generall 
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General   COROLLARIES. 

I.     Tor  Arithmetical  Frofortion. 

I.  In  Addition-^  If  two  Numbers  are  added  together,  then  o,  the  two  Numbers  and 
the  Sum  are  arithmetically  proportional.  Exaviple :  2 -f- 4 ^^=  <^' and  0.2:4.6.  Uni- 
verfally,  o.a:b.a-\-b. 

II.  In  Suhtraflhn ;  o,  the  Difference  Subtraflor  and  Subtrahend,  are  arithmetically  pro- 
portional.  Example :  12  —  9  =  3>  and  o.  3  :  9  .  12  :     Univcrfally,  o  .a  —  b:  b  .a. 

II.  For  Geometrical  Proportion.    ■ 

III.  In  Multiplication:,  I  is  to  any  one  of  the  Fadors  in  the  fame  Ratio  as  the  other 
Faftor  is  to  the  Produdt,  i.  e.  thefe  four  are  geometrically  proportional.  Example  .•3x4 
=  12,  and  1 :  3  : :  4 :  12,  or  i :  4 : :  3. 12:  for  the  Produdl  i  contains  the  one  Fadtor  as  ofc 
as  the  other  e.xprefles  or  contains  Unity.     Univerfally,  i:a::b:ab,  or  i:b::a:ab. 

IV.  In  Divifion-^  The  Divifor  or  Quote  is  to  Unity  as  the  Dividend  is  to  the  other, 
( i  e.  thefe  four  are  geometrically  proportional ).  Example :  18-7-3=6,  and  6  :  i : :  18  :  3, 
or  3  : 1 :  -.  18  :  6.  Univerfally,  A  -i-  d^=-q,  then  d:  i::  A:q,  or  q:  i::  A:d;  for  d  is  con- 
tain'd  in  A,  q  times,  or  qinA,d  times ;  that  is,  as  oft  as  5  or  ^  exprefTes  or  contains  Unity. 

V.  The  Numerator  of  a  fimple  Fradlion  is  to  the  Denominator,  as  the  Fraction  (or 

2  ^ 

Quantity  exprefTed  by  it )  is  to  Unity.    Example :  —  :  i : :  2 :  3.    Univerfally,  —  :  i  ■.-.a: 

a  a  a 

w ;  for  /z  contains  —  Parts  of  n,  and  -  fisnifies  -  Parts  of  i. 
^  n  n     °  7t 

Obferve,  This  is  but  a  particular  Cafe  of  the  laft ;  for,  call  — =  q,  and  then  q-.w.a'.n. 

Here  the  Terms  a,  n,  are  always  integral;  but  in  the  other  the  Dividend  and  Divifor,  a,d, 
may  be  integral  or  fradional.    Again ;  i  is  to  any  Fradtion  as  the  Denominator  to  the 

a  a         b 

Numerator ;  i :  -r  : :  * :  a ;  for  i  -H  -j  =  — .    Hence,  laftly,  i  is  a  mean  Proportional  be- 

a  b 

twixt  any  Fraction  and  its  Reciprocal  i  fo  t-  :  1 : :  i ;  — . 

VI.  Of  two  equal  Fradtions,  their  Numerators  and  Denominators   are  geometrically 
proportional.     Example :  -=  ^>  and  2 :  3  : :  4 :  6  j  alfo  2 : 4 : :  3  :  6  j  for  becaufe  ^  =  -j 

therefore  "^  -J,  (Lem.  6.  Chap.  i.  B.  II.)     Hence  2  :  4 : :  3  :  6.     Univerfally,  if  -  =  -, 
40  ^-'  ■'        n        s 

then  a:n::r:s,  and  <j  :  r  ; :  »  :  r  j  for  equal  Fraftions  being  equal  Quotes,  or  Ratios,  their 

Terms  are  in  Proportion  j  it  being  the  fame  thing  to  fay  that  -=-,  as  to  fay  that  thefe  are 

proportional  a:n::r:s;  the  Equality  of  thefe  Quotes  or  Fradions  conftituting  the  Pro- 
portion. 

VII.  Two  Fradions  having  a  common  Denominator,  are  proportional  with  their  Nu- 
meratorj.     Example ;  -  :  •■•-::  2  : 3  i  for  the  Quote  of  -  by  —  is  the  Qiiotc  of  2  by  3,  viz. 
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~     Univer rally,  -  :  -■.■.a-.b.    For  -  -r-  -  =  f.  (Cor.  i.  to  the  Rule  for  Divifion  of  Fra- 
o'  ■>     ■'    7S    n  n       n       b    ^ 

dtions.) 

VIII.  Two  Fraftions  having  a  common  Numerator,  are  proportional  with  their  Deno- 
minators taken  in  a  reverfe  Order.     Example  j  -  :  - : :  7  : 5  i  or  -    :  —  : :  r  : » j  for  -  -h  -  = 

-,  or  r^r-  n,  by  Divifion  of  Fradions ;  for  by  the  general  Rule  the  Quote  is  — ,  which  re- 
71  aft 

,  r 

duces  to  - 

)i 

Obferve,  That  in  this  Cafe  the  Fradlions  are  faid  to  be  reciprocally  proportional  with 
their  Denominators;  becaufe  the  one  Fradlion  is  to  the  other,  as  the  Denominator  of  the 
lalt  ro  that  of  the  firft  j  and  is  one  Example  of  a  true  and  diredt  Proportion,  faid  to  be  re- 
ciprocal, becaufe  of  the  reverfe  Order  in  taking  the  Denominators,  with  refpedt  to  the  Or- 
der in  which  the  Fraflions  are  taken. 

IX.  Any  Fraftion  is  to  another  in  the  fame  Ratio,  as  the  Produdl  of  the  Numerator  of 
the  firft  by  the  Denominator  of  the  other,  is  to  the  Produdt  of  the  Denominator -of  the 
firft  by  the  Numerator  of  the  other,  (i.  e.  as  the  new  Numerators,  when  the  Fradlions  are 

reduced  to  a  common  Denominator.)     Example  j  -  :  - ; :  14 :  1 5  j  or  -  ;  - : :  ax  :  wr ;    be- 

3     7  "    ^ 

caufe  the  Quote  of  thefe  two  Produdts,  or  new  Numerators,  is  the  Quote  of  the  twoFra- 
dions  by  Divifion  of  Fractions;  and  the  Quotes  are  the  Ratios. 

X.  Unity  is  a  Geometrical  Mean  betwixt  any  Number  and  its  Reciprocal.  Example : 
3  :  I  : :  I  :  ->  and  ^ :  i : :  i  :  -.     Univerfally  :    A  :   i  :  :  i  :  - ,  and  g- :  i : :  i :  — . 

XL  A  Fradlion  compounded  of  two  Fradlions,  or  the  Produdt  of  two  fimple  Fradlions, 

A       C 

is  to  any  of  them  as  the  Numerator  of  the  other  is  to  its  Denominator.  Thus,  g  of  v^jor 

AC^A^.C:D,andAC.C..^^B.    m  Numbers  |  of  J,  or  12  :  l-. : ,  :  7. 

Hence  any  fquare  Fradlion  is  to  its  Root,  as  the  Numerator  to  the  Denominator  of  the 

Root.    Thus^-:5::A:B.    In  Numbers,  i;^  :  :2  ;  3. 
is-    tJ  93 

A     C     A     B 

XII.  Two  Fradlions  are  as  their  alternate  Fradlions.    Thus;  g"  :  ]3  •'•c  •  5'  ^^^  ^°™" 

mon  Ratio  being  ~b7^.    In  Numbers,   -  ;  -'  ; ;  r  .  J. 
iJC  3     7     5     7 

XIII.  Any  two  Numbers  are  in  the  fame  Ratio  with  their  Reciprocals  taken  recipro- 
cally.    Example:  2  :  3  : :  -  :  -  i   and  -  :  i :  :2 ;  1     Vmverfally  in  Integers,  A  :  B : :  i -i-  J 

'  32  3742  ii'A 

and  in  Fradlions  ^ :  ^  :  ■  7j :  a'  '^^  common  Ratio  being  -g-^. 


And 
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And  obfervcj  That  fince  the  Quote  of  any  Number  divided  by  another,  is  reducible  to 
a  fradlional  Expreflion ;  alfo  fince  the  Reciprocal  of  that  Qiiote  is  the  Quote  of  the  fame 
Numbers,  changing  the  Divifor  in:o  the  Dividend  and  this  into  that,  which  we  call  the  recipro- 
cal Quote ;  therefore  the  Quotes  of  any  two  Couplets  of  Numbers  arc  in  the  fame  Ratio  as  the 
reciprocal  Quotes  taken  reciprocally  i  which  we  may  exprefs  generally  thus:  A-^B:  C-hD 

::D-r-C:B-4-A:  for  let  A-^B  =  1  and  C-f-D  =  -;  then  is  B-^A=-,  andD-^* 

on  a 

=  ",  Cby  what  is  fhcwn  in  Divifion  of  Fradions)  and  by  what  is  now  fhown  ^•.-::  -:-. 
0  b    n     0  a 

XIV.  Any  Number  whatever  is  to  any  of  its  Multiples  or  Fraftions  in  the  fame  Ratio 
as  any  other  Number  is  to  its  like  Multiple  orFradlion.  This  is  the  immediate  Confequencc 
of  the  Definition  ;  for  that  Likenefs  proceeds  from,  or  conftitutes  an  equal  Ratio,  and  may 
be  reprefented  in  any  of  thefe  Forms,  -viz.  A:A7;:B:B7/j  or  A  :  A -r-w: :  B:  Bh-w,  as 
has  been  fliewn  in  Divifion  of  Fractions,  where  n  is  the  Ratio;  and  according  as  it  repre- 
fents  a  whole  Number  or  a  Fraftion,  fo  will  Aw,  and  A-^«  reprefent  a  Multiple  or  Fra- 

ftion  of  A.    And  if  1  is  a  Fraftion,  proper  or  improper,  then  this  Truth  may  alfo  ap- 
m 

pear  thus:  A:  -  of  A  : :  B:- of  B:  for  -  of  A  =  A-f-^,  and  *  of  B  =  BH-!?,ashas 


been  fliewn  in  Divifion  of  Fradlions;  and  fo  -  is  the  Ratio,  by  which  the  Antecedents  be- 
ing  divided  give  the  Confequents. 

XV.  Any  two  Numbers  whatfoever  are  in  the  fame  Ratio,  or  proportional  with  any 
their  like  Multiples  or  Fradtions  j  i.  e.  as  the  Produds  or  Quotes  of  thefe  Numbers  multi- 
plied or  divided  by  any  the  fame  Number.  Thus :  A  :  B : :  A  » :  B  w;  or  A :  B  : :  A  -h  » : 
B_^„^  which  Proportionality  follows  from  this.  That  the  like  Fraftions  or  Multiples  of 
any  two  Numbers  whatfoever,  are  the  fame  Fradions  one  of  the  other  as  thefe  Numbers 
are,  {Cor.  5,  6.  Lf/w.  2.  Chap.  i.  B.  II.)  and  like  or  equal  Fradtions  conftitute  equal  Ratios. 

XVI.  The  Quotes  of  the  fame  Number  divided  feparately  by  any  two  different  Divi- 
fors  are  in  the  reciprocal  Ratio  of  the  Divifors.  Thus :  A-t-»:H-h»7::w:»;  for  what- 
ever kind  of  Numbers  A,  n,  m  reprefent,  A-r-»,  A  -H  w  reprefent  certain  Fractions  into 
which  thefe  Quotes  will  refolve  ■■,  and  » -4-  A,  m-^  h  reprefent  the  Reciprocal  of  thefe 
Fraftions.  Hence  A-^w :  A-Hw: :  wh-A:«-^A,  (Cor.  13.)  and  w-H- A  :  »-H-A  : :  w:», 
(by  the  laft) i  therefore  A  -h- »  :  A  -4-  w : :  w : »,  {Ax.  3.) 

XVII.  Any  the  like  Fraftions  of  any  two  Numbers,  are  to  one  another  in  the  fame 

Ratio  as  any  other  like  Fraftions  of  the  fame  two  Numbers.    Thus :  f  of  A :  -  of  B : :  i- 

p  b  d 

of  A  :  -  of  B  j  becaufe  the  Ratio  of  each  of  thefe  Antecedents  to  its  Confequent,  is  that 

a 

of  A:B,  {Cor.  15.);  therefore  they  are  equal,  {Ax.  3.) 

XVIII.  Any  two  different  Fraftions  of  the  fame  Number  are  to  one  another  in  the 
fame  Ratio  as  the  fame  two  Fraftions  of  any  other  Number.  Thus,  r  of  A :   t  of  A  : :  j  of 

Bt-jofB.    The  Reafon  of  this  is4.of  A  =  A -^ -,  and-v  of  A=  A-r — ,   (as  has 
«  b  a  a  f 

been  fliewn  in  DiviGon  of  Fraftions)  and  A-. —  ;  A  h — : :-  :—     \C*r,  iC.l.     For 

F  f  the 
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the  fame  Reafons,  y  of  B=  B  -^-,  and4  of  B=  B  -h  -  :  alfo  B  -^  -  •  B  -^-  ■  •  -  ■ 
o  a  a  c  a  c  '    c  ' 

J.  Hence,  {hy  Ax.  3J  A -h^  :  A  ^^: :  B ---  :B-r-/i  that  is,  |  of  A:;jQfA:: 
J  of  B  :  Jof  B. 

XIX.  If  one  Number  A  is  divided  by  another  B,  and  the  Quote  f  be  divided  or 
multiplied  by  another  n,  this  laft  Quote  or  Produdb  is  the  fame  Number  that  will  be 
found   by  taking    the  Quote  or  Produdl  of  A  divided  or  multiplied  by  the  fame  w,  and 

dividing  ic  by  B.  Thuf,  if  A -^8  =  5',  then  A»-hB  =  ^»,  and  A  H-w-^  B  =  a-f-». 
The  Reafon  is  eafy  :  For  we  fhall  fuppofe  that  A  ?/  -^  B  =  Q,  then  are  5'  and  Q  Like  Fra- 
dlions  of  A  and  A  »,  becaufe  of  the  fame  Divifor  B,  and  therefore  A  :  A  w : :  a  :  O . 
[_Cor  15.]  But  A:  A«:  :f  :^w  [Cor.  14.],  therefore  Q=j?i  (  Ax.  2.  Cor.):  And  again,' 
fuppofing  A  -^  » -H-  B  =  Q>  then  A :  A  -H  « : :  f :  Qj  but  A :  A  H-  w : :  ^ :  j  -h  « ^   hence  Q 

XX.  If  one  Number  A  is  divided  by  another  B,  and  the  Quote  q  be  divided  or  mul- 
tiplied by  another  «,  this  laft  Quote  or  Produdl  is  the  lame  that  will  be  found  by  takino- 
reverfly  the  Produft  or  Quote  of  B,  multiplied  or  divided  by  the  fame  k,  and  by  it  divi° 

ding  A.  Thusi  If  Ah-B  =  ^,  then  A-4-B«  =  5'H-wj  alfo  A-^  B-^  n=^»:  For 
fuppofe  A  H-  B  w  =  Q,  then  ^  :  Q: :  B  w :  B  [  Cor.  16.]  ;  but  B  »  -H  »=  B,  therefore 
q:Qj:B»  -.Bn^-n;  alfo  5  :  j  -;-  w : :  B  7/ :  B  7/  H-  w  [  Cor.  14.  ].  Hence  Q  =  j  H-  »  [.^x.2.). 

XXI.  From  thefe  two  laft  we  fee  again  evidently,  that  if  any  Divifor  and  Dividend 
are  equally  multiplied  or  divided,  the  Quote  made  of  thefe  new  Numbers  is  the  fame  as 
that  made  of  the  Numbers  multiplied  or  divided  :  Thus  A-^B=A«-i-Bw. 

General  SCHOLIUM. 

It  has  been  frequendy  obferved,  that  fuch  an  Exprefiion  as  this,  g,  does  not  reprefent 

direaiy  and  immediately  a  Fradion  in  Terms,  unlefs  A  and  B  do  both  reprefent  Integers; 

yet  -■«  may  very  well  exprels  the  Quote  of  A  divided  by  B,  tho'  it's  but  a  general  and 

indeterminate  Expreffion  thereof  ^  for  it  is  in  cffedl  no  more  than  a  Sign  or  Mark  for  thefe 
Words,  The  ^ote  of  A  drjjdcd  by  B,  and  exprcITes  the  Qiote  only  in" the  fame  indetermi- 
nate manner  as  thcie  Words  do.  But  now  from  what  has  been  iliewn  in  Coroll.  19.  and 
20.  we  have  learn'd  this  very  remarkable  thing,  w'x;.  How  any  Quote,  tf.o'  it's  only  expreffed 
la  this  general  Form,  may  be  multiplied  or  divided ;  i.  e.  how  another  Expreffion  of  the 
fame  kind  may  be  found  from  the  given  Terms,  equal  to  the  Produdl:  or  Qiote  of  the 
given  Quote  by  any  given  Number :  For  which  this  is  the  Rule,  iiiz.  Multiply  or  divide 
the  given  Dividend,  and  apply  to  the  Produdt  or  Quote  the  given  Number,  and  you  have 
the  Produdt  or  Quote  fought.  Again,  reciprocally,  divide  or  multiply  the  given  Divifor, 
and  apply  the  Produdt  or  Qiote  to  the  given  Dividend,  and  you  have  alio  the  Produdl:  or 

Qiote  fought.  Thus,  for  Example: -5- X  "=-g-  =  "bh^'  ^^^  b" 


»  == 


B 


A  A. 

^,  taking  ihefc  as  general  Expreffions  of  Quotes :  For  fuppofe  g=?'    it's  iTiewn   that 

y  »  =:  A  »  -^  B,  (  CoroU.  1 9. )]  =  A  -^B-T-»  ( Coroll.  20. ) :    Alfo  that  ^-^  »  =  A  -^  7;  -h  B 
{Coroll.  19.  j  =  A-^B»  {Coroll.  20. ;  J  wherefore  taking  thefe  other  torms  which  exprefs 

a  the 
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,     .        ..         ..A  Aw  A  jA  A-=-» A      ^,  r 

the  fame  things,  it  is  -^x»=-g-  =  ^  —  n  ^"°  ~E~^"^^  — B —        Bw"    ^''fi'""' 

alfo.  That  thefe  Expredions  are  right,  whether  «  reprefent  an  Integer  or  Fradllon ;  Cnce  to 
multiply  or  divide  by  a  Fraftion  is  a  Mixt  Operation  of  Multiplication  and  Divifion ;  Co 
that  in  this  Cafe  A  «,  A  H-  w,  B  »,  B  -h  «,  do  all  reprefent  the  Effcdl  of  a  Mixt  Operation, 
whofe  Parts  are  both  juftly  applied  to  the  Dlvifor  or  Dividend,  to  reprefent  the  Multiplying 

or  Dividing  the  Quote  or  Fradion  -„. 

Upon  which  Rule  this  is  to  be  ohferved,  That  Quotes  exprcfTed  in  this  general  manner 
are  multiplied  and  divided  the  fame  way  as  Fractions  are,  (  which  are  Quotes  of  Integers, 
and  therefore  but  a  particular  Cafe  of  this  general  one )  doing  the  fame  with  the  Divifoi 
and  Dividend  as  with  the  Denominator  and  Numerator  of  a  Fradtion. 

Hence  follows.  That  all  the  Rules  of  Operations  in  Fractions  are  tru'y  applicable  to 
Qiiotcs  exprefll-d  in  this  general  Form  ^  becaufe  all  the  Reafons  of  thefe  Operations  inFra- 
(ftions  have  been  demontlrated  from  the  ConGdcration  of  the  Equi-mukiplication  and  Di- 
vifion of  the  Fradlion,  by  equi  multiplying  or  dividing  irs  Numerator  and  Denominator; 
which  is  the  whole  Foundation  of  the  Demonftrations  of  the  Rules  for  multiplying  and  di- 
viding Fraciions.  Then  as  to  the  Addition  and  Subtradtion  of  Fraftions,  the  Demonftra- 
tion  takes  in  alfo  the  Confideration  of  Lemma  2.  and  3.  Ch.  i.  Book  II.  which  are  of  the 
fame  Ufe  in  the  Addition  and  SubtradHon  of  Quotes;  becaufe  all  Quotes  are  fuch  Fra- 
<Sions  o^"  the  Dividend  as  the  Reciprocal  of  the  Divifor  expreffes  (  as  has  been  frequeniiy 
mention'd),  which  I  fhall  here  very  briefly  apply.  In  the  firft  Place,  Two  Quotes  are 
reduced  to  a  common  Divifor  the  fame  way  as  two  Fradlions  to  a  common  Denomina- 

,  A  ,C  ,,  ..AD  ,BC^  r       ,         r^ 

tor:  thus  g-  and    -g-are  reduced  to  thefe,  -g-jj   and  g-^;  becaufe  the  Equi-multiplica- 

A  D       R  C 

tion  of  the  Divifor  and  Dividend  makes  an  equal  Quote   {Coral!.  21.)   and  vj-pv  +37^ 

A  D  — l-R C 
=  g-j) :  For  whatever  the  Divifor  B  D  is,  the  Quote  is  that  Fraftion  of  the  Divi- 
dend expreffed  by  the  Reciprocal  of  the  Divifor ;  and  the  Sum  of  the  Like  Fradtions  of 
two  Numbers  is  the  Like  Fradion  of  the  Sum  of  thefe  Numbers  (Letnma  x.  Ch  1  B  ID 
,     .      AD       BC       AD  — BC  ,  ,  '     '' 

Again;  -g-jj-—  -g^^ -^-^ [Lemma  3.  Ch.  i.  Book  W.) 

We  muft  alf )  obfcrve.  That  befides  thefe  common  Operations,  all  the  other  Properties 
of  Fradions  whofe  Reafon  depends  upon  Multiplication  and  Divifion  of  their  Terms, 
are  the  fame  way  applicable  to  Qiiotes ;  particularly,  all  thefe  relating  to  Geometrical  Pro- 
portion of  their  Terms,  explained  in  the  preceding  Corollaries:  To  which  remember  to 
join  thefe  three   Properties  of  equal  Fradtions  in  Lem.  6.  Ch.  i.  Book  2,  viz.   That  thefe 

Fradiions  or  Quotes  being  equal  4"=  rV'  then,  i",  AD  =  BC;  2"  — =  — •  x"  — 
D  ML)  '(JD'^A 

Now  the  Ufe  of  all  that  has  been  explained  concerning  thefe  general  and  indeterminate 
ExprciTions  of  Quotes,  is  in  the  Demon  (Iration  of  the  following  Theory  of  Proportion, 
efpecially  the  Geometrical  Kind ;  for  to  make  a  general  and  compleat  Theory,  we  muft 
confider  both  Integers  and  Fradtions ;  and  where  any  Theorem  is  true  univerfally,  whether 
applied  to  Integers  or  Fradlions,  then  to  make  the  Demonftration  alfo  univerfal,  and  yec 
as  fimple  as  poffible,  it's  ncceffary  to  make  any  Letter,  A,  or  B,  reprefent  any  Number, 
Integer  or  Fradlion,  indifferently;  and  then  all  the  Properties  of  proportional  Numbers  de- 
pending upon  the  Confideration  of  their  Ratios  ( which  are  Qiiotcs ;  fo  the  Ratio  of  A  to 
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B  is  the  Quote  of  A  divided  by  B,  exprefled  n-»  or  A  h-  B ),  and  the  Deraonftrations  de- 
pending upon  the  Multiplication  and  Divifion  of  thefe  Quotes ;  therefore,  by  fliewing  that 
the  Operations  of  Fractions  and  their  other  Properties  are  the  fame  in  Ratios  or  (^lotes 
thus  e\'preffed,  we  learn  an  univcrfal  Method  of  Demonftration  ( fo  far  as  the  Multiplica- 
tion and  Divifion  of  the  Ratios  or  Qiiotes  are  concerned )  whether  the  Ratio  in  the  given 
Terms  is  a  real  FradHonj  as  when  A,  B  are  both  Integers,  or  if  it's  only  looked  upon  as 
a  more  general  Expreffion  of  a  Quote,  as  when  A,  B,  are  both,  or  one  of  them.  Fractions; 
and  indeed  we  fliall  find  that  as  equal  Ratios  or  Quotes,  and  equal  Fraftions^  are  in  efFedt 
the  fame  thing ;  fo  the  Properties  of  Fradions  already  explained,  applied  to  Qiotes,  do 
contain  all  the  Truths  hereafter  propofed  concerning  proportional'  Numbers,  or  they  may 
be  deduced  from  them. 

It's  true  indeed  that  there  are  vai-ious  Methods  of  demonftrating  this  Theory;  one  of 
which  is  independent  of  the  things  now  explained  concerning  Quotes,  and  is  perhaps  the 
moft  fimple  and  eafy  in  many  Cafes;  yet  other  Methods  are  beautiful,  and  deferve  to  be 
confidered,  as  they  ferve  to  enlarge  our  Ideas  and  Knowledge :  But  befides,  for  different 
Propofitions  different  Methods  are  convenient;  and  as  different  Perfons  may  'tis  probable 
be  pleafed,  fome  with  one,  fome  with  another  way  of  reprefenting  and  demonftrating  the 
fame  Truth,  fo  fome  will  be  pleafed  with  a  Variety  of  Ways ;  therefore  the  Things  I  have 
explained  concerning  Quotes  were  neceflary ;  and  I  have  accordingly  ufed  Demonftrations 
which  fuppofe  the  Knowledge  of  them  :  And  as  I  have  ufed  different  Methods  for  different 
things,  fo  I  have  alfo  ufed  a  Variety  of  Demonftrations  for  fome  particular  Truths,  where  it 
could  be  done  without  being  tedious.     To  conclude  then.   When  you  find  in  the  follow- 

A 

ing  Theory  any  Qiiote  thus  reprefented,  -g-  ( or  A  h-  B )  and  the  Produd  or  Quote  of 
this  by  any  other,  as  w,  or  -■  (  whatever  Kind  thefe  reprefent ),  performed  and  exprcffed  as 

if  -;^  or  -  were  real  Fradtions;    as  thus,    -ij-Xw=  -— 
B       «  " 

Alfo4-«=^  =  ;^i  or  ^--^l  =^f  Remember  that  all  this  is  the  Ap- 
plication  of  what  has  been  here  explained. 

Of  the  feveral  Kinds  0/  R  a  t  i  o  s,  as  they  were  dipnguified  by  the  Ancients. 

Before  I  end  this  Chapter,  I  fliall  give  you  an  Account  of  the  feveral  Kinds  into  which 
Ratios  were  diftinguiflied  by  the  Ancients;  and  wliich  are  yet  upon  occafion  made  ufc  of 
by  fome. 

I.   Ratios  are  either, 

1.  Multiple,  when  the  Antecedent  contains  the  Confequent  a  certain  Whole  Number 
of  times,  without  a  Remainder;  /.  e.  when  it  is  a  Multiple  of  it.  Exam.i^  to  ',or  12  103. 

2.  Super- Particular,  When  the  Antecedent  contains  the  Confequent  once,  and  i  overi 

*^  ^.^%p'er-Fartient,  When  the  Antecedent  contains  the  Confequent  once,  and  a  Re- 
mainder greater  than  i;  as  5  to  3.  .  j.ff.  r^  /--,..«./< 
Ohfcrve,  That  as  the  fame  Relation  may  be  betwixt  different  Terms;  fo  ^:3..  10  6. 
Thefe  two  Definitions  fuppofe  the  loweft  Terms  of  the  Ratio:  f  Which  is  by  fome  called 
the  Expo?!e»t  of  the  Relation,  tho'  I  apply  this  to  the  a^ote  or  Fraction  made  of  any 
two  Terms  in  the  fame  Relation,  becaufe  they  ar?  all  equal;  leaving  them  to  be  diftin- 


/ 


chap.  I.  The  DoElrim  of  Proportion.  221 

guifhed  by  the  loweft  Terms,  and  fuch  as  are  not  fo  )i  For  othcrwife  two  Numbers  may 
appear  to  be  a  Super-partienc  Ratio,  which  are  Super-particular  j  fo  4:  3: :  8  :  6^  but  4  to 
3  is  Super-particular,  and  confequcntly  fo  mart  8  totS^  and  yet  this  appears  Supcr-particnr, 
unlets  we  rcllrain  the  Definitions  ro  the  loweft  Terms. 

4.  Multiple  Super-particular ;  When  the  Antecedent  contains  the  Confequent  oftner  thaa 
once  with  i  over  ^  as  5  :  2,  or  i  -5 :  4. 

5.  Multiple  Super-partie«t\  When  the  Antecedent  contains  the  Confequent  oftner  than 
once,  and  a  Remainder  greater  than  i  j  as  12  ;  5,  or  18 :  7. 

Again  j  They  diftinguifhed  the  Ratios  of  the  leffer  to  the  greater,  by  prefixing  the  Word 
Sub  inftead  of  Super  in  the  preceding  Names ;  thus.  Sub- Multiple,  as  1:4;  Sub-particular, 
as  3  :  4i  Sub-partient ,  as  3:5,  and  fo  on. 

Alio,  They  had  particular  Names  for  the  feveral  Species  or  Subdivifions  of  each  Kind. 
So  the  Multiple  arc  either  double,  triple,  (^c  the  Super-particular  were  cMed  Sefc^ui-altera, 
as  3  :  2i  Sefqui-tertia,  as  4:3,  and  fo  on  j  fetting  the  Word  Sefqui  before  the  Name  of  the 
lefler  Term.  For  the  Super -partient,  they  put  the  Name  of  the  Number  by  which  the 
Antecedent  exceeds  the  Conlecjuent  betwixt  the  Words  Super  and  Fartient,  and  the  lelTer 
Term  of  the  Ratio  laftof  all  j  thus,  5  :  3  is  called  Superbis  partiens  tertias.  But  thefe  Names 
are  ufelefs  and  troublcfome,  fince  we  can  much  ealicr  and  more  plainly  exprels  the  Ratio 
by  its  Terms. 

II.  I  fliall  next  fhew  you  a  certain  regular  Method  and  Order,  in  which  all  poffible  Ex- 
amples of  each  of  thefe  Kinds  ot  Ratios  may  be  found,  and  in  their  loweft  Terms. 

1.  For  Multiple  Ratios  make  1  the  lefler  Term,  and  any  other  Number  from  2  in  in- 
finitum, the  greater. 

2.  For  Super-particular  Ratios;  Make  any  Number  greater  than  i  the  lefler  Term,  and 
the  next  greater  Number  make  the  greater  Term ;  that  is,  compare  every  Term  of  the 
natural  Series  of  Numbers  from  2;  as  2,  3,  4,  5,  6,  ^f.    to  the  next. 

3.  For  Super-piirtient  Ratios i  Take  any  Number  above  2  for  the  lefler  Term,  and  to 
it  add  any  lefler  Number  which  is  not  an  aliquot  Part  of  it,  nor  the  Multiple  of  any  aliquot 
Part  of  it  greater  than  i,  that  Sum  is  the  greater  Term  :  Thus  you  may  find  all  the  Super- 
partient  Ratios  which  can  have  any  afllimed  Number  for  the  lefler  Term,  fuppoGng  you 
can  find  all  the  aliquot  Parts  of  any  Number;  as  you'll  learn  in   BooJi  V.  Chap.  1.     The 

-  IReafon  of  this  is.  That  if  n  is  not  an  Aliquot  of  a,  nor  the  Multiple  of  any  aliquot  Part 
greater  than  i,  then  a,  and  a-\-n  cann't  have  a  common  Meafure  (buti  );  for  if  they 
have,  then  becaufe  it  nieafures  a  and  a-\-n,  it  muft  alfo  meafure  n;  and  conlequendy  n 
is  either  an  aliquot  Part  or  Multiple  of  fome  aliquot  of  a,  contrary  to  Suppofition.  Laitly, 
becaufe  »  is  lefs  than  a,  yet  greater  than  i ;  therefore  a-\-n  to  a  is  Siiper-partient.  Ex- 
awple:  7  (=4-1-3)   -.4. 

4.  The  il/»//'/>/«'-Super-particular  and  Super-partient  Ratios  are  eafily  found  from  thefe 
Rijes. 

III.  I  fliall  end  this  with  another  Obfervation  upon  the  Dependence  of  the  different 
Kinds  of  Ratios  upon  one  another,  and  upon  the  Ratio  of  Equality. 

1.  Take  any  two  equal  Numbers,  as  i :  i,  one  of  them  compared  to  the  Sum  of  both, 
is  in  double  Ratio,  or  as  i  to  2.  Again;  the  lefler  of  thcfc  compared  to  the  Sum  of  both 
is  triple  Ratio;  as  i :  3.     By  going  o'n  fo,  you'll  have  all  the  Multiple  Ratios. 

2.  Of  all  the  Species  of  Multiple  Ratios,  compare  the  greater  Term  to  the  Sum  of 
both,  you  have  all  the  Species  of  Super-particulars :  Thus,  from  i :  2  comes  2  :  3,  from 
I  :  3  comes  3  : 4,  and  fo  on. 

3.  Of  all  the  Super-Particulars,  compare  the  lefler  to  the  Sum,  you  have  all  the  double 
Super-particulars :  So  from  2  :  3  comes  2  :  5,  from  3  :  4  comes  3  ;  7.  e^f .  Again  ;  From 
the  double  Super-particulars  come  the  Triple,  as  from  2 ;  5  comes  2:7;  and  from  the 
triple  comes  the  Quadruple,  and  fo  on.  4.   Of 
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4.  Of  all  the  Super-particular  Ratios,  compare  the  greater  to  the  Sum,   and  they  are 
Super-partient,  and  they  are  particularly  of  that  Kind  in  which  the  Excefs  and  the  leffer 

Term  are  Super-particular ^  thus  from  3  :  2  come  5  :  3.whofe  Exponent  is  i-j  from. 4  :  3 
come  7:4,  whofe  Exponent  is  il.  Or  if  you  take  thefe  two  Series,  viz.  5,  j,  9,  (^c. 
ftill  increafing  by  2,  and  this,  }>  4,  5.  &c-  increafing  by  i,  compare  their  Terms  in  Or- 
der, and  you  have  all  thefe  Siiper-partient  Ratios,  viz.  -■.■-  '^■^-  <^'- 

5 .  From  the  Super-partient  Ratios  proceed  their  Multiples  the  fame  way  as  from  the 
Super-particulars. 

The  TLeafitti  of  all  thefe  things  are  obvious. 


CHAP.     IL 

Of  Arithmetical  Proportion. 

Obferve :  To  (liorten  vyriting,  I  mark  the  Words  Arithmetical  Proportion,  or  Arithmetically 
Proportional,  by  this  Char  alter ,  -.l;  avd  Continued  Arithmetical  Proportion  by  this -^  I. 


s- 


I.     Containing  the  more  general  Doctrine  common  to  both  Con- 
junct andDis}VLn€t  Proportion. 

P  R  o  B.   I.     fhree  Numhers  give)},  to  find  a  4th  :  /. 


Example  i. 
Given.    Sought. 


10. 


2.  5  ■■  7- 
Operation. 
5  —  2  =  3.  then  7-f-3=io. 


Example  2. 
Given.    Sought. 

9.  7  :  4.     2. 
Operation. 
■7  =  2.  then  4 — 2  =  2. 


T 


Rule.  '"T^AKE  the  Difference  of  the  firft  and 
fecond,  and  either  add  it  to  the  third, 
(as  in  Exam,  i.)  or  fubtra<fl  it  from 
it,  (as  in  Exam.  2.)  according  as  the  Antecedent  is  left 
or  greater  than  the  Confequenr,  (;.  e.  the  firft  Term  than 
the  fecond)  the  Sum  or  DitTerence  is  the  fourth  fought. 
So  univerfally  to  thefe,  a.h.c,  a  4th  -.1  is  b  —  a-^-c,  (if 
b  is  greateft)  or  c — a  —  b  =  c — a-^b. 

The  Reafon  is  plainly  contain'd  in  the  Definition  of  :/. 


CoROL.  Since  3  Numbers  :/are  in  effedl:  the  (ame 
Cafe  as  4  Numbers,  by  taking  the  middle  Term  twice; 
therefore  a  3d  :/to  two  given  Numbers  is  found  by  ta- 
king the  Difference  of  the  firft  and  iccond,  and  adding 
it  to,  or  fubtradting  it  from  the  fecond.  Which  is  alio 
deduced  from  the  fame  Definition  as  naturally  as  the  former  Cale.     Exain.   Given  5.8, 

the  third  ;  /  is  11 ;  or  given  8.  5,  the  third  :  /  is  2.  

Univerfally  to  thefe  a,b,  a  3d  is  ^ — a-\-b^=2b'— .1;  or  b  —  a — b  =  b  —  a-\-b=i 
2  b  —  a. 


S  CH  O- 
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SCHOLIUMS. 

.  1.  When  a  foiirch  :  /  is  found,  the  four  Terms  will  either  be  conjandl:  or  difjun(fl,  ac- 
cording as  the  Difference  of  the  2d  and  3d  is  equal,  or  not,  to  that  of  the  firft  and  fecondi 
which  is  no:  confidered  in  this  Problem,  nor  in  any  of  the  following  Propofitions,  where 
four  Terms  are  mention'd. 

2.  A  third  or  fourth  :  /  is  poffible  in  all  Cafes,  if  the  firftTerm  is  left  than  the  fecond, 
but  not  if  it  is  greater;  for  then  the  Difference  may  be  greater  than  the  fecond  or  third. 
and  ib  cannot  be  fubtradledj  as  in  thefe  5.3,  to  which  a  third  is  impoflible  in  real  andpo- 
Ctive  Numbers;  but  if  we  bring  in  what  are  call'd,  by  the  Algebraifts,  negative  Numbers, 
or  Numbers  conceiv'd  as  lefs  than  nothing,  then  it  is  poffible.  Fcr  Exatsple :  To  5  and  2 
I  find  a  third,  thus ;  Take  the  Difference  5  — 2  =  3>  and  becaufe  it  is  greater  than  2,  and 
can't  be  fubtradfed  from  it,  take  3  —  2=1,  and  conceive  this  as  it  were  fubtrafted  from 
o;  then  is  o — i  the  third  Term  fought,  and  the  three  ftand  thus,  5.2.0 —  i.  It  is  true 
indeed  there  is  no  fuch  thing  in  Nature  as  a  Number  lefs  than  o,  and  fo  this  will  be  pre- 
fenily  looked  upon  as  chimerical.  All  I  fhall  fay  here  is,  that  for  the  comm.on  Applicati- 
ons it  is  of  no  Ufe;  and  for  the  Ufe  that  is  made  of  it  in  Algebraical  Reafonings  and  Cal- 
culations, I  leave  you  to  feek  it  in  Books  of  that  kind ;  yet  thus  much  I  lliall  fliew  you 
here,  i-iz.  that  fuch  an  Exprellion  anfwers  in  general  to  the  Definition  of  Arithmetical  Pro- 
portion, which  requires  only  that  the  Difference  of  5.2,  and  of  2,0  —  i  be  equal;  and 
from  the  Nature  of  Subtraction  this  v.ill  be  fo,  if  that  Difference  f which  is  3)  added  to 
o — 1  make  2,  which  it  does;  that  is,  o — i-J-3=:2.  For  if  to  o  we  add  3,  the  Sum 
is  3;  from  which  taking  one,  the  Remainder  is  2,  /.  e.  o-j-S  —  i  ^=2 ;  which  is  the  fame 
thing  in  effeft  as  o  —  i  -f-  3  ;  for  the  Signs  -f-,  —  fignify  only  the  adding  the  one,  or  fub- 
tradting  the  o:her  from  fome  firft  Quantity ;  and  we  may  begin  with  either  of  thefe  Ope- 
rations, unlefs  that  firft  Quantity,  as  here  o,  make  the  Subtraftion  really  impoffible;  and 
then  we  be^in  with  the  Addition. 


Theorem  I. 


Example  : 
«.h  ;  c.d. 

35:7  9- 
and 

3  +  9  =  5+7=12- 


If  four  Numbers  are  : /,  thus,  a.h.c.d,  the  Sum  of  the 
Extremes  is  equal  to  the  Sum  of  the  middle  Terms,  a-{-d  = 
h  +  c. 

Demon.   If  the  Difference  were  o,  the  thing  would  be 
evident ;    and  if  it  is  not  fo,  yet  the  greater  Extreme  d  exceeds 
its  adjacent  Mean  c,  as  much  as  the  leffer  Extreme  a  wants  of 
its  adjacent  Mean  h ;  whence  the  Truth  propos'd  is  manifeft. 

Or  //;w;  Let  any  Whole  be  reprefented  by  a-\-d.,  if  you  take  any  Quantity  from  d 
fo  as  the  Remainder  be  r,  and  add  as  much  to  a,  fo  as  the  Sum  be  h,  it  is  certain  that, 
li -\- c  ^^  a -\^  d,  4f  caufc  we  h'lVe  added  and  fubtradfed  equally  from  a-\-d. 

Or  from  Troh.  i.  tliust    To  thefe  three  a,  b,  c,  a  fourth  :/is«  —  b-\~c,  or  b  —  <»-[-<■; 

:uch  added  to  a,  the  Sum  is  plainly  b-\-c.  

Or,  Upiy,  Any  four  Numbers  :  /  may  be  reprefented  thus;  a.  a-\-d:b.b~\-d.  In 
v.hich  the  Theorem  is  manifeft,  viz..  a~\-b-\-d=::a-\-d-\-b,  being  the  iame  three  Num- 
bers on  both  Sides. 

The  Rcverfe  of  this  Theorem  is  alfo  true,  viz..  that  of  four  Numbers  taken  in  a  certain 
Order,  if  the  Sums  of  the  Extremes  and  Means  are  equal,  thefe  Numbers  are  :/ ;  that 
is,  a.b:c.d  irt  J ,  fuppoGng  <l4~'^^^^+^• 
D  E  M  o  N  r.  T  r  a  T.  By  equal  Subtradlion  of  a  from  both  Sides,  it  is  </=  b-j-t  —  *. 
j^gaiu:,  By  equal  Subtradion  of  c,  it  is  d  —  c=b'—a;  vjhctdoic  a.b-.c.d,  their  Diffe- 
rences being  equal.  -^g^in; 
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Again  \  The  contrary  of  this  Theorem  and  its  "Reverfe  is  alfo  true,  I'tz.  if  four  Numbers 
are  not  :  l>  the  Sums  of  the  Extremes  and  Means  are  not  equal :  for  if  this  were,  the 
Numbers  would  be  :  /  (by  the  Reverfeji  and  if  the  Sums  are  not  equah  the  Numbq:s 
are  not  :  /;  for  if  they  were,  thefe  Sums  would  be  equal  j  by  the  Theorem. 

Scholium.  To  fave  needlcfs  Repetition,  I  would  have  it  obferv'd  once  for  all.  That 
whcro-ever  any  Theorem  and  its  Reverfe  are  true,  the  Contraries  are  alfo  true^  for  they 
plainly  follow  from  the  other.  Of  which  we  may  make  this  general  Demonftratiau .-  Let 
A  and  B  reprefent  two  Propofitions ;  then  fuppofe  that  if  A  is  true,  B  is  alfo  true ;  and  re- 
verfly,  if  B  is  true,  A  is  alfo  true:  Their  Contraries  are  alfo  true,  ;.  e.  if  A  is  not  true, 
neither  is  B^  iforifthis  were,  the  other  would  be  foalfo,  (by  the  Reverfe  of  the  firftj;  and  ifB 
is  not  true,  neither  is  A ;  for  if  this  were,  fo  would  be  the  other,  by  the  firft.  Now  in  all 
that  follows,  both  in  Arithrnetical  and  Geometrical  Proportions,  where  the  Reverfe  of  a 
Theorem  is  true,  I  fhall  mention  it,  and,  if  reed  be,  demonftrate  it;  if  it  is  not  true,  I 
fhall  (hew  it  by  one  Example,  which  will  be  fufficient  to  make  this  appear ;  and  therefore 
I  fliall  never  trouble  you  with  mentioning  the  Contraries. 

COROLLARIES. 

L  If  three  Numbers,  a.b  .czrc  J,  the  Sum  of  the  Extremes  is  equal  to  twice  the 
Mean,  or  this  is  the  half  of  that ;  i.  e.  a-j-c  =  2l>:  For  by  re- 
peating the  Mean  thus,  a.h:b.  c,  it  is  the  fame  with  the  Cafe  of 
four  Numbers;  or  this  Cafe  may  be  alfo  reprefented  thus,  a. 
a-\-d.  a-\-2d;  wherein  the  Truth  propos'd  is  manifeft;  for  the 
Sum  of  the  Extremes  is  2  «  -f-  2  d-=.  2  x  «  -f- «/.  Or,  by  Cor.  to 
Frob.  I.  where  we  fee  that  a  3d  -.Ivo  a,h  ]s  2  b —  a,  confe- 
quently  ^  b  —  a-\'  a'=  2  b. 

The  Reverfe  of  this  is  alfo  true;  for  if  #  +  c=:2i,  then  b  —  a  =  c  —  b;  whence <j.t.< 

are  :/. 

II.  Hence  we  have  got  another  Rule  for  finding  a  third  or  fourth  :  /.  -viz. 

1.  For  a  third.    Subtradt  the  firft  from  double  the  fecond,  and  the  Remainder  is  the 
third.     Example:  To  thefe  3.7.  a  third  is  11.    Thus;  2X7=14,  then  14 — 3  =  11. 

2.  For  a  fourth.    Subtrad  the  firft  from  the  Sum  of  the  fecond  and  third,  the  Re- 
mainder is  the  fourth. 

IJ.— J2=I. 


a.b  c 

2,5.8 

and 


Example :  To  thefe  12. 5.  8,  a  4th  is  i.    Thus  5  +  8^13,  then 
Problem     II. 


Of  four  Numbers  :  /,  a.  b :  c.  d,  having  the  two  Extremes  a,  J,  and  one  Mean,  to  find 
the  other. 

Rule.     From  the  Sum  of  the  Extremes  fobtraft  the  given  1 
Mean,  the  Remainder  is  the  Mean  fought.    Thus,  a-\-d — b  =  c. 


Example : 
a.h-.c  .d 
3 -5:  7- 9 


Demon.  This  follows  from  the  laft  Theorem,  and  is  evident  in 
this  Reprefentation,  a.a-\-d:b.b-^d;  wherein  a-{-b-\^d  —  h=. 
a  +  d. 


Operation : 

34-9=  li'  ^^^ 
12—5  =  7,  or 

12  —  7  =  5- 

Scholium.  We  may  folve  this  Problem  thus,  -viz.  Take  the  Difference  of  the 
given  Mean  and  its  adjacent  Extreme,  and  add  or  fubtradt  it  with  the  other  Extreme,  as 
the  Cafe  requires.  -d  -  „  = 

P  R  O  B- 
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Problem  III. 

To  find  an  Arithmetical  Mean,  b,  betwixt  two  given  Numbers^  a  and  c. 

Rule.    Take  halt  the  Sum  of  the  given  Numbers,  it  is  the  Mean  fought.    Thus, 


Example:  a  =  ^.  c=  14 


Demon  STR.     This  follows  from  the    Coroll.    lafl: 

Theorem,  or  may  be  made  evident  thus;  a.a~l-d.  a-\-2d 

are  three  Numbers  -^  /,  and  the  Sum  of  the  Extremes  is 

za-\-i.d,  whofe  half  \s  a-\-d  the  middle  Term. 

Scholium.    We  may  (blve  this  Problem  thus;  Take  half  the  Difference  of  the 

given  Numbers,  add  it  to  the  lefler,  or  fubtradt  it  from   the  greater,  and  you  have  the 

Mean  fought.    The  Reafon  is  obvious. 

Theorem  II. 

I  F  four  Numbers  are  :  /,  a  .h.c ,d,  they  vvill  be  fo  alternately,  thus,  a  .c-.b.J. 


'Example : 
2.6:3.7 
2.3:6.7 


D  E  M  o  N  s  T  R.  This  is  clear  from  Thcor.  i,  becaufe  the  middle  Terms 
being  ftill  the  fame,  only  in  a  different  Order,  their  Sum  is  the  fame;  and 
being  equal  to  the  Sum  of  the  Extremes ,  hence  they  are  :  /,  alfo  in  the 
alternate  Order. 


Or  we  may  demonftrate  the  Theorem  thus;  Since  a.b:c.d,  then  a-^  d^=b-\-c,  Theor. 
I.  take  away  aand  alfo  6  from  both  Sides,  and  we  have</ — h=:c  —  <?;  whence  a.c-.h.d. 

L  E  M  M  A. 

"Part  I.  If  two  Numbers  are  added  to,  or  fubtraded  from  other  two  orderly,  /.  e.  the 
leffer  of  the  one  with  the  leffer  of  the  other,  and  the  greater  with  the  greater :  The  Sums 
will  differ  by  the  Sum,  and  the  Differences  by  the  Difference  of  the  Differences  of  the 
given  Numbers. 

Example  i.  6.9  added  to  5  . 7  the  Sums  are  6-|-5  =  ii,  and  9-4-7=16;  then 
16—11  =  5  =  9  —  6  (=3)  4-7  —  5  (=2)- 

Example  2.  5.7  fubtradted  from  8.13,  the  Remainders  are  8 — 5  =  3,  and  13  — 7 
=  6;  then6— 3=3  =  13  — 8  (=5^  —7  —  5  (=1). 

Demonstr.  Let  a  a-\-d  znAh.h-\-c  reprefent  any  given  Numbers;  their  Sums, 
taken  as  propofed,  are  <i  +  *,  and  «  4.  </ -f  ^ -|- c ,  whofe  difference  is  plainly  d-\-c  the  Sum 
of  the  given  Differences.  Again;  Their  Differences  are  a  —  tand  a-\-d—h  —  c,  which 
we  may  alfo  exprefs  a — ^-f — '>  or  »  —  b  —  c  —  d,  according  zs  d  01  c  is  greateft;  in 
which  Expreffion^  the  Difference  from  a  —  b  is  d —  c,  or  c  —  d,  the  Difference  of  the 
given  Differences  </  and  <: :  For  if  </  is  greater  than  c,  we  muft  take  it  T^^b  -f  d~c, 
exceeding  a  —  b  by  </— ir:  And  if  c  is  greater  than  d.  we  take  a  —  h  —  T^^d,  wanting 
of  <j  —  6,  the  Difference  c  —  d. 

Tart  II.  If  two  Numbers  are  added  to,  or  fubtrafted  fi-om  other  two  in  a  contrary 
Order,  (-viz.  the  lefler  with  the  greater)  the  Sums  differ  by  the  Differences,  and  the  Dif- 
ferences by  the  Sums  of  the  firft  Differences. 

G  g  Ex.  ii 
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Ex. 

I. 

Diff 

f  ■ 

7 

3 

6  . 

2 

4 

10  . 

9 

I 

Ex.  2. 
8.  15 

7  •    ? 

Diff 

7 
4 

I    .    12 

II 

Univerfally : 


HiL- 

Siims  a-j~b-\-c 

DifFs.  «  — ^  — f 

Or  6-f.r  — <» 


aJ\-d  —  h\d-\~c 
b~a  —  d\<:~\-d. 


DiiF. 


f  —  d.  or  i/ — < 


Demon  ST  R.     For  the  Sums,  the  thing  is  plain  in  the  Univerfal  Example  annex'd 
For  the  Differences  it  may  be  a  little  further  explained,  thus ;  a  -\-  d —  h  is  plainly  greatej 

than  a  —  b  —  c. 


and  their  Difference  is  a-\-d  —  b  —  a  —  b  —  c=.a-\-d — b  —  a~i-b 
Again ;  b-\-c  —  a  is  greater  than  b — a — d,  and  their  DifiFerence  is  b-\-c  —  a 
a  —  d-=^b  -\-c  —  a —  h-\-  a  -f-J=c-f-(/. 


— T 

Co  ROLL,  to  the  ifl  ?art.  If  two  Numbers  are  equally  multiplied  or  divided,  the 
Produdts  or  Quotes  differ  by  the  like  Multiple  or  aliquot  Part  of  the  given  Difference : 
Becaufe  Multiplying  and  Dividing  is  but  a  repeated  Adding  and  Subtradling.     Or  it  may 

alfo  appear  thus;   an  —  i»  = 


■b  X  n,   and = 

n       ?i 


i  —  b 


Theorem   III. 

I F  four  Numbers  :  /  are  added  to,  or  fubtrafted  from  other  four  alfo  ;  I,  in  order, 
the  leflei  with  the  Icffer,  and  greater  with  the  greater  Term  in  the  refpedlive  Couplets, 
the  Sums  or  Differences  are  alfo  :  /,  with  a  Difference  which  is  the  Sum  or  Difference 
of  the  given  Differences  (  Exam.  I.  and  2. )  But  if  they  are  added  or  fubtraded  in  a  con- 
trary Older,  the  Sums  and  Differences  are  alfo:/;  but  the  Sums  have  a  Difference  equal 
to  the  Difference,  and  the  Differences  have  a  Difference  equal  to  the  Sum  of  the  given  Dif- 
ferences (  Exam.  3.  and  4.). 


Example  i. 
a  .     4  :     3  .     5 
5  .     6  :     9  ■  10 


7  .  10  :  la  .  15 


Diff. 
2 
I 


3 


Example  z.   jDiff. 
6  .  4  :  9  .  7j     2 

5  ■  a  :  4  •  I       3 
1.2:5.6!      1 


Example  ■},.     |DifF. 
3.5:    8  .10 1     2 

12.    9:    4-    I  I 3_ 

15 . 14: 12.  II 1     I 


Example  4. 

14.13: 12. II 

"■    9 :    3 •    5 


7.  4:    9.   6 


DifF. 


.Demon  §TK.  The  univerfal  Reafo»  of  both  Parts  of  this  Theorem  is  plainly  contained 
in  the  preceeding  Lemma :  For  the  four  Numbers  being  :  /,  the  Sums  or  Differences  arc 
i|i  the  lame  Difference,  which  by  the  Lemma  is  according  to  what's  here  propofed. 

COROLLARIES. 

1.  If  four  Numbers  :  /,  or  any  Scries  -^  /  are  equi-multiplied  or  divided,    the  Pro- 
diwSs  or  Quotes  are  alfo  :  /  or -^ /, ,  with  a  Difference  which  is  the  like  Produdi  or  Quote 

«f  the  given  Difference :  Thus,  If  a  .b:c .d,  then  an  .bw.cn  . dn,  and  -.  —  :-.-. 
o  n   n     n    n 

2.  If  two  Series  -h/  are  orderly  added  to  or  fubcradfed  from  one  another,  the  Sums 

or  Differences  are  -~l,  v.-nh  a  Difference  that  i?  the  Sum  or   Difference  of  the  given  Dit- 

ferences:  And  rt   they  are  added  or  fubtradttd  in  a  contrary  Order,    they  are  alfo  -h/; 

but  the  Supis  differ  by  the  Difference,  and  the  Differences  by  the  Sum  of  the  given  Dit- 

fcrences. 

Example 
.:  .V  .-4. 


Chap.  2. 

Exam.  I. 

3-  r  7-  9" 
2.  6.10. 14.18 


5. II. 17.23.29 


DifF. 

2 
4 
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Exam.  2. 
3.6.9.12.15 
2. 4.6.  8.10 
1.2.3.  4-  5 


DifF. 

? 

T" 


Exam.  3. 

I.  3.  5.  7.  9 

14.11.  8.  5-  2 

15.14.13.12.il 


IDiff. 

2 

J_ 
I 


Exam.  4. 

II. 13. 15. 17.19 

8.   7-  6.  5-  4 


3.  6.  9.12.15 
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Diff. 
2 
I 
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§.   II.    Of  Arithmetical  ProgrefTion. 

Obferve,  By  the  Diftance  of  one  Term  of  a  Series  from  another,  is  meant,  The  Number  of 
Terms  from  the  one  exclufive  to  the  other  indu[ive\  or,  mcluding  both,  it's  the  Number 
of  Terms  kfs  1. 

To  raife  ^«  Arithmetical  Scries  from  a  given  Number,  tvith  a. 
given  Difference. 


Problem  IV. 


•  Rule.  Add  the  given  Difference  to,  or  fubtraft  it  from,  the  given  Number;  the 
Sum  or  Remainder  is  the  3d  Term :  To  or  from  which  add  or  fubtrad:  the  fame  Diffe- 
rence, and  you  have  the  3d  Term ;  and  thus  you  may  go  on  to  any  Number  of  Tcrms> 
increafing ;  but  dccreafmg,  you  can  go  no  farther  than  till  the  laft  Term  found  is  equal  to 
or  iefs  than  the  Difference. 

D  E  M  o  N  s  T  R.  The  TReafoii  of  this  ^ule  is  plainly  contained  in  the  Definition  of  A- 
rithmerical  Progrelfion. 

Example  i.  Given,  the  ift  Term  3,  and  common  Difference  2;  the  Sales  is  3.5.7. 
9 .  1 1 .  1 3  .  &c. 

Example  2.  The  ifl  Term  20,  and  Difference  4 ;  a  decreafmg  Series  is  20 .  16 .  12 . 
8.4. 

SCHOLIUMS. 

1.  An  Arithmetical  ProgrefTion  can  be  raifed,  increafing  in  infinitum,  from  any  given 
Number,  but  not  dccreafing;  for  by  continual  leffening  of  any  Number  you  muft  ac 
laft  exhaufl  the  whole. 

2.  If  the  two  firft  Terms  of  a  Series  be  called  a .  b,  the  whole  may  be  reprefented 
thus,  a.b  .2.h  —  a.  36 —  2<z.  4  b — 3  a.  ^c.  for  thefe  are  the  Expreffions  that  arife  by  finding 
a  3d  :  I  to  a  .b,  and  a  fourth  to  a.b,  and  the  Term  laft  found,  and  fo  on  (  by  Prob.  i. ) 
Where  obferve.  That  the  Number  multiplying  b  is  the  Diftance  of  that  Term  from  a. 
But  again  j 

3.  If  we  call  the  lelTer  Extreme  of  a  Series  a,  the  greater  /,  and  the  common  Diffe- 
rence d;  then,  by  the  Method  of  the  prcfent  Problem,  it's  manifeft  that  the  Increafing 
Series  from  <»  is  reprefented  thus,  a.a~\-d.a-^zd.a-^T,d.  Sec.  to./,  and  the  Dc- 
creafing  Series  thus,  l.t—d.l  —  zd.  &c.  to  a:  from  which Reprefentations  thefe  Corolla' 
Ties  are  evident. 

COROLLARIES. 

1.  If  the  lefTer  Extreme  of  a  Series  is  the  common  Difference,  the  other  Terms  are 
the  feveral  Multiples  of  that  Difference.  Thus:  IF  a^^d,  then  a,  a-\-d,  a~^zd,  ore.  is 
the  fame  as  this,  d,  zd,  ^d,  cJ-c.  Wherefore  the  Series  of  the  Multiples  of  any  Number 
is  an  Arithnrictical  Progreffion. 

2.  If  o  is  the  firft  Term,  the  fecond  is  the  common  DifFercncci  and  all  the  following 
are  the  Series  of  the  Multiples  of  that  Difference :  Thus  j  o,d,  2d,  3  rf,  ^c. 


Gg  3 


3.  Be- 
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5.  Betwixt  o  and  any  Multiple  of  a  Number  d,  as  n  d,  there  can  be  put  as  many  A- 
rithmetical  Means  as  the  Multiplier  lefs  i,  or  7; —  1;  the  common  Difference  being  that 
Number  d;  as  is  manifeft  in  this  Series  o,  d,  ^.d,  3  d. 

4.  Every  Arithmetical  Progreffion,  whole  firft  Term  is  not  o,  has  its  feveral  Terms  equal 
to  the  Sums  of  the  feveral  Terms  of  fuch  a  Series,  added  to  the  firft  Term  of  the  given 
Series.  Thusj  In  a,  a-\-d,  a~\~2d,  &c.  they  are  equal  to  the  Sums  of  a  added  to  each 
Term  of  this  Series  o,  d,  2  d,  <^c. 

5.  As  any  Progreilion  may  be  thus  reprefented,  a,  a~\-d,  a-\~2d,  e^>r.  a  being  the 
lefler  Extreme,  and  d  the  common  Difference,  it  is  manifeft  that  the  Multiplier  of  ^  in 
every  Term  exprefles  the  Diftance  of  that  Term  from  the  firft.  And  hence  it  follows  im- 
mediately, that 

6.  Every  Term  is  equal  to  the  Sum  of  the  lefTer  Extreme,  and  fuch  a  Multiple  of  the 
Difference  d,  whofe  Multiplier  is  the  Diftance  of  that  Term  from  a.  And  rever/ly,  the 
leffer  Extreme  is  equal  to  the  Difference  of  any  greater  Term,  and  fuch  a  Multiple  of  the 
common  Difference,  whofe  Multiplier  is  the  Diftance  of  that  Term  from  the  leffer  Ex- 
treme. Thus:  Let  the  Diftance  of  any  Term  from  a  be  jn,  that  Term  is  a-j-md:,  which 
if  we  call  /,  then  is  l=^a-\-md:,  and  reverfty,  «  =  /  —  md. 

Scholium.  Becaufe  the  greater  Extreme  of  a  Series  is,  by  what's  now  fliown,  equal 
to  a -{-md,  or  a-\-n —  ixd,  fw  being  the  Diftance  of  the  Extremes  =  w — i,  theNum- 
ber  of  Terms  lefs  i)  and  every  Term  below  having  the  common  Difference  once  lels 
contained  in  it,  or  multiplied  by  a  Number  lefs  by  i  than  its  Multiplier  in  the  preceding 
greater  Term  j  therefore  a  decreafing  Series  which,  when  the  greater  Extreme  is  called  I, 
we  have  feen  reprefented  thus,  'viz.  I,  I — d,  I — 2d,  ^c.  may  alio  be  reprefented  thus, 
a-\-md,  a-\~m — id,  a-j-w  —  2d,<irc.  Or  thus^  a-\-n — \d>  a-\-n — 2 ^, <j -f" "~~3 ^^j 
<irc-  f becaufe  m=^it —  ij  going  on  fo  till  the  Multiplier  of  d  be  equal  to  i^  and  then  we 
have  a-{-d,  the  Term  next  a. 

7.  But  again  m.ore  univerfally :  From  the  fame  Expreflion  of  a  Series,  it's  manifeft  that 
the  Difference  of  the  Multipliers  of  d  in  any  two  Terms  exprefles  the  Diftance  of  thefe 
two  Terms;  for  in  every  Term  afcending,  the'  Difference  is  taken  once  more  than  in  the 
precedincr;  and  therefore  from  any  Term  to  any  other,  it's  as  many  times  oftner  taken  in 
the  greater  than  in  the  leffer,  as  their  Diftance  expreffes,  ;.  e.  the  Difference  of  the  Multi- 
pliers of  d  is  their  Diftance.     And  hence  it  follows  immediately,  that 

8.  Any  Term  of  an  Arithmetical  Progreffion  is  equal  to  the  Sum  or  Difference  of  any 
other  Term;  and  fuch  a  Multiple  of  the  common  Difference,  whofe  Multiplier  is  the  Di- 
ftance of  thefe  Terms.  Alfo  the  Difference  of  any  two  Terms  is  equal  to  fuch  a  Multiple 
of  the  common  Difference,  whofe  Multiplier  is  the  Diftance  of  thefe  Terras.  For  any 
Term  being  expreffed  a-\-vid,  {m  the  Dilfance  of  this  Term  from  a)  any  greater  Term 
muft  have  a  Multiple  of  d,  whofe  Multiplier  exceeds  m  by  the  Diftance  of  thefe  Terms 
(by  the  laft)  i  fo  that  Diftance  being  r,  the  greater  Terra  is  a-\-m-\-rd.  But  m-j-rd=z 
fnd-{-rd.  Htnct  a-\-m-\-rd=.a-\-md-\'rd.  Ami  reverfly,  a-\-m-\-rd — rd  = 
a4~md;  and  a-\-m-\-rd — a  —  md^^rd.  Or  this  Truth  may  alfo  be  deduced  from 
Cor.  6.  Thus ;  Any  Part  of  a  Series,  i.  e.  from  any  Term  to  any  other,  is  ftill  an  Arith- 
metical Progreffion,  whereof  thefe  two  Terms  are  the  Extremes  j  which  being  called  a,L, 
and  their  Diftance  m,  it's  fiiewn  that  <j  =  L  —  waf,  and  L=^a-{-md:,  and  hence^  lajflp 
L  —  a  =  md. 

Exam.  In  this  Series,  3.  5.  7.  9.  n- 1?- 15-  If  we  compare  5  and  13,  whofe  Diftance  is 
4i  then  is  5  =  13—8  (=2+4)  ^°'^  i3  =  S  +  8i  alfo  13—5=8. 

Scholium-  The  immediate  Ufc  and  Applicarion  of  this  laft  Truth  we  have  in  the 

Solution  of  thefe  Problems.  „    . 

I.  Having 
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(i.)  Haviiiff  one  Term  of  a  Series,  and  the  common  Difference,  to  find  a  Term  at  anyDi- 
ftancc  from  the  given  one.  without  finding  all  the  intermediate  ones;  ihe Solution  of  which 
is  plainly  contained  in  this  Coral,  and  is  this;  Multiply  the  common  Difference  by  the  gi- 
ven Diftancc,  the  Sum  or  Difference  of  this  Product,  and  the  given  Term,  is  the  Terra 
fought ;  fo  in  the  preceding  Exam.  1 5  =  ?  -|-  8  ("=  2X4)  and  5  =  13  —  8. 

(2  )  Having  any  two  Terms  and  their  Diftance,  to  find  any  other  Term  at  any  DiPtance 
from  either  of  the  given  Terms ;  which  is  folved  thus :  Take  the  Difference  of  ihc  given 
Terms,  and  divide  it  by  the  given  Diftance,  the  Quote  is  the  common  Difference :  By  which 
we  can  find  a  Term  at  any  Diftance  from  cither  of  the  given  Terms  by  the  Method  of 
the  preceding. 

^3  )  Of  thefe  three  things,  v/z.  the  covimon  Difference,  the  Diftance  of  any  two  Terms, 
and  the  Difference  of  thefe  two  Terms,  having  any  two,  the  third  Term  may  be  found  ; 
for  any  Term  being  called  a,d\\\e,  common  Difference,  and  w  the  Diftance  of  any  greater 
Term  from  e,  that  Term  is  =^a-\-md:,  and  the  Difference  of  a,  and  a-\-md,  is  md:, 
which  if  we  call  M,  then  (i.)  If  d,  m  are  given,  M  {=^7nd)  is  alfo  known.  (2.)  If  M 
and  m  are  given,  d  is  alfo  known;  for  it  is  =  M-^w.  (3.J  If  M  and  d  are  given,  m  is 
known ;  for  it  is  =^  M  H-  ^. 

9.  The  Sum  of  the  Extremes  (or  of  any  other  two  Terms}  of  an  Arithmetical  Pro- 
greffion,  is  equal  to  twice  the  lefler  added  to  the  Produdl  of  their  Diftance  and  common 
Difference.  Thus;  The  lefler  Extreme  a,  the  greater  /,  the  Diftance  m,  and  the  common 
Differenced-.,  I  fay,  <7 -f- /  =  2  <» -(- w  </;  for  /=<i-f-w»<i  by  Coroll.  6.  wherefore  « -j- / 
^  a  =■  a  -\-  m d=-  2.  a ~\-  7n  d. 

Scholium.   We  dial!  apply  this  to  fome  particular  Progreflions,  as, 

(I.)  Suppofe  the  lefler  Extreme  1,  and  the  common  Difference  2,  as  in  this  Series  1:3:5 
:  7.  &c.  (which  we  call  the  natural  Series  of  odd  Numbers)  the  Sum  of  the  Extremes  is  al- 
ways double  the  Number  of  Terms;  which  if  we  call  «,  then  a-(-/=2»;  for  the  lefler 
Extreme  being  i,  its  double  is  2,  equal  to  the  common  Difference :,  therefore  a-^-l^^^za-^ 
md=  2-j-2w»^=2X  i-\-m  =  2n,  becaufe  »  =  i  -{- w. 

(2.)  Suppofe  the  lefler  Extreme  is  the  common  Difference,  the  Sum  of  the  Extremes  is 
equal  to  the  Product  of  the  common  Difference,  and  Number  of  Terms  +  i-  Thus;  Since 
a  =  d,  then  <i  -f-  ^^^  2a-\-md^2d--\-md=dx  1.  -j- m=  d X  n -\-  1 ,  becaufe ?/;=» — Ij 
and  theretore  M  +  ^  ^^ '^ — i  -f-2  =  »-f.  i.  Or  fee  it  thus;  Such  a  Series  is  <?,  2  <j,  3  <»* 
(^c.  na,  and  a  ~\-7!a  =  ax  ?i-\-  i. 

Yet  more  particularly,  if  the  lefler  Extreme  and  Difference  is  2,  as  in  this  Series  2:4: 
6:8:  10,  c^c.  (which  we  call  the  natural  Series  of  even  Numbers);  then  is  a-\-l= 
2Xw-f-i  =  -"  +  -5  that  is,  double  the  Number  of  Terms  -f- 1 ;  or  the  Sum  of  2,  and 
twice  the  Number  of  Terms. 

10.  The  Difference  of  the  Extremes,  (or  of  any  two  Terms)  is  equal  to  the  Produdt  of 
their  Diftance  by  the  common  Difference;  for  l=a^md,  therefore  / — a  =  md. 

Theorem     V. 

I F  there  are  two  Arithmetical  Series  having  the  fame  common  Difference,  any  two 
Terms  in  the  one  are  :  /,  or  have  the  iam.e  Difference  with  any  two  in  the  other,  taken  at 
the  fame  Diftance. 

Exam.  In  this  Series,  2.4.6. 8. 10. 12;  and  this,  5.7.9.11.13.15.  Thefe  are  : /,  viz. 
2.8:5.11;  and  thefe  4. 12:7:15. 

Demon. 
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Demon.  In  each  Pair  the  greater  contains  the  leffer,  and  the  common  THjfhrence  taken 
the  fame  Number  of  Times,  (i.  e.  the  fame  Multiple  of  d)  becaufe  of  the  equal  Diftan- 
ces. 

Theorem     VI. 

Amy  two  Terms  of  an  Arithmetical  Series  are  :  /,  with  any  other  2  taken  at  the  fame 
Diftance. 

Exam.  In  this  Series,  3.5.7. 9. 11. 13. 15 ^  thefe  are  : /,  3.  7:  11. 15^  and  3.9:5. 11. 
^gam\  If  you  take  any  3  or  more  Terms  equally  diftant  from  one  another,  they  make 
a  ProgrefTion,  or  continued  Series;  fo  in  the  preceding  Series,  3.  9. 15,  or  3.  7. 11. 15. 

Demon.  The  Reafon  is  the  fame  as  in  the  laft  Theorem. 

COROLLARIES. 

1.  If  from  the  Sum  of  any  two  Terms  you  take  any  other  Term,  the  Remainder  is 
equal  to  a  Term  of  the  Series  as  far  diftant  from  one  of  the  Terms  added  on  the  one 
hand,  as  the  Subtraftor  is  from  the  other  of  them  on  the  other  hand :  For  fince  any  four 
Terms  are  :  /,  whereof  the  two  leffer  are  at  the  fame  Diftance  as  the  two  greater,  ( and 
confequently  the  leaft  and  that  next  to  the  greateft  at  the  fame  Diftance  as  the  greateft  and 
that  next  to  the  leaftj  therefore,  from  the  Sum  of  the  two  middle  Terms  of  thefe  four, 
any  of  the  Extremes  being  fubtrafted,  the  Remainder  is  the  other  Extreme.  Or  from  the 
Sum  of  the  Extremes,  one  of  the  Means  being  taken,  leaves  the  other  Mean  j  whence  the 
Coroll.  is  manifeft. 

Obferve  again :  If  the  Subtraftor  is  one  of  th^?  Extremes,  i.  e.  lies  on  the  fame  band  of 
(or  is  leffer  or  greater  than)  either  of  the  Terms  added,  the  Remainder  will  be  the  other 
Extreme,  ?".  e.  will  lie  on  the  oppofite  hand  of  ( or  be  contrarily  greater  or  leller  than)  ei- 
ther of  the  Terms  added;  and  confequently  the  Diftance  of  the  Remainder  from  the  Sub- 
traftor  will  be  the  Sum  of  the  Diftances  of  both  the  Terms  added  from  the  Subtrador, 
(or  from  the  Remainder  it  felf,  which  is  at  the  fame  Diftance):  But  if  the  Subtraiftor  is 
one  of  the  Means,  /.  e.  lies  betwixt  (or  is  lefs  than  one,  and  greater  than  the  other  of)  the 
Terms  added,  the  Remainder  will  be  the  other  Mean,  or  lies  alfo  betwixt  theTerms added  ; 
and  confequently  its  Diftance  from  the  Subtraftor  is  the  Difference  of  the  Diftances  of  the 
Terms  added  from  the  Subtracftor,  (or  from  the  Remainder,  which  is  the  fame  DilTance. 

'Exam.  In  this  Series,  A.  B  C. D.E.  F.G.H,  it's  true  that  C-|--F — A=H  Becaufe 
A.C  :  F.H,  which  is  as  far  from  F  on  the  one  hand,  as  A  is  from  C  on  the  other  hand ;  and 
as  far  from  A,  as  the  Sum  of  the  Diftances  of  C  and  F  from  A.  Again;  A  -(- H  —  C 
=  F,  which  is  as  far  from  H  on  the  one  hand,  as  C  is  from  A  on  the  other;  and  as  far 
from  C,  as  the  Difference  of  the  Diftances  of  A  and  H  from  C 

2.  If  any  Term  of  a  Series  is  doubled,  and  from  that  double  another  Term  fubtratfled, 
the  Remainder  is  a  Term  of  the  fame  Series,  as  far  diftant  from  the  Term  doubled  on  the 
one  hand,  as  the  Subtraftor  is  on  the  other;  and  confequently  the  Remainder  is  twice  as 
far  from  the  Subtraiftor,  as  the  Term  doubled  is.  Hence  reverfly,  the  half  of  the  Sum  of 
any  two  Terms  is  equal  to  a  Term  in  the  middle  of  the  Terms  added,  if  there  is  fjch  a 
middle  Term.  But  however,  this  is  true.  That  the  Term  which  is  in  the  middle  betwixt 
any  two  Terms  is  the  half  of  their  Sum. 

Dip 

So  in  the  preceding  Series,  2D  —  B  =  F,  and  D  =   ■  ■     ■ ,  becaufe  B . D  . F  are -h- /. 

3.  Again ;  More  univerfally.  If  any  Term  of  a  Series  -7-  /  is  multiplied  by  any  Number, 
and  from  the  Produdf  be  fubtraftcd  -the  Produift  of  another  Term  by  a  Multiplier  lefs 
than  the  former  by  i ;  the  Remainder  is  a  Term  of  the  fame  Series,  whofe  Diftance  from 

I  that 
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that  Term  whofe  Miilciple  is  fubtradtcd  is  equal  to  the  Produd  of  thefe  two,  -viz.  the 
Number  which  multiplied  the  Term  v/hole  Multiple  is  the  Subtrahend,  and  the  Diftance 
of  the  two  given  Terms  from  one  another.  The  "Reafoii  will  be  plain  from  this  Exam- 
fie :  Lc:  any  two  Terms  of  a  Series  be  A  .  13  j  a  Series  continued  from  thefe  is  A  .  B  .  2  B 
—  A.3B —  2  A. 48  —  •^A.  &c-  (Schol.  Prob.  i.  d-c)  But  by  the  two  preceding  Coroll.  each 
of  thefe  Terms  is  a  Term  of  any  Scries  to  which  A,  B,  c.ui  belong  j  fince  2B  —  A  is  a 
3d  :/t0  7V.B,  and  each  of  the  reft  a  z^th  to  A  B,  and  the  preceding.  And  here  it's  evi- 
dent that  each  Term  is  twice,  thrice,  c?-f.  as  far  from  A  as  B  is,  according  to  the  Multi- 
plier of  B. 

4.  If  any  three  or  more  Terms  are  added  together,  and  from  the  Sum  be  taken  the 
Produdl  of  a  Term  lefler  or  greater  than  any  of  them,  multiplied  by  a  Number  i  lefs 
than  the  number  of  Terms  added,  the  Remainder  is  a  Term  of  the  Scries  whofe  Diftance 
from  the  Term  whofe  Multiple  is  fubtradedj  is  equal  to  the  Sum  of  the  Diftances  of  the 
Terms  added,  from  the  fame. 

The  Reafon  will  be  plain  from  the  Theorem,  thus :  Let  any  Term  of  a  Series  be  A,  and 
any  other  two,  both  greater  or  both  lefler  than  A,  be  B,  C,  then  B-f-C  —  A  is  a  Term 
of  the  Series  as  far  from  A,  as  the  Sum  of  the  Diftances  of  B  and  C  from  A  (by  Coroll.  1.) 
Add  another  Term  D,  the  Sum  is  B  -(-  C  -J-  D  —  A,  from  which  fubtrad  A,  the  Remain. 
jsB-f-C-f-D  —  2A;  which  is  a  Number  found  in  the  manner  propofed,  and  (hy  Cor. i.) 
is  a  Term  of  the  Series  as  far  diftanc  from  A,  as  the  Sum  of  the  Diftances  of  the  two 

Terms  added,  viz,  B  -)-  C  —  A  and  D,  which  is  the  Sum  of  the  Diftances  of  the  three 
Terms  B  -j-  C  -(-  D.  It's  manifeft  that  by  adding  another  Term  continually,  and  fubtra- 
fting  A  at  every  Step,  the  fame  thing  will  ftill  hold  true :  For  at  every  Step  there  will  be 
oncTerm  more  added,  and  A  once  more  fubtradted;  fo  that  the  Multiplier  of  A  will  be 
ftill  I  lefs  than  the  number  of  Terms  added. 

Or  we  may  fee  this  Truth  in  another  manner  without  the  TheorcTn,  thus :  Any  Term 
of  a  Series  may  be  called  A,  and  if  the  common  Difference  of  the  Series  be  d,  then  all 
the  Terms  above  A  are  A-f-^.  A-{-2d.  A-\-7,d .  ^c.  Suppofe  any  three  or  more  of 
thefe  Terms  are  added  together,  and  let  w  reprefent  the  Number  of  Terms  added ;  alfo  let 
w  reprefent  the  Sum  of  all  the  Numbers  which  multiply  d  ( i.  e.  the  Sum  of  the  j3iftances 
of  the  feveral  Terms  added,  from  A),  it's  manifeft  that  their  Sum  will  be  nA-]~md: 
from  which  ("ubtracf  n  —  1  X  A  =  w  A  —  A,  the  Remainder  is  »A-\-f»d  —  7;  A  -f-  A  =  A 
-f-  w/j  which  by  the  nature  of  an  Arithmetical  Series  is  fuch  a  Term  of  a  Series  whole 
lefler  Extreme  is  A,  and  the  Difference  d,  as  that  its  Diftance  from  A  is  equal  to  m,  the 
Sum  of  the  Diftances  of  the  Terms  added.  If  the  Series  is  A.  A  —  d.  A  —  2.d,  &c.  the 
Deoionftration  will  proceed  the  fame  way. 

Scholium.  The  immediate  Ufe  and  Application  of  thefe  Corollaries  is  in  the  So- 
lution of  the  following  Problems. 

(i.)  To  find  any  Term  of  a  Series  having  its  Diftance  from  the  ift  Term,  alfo  the  ift; 
Term,  and  any  2  other,  the  Sum  or  Difference  of  whofe  Diftances  from  the  ift  Term  is 
equal  to  the  Diftance  of  the  Term  fought :  The  Solution  of  which  is  plainly  contained  in 
Coroll.  I.  and  need  nor  be  repeated. 

2.  To  find  any  Term  of  a  Series  having  the  ift,  and  any  3  or  more  others,  the  Sum 
of  whole  Diftances  from  the  lil  is  equal  to  the  Diftance  of  the  Tt-rm  lought  i  as  in  Co- 
roll.  4. 

3.  To  find  any  Term  of  a  Series,  having  the  ift,  and  any  other  whofe  Diftance  from 
it  is  an  aliquot  l-'art  of   the  Diftance  of  the  Term  fought  j  as  in  Coroll.  i.  or  2. 

4.  To  find  any  Term  of. a  Series,  having  the  tirft,  and  another  whole  Diftance  from  the 
ift  is  double  he  Dnbncc  of  the  Term  fought. 

Oifervc,  If  the  Term  fought  is  betv.-ixt  the  Terms  given,  but  not  in  the  very  middle* 
you  have  a  Rule  for  folving  this  in  Frob.  1.  Cor.  8.  Sch.  2. 

Th  lOR.. 
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Theorem     VII. 

I  N  any  Arithmetical  Series,  the  Sum  of  the  Extremes  is  equal  to  the  Santi  of  any  two 
mean  Terms  equally  diftant  from  the  refpeiaive  Extremes,  (;.  e.  the  leffer  Mean  from  the 
lelTer  Extreme,  and  the  greater  from  the  greater  j  or  contrarilyj  and  to  the  double  of  the 
middle  Term,  where  the  Number  of  Terms  is  odd;  that  is,  thefe  Sums  are  all  equal,  viz. 
that  of  the  Extremes,  and  of  every  two  mean  Terms  equally  diftant  from  the  Extremes^ 
and  the  double  of  the  middle  Term,  when  the  Number  of  Terms  is  odd. 

'Exam.  Ill  this  Series,  3.6  9. 12. 15. 18.21.24.  27.  Thefe  are  equal,  3 -(-27  =  6-}- 2+ 
=  9-}-2i=  12 +  18  =  2  X  15  =  30. 

Demon.  This  follows  eafily  from  the  preceding,  compared  with  Theor.  i.  For  the 
Terms,  whofe  Sums  are  here  faid  to  be  equal,  are  :  /  by  the  preceding ;  and  the  Sums  of 
the  Extremes  and  Means,  or  double  the  middle  Term,  are  equal  h^Thco-r  i.  Ccr.  i.  Thus, 
A.  B.  C.  D.  E.  F.  G  being  a  Series :  /,  thefe  ere  :  /,  A.  B  :  F.  G  ;  hence  A  +  G  =  B  +  F. 
Again;  A.C:E.F,  and  A+F  =  C  +  Ei  and  CD  E  being  : /,  C+E  =  2D. 

Or  we  may  iliew  this  Truth  by  another  Reprefcntacion,  as  in  the  Margin ;  wherein  A  is 
the  leffer  Extreme,  m  the  Diftance  of  the  Extremes,  and  d  the  common  'Difference  \  fo  that 

k-\-v:d  is  the  greater  Extreme,    {Cor.  6. 


Leffer  Extr.     Greater. 

A  -\.A  +  md 

A-^d     -j-A-fw— la'^=2  A+f»d. 

A-i-2</-f-A4-^  —  ^'^ 

a4;3''-(-A  +  »'— 3^ 
^c.  d^'c. 


Proh.  4  J  And  the  fame  Series  being  con- 
tinued from  A,  and  A-\-md.  Which  we 
fuppofc  carried  equally  on,  ;.  e.  to  half  of 
the  Number  of  Terms,  if  that  is  even ;  and 
to  the  middle  Term  inclufive  in  both,  if  the 
Number  of  Terms  is  odd.  You  fee,  that 
as  in  the  increafing  Series  d  is  once  more 
added  in  every  Step;  fo  in  the  decrcafing  one,  it  is  once^  more  fubtrafted ;  and  confe- 
quently  the  Sums  of  the  correfpondent  Terms  in  the  two  Series  mull  ftill  be  equal  to  the 
Sum  of  the  Extremes,  I'iz..  2  A-\-md.  For  any  Whole  being  compofed  of  two  Parts,  if 
we  take  away  from  the  one,  and  add  as  much  to  the  other,  the  whole,  or  Sum  of  thefe 
Parts  continues  ftill  the  fame;  fo  by  conftantly  adding  d  to  A,  and  fubtrading  it  from 
p^^md,  the  Sum  remains  equal. 

Or  it  may  be  more  fimply  reprefented  by  making  /  the  greater  Extreme,  and  fubtrafting 
</ continually  from  it;  thus,  A.  A-|--'^-  A4-2'''»  &<:■  l—^d.  l  —  d.l,  carrying  each 
Part  from  A  and  /  equally  on,  as  before ;  where  the  fame  Truth  is  manifell  from  the  fame 
Principle  of  equal  Addition  and  Subtradion. 

SCHOLIUMS. 

1.  When  a  Series  has  an  even  Number  of  Terms,  there  are  two  Terms  which  we  call 
the  T-ii'o  middle  Terms;  and  then  the  Theorem  may  be  expreffcd  thus;  The  Sum  of  the  two 
middle  Terms,  and  of  every  two  equally  diftant  are  equal:  And  we  may  lee  the  fame 
Truth  alfo  in  this  Reprefentation,  &c.  m  —  ■i.d.vt  —  d.  rn  .n.n~\-d  .n-\-zd.  (^-c.  In- 
creafinw  and  dccrealing  from  the  two  middle  Terms  m,  n. 

2.  \Vhere  the  Series  has  an  odd  Number  of  Terms  (i  e.  »  middle  Term  equally  di- 
ftant from  both  Extremes),  then  we  may  exprefs  the  Theorem  thus;  The  Double  of  the 
middle  Term,  and  the  Sums  of  every  two  Terms  equally  diftant  from  it,  are  equal;  and 
it  may  be  reprefented  thus  ;  &c.  m  —  zd.m  —  d .vi  .m-\-d .vl-\-^d .  &c. 

3.  Ohferve  alfo.  That  the  Sum  of  any  two  Terms  in  a  Series  is  equal  to  the  Sum  of 
any  other  two  equally  diftant  from  the  former  two  refpcdlively ;  becaufc  the  four  arc  :  /. 
Alfo  Double  of  any  Term  is  equal  to  the  Sum  of  any  two  equally  diftant  from  it;  or. 
Any  Term  is  equal  to  the  Half  Sum  of  any  equally  diftant  fropi  it. 

4.  Again  / 
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4.  j^gain :  When  a  Series  has  an  even  Number  of  Terms,  tho'  the  two  middle  Terms 
nre  not  in  the  continued  Ratio  of  all  the  reft  above  and  below,  yet  the  Sum  of  the  Ex- 
tremcj,  and  of  Qverv  two  Terms  equally  diftant  from  them,  will  ftill  be  equal;  for  the 
four  are  :  /  at  Icaft  di^jundtly,  becaufe  of  the  common  Di^srence  and  et^ual  Difiance. 

General   SCHOLIUM. 

In  every  Arithmetica]  Progredion  thefe  five  things  are  conGderabie,  viz.  The  two  Ex- 
tremes, the  Coiiiraon  DitTerence,  the  Number  (if  Terms,  and  the  Sum :  From  which 
a  Varicy  of  Problems  arife  ;  whereof  thofe  are  the  chief  and  moft  ufeful,  in  which  are 
given  any  three  of  thefj  things,  to  find  the  other  two  j  and  thefe  I  fliall  next  explain. 

The  Ufe  of  the  Symbols  employed  in  the  following  Problems. 

<i=:The  lejTer  Extreme.         $■==■  Sum  of  the  Series.         »  =  Number  of  Terms; 
/=  The  greater  Extreme.      </=;  Common  Diffi-'rence.    m^^n — i  =:  The  Diftance  of 

the  Extremes. 

Problem   V. 

Given  the  Extremes  a,  I,  and  Number  of  Terms  *,  To  find  the  Diflference  d,  and 
Sum  s. 
Rule  i.     For  </;  The  Difference  of  the  Extremes  divided  by  the  Number  of  Terms 

lefs  I  Quotes  of  the  common  DifiFerence  fought,  thus,  i/= . 

Example:  a=  3.  /==  15  and  n=j.  then  is  </=2=  ~^— ^=  '1,  as  in  th^  Series 
3.^.7.9.11.13.15.  

Demonstr.  In  Cor.  10.  ProW. IV.  it's  fliewn  that</x«  —  i  =/—<».  and  dividing 
equally  by  n  —  i,  it  is</=     . 

2.  For  s ;  multiply  the  Sum  of  the  Extremes  by  the  Number  of  Terms,  and  take  half 
of  the  Produd,  it's  the  Sum :  Thus  r=  ZSIUL^ 


2 

.  ^ 3  -4- IS    (  =  1%)  X  7  126 

as  m 


Example ■    j  =  3  .  /=  15  . »  =  7.  then  is  x  =  (Jj  =s  3  +  ^5  (=18)  X  7 __  126 
the  preceding  Series. 

D  E  M  ON  ST  R.  I.  If  the  Number  of  Terms  is  even,  (i.e.z  Multiple  of  2. )  then  the 
Sums  Of  the  Extremes,  and  of  every  Pair  of  Means  equally  diftant  from  , he  Extremes,  are 
equal  (Theor.j.)  But  all  thefe  equal  Sums  together  make' the  total  Sum  j  and  it's  eSdent 
there  are  as  many  ot  thefe  equal  Sums  as  the  half  Number  of  Terms  ;'fince  each  Sum 
takes  in  two  Terrns;  therefore  the  Sum  of  the  Extremes  (or  any  one  of  thefe  equal  Sums) 
being  muluphed  by  the  Number  of  Terms,  produces  double  the  total  Sum,  and  coSe- 
quently  its  half  is  the  Sum  fought. 

T/rm^Vn'^f  .^^""'^fK?^  I"""'  ''  °,'^1  ^  °'  "°'  =»  "^"'"P'^  o^  ^)'  *en  there  is  a  middle 
7rhl  mii  -?•  ''"'L^""'''";  ff''^  '?'"^'  ^'^■<^''  Number  is  plainly  the  half  of  «-  i, 
(the  middle  Terra  bemg  excluded)  and  the  Sura  of  all,  excluding  the  middle,  is  by  the 

former  Reafoning.  '^  +  ^^"~i :  But  the  middle  Term  i,-  =  t±J  i^Ueor.  7.)  which 

"  h  being 


a.  a-]-  d.a~\-7.d  .&zc.  =  s 
I.  l~d.l—zd.&cc.=zs 
a-\-l.  a-\~l.  a-\-l.  &c.  2y  = 


a-\-lx n .  hence  s  =  ^—^ 


X  « 

2 
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being  added  to  the  Sum  of  the  other  Terms,  makes  the  Total,  vix..  '^  .^4-^lH 
2  '    2 

^a-|-/X7/-—  i-fa-f-^ n  +  /X»— ;I-}-~I tf^/X» 

2  "       ~  2  2  ■ 

Or  the  whole  Demonftration  may  be  made,  without  diftinguifliing  whether  the  Number 

of  Terms  is  even  or  odd,  thusj  Any  Series  increa- 
fing  may  be  reprefented ^  a.a-\~d.a-\-2.d.  Sec. 
and  the  fame  Series  decreafing  may  be  taken  thus, 
/.  / — d.  I — 2.d,  6cc.  And  thefe  two  reprefenting 
the  fame  Series,  only  in  a  different  Order,  have  equal 
Sums;  and  therefore  the  Sum  of  both  together  is 
double  the  Sum  of  either.  Again;  It's  obvious, 
that  adding  their  correfponding  Terms,  the  Sums  are  conftantly  the  fame,  viz.  a-\-l.  and 

the  Number  of  them  being  w,  therefore  the  total  of  thefe  equal  Sums  is  «-(-/x»=2S» 

.                    J+7x« 
whence  s  =  — ■ . 

2 

Scholium.  In  a  Series  of  an  even  Number  of  Terms  we  may  take  the  Sum  of 
the  Extremes,  andmukiplyby  half  the  Number  of  Terms;  or  half  the  Sum  of  the  Extremes 

tf    I   I  yc  ft 
by  the  Number  of  Terms;  for  all  thefe  ways  make  the  fame  Sum;   thus,    — -^- = 

— i— ,     «       a -4- 1 

e  +  l  X-=  — ■ —  X  ». 

COROLLARIES. 

1.  Betwixt  any  two  different  Numbers  a,  /,  we  can  put  any  Number  of  Arithmetical 

Means;  becaufe  /  being  greater  than  a,  and  »  greater  than  i,  it  follows,  that  d=  -— —  isal- 

ways  poffible,  however  great  n  be.  But  then  alfo  ohferve,  Thar  betwi:xt  two  Integers  thefe 
Means  will  not  in  every  Cafe  be  Integers.  And  to  make  them  all  fo,  the  greaceft  Number 
ol  Means  cannot  be  a  greater  Number  than  the  Difference  left  i  betwixt  the  Extremes, 
or  / — a — I.  The  Reafon  is  plain;  for  to  the  lefler  Term  a,  there  can  be  fucccffively 
joined  as  many  Units  as  are  in  the  Difference  betwixt  /  and  a ;  and  when  the  laft  of  thefe 
Units  is  added,  the  Sum  will  be  equal  to  /;  confequently  the  preceding  Sums  are  in  Num- 
ber equal  to  / —  a —  i ;  and  becaufe  they  differ  all  by  i,  therefore  they  make  with  the 
Extremes  a  and  /  an  Arithmetical  ProgrelTion ;  and  the  greateft  that  can  be  in  Integers, 
becaufe  the  Difference  is  the  fmalleft,  vn.  i. 

2.  The  Sum  of  the  natural  Series,  1.2.3.4,  2^"^-  '^  equal  to  half  the  Produft  of  the 
laft  Term  multiplied  into  the  next  greater  Number,  becaule  that  next  is  the  Sum  of  the 
Extremes,  and  the  greateft  Esreme  is  the  Number  of  Terms:  So  i-f-2-f-3-|-4-)-5 
=  5  X6-4-2. 

3.  In  any  Series  whofe  Number  of  Terms  is  odd,  the  Sum  is  equal  to  the  Produd  of 
the  Number  of  Terms  multiplied  into  the  middle  Term-;  becaufe  the  middle  Term  is 
half  the  Sum  of  the  Extremes. 

4.  From  this  Frob.  and  Cor.  9.  Prob.  4.  compared,  thcfc  things  follow,  vhc. 

{i.)  The  Sum  of  that  Series,  whofe  lelTer  Extreme  is  i,  and  the  Difference  2;  as  i.  3. 
S-J.&c.  (which  is  the  natural  Series  of  odd  Numbers)  is  equal  to  the  Square  of  the  Num- 
ber of  Terms.    For  ia  this  Cafe, .«  -f/ssa  »  iCer.  ^.  Freh.  4. )  and  hence  ^^  =  w, 

and/= — _ — =»».  (2.J  The 
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"(2.)  The  Sum  of  any  Series,  whofe  leder  Extreme  and  Difference  are  equal,  is  equal  to 
half  the  Produdt  of  thefe  Fadlors,  niir,.  the  common  Diffcrence,  and  the  Sum  of  the  Num- 
ber of  Terms  and  its  Square  i  thus,   x=   "  ^    ".    For  in  this  Cafe,  a -\-  I  ■=■  d  n -\.  d 

(Cor.  9.  Prob.  4.)  therefore  7^1  x  n  — dri^  +  d ».    Hence  s  =  liZiL?  =  £2!±£»   ^, 

gain;  Particularly  if  <i=^=2;  as  in  this  Series,  2.4.6.8,  &c.  f which  makes  the  natural 
Series  of  even  Numbers ;  for  it  comprehends  all  the  Multiples  of  2.)  The  Sum  is  equal 
to  the  Sum  of  the  Number  of  Terms  and  its  Square;  thus,  s=^n^-\~n.,  for  d?i'^-\-dtt  = 

r               dn^  -\-dn      zn^-l-2.n  , 

2»»4-2w;  therefore /  = * —  = =  »i-i-». 

Problem     VI. 

Having  the  Extremes  a,  I,  and  Difference  d;  to  find  the  Number  of  Terms  «,  and 
Sum  t. 

Rule  i.     For  ».    Divide  the  Difference  of  the  Extremes  by  the  common  Diffe- 
rence, the  Quote  is  the  Number  of  Terms  Icls  i:  Thus,  n —  i  =-ZLf  j  therefore  w  = 

-^— +  1=        J  I     ;  i.  e.  to  the  greater  Extreme  add  the  common  Difference,   and  from 

the  Sum  take  the  leffer  Extreme,  and  divide  the  Remainder  by  the  common  Difference,  the 
Quote  is  the  Number  of  Terms. 

Exam.   «■=%,  /=5i5,  </=2;  then  is  »=2=  ^^"^^~^=li. 

___  ^  ^ 

D E M-0 N.  By  Cor.  10.  Trob. 4.  </x w  —  iz=l—a;  and  dividing  each  by  <i  h  is  »  —  i 

=_^.     Whence  »  =  -3-  +  i  =  ■     /^  . 

a.  For  s.  apply  a.l.n.    By  Frob.-^.  thus,  *  — ""^   ^".    Or  without  finding  »,  apply 

the  given  Numbers,  thus :  Add  the  Difference  of  the  Squares  of  the  Extremes,  to  the  Pro- 
du(ft  of  the  Sum  of  the  Extremes,  by  the  common  Difference;  this  Sum  divided  by  dou- 
ble the  common  Difference,  the  Quote  is  the  Sum  fought ;  thus,  s  =  ''  +  ^x<^-f-^"  — a^^ 

2  a 

Ex*w.  «  =  3,/=i5.</=2;  thenKc=<,^3  +  ^5Xa  +  22S  — 9— ^'^+216=2^2 

2X2  4. 

Demon.  Inftead  of  »  take  its  Equal  above  found,  — -p^  ;  and  fubftitute  this  in- 

ftead  of  n  in  the  other  Rule,  •»«.  s  =  '^'^^^^,  and  it  is  r=  -.+  ^x  ^JUJ^jiJ  — 
— I— r  ^  a  </ 

"  ^  ^7^  ~  ?  for  <»  +  /x/—-»-f</=4/--«i-ftfrf-f/»  —  <,/-|-/^=4 /—<»/+ 
ld-\-ad-\-l^^a^=ld+ad-\-l^  —  a^=^ir^lxd+>  —  a\ 

Problem    VII. 

Having  one  of  the  Extremes  a  or  /,  with  the  Number  of  Terms  n,  and  Difference  d-^ 
to  find  the  other  Extreme  /  or  a,  and  the  Sum. 

Hh2  Rule 
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Rule  i.  For  I  or  a:  Multiply  the  Difference  by  Number  of  Terms  left  i ;  add  the 
Product  to  the  given  Extreme  if  it's  a,  but  fubirad  if  it's  /;  the  Sum  or  Remainder  is 
the  other  Extreme.    Thus,  l=Jx?t — i--\-a,  and  a  =  l — dxtt — i. 

Exam.  4=  3  J  K  =  7>  fl^=2  j  then  is  1=^  i5  =  2X()-f-3. 

D  E  MO  N.  This  Rule  is  exprefily  contained  in  Carol!.  6.  Trohl.  IV. 

2.  For  s  apply  a, I,  n,  by  Vroh.  5.  Or  without  finding  7t  proceed  thus:  Multiply  the 
given  Extreme  by  double  the  Number  of  Termsj  to  the  Product  add  fif  the  given  Ex- 
treme is  a),  or  fubtradl  (if  it's  /)  the  Produd  of  the  common  Difference  multiplied  by 
the  Difference  betwixt  the  Number  of  Terms  acd  its  Square:  the    half  of  this  Sum  or 

Difference  is  the  Sum  fought.     Thusj  s  = ^ = »  a  7171  —  ,,^  ^^ 

3.nl — dn  »  -[-  dn 
2 


So  in  the  preceding,  s  =(53  = Z — ilf:. — 49 7^  yfjhtn  «=3  is  given. 

Demon.  Take  a  or  /,  as  they  are  expreffed  in  the  firft  Part,  viz.  I —  dx  71 —  i  for  a, 
and  a~\-dx  w— i  for  /.    Subftitute  thefe  inftead  of  a,  I  in  this  Rule,  *  =  ^  — i?.  Thus, 


Since  a=^l  —  dX7i—i,  then  a-\-l=l—  dxn — i-f-/=2/ — dxn—  1,  and  a-\-l 

Xw  =  2/»  —  dxn — ix»  =  2^«  —  dX7t7t  —  ».     Consequently,  *  = — ~ = 

2jji—-xjinj—n_^  ^yhich  is  the  Rule  when  /is  given.  Againj  Since  l=a-\-dx7i — i, 
then  a-\-l=za-\-dX7i —  i,  s.T\d'a^lx^^■=^a7^-\-dXn7^^n.  Hence,  x  = -fZELl^L'* 

zan+dXfiTt  —  w    .     T>   1       . 
= ' ,  the  Rule  when  a  is  given. 

Scholium.  In  the  preceding  Problems,  we  have  found  d  by  means  of  a,  I,  n.  Al- 
io «  by  means  of  a,l,d,  and  a  by  means  of  d,7i,l.  And  here  it  may  be  ufeful  to  obferve 
a  Millake  of  a  very  confiderable  Author,  Tacq.uet,  who  gives  Rules  for  finding  d,  or 
w,  or  a,    by  means  of  only  2  of  the  given  things  in  the  preceding  Problems.     His  Rules 

are  thefe:   d  is  the  integral   Part  of  this  Quote ,  and  a  is  what  remains  over  the 

71 1  J 

Divifion.  Again  ^  » — i  is  the  integral  Part  of  this  Quote  ^,  and  a  what  remains  over  the 
Divifion.  Which  Rules  he  founds  upon  this,  that  l=a-\-dxn  —  i.  Whence  he  con- 
cludes, that--,  =  w — I,  and  a  remaining  overj  alfo  that  -:^=</,  and  a  remaining.  But 

you'll  eafily  perceive  that  thefe  Conclufions  are  not  true  univerfilly,  and  can  be  (o  only  in 
a  particular  Cafe,  viz..  when  a  is  lefs  than  d,  or  than  a —  i ;  yet  he  delivers  them  as  gene- 
ral Rules  without  Linvration,  at  leall  without  mentioning  it,  if  he  did  obferve  any.  The 
Reafon  and  Necellity  of  this  Limitation  I  thus  prove:  If  dX7i —  i  is  divided  by  either Fa- 
dor  d,  or  if—  i,  the  Quote  will  be  the  other  of  them  ^  and  if  to  the  Product  dxn — i 
we  had  firft  added  another  Number  a  lels  than  the  Di"i(<>r,  the  Qtiotc  would  be  the  fame 
as  belore,  and  the  Remainder  v;ould  be  the  Number  ailded  But  if  a  the  Number  added, 
is  equal  to,  or  greater  than  the  Divifor,  it's  plain  that  the  Quote  would  be  greiatcr  than  the 

J  other 
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other  Fadlor,  bccaufe  it's  contained  in  the  Number  added ;  and  the  Remainder  would  not 
be  the  Number  added,  but  lefs,  bec.iufe  it  muft  be  iefs  than  the  Divifor,  which  here  is  lefs 
than  the  Number  added.  Take  this  particular  Example:  5.  7 : 9  :  ii  :  13^  whofc  greater  Ex- 
treme 13  being  divided  by  4  (=w —  1)  the  Quote  is  3  and  1  over  j  yet  the  common  Diffe- 
rence of  the  Series  is  2,.  and  the  lelTer  Extreme  5. 

What  can  be  done  by  means  of  two  things  given,  you'll  learn  afterwards. 

Problem   VIII. 

Having  the  Extremes,  a,  I,  and  Sum  s  j  to  find  the  Number  of  Terms  «,  and  Diffe- 
rence d. 

Rule  i.  For  n  divide  double  the  Sum  by  the  Sum  of  the  Extremes,  the  Quote  is 
the  Number  of  Terms,  thusj  «=— ^7-/. 

^  ,  ,  /-  u         •  2X()3  I2(S 

Example:    a  =  3./=i5.  ^  =  (53.  then  is  «  =  7=  -— j- — =~o"- 

Demonstr.    By  ProbLV.  s=  ^— j  hence,  multiplying  both  by  2,   it  is 

2y  =  a-)-/x  «;  then,dividing  both  by  a -f- /' 't  is  »  =  — qj^. 

2,.  For  </ apply  a.l.n.  by  Probl.V.  Or  without  finding  »,  work  thus;  Take  the 
Squares  of  the  Extremes,  and  divide  the  Difference  of  thefe  Squares  by  the  Difference  be- 
twixt the  Sum  of  the  Extremes,  and  double  the  given  Sum,  the  Quote  is  the  common 

Diflference ;  thus,  </=  — , . 

'  2S  —  a  —  / 

Example:   ^==  3  . /=  15  .  .  =  63;  then  is  </=2  =  fj-^^^^^  =  ^^^TIj^. 

Demon.  Infteadof  «,  take  its  Equal  -j^^,  and  put  in  the  Ku\cof  Frob.V. viz. 4=  ■ ■ 

,  2S  2,  f  —  a — /     ,       ,  2t  —  a  —  /         ,   /  —  a 

thus,  — [— J —  I  = ,— ) — ,  therefore  w — 1= i-i  — ,  and  =/  —  a  -~ 

a-\-i  "  +  '  ""t'  "  —  I 

2  s  —  a  —  / /  —  a-X.a-\-l  A  —  a'- 

a-\-l  2.S  —  a  —  /         2x  — a  —  /' 

Problem  IX. 

Having  one  Extreme  a,  or  /,  with  the  Sum  s,  and  Number  of  Terms  »,  To  find  the 
other  Extreme  /  or  a,  and  the  Difference  d. 

Rule  i.     For  / or  a,  divide  double  the  Sum  by  the  Number  of  Terms,  and  from 

the  Quote  fubtrad  the  given  Extreme,  the  Remainder  is  that  fought.     Thus,  /=  —  — 

2  s 
a,  and  a  =  — /.     Or  thus:  From  double  the  Sum  take  the  Produd  of  the  Number 

of  Terms  and  given  Extreme,  and  divide  the  Remainder  by  the  Number  of  Terms,  the 
Quote  is  the  Extreme  fought;  thus,  /=  ,  and  a=;  — . 

Example :    <»=  3 .  /  =  63 .  a  =  7  .    then  is  /  = '       ^ — ?  =  ^5  i  a"'l  'f  ^=  15 

,  2  X  63  —  7x1? 

IS  given,  then  <»  =  3  =  ^ '       '.  ^ 

^  '7  Demon. 
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Demonstr.    By  Prohl.V.    s^s"-^ '^ :   Hence  2 j=7+'/x»,  and  —  =  <« 

I.  and  laftly,  a= /  =; ,  and  /  = «  =  • 

'  n  n  n  n 

z.  Tot  d.  apply  tf,  /,  »,  hjTrchl.  V.  or  without  finding  n,  do  thus;  Take  the  Diffe- 
rence betwixt  Double  the  Sun  and  Double  the  Product  of  the  Number  of  Terms  by 
the  given  Extreme ;  divide  th;;  by  the  Difference  betwix.  the  Number  of  Terms  and  itsSquare ; 

tne  Q.aote  is  theDiSeren-e  fought;  thus,«^=     y, „_l^ —  =  ■^^_:^. 

2x63  —  2x3x7      126  —  42 
Example :   ^  =  3  .  »  =  7  .  y  =  63  .  then  is  d=  2  = Zj^ =      . . 

Demonstr.     By  the  preceding  Rule  a  =  — - — :  Subftitute  this  inftead  of  a 

,      ,        ,,  „  / — a       ,  ,  ,      2.1  —  /«       In — zs-4-ln 

in  the  Rule  ot  Frobl.  V.  viz.  d  =  — — —  ;   thus,   /  — /i  —  ' —  = 

=  ^-^^i^-  Therefore  i^^=  ii^^-^H-^=ri,=   ^-^J^^,  the  Rule  for  d 
when  /  is  given. 
Again;  l^^-^^:  hence/— =  ?JL-:A« _^=5J^:iliii, therefore  rf=^ 


w — I 


2f — zan 2J'  —  2i»w 

H-  »  —  I  = 

a  nn  —  w 


Co  ROL  L.  We  learn  here  how  to  find  the  Sum  of  the  Extremes  by  means  of  the 
Sum  of  the  Series,  and  the  Number  of  Terms;  thus,  <;  +  /=—,  as  we  fee  above, 
for  4=  —  —  /,  and  /  =  —  —  <».  fo  that<»  +  /=:2X^*  —a  — I.  whencea-f /=^^ 

P    R   O    B    L    E    M       X. 

Having  the  Sum  of  the  Series  s,  the  Difference  d,  and  Number  of  Terms  »,  To  find 
the  Extremes  a>  I- 

Rule.    By  the  Sum  and  Number  of  Terms  find  the  Sum  of  the  Extremes,  as  in  the 

laft  Corollary, \VL.  a-\-l=  ^  ;  then  by  d  and  n  find  the  Difference  of  the  Extremes, 

viz  I— a  =  d)iV^r  (Cor.  10.  Frob  IV.)  Laftly,  having  the  Sum  and  Difference  of  , 
the  Ex-remes,  find  the  Extremes  thus :  To  the  half  of  their  Sum  add  halt  the  Difference,  "1 
the  Sum  is  the  Greater  Extreme ;  And  from  the  half  Sum  take  the  half  Difference,  the 

a-4-l       I — a f    ,   </x » —  t      -  .     . 

Remainder  is  the  Lefler  Extreme ;  thus,  /  =  -^  +  — ^  i         -^        i  tor  4  -f-  / 

=  ^;  therefore,  ^^=  ^.  and  /--  =  </  x  ^:=^,  and  ^'=  ^''"~-.  Then  | 
-  _  l±i_(zif  =  1  —  d^n  —  i .  ^hich  Expreffions  being  reduced  to  a  more  fimple 

22»  2  "^  ,IJ 

,       2t4-dn»  —  d>t        ,           2S—dnn-^dn 
Form,  they  are  equal  to  ihefe,  viz,.  /= — ,  and  4 — j^p        j    »" 

which  Term;  alfo  the  Rule  may  be  exprefTeJ.  Exam- 
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Example :   s  =6-^.  n=:  j  .  d=n,   then  is  a  =  3  =  y- —  =  9  ■—  <j,  and  /  = 

D  E  MO  N  s  T  R.    The  laft  Part  of  the  Rale  only  wants  to  be  demonftrated ;  and  be- 
caufe  it  is  a  general  Truch  of  frequent  Ufe,  I  Hiall  put  it  by  itielf  in  the  Form  of  a 

L  E  M  M  ^. 

Tlie  half  Sum  of  two  Numbers  added  to  their  half  Difference  makes  the  greater  of  the 
two,  and  their  Difference  makes  the  lelfer  of  the  two. 

Example:   The  Sum  of  two  Numbers  being  18,  and  their  Difference  12,  the  Greater 
of  them  is  i5  =  9-(-6j  and  the  LelTer  is  3  =  9 — 6. 

a-4-  [ 
D  E  M  o  N  s  T  R.    The  two  Numbers  being  a,  I,  the  half  Sum  is  — -—  ,  and  half  Dif- 

/ — a     ,        .    a4~l       I — a       a -^  I — l-4~a        xa                    a-\-l   ,    /  —  a 
ference    - — ,  then  is  — f -—  =  — ' — , ' —  ■ r  =*'  a""  "T~  H 

2  ;2  2  2  2  2         '  a 

_d^l-\-l—a  __  2/_, 
2  2 

Problem   XI. 

Having  one  Extreme  a,  or  /,  with  the  Sum  s,  and  Difference  d.  To  find  the  other  Ex- 
treme /  or  a,  and  Number  of  Terms  w. 

Rule  i.  For  the  Extreme  fought:  If  it's  the  Leffer,  a,  then  take  the  Square  of  the 
Greater  Extreme  (^),  to  which  add  the  Produd  of  the  Extreme  by  the  common  Diffe- 
ference  {dl)\  and  to  this  Sum  again  add  the  4th  Part  of  the  Square  of  the  Difference, 

—  )  from  which  Sum  fubtradl  the  Produdt  of  twice  the  Difference  by  the  given  Sum 
or  jthe  Series  ("2  i-^),   out  of  v('hich  Remainder,  viz..  l--{-dl-i —  zds,   extract  the 

Square  Root;  to  which  Root  add  half  the  common  Diflerence,  or  -  ;   the  Sum  is  the 

J  J  :    >j_        d 

Leffer  Extreme;  thus,  a=  I'-  -}-  d  I -^  ~- — 2d^'~\-~- 

For  the  Greater 'Extreme  j  To  the  Square  of  the  LefTcr  add  the  Produft  of  the  Sum 
into  twice  the  Difference  ^  and  to  this  Sum  again  add  the  4ch  Part  of  the  Square  of  the 
Difference;  from  which  Surn  fjbtraft  the  Produdt  of  the  given  Extrenae  and  Difference; 
then  take  the  Square  Root  of  the  Remainder,  from  which  take  half  the  Difference  ;  theRe- 


maindet,is  ffie  Greater  Extremci,  thus?  ,/==  "'■  -\~  2  «/t-f».-rr..~  a.d. 


Jd  ;f      d 

2.' 


DEMt)Ns'¥V.' By  Proh.j.'t'==d'-j-d»  —  </,  and  by  Pro^.  8V»=   —TT/;    fubftitutc 
this    for    w    in    the    former,    and    it  5s  I  ==  a  -\ — :|— -,  —  d,  which  being  reduced 

a  a -^  a  I -\^  1  s  d — ad — dl 
is  i'X7 — ' ^^^-  Mt^ltiply  both  by  a-\-l,  and  it  is  aa-\-al-^2.di  — 

ad — dl^=l'-\-al.  Subtradt  a  I  from  both,  and  it  is  aa-\~  zds  —  ad — dl=l'-.  Add 
d  ho  both,  it  \s.aa-^^ds  —  ad=^i>^M .  -whefeforc   (by  Frvl>.6.  Cb.it  ^.2.  BaoklU..^ 

i=  aa-\-  zds  +  —  —  « a'j*  — ~ ■  which  is  the  Rule  for  /.  Again- 
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2  t 

Again  i  By  Pru^.  VII.  *  =  /  —  «' w  + -i  and  hyVrob.VWl.  n=—Tpl^&c^oxta  =  /— - 

—TTJ '\- "^ '■>  whereby  we  come  to  this,  a^-{~a  l=a  l-{-l^  —  2Jf-\-ad-}-iil:  Takeaway 
a  I,   and  alfo  a  d  from  both,  then  a^  —  aJ=l''-^2dfj~Jl,  and  (  by  Pro^.  6.  Ch  II.§.2j 


BookWl.)  a=.l^  +  dl-\-  —  —  zds 


~         d 
-f-  — ,  the  Rule  for  a. 

'      2 


4 
Example:   <i  =  3  •  ^  =  63  -  ^=2  .  then  is  /  =  i<f .  for  <»^  =  p  .  2ds^=  2x  2x^3  == 

2C2.  — =  I .  ad  =  6 .  fo  that  "^  +  ^''^+  T  —  -^ '^=9  +  252  +  i  — <J=252  — 
6  =  i<6.  whofe  Square  Root  is  i6.  from  which  take-=ij  The  Remainder  is  15;=  /. 

2.  For  the  Number  of  Terms,  » ;  If  <»  is  given,  then  from  twice  the  leiTer  Extreme, 
(la)  take  the  Difference  (<^)  i  divide  the  Remainder  [la—d]  by  the  Difference:  Then 
take  the  4th  Part  of  the  Square  of  this  Quote,   to  which  add  the  Quote  of  twice  the 

Sum  (2x)  divided  by  the  comnion  Difference  (  ^ )■>  ^^^  "^  ^^^'^  ^^^  f  V  -\ —  of 
the  Square  of  -■'^  7~  ■■  )  extradt  the  Square  Root  ■■,  from  which  take  half  of  the  firft  Quote 
(vlx,.  —of  -"T-  )■,  the  Remainder  is  the  Number  of  Terms  fought:  Thus,  for  Brevity, 


za  —  d        ,      ,        .    2f    ,     h^i         h 


call  ^=-j—=^i  then  is  «  =  -^ +  -,         ^ 

If  /  is  given.  Take  the  Sum  of  twice  /  and  d,  which  divide  by  d,  and  call  this  Quote 
y  fz=  2_^ —  J  •   from  the  -  of  the  Square  of  this,  (  wz.  —  J  take  -^    and  extrad 

vb         2  X  iT       _, 

the  Square  Root  of  the  Remainder  viz.  -7  —  ~7\'    ^^^^  ^^^  ^"°^  ""^  Difference  of 

L 

this  Root,  and  -,  and  one  or  the  other  is  the  Number  of  Terms:  Which  Rule  is  ex- 


y  1  b^ 


2.s,r 


preffed  thas,  »  =  —  4-  —  —  ~j 

Demon.   By  Frob.  6.  w  =  — ^>  and  (by  Pro^. 9.)  /= — .    Hence  / — a-\-J 

^2j^_^j^j^^lzULl^±^.  ConfequentIy«=(i=ft-^)=,=-i=|^-±^< 

Multiply  both  by  nd,  and  it  is  ?t}id=2s  —  zan-\-nd;  add  zan,  and  fubtraft  nd  from 
both,  and  we  have  nnd-]-zan  —  nd=2s.     Divide  each  Member  by  d,  and  it  is  w»-f- 

—  "?—■  X  »=  V-     ^"'^  calling 2-l| —  =b,  it  is  n^-\~bn  =  ^-^-.    Whence  (by Pre*. (J. 

Chap. 2.  §-2-  B.III)  we  have  »=:^-| — 1' ,  the  Rule  for  »  when  a  is  given. 

„         ,  zs  —  In     ,r  ,         ,      is~-ln      In — 2s4-ln      2//» — 2f. 

jigai«;  By  Trob.  9.4=  -—^^  .    Hence  l—a-l~    -^--  =  _^^.iri_=  ___, 

.     ,      iht—is.j        7.ln—  is-i-dn  l—a-\-d 

then  / a-\-d= \-d=.      •         ,  as  above;  therefore  *»  (=*  ~  j 

'is 


I 
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as  above)  =  ^  ''^^J+_^  Multiply  both  by  nd,  and  it  is  »»</=s2/»  — 2f +  </»; 
add  2/,  and  then  fubtrad  nnd  from  both  Sides,  and  we  have  2x  =  2/w4"''''  — »'"'. 
Divide  all  by  J,  and  «  «  j  =  ^-^^  "  "  »*'    ^^^  ^^J^~  *'  ^'^^"  '^  '^  ^^=t»-»»; 

and  (by  Pro*.  (J.  0&<»f.  2.  §.  2.  Booifr  III.)  "=-  —  -  ~~t('  ^^^  ^"'^  ^°^  "  ^^^"  '  ** 

given. 

Scholium.  Thefe  Rules  are  tedious  both  in  the  Tnveftigation  and  Application:  But 
there  is  another  Method  of  folving  the  Problem,  which  rho'  it  is  only  byTriah,  yet  it  pro- 
ceeds diredly  and  certainly  to  the  Anfwerj  and  is  rather  eafier  than  the  former  Work,  and 
therefore  I  (hall  here  explain  it. 

Another  Rule. 

By  Trob.  i.  raife  a  Scries  from  the  given  Extreme  and  Difference;  and  take  the  Sum  of 
the  Series  gradually  as  it  rifes,  continuing  this  Operation  till  the  Sum  is  equal  to  the  given 
'Sum;  and  the  Series  fo  raifcd  will  fhew  both  the  Number  of  Terms,  and  the  Extreme 
fought;  which  is  the  laft  Term  found  in  the  Series. 

The  Reafon  of  this  Rule  will  be  obvious  fiom  one  Example.     Suppofe  <»  =  4,  ^=1, 

r  =  91.  In  the  annext  Operation,  you  fee  in  the  upper 
Line  the  given  Extreme  4,  and  the  Difference  5  conti- 
nually added.  In  the  fecond  Line  are  the  Terms  of  the 
Progreffion  formed  by  that  continual  Addition;  and  in 
the  third  Line  are  the  fcveral  Sums  of  the  preceding  Se- 
ries taken  continually  from  the  Beginning,  by  adding  the  next  Term  to  the  preceding  Sum. 
Whence  we  fee  in  the  prefent  Example,  that  the  Extreme  fought  is  22*  and  the  Number 
of  Terms  7.  '  ' 

Obferve,  That  the  Tedioufnefs  of  this'  Method,  when  the  Number  of  the  Terms  is  great, 
may  be  relieved  by  the  following  Means,  viz.  Take  any  Number  for  »  at  a  guefs,  (in 
which  to  prevent  being  too  wide  of  the  Truth,  have  a  regard  to  the  given  NumbersJ- 
then  by  this  Number  n,  with  the  given  d  and  a  or  /,  find  the  other  Extreme,  and  the 
Sum ;  and  if  this  Sum  differs  from  that  given,  begin  at  the  Extreme  laft  found,  and  raife 
a  Series,  increafing  or  decreafing,  as  the  Cafe  requires,  till  you  find  a  Sum  equal  to  the  gi- 
ven one.  For  Example:  Suppofe  a  =^,  </==jo_£=40(5;  I  guefs  w=r2,  and  hereby 
find  /=47  (=4X  11  +  3J  and  s  =  300  (=47  +  3x6);  which  being  lefs  than  406,  I 
begin  at  47,  and  adding  the  Difference  4  till  the  Sum  is  equal  to  40^,  I 
find  that  this  happens  upon  adding  that  Difference  twice,  /.  e.  that  two 
Terms  more  with  the  47  make  the  Sum  given ;  whence  'tis  certain  that 
14  is  the  Number  of  Terms,  (for  there  were  12  to  bring  it  to  47,  and 
2  now  added j  and  55  the  greater  Extreme. 

SCHOLIUMS. 


4  +  5  +  3  +  3  +  3  +  3  +  3 
4.  7.  10.  13.  16.  19.  22 
4.    II.   21.    34.   50.   69.   91 


47  +  4  +  4 

51-   55 

300.351.406 


I.  For  the  more  convenient  and  ready  Ufe  of  the  laft  feven  Frohleme,  we  Hiall  put  them 
all  in  a  Table,  that  they  may  appear  m  one  View;  expreffed  fimply  by  their  Charadters, 
whofe  Signification  I  fhall  repeat: 
«  =  leifer  Extreme.  n  =  Number  of  Terms.  t  =  Sum  of  the  whole 

/=  greater  Extreme.  </=  the  common  Difference.  Series. 


I i  Table 
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Book  IV. 


TABLE  of  the  preceding  Seven  Problems. 


5 


uiven 


Sought.  I 


i,  I,  n. 


a,l,d. 


I 

or.».</lor  .  s 
I 


a,  hi 


a 

^x  .n  .s 


SoTUTION 


d.  s. 


n,  s. 


d='^Z^.     x  =  l±i?. 


n — I 


ft.  d 


or  .  d 


_  l  —  a  +  d 


as  above ;  or  thus,  1  =  — 3z — IlZ f_ 

2d 


I'^a-if-dn  —  I. 

,      ■■  s,  as  above;  or  thus, 

«  =  / — dn — I. 


, 2an-\-dn^  —  dn 

2. 
2in—dn^~^.dft 


IS 


A 


-j— )    '^>  as  above  1  or  thus,  d=  -, 

-f-l  '  It  —  a  —  / 


2t  —  an 


2!  —  lan 


,      d,  as  in  the  cthi  or 
2S  —  In  '     ' 


d  = 

thus,  , 

iln  —  2S 


d= 


10 


II 


1. 1. 


2  J  —  dn^-j-dn       ,  2  s-\-dn-  —  dr, 

2  w  2  w 


a 
:,x.d. 

I 


The  Solution  of  this  is  by  railing  a  Series  from  the  given  Extreme 
with  the  given  Difference,  till  the  Sum  is  equal  to  ihat  given. 

Orthus,  «=A+///+  '''^  —  idsf  +  1  and/=«^-f  2*+-—  ad^  —  £ 
■.  ^  4  I     '   2  ^  1        2 


Then  »  =  ?.  4-  — 
^^4 


'-r(^^?^>^"4±Fl'(^0 


II.  According  as  the  given  things  in  any  of  the  preceding  Trohhms  are  chofen  or  related 
to  another,  fo  will  the  Frohlem  be  podible  or  impoffible:  For  any  three  Numbers  taken  at 
random  will  not  make  a  poflible  Proilem  of  each  of  them,  (tho'  of  fome  it  will)j  becaufe 
there  are  particular  Relarion.s,  within  certain  Limits,  which  the  given  Numbers  muft  have 
to  one  another  in  moft  of  thcfe  Problems.,  fo  that  they  may  be  poflible,  /.  1?.  fo  that  the 
three  given  things  may  belong  to  the  fame  ProgrefTion.  The  Poflibility  or  Impoflibility 
will  appear  by  applying  ihe  Rules  ^  for  if  the  given  Numbers  are  inconfiftent,  one  or  more 
of  the  things  fought  will  be  found  impoflible,  by  fome  Abfurdity  that  wili  appear  in  apply- 
ing the  given  Numbers  to  one  anoLher  according  to  the  Rule. 

But  now  if  you  require  how  to  invent  three  Numbers  confiftent  with  one  another,  to 
make  Data  for  any  of  thefe  Problems;  it  may  be  done  either  of  thefe  Ways;  viz. 

X.  Take  any  two  Numbers  whatever  for  a,  d,  and  any  Integer  greater  than  i,  for  w; 
and  by  thefe  three  find  /,  s  ;  and  thus  you  have  five  things  all  belonging  to  one  Progrepon, 
out  of  which  to  chufe  any  t,  for  Data  of  a  Problem.  The  Reafon  of  this  Rule  is  plainly 
thus:  That  from  any  Number  a  we  may  raife  a  Progrcflion  with  any  DifFerence  d  to  any 
Number  of  Terms  »  we  pleafe.-.;  ■ 

2  Or  take  any  two  Numbers  for  a,  I  fo  that  a  do  not  exceed  /;  and  any  Integer  greater 
than  I  for  w,  and  by  thefe  find  d,  s.    The  Reafon  of  this  is,  that  betwixt  any  two  Num- 

T  hers 
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bers  a,  I,  any  Number  of  Arithmetical  Means  may  be  placed,  as  has  been  fliewn  in  Carol. 
to  Vroh  5. 

3.  Therefore  if  a,n,d,  or  a,  n,  I  are  the  Terms  to  be  invented,  we  Can  find  them  by 
themfelvesi  and  if  any  2  of  thefe  3,  (zsa,n.  a,d  n,d.  a,  I.  n,l.  d,l.)  with  any  other  Term 
[except  that  one  Cafe  d,l,s]  are  to  be  invented,  we  can  find  them  without  finding  all  the 
5 ;  yet  one  of  the  two  things  not  required  muft  be  found :  for  we  muft  take  either  a,  n,  d, 
or  a,nyl,  and  by  them  find  the  other  Term  to  be  invented.  But  if  d,  I  and  s  are  to  be 
invented,  we  muft  find  all  the  5  by  means  of  a,n,d,  or  a,n,l. 

But  again,  it  may  be  required  to  invent  the  three  things  to  be  given  in  each  of  thefe 
Frohlems,  without  the  Invention  of  any  of  the  other  two ;  which  by  the  Rules  now  given 
cannot  be  done,  except  when  a,  n,  d,  or  a,  n,  I  are  to  be  given.  For  this  you  have  Rules 
ia  what  immediately  follows,  when  it  is  poUible  to  be  done. 

Ill  In  the  preceding  Vrohlemi,  no  left  than  three  things  are  neceffary  to  be  known,  to 
make  each  of  them  determinate  to  one  certain  Solution :  But  if  we  fuppofe  only  two  of 
the  five  things  to  be  given  for  finding  the  other  three;  then,  of  fuch  Problews ,  fome  will 
be  indeterminate,  and  have  an  infinite  Number  of  Solutions,  /.  e.  we  can  find  an  endlefi 
Variety  of  Numbers  for  the  three  things  Ibughr,  which  will  all  fatisfy  the  Trohlem:  Alfo  of 
thefe  indeterminate  Frohlems,  fome  v>'ill  be  abfoluteiy  indeterminate  as  to  fome  of  the  things 
fought,  fo  that  any  Number  whatever  may  be  aiTumed.  But  others  of  the  things  fought 
[and  in  fome  of  thefe  Problems  all  the  things  fought]  muft  be  taken  within  certain  Limits. 
which  neverthelefs  admit  of  an  infinite  Variety  of  Solutions.  Again ;  Others  of  thefe  Fro- 
hlems, wherein  only  two  things  are  given,  will  be  determinate  to  a  certain  Number  of  So- 
lutions, according  to  the  different  Circumftances  and  Relations  of  the  two  given  things; 
for  there  will  be  one  or  more  Solutions,  as  thefe  Circumftances  differ. 

Of  all  thefe  Problems,  Indeterminate  or  Determinate,  there  arejuft  10;  becaufe  there  are 
juft  fo  many  different  Choices  of  two  things  to  be  found  in  five.  Thus;  the  five  things 
being  a,l,d,n,s,  the  Choices  of  2.  to  make  Data  of  a  Problem,  are  thefe;  a, I.  a,d.  a, v. 
a,s.  l,d.  l,n.  i,s.  d,n.  d,s.  n,s.  Of  which  there  are  6  that  aie  hideterminate,  and  4  Dtf- 
termixate. 

S.  3.  Containing  Problems  concerning  Arithmetical  TrogreJJions, 
wherein  two  things  only  are  given  to  find  the  other  three. 

TH  AT  I  may  deliver  the  Rules  and  Demonftrations  of  the  following  Frohlems  in  the 
moft  fimple  and  eafy  manner ;  and  that  you  may  underftand  them  aright,  take  thefe 
few  previous  Explanations. 

I.  Tho'  I  have  fhewn  in  moft  of  the  following  Frohlems,  how  to  find,  by  means  only 
of  the  two  given  things,  any  one  of  the  three  things  fought ;  you  are  not  to  underftand  it, 
as  if  all  thefe  three  Rules  were  to  be  applied  in  the  fame  Solution,  /.  e.  as  if  three  Num- 
bers found,  one  by  each  of  thefe  Rules,  might  be  taken  for  the  Solution  of  the  Frohlem\ 
becaufe  there  being  a  Variety  of  Solutions  for  each  of  thefe  three  things,  any  one  Solution 
for  each  of  them  will  not  make  a  Combination  that  can  folvc  the  Frohlem ;  for  this  plain 
Reafon,  T'fc.  when  any  one  right  Number  is  taken  for  any  one  of  the  three  unknown 
things,  this  with  the  two  given  things  determine  the  other  two  things  fought,  according  to 
the  preceding  Proi/ewr,  which  have  but  one  limited  Solution ;  fo  that  we  cannot  with  any  one 
Solution,  for  one  of  the  things  fought,  join  any  one  of  the  Solutions  for  the  other  two 
things;  thefe  being  now  determin'd  by  the  Solution  which  we  have  chofen  for  the  former 
one,  together  with  the  two  given  things :  therefore  the  particular  Rules  for  the  different 
things  fought,  are  to  be  underftood  only  as  Steps  in  fo  many  different  Methods  of  folving 
the  fame  Frohlem ;  which  are  to  be  applied  thus :  By  the  two  given  things  find  any  one  of 

I  i  2  the 
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the  unknown  things,  according  to  the  Rule  given  for  it;  then  take  the  thing  now  found, 
with  the  two  given  things  j  and  by  thefe  three  find  the  other  two  things  fought,  by  that  one 
of  the  preceding  Vrobhms  where  thefe  three  things  are  given :  But  the  Rules  for  thefe  are 
fee  down  along  with  the  other. 

a.  As  any  three  things  taken  at  random  could  not  make  the  preceding  Trohlems  podible, 
fo  neither  here  will  any  two  Numbers  make  any  of  the  following  Froblems  poffiblej  there 
being  certain  Limirations,  in  refped:  of  one  another,  under  which  they  muft  be  taken  in 
fome  Problems,  tho'  not  in  all.  That  we  may  not  encumber  the  Problevis  with  thefe 
things,  I  lliall  here  explain  thefe  Limitations  where  they  ought  to  be,  and  fhew  where 
there  are  none.     Thus: 

a  has  no  Limitation,  and  may  be  any  Number  whatever,  and  even  o. 

/  may  be  any  Number  whatever,  if  it's  not  lefs  than  a  or  d,  nor  greater  than  s;  but  has 
no  Limitation  with  refpcdt  to  n. 

d  may  be  any  Number  whatever  not  exceeding  /  or  s,  or  it  may  alfo  be  o;  but  has  no 
Limitation  with  refpeift  to  a  or  n. 

n  muft  be  an  Integer  greater  than  i  j  and  tho',  fbridHy  fpeaking,  there  is  no  Progreflion 
wichour  three  Terms,  yet  we  fiiall  here  allow  of  two  Terms  as  the  fmalleft  ProgrelVion. 

s  may  be  any  Number  whatever,  not  lefs  than  a,  or  d,  or  /j  but  has  no  Limitation 
with  refpecl  to  «. 

The  Reafon  of  thefe  things  is  obvious  from  the  Nature  of  a  Progreflion,  which  may  be- 
gin with  o,  or  any  Number,  and  proceed  by  any  or  no  Difference ;  and  may  conliit  of 
two  only,  or  any  other  Number  of  Terms. 

Now  in  all  the  following  Problems  it's  fuppos'd  that  the  two  given  things  are  confiftent, 
according  to  thefe  Diredions  \  and  for  the  Limitations  expreflcd  in  the  Rules  for  finding 
one  of  the  things  fought,  they  do  not  only  comprehend  the  Conditions  now  mention'd, 
but  fome  of  them  contain  more  ft:rift  ones,  becaufe  regard  is  to  be  had  to  the  reft  of  the 
five  things.  And  in  the  Reafon  given  for  thefe  Rules,  the  general  Conditions  now  men- 
tion'd are  frequently  fuppofed;  which  therefore  muft  be  always  in  view,  becaufe  fuch  fimple 
things  need  not  be  repeated,  unlefi  where  there  is  any  danger  of  Obfcurity. 

3.  As  to  the  Method  of  inveftigating  the  following  particular  Rules,  I  fhall  here  give 
vou  a  general  Account  of  it,  that  I  may  feve  the  repeating  of  the  fame  things,  a^  other- 
ways  would  be  necelTary  in  the  demonftrating  of  each  of  them. 

In  the  firft  place,  they  depend  upon  the  preceding  Problems,  and  are  difcovered  thus :  I 
take  that  one  of  thefe  Problems  in  which  are  given  the  two  given  things  of  the  prefent 
Problem,  and  that  one  of  the  three  things  fought  that  I  would  now  firft  find;  then  by  the 
Rules  of  that  Problem  for  finding  the  remaining  two  things,  I  difcover  what  Limitations 
that  one  I  would  now  find  lies  under  with  refpedl  to  the  two  given  things,  that  thefe  two 
remaining  things  may  be  poffible;  and  then  I  conclude,  that  the  thing  I  feek  being  taken 
within  thTs  Limitation,  it  belongs  to  the  fame  Progreflion  with  the  two  given  things;  and 
is  therefore  a  true  Solution.  But  more  particularly ;  Suppofe  a,  I  are  given,  and  I  would 
find  j;  1  go  to  the  preceding  Prob.  6.  wherein  a,t,r  are  given;  and  there  the  Rules  for 

finding  w,<^  are  thefe,  n=j4rt  ^^^  "^  ~  zs  —  a  —  t  ^"'^  '^^""^  ^°  ^^^^  "  poflible,  it's 
plain  that  2*  muft  be  Multiple  o^  a-\-l,  becaufe  n  muft  be  an  Integer  greater  than  i; 
and  the  fame  Condition  of  s  w  ill  make  d  poflible ;  for  fince  a  does  not  exceed  /,  there  is 
nothing  to  make  it  impoffible,  but  a-\-l  being  greater  than  2/;  v.hich  it  is  not,  if  ax  be 
a  Multiple  of  <j-f-/.  Therefore  if  s  is  taken  ib,  as  21  be  a  Multiple  of  «-(-/,  [or  alfo  if 
we  take  for  s  any  Multiple  of  <»  +  /;  from  whence  certainly  follows  that  zs  is  a  Multiple 
of  /j-f-/]  any  fuch  Number  folves  the  Qiieftion  for  j;  that  is,  s  fo  taken  with  a, I,  belong 
to  the  fame  Progreflion.  For  if  rhey  did  not,  n,d  could  not  be  found  by  their  Means,  ac- 
cording to  fuch  Rules  as  have  been  difcovered  and  deraonftrated  upon  that  very  Suppofi- 
tion,  that  all  the  five  things  do  belong  to  the  fame  Progreflion.  This 
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This  manner  of  drawing  the  Conclufion  you  are  to  fuppofe  in  all  the  following  Demon- 
ftrations,  which  I  (hall  never  agnin  repeat;  but  only  fhcw  you  how  that  the  Number 
fought  being  taken  according  to  the  Rule,  is  confident  with  the  Pofl'ibility  of  the  remain- 
ing two  things  to  be  found.  In  doing  of  which,  I  have  frequent  Ufe  for  this  Frineipky 
Tiz.  If  one  Number  is  equal  to,  greater  or  leffcr  than  another,  any  Multiple,  or  aliquot 
Part  of  the  former  is  alfo  equal  to,  greater  or  leder  than  the  like  Multiple  or  aliquot  Part 
of  the  other  i  which  being  fo  very  fimple,  it  will  be  obvious  in  the  Places  where  I  ufe  it, 
and  therefore  I  fliall  not  agaia  repeat  it. 

l^'e  come  no-w  to  the  Problems,  -whereof  the  jirfi  jix  are  Indeterminate,  and  the  other  four 
Determinate ;  and  mind,  that  the  Problems  here  referred  to,  are  thofe  of  the  preceding  §, 

P  R  o  B.  XII.     Given  a,  1,  to  find  n,  d,  s. 

1.  For  «.  Take  any  Integral  Number  greater  than  i  i  you  have  the  Reafbn  of  this  in 
the  preceding  Scholium  i. 

2.  For  d.  Take  any  Number  fuch,  that  -^  be  an  Integer,  i.  e.  take  any  aliquot  Part 
of  I— a.    For  by  Trob.  6.  »=(=lf  +  i,  and  t—  al+dl+l-  —  a^^  Which  are  both 

poffible,  as  </  is  taken  j  becaufe  »  being  an  Integer,  -^^  muft  be  fo ;  and  if  we  divide  / — a- 

by  any  Integer,  and  call  the  Quote  d,  the  fame  «/ dividing  / — a  will  return  for  a  Quote 
the  former  Integer  j  therefore  any  Number  d,  which  is  an  aliquot  Part  of  / — a,  makes 

-^^  an  Integer.     As  for  s,  it  requires  only  that  /  be  not  leis  than  a,  which  is  the  general 

Condi:ion. 

3.  For  s,  take  any  Multiple  of  a-\-l,  or  the  half  of  any  fuch  Multiple.     For  by  Trob.  8. 

»=      ,    ,,  and  d=    ^ ;  which  are  both  evidently  polTible,  as  s  is  limited. 

Prob.  XIII.     Given  n^d,,  io  find  a^],s. 

1.  For  a,  take  any  Number,  or  even  o.     The  Reafon  is  fliewn  already. 

2.  For  /,  take  any  Number  not  lefs  than  dn — i.    For  hy  Prob.  j.  a=il  —  dn^^i, 
J  2/'/  —  dn'-Udn      —,  .  ^       ,.  .  , 

and  s  = ; .     Ihe  former  contains  the  very  Conditions  of  the  Rule,  and 

the  other  requires  only  that  xln-\-dn  be  greater  than  dn^,  or  2 /-|-af  greater  than  dn.  But 
if  /  is  at  leaft  ^^dn  —  d,  then  is  il-\~d-=.%dn---:.d-\-d-=.xdn—-d.,  which  is  greater 
than  drt,  becaufe  n  is  at  leaft  2. 

3.  For  X,  take  any  Number  greater  than  fl^lZli!'.  For  by  Pro^.  10.  «=HlI^l±^, 

2                   •'  2«  ' 

J    ,       Xi-^dn-  —  dn      ^r         -r       •                    .        <^»^  —  dn      , 
and  / — .     Now  u  s  is  greater  than ,  then  is  21  greater  than 

«/»» —  dn,  and  xs-\-dn  greater  than  dn'^-^  which  evidently  makes  a  and  /  poffible. 

Prob.  XIV.     Given  a,  n,  to  find  1,  d,  s. 

I.  For  /,  take  any  Number  not  lefs  than  a  ;  the  Reafon  is  fliewn  above, 
a.  For  d,  take  any  Number  greater ^  the  Reafon  is  alfo  (hewn  above. 

3.  For 
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3.  For  s,  take  any  Number  greater  than  an.    For  by  Frob.  9.  l=.'LLlLlIL,  and</=: 

*'      ^"^     Xhe  Reafon  of  the  Limitation  is  plain. 
»»  — » 

P  R  0  B.  XV.    Given  1,  n,  to  find  a,  d,  s. 

I.  For  4,  take  o,  or  any  Number  not  exceeding  /.    The  Reafon  is  (hewn  above. 

X.  For  d,  take  any  Number  not  exceeding  ^z~i     ^°^  t>y  Frob.  7.  <»=/ — ^a —  t, 

and  f  =  ■ ■ •    In  the  former  dn  —  i  mult  not  exceed  /,  nor  confequently 

muft  d  exceed——  .    In  the  other,  zln-j-dn  muft  be  greater  than  //»=•■  hence  2 /great- 
er than  J»* — Jn.  or  dn—  1  X  w;  which  is  true,  if  J  does  not  exceed     -;     for    then 

j„ I  does  not  exceed  /,  and  confequenrly  dn  —  i  x  »  does  not  exceed  In-,  wherefore, 

laftly,  a/«  is  greater  than  du  —  i  X  »,  as  was  required. 

i.    For  s,  take  any  Number  lefs  than  /  »,  but  not  lefi  than  — j  for  by  Probl.  IX  </  = 

ll^ZHii,   and  4  =  ^^        ":  The  former  requires  only  that  x  be  lefs  than /»,  and  the  other 


»»  — » 


/« 
that  2f  be  not  lefs  than  In,  or  *  not  left  than  — . 

Probl.  XVI.     Given  a,  d,  /o  find  n,  1,  s. 

1.  For  «,  take  any  Integer  greater  than  r. 

2.  For  /,   take  any  Number  fo  that  — j-  be  integer;  i.e.  take  any  Multiple  of //,  and 

add  a  to  it,  the  Sum  is  I;  for  by  Prebl.  VI.  »=:-^+  i,  and  s  =  "  ^  ^~''* 

The  Reafon  of  the  Limitation  is  plain. 

3.  For  s.     This  cannot   be  found  without  firft  finding  fome  of  the  former;   becaufe 
Trobl.  XI.  whofe  Data  are  a,  d,  s,  affords  us  nothing  for  this  purpofe. 

Probl.  XVII.     Given  n,  s,  to  find  a,  1,  d. 
I.  For  a,  take  o,  or  any  Number  lels  than  -;  for  by  Probl.  IX.  I  = and 

__  i*      ^  **   ,  which  require  only  that  2<j»  be  lefi  than  is,  or  an  lefs  than  s,  and, 
n^  —  n 

s 

laftly,  n  lefs  than  ~. 

i.  For  /,  take  any  Number  greater  than  -,  but  not  exceeding  — ;  for  by  Probl.  IX. 

d  =  — ^ ^   ,   and  a  =      -^ ;  the  former  requires  that  /  w  be  greater  than  s,  or  I 

greater  than  -•;  the  other  that  /»  do  not  exceed  2  /,  or  /  not  exceed  — . 

3.  For 
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3.   For  d.  Take  any  Number  lefi  than  —z-„,  for  by  Troh.  X.  /=  ilii^izif, 

and  a  = 2,J~^ — '  ^^^  '"^  °^  which  puts  the  narroweft  Limits  upon  </,  viz..  that 

2  /  -f-  </»  be  greater  than  </  »»,  or  2  ^  greater  than  </  71'-  —  Jn,  and  confequently  t  greater 

than ;  which  is  the  Condition  of  the  Rule. 

2        ' 

Scholium.  This  Problem  is  in  efFeft  the  fame  as  this,  viz.  To  divide  a  certain 
given  Number  (s)  into  a  given  Number  of  Parts  (»),  fuch,  that  thefe  Parts,  from  the 
feaft  to  the  greateft,  make  a  Progreflion  Arithmetical. 

P  R  o  B  L.  XVIII.     Given  a,  s,  to  find  1,  n,  d. 

1.  For  /,  Take  any  aliquot  Part  of  2  s,  i.  e.  divide  2x  by  any  Integer  lefi  than  itftif, 
fo  that  the  Q:JOte  be  greater  than  a,  and  that  when  a  is  taken  out  of  it  the  Remainder 
may  not  be  lefs  than  a:,  that  Remainder  may  be  taken  for  /;  and  in  order  to  this  Solution 
begin  with  2,  and  cry  all  the  Integers  from  that  upwards,  till  you  come  to  one  which  an- 

2  J-  /i .  ^1 

fwers  the  Rule.    The  Reafon  is,  because  by  Frohl.  VIII.  n  =  — ,—}>  and  ti=  j 

■'  '  a-f- 1  X  s  —  a  — / 

of  which  the  former  plainly  requires  the  Limitation  of  the  Rule,  and  the  other  is  evident- 
ly poffible  upon  the  fame  Conditions.  And  laftly,  ohferve.  That  there  can  be  no  more 
Solutions  in  this  Method  than  there  are  Integers  le(s  than  2  s,  which  fatisfy  the  Rule. 

2.  For  n,  Take  any  fuch  Integer  that  an  bt  lefs  than  s,  i. e.  take  any  Integer  greater 

than  I,  but  lefs  than  — :  for  by  Frohl.  IX.  /=   —    —  ,  and  d=  — 7 :  which  re- 

quire  only  that  2  <»  w  be  lefi  than  2  r,  or  41 »  lefs  than  s,  or  n  lefs  than  - .  And  ohferve. 
That  here  the  Number  of  Solutions  are  determined  to  the  Number  of  Integers  that  are 
left  than  -.  and  greater  than  i. 

3.  For  d.  It  cannot  be  found  till  fome  of  the  other  two,  /  or  »,  is  found. 

Probl.  XIX.     Given  \y  s,  to  find  a,  n,  d. 

1.  For  <J,  Take  any  aliquot  Part  of  a,  i.e.  divide  2r,  by  any  Integer  greater  than  i, 
but  lefs  than  itfelf,  and  fuch  alfo  that  the  Quote  be  greater  than  /,  and  that  when  /  is  taken 
out  of  the  Quote,  the  Remainder  do  not  exceed  /  i  that  Remainder  may  be  taken  for  a. 

The  Ee:ijbn  of  thefe  Limitations  is,  that  w  =  JZHJ'  ^"^^  ^^^  — a  —  /  {^fohl.  VIII.) 

and  the  Solutions  are  limited  to  the  Number  of  Integers  that  fatisfy  the  Rule,  which  it's 
plain  cannot  be  infinite. 

2.  For  n.  Take  any  Integer  greater  than  i,  and  fuch  that  w  be  greater  than  4-,  but  lefs 
than  — ,  becaufe,  by  frohl  IX.  «  =  ^~^>  and  d=  ~^~:  The  firft  requires 
only  that  2  r  be  greater  than  /  k,  and  confequently  -j-  greater  than  » ;  the  fecond  requires 
only  that  /»  be  greater  than  s,  and  confequently  n  greater  than  7,  fothat  the  Number  of 

Solutions  is  as  many  as  the  Integers  greater  than  -j  and  lefs  than  ~f. 

3.  For  di  We  cannot  iind  it  till  a  or  »  are  firft  found.  P^obl.  XX. 
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Prob.  XX.     Given  d,  1,  to  find  a,  n,  s. 

Here  s  cannot  be  found,  till  a  or  n  15  found ;  and  thefe  may  be  both  found  together  in 
one  Operation.  Thus:  Take  any  Number  not  exceeding  /,  and  fuch  alfo  that  it  be  equal 
to,  or  ibnie  Multiple  of  d,  (by  trying  all  the  Multiples  of  d  from  2  d,  which  will  not  ex- 
ceed /) ;  then  is  n  — 1  =  1,  if  the  Number  aflumed  is  ■=d:  But  if  it's  a  Multiple  of  d, 
the  Multiplier  is  =  «  —  i  j  and  the  Remainder,  after  the  aflumed  Number  is  taken  from 
/,  is  =  a.  

The  Reafon  is,  Becaufe  by  Troh.  7.  «  =  / — dy.  n  —  i  j  where  if  dx.  n —  i  =  A  then  is 
w— i  =  ii  otherwife,  if  </x» — i=w</,  then  » — i=m. 

Prob.  XXI.     Given  d,  s,  to  find  n,  a,  1. 

Here  neither  a  nor  /  can  be  found  till  »  be  known ;  which  may  be  found  thus :  Take 
any  Integer  greater  than  I,  and  fuch  alfo  that  7; » — ;»  be  lefs  than  ^ ;  for  by  Proh.   10.  a  =x 

2t-f-    It     — «_»    ^^j  J  __  zs-\-   7111       n     g    ^^  g^^  .^  follows,  that  dnn  muft  be  left 

2 »  in  ' 

than  ii-\'dft\  and  taking  dn  from  both,  it  follows  that  dnn  —  dn  muft  be  lefs  21^  and 

laftly,  (dividing  both  by  d)  that  »»  — »  muft  be  lefs  than  -1.    The  other  Part  /  is  evi- 
dently poflible,  with  the  fame  Limitation. 

General  Corollary. 

It's  now  manifeft,  how  by  thefe  laft  ten  Vrohkms  we  can  invent  any  three  things  that 
fliall  make  any  of  the  former  feven  Vrobkns  pofTible ,  and  that  after  various  manners,  by 
taking  any  two  of  the  three,  under  the  general  Conditions ;  and  then  with  thefe  two  finding 
the  other  one,  by  that  one  of  thefe  laft  Froblemt,  wherein  thefe  two  things  are  given. 
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CHAP.     III. 

Of  Geometrical  Proportion. 


§.  I.  Containifig  the  more  general  T^oEtrine  common  to  both  Con. 
jund:  /z«i/ Disjund  1^  report  ion  als. 

Obferve,  T»  all  that  follows,  I  mark  thefi  Words,  Geometrical  Proportion,  <»»</ Geometri- 
cally Proportional,    hy  this  : :  1  j  and  the  Words  Continued  Geometrical  Proportion  hy  this 

rH-l. 
Again  ;  U1:>en  any  Axioms  are  cited,  you  are  to  underhand  the  Axioms  at  the  End  of  Chap.  i. 
of  this  Book  j  and  citing  any  of  the  general  Corollaries  there  alfo  explained,  I  mark  them 
thus,  g.  Cor. 

Problem     I. 

Having  three  Numbers  given^  to  find  a  fourth^  ; :  1. 

Rule  i  .  "C*  I N  D  the  Ratio  of  the  firft  and  fecond  Terms,  either 

-^  I.  By  dividing  the  greater  Term  by  the  lefler  j  and  if  the  Antecedent  is 
the  leffer,  multiply  i  or  if  the  greater,  divide  the  third  Term  by  that  Ratio  j  the  Produ(a: 
or  Quote  is  the  4th  fought.    Or, 

2.  Take  the  Quote  of  the  firft  Term,  divided  by  the  fecond,  for  the  Ration  and  by  it 
divide,  or  by  its  Reciprocal  (/.  e.  the  Quote  of  the  fecond  Term  divided  by  the  firft)  mul- 
tiply the  third  Term  ;  the  Quote  or  Produdl  is  the  fourth  fought. 

Exam.  I.  To  thefe  2 :  6 ::  5,  a  4th  is  ly.  for  the  Ratio  of  2, 6  is  3,  by  which  5  mul- 
tiply'd  produces  15. 

Exam.  2.  To  thefe  24 :  20 : :  6,  a  4th  is  5.    For  the  Ratio  of  24  to  20  is  i  ^  =  i  -= 

5'  ^"  ?~  6  ~~^' 

Demon.  The  Reafon  of  this  Rule  is  plainly  contained  in  the  Definitions,  and  needs 
no  farther  Explication :  or  you  may  fee  it  particularly  in  the  Coroll.  to  the  Definition  of 
Geometrical  Relation,  which  does  in  efFed:  contain  this  Problem  j  for  there  it  is  (Tiewn  how 
to  find  a  Number  in  any  given  Ratio  to  a  given  Numbfr;  and  here  the  firft  and  fecond 
Terms  contain  the  Ratio,  in  which  the  4th  Term  fought  ought  to  be  to  the  3d.  Or  we 
(hall  fet  this  once  more  before  us  in  this  univerfal  Reprefentation  of  4  Numbers  : :  /,  viz. 
A  :  Ar  : :  B:  Br  ;  wherein  r  being  a  .whole  or  mixt  Number,  is  the  Ratio  of  A  to  A  r  in 
the  one  View,  and  its  Reciprocal  in  the  other;  and  it  is  manifeft,  that  Br  is  the  fourth 
fought  to  thefe  A  :  A  r  : :  B  j  alfo  A  is  a  fourth  to  thefe  B  r  :  B : :  A  r,  according  to  the  Me- 
thod of  the  foregoing  Rule;  which  is  therefore  good. 

Rule  2.  Multiply  the  fecond  and  third  Terms  together,  and  divide  the  Produdb  by 
the  firft,  the  Quote  is  the  founh  fought. 

i>o  in  Exam.  i.    15  =  -=-^y  and  in  Exam.  2.    ?= . 

22  '24 

K  k  Take 
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Take  this  other  Example:  To  thefe  4:  5  ; :  7,  the  fourth  is  8  -  =  i — -. 

^^  4        4 

BC 
JJn'iverfally:  To  thefe  3,  A:B: :  C,  a  4th  is  -^. 

Demon.  The  Reafon  of  this  Rule  will  eafily  appear  from  the  preceding.    For  let  the 

A  6 

Ratio  of  A:  B  be  taken  g-,  the  Reciprocal  of  it  is    r-j  by  which  the  3d  Term  C  being 

multiplied,  the  Produd  is  the  fourth  fought  by  the  preceding  Rule:  But  this  Produft,  ac- 

cording  to  the  Rule  of  multiplying  Fradions,  is  -r^',  if  A,B,C  are  all  Integers.    Buttbo' 

they  are  not  all  Integers,  yet  it  has  been  fliewn  in  Schol.  after  g.  Cor.  20.  that  the  Quote  of 
any  two  Numbers,  B,  A,  is  multiplied  or  divided  by  taking  the  Divifor  and  Dividend  as 
the  Numerator  and  Denominator  of  a  Fradlicn,  and  applying  the  Rules  for  Fradions j 

therefore  the  Quote  of  B-f- A  taken  thus,  -g^  and  multiplied  by  C,  produces  this  Expref- 

B  C 
Con,  —z-  ;  which  is  according  to  the  Rule,  viz..  BC^A. 

Or  the  Truth  of  this  Rule  we  may  fee  alfo  in  this  Reprefentation,  A:  Ar:: B:Br; 
where  it  is  plain,  that  A  r  B  -h  A  =;  B  r,  and  A  r  B  -H-  B  r  =  A.  For  if  any  Number  is 
fiiit  multiplied  by  another,  and  the  Produd  divided  by  the  Multiplier,  the  Quote  is  neceC- 
ferily  the  Number  mukipliedi  which  is  evidently  tlie  Cafe  here :  for  Ar  X Bis  =  A xrB, 
and  AxrB-^A«rB. 

C  o  R  o  L.  Having  two  Numbers  given,  we  may  find  a  3d  by  dividing  the  Square  of 

the  fecond Term  by  the  firft.    Thus :  To  2  :  6,  a  third  is  1 8  = .     For  fince  2:6  ::  6 

2 

:  18,  then  18  is  a  fourth  to  2 : 6 : :  5;  which  reduces  this  Cafe  to  the  preceding. 

Theorem     I. 

I F  four  Numbers  are  : :  I,  the  Produd  of  the  two  Extremes  is  equal  to  the  Produd  of 

the  two  Means.     And  reverjly;  if  thefe  Pioduds  are  equal,  the  four  Numbers  are  ::/. 

Thusi  If  A:B::C:D,  then  AD  =  BC.     In  Numbers,  2:3::4:6,  and2x6  = 

?X4=i2. 

BC 
Demon.   By  the  preceding  Problem  D=-^i  hence  DA=BC. 

A       C 
Or  thus :  Since  A :  B :  -.  C :  D,  thefe  Quotes  are  equal,  'viz..  g  =  ^ ;  then  the  Produds 

of  the  Divifor  of  each  by  the  Dividend  of  the  other  arc  equal,  Cfee  general  Scholium  at  the 
End  of  Chap.  I.)  that  is,  AD=BC. 

Or  thus-  AD:  BD  :  :  A:B,  f^.  Ccr  15.)  alfo  BC  :B  D  : :  C:  D.  But  A:B::C:D; 
therefore  AD  :BD::BC:B  D,  (^>:.  3  );  hence  AD  =  BC,  (ylx.  1.) 

Or  laftly.  Let  4: :  /*  be  thus  reprefented,  A :  Ar  : :  B :  Br  j  then  it  is  manifefl  that  ABr 
=  A>-B. 

For  the  Reverfi:  If  AD  =  BC,  then  is  A:B:  :C;D.    For,  by  equal  Divifion,  A= 

—  ;  and  again,  -5=0^  hence  A :  B  : :  C :  D. 

Or  thus:  AD:BD::A:B,  and  BC:  BD:C:Di  and  Gnce  AD  =  BC,  therefore  BC 
:BD::A.B;  hence  A:B:;C:D,  {^x.^-) 

Of 
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Or  alfo  thus :  A  4th : :  /  to  A,  B,  C  is  pofTible ;  fuppofe  that  to  be  N :  i.e.  A  :  B : : 
C: Ni  then  is  AN  =  BC  (by  theTfeMr.jj  but  AD  =  BC  f  by  Suppofrion  Jj  there- 
fore AN  =3  A  D :  Hence  N  =  D  ;  therefore  D  is  the  4th  : :  I,  that  is,  A :  B : :  C ;  D. 

COROLLARIES. 

1.  If  three  Numbers  arc-;^/,  the  Produdt  of  the  Extremes  is  equal  to  the  Square  of  the 
middle  Term.  Thus;  A:B:C  being  ■^ /,  A C  =  B^  In  Numbers,  2:4:8  are-^/,  and 
2x8  =  4x4. 

The  Reverfe  of  this  Coroll.  is  alfo  true,  viz.  that  if  A  C  =  BS  then  is  A :  B : :  B  :  C. 

2.  If  four  Numbers  zre  -.-.l,  A  :  B: :  C  :  D,  the  Produdl  of  all  the  four  Terms  is  a  (quare 
Number,  whofe  Root  is  the  Produft  of  the  Extremes,  or  of  the  Means;  thefe  Produdts 
being  equal.    SoAD=BC.     Hence  ADx  BC  =  AD^=BC^. 

Again ;  Three  Numbers  -H-  /  multiplied  all  together  produce  a  Cube  Number,  whofe 
Root  U  the  middle  Term.  Thus :  A ;  B  :  C  being  -H-  /,  then  AC  =  Bs  and  B-  x  B  = 
ACxB=B^ 

SCHOLIUMS. 

1.  As  this  Theorem  is  demonftrated  without  the  Frob.  i.  fo  the  2d  Rule  of  that  Problem 

R  C 
is  an  eviJent  Confequence  of  this  Theorem:  For,  if  A:B:: C:D;   thenD=  -r-'^^- 

caufe  D  A  =  B  G. 

2.  All  the  general  Corollaries  relating  to  : :/,  in  the  End  of  Chap.  i.  may  be  moft  eafily 
demonftrated  by  this  Theorem.  For  in  all  the  Proportions  there  ftated,  we  fhall  find  this 
certain  Mark  of  : :  /,  viz,    the  equal  Produds  of  the  Extremes  and  Means. 

3.  The  Reverfe  of  thii  Theorem  may  be  put  in  this  Form,  viz,.  If  the  Produft  of  any 
two  Nurrbers  is  equal  to  the  Produdl  of  other  two,  thefe  4  are  reciprocally  : : '■  Thus; 
If  A  D  =  B  .",  then  A :  B; :  C :  D.  And  here  obferve,  that  the  Fadors  of  thefe  equal  Pro- 
dufls  are  faid  to  be  reciprocally  : :  /;  becaufe  one  of  the  two  comparative Te«ns  is  taken 
out  of  the  one  Produdt,  and  the  other  out  of  the  other  Produdt. 

Problem     II. 

Of  four  Numbers  : :  /,  having  the  two  Extremes  and  one  Mean,  to  find  the  other 
Mean ;  or  to  find  one  Mean  in  -^^  /  betwixt  two  Numbers. 

Rule  i.  Divide  the  Prodad  of  the  Extremes  by  the  known  Mean,  the  Quote  is  the 
other. 

Demonstr;  This  follows  from  the  laft  Theorem;  for  if  A.B::CD,  then  is 
AD  =  BC;  and  hence  AD-hB  =  C,  and  AD  — C  =  B. 

R  LT  L  E  2.  For  one  Geometrical  Mean  betwixt  two  Numbers,  take  the  Square  Root 
of  the  Produd  of  the  two  Extremes. 

Demon.   If  A:  B:  C  are  ^/,  then  AC  =  Bs  hence  AC^  =  B  f^.v.  i.B.  III.  C.I.) 
Example:   Betwixt  2  and  8  a  Geometrical  Mean  is  4;  for  2X  8=  16,  and  the  Square 
Root  of  i()  is  4. 

Bu:  if  the  Produd  of  the  Extremes  has  not  a  determinate  Square  Root,  the  Mean 
fought  is  a  Surd,  or  an  infinite  Series  of  decreafing  Quantities,  as  has  been  explain'd  in 
Boo*  III.  So  betwixt  2  and  7  the  Mean  is  the  Square  Root  of  14=3.  T,{.,&c.  which  is  con- 
tinued in  tnfmtum,  according  to  the  Method  of  Approximation,  explained  in  Boo>HII.  Ch.l. 

Kk  2  Theo- 
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Theorem  II. 

If  four  Numbers  are : :  /,  A :  B : ;  C  :  D,  they  are  Co  alfo  reverfely^  that  is,  making  the 
Confequents  the  Antecedents :  Thus,  B :  A  : :  D  :  C,  or  D  :  C  : :  B  :  A. 

In  Numbers.  If  it  be  2  :  3  : :  4 :  6,  then  it  is  5  :  2  : :  6  : 4. 

D  E  M  o  N  s  T  R.  This  follows  evidently  from  the  Definition ;  for  fince  A  and  C  do 
equally  contain,  or  are  contained  in  B  and  D,  then,  reverfely,  B  and  D  are  equally  coq- 
tained  in,  or  do  equally  contain,  A  and  C  ;  which  is  the  nature  of  : :  /. 

Or  thus:    Since  -g^Q'   then  the  reciprocal  Quotes  are  equal  (fee  the  getieral  Schol. 

B       D 

at  the  End  of  Chap.  I.)  vix,.  ■^=:-^,  i.e.  B:  A  : :  D:  C. 

Or  alfo  thus :  -g  =  -g-,  and  "g-=  g" ;  therefore,   (by  Ax.  ^)  u-  'a  ■■'Q  '■  -Q-      A- 

gain ;  ^  :  -g  : :  B :  A,  and  j^- : -j^  : :  D :  C  ( general  CoroU.  15. ) ;    therefore  B:  A : :  D :  C 

(^^.3.) 

Or  the  fame  Truth  appears  fimply  in  this  Reprefentation,  viz.  A :  A  r : :  B :  B  r  j  whence 
A  r :  A  : :  B  r :  B,  the  Ratio  being  ftiU  the  fame. 

Orlaftiy,"  It  follows  from  the  equal  Produft  of  the  Extreme?  and  Means;  for  all  the 
Change  made  by  reverfing  the  Terms  is,  that  the  Extremes  are  become  the  Means,  and 
the  Means  become  the  Extremes,  and  the  Produd  of  the  Extremes  and  Means  are  ftill 
equal,  which  makes  ; :  /. 

Theorem  III. 

If  four  Numbers  are  : :/,  A:R::C:  D,  they  are  (oz\(o alfernately :,  that  is, comparing 
the  two  Antecedents  to  one  another,  and  the  two  Confequents :  Thus,  A  :  C  : :  B :  D. 
In  Numbers,  if  3  :  5  : :  6  :  10,  then  3  :  6  : :  5  :  10. 

Demons  TR.    Thefc  Quotes  being  equal,  g  =  q,    the  alternate  Quotes   are  alfo 

A.       B 
equal,  ?f  =  n  ( ^^^  general  Schol.  at  the  End  of  Chap.  i.  j ;  hence  A ;  C : :  B  :  D. 

Or  thus:  A  and  C  are  the  fame  Fradions,  proper  or  improper,  of  B,  D;  but  the  fame 
Fratftions  of  two  Numbers  are  the  fame  Fraftions  of  one  another  as  thcfe  Numbers  are 
(■  Coroll.  6.  Lemma  2.  Chap.  I.  Book  II. ),  /.  e.  A  is  the  fame  Fraction  of  C  as  B  is  of  D,. 
and  Like  or  Equal  Fradtions  make  equal  Ratios :  Therefore  A :  C  : :  B  :  D. 

Or  we  may  reafon  thus,   g:-g::  A:C  (gen.  Corel!.  15.^;  alfo  ^  :  g  : :  B:  D   (gen. 

Coroll.  1(5.);   but  ^  ==  ]j»  therefore  -g  :  -g: :  B :  D ;  hence,  laftly,  A :  C : :  B :  D. 

Or  reprcfent  four  Numbers  : :  /  thus,  A :  A  r  : :  B :  B  r ;  then  it  is  plain,  that  A ;  B : :  Ar : 
Br  Cby  gen.  Coroll.  15) 

Or.  iaftly.  This  doeyalfo  follow  from  the  equal  Produil:  of  Extremes  and  Means,  whofe 
Fadtors  are  no:  changed^  except  in  their  Order,  which  docs  not  alter  the  Produft,  it  being 
mi  AD  =  BC. 

COROLLARIES. 

1.  Of  four  Numbers : :  /,  A  :  B: :  C:  D.  if  A,  B,  a^-e  leffer  than  C,  D,  or  thefe  lefTer 
than  thofe,  the  two  Icfler  are  Like  Fractions  of  the  two  greater  j  becaufe  A  :  C : :  B :  D ; 
Oft.  teverfly/C:  A:  :D;B..  2-  li 
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2.  If  three  Nnmbers  are  given,  to  find  a  4th  : :  /,  and  if  the  firft  is  an  aliquot  Part  or 
Multiple  of  the  third,  and  that  this  can  be  ealily  diicerned,  then  the  4th  will  be  more  eafily 
found  by  making  the  3d  Term  the  2d,  and  applying  the  firft  n.xik  of  Prohl.  I. 

Examfle:  To  thefe,  4:  7::  12,  a  4th  is  21  i  for  4  is  the  third  Part  of  12,  therefore  I 
multiply  7  by  5. 

3.  If  4  Numbers  are  : :  /,  A  :  B : :  C :  D,  then  if  A  is  leflerj  greater,  or  equal  to  C,  B 
is  alfo  greaxr,  IclVer,  or  equal  to  D,  becaule  A :  C : :  B :  D. 

Theorem     IV. 

I F  four  Numbers  are  : :  /,  A :  B : :  C :  D,  they  are  fo  alfo  c»mpoundly ;  i.  e.  the  Sums  of 
the  Antecedents  and  of  the  Confequents  are  proportional  with  each  Antecedent  and  its 
Confequent :  Thus,  A  +  C  :  B  +  D  : :  A  :  B,  or  : :  C  :  D.  Alio  the  Sums  of  each  Ante- 
cedent and  its  Confequent  are  proportional  with  the  two  Antecedents,  or  the  two  Confe- 
quents.    Thus  A-f  B:C  +  D::  A:C,  or  ::B:D. 

Exatnple  :  3  :  5  ; :  6  :  10,  and  9  :  15  : :  3  :  5,  alio  8  :  16  : :  3  :  (S. 

DeMonstr.  The  Antecedents  A,  C,  are  Like  Fradions  ("proper  or  improper) 
of  their  Confequents,  B,  D  (by  the  Nature  of  Ratios  jj  but  the  Sum  of  the  Like  Fra- 
ctions of  two  Numbers  is  the  Like  Fradlion  of  the  Sum  of  thefe  Numbers,  (Lem.  2. 
Chap.  I-  Book  2-)  that  is,  A  -j-  C  is  the  fame  Fradiion  of  B  +  D.  as  A  is  of  B,  or  aUb  C  of 
D j  and  the  fame  Fraction  is  the  fame  Ratio j  therefore  A-f-C:B-{-D::A:B::C:D. 
For  the  fecond  Part,  viz.  A-f-B:  C  +  D ::  A:C: : B:  D,  this  follows  from  the  fame 
Principle ;  having  firft  alternated  the  given  Numbers,  thus,  A :  C ; :  B :  D. 

But  we  may  demonftrate  this  otherwife,  thus,  g=i5>  and  g=  jj  j   hence  -^  -}-h  = 

C      D 

^-j_  rr;  and  by  the  Addition  of  thefe  Quotes,  confidered  as  if  they  were  Fradlions  (fee 

gen.  Schol.  at  the  End  of  Ch.  I.)  it  is  — jj—  =      ~^     ;  hence  A -f  B :  C-f-  D : :  B ;  D, 

which  is  the  one  Part ;  and  for  the  other,  fince  J^.'^IJ'  ^""^  C  ^^  D'  ^^'^^^  —  C —  ^^ 
'^i^,  and  A4-C:B  +  D::C:D,  or  :;A:B. 

Or  alfo  from  the  equal  Produfts  nf  Extremes  and  Means,  A  +  CxB  =  B-f-DxA- 

for  A  -f  C  X  B  =  A  B  +  C  B,  and  o  -(-  D  x  A  =  A  B  -f  A  D  (either  by  Lew.  3.C.  V.  B.L 
jf  B  and  A  are  Integers  ^  or  by  Lem.  2.  Ch.l.  Book  11.  if  they  are  FradfionsJ  :  But  AD  = 

BC  {Th''or.i.)  hence  A  B-fCB  =  AB-|-ADi». .?.  A  +  C  X  B  =  B  +  Dx  A  j  where- 
fore A  +  C :  B  -I-  D  : :  A :  B  (by  the  Reverfe  of  Theor.  i.) 

Or  fee  it  in  this  Reprefentation,   A  :  A  r  : :  B :  B  r ;   hence  it  is  plain  that  A  +  B  :  A  r  -f. 

Br  (  =  A  +  Bx  r  )  ::  A:  Ar,   the  common  Ratio  being  rj  or  A-j- Ar  (=  i  -f  r  x  A  J . 

B  -}-B  r  (=  1  -j-r  X  B;  ;  :  A  :  Bi'  thefe  being  equally  multiplied  in  the  firft  Pair  by  I'^fT"; 
Or  in  both  Cafes  you  iee  an  equal  Product  of  Extremes  and  Means. 

COROLLARIES. 

I.  If  there  arc  ever  fo  many  Couplets  of  Numbers  in  the  fame  Ratio,  the  Sum  of  any 
Number  or  all  of  the  Antecedents  is  to  the  Suni  of  the  fame  Number  .)f  theConic.juents, 
as  any  of  ih?  A'7ticcd€ncs  to  its  Confequent.  Thus,  i(  a:  A:  1>:B:  .c -.C-.-.ti.D,  &c. 
then<»-|-44-f4-</:  A  +  B-4-C  +  D::/j:  A::d-f.  Fcr  « +  *  :  A-f- B: :-»:  A.  or  t ;  C, 
or  af:Di  hence  again,  <:4'^~l~^-'^~f"B  +  C::c:  C,  or  ^:  D^  and  again,   a-^-i-f-c 

2  -+4. 
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-f-^:  A-|-B-j-C-|-D::</:  D.  Or  it  follows  fimply  from  the  fame  general  Principles  as 
the  Theorem,  viz..  The  Sum  of  the  Like  Fradlions  of  any  Numbers,  however  many  there 
be  of  them,  is  the  Like  Fra'Tlion  of  the  Sum  of  thefe  Numbers. 

2.  If  four  Numbers : :  /  are  equally  multiplied,  the  Produdts  are  alfo : :  /,  and  in  the  fame 
Ratio  :  Thus,  if  A :  B  : :  C  :  D  are  multiplied  by  r,  thefe  are  : :  /,  A  r  :  B  r : :  C  r :  D  r  j  for 
Multiplying  is  only  a  repeated  Addition:  But  this  follows  alfo  from  gen.  Caroll  15.  for  Ar 
:Br::A:B,  and  Cr  :  Dr  ::  C:  D;  hence  Ar  :  Br : :  Cr :  D  r 

3.  If  A :  B : :  C :  D,  and  M  :  N  : :  O :  P  i  and  if  the  Ratio  is  the  fame  in  both  Ranks, 
i.e.  A  :  B  : :  M  :  N,  and  C  :  D  : :  O :  P,  dien  the  Sams  of  their  correfponding  Terms  is  alio 
aRankof  xTsi  that  is,  A  +  M.  B-f-N  :  :C  +  0:D  +  P. 

Obferve,  The  firft  CoroU.  is  the  fame  thing  in  effeft  as  this  Propofition,  viz  if  two  or 
more  Numbers  are  cmpofed  by  addition  of  the  fame  number  of  Part<:,  thofe  of  the 
lefler  Whole  being  lefler,  compared  one  to  one  refpeiTtively  from  the  leaft  to  the 
greateft,  than  thofe  of  the  greater  Whole,  and  all  in  the  fame  Ratio  to  their  Corre- 
^ondents  in  the  other,  Thefe  Wholes  are  alfo  in  the  fame  Ratio. 

Theorem     V. 

If  four  Numbers  are  :: /,  A:  B: :  C:D,  they  are  fo  divipvely :  Thus,  the  Difference 
of  the  Antecedents  is  to  the  DifFersnce  of  the  Confequcnts  as  each  Antecedent  to  itjCon- 
fequent,  A  —  C :  B  —  D  : :  A :  B,  and  alfo  as  C :  D.  Alfo,  the  Differences  of  each  Ante- 
cedent and  its  Confequent  are  as  each  Antecedent  or  Confeqaent  to  the  other,  A  —  B : 
C — D: :A:C.  and  alfo  as  B:Dj  and  it  is  the  fame  thing  if  the  Antecedents  are  lefler 
than  their  C^nfequents,  or  A  lefTer  than  C,  and  B  than  D ,  for  then  it  is  C  —  A  :  D  —  B 
::A:B,  andB  — A:  D  — C::  A:C. 

Example :  3  :  7 : :  15  :  3^,  and  12  :  28  : :  3  :  7  j  alfo  4 :  20  : :  3  :  15. 

DemonsT;R.  A,  C,  are  Like  Fradtions  of  B,  D,  and  fby  Lem.-s^.  Ch.l.  Book  II.) 
the  Difference  of  the  Like  Fradions  of  two  Numbers  is  the  Like  Fra(ftion  of  the  Diffe- 
fence  of  thefe  Numbers;  that  is,  A  —  C  or  C  —  A  is  the  fame  Fraftion  of  B — D  or 
D  —  B,  as  is  A  of  B  or  C  of  D  i  therefore  A  —  CorC  —  A:B  —  D  or  D  —  B::A: 
B  : :  C :  D.  The  fecond  Part,  viz.  A  —  B :  C  —  D  : :  A :  C : :  B :  D,  f oilows  from  the  Al- 
ternation of  the  given  Numbers. 

Or  we  may  demonftrate  this  Theorem  thus :  r^^  TJ '  ^'^^  C  ^^  D '  '^^"'-^  — C —  ^^ 
~~-2j  that  is.  A  — C-.B  — D::C:D,  or  A:B. 


Or  thus  alfo;  A  — CxB  =  AB  — CB,   and  B  — Dx  A  =  A  B  — AD;    but  AD=: 

B  C.  hence  AB  —  CB=AB— AD;  that  is,  A^C  x  B  =  6"=^^  X  A,  the  Produd  of 
the  Extremes  equal  to  that  of  the  Means.     Hence  A  —  C :  B  —  D  : :  A  :  S. 

Orthus;  A:  Ar:B:Br,  and  A  — B  :  Ar  — Br  (  =  A^'B'x  r )  : :  A  :  Ar,  the  com- 
mon Ratio  being  r.  Alfo  Ar  — A  (  =  r— ixA)  :Br  — B  (  =  r— ixB)  : :  A :  B, 
thefe  being  equi-multiplied  in  the  firft  Pair  by  r— 1;  or  in  both  Cales  you  fee  an  equal 
Produdt  of  Extremes  and  Means. 

Scholium.  This  Theorem  is  the  fame  in  effedt  as  this  Propofition,  viz  If  any  two 
Numbers  are  in  the  fame  Ratio  to  one  another  as  the  Parts  taken  away,  the  Parts  remain- 
ing^ are  alfo  in  the  fame  Ratio.  Thus,  fuppofe  A.  B  to  be  greater  than  C,  D,  then  A,B, 
being  conGder'd  as  two  Wholes,  CD  are  the  Parts  taken  away,  and  A  — C,  B  — D,  are 
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the  Parts  remaining.     And  the  Propofition  is  clearly  exprefs'd  in  Signs  thus,  A  —  C :  B  — 
D  : :  A  ;  B : :  C  :  D  i  and  ir  C,  D  are  the  greater,  ic  is  C  —  A  :  D  —  B  : :  C  :  D : :  A :  B. 

\Yc  m;iy  alfo  exprefs  the  Propolicion  thus:  If  two  Numbers  are  each  the  Sum  of  cth?r 
two  Numbers,  or  Part^-,  and  if  the  one  Whole  is  in  the  lame  Ratio  to  the  other  as  one 
Part  of  the  firlt  Whole  is  to  one  P.irt  of  the  other,  then  the  other  Parts  are  alfo  in  the  fame 
Ratio :  Thus.  A,  B  being  the  Wholes,  C,  and  A  —  C  arc  the  Parts  of  A,  and  D,  B  —  D, 
the  Parts  of  B^  for  A  — C  +  C=:A,  alfoB  — D  +  D  =  B. 

The  like  Corollariet  follow  from  this  Tlieorem  xs  from  the  laft,  by  applying  SuhtraEl'wn 
and  Divifion,  as  we  did  there  Addition  and  Multiplication :  To  which  we  may  add  the  fol- 
lowing 

COROLLARIES. 

1.  Of  four  Numbers,  A,  B,  C,  D,  if  it  is  A  +  C :  B  +  D  : :  A  :  B,  or  as  C :  D  ^  but 
let  it  not  be  affirm'd  to  be  both  as  A  :  B  and  alfo  as  C :  D,  yet  this  will  follow,  that  A  :  B 
: :  C  :  D,  and  confequently  that  A  +  C :  B  +  D  is  both  as  A  :  B  and  C  :  D  j  For  A  4-  C 
and  B  +  D  are  two  Wholes,  which  being  fuppofed  in  the  fame  Ratio  as  any  one  ot  the 
Parts,  A :  B,  the  other  two  Parts  are  iKo  in  tb'  fans  Ratio,  by  this  Tl:eorem  and  Scholium  y 
that  is,  A :  B : :  C :  D,  and  hence  alio  A  -(-  C :  B  +  D  : :  A ;  B : ;  C :  D .  From  this  again  fol- 
lows, that 

2.  If  two  Wholes  are  compofed  each  of  two  Parts,  and  if  the  Parts  of  the  one  are  not 
both  in  the  fame  Ratio  to  the  Parts  of  the  other,  the  Wholes  are  in  neither  of  thefe  Ra- 
tios; for  if  they  were  in  the  Ratio  of  any  one  of  them,  they  would  be  in  the  Ratio  of 
both,  and  confequently  the  Parts  would  be  in  the  fame  Ratio,  contrary  to  Suppofition. 

3 .  Of  four  Numbers,  A,  B-  C,  D,  if  A  —  C :  B  — •  D : :  A  :  B,  or  C :  D ;  but  we  don't 
fay  and  alfo  as  C :  D,  then  ic  will  bu  A  :  B  : :  C :  D,  and  conlequently  A  —  C :  B  —  D  : : 
A :  B : :  C  :  D ;  for  A,  B,  are  here  two  Wholes,  C  and  A  —  C  are  the  two  Parts  of  A- 
and  D,  B  —  D  the  Parts  "!-"  Bi  but  one  of  the  Parts  being  in  the  Ratio  of  the  Whole?, 
•viz..  A  —  C  ;  B  —  D : :  A  ;  B  .u  are  the  other  Parts,  by  this  Theorem ;  that  is,  A  :  B : :  C  :  D  ■ 
and  if  A  —  CJ  :  B  —  D  : :  C :  D,  that  is,  if  both  the  Parts  of  the  one  Whole  are  in  the 
fame  Ratio  to  thofe  of  the  other,  the  Wholes .  are  in  the  fame  Ratio,  by  Theor.  IV.  that 
is,  A:B::C:D. 

Theorem  VI. 

I F  four  Numbers  are  : :  /,  A :  B  : :  C :  D,  they  are  fo  alfo  mixtly ;  that  is,  comparing 
the  Sums  and  Differences  of  the  Antecedents  and  Confequenrs ;  thus, 

A-f  C:B-f  D::  A  — C,  or  C— A:B— D,  or  D~B. 
Alfo  A  +  B:C4-D::A— B,  orB  — A:C  — D,  or  D  — C. 

Demonstr.  This  follows  from  the  two  laft;  for  the  Sums  or  Differences  here 
compared  are  in  the  fame  Ratio  of  one  of  the  Antecedents  to  its  Confequent,  i-iz,.  as  A :  B 
in  the  firft  Part ;  or  as  the  one  Antecedent  to  the  other,  -viz.  A  :  C,  in  the  fecond  Part. 

Scholium.    The  three  laft  Tl^eorems  may  alfo  be  taken  reverjly  or  alternately. 

Theorem  VII. 

I F  there  are  ever  fo  many  Ranks  of  four  Numbers  : :  /,  and  if  any  two  of  the  com- 
para'ive  Terms  (i.e  the  ift  and  ad,  or  ift  and  :^d,  or  y\  and  4th,  or  2d  c.ici  4tb  )  are 
conin.oa  to  all  the  Rank?,  then  the  other  Coupl.is  in  every  Rank  ire  all  ^n  he  fimc 
Rauo.    Or  if  it's  thus,  viz.  Two  comparative  I'ernis  of  the  ift  Rahk  common  to  the 

2d  Rack, 
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ad  Rank,  and  the  remaining  two  of  the  2d  Rank  common  to  the  3d  Rank,  and  fo  on, 
then  the  ocher  Couplets  in  each  Rank  will  be  : :  /. 

Demonstr.  All  this  is  the  fimple  and  immediate  Application  of  Axiom  3.  and 
Theorem  III.  and  needs  no  more  Explication  but  a  few  Example/,  where  you  may  fee  the 
different  Forms  in  which  thefe  things  may  appear. 


EXAMPLES. 


If  A:B::C:D, 
and  C:D::E:Fi 
then  A :  B : :  E :  F. 


(2.) 
If  A:B::C:D, 
and  B;D::E:Fi 
then  A :  C : :  E :  F. 


M 
IfA:B::C:D, 
and  E:B::F:Di 
then  A :  E  : :  C :  F. 


M 
If  A:B::C:D, 
and  B:E::D:Fj 
then  A :  C : ;  E :  F. 


{5) 
If  A:B::C:D, 
and    C:D::E:F, 
and    E:F-.:G:Hi 
then  A:B::E:F::G:H. 


(5.) 
If  A :  B : :  C :  D, 
and   A:C::E:F, 
and  G:H::A:Ci 
then  B :  D : :  E :  F : :  G 


H. 


Theorem     VIII. 


I F  there  are  two  Ranks  of  4  Numbers  : ;  /,  which  have  two  comparative  Terms  com- 
mon to  both,  the  Sums  or  Differences  of  the  Antecedents  and  Conlcqucnts  of  the  two 
different  Couplets  are  in  the  fame  Ratio  with  the  Antecedent  and  Confequent  of  the  com- 
mon Couplet.    Thus: 

Demon.  By  the  preceding  A :  C : :  E :  F ;  whence 
A  +  E,  or  A  — E:C-f-F,  orC— F::B:Di  or  alter- 
nately, as  in  the  Margin. 

Again;  Becaufe  A  +  B  :  C-f  D: :  B  :  D,  and  E  +  B: 
F  -f-  D  : :  B :  D  i  therefore  thefe  Proportions  are  alio  true. 


I 


If  A   :    B.:C     :     D, 

andE  :  B::F  :  D; 
thenA  +  E:B::C-f  F:Di 
alfo  A  — E:B::C— F:D. 


A  +  E:C  +  F::A  +  B:C-f  D::E+B:F  +  B, 
andA  — E:C  — F::A  — B:C  — D::E  — B:F  — B. 

Againi  ItisalfoA  +  E:B  +  B::C+F:D  +  D. 

Theorem  IX. 


I         Alfo  any  Couplet  of  the 
firft  Rank  is  : :  /  with  any  of 
the  fecond ;  being  all  as  B  :  D. 
Since  2B:2D::B:D. 


I F  there  are  two  Ranks  of  four  Numbers  : :  /,  whereof  the  Extremes  or  Means  of  the 
one  are  the  fame  as  the  Extremes  or  Means  of  the  other;  or  if  they  are  reverfly  the  Means 
or  Extremes  of  the  other ;  then  the  remaining  four  Terms  are  reciprocally  : :  /.  i.  e.  make 
the  remaining  two  of  the  one  Rank  the  Extremes,  and  thofe  of  the  other  the  Means,  and 
thefe  four  are  : :  /.     Thus: 

If  A :  B  : :  C  :  D, 
and  E:B::C:Fi 
then  A :  E : :  F :  D. 

Demon.  From  the  equal  Products  of  E.xtremes  and  Means,  it  is  AD  =  BC  =  EF; 
JD  which  all  thefe  Conclufions  are  comprehended. 

Theo- 


( 


If  A 

B: 

:C:D, 

If  A 

:B: 

:C:D, 

If  A  :  B  : :  C 

D. 

and  A 

E: 

:F:D; 

and  B 

E: 

:F:C; 

and  E:A::D 

F; 

then  B 

E: 

:F:C. 

then  A 

E: 

:F:D! 

thenB:E:  :F 

C. 
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Theorem    X. 

I F  four  Numbers  are  : ;  I,  and  if  any  two  of  the  comparative  Terms  are  equally  cnulti- 
plied  or  divided  ^  or  if  the  one  Extreme  or  Mean  is  multiplied^  and  the  other  equally  di- 
vided :  or  agaiHj  if  the  one  Extreme  is  mulcipliedj  and  the  other  equally  divided ;  and  ac 
thefame  time  the  one  Mean  multiplied  by  any  other,  or  the  fame  Number,  and  the  other 
squally  divided ;  the  Proportionality  ftill  remains,  tho'  in  the  fecond  Cafe  the  Ratio  is 
changed  \  and  will  be  alfo  in  the  third  Cafe,  when  two  different  Multipliers  are  employed. 
Thus :  If  A :  B : :  C :  D,  then  thefe  Proportions  follow,  -viz.. 


A   :  B  : 
A» ; B  :  : 


Cn  :  Dn. 
Cn  .D. 


A:B  : 

.  C 

An  :B 

A:?: 
n 

:C 

D 

A:?: 
n 

:  C 


D 

n ' 

C»:D. 


An  :  Bk  : 
A  .  B 
n    '  n    ' 


Cn :  Da. 
C  .  D 

h   ■   n' 


A«  .•  Br  :  :  C«  :  Dr. 
A  .  B  .  C  .  D^ 
«     '  r     '     n     ■  r  * 


A 

n 


B 


c 

r 


D 

r ' 


A  7>  C         D 

A»:Br::-    :  -. 

r       « 


A. 
n 


C 
'n 


Dr. 


An: 


B 


Cr  :  -. 
n 


Again  i  Inftead  of  dividing  them,  we  may  apply  tTie  given  Numbers  asDiviforsj  which 
will  make  the  following  Proportions: 


n      n      n 

a'-  b-'c 


n 


A  ■  B  ■  ■  C  ■  D* 


» 
A 
A 
n 


n 

B. 
r 


D;C. 


r 
D 


n 

c 


A;;  :  ^  : 

r_      » 
A    =B  • 


:C«:I. 
:  Dr  :  Cn. 


Demon.  In  all  thefe  Conclufions,  and  many  more  that  may  be  contrived  of  this  Na- 
ture, the  Truth  of  the  Proportion  is  evident  from  the  equal  Produd  of  the  Extremes  and 

A      C  r       r 

Means:  founded  all  upon  this,  that  AD  =  BC,  «r=»r,  i3-  =  7-.,  and  -=-. 

You'll  find  alfo  other  complex  ways  of  arguing  with  proportional  Numbers  in  the  next 
Chapter. 

$.  X.   Of  Geometrical  Trogrejjlons. 

Obferve,  "By  the  Difiaace  of  one  Term  of  a  Series  from  another,  is  meant  the  Kumher  of 
T^rms  from  the  one  exclufive  to  the  other  indufve  j  or  including  both,  it  is  the  Number 
of  Terms  Icfs  i .     So  if  the  Number  of  Terms  is  n,  the  Biflance  of  the  Extremes  is  a  — -I . 


Problem   III. 
Having  the  fir fl  Term  and  Ratio  to  raife  a  Geometrical  Series. 

Rule.  TF  the  given  Ratio  is  a  whole  Number  or  mixt,  then  for  an  increafin^  Serie.'? 
-■■  multiply,  and  for  a  decreafmg  divide  the  firflTerm  by  the  Ratio,  the  Produd: 
or  Quote  is  the  fecond  Term;  which  multiplied  or  divided  by  the  Ratio,  gives  the  third 
Term,  and  fo  on.  But  if  the  Ratio  is  a  proper  Fradion,  this  of  itfelf  derermines  that  the 
Scries  ought  to  increafe,  and  we  muft  multiply  by  the  Reciprocal  of  the  Ratio. 
Hxa'Tple  I.    Firft  Term  2,  Ratio  3,  the  increafmg  Series  is  2  : 6 :  18 :  54,  &c-  and  the 

dccreaii!  E  Series  a :  -: 
6  3 


9 


L  I 
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Example  2.    Firft  Term  2,  Ratio  4,  the  Series  is  2  :  8  :  i<5  :  32,  &c.    Or  thus,  a  : 
III-' 
a  8   3a 

Demon.  The  Reafon  of  this  Rule  is  manifeftly  contained  in  the  Definition  of  Geo- 
metrical Relation^  fee  the  CoroU.  after  it:  for  when  the  Ratio  is  a  whole  or  tnixc Number, 
which  foever  of  the  two  Views  there  explained  it  is  taken  in,  the  Rule  is  good  j  becaufe  for 
an  increafmg  Series,  a  whole  or  mixc  Number  is  in  the  firfl:  View  the  Ratio,  and  in  the  fe- 
cond  it  is  the  reciprocal  Ratio ;  and  by  the  Coroll.  referred  to,  the  firft  Term  or  Antece- 
dent ought  to  be  multiplied  by  this;  and  for  a  decreafing  Series,  a  whole  or  mixt  Number 
is  the  Ratio  in  both  Views,  and  Divifion  is  the  Rule.  Laftly,  If  the  given  Ratio  is  a  pro- 
per Fraftion,  it  is  taken  in  the  fecond  View,  and  necefl'arily  infers  an  increafmg  Series;  and 
therefore  the  Antecedent  multiplied  by  the  reciprocal  Ratio  produces  the  Confequent. 

SCHOLIUMS. 

1.  If  the  Ratio  is  exprefled  by  two  Numbers  ordered  in  a  certain  Comparifon,  the  one 
as  Anrecedent,  and  the  other  as  Confequent,  then,  that  determines  whether  the  Series  de- 
creafes  or  increafes;  and  accordingly,  if  we  make  a  Fradion  of  the  Antecedent  fet  over 
the  Confequent,  (which  is  the  Ratio  in  the  fecond  View)  and  by  it  divide,  we  *hall  raife 
an  increafmg  or  decreafing  Series,  acccording  as  the  Ratio  is  a  proper  or  improper  Fradion. 
For  Exam.  If  the  Ratio  is  thus  exprefled,  'viz.  the  Ratio  of  2  to  3,  or  2 : 3 ;  then  dividing 

by  -  makes  an  increafmg  Series.    But  if  it's  the  Ratio  of  3  :  2,  then  dividing  by  ^  makes  a 

decreafing  Series. 

2.  Again :  If  the  two  firft  Terms  of  a  Series  are  given,  (which  do  contain  the  Ratio) 
then  the  Series  is  continued  by  the  common  Rules  of  finding  a  third  or  fourth  -^  /,  -viz,. 
finding  a  third  to  the  two  given  ones,  and  then  a  fourth  to  the  fame  two,  and  the  Term 
lait  found.     And  fo  a  Series  from  a:h,  whether  increafing  or  decreafing,  will  be  thus  re- 

Lz      L;        74 

prefented,  a  :  h  :  —  -.  — :  — ,  c^c    But  when  a  Number  diftiniS  from  the  two  firft  Terms 
*  a     a-     ai 

is  given  for  the  Ratio,  then 

3.  Any  Geometrical  Progreflion,  whether  increafing  or  decreafing  from  a  given  Num- 
bers, may  be  clearly  reprefented  thus,  a:ar'^:ar=,  a^c.  adding  ftill  an  Unit  at  every  Step 
to  the  Index  of  r-.  for  according  as  r  is  fuppofcd  greater  or  lefler  than  i,  fo  is  the  Series 
increafing  or  decrenfing.  If  the  Series  increafes,  then  is  r  the  Ratio  in  one  of  thetwoSen- 
fes  explained,  or  the  Reciprocal  of  it  in  the  other.  For  it  is  the  Qitote  of  ar,  the  greater 
Term  divided  by  a  the  lefTer ;  but  the  reciprocal  Quote  of  a  divided  by  a  r,  which  is  the 
Ratio  in  another  View.  Again ;  If  the  Series  decreafes,  r  is  a  proper  Fradlion,  and  is  the 
Reciprocal  of  the  Ratio  taken  in  either  View,  which  are  in  this  Cafe  the  fame,  vis,,   the 

Quote  of  a  divided  by  ar,  which  is    -  =  -,  whofe  Reciprocal  is  r. 

Wherefore,  it  we  take  the  Ratio  always  under  the  Notion  of  the  Quote  of  the  Antece- 
der,r  diviried  by  the  Confequent;  then  r  is  to  be  underftood  as  the  Reciprocal  of  the 
Ratio;  which  n  akts  the  Scries  either  increafing  or  decreafing,  according  as  r  is  greater 
or  leffL-r  than  i.  And  therefore  tho'  we  call  r  the  Ratio,  yet  if  we  underi^and  it  as  the  re- 
ciprocal Quote  of  the  Antecedent  divided  by  the  Confequent,  there  will  be  no  Ambiguity 
or  Hazard  of  Error ;  and  hereby  we  iTiall  fave  the  Trouble  of  making  different  Repreien- 
tarions  for  increafing  and  decreaCnj  Serie.':.  Yet  in  fome  Cafes  it  will  be  convenient  to 
reprefmt  them  difFcrendy ;  and  then  taking  the  Ratio  always  as  the  Quote  of  the  greater 

Term 
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Term  divided  by  the  leffcr,  which  mull  be  a  whole  or  mixt  Numberj  and  calling  that 
Ratio  r,  an  incicafing  Series  will  be  thus  reprcfcnrcdj  a-.ar-.ar"-,  d^c.  and  a  decrcafing 

thus,  a:-  :  "-:,  &c.    Wherefore  if  we  reprefent  a  Scries  in  the  firft  manner,  it's  fuppofcd 

to  be  taken  indifferently  for  increafin^  or  decreafing,  unlcfs  ii's  exprefsly  (aid  to  be  increa- 
Cng  i  but  the  other  manner  does  always  exprefe  a  decrealing  Series. 
From  thele  Rules  and  Expreflions  of  Geometrical  Series  we  have  the  following 

COROLLARIES. 

1.  If  the  leffer  Extreme  of  a  Series  is  the  Ratio,  then  the  other  Terms  are  the  feveral 
Powers  of  the  Ratio,  thus:  r:r'-:r':^*-,&c.  or  A:  A'^:  As :  A*,  &c.  For  here  r  or  A  is 
the  Ratio,  and  r-Kr=^r'^.,  r'-Xr  =  ri,  and  fo  on:  Whence  it's  plain,  that  the  Series  of 
the  Powers  of  any  Number  is  a  continued  Geometrical  ProgrefTion. 

2.  If  I  is  the  firft  Term  of  a  Series,  the  fecondTerm  is  the  Ratio  j  and  all  the  fticcccd- 
ing  Terms  are  the  feveral  Powers  of  the  Ratio.  Thus,  i :  r :  r^.  d^c.  for  the  Ratio  of  i 
to  r  being  r,  the  fecond  Term  muft  be  r'-,  the  third  r?,  and  fo  on. 

3.  Betwixt  I,  and  any  Power  of  a  Number  as  r",  thiTe  fall  as  many  Geometrical  Means 
as  the  Index  of  that  Power  lefs  i,  viz.  v —  i,  in  the  Ratio  of  i  to  the  Root;  for  every 
Term  after  i  is  fuch  a  Power  of  the  fecond,  whole  Index  is  equal  to  the  Number  of 
Terms  after  i  to  that  Power;  the  thing  is  evident  in  the  univerfal  Series,  i  :r  :r^:r5:r+, 

4  Every  Geometrical  Series,  whofe  firft  Term  is  not  i,  is  equal  to  fuch  a  Series  mul- 
tiplied by  the  given  firft  Term;  the  Ratio  of  that  Series  being  the  fame  with  that  of  the 
given  Series.  Thus :  A  :  Ar  :  A  r- :  Ar'' :  At* :,  c^c.  is  no  other  than  the  Produds  of  this 
Series,  i  :  r  :  r^  :  r' :  >  ** : ,  &c.  m-ultiplied  by  A. 

5.  As  any  Progreffion  may  be  thus  reprtfented,  A  :  Ar :  Ar^  :  Ar' : ,  e^c  it's  manifeft 
that  the  Index  of  the  Ratio  in  every  Term  exprefles  the  Diftance  of  that  Term  from  the 
firft  A :  And  hence  it  follows  immediately,  that 

6.  Every  Term  is  equal  to  the  Produdt  of  the  firft,  by  that  Power  of  the  Ratio  whofe 
Index  is  the  Diftance  of  that  Term  from  the  firft ;  and  reverfly,  the  firft  Term  is  equal  to 
the  Quote  of  any  greater  Term  divided  by  that  Power  of  the  Ratio,  whofe  Index  is  the 
Diftance  of  that  Term  from  the  firft.  So,  for  Example,  the  firft  Term  being  A,  the  Ra- 
tio r,  and  the  Diftance  of  any  Term  from  A  being  tJ,  that  Term  is  AH;  and  if  you  call 
that  Term  L,  then  is  L  =  A  r'' ;  and  reverOy,  A  =  L  -^  r''. 

Scholium.  Becaufe  the  greater  Extreme  of  a  Series  is,  by  what's  now  fhewn,  equal 
to  Aj^,  or  Ar" — ',  (A  being  the  lefler  Extreme,  r  the  common  Ratio,  and  ^  the  Diftance 
of  the  Extremes  equal  to  w — i,  the  Number  of  Terms  lefs  i)  and  every  Term  below  ha- 
ving the  Ratio  involved  in  it  to  one  degree  lefs  than  the  preceding  greater  Term ;  therefore 
a  decreafing  Series,  which,  when  the  greater  Extreme  is  called  /,  is  reprefented  thus,  /: 

-  :  —  :   -:■'  <^'-  ^^7  alfo  be  reprefented  thus:  A»^:  Ai"'~' :  A!""— ';,  d^c.    Or  thus, 

Ar" — • :  Ar" — ^ :  Ar" — 5  •,  ^c.  ("becaufe  (/=w —  i)  going  on  fo  till  the  Index  of  r  be 
equal  to  i,  and  then  we  have  Ar  the  Term  next  to  A. 

7  But  again  more  univerfally:  From  the  fame  Expredion  of  a  Series,  it's  manifeft  that 
the  Difference  of  the  Indexes  of  the  Ratio  in  any  two  Terms  exprefles  the  Diftance  of  thefe 
two  Terms;  for  in  every  Step  afcending,  the  Ratio  is  involved  once  more  than  in  the  pre- 
ceding; and  therefore  from  any  Term  to  any  other,  it's  as  much  oftner  involved  in  the 
greater  than  in  the  lefTer,  as  their  Diftance  expreffcs;  that,  is,  the  Difference  of  their  In- 
dexes is  their  Diftance;  and  hence  it  follows  immediately,  that 

LI  2  8.  Any 
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8.  Any  Term  of  a  Geometrical  Series  is  equal  to  the  Produdt  oi  Qiiote  of  any  other  leder 
or  greater  Term  multiplied  or  divided  by  fuch  a  Power  of  the  Ratio,  whofe  Index  is  the 
Dirtance  of  thefe  Terms  j  and  any  Term  divided  by  any  other  lefler  Qiiotes  fuch  a  Power 
of  the  comtnon  Ratio,  whofe  Index  is  the  Diftance  of  thefe  Terms.  For  any  Term  being 
expreffed  Aj^,  [d  being  the  Diftance  of  this  Term  from  A)  any  greater  Term  muft  have 
a  Power  of  r,  whofe  Index  exceeds  J  by  the  Diftance  of  thefe  Terms  ("by  the  laft)  fo, 
that  Diftance  being  «,thegreaterTerm  is  A  r*  ^i";  but  r^x  )""=(''•*■■"  ^  {Th.6.Cb.i.B  3.)  confe- 
quently,  Ar''+'"  =  Ar''Xr"';  andreverlly,  A/'^'"  — >■">=:  A  r'.  and  Ar'+m-i- A?-'=r'".  Or 
this  Truth  may  be  deduced  from  Coroll.  6.  Thus:  Any  Part  of  a  Series,  i.  e.  from  any  Term 
to  another  is  ftill  a  Geometrical  Series,  whereof  thefe  two  Terms  are  the  Extremes  i  which 
being  called  A,  L,  and  their  Diftance  J,  it's  fhewn  that  A=^L-r-r\  and  L  =  Ar^j  aiid 
laftly,  L-^A=r\ 

Exam.  In  this  Series,  2:6: 18:54:  162:48(5.  If  we  compare  6  and  i6i,  whofe  Di- 
ftance is  3i  then  is  6=  162-^  Cube  of  3,  or  27;  and  reverlly,  i62=.6x27i  and  laft- 
ly 162-^6  =  27. 

S  CH  o  L.  The  immediate  Ufc  and  Application  of  this  laft  Truth  we  have  in  the  Soluti- 
on of  thefe  Frobkms. 

(i.)  Having  any  one  Term  of  a  Series  and  the  Ratio,  to  find  a  Term  at  any  Diftance 
from  the  given  one,  without  finding  all  the  intermediate  ones:  The  Solution  of  which  is 
plainly  contained  in  this  Coroll.  Thus:  Take  that  Power  of  the  Ratio,  whofe  Index  is  the 
given  Diftance  j  and  by  it  multiply  or  divide  the  given  Term,  and  you  have  the  Term 
foucht  above  or  below  the  given  one.  Thus :  Any  Term  of  a  Series  being  multiply'd  or 
divided  by  the  fourth  Power  of  the  Ratio,  gives  a  Term,  which  is  the  fourth  above  or  be- 
low after  the  given  one. 
■  {2.)  Having  my  two  Terms  of  a  Series  and  their  Diftance,  to  find  any  other  Term  at 
any  Diftar.ce  from  either  of  the  given  onesj  which  is  folved  thus:  Divide  the  greater  by 
the  leffer  of  the  given  Terms,  the  Quote  is  a  Power  of  the  Ratio,  whofe  Index  is  the  Di- 
ftance of  the  given  Terms.  Suppofe  this  Diftance  to  be  d,  and  extradl:  the  d  Root  of  that 
Quote,  (by  the  Methods  explained,  or  referred  to  in  Book  III.  j  it  is  the  Ratio  fought :  (all 
which  is  immediately  contained  in  this  Coro//.)  Then  having  the  Ratio,  by  it  and  any  given 
Term  we  can  find  any  other  Term  at  any  given  Diftance  from  the  given  Term^  as  in  the 
preceding  Proble?^. 

Ohferve,  For  fome  Cafes  of  this  Problem  there  is  a  more  eafy  Solution,  which  you'll  find 
inlheo.  XX.  fee  the  3d  Article  of  the  Schol.  after  the  ^(h Coroll.  as  particularly,  fuppofe  the 
Term  fought  is  lefter  or  greater  then  either  of  the  Terms  given,  and  its  Diftance  from  the 
lefl'er  if  it's  greater  than  either  of  them,  or  from  the  greater  if  it's  IclTcr,  is  a  Multiple  of 
the  Diftance  of  the  given  Numbers. 

(3.)  Of  thefe  three  things,  viz.  the  common  Ratio  of  a  Series,  the  Diftance  of  any  two 
Terms,  and  the  Ratio  of  thefe  two  Terms ;  having  any  two  we  can  find  the  third : 
for  any  Term  being  called  A,  'r  the  common  Ratio,  and  d  the  Diftance  of  any  greater 
Term  from  A,  that  Term  is  Ar',  and  the  Ratio  of  A  to  Ar""  is  r'';  which  if  we  call  R, 
then  {\.)  if  d,  r,  are  given,  R  (='"')  is  alfo  known.  (2.)  If  R  and  d  are  f^ven,  r  is  alfo 
known,  I'ix.  by  extrading  the  <i  Root  of  R  =  r''.  ("3.  If  r  and  R  arc  given,  d  is  alfo 
known,  viz.  by  raifing  r  to  a  Power  which  i:;  equal  to  R  (=»"')  and  the  Index  of  it  nd. 

9.  The  Sum  of  the  Extremes  of  a  Geometrical  Scries  is  equal  to  the  Produ£l  of  the 
lefler  Extreme  multiplied  into  the  Sum  of  i,  and  fuch  a  Power  of  the  Ratio  whofe  In- 
dex is  the  Diftance  of  the  Extremes.  Thus,  A  being  the  leffer,  L  the  greater  Extreme,  and// 
the  Diftance  of  the  Extremes;  A  +  L  =  A-f-  Ar"",  for  L=Ar';  and  confe(juentlyA-f-L=A 
_|_  A  r'' =  A -}- r"* -|- I .     Again  j  Becaufc  any  two  Terms  of  a  Scries  may  be  confidered 

as  Eiojemes  of  a  lefler  Series,  the  fame  Rule  will  be  good  for  exprcffijig  their  Sum. 

Thus, 
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Thus,   one  Term  being  Ar^  and  another  greater  being  kr^'"^>    their  Sum  is  Ar'^^- 

(j. )  The  Ditfcrcnce  betwixt  the  Extremes  of  a  Series  is  equal  to  theProducl:  of  the  ledor 
multiplied  by  the  DiflFerence  of  i  and  fuch  a  Power  of  the  Ratio  whole  Index  is  the  Di- 
ftancc  of  the  Extremes :  Thus,  L  —  A=  A r'— A=rJ— ix  A.  The  fame  way  may 
the  Difference  of  any  two  Terms  beexprededi  fo,  Ard-^"^A>''  — >""— i  x  A;**,  in  all 
which  the  Indexes  cxpreG  the  Diftances  of  the  Terms  from  the  IclTcr  Extreme  A, 

Theorem   XVIII. 

The  Sums  or  Differences  of  every  two  adjacent  Terms  in  a  Geometrical  Series  make 
alfo  a  Geometrical  Series,  and  in  the  fame  Ratio.  Thus,  if  A  :  B :  C :  D,  iib-c.  is  a  Geometri- 
cal Series,  fo  is  this  alfo  A  +  B  ;  B  -f  C :  C  -|-  D,  <irc.  and  this,  B  —  A:C— B:D  —  C, 
^f.  or  A— B:B  — C:C  — D,df. 

Examph :  2  :  4 :  8  :  i6 :  ^2,  being  a  Geometrical  Series,  fo  are  the  Sums  6  :  12  :  24 :  4S, 
and  the  Differences  2  :  4 ;  8  :  16. 

D  E  M  o  N  s  T  R  I.  For  the  Sums,  It's  true  of  any  Series  of  four  Terms,  A :  B  :  C :  D. 
For  A  •  B  •  •  B  -.  C,  therefore  A  -f  B :  B  +  C  ; :  A  :  B.  Asjain,  B!:  C : :  C :  D,  hence  B  +  C : 
C-fDi-.B-.C  [Theor.lV)  wherefore  A-fB  :  B  +  C  :  •  B  +  C:  C-f  D;  that  is,  A -f  B  : 
B  -f-  C :  C  -|-  D,  are  in  the  fame  Ratio  of  A  :  B,  or  B :  C.  By  the  fame  Reafoning,  B  -}-  C 
:  G  -|-  D":  D -)-  E  will  be  found  to  be  in  the  continued  Ratio  of  B :  C,  or  C  :  D,  fo  that 
A  -f-  B  :  B  -f-  C :  C  +  D  :  D  -4-  E,  are  in  continued  Progreffion.  And  fo  the  Reafon  pro- 
ceeds thro'  the  Series  in  i7iji?iitum. 

2.  For  the  Differences,  It's  true  of  any  Series  of  four  Terms  A; B:C:D;  for  fince  A 
;  B : :  B  :  C,  then  (by  Theor.  V.)  B  —  A :  C—  B : :  A  :  B,  or  B :  C^  and  fince  B  :  G  : :  C  :  D. 
then  C  —  B;D  —  C::B:C.  Hence  B  —  A :  C  —  B :  D  —  C,  ^re  in  continued  Progreilion, 
and  fo  on  to  more  Terms. 

Or  we  may  flicw  the  Truth  of  this  Tlocorem  yet  niore:  fimply,  thus  j  A  1  A r :  A r':  Ar> 

A>*,^^c.  being  a  Geometrical  Progreffion  ^  fo  is  A  + Ar  :  Ar-f- Ar-;  Ar='-f-.Ar3:  Ar? 

-f-A»+;  and  Ar — A:Ar^  —  Ar,  &c.   the  continual  Ratio  of  thefe  being  evidently  f; 

for  A  + Arx  r  =  A  ^  -f-  A  r^,  and  fo  of  the  reft  J  alfo  Al-  --"A  X  r  =  A  r^  —  A  r. 

The  Reverfe  of  this  Theorem  is  not  true,  for  tho'  the  Sums  of  every  two  adjacent  Terms 
of  a  Series  are  continuedly  proportional,  yet  it  will  not  always  be  true  that  that  Series  is  foj 
for  Example :  3:4 :  10  :  18  arc  not  -rr  /;  yet  3  -f-  4 :  4  -f- 10 ;  10  ~1-  18,  or  7  :  14 :  28,  are  fo. 

Theorem    XIX. 

i  F  there  be  two  Geometrical  Progrefl'ions  in  the  fame  Ratio,  then  any  two  Terms  in  the 
one.  and  any  two  equally  diftant  in  the  other,  are  in  the  fame  Ratio,  or  Proportional. 

Example :  2:4:8:16:32;  and  3:6: 12 :  24 :  48,  arc  in  the  fame  Ratio  j  hence  4 ;  16 : : 
3:11.  or  4:32::  3:24. 

Demon  sTR.  Tiie  Reafon  is  plain  from  the  laflj  for  of  Terms  at  equal  Di:1ance 
the  greater  is  always  the  Produdi:  of  the  lefler  by  that  Power  of  the  Ratio  whofe  Index  t 
the  Diftarcc  ;  therefore  the  Kado  and  Dilfancc  being  equal,  thefe  Terms  are  in  the  f.inie 
Ratio  to  one  another,  which  Ratio  is  that  Power  of  the  common  Ra'io  of  their  refpedlive 
Series.  Univerfaily,  let  one  Series  be  a:iir:ar':ar>:ar*.;  and  anotlier  b  ■.br:hr'-:'ori: 
h  r*.  Then  a  r :  a  r^-.-.b  r-  -.br*,  the  common  Ratio  here  being  >  -.  Or  thu;,  ar"  :  or"*"* 
:' :^>°:i >">*",  the  Ratio  being  r™.  -.i 

Co  R0L.I1. 


262  Geometrical  Progrefljon.  Book  IV. 

C  o  R  o  L  L.  Hence  having  any  two  Terras  of  a  Series,  and  any  Term  of  another  Se- 
ries which  has  the  fame  Ratio  with  the  former,  we  can  find  a  Term  of  this  other  as  far 
diftant  from  the  given  one  as  the  two  given  Terms  of  the  other  Series  are.    The  AppUca- 


tion  is  plain. 


Theorem  XX. 


Any  two  Terms  of  a  Geometrical  Progreffion  are  : :  /  with  any  other  two  equally  di- 
ftant j  alfo  any  three  or  more  equally  diftant  are  -^  I;  (b  in  this,  2  :  4 :  8  :  i() ;  32  :  64  :  128, 
thefe  are  : :  /,  2  : 4 : :  64 : :  128,  and  thefe,  2  :  16  : :  8  :  64 :  Again,  thefe  are  r-r  /,  4 :  16 :  64, 
and  thefe  2:8:32:  128. 

D  E  M  o  N  s  T  R.  The  "ReafoH  of  this  is  the  fame  as  in  the  former  Theorem,  vii.  the  E- 
quality  of  Diftances  which  makes  an  Equality  of  Ratios  betwixt  the  Numbers  compared. 

COROLLARIES. 

I.  If  any  two  Terms  are  multiplied,  and  the  Produft  divided  by  another  Term,  the 
Quote  is  equal  to  a  fourth  Term  as  tar  diftant  fiom  one  of  the  Terms  muliplied  on  the 
one  hand,  as  thcDivifor  is  from  the  other  of  them  on  the  other  hand.  For  fince  any  four 
Terms  are  : :  /,  whereof  the  two  lefter  are  at  the  fame  Diftance  as  the  two  greater,  (and 
confequently  the  leaft  and  the  next  to  the  greateft,  at  the  fame  Dii^ance  as  the  greateft  and 
the  next  to  the  leaft)  therefore  the  ProduS:  of  the  two  middle  Terms  of  thefe  four  being 
divided  by  either  of  the  Extremes,  muft  quote  the  other  j  or  the  Produft  of  the  Extremes 
being  divided  by  either  of  the  Means,  muft  quote  the  other  j  whence  the  Core/,  is  manitcft. 

Obferve  again.  That  if  the  Divifor  is  one  of  the  Extremes,  i.  e.  lies  on  the  fame  hand 
of  (or  is  lefler  or  greater  than)  either  of  the  Terms  multiplied,  the  Quote  will  be  the 
other  Extreme ;  ;.  e.  will  lie  on  the  oppofite  hand  of  ( or  be  contrarily  greater  or  leffer 
than)  either  of  the  Terms  multiplied  j  confequently  the  Diftance  of  the  Quote  from 
the  Divifor  will  be  the  Sum  of  the  Diftances  of  both  the  Terms  multiplied  friim  the  Di- 
vifor (or  from  the  Quote  itfelf,  which  is  at  the  fame  Diftance) :  But  if  the  D  vifor  is  one 
of  the  Means,  i.  e.  lies  betwixt  (or  is  lels  than  the  one  and  greater  than  the  oiher  of  J  the 
Terms  multiplied;  and  ponfequently  the  Diftance  of  the'Quote  from  the  Divifor  \yill  be 
the  Difference  of  the  Diftances  of  the  Terms  multiplied  from  the  Divifor,  or  from  the 
Qjiote  itfelf,  which  is  the  fame  Diftance. 

Example :  In  this  Series,  a:h:c:d:e:f:g:h,  it's  true  that  a:c wf-.h,  where  cf-^ a=zh, 
which  is  as  far  from  /  on  the  one  hand,  as  a  is  from  c  on  the  other ;  and  as  far  from  a  as 
the  Sum  of  the  Diftances  of  c  and  /from  a.  Again;  ah~-c  =/,  as  far  from  b  on 
the  one  hand,  as  c  is  from  a  on  tlie  other ,  alfo  /  is  as  far  from  c,  as  the  Difference  of  the 
Diftances  of  a  and  h  from  c. 

Again ;  Becaufe  it's  the  fame  thing  in  efFed:  to  multiply  two  Numbers,  and  divide  their 
Produft  by  another;  or  firft  to  divide  one  of  thefe   two  Numbers  by   the  fame  Divifor, 

and  multiply  the  Quote  by  that  other  Number,  for  — =  — x  c,  or  ~x  b.  Therefore  the 

laft  Corollary  will  be  in  effed  the  fame  if  it's  exprelTcd  in  this  manner,  i-iz..  if  any  Term 

of  a  Series  is  divided  by  another,  and  the  Quote  multiplied  by  a  third  Term,  the  Produd: 

is  a  Term  as  far  diftant  from  the   Dividend  or  Multiplier  on  the  one  hand,    as  the  other 

of  ihcfe  is  from  the  Divifor  on  the  other  hand ;  fo  that  the  Diftance  of  the  Product  from 

^thc  Divifor  will  be  the  Sum  of  the  Diftances  of  the  Dividend  and  Multiplier  from  the 

Divifor,  when  the  Divifor  is  lefler  or  greater  thnn  (jjther  of  thefe;    but  if  it  lie  between 

them,  then  the  Diftance  of  the  Produd  f'rom  it  will  be  the  Difference  of  the  Diftances 

be        b 
of  the  Dividend  and  Multiplier  from  the  Divifor;  for  — =  —  X  c,  which  is  now  called 

a  Produd,  is  the  very  fame  Numhtpr  that  was  before  called  a  Qiiptc;   and  what  is  here  a 

Dividend 
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Dividend  {vir,.  h  at  c)  is  the  fame  as  was  before  one  of  the  Multipliers,  (and  is  in  cffed 
a 'Multiplier  here  alfo)  and  the  Divifor  i<Mhe  fame  as  before. 

2.  If  any  Term  of  a  Series  is  mukiflied  by  itfelf,  and  the  Prcduft  or  Square  divided  by 
another  Term,  the  Qiiotc  will  be  a  Term  of  the  Scries  as  far  diftant  from  the  Term 
fbuared  on  the  one  hand,  as  the  Divifor  is  from  the  fame  Term  on  the  other  hand  \  and 
confequently  the  Qiote  will  be  as  far  troni  the  Divilor  as  twice  the  Diftance  of  the  Term 
fquared  from  the  Divifor.  Hence,  reverfy,  The  T£rm  which  is  in  the  middle  betwixt  two 
Terms  is  the  Square  Root  of  their  Produift.  So  in  this  Series,  a:b:c:d:e:f:g:h,  if 
d'li.d'K  divided  by  h,  the  Qaote  is  equal  to/,  as  far  diftant  from  di%  ^  is  from  b,  and  twice 
as  tar  from  h  as  d\i.     The  'Reafon  is  becaufe  b\d:f  are  — /,    and  therefore  dd=^hf-j 

whence,    d  d  ~  b  =^f,    alfo    bj]^ —d. 

5.  Again,  more  univerfally ;  If  any  Term  of  a  Series  is  raifcd  to  any  Power,  and  that 
Power  divided  by  fuch  a  Power  of  any  other  Term  whofe  IndeK  is  i  lefs  than  that  of  the 
Dividend,  the  Qiote  is  a  Term  of  the  Series  whofe  Diftance  from  the  Root  of  the  Divifor 
is  equal  to  the  Producfl  of  the  Index  ot  the  Power  in  the  Dividend  by  the  Diftance  c<^ 
its  Root  from  that  of  the  Divifor.  The  Reafi?/  will  be  plain  from  this  Example :  Let  any 
two  Terms  of  a  Series  be  called  a:b:z  Scries  continued  from  thefe  is   ( by  Probl.  III. ) 

a-  b—-—  ■  —■  &c.    But,  by  the  two  preceding  Corollaries,  each  of  thefe  Terms  is 
'  a  '  a^   '   ai 

a  Term  of  any  Series  to  which  a,  h  can  belong,  fince  —  is  a  3d  -^  /  to  <? :  />,  and  each  of 

the  reft  a  4th  to  <j  :  ^,  and  the  preceding  Term.     And  here  it's  evident  that  each  Term  is 
twice  or  thrice,  &c.  as  far  from  <»  as  ^  is,  according  to  the  Index  of  b. 

4.  If  any  three  or  more  Terms  of  a  Geometrical  Series  are  continually  multiplied  to- 
gether, and  the  Produdt  divided  by  fuch  a  Power  of  a  Term  lefs  than  any  of  them,  or 
greater,  whofe  Index  is  i  lefs  than  the  Number  of  Terms  multiplied,  the  Quote  will  be 
that  Term  of  the  Series  whofe  Diftance  from  the  Root  of  the  Divifor  is  equal  to  the  Sum 
of  the  Diftances  of  thefe  multiplied  Terms  from  the  fame  Root.  The  Reafon  of  this  is 
eafily  deduced  from  the  Theorem,  thus :  Suppofe  any  Term  of  a  Series  is  a ;  and  b,  c,  any 

two  other  Terms  both  greater  or  lefTer  than  a;   then  —  exprefTes  a  Term  diftant  from 

a  by  the  Sum  of  the  Diftances  of  b  and  c  (by  ihisTheorem).     Take  anotherTerm  d,  and 

multiply  into  the  laft  found,  it  is — X  d=- —  ,   which  divided  by  «  is  — — ,which  is  aNum- 
f  '  a  a  '  <a^ 

ber  formed  according  to  the  Propofition,  and  is  alfo  by  this  Theorem  a  Terra  of  the  Series 

as  far  diftant  from  a  as  the  Sum  of  the  Diftances  of  d  and  —  :  but  the  Diftance  of  - 

a  '  a 

is  the  Sum  of  the  Diftances  of  b  and  c,  therefore  the  Diftance  of  — —  is  the  Sum  of  the 

a^ 

D:ilances  of  b,  c,  d;  and  it's  obvious  that  the  fame  Reafoning  will  be  good  in  the  next 

Cafe,  /.  e.   where  four  Terms  are  multiplied,  and  fo  in  infinitum. 

Or  the  Demonfiration  of  this  Truth  may  be  deduced  without  the  Theorem,  thus :  Any 
Term  of  a  Series  may  be  called  a,  and  if  the  common  Ratio  of  the  Scries  is  r,  then  the 
feveral  Terms  after  a  will  be  ar,  ar'^,  ari,  (^c  fo  that  any  Term  after  a  may  be  repre- 
fented  a  »•"  or  a  r",  or  with  any  other  Index  which  will  exprefs  the  Diftance  of  that  Terna 
from  a.  Now  if  we  take  any  two  or  more  of  thefe  Terms  after  a,  and  multiply  them 
together,  the  Produdl  will  be  equal  to  the  Produd  of  thefe  two  Fadors,  -viz.  fuch  a  Power 
of  a  whofe  Index  is  the  Number  of  Terms  multiplied ;  and  luch  a  Power  of  r  whofe  In- 
dex is  the  Sum  of  the  Indexes  of  r  in  the  feveral  Terms  multiplied  ( thus  ar'^Y.ti  r'^  =  a^ 
X  r^+T,  and  fo  of  more  Terras ).  Let  us  then  fuppofe  any  Number  of  Terms  after  a  mul- 
tiplied 
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tiplied  together,  if  that  Number  of  Terms  is  n,  and  the  Sum  of  the  Indexes  of  r  in  the 
leveral  Terms  is  in,  then  is  the  Product  <j"xr'",  which  divide  by  «"— S  the  Quote  is 
axr'^,  a  Term  as  far  diftant  from  a  as  w  expreflesj  or  as  far  as  the  Sum  of  the  Diftances 
of  all  the  Terms  multiplied.  & 

Scholium.  The  immediate  Ufe  and  Application  of  thefe  Corollaries  is  in  the  So- 
lution of  the  following  Problems. 

(i.)  To  find  any  Term  of  a  Series  by  means  of  its  Diftance  from  the  firftTerm,  to- 
gether with  the  firft  Term,  and  any  two  other,  the  Sum  or  Difference  of  whofe  Diflfancc 
from  the  firft  is  equal  to  the  Diftance  of  the  Term  fought :  The  Solution  of  which  is  plainly 
contained  in  Coroll.  i.  which  need  not  to  be  repeated. 

(z.)  By  the  firft  and  any  three  or  more  others,  the  Sum  of  whofe  Diftances  from  the 
firft  is  equal  to  the  Diftance  of  the  Term  fought  from  the  firft,  the  Solution  of  which  is 
in  Coroll.  4. 

(3.)  By  the  firftTerm,  and  any  one  other  whofe  Diftance  from  it  is  an  aliquot  Part  of 
the  Diftance  of  the  Term  fought  from  the  firft  i  the  Solution  of  which  is  contained  in 
Coroll.  2.  and  3. 

(4.)  When  the  Term  fought  is  in  the  very  middle  betwixt  the  given  Terms,  as  in 
Coroll.  2. 

Obferve,  If  the  Term  fought  is  betwixt  the  Terms  given,  but  not  in  the  middle,  you 
have  a  Rule  for  folviiig  this  in  Frohl.  3.   See  Article  2.  of  the  Schol.  to  Coroll.  8. 

Theorem  XXI. 

In  any  Geometrical  Series  the  Produdt  of- the  Extremes  is  equal  to  the  Produdl  of  any 
two  middle  Terms  equally  diftant  from  the  refpedlive  Extremes,  {i.e.  the  leffer  Mean  from 
tire  lefier  Extreme,  and  the  greater  from  the  greater  j  and  to  the  Square  of  the  mfddle 
Term,  when  the  Number  of  Terms  is  odd.  That  is,  thefe  Produdls  are  all  equal,  vtz,. 
that  of  the  Extremes,  and  thefe  of  every  two  Means,  taken  at  equal  Diftance  from  the 
Extremes,  and  that  of  tlie  middle  Term  by  itfelf,  i.  e.  its  Square,   when  the  Number  of 

Terms  is  odd.  .    ,   t,         m         .    ^ 

Example.  3:12:48:192.  1(^8:3072:12288,  being  a  Geometrical  Progreflion,  thefe 
Produds  are  equal,  viz.  3  X  12288  =  12  x  3072  =  48  x  168=  192  x  192;  each  of  them 
being  =  36864. 

D  E  M  o  N  s  T  R.  This  follows  cifily  from  the  preceding,  compiired  with  Theor.  I.  for 
the  Extremes  of  a  Series,  and  any  two  Terms  equally  diftant  from  them,  are  : :  /  by  the 
preceding,  and  by  Theor.  I.  the  Produ6ts  of  the  Excremes  and  Means  of  four  Proportionals 
are  equaf;  and  the  Produft  of  the  Extremes  of  three  Numbers  in  continued  Proportion  is 
equal  to  the  Square  of  the  middle  Term;;  hence  the  thing  to  be  proved  is  manifeft. 

Example.  K:b:c:d:c  -f-.g,  being  a  continued  Series,  thefe  are  proportional,  a:b::f:g-^ 
hmce  ag  =  bf.  Again;  a:c::e:g\  hence  ag  =  ce.  Alfo  -a  :  <J  :  g  are  —/;  hence 
ag=^dd-  wherefore  ag  =  bf=ce  =  ilii.    However  long  the  Series  be,  the  Truth  of  the 

Theorem  is  equally  clear.  „        ^       .        ,         ,      .     ,    n.  t:  , 

Which  we  may  alfo  flrew  by  this  other  Reprefentation ;  let  a  be  the  leaft  Extreme,  rthe 

Ratio,  amj  d  the  Diftance  of  the  Ex- 
tremes, then  the  greater  Extreme  is  <"*, 
{Cor.  6.  Prob.  3. J  and  the  Series  of  increa- 
ling  Terms  from  <»,  and  of  the  decrcafing 
from  (jH,  are  as  in  the  Margin.  From 
whence  it's  obvious,  that  the  Produdfs  of 

the  feveral  correfponding  Tertw  ftaading  aga'nft  one  another  in  the  tv/o  Series  are  all  equal 


a-.jr        :  ar'-       :  ar^       :<»»'*        :  &c.  ar^. 
1,4.  ^, a— >  :^r''— ':<»)''— ':<»'-^—**:Sfc.  a. 


<j»  X  r' 
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to  <»»  X  r"*  i  for  r  being  involved  once  more  in  every  Term  from  a,  and  once  left  in  every 
Term  from  drS  makes  ftill  the  fame  Produdt  <»^  x  r"". 

Or  it  will  be  as  clear  if  we  reprefent  a  Series  in  this  manner;  a:ar:ar^:  &c.  :  —  ,:    - 

:I,  increafing  from  a  for  the  one  half  of  the  Series^  and  decreafing  from  /  for  the  other 
half:  and  if  there  is  a  middle  Term  let  both  Parts  of  the  Series  include  it:  And  then  the 
Truth  propofed  is  obvious ;  each  ProdmSb  being  =al.  For  tho'  one  of  the  Faftors  is  a 
multiplied  by  fome  Power  of  r  ;  yet  the  other  is  /  divided  by  the  fame  Power  of  r,  which 
Multiplier  and  Divifor  deltroy  one  another  in  the  Product  propofed. 

SCHOLIUMS. 

1.  Where  a  Series  has  an  even  Number  of  Terms,  there  are  two  Terms  which  we 
may  call  the  two  middle  Terms,  and  in  this  Cafe  the  Theorem  may  be  expreded  thus : 
The  Produ(9:  of  the  two  middle  Terms,  and  of  every  two  equally  diftant  from  them  aie 
equal :  And  we  may  alfo  fee  this  Truth  in  a  Reprefentation  different  from  any  of  the  I'or- 
mer,  thus ;  If  »j  )i  be  the  two  middle  Terms,  the  Series  afcending  from  7;  will  be  the  con- 
tinual Producls  of  »  by  the  Ratio,  and  defcending  from  ta  it  will  be  the  continual  Quotes 
of  m  divided  by  the  Ratio,  which  in  this  Cale  is  taken  for  the  Quote  of  the  greater  Term 

divided  by  the  lefler,   as  n  -h-  m\   Thus;  ^c.    :—:  :  — - :  —  -.m-.n  .nr-.nr^:  nr'= :  efrc.    In 

which  the  Theorem  is  manifeft";  for  n  being  multiplied  by  any  Power  of  r,  and  vi  being  di- 
vided by  the  fame,  the  Produdt  of  that  Quote  and  Produdl  is  m  n,  the  Divifor  and  Mul- 
tiplier deftroying  one  another:  So  —  x»r= =w»;  and  univerfally,  —  x«r*  = 

mnr^ 

=mn. 

2.  Where  tlie  Series  has  an  odd  Number  of  Terms,  /.  e.  has  a  middle  Term  equally 
dillant  from  both  Extremes,  then  it's  the  fame  thing  to  fay.  The  Produds  of  the  feve- 
ral  Terms  equally  diftant  from  the  Extremes,  or.  The  Produds  of  Terms  equally 
difVant  from  the  middle  Term,  are  equal  to  another,  and  to  the  Square  of  the  middle  Term  j 

and  fuch  a  Series  may  be  thus  reprefented ;  &c.  —r'—^'-~:m:mr:  mr'- :  mr'',  ^c.  which 

alfo  does  clearly  fhew  the  Truth  of  the  Theorem. 

3.  Ohferve,  For  the  fame  Reafons  here  explained,  the  Produd  of  any  two  Terms  in  a 
Series  is  equal  to  the  Produdl:  of  any  other  equally  diftant  from  the  former  two  ;  and  where- 
of one  is  taken  as  far  above  one  of  thefe  former  as  the  other  is  below  the  other  of  them  : 
Becaufe  fuch  four  Terms  are  proportional ;  and  of  the  Terms  iftultiplied,  the  one  Couplet 
are  the  Extremes,  and  the  other  the  Means. 

Alfo,  The  Produd  of  any  two  Terms  is  equal  to  the  Square  of  that  Term  which  is  in 
the  midft,  equally  diftant  from  either  of  them,  becaufe  thefe  three  Terms  are  ::/;  fo  in 
the  preceding  Series  <»/'=  b e,  becaufe  a:b::e :/;  and  ae  =  cc,  becaufe  a:c::c:e. 

Again;  When  a  Series  has  an  even  Number  of  Terms,  tho'  the  two  middle  Terms  are 
not  in  the  continued  Ratio  of  all  the  reft  above  and  below,  yet  the  Produds  of  the  Ex- 
tremes and  middle  Terms  equally  diftant  from  them,  will  ftill  be  equal,  becaufe  thefe  Fa- 
dors  are  : :  /,  at  leaft  diqundly. 

Co  ROLL.  The  continual  Produd  of  any  three  or  more  Numbers  in  Geometrical 
Progreflion  is  a  Power  of  fome  Order ;  particularly, 

(i.)  If  the  Number  of  Terms,  w,  is  even  [i.e.  a  Multiple  of  2  )  and  the  Extremes 
«,  /,  then  fuppofe  n-^i  =  d;  I  fay,  the  continual  Produd  of  all  the  Terms  of  the  Sericj 
is  the  d  Power  of  the  Produd  of  the  Extremes,   or  ~alf :  For  fince,  as  has  been  fhewn. 

Mm  the 
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the  Produd  of  the  Extremes,  and  of  every  two  mean  Terms  equally  diftant  from  the  Ex- 
tremes, are  all  equal;  and  there  arc  as  many  of  thefc  equal Produdsas  the  half  Number 
of  Terms,  or  d:  Therefore  the  continual  Produd  of  all  thefe  equal  Produds  ("which  is 
manifeftly  the  continual  Produd  of  all  the  Terms  in  the  Series)  is  equal  to  fuch  a  Power 
of  any  one  of  them  (as  the  Produd  of  the  Extremes)  whofe  Index  is  d.  Example:  Of  this 
Series,  2  :  4 :  8  :  16  :  32, :  64,   the  continual  Produd  is  2  X  4  X  8  X  16  X  32  X  64  =  209 j  152 

=  2X  64l'=:T2Sl°. 

(2.j  If  the  Number  of  Terms  is  odd,  i.e.  If  there  is  a  middle  Term  equally  diftant  from 
each  Extreme ;  fuppofe  that  middle  Term  is  ;»,  and  the  Number  of  Terms  71;  1  fay,  the 
continual  Produd  of  all  the  Terms  is  the  n  Power  of  the  middle  Term,  m,  or  w":  For 
the  Produds  of  every  two  Terms  equally  diftant  from  the  middle  Term,  being  equal  to 
m^  or  m  X  m  j  therefore,  as  to  the  continual  Produd  of  the  whole  Terms,  the  Series  is 
the  fame  in  eifed  as  if  it  were  a  Series  of  Terms  all  equal  to  m,  in  which  cafe  it's  evident 
that  the  Produd  of  the  whole  is  ;»".  Example  :  Of  this  Series,  2  :  4 :  8  :  16 :  32,  the  con- 
tinual Produd  is  2  X  4  X  8  X  16  X  32  =  32768  =  8^. 

Obferve,  The  continual  Product  of  the  Series,  viz.  aJ  ,  or  m'\  may  alfo  be  a  Power 
of  as  many  oihcr  Orders  as  are  denominated  by  the  integral  Numbers,  which  divide  the  Index  i^ 
or  n,  wichout  a  Remainder,  as  has  been  already  explained  in  Book  III.  Again ;  In  fome 
Cafes  the  Produd  may  be  a  Power  of  other  Orders  than  what  are  alTigned  either  by  this 
Corollary  or  laft  Ohjerv.ition,  according  to  the  Nacure  and  Compofition  of  the  ift  Term 
of  the  Series,  and  of  the  Ratio;  but  thefe  not  flowing  immediately  from  the  Nature'  of 
Progreffions,  are  not  to  be  confidered  here.  This  only  I  fhall  further  ohjirve,  That  if  the 
Index  w  ( viz.  of  the  Power  ;»"  the  Produd  of  an  odd  Series )  is  an  odd  Number,  the 

Produd  cannot  be  a  Power  of  the  Order  </.  Suppofing  in  this  Cafe  alfo  '''=->   becaufe  « 

being  an  odd  Number,  is  not  divifible  by  2  without  a  Remainder ;  therefore  -  or  </  is 
not  the  Index  of  a  fimple  Power.  Alfo,  If  n  is  an  even  Number  the  Produd  cannot  be 
a  Power  of  the  Order  n ;  for  that  Produd  being  at '  '^  this  is  alfo  a  Power  of  the  Order 
«,  then  dvi  divifible  by  n  without  a  Remainder,  which  is  impoffible,  becaufe  ''=— . 

Theorem     XXII. 

In  any  Geometrical  Progreffion,  which  foevcr  of  the  Extremes  you  call  the  id  Term, 
the  DifTjrencc  of  the  ifl:  and  2d  Term  is,  to  the  Difterence  of  the  Extremes,  in  the  fame 
Ratio  as  the  ift  Term  is  to  the  Sum  of  the  whole  Series,  except  the  laft  Term:  Or  alfo, 
as  the  2d  Term  to  the  Sum  of  the  whole  Series,  except  the  ill. 

Examplf  :  In  this  Series,  2 :  6 :  18:54:  162,  it  is  as  4  (=6  —  2)  to  160  (=  162  —  2)  fois2 
to  80  (=2-)-6+ i84-54J;  or  take  the  Series  decreafing,  it  is  as  108  (=  i()2  —  54)  to  160 
fo  is  162  CO  240  (=  i62-f-54-j- i84-6.)  Again;   it  is  4: 160: ;  (J  1240  ;  and  108:  160: : 

80. 

Univerfally  :  If  a  Geometrical  Scries  is  a:b:c:d:e,  &c.  /,  for  the  whole  Sum  put 
s,  and  let  a  be  the  ift,  and  /  the  laft  Term;  io  that  s — a,  i  —  /,  exprefs  the  Sum  of 
the  whole  Series,  except  the  ift  or  laft  Term;  then  is  it  i  —  a  (or  a  —  b)  J  —  a  (or«  — /) 
::a:f — l::b\s — a. 

D  E  M  o  N  s  T  R.  I.  Let  us  fuppofe  the  ift  Term  to  be  the  lefler  Extreme,  and  the  thing 
to  be  demonftrated  is,  that  i — a: I — a::a:s — l::b:s  —  a.  Thus;  Of  any  Num- 
ber of  fmiilar  and  equal  Ratios,  the  Sum  of  all  the  Antecedents  is  to  the  Sum  of  all  the 
Confequents  as  any  one  of  the  Antecedents  to  its  Confequent  (by  Tbeor.lW.  Coroll.  i-}: 
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But  in  cafe  of  a  continued  ProgrclTion  all  the  Terms  except  the  Lafl:  are  Antecedents^  and 
all  except  the  i ft  are  Confequents  ■■,  (o  that  it  is  x  —  l.s  —  a  :  :  a:b  ;  and  divifively  s — a 

—  s  —  l:b — a:  -.s  —  /:  a  :  :  s  — a:b\  but  s  —  a  —  j  —  I  •=  s  — a  —  y-|-/  =  /  — ah 
therefore  /  —  a-.b  —  a-.-.s  —  l:a::s  —  a-.b.,  or^  reverjiy,   b  —  a  J  —  a:\a:s  —  /:  :  B.  y 

—  4. 

2.  If  we  fuppofe  a  to  be  the  greater  Extreme,  the  Hemonflration  proceeds  the  fame 
way;  only  infteadof  ^— <»and  /  —  a,  it  is  <»  —  b:a — Iwa-.s  —  l.:b:s  —  a. 

COROLLARIES. 

I.  Having  the  Extremes  of  a  Series,  and  the  fecond  Term,  (or  that  next  either  of  the 
Extremes)  we  can  find  the  Sum  of  the  whole  Series,  without  knowing  or  finding  any 
more  of  the  Terms.     Thus : 

Multiply  the  Difference  of  the  Extremes  by  the  firft  Term,  and  divide  the  Prodadt  by 
the  Difference  of  the  firft  and  fecond  Term,  the  Qiiote  is  the  Sum  of  all  the  Series  ex- 
cept the  laft  Term ;  to  which  Quote  add  the  laft  Term,  and  the  Sum  is  the  thing  fought. 

For  fince  b — a  :  l-r—a  :  :a  :  s — /,  therefore  s — /=  — ; —,  andj=— ^P^^ — —-A-1. 

,  b  —  a  b  —  a        ' 

Or  infteid  of  multiplying  by  the  firft  Term,  multiply  by   the  fecond  Term^  and  you'll 

find  the  Sum  of  all  the  Series,   except  the  firft  Term.     For  b  —  a:  I — a:  :  b  :  s —  a; 

therefore   s  —  a=^    , — ,   and  s^=     , \~a.     If  we  fuppofe   b   lefs  than  a, 

yet  the  Rule  is  the  fame,  and  the  Reafon  of  it  alfoj  by  putting  a-r~b  and  a  —  /in  place 
of  b — a  and  / — a. 

yigain :  If  we  take  either  of  thefe  Expreffions  for  the  Sum,  "viz.    -7  "^  "  -f-  /,    or 


-J— f"  " '  ^"'^  reduce  them,  by  the  common  Rules,  to  a  more  fimple  Expreffion, 

we  Hiall  find  it  to  be  this,  s^  , —  ;   /.  e.   multiply  the  laft  and  fecond  Terms,  and 

from  the  Produdl  fubtradl  the  Square  of  the  firft  Term,  and  divide  the  Remainder  by  the 
Difference  of  the  firft  and  fecond  Term,  the  Quote  is  the  Sum.  And  the  Truth  of  this 
we  may  alfo  deduce  otherwife.  Thu?,  a  :  b  :  :  s  —  l:s  —  a,  (as  we  faw  above)  and  the 
Produdt  of  Extremes  and  Means  are  equal,  viz.  as  —  <j^=  b  s  — bl.  To  each  add  bit 
and  it  is  b  l-\-as  —  <j^=tf;  and  fubtrafting  a  s,  it  is  bl  —  a?-=bs>—as=b — ay.  s  ■ 

and  dividing  by  b  —  a,  it  is  -7 — ■ — =!■. 

2.  From  this  Expreffion  of  the  Sum,  i.  e.  from  this  Equality,  as  —  a'-=^bs —  bl;  we 
have  alfo  the  Solution  of  thefe  Problemr,  viz.  (i.)  Having  b,  s,  I  to  find  <?, which  is,  <»  = 

I+l!  —  hJZZ^  (Prot.6.C.2.B.ni.)  (2.  J  Having  a,  s.  I  to  find  b,  which  \s,b  =  ''^~  f . 

(3.J  Having  a,  s.  b  to  find  /,  which  is  /=  '~~^^-r-''  _  por  fince  bl-~a'^  =  bs—. 
a t.     Add  a>  to   each,    it  is  bl  =  b  s  —  a  s  -{^  a'^;    and   dividing  by  b,  it  is  /  = 

, .     (40  Having  <»,^,  s — /  to  find  s — a,  which  is,  *  — <»=  J 

which  flows  immediately  from  «  r  —  <»»  =  t  *  —  ^/.  Cj)  Having  a,h,f'—a  to  find 
s  —  l,  which  is,  ^^/=:i~iLi.  M  m  a  la 
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In  the  fame  manner  having  any  three  of  thefe  four,  wz..  a,  b~a,  H^,  f^,  we 

(which  is  above  demonftrated,  and  from 
7x  b  —  a 


can  find  the  fourth  j  thus,  t — i: 


ay-  a 


which  follow  the  reft,  "viz..)    i  —  <»  =  — -— , — j  / — a-=. 


■  —  /  X  b  —  a 


Again :  Having  any  three  of  thefe  four,  •viz.  b,   b  —  a,     T- 


-,  and  a  = 


■a,  s  —  a 


we  can  find  the  fourth  thus,  x  —  j='__f2L_,     Which  is  above  demonftrated;  and 

b  —  a  ' 


from  which  follows,  that  b  —  a  = 


y.b 


s  —  a 


.■,l-a=. 


s —  a  X  b  —  a 


and   b  = 


t  —  a  X  b  —  a 
I —a. 

Scholium.  In  every  Geometrical  Progreflion  thefe  five  things  are  confiderable,  viz. 
the  two  Extreme?,  the  Ratio,  the  Number  of  Terms,  and  the  Sum :  From  which  a  Va- 
riety of  Problems  arifes,  whereof  thefe  are  the  chief  and  inoft  iifeful ,  in  which  are  given 
any  tliree  of  thefe  things  to  find  the  other  two.  But  there  is  one  Cafe,  viz.  having  the 
Sum,  Number  of  Terms,  and  either  Extreme,  to  find  the  other  and  the  Ratio;  the  So- 
lution of  which  is  too  much  above  the  Method  I  am  limited  to:  however,  I  fliall  not  en- 
tirely pafs  ic  over,  but  bring  the  Solution  fo  far  as  my  Method  permits,  and  muft  leave  the 
reft  to  fuperior  Methods. 

The  Vfe  of  the  SYMBOLS  employed  in  the  folloiving  Problems. 


<j  =  the  lelTer  Extreme. 
/  =  the  greater  Extreme. 
s  =  Sum  of  the  whole 
Series. 


r  =  the  Ratio,  which  is  to  be  ta- 
ken as  the  Quote  of  the  greater 
Term  divided  by  the  lefler,  and 
confequently  the  reciprocal  Ra- 
tio taken  the  other  way. 


»= Numb,  of  Terms." 
d=» —  1=  the  Num- 
ber of  Terms  lefs  I, 
or  the  Diftance  of 
the  Extremes. 


Problem  IV. 

Having  the  Extremes  and  Ratio  A,  1,  r,  to  -find  the  Sum  and  Kutnbir  of  Terms  s,  n. 

S  OLUTIONS. 

I.  For  the  Sum.     It  may  be  done  various  waysj  thus, 
ift  Method:    Having  a,  r,  we  have  alfo  b  the  fccond  Term,  for  b  =  ary  then  by  a^ 

yi — ^i 
h,  I  we  may  find  f>  as  in  Cor.  i.  Theor.  22.  thus,  s=  -yzZ^  ' 

But  without  finding  b,  we  have  various  other  ways. 

3d  Method:  Divide  the  Difference  of  the  Extremes  by  the  Ratio  lefs  i,  the  Quote- is-J 

the  Sum  lefs  the  greater  Extreme.    Thus,  '  —  '=^^^1'  ^nd  t=jr:^-j^l. 

Example:  a  =  i,  /=48,  r  =  2;  then  is  ^  — /=45=  l."^^! '  ^"'^  ^  =  45+48i  asj 

in  this  Series,  3  :  (J:  12  : 24: 48. 

De  MO  N  sTR.   By  Theor.  22.  it  isb  —  a:  I — a::a.s  —  /,  or  b  —  a -.a::  I — a  -s  —  /.I 
But   b=  a  r,  therefore  b:a::r:i:,    and  divifively,   b  —  a:  a::r-^  i  -.i.     Hence  r — x| 

:l::/— <«;/  —  /»   and  r  —  /=  j;r^^i  alfo  *=:;r:::7Y  +  ''  3d  .flft^ 
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3d  Method.    Multiply  the  Difference  of  the  Extremes  by  the  Ratio,  and  divide  thePro- 
6\xt>  by  the  Ratio  left  i,  the  Quote  is  the  Sum  wanting  the  leflcr  Extreme.    Thus;  s  — a 

=  E-f^^'i  and   hence  y  =  (ziliLl  +  <,. 

r —  I  r —  1      '  

Example:   <«=  3,  /  =  48,  r  =  2  ;   then  isf  —  ^==90  =  ^         ^ — ?,  and /  =  93. 

Demon.    Since  h-.a.-.r-.i,  (as  before);  therefore  b  —  a-.br.r — i:r.    But  h  —  a 
•.b::l —  «  :  *  —  ">   [Theorem  22. )     Hence  r  —  I  :  r  : ;  / —  a  :  s  —  a,  and  s  —  <«  = 

r  ■ 

4th  Method.    Take  the  Product  of  the  lefler  Extreme  and  the  Ratio  out  of  the  greate 

Extreme,  and  divide  the  Difference  by  the  Ratio  lefs  i,  the  Quote  is  the  Sum  wanting  botb 

,        / — r  a        ,         I —  r  a  ,        ,   , 
Extremes;  thus,  *  —  a — /=   ^ ^-j  andf=  ^ ^  -f-a-\-l. 

Exam.  In  the  preceding  Series,  f — o  — /=42  =  '^^ ^-,  and  ^  =  42  + ^1  =  93- 

Demonstr.    By  the  2d  Method,  s  —  l=    -;  hence  f — / — a=  ^  —  «  =s 

*"2^ — -*- — =  ^ j^  ■    Or  thus;  If  ar  (which  is  the  fecond  Term,  when  a  is 

the  firft)  be  made  the  firftTerm;  then,  of  fuch  a  Series  s — /=.      "'' ,    by    the  fecond 

r —  I 

Method:  But  this  is  plainly  =r  —  / — <«of  that  Series  which  begins  with  a.     Therefore, 

5th  Method.    Multiply  the  greater  Extreme  by  the  Ratio,  and  from  the  Produft  take 
the  lefler  Extreme  i  divide  the  Difference  by  the  Ratio  lefs  i,  the  Quote  is  the  Sum;  thus. 

r  / —  a 

r  —  I 

Exam.   In  the  preceding  Series,  s  =  ^^^        ^  =  9^. 

2  —  I 

Demonstr.    This  Rule  is  deduced  from  the  ad  Method,  thus,  s  =    ^^  +■' 

s= r_  =  — — — ;  and  it  may  be  deduced  the  fame  way  from  the  3d  or  4th 

Methods.    Or  we  may  deduce  it  from  the  ift  Method,  by  putting  ar  ia  the  Place  of  bj 

thus,  ■ — =  — — — ,  by  dividing  Numerator  and  Denominator  by  a.   Or,  again, 

from  the  2d  Method,  Thus;  If  one  Term  more  is  joined  to  that  Series  whofe  greateft' 
Term  is  /,  that  new  Term  is  r /;  and  putting  r  /  in  place  of  /,  in  Rule  2.  it  is  s  —  r  /  = 

— ;^ —  :   But  J  —  r  I  in  this  new  Series  is  equal  to  t  in  the  former,  whofe  greater  Extreme 

was  /,  wherefore  its  Sum  is  -  ^~— . 

r —  I 

But  we  may  alfo  demonftrate  this  Rule  independently  of  any  of  the  preceding,  thus: 

n:b::  s — l:s — a  (as  has  been  (hewn  in  Theor.  22.),   but  i:r::a:b:,    hence   i:r:: 

s — l:s  —  a,  and  f  —  *=:rf — r/,  and/  —  a-\-rl^=ir s:,  alfo  r/—<»=rf  —  ;;and,laftly, 

rl — a 

r —  I 
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Or  alfo  thus,  (independently  oiTljeo- 


a -.ar:  at"' :&CC.  :  a r"—^ :  a  r" 


r —  r 


ar-^ar'--\-ar~^ :  &c. +  «  r" -f- "''"■*'' 
—a  —  ar  —  ar^  —  ar3 ;  gjc.  —  ar". 

—  a~\-a  r"*'  or  a  >•''*'  —  a 


rein  22. )  Let  the  Series  fe  e^cprefled 
thus,-  A  :  Ar :  Ar^ :  &c. :  Ar",  and^et 
it  bo  multiplied  by  r~i,  it'smanifeft 
from  the  Work  in  the  Margin,  that 
the  Produa  is  =  Aj-'^^*!  ~A;  and  if 
this  Produft  is  divided  by  r —  i,   the 


Quote  is  — '-^ = ;  becaufe  ar"  =  l,  and  rl  =  ar"*'. 

^^  r — I  r —  I   ' 

2.  For  the  Number  of  Terras  n,  Raife  the  Series  from  a  till  you  find  a  Term  iequsl 
to  /,  and  then  you'll  have  ;/.     The  Ueafin  is  obvious. 

Or  thus:  Divide  the  greater  by  the  iefler  Extreme,  and  raife  the  Ratio  to  a  Power 
equal  to  that  Quote,  its  Index  is  equal  to  n —  i,  or  d\  becaufe  /=  <*  1^  {Cor.6.  Frohl.  HI.) 

therefore  —  =  r'-,  Co  in  the  preceding  Series,  48  =  3  x  a*  =  3  xid ;   wherefore  5  is  the 

Number  fought. 

Obfirve,  There  is  anotlier  Method  of  finding  k,  I'iz.  By  the  Logarithms :  And  tho'  the 
Nature  and  Ule  of  thefe  Numbers  is  not  yet  explained,  I  fliall  here,  neverthclels,  deliver 
the  Rule,  that  what  belongs  to  Progreffions  may  be  found  together ;  but  the  Den.onfiration 
and  application  muft  both  be  referred  till  Logarithms  are  explained.     See  Pagt  507. 

Rule.  To  find  wby  Logarithms,  Subtradl  the  Log.  of  a  from  that  of  /,  and  divide 
the  Remainder   by  the  Log.  of    r,    the  .Qtiote    is  equal    to  </  or   «  —  i;    thus,  </  = 

^°^'  '      ^°"- ''  .    But  ohferve.  In  this  and  all  the  following  Soli/tions  by  Logarithms,  that 
Log.  r.  •' 

the  Anfwer  will  not  always  be  accurately  true ;  and  therefore  to  be  fure  of  an  exad  An- 

fwer,  the  former  Method  is  to  be  chofen. 

P  R  O  B  L  E  M    V. 

Having  the  Extremes  <i,/,  and  Number  of  Terms  r,  to  find  the  Sum  s  and  Ratio  r. 

1.  For  the  Ratio.  Divide  the  greater  Extreme  by  the  lefTer;  e^-traft  that  Root  of  the 
Quote  whofe  Index  is  w  —  i,  or  </,  it  is  the  Ratio.    Thus,  r=  /-4-  a\^.         _,        _ 

Example-    a=i,  /  =  48,  «  =  5,  then  is  r  =  /^^-r-  3I*  =   i6-*=:a. 

Demonstr.  /=Ar'  (CoroU.6.  Probl.Ul.)  therefore 7 -^- <?  =  >'',  and  r  =  T~7f 
(Ax.  I.  Book  III.) 

Scholium.  As  to  the  Extradion  of  this  Root,  fee  what  is  faid  in  Booi  III. ;  and 
if  the  Root  is  Suriij  the  Froblem  is  impoflible  in  rational  Numbers. 

r  I  —  a 

2.  For  the  Sum.    Find  it  by  a,  1,  r,  as  above,  viz.  s=  ,._i  • 

Or  inftead  of  r  put  its  Equal"/— J'^ ;  and  fo  the  Rule  will  be  s  =  l^.^ixl—a-^ 

7^^'''—  I.  Where  ohferve.  That  the  Expreffion  for  r  Handing  here  diftindly  by  itfclf,  this 
is  no  other  thing  than  bidding  you  firft  find  r,  and  then  by  a,  I,  r,  find  /.  But  this  ExpreflTion 
may  be  reduced  to  another  Form  wherein  the  ExprefTion  of  r  is  loft,  thus;'/  ^a^*^%l  —a 

_^  ~r~^ii  —  T  =  / X  /^  —  <J  X  a^-r- i^—  a^-    The  Manner  and  Reafon  of  which  Re- 
■  — — — —     — —  duftion 
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duftion  is  this,  7^^."l  =  /"-=-«''   {Theor.  i,.  Book  III.),  and  therefore  J^a^x.1 —ly.l'^ 

,  i  '         i  ~ 

-H-  «i~;  froJJX  which  fubtfa(ft  4  and  it   is  1-n.l—  a  x  a"  ^a\     Again;   /-Ha,''  — 1  = 

p  —  a~ 1=/^ — <3^-i- «"■       And    the    former  Retnainder,  divided   by  this,  quotes 

/  X  /~  — 1  i»  X  fl~  -H  /  ■"  —  A^ .  If  you  exprefs  all  the  Divifiotis  here  fraftion- wife  you  will  per- 
ceive the  Method  of  the  Redu(flion  more  eafily.  Yet  here  again  obferve,  that  the'  the  Problem  be 
poflible  in  rational  Numbers,  it  cannot  be  folvcd  in  this  Form  unlefs  /  and  a  are  both  Powers 
the  Order  d.  And  if  it  be  here  objefted.  That  either  this  Solution  is  falfe,  or  the  Problem 
impodible,  fince  a  true  Solution  mult  necefTarily  give' the  Anfwer  to  a  poffible  Problemj 
this  Difficulty  is  removed   by  confdering  that  this  new  Expreffion   is  only  the  Effed  of 

taking  /^  —  a^  for  /-i-a  |%  which  laft  may  be  rational  ("and  muft  be  fo  if  the  Problem 

is  poffiblej  tho'  /  •■  and   <j~  are  both  Surd,  (as  has  been  fliewn  in  Bo>k  III.)  and  the  Con- 

fequence  we  are  to  draw  from  /"  and  a^  being  Surd,  is  not  that  the  Problem  is  impoffi- 
ble  in  rational  Numbers;  but  rather  this,  thatmakipg  thefe  Extradtions  further  and  fuither 
»;;  infinitum,  and  applying  them  in  this  Rule,  we  (hall  approach  infinitely  nearer  to  the  An- 
fwer of  the  Problem. 

Problem    VI. 
Having  the  Extremes  a>  /,  and  Sum  r,  to  find  the  Ratio  r,  and  Number  of  Terms  n. 

1.  For  the  Ratio.  Divide  the  Differenee  of ■  the ■  Extremes  by  the  Difference  of  the 
Sum  and  greater  Extreme,  the  Quote  is  the  Ratio  lels  i :  Or  thus;  Divide  the  Difference 
of  the  Sum  and  leffer  Extreme,  by  the  DiflFerencc  of  the  Sum  and  greater  Extr^ia?*;  the 

Qyote  is  the  Ratio :   thus, j  =  r  —  i ,  .or  r  = -j.  .     ^^         . . 

Exam.    <»  =  3,  /=48,  s  =  93,  then  is  r  —  i  =  -''— — i  =  i^  =  i,  or  r=  ^^~  \ 

93—48       45  5)3—48 

=  2. 

D  E  M  o  N  s  T  R.  f  •—  /  —  -^^^  (  Prohl.  IV.),  hence  r  —  i  =  ^^  (the  iftR«/e) ; 
hence  r=;  r^~^  +  i  =  ~^_/~  =-''J~l  (the^d  ^ukl-  .V^'ch  is  alfp  de- 
monftrated  thus;   s  —  1 :  s  —  a::a\h::\:ri   hence  r  = —-4. 

2.  For  n.     Find  it  by  a,  I,  r,  as  in  Probl.  IV. 

Or  by  Logarithms,  thus :  Divide  the  Difference  of  the  Logarithms  of  /  and  a  by  the 
Difference  of  the  Logarithms  of  s — a  and  s  —  l,  the  Quote  is  »rrr.j..or  d;  Thus  </= 

Log.  L  —  Log,  a.  '■       • 

Log.f — «?  — Log,  s  —  /  * 

C  o  R  o  L  L.  Having  r  and  the  Difference  of  the  Sum  from  either  of  the  Extremes, 
we  can  find  its  Dieference  from  the  other  Extreme;  for  fince  r—j~-,  therefore  f—l 


r 


'» ■  and  ;■  —  a  =:  s  — -Ix  r. 


I'.i 

Prob- 
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Problem     VII. 

Having  either  of  the  Extremes  a  or  /,   with  the  Ratio  r,  and  Number  of  Terms  »,  to 
find  the  other  Extreme  I  or  a,  and  the  Sum  s. 

1.  If  <i  is  given,  multiply  it  by  the  </ Power  of  r,  the  Produft  is  /:  thus,  /  =<»r*.    If 
/  is  given,  then  divide  it  by  rS  the  Quote  is  a:  Thus  a^=-l-^r^. 

Example:    a=  2,   r  =  '^,  w  =  5i  then  is  /=2  X  3"*  =  z X  81  =  1^2.     And  /  being 
given,  then  is  «  =  162  -^81  =  2. 
D  E  M  o  N  s  T  R.    By  CoroU.  6.  Frobl.  III.  it  is  /=  ar^,  and  hence  a  =  l-~  r*. 

T  I —  a 

2.  For  the  Sum.    Apply  a,  I,  r,  as  in  Prohl.  IV.  thus,  f='  ^ •    Or  it  may  be 

found  otherwife  in  the  given  Terms,  thus : 

(i.)   If  a  is  given,  then  is  f  =     ^ .     For /  =  <j7'"— >,    therefore  r/ =<»r"—"  x  r 

rl — a       ar"  —  a 


:<»r",  whence  x  = 


r —  I 


(z.)   If  /  is  given,  then  is  ^  =  ^„_yn--,-    For  <j  =^:Kzri.  and  r/— <»  =  r/— p^rr, 

yn_.  xr/— /       /r"— /      .       ,  /r"— /      /r"— / 

= p=:. =  TH^r ;  therefore  s  =  -p^,-  ^  r  —  i  =  y„_y„_. . 

Problem   VIII. 

Having  the  Sum  s.  Number  of  Terms  n,  and  Ratio  r,  to  find  the  Extremes  a,  I. 

1.  For  a,  Raife  r  to  the  «  Power;   multiply  the  Sum  by  r—  i,  and  divide  the  Pro, 

du<a  by  r"—  i,  the  Quote  is  a:   Thus,  a  =  --nZTT" 

Example :  r  =  3,  w  =  5,  x= 242  ;  then  is  «  =  '^— — ^=  U"  =  2 ;  as  in  this  Seriesj 
a;  6: 18: 54: 162. 

Demonstr.    s=  ~^  ( ProW. IV. ),  and  /  =  4r"—  ■   (  frohl.  IH.  Oro//.  (J. j ; 
hence  r /  =  »•  X a  r" — '  =  <» r",    and  r / —  a  =  ar''  —  a  =  aX r" —  i ;  wherefore  y  = 


and  f  X  r  —  i  =  «  x  r"  —  i,  and  laftly  a  = 


f  — I  '^  ^ 

2.  For  the  greater  Extreme,    Find  it  by  a,  r,  «,  as  in  Frohl.  VII. 
Or  alfo  in  the  given  Terms,  thus,  find  the  ?i  and  n  —  i  Powers  of  r,  and  multiply  their 
Difference  by  the  Sum ;  then  divide  the  Produfl  by  r"  —  i,  the  Quote  is  the  greater  Ex- 

treme,  thus,  /^ 

r" —  I 

Example :   In  the  lafl;  Series,  r"=243,  and  r" — '  =81,  and  /=:  ^^"^    ^|J = 

243—81  =  162. 

2  Demon. 
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/Xr 


D  E  MO  N  s  T  R.    This  proceeds  from  putting  - .„ in  the  place  of  a  in  the  other 

Rule,  viz..  wherein  /=  <»r" — ',  for  thus,  /=  -vczirr^  '"" — '  ^=~ — ^n j i  but 


ry(.r^ — '=r"i  hence  r — iXr" — '  =r"  —  r" — '"  j  wherefore,  hftly.  /= 

Problem     IX. 

Having  either  Extreme,  a,  or  /,  the  Sum  s,  and  Ratio  r,  to  find  tho  other  Extreme  /, 
or  a,  and  Number  of  Terms  ». 

I.  For  the  unknown  Extreme.     And 

{\.)  If  /  is  given,  to  find  a.    Multiply  the  Difference  of  theSum  and  greater  Extreme, 
by  the  Ratin  lefs  i  \  fubtracft  the  Produd  from  the  greater  Extreme,  the  Remainder  is  the 

lefTer  Extreme.    Thus;  «=:/ — s  —  /x  r —  i  \  which  being  reduced  gives  alfo  this  other 
Rule,  I'iz,.  a  =  rl-^t  — rf. 

Example:  ^=242,  /=  i()2,  '"  =  3,  then  is  A=  162— 80X2=  i(j2 — 160  =  2. 

Demonstr.    In  Probl.  IV.  Met  ho  J  z.  it  is  fliewn  that  f  —  l=s  — ^^^^,  hence  s  —  / 


X  r  —  I  =  /  —  a,  and  a  =  I  — s — /x  r  —  i=r /-f- s  —  rs. 

(2.)   If  a  is  given,  to  find  /.     Multiply  the  Difference  of  the  Sum  and  lefler  Extreme 
by  the  Ratio  lefs  i,  and  divide  the  Produft  by  the  Ratio,  then  to  the  Quote  add  a,  the 

Sum  is  /;  thus  /= f-  a^  which  being  reduced  is  alfo=  '^-LjllZZf^ 

Example:  1  =  242.     <f  =  2,   r  =3,  then  is  /=  2^2212  _|.  ^  =  i^_|-i=  160  + 
2=  162. 
Demonstr.     In  Prohl.  IV.  it's  fhewn  that  y—  a  =         "^'^    hence   y  —  a  x 


-. ,  1  ,  f  —  aXr — I         ,  ,        t — aXr  —  i      , 

r  —  1=  e  —  a  X  r,   and/    -~  a  = -,  and  /  =  +  <*  = 

r  j-4-  a  —  y 
;■ 
2.  For  the  Number  of  Terms,  Apply  a,  I,  r,  by  Probl.  ^. 

Or  by  Logarithms,  thus:    (1.)  If  a  is  given,  then  fubtradi:  the  Logarithm  of  r  from 

that  of  rs-\-a  —  f ;   and  from   this  Remainder  fubtradf  again  the  Logarithm  of  a :  This 

laft  Remainder  divide  by  the  Logarithms  of  r,  the  Quote  is  w  —  i :    thus,  w  —  i  = 

Log,  r  y  -|-  a  —  s  —  Log,  r  —  Log,  a 

Log.  r.  • 

(2.)  If  /  is  given.  From  the  Logarithm  of  /  take  the  Logarithm  of  rl-^s — rs,  and 

divide  the  Remainder  by  the  Logarithm  of  r,  you  have  »  —  i  =  ^°g-  ^~  ^"g-  '^+-^~'"^ 

"  •'  Log.  r. 

Problem   X. 

Having  either  Extreme,  a,  or  /,  the  Sum  s.   and  Number  of  Terms  w,  to  find  other 
Extreme,  I  or  a,  and  the  Ratio  r. 

N  n  I.  For 
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I.  For  the  unknown  Extreme.  Take  the  Difference  of  the  Sum  and  given  Extreme; 
raife  it  to  the  »—  i  Power,  which  mukiply  by  the  given  Extreme:  This  Produd  is  equal 
to  the  Produfl:  of  the  «—  i  Power  of  the  Difference  of  the  Sum  and  unknown  Extreme, 

mukiplied  by  the  unknown  Extreme;  thus,  Ixs  —  l" — •  =  aX  s-~a^ — ' ;  wherefore,Co 
fini(h  the  Solution,  we  muft  find  a  Number  which  being  taken  from  s,  and  the  Remain- 
der raifed  to  the  »  — >  i  Power,  and  this  Power  multiplied  by  that  fame  Number,  the  Pro- 
dud  fhall  be  equal,  to  a%i  —  a'^ — '  if  /  is  fought ;  or  equal  to  Ixs  —  /" — '  if  a  is  fought. 
But  how  to  difcover  fuch  a  Number  is  the  greateft  Difficulty :  Nor  does  my  Method  and 
Limits  allow  me  to  give  any  farther  Diredion  about  it.  Therefore  I  (Tiall  only  illuflrate 
the  Rule  by  an  Example,  and  demonftrate  the  Solution  fo  far  as  it  is  deduced. 

Example:  y=  242,  »  =  5,  «  =  2.  then  is»— «=240,  s  —  a  =••  240*^ 
3517760000,  which  multiplied  by  <i  =  2,  is  6635520000  =axs  —  a  ,  and  the  Num- 
ber fought  is  162  =  /;  for  s  —  ^=242  —  162  =  80,  and  1— /"~^'  =  8o*  =  40960000, 
and/x^  — /" — '  =  162  X  40960000  =  6635520000. 

Demonstr.    l=ar"—'  i^Coroll.6.  Trohl.-s,.),  mi  r  =-^^^  (Frobl.6.)  Hence 

l=.ax  s  —  a ~s  —  /."— «  =  4  X r— «" — '    -r"  *— A* — ■  i    therefore  / x/  — /" — '  =: 
a  X  r — a       • 

2.  For  the  Ratio,    ft.)  If  a  is  given.    Find  a  Number,   whofe  w  Power  fubtraded 
s                                                        s  ^—  a 
from  its  Produd  by  -  fhall  leave  a  Number  equal  to ,  that  Number  is  the  Ratio ; 


a 


sr        . s  —  a 

t.e. r"= 

a  a 

ts-\-a  —  s 
Demon.  l=ar"—',  (Cor.  6.  Troh.  5.)  and /= "-j; {Vrob.  9.);    therefore 

a  yo — I  ==; .    Hence  ar''=.rt  -\~  a  —  y,  and  ar^-\-i  —  a  =  rf.,  alfo  t — i»  = 

rs  —  <»»■  ;  and  laltly,  — = = r". 

'  'a  a  a 

s  r" — •'  / 

(2.)  If  /  is  given,  find  r  fo  that  - j r"  =  ^^Z"/- 

/r"  — / 
Demon.    By  Prob.  7.  ^  =  y.n_^n-L;;  hence  yr"—yr" — »=/r°'— /;    and  x  r" — 

,^n— I  _j_/=/^n.  alfo  /=/r"  — y>°-[-*rn— «=yr° — «  — yr"4-/r''=rr° — >  — /^xr"i 

/  sr"—' 

and  laftly,  ;z:7=7ir/  —^^ 


TABLE 
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TABLE  of  the  lajl  Seven  Problems,  with  their  Solutions. 


'x>  Given.    Sought 


a. 


l.r 


s,  n 


Solutions. 


/  — 


7= 


ra 


T=^77 


r —  i"^  r  —  I      '  r — iT^"^  r — i 

»— 1=  the  Index  of  that  Power  ofr  which  is  =  ~,  or  w — 1=    ?  "'    "— 
a log.  j| 


a,  I,  n 


r,  s 


■  =zl^r-  «,<*     t  as  above,  or  s  =:l^r-a^  <  I —  a  -r- l-r-  a^  —  i. 


a,  I,  s 

r,  n 

a 

or  r,n 

I 

I 

or  s 
a 

I— 


==— — y-j- i==  — — 7,   and  n — 1  = 


log.  l~  leg,  a 
log.  s  —  a  —  log  s  — / 


l  =  ari 
a  =  l~ 


t,  as  above  i  or 


r —  I 
/r"— / 


8. 


s,  n,  r 


a 

or  s,  r 
I 


10 


a 

or  »>  s 
I 


7,1 


I 
or  n 

a 


I 

or  r 
a 


sxr — I 

"r"  —  1 


sxr" 


s  —  aX  r 


r  s  -\-a- 


log./ — \og.rl-\-s — rs 

■^  Log.  r 

log  rs  -\-  <»--j--log.  r-  \o^.a 


For  the  unknown  Extreme,  /Xf  —  /       z^  ay.  s 


For  the  Ratio,   —  —  r" 
a 


-,   and 


/ 


T 


r—r 


ScHOL.  What  has  been  before  obferved  upon  Arithmetical  Progrcflions  holds  alfo  in 
Geometrical,  I'/z.  that  any  three  Numbers  taken  at  random,  will  not  make  a  poflible 
Problem  in  every  Cafe ;  and  therefore  we  fhall  here  alfo  confider  and  explain  the  Invention 
of  thcfc  Numbers,  and  how  by  tneans  of  any  two  given  things  the  other  three  may  be 
found.  And  in  the  firft  place  obferve.  That  as  we  have  fome  general  Rules  in  Arithme- 
ticals  for  inventing  three  things  to  make  a  Problem  poflible,  fo  we  have  here  alfo.  But 
again  j  in  thefe  we  found  alfo  a  Variety  of  particular  Rules  for  the  Invention  of  any  one 
of  the  three  things  feparately,  without  being  obliged  to  find  any  of  the  other  two,  (though 
that  Invention  is  owinc;  to  the  Rules  for  finding  tliefc  others) ;  whereas  here,  the  Solutions 
of  the  preceding  Problems  do  not  afford  us  Rules  for  this  purpofe  in  every  Cafe ;  and  there- 
fore we  muft  be  content  with  the  general  Rules.  And  for  this  Reafon  the  Solution  of  the- 
Froblcws,  wherein  two  things  only  are  given,  are  comprehended  in  thefe  general  Rules  j 
fuch  of  them  ar  lead  as  are  folvable  upon  our  Method.  Now  the  firft  ching  I  Hiall  do 
here,  is  to  give  you  the  general  Limitations,  which  the  fcveral  things  belonging  to  thele 
Problems  muft  have  with  refped:  to  one  another  j  which  are  thefe: 

a  may  be  any  Number  lofs  than  s,  and  not  greater  than  /. 

/  any  Number  not  lefs  than  a,  nor  greater  than  t. 

r  any  Number  not  lefs  than  i. 

»  any  Integer  greater  than  i. 

s  any  Number  not  lefs  than  a  or  /. 

N  n  z  The 
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The  Reafons  of  thcfe  Limitations,  and  that  there  are  no  other,  will  be  manifeft  upon  a 
fmall  Attention  to  the  Nature  of  a  Geometrical  Progreflion. 

Now  for  the  Invention  of  any  three  of  thefe  things  to  make  a  pofTible  Vrohlem. 

{\.)  If  the  things  to  be  invented  are  a,  «,  r,  or  /,  n,  r,  or  s,  n,  r,  they  may  be  taken  at 
pleafure  within  the  general  Limitation;  bccaufe  from  any  Number  a  or/,  we  may  raife  a 
Serie;  in  any  Ratio.  Again;  Chufing  any  Ratio  and  Number  of  Terms,  the  Sum  may  be 
any  Number  whatever,  fince  this  has  no  Dependance  on  r  or  w. 

(2)  If  thefe  are  to  be  invented,  "uiz.  aj,r,  or  a,l,K,  or  a,  k,  s,  or  /,  a,  x,  or  r,l,s, 
or  /7,  r,  s.  Then  rake  fuch  one  of  the  preceding  Cafes,  in  which  are  any  two  of  the  things 
to  be  now  invented ;  and  with  the  three  things  of  that  Cafe  find  the  remaining  thing  to 
be  invented  ("by  Froh.  7,  or  8.) 

(3.)  If  a,  I,  s  are  to  be  invented,  you  muit  find  all  the  five,  by  taking,  firft,  any  one 
of  the  three  Cafes  in  ^rt.  i.  (in  any  of  which  you  have  one  of  the  things  now  required) 
and  by  thefe  find  the  other  two. 

f 
For  the  Frobkms-^  wherein  two  things  only  are  given,  they  are  all  pofTible,  except  three, 
•viz.  when  a,s,  or  l,s,  or  a,  I  are  given.  For  any  other  two  they  are  both  found  in  one  of 
the  Cafes  of  Art.  i.  r/z.  a,  n,  r,  or  /, », r,  or  s,ii,r.  And  therefore,  fince  the  Numbers 
of  any  of  thefe  three  Cafes  may  be  taken  at  pleafure  within  the  general  Limits,  this  fliews 
how  one  of  the  three  things  now  required  (by  means  of  the  two  things  givenj  may  be 
found;  and  then  by  Vroh.  7,  or  8.  the  other  two  are  found.  For  Example:  Suppofe  a,  r 
given,  then  is  ii  alio  given;  for  we  may  take  any  Integer  greater  than  i ;  and  by  a,  m,  >■ 
we  can  find  /,  s  by  Frob.  7.  But  if  a,  I,  or  a,  s,  or  /,  s  are  given,  we  cannot  find  the  o- 
ther  three;  becaufe  we  have  no  Method  of  finding  any  one  of  them  confiftently  with  the 
two  given  things;  fince  thefe  two  are  not  two  of  the  things  in  any  of  thefe  Cafes  wherein 
three  things  tnay  be  taken  at  pleafure  within  general  Limits,  as  <j,w,?-;  /,»,f;  y,  «,  r; 
which  are  the  Foundation  of  all  thefe  Rules. 


CHAP.     IV. 

Of  the  Compofition  of  Ratios  and  Proportions,  a?2d  things 

dependi?tg  thereon. 


D  E F I  N.  I.  '■  '■  ■  "^  H E  Ratio  of  one  Number  to  another  is  faid  to  fce  compounded  of 
I  the  Ratios  cf  two  or  n.ore  other  Numbers  compared  to  as  many; 
JL.  when  the  Antecedent  of  the  firft  Ratio  (called  theCompoundj  is  to 
its  Confequcnt,  in  the  Ratio  of  the  PrcdiiiS  of  the  Antecedents  to  the  Produd  of  the 
Confequents  of  all  the  other  Ratios  or  Numbers  compared.  Thus :  The  Ratio  of  «  to  ^ 
is  fatd  to  be  compounded  of  the  Ratios  of  c  to  d,  and  of  e  rof,  providing  that  thefe  Num- 
bers be  : :  /,  'viz.  a.b::  c  c-.df.  Or  thus :  Take  Ratios  fradlion-wife,  pkcing  the  Antece- 
dent as  Numerator  over  the  Confequcnt.  Then  if  one  Ratio  is  a  Fradion  (or  Qiiote) equal 
to  the  Product  of  fevcral  other  Ratios  multiplied  as  Fraftions  (nr  Quotes),  that  one  is  faid 
to  be  compounded  of  thefe  others;  whether  it  be  in  the  fameTciras  with  that  Produdt  or 
only  in  equivalent  Terms.     Example:  8:15   is  a  Ratio  compounded  of  thefe  Ratios  2  :  3 

8       2     J.  I 

and  4: 5i  becaufe— =- X  %    Alfo  i ;  2  is  compounded  of  2:3,  and  3:4;   for  -  = 
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r  X  -  =— .    Now  that  this  Definition j  or  CharatSer  of  a  Compound  Ratio,  is  the  fame 
in  eflfeil  as  the  preceding,  is  evident  j  becaufc  if  -  =  —  ,  which  is  the  laftCharafler;  then 

i:2::6:\z,  which  is  the  firft  Charafterj  univerfally,  if  r^^^f  'hen  a:l>::ce:Jf. 

2.  Any  Number,  Integer  or  Fraction,  is  alio  faid  to  be  compounded  of  others,  or  to  be 
a  Compofice  of  thefe  others,  to  whofe  Produft  it  is  equal :  Thus  if  «=  cde,  then  is  a  com- 
pofite  of  c,  d,  and  e,  and  the  compounding  Numbers  are  called  the  Fadlors  of  the  Compoli- 

tion. 

3.  Two  Numbers  are  faid  to  be  like  or  fimilar  Cotnpojites,  when  having  an  equal  Num- 
ber of  Fai5tors,  they  are  all  in  the  fame  Ratio,  comparing  the  leffer  Fador  of  the  one 
Compofite  to  the  lefTer  of  the  other,  and  fo  on  in  order  to  the  greateft.  Thus;  ah,  cd 
arc  like  Comfofites,  if  a:c::b:d.  Cor  a-.b-.-.c-.d);  alfo  abc,  def  are  Jtmilar  Compofttes,  if 
ti:d::b:e::c:f. 

Hence  it  is  evident,  that  all  fimilar  Powers  are  fimilar  Compofites,  the  Roots  being  the 
compounding  fimilar  Fadors.  Thus;  a  a  and  bb  arc  fim.ilar  Compofites,  bccaufe  a-.h:: 
a :  b. 

Scholium.  The  peculiar  Doflrine  of  the  Compofuion  and  Ecfilution  of  Numbers> 
you  have  in  the  following  Book :  But  the  laft  two  Definitions  were  neceflary  here,  becaule 
of  fome  relative  Properties  of  Numbers  arifing  immediately  from  the  Confideration  of 
compound  Ratios,  and  which  are  equally  applicable  to  Integers  and  Fradtions:  whereas  the 
Compoiition  afterwards  explained  regards  Integers  only,  becaufe  it's  confidered  in  Oppofi- 
tion  to  another  thing  which  belongs  not  to  Fradtions,  as  they  are  diftinguifh'd  from  Inte- 
gers. 

4.  Two  Numbers,  a :  b,  are  faid  to  be  in  the  duplicate  Ratio  of  other  two  c :  d,  when 
the  former  arc  as  the  Squares  of  the  other;  ;.  e.  if  a-.b-.-.c^-.d^-^  and  ii  a:h  are  as  the 

'_    J. 
fquare  Roots  of  c:d,  i.  e.  i(  a:b::t^ -.d'  -^  then  a:b  are  faid  to   be  in  the  fubduplicate 
Ratio  of  cd.     Again:  If  a:b::c'=:d',  then  a:  6  are  faid  to  be  in  the  triplicate  Ratio  of  f.t/; 

OT  if  a:b::  c^  -.d^,  then  are  <i :  ^  faid  to  be  in  the  fubtriplicate  Ratio  of  c:d.    Univerfally, 

if  a:b::c":  d",  or  c' :  d- ;  then  a  :  b  is  faid  to  be  in  fuch  a  Ratio  as  is  named  from  c  :  d, 
with  a  complex  Denomination  expreffiog  fuch  a  Power  cr  Root  of  c-.d  as  m  exprefifes. 

This  was  the  antient  way,  and  is  ftill  in  Uie;  but  it's  plain,  that  it's  as  fimple  and  con- 
venient a  way  to  name  the  Order  of  the  Pover  or  Root,  and  fay,  that  a.b  are  in  the 
Ratio  of  the  Squares  or  Cubes,  or  n  Powers  or  Roots  of  c  ■  J-^  which  is  yet  eaGer  expref- 

.L      J. 

fed  in  Charadters,  thus,  a:lr::c":d",  or  c"  -.  d~. 

Theorem     I. 

I N  any  Series  of  Numbers,  whatever  ; :  /  or  not,  as  A :  B  :  C :  D ;  E,  d^c.  the  firft  is  to 
the  laft,  in  the  Ratio  compounded  of  the  Ratios  of  all  the  intermediate  Couplets,  com- 
paring always  every  Number  as  Antecedent  to  that  which  is  immediately  next  it. 

Demonstr.  a  is  to  E  in  the  compound  Ratio  of  all  the  intermediate  Terms; 
that  is,  ■g"  =  'g'^'(j^'5^-g-=£g(-;r))  fo""  BCD  is  common  to  both  Numera- 
tor and  Denominator,  therefore  both  being  divided  by  it,  the  Quotes  A  and  E  make  an 

equal  Fiadtion  or  Ratij  -r' 

^  Now 
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Now  however  many  Terms  the  Series  has,  the  Produdl  of  th«  Numerators  will  be  the 
Produdl  of  all  the  Series  except  the  laft,  and  the  Produft  of  the  Denominators  will  be  the 
Produdt  of  all  the  Series  except  the  firft ;  and  therefore  the  Produd  of  all  the  interme- 
diate Terms  will  be  an  equal  Fradtion,  and  contain  nothing  in  it  but  the  firft  Term  divided 

by  the  laft. 

T  H  E  O  R  E  M   II. 

Any  two  Numbers  whatever  are  to  one  anorher  in  a  Ratio  compounded  of  an  inde- 
finite Number  of  other  Ratios,  /.  e.  wa  can  affign  as  many  other  Couplets  as  can  be  re- 
quircdj  whofe  Ratios  compounded  fhall  bo  equal  to  the  given  Ratio. 

Demonstr.  and  Rule.  ConGder  the  Difference  betwixt  the  given  Numbers, 
and  multiply  them,  by  fuch  a  Number  that  the  Difference  of  the  Produdfs  ftiall  be  at 
leaft  equal  to  the  Number  of  the  Ratios  to  be  found ;  then  betwixt  thefe  Produds  you 
can  take  as  many  intermediate  Numbers  as  will  anfwer  the  Problem.     For  Example :  To 

find  4  Ratios  whofe  Compound  is  equal  to  -^  j  multiply  a,  3,  by  4,  the  Produfts  are 

8,  12  i  betwixt  which  there  are  thefe  Numbers,  9,  10,  11,  and  the  whole  Series  is  8,  9, 

TO    II,  12.     Bat  —  is  =  — ;   and  this,  by  the  preceding  Theorem,  is  =  -  x  —  x  — 

10,    11,    i*.  ^  J2,  '  •*  ^  °  9  10         II 


X  — . 

12 


1  ^ 

Now  the  general  Reafon  of  the  Rule  is  this.  The  given  Terms  being  equally  multiplied, 
the  Produfts  are  in  the  fame  Ratio,  and  their  Difference  contains  the  Difference  of  the 
given  Numbers  as  oft  as  the  Multiplier  contains  i.  Therefore  'tis  plain,  that  betwixt  the 
Produds  can  be  found  as  many  intermediate  Terms  as  their  Difference  hath  Units  iefs  i ; 
fo  if  you  multiply  by  fuch  a  Number  as  makes  the  Difference  of  the  Produdts  as  great 
as  the  Number  of  Ratios  required,  you  can  have  as  many  intermediate  Numbers  as  you 
need. 

Scholium.  If  the  DiEFerence  of  the  given  Numbers  is  great  enough  for  the  pur- 
pole,  there  is  no  need  to  multiply,  as  if  in  the  former  Example,  the  Nurwbers  given  had 
been  8,  12,  inftead  of  2,  3.  But  obferve,  That  the  greater  you  make  the  Difference  ("of 
Numbers  in  the  fame  Ratioj,  the  greater  Variety  of  Choice  you  have  in  the  intermediate 
Terms  and  Ratios:  So  if  inftead  of  8,  12,  I  take  32.  48  ( ;.  e.  multiply  by  16);  then  I 
can  chufe  any  of  thefe  Scries  to  folve  the  Queftion.  viz.  31 :  33  :  35  :  36 :  48^  or  32.  35. 
36 .  40 .  48,  m. 

C  o  R  o  L  L.  'Tis  plain,  that  one  Ratio  is  not  only  equal  to  the  Compound  of  an  in- 
definite Number  of  others,  but  any  Number  required  can  be  taken  in  an  indefinite  Va- 
riety. 

P  RO  B  L  E  M     I. 

Any  Number  of  Ratios  (or  Couplets  of  Numbers  compared)  being  given,  to  continue 
them,  i.  e.  to  find  a  Series  of  Numbers,  which  (liall  be  to  one  another  (comparing  them 
each  to  the  next  in  order  from  the  firft  to  the  laft)  in  the  given  Ratios  taken  in  any  Order 
aftigned. 

Rule.    Multiply  the  Terms  of  the  firft  Ratio  [i.e.  that  which  ought  to  be  betwixt 

the  two  firft  Terms  of  the  Series)  by  the  Antecedent  of  the  focond,  ^r   the  Confequcnt 

of  this  by  the  Confequcn:  of  the  firft,  and  thus  you  have  three  Numbers  which  continue 

the  two  firft  Ratios.     Then  multiply  this  Series  by  the  Antecedent  of  the  thud  Ratio,  and 

I  the 


Exam.  I. 

Exam. 2. 

2:    3 
4:5 

2:    3 
2:3 

8:iz:  15 
6: 

7 

4:    6:  9 

2:3 

48 : 72 : 90 

105 

8:  12:  18:27 
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the  Confeq'jent  of  this  by  the  laft  of  that  Series,  and  yoa  have  foar  Numbers  which  con- 
tinue the  firft  three  Ratios.  Go  on  thus,  multiplyirtg  the  laft  Series  by  the  Antecedent  of 
the  next  Ratio,  and  the  Confcquent  of  this  by  the  laft  Term  of  that  laft  Scries.  The 
Manner  of  the  Work  will  be  clear  by  an  Exainple :  Suppofe  thele  Ratios  are  to  be  con- 
tinued in  the  Order  propofed,  viz,.  2:3. .4:5. .6:7,  they  reduce  to  this  Series  48 :  72 : 
90: 105.    See  the  Work  of  Exaviple  i. 

The  Method  is  the  fatne  if  a  Series  is  required  in  the  continued  Ratio  of  any  two  given 
Terms,  fo  to  continue  the  Ratio  2:3.    See  Example  2 . 

D  E  M  o  N  s  T  R.     The  ReafoTt  of  this  Rule  will 
eafily  appear  without  many  Words  from  the  Ope- 
ration^   by  which  it's  manifeft  that  the  Terms  of 
each  Ratio  are  equally  multiplied,  and  confequently 
the  Numbers  produced  continue  in  the  fame  Ratio ; 
for  2:3   are  both   multiplied  by  4 ;   then  4 : 5  are 
both  multiplied  by  t,.     Again;  8:  12:  1^  are  each 
multiplied  by  6;  and  6:  7  both  multiplied  by  ly, 
and  fo  on. 
Scholium  i.     Here  we  have  a  new  Method  of  raifing  a  Series  in  a  given  Ratio,  fo 
as  all  the  Terms  be  Inre^ers :  In  which  obferve.  That  none  of  the  Extremes  can  be  f^iven 
Numbers,  for  that  is  a  Limitation  which  in  many  Cafes  will  bring  in  Mixt  Numbers  into 
the  Series,  as  we  Ihail  afterwards  learn. 

COROLLARIES. 

I.  Since  the  Series  produced  expreffeth  in  Order  the  feveral  given  Ratios,  The  Ex- 
tremes of  it  are  in  the  compound  Ratio  of  thefe  given  (by  Theor.  i.)  And  for  this  Rea- 
fon,  in  whatever  different  Order  the  fame  Ratios  may  be  continued,  tho'  the  Series  produ- 
ced will  be  different;  yet  the  Extremes  will  not  only  be  in  the  fame  Ratio,  becaufe  they 
are  the  Compound  of  the  given  Ratios,  but  they  will  be  the  very  fame  Numbers;  becaufe 
by  the  Rule,  the  firft  is  always  the  Produdt  of  all  the  given  Antecedents,  and  the  laft  the 
Produift  of  all  the  Confequents ;  So  take  the  preceding  Ratios  in  another  Order,  the  Serias 
is  different,  but  its  Extremes  are  the  fame>  as  in  this  Scheme, 

4:5 

24:30:35 

a:     3 


48 :  60  :  70 :  105 


3.  "Tis  plain,  that  the  Series  raifed  will  always  have  as  many  Terms  as  the  Number  of 
Ratios,  and  one  more. 

3.  'Tis  evident,  that  the  Extremes  of  a  continued  Scries,  (i.e.  where  all  the  given  Ratios 
are  the  fame  Numbers)  raifed  after  this  manner,  are  like  Powers  (of  the  Terms  of  the 
given  Ratio )  whofe  Index  is  the  Number  of  Terms  le(s  i,  as  in  Example  2.  where  the 
Extremes  4,  9  are  the  Squares  of  2  and  3 ;  and  8,  27  are  the  Cubes  or  third  Powers  (  3 
b^in?  I  lefs  than  4,  the  NTumber  of  Terms) ;  and  in  the  fame  manner  it  will  proceed  is 
hjinitum,  becaufe  the  lefler  Extreme  is  multiplied  by  2,  and  the  greater  by  3. 

4  It  the  Extremes  of  the  Series  are  only  required,  i.  e.  two  Numbers  which  fliall  be 
in  rhe  compound  Ratio  of  the  Ratios  given,  then  'tis  plain  we  have  nothing  more  to  do 
but  multiply  together  all  the  Antecedents,  and  rhen  all  their  Confequents,  the  two  Pro- 
dudfs  are  in  the  Ratio  fought;  and  if  the  fame  Ratio  is  continued,  then  raife  the  Antece- 
dent and  Confequcnt  to  a  Power  whofe  Index  is  the  Numbi.T  of  Ratios  (which  is  the 
Number  of  Terms  that  would  be  in  the  Series  lefs  1.). 

This  follows  alfo  fimply  from  the  Definition  of  Compound  Ratio.  ScHo- 
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Scholium.  2.  This  is  to  be  remark'd.  That  tho'  the  Method  of  this  Vrohlem  be 
applied  to  all  the  different  Exprefiions  or  Variety  of  Terms  in  which  any  Ratio  can  appear. 
/  e.  all  the  poflible  different  Choices  of  two  Terms  in  the  fame  Ratio ;  yet  we  cannot 
hereby  find  all  the  Variety  of  different  Series,  which  are  the  Continuation  of  the  fame 
Ratio ;  becauie  fbme  of  the  Series  found  this  way  being  cqui-multiplied  or  divided,  will  al- 
ways make  a  new  Series  in  the  fame  Ratio,  and  which  will  often  be  different  from  any  of 
the  Series  raifed  this  way.  For  Example:  8: 12:  18:27  •'  ^  Series  raifed  from  2:  3^  and 
if  one  is  raifed  from  4:6,  which  is  the  fame  Ratio,  it  is  64:  96:  114:216;  and  if  you  go 
on,  ftill  talcing  higher  Terms  of  the  Ratio,  the  Series  will  confift  of  greater  Numbers ;  yet 
betwixt  thefe  two  Series  raifed  from  2:  3  and  4:6  we  have  feveral  others:  For  by  multi- 
plyrng  the  fiifl:  of  them  by  thefe  feveral  Numbers,  2,  3,  4,  5,  6,  7,  we  have  fix  new  Se- 
ries in  the  fame  Ratio  different  firom  thefe  two,  and  conlequently  from  all  others  that  can 
be  railed  from  any  other  Terms  of  the  Ratio.  And  if  it  is  required  to  find  all  the  diffe- 
rent Series  that  continue  the  fame  Ratio  to  a  given  Number  of  Terms,  the  Rule  for  this 
you'll  find  afterwards.     ( See  Schol.  2.  to  Trobl.6.  Cb.  1.  Book  V. ) 

Problem   II. 

To  reduce  any  Number  of  Ratios  (given  as  in  the  lafl:  Froblem)  to  a  common  Antece- 
dent or  Confequent,  that  is,  to  find  a  Series  Vv'hofe  firft  Tarm  compared  to  all  the  reft  as 
a  common  Antecedent,  or  to  whofe  laft  Term  as  a  common  Confequent  all  the  rcfl 
being  compared,  their  Ratios  (hall  be  equal  to  certain  given  Ratios,  taken  in  a  certain  Order. 

Rule.  Take  the  Ratios  fradionelly,  and  reduce  them  (by  the  Rule  of  Fra£i:ions)  to 
one  comruon  Denominator  for  a  common  Confequent,  or  to  a  common  Numerator  for  a 
common  Antecedent :  Then  place  the  Terms  in  a  Series  according  to  the  Order  affigned. 

Exam.  Thefe  Ratios,  -•  — .  L  reduced  to  one  Antecedent  or  Numerator  are  n-  •  — 
358  84   70* 

p—'  So  the  Series  is  5(1 .  84 .  70 .  64;  but  reduced  to  one  Confequent  or  Denominator  they 

are  •  -^—  •  — -,  and  the  Series  is  80  .  96  •  105  .  120. 

120    120    120 

The  Reafon  is  manifeft. 

Theorem  III. 

Tart  I.  If  one  Rank  of  ■.-.h  (whether  continued  or  not)  is  multiplied  by  another 
Rank  in  the  fame  or  another  Ratio,  the  Produdts  are  alfo  : :  /,  in  the  compound  Ratio  of 
the  Fadiors. 

Example. 

If  A  :  B : :  C :  D 
And  a  :b::  c  :  d 


Then  Aa  :  Bb  : :  Cc :  Di 


Demonstr.  AD  =  BC,  and  a d=  be,  therefore  A 
Dxa  d^=  Bcxbc.  But  A  U  X  <j  ^=  A  /I  X  D  (/,  and  B  C  X  ^  (T 
=Bi+Cf ;  hence  Aa  x  D<^=  B6  x  Cc  wherefore  Aa.  Bi- : :  Cc : 

D  d:  Or  thus,  -|5  =  -7^,  and  ^  =  4  (by  Definitions )   there- 


fore 4-xf=n^l  ('-^^  *^^"^^  Quantities  multiplied  by  equal),  that  is   gj=  jj-^. 
Therefore  A  <» :  Bi : :  Cc :  Dd.    Or  it  may  be  fhewn  by  another  Reprefentation,  thus : 

Exam,  in  Numbers. 

A :  A  r : :  B  :  B  /  Wherein  the  common  Ratio 

C :  C  » : :  D :  D  «  of  the  Produdts  is  plainly  r  n. 


.A  C :  A  C  >•  «  : :  B  D :  B  D  r  « 


3:    4::    6:      8 

ii;  :28: :  90:  i()i 

Tart 
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'  Frfr*  II.    If  one  Rank  of  -.Js  is  divided   by  another,  ,The  Quotes  art  -/in  a  Ratio 
Vl'hich  is  the  Q}\oic  of  the  Ratio  of  the  firft  Rank  divided  by  the  Ratio  ot  the  other. 

,.  ,    .    .    A     B      C     D 

Thus  in  tnc  preceding  Examples  it  is  .—  :  -j  ::  —  :  -j-. 

,       AD  /^      A      D^>  _BC 
Dbmonstr.     AD=Ba  iX\iad—bc,  therefore -jj   \j^ '^  ^' 1 J  —'17, 

/<     B      C^    .  A     B     C     D 

'•"Orthus:  Dividing  each  Antecedent  by  its  Confequenc  (by  the  Rules  of  Fraaionsj, 
the  Rate  of  the  firi^  Pair  is  4^  ==  "g  '^  -•  and  the  fecond  "  ;d1  ~  D  ^  "^"    ^"^  1" 

£,  and  -  =  - ,  by  Suppolition  ;  therefore  Ti  ^  "  =  ])  ^  7 '  '^^  '^^^^  Ratios  are  equal 
and  confequently  the- Terras  are. ::/;  aifo  tltt  Ratio  is  the  Quote  of  thc^iven  Ratios,  fof 
A^_  A  a         ,Cd _  C        <■ 

¥i— F  :^  "?\^''^  d7  —  D  ■^.?- 

A      Ar 
Bat. the  wlra'.e  will  appear  yet  ttio.-e  eafily  in  tire  other  Reprefentation,  thus,  ,rv:^  ^:  : 

rrz  :  t<-;  foi  -T-  =  rt  ><— >  and  rr^^-'r^  x  -  ;  iience  the  Rarios  are  eqtiL  and  is  alfo 
the  Qjotc  of  the  former  Ratios,  viz.  r  aad  ». 

Exiim.  in  Numbers. 

2  :     5  :  :     6  :     15 

■7  :     9  :  :   14  ;     18 

'  I  '  ■■       i 

14  -.  45.  :•:  84  :  2.jq. 


For  14X  270=45  X  84=5780,  alfo -^  =— X-.     If    the 
.  ;  45       5      9 

Produ5s  are  agciti  divided  by  one  of  the  former  Series,  it  makes 
unExamjile  of  the  fecond  Part. 


The  Heierfe  of  this  Theorem  is  not  uaiverlally  true^  for  two  Ranks  may  produce  : ;  />> 
T.'hich  are  ndt  thfrrjfelv-eS  :t/]  as  an  Example  will  (l-.e-.v.  This  Rank,  6,  2,  2,  2,  by  ihis^ 
:,  9,  9,  9,  produces  this  :: /Rank,  12  :  18  : :  18  :  27. . 

Scholium.  There  are  many  PrQpofiti9Ds  demonftrable, by  the  means  of  this  Tlpe^r 
ciOT  alone,  efpeciaViy  the  I'lfart:,  which  needing  but  4  Very  finiH  Help  to  demonflrate,^ 
I  chafe  to  bring  them  here  as  CorolLirics,  and  flirjl  exprefs  them  only  in  Cluracttrs,  !eavin<» 
you  to  exprcfs  them  in  Words  at  Itf  gths,  and  apply  Nombcrs  at  pleafure,  except  the  two 
lall,  which  are  of  mote  tieqjent  Ule. 

If ,  A ;  B :  ■  t^CTp,,  .then  follow  thefe 

,G-o  Roll  A.RiE  s,     /    -v)"'!        which  arife  frota  mtiltiplying 

J-  M  :B^'    ::A'C:Bp-  ,-  ---.-..  A:EC\Ci^  by  A^S-r.A-Mi  .««i«< 

,i.  A\  :0    ::  AB  -.CD '-  - A."C:':13:  D  bv  A:Ct:  A:G 

i-.r.c.f-M-|3'-;A'-.:BC::AC:CD ArBttC-.D  by  A;  C:r  A  t'C" 

4.  A-   :AB::CD:D^ -  -A:B;:C:D  by  A-.A:;D:D 

5    A^    :BC::BC  :D^ A:B::C:D  by  A:C::B:D 

6.  AB:AC-.:BD  :CD  -  -  -- A  t  C: :  B  :  D  by  B  :  A  : :  D  :  C 

7.  AB:BC;:BC:CD--  -.-'- A  :  B:  :C:  D  bv  B:C: :  B -.C 

,       8.  A  C  :  B  C  -. ;  B  g  ;  B  D  .„....-.  -  -  A :  B  : :  C :  D  by  CtC  -.-.li-.M     ;> 
->:  AB  :AD::AD.C,5;.'^;:i'f'i':^V  -13:A:;D:C  byA:D::A-.D 
■,ioi  AC:A-P:.-AEl=:-B'3'i  -I^^'-^'-VL  .  Ct'D-.:At  B  b^AtAttDtD 

O  O  Co  ROLL. 
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C  o  R.  o  L  L.  1 1.  A"  :  B^  ; :  C"  :  D"  j  thic  is  it  any  fojr  Number*' are  : ;  /,  fo  are  their 
Like  PowerSj  whatever  the  index  bc^  the  Deduftioii  oF  vvhich  from  the  Theorem  is  plain  y 
for  if  A  :  B  : :  C :  D  is  multiplied  by  A :  B : :  C  :  D,  the  Produd-;  arc  : :  /,  vit-..  jV  :  B^  : :  C- 
:  D' ;  and  if  this  again  is  multiplied  by  the  fame  Rank,  A :  B : :  C  D,  and  thcfe  Prpdudls 
alio  by  the  fame,  and  fo  on,  the  lift  Product  will  ftill  be  a  proportional  Rankj  and  it's 
plain,  they  will  be  Like  Powers  of  thefj  Roots,  A  :  B  : ;  C :  D.  the  Index  ftiU  mcreaiing  by 
J  at  ever/  Multiplication. 

The  Truth  contained  in  this  Corollary  may  alfo  be  proved  thus :    Since  A  :  B : :  C :  D, 

AC  '  ' 

then  is  -^=  -j^  i  therefore  the  Like  Powers  of  thefe   fradtional  Roots  miift  be  equal, 

which  Powers  are   p^=  ^,  ■■,  therefore  A"  : B"  : :  C" :  D"  ;'  Or  a!fo  A  D  =B  C,  and"AD" 

B  C  ■ :  But  A  D    =  A"  X  D",  and  B  C  =  B"  x  C  ^  whence  A" :  B"  : :  C"  :  D". 

Hence  again.   The  Rcverfe  of  this  Corollary  willeafily.  be  proved,  -vix,.  That  if  four  Like 

A"         C" 
Powers  are  : :  /,  fo  are  their  Roots;. for  fmce  A'-  :  B" : :  C  :  D'',  tben  -^  =  7^  ;  and  the 

A      C 

B  Roots  of  thefe  Fraftions  are  ■3=77'  therefore  A :  B : ;  C :  D ;  or  thus,  A"  D"  =:  B"  C", 

but  thefe  are  AT)  = 'B'C    (hyTheor.i.  Cb.i.  Book  III.) -^  and  hence  AD  =  BC,  and 
A:B::C:D. 

Again  i  It  follows.  That  of  a  Series  ^L  the  Like  Powers  are  alfo  -Hr/,  and  reverfy. 

Co  ROL  L..ia.  A^ :  A  D  ::  A  D  :  D^  j  that  is,  the  Produ(5l  of  two  Numbers  is  a  mean 
Proportional  betwixt  their  Squares;  for  A  :  D :  :  A  :  D,  and  A  :  A  : :  D:D;  which  two 
Ranks  multiplied  produce  A^ :  A  D  : :  A  D:  D^ ;  or  thus,  A^  X  D-=  A  D  x  A  D. 

Scholium.  This  is  a  Corollary  of  the  Theorem,  but  independent  of  the  Suppofitioa 
of  A:iB'::C-.  D;  and  itjha^  alfo  a  Dcmonftration  independent  of  this  Theor::m-^  thus,  A  ;  D 
::A-:AD,  by  Equi-mukiplication.  Again;  A:D::AD:D-;  and  hence,  A^:AD:: 
kD-.DK 

Example:  Take  the  Numbers  5  and  8,  their  Squares  are  2,  and  (I4,  their  Produifb  40, 
and  2^  :  40  : :  40  :  64. 

Or,  All  thefe  Corollaries  follow  from  the  equal  Produds  of  Extremes  and  Means,  founded 

all  upon  this,  that  A  D  =  B  C,  and  that  A  D  x  B  C  =  AD'  =  WS. 

Theorem     IV. 

Two  compofite  Numbers  of  an  equal  Number  of  Fadtors,  are  to  one  another  in  the 

compound  Ratio  of  thefe  Faftors  compared  one  to  one  in  any  Order. 

Dkmonstr.    Take  any  two   Numbers,  A,  B,  and  fuppol'e  A  =  ahc,   and  B  = 

,        .A         abc     „      a  be  a         h        c      ,       c.     A a  b         f 

mno,  then  is  tt= ;  But =  —  x   -  X  -,   therefore  73  =—   X  —  x  r. 

b        m»o^  mnu        m         n       4>  d         m      .    n         0 

Scholium.  This  Propofuion  is  the  fame  in  efFeft  a*  this,  viz..  If  the  feveral  Fa<aors 
of  the  one  are  divided  by  thofe  of  the  other,  and  the  Qiiotes  multiplied  together,  the  Pro- 
dudt  is  equal  to  the  Quote  of  one  whole  Dividend  by  the  other. 

LEMMA. 

When  feveral  Fradtions  (or  Ratios]  are  continually  multiplied  together,  the  Produdt  is 
equal  to  the  Pidduft  of  as  many  equivalent  Fradlions  (or  Ratios)  expricfTed  in  any  other 
different  Terms.  '  •E*'"'"- 


i 
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Example:    If  —  =  ?,  and   '-  =  — >  t'len  -  x  -    =9^  X    — ,  vtz.  —  =  -^. 
'^  3         ^  5         20  3        5         6        20  15        120 

D  E  M  o  N  ST  R.  The  Rrafon  is  manifeft  from  this  Axiom,  Thar  equal  Fraflions  multi- 
plied bv  equal,  produce  equal  j  /.  e.  equal  Fradlions  of  equal  Fractions  are  equal. 

Co  ROLL.  The  continual  Produdt  of  any  Number  of  equal  Fradlions  (or  Ratios) 
exprefTcd  in  different  Terms,  is  equal  to  fuch  a  Power  of  any  one  of  them  as  has  for  its 
Index  the  Number  of  Faftors  (or  Fractions  multiplied),  that  is,  the  Square  if  they  are  2, 
the  Cube,  if  3,  O't- 

Exam.  If  -  =  •-,  then  -  x  5=-  x  -,  or  the  Square  of  -. 
36  3633  3 

A^ain:  It  -  =  5  =  -,  then  is  -  X  J  x  -  =  -  x  -  x  -,   or  the  Cube  of-. 
°  36^  369333  3 

Univerfally :   If  ^=f  =  l.=f=,  ^-c.  then  is  f  x '-.x  ^xf  x,  d-c.  =^xfxf-x^x 
'  b       a      f      h  b     d    f    h  b     b     b     h 

&c.  making  as  many  Fadors  in  this  Part  as  the  other  j  fo  that  ;if  the  Number  of  Faftors 

a 
(or  equivalent  Fradlions)  is  w,  and  any  one  of  them  is  ^,  the  Produd  of  the  whole  is  = 

—  (that  is,  1  raifed  to  the  w Power.)- 
h  b 

T  H  E  O  R   E  M     V. 

Two  like  compofite  Numbers  are  in  the  Racio  of  the  like  Powers  of  any  two  of  their 
fimilar  Factors,  the  Index  of  the  Power  being  equal  to  the  Index  of  the  Compofition  (or 
Number  of  F.idors.)     Thus: 

If  a  b  and  A  B  are  like  Compofites,  i.  e.  a  :  A  : :  i  :  B  ;  then  <?  Z- :  A  B  : :  <!^ :  A^ :  (i.e.  ab 
to  AB  is  in  the  duplicate  Ratio  of  a  to  ^jj  and  it  abc,  ABC,  are  like  Compofi[es,they 
are  as  a'' :  A'  (or  in  the  triplicate  Ratio  of  a  to  A)  Generally;  If  abed,  &cc.  :  ABCD, 
&c.  are  fimilar,  let  the  Number  of  Fa<!!ors  be  u;  then  it  will  be,  abed,  &c.  :  ABCD, 
&:c.  ::d":  A". 

Demo  n.   Th.e  Reafon  of  this  is  plain  from  the  laft  Theorem,  and  Corollary  to  the  Lc/»- 
„        abed,  &C.  a       b      c       d       .        ,,      ^.  ^         ,,^^^ 

ma.    For  ^q^  D,6cc".~  \^  B^  C'^  D'  ^''  ^  ^     "'*■  ^'^  Facftors  being,  by 

Suppofition,  equal  Fiadions  or  Ratios,  their  Produd  is  equal  to  A"n    by   Corollary  to   the 
Lemma ;  that  is,  abed,  ^c.  ;  A  B CD,  &c.  ::a":  A". 

Theorem     VI. 

I N  every  ProgrefTion,  the  firft  Term  is  to  the  laft  as  fuch  a  Power  of  the  firfl,  whofc 
Index  is  the  Diftance  of  the  Extremes,  or  Number  of  Terms  lefs  i,  is  to  the  like  Po\Ver 
of  the  fecond  Term ;  or  a;  thofe  like  Poi\  ers  of  any  two  Terms  of  the  Series  next  other. 
Thus :  If  the  Number  of  Terms  is  3  or  4,  the  Extremes  are  in  the  duplicate  or  triplicate 
Ratio  (or  as  the  Squares  or  Cubes)  of  the  firft  and  fecond  Terms ;  and  fo  of  others.  As  in 
this  Series,  A  :  B  :  C ;  D  :  E  :  F  :  G,  whofe  Number  of  7  erms  is  7,  I  fay  A  :  G  : :  A*  :  B«. 
And  generally,  if  we  make  A  the  firft  Term,  B  the  fecond,  and  L  the  laft  of  any  fuch  Se- 
ries, and  71  the  Number  of  Terms  lefs  one^  then  I  f;y,  A  :  L  : ;  A":  B". 

Demon.  By  Theorem  2.  A  is  to  L  in  the  Ratio  compofcd  of  all  the  intermediate  Ri- 
A      A     B      C 
tios,  i.  f.  j7=^gx^"- '^  £,'  ^f-  which  are  in  Number  equal  to  w,  and  all  equal  to  one 

another ;  wherefore  their  Produd  or  Compound  is  equal  to  the  7*  Power  cf  any  one  cf 

O  o  z  them. 


284  Qf  the  Compojition  of  Boor  lY. 

A  A      A" 

theta,  viz^  of  the-ficft,  or  ^  (hf  Conol.  to  Lent,  preceding) ;  that  \s,  -j-  =m,  '■>  whence  A : 

L : :  A" :  B». 

This  is  dcmonftrable  alfo  without  the  Lemma.  Thus :  It'  A  is  the  firft  Term,  the  Ra- 
tio r,  the  Diftance  of  the  Extremes  w^  then  is  the  fecond  Term  Kr,  and  the  laft  Ar"j 

,and  A :  A  r" : :  A"  :  A  r   C=  A"  X  »■").     For  the  Produ(fl  of  Extrenjes  and  Means  are  equal ; 
fi».  AxA">cr"=.A»xAr". 

The  Reverfe  is  not  true,  viz.  that  if  the  firft  is  to  the  laft  of  a  Series  in  tliis  Ratio,  the 
Scries  U  -rrl;  for  the  changing  any  one  of  the  Terms  will  Hiew  this  to  be  fa!t«. 

C0R.0L.  If  the  Extremes  and  Number  of  Terms  of  a  Geometrical  Series  are  known, 
wc  learn  from  this  Theorem  a  Rule,  how  by  thefe  to  find  the  fecond  Term.  Ihus:  Mul- 
tiply the  bft  Term  by  fuch  a  Power  of  the  firft,  whofe  Index  is  the  Number  of  Terms 
lefs  one;  and  divide  the  Produft  by  the  firft  Term,  the  Qi^iote  is  the  like  Power  of  the  fe- 
cond Term,  whofe  Root  being  found  is  the  chiijg  fought.    The  Realon  of  thi;Rule  is  cb- 

T  ^^  ^  ^ 
vious,i  for  fince  A :  L : ;  A" :  B",therefore  A  x  B"  =  Lx  A",  and  B"  =  -^-p-  according    to 

A'' 
the  Rule.    But  obferve.  Since  -7*=  A"—',  therefore  B"  =  Lx  A"— 'i   which  faves  the 

Trouble  of  one  MaltipHcaticn  in  raifing  A,  and  alfo  the  Divifion  by  A;  and  fince«is  here 
fuppofed  to  be  the  Number  of  Terms  lefs  one,  thcrctbre  ?/• — i  is  that  Number  lels  2; 
f  e.  it  is  the  Number  of  Means  betwixt  A  and  L;  and  if  wc  call  « —  i  =m,  then  is  «  = 
7/; -(-I.  And  to  find  the  firft  of  any  Number  of  Means  betwixt  A  and  L,  (or  the  Mean 
next  that  Extreme  which  is  called  the  hrft,  as  A)  which  Mejn  call  B;  The  Rule  is  ohis: 
Multiply  the  laft  Terra  by  the-  w;  Power  of  the  firft,  and  from  the  ProduCi  extrad  the 

w-f-i  Root;  which  is  thu?,    B  =  A'"x Ll'"  ' 

Theorem  VII. 

If  four  Numbers  are  proportional,  viz.  A :  B : :  C :  D ;  then  as  many  Means  as  fail  bc- 
twi:it  A:  B  (in  any  Ratio  as  r)  (o  many  alfo  fall  betwixt  C :  D  in  the  fame  Ratio. 

D  E  M  o  N.  From  A  raife  a  Scries  in  the  Ratio  r,  as  A  :  A  r  :  A  r'-,  &c.  and  'tis  certain 
you  muft  come  at  laft  to  a  Term  equal  to  B ;  becaufe  'tis  fuppofed  that  B  is  the  laft  Term 
of  a  Scries  rafed  from  A  in  the  Ratio  r.  Now  n  being  the  Number  of  Terms —  i,  'tis 
plain  that  the  laft  Term  of  the  Series  is  <»r"  =  B.  Raife  alfo  a  like  Series  from  C;  thus, 
C- Cr;  Cr^  :C»-' :  &c.  C".  Thefe  two  Series  being  in  the  fame  Ratio,  it  will  be  A: 
A,>-"::C.;Cr"i  that  is.  A:B::C:Cr":  but  A:  B: :  C:  D;  therefore  Cr"  —  D.  Again; 
C :  C  r"  have  as  many  Means  as  A  :  Ar''  {i.e.  as  A  :  B)  by  the  nature  of  the  Series  ruifed. . 
Therefore,  Li[Hy,  C:b  (=C:  Cr"j  admit  as  many  Means  as"  A  :  B  (A:Ar"). 

The  Uevcrfe  is  alfo  true;  for  if  A :  B  and  C :  D  admit  an  equal  Number  of  Means  in 
the  fame  Ratio,  they  arc  in  the  lame  compound  Ratio;  /.  f .  A  :  B  : :  C  :  D. 

Scholium.  Here  we  do  not  diftingu'llr  betwixt  Integers  and  Frad'iions,  but  take 
Numbers  in  general;  yet  when  we  fpeak  of  Means,  we  always  underftand  rational  Terms. 
In  the  next  Book,  yoii'il  learn  what  Q^ia'.ifica'rons  of  the  Extremes  make  the  Mean;  Inte- 
gers or  Fractions,  and  what  do  or  do.  not  admit  of  rstional  Means. 

T   H    E   a;R,'B  I*   '.VlII. 

Any  two  Numbers  which  are  like  Powers,  as  A":B":,  admit  as  many  Means  ■.:h,  as 
the  Index  lefs  i,  (or  ?» — 1)  in  the  Ratio  of  the  Roots  A  :  B ;  that  i.';,  i  if  they  are  fquare 
Numbers,  2  if  they  are  Cube.',  &c. 

Demon.  If  a  Series  is  rsifcd  (by  Froblem  i.)  in  the  Ratio  of  A:  B:  to  a  Number 
of  Terms  equal  to  tF^fl',  the  Extremes  will  b-.-  A"  :  B ' :  (by  Carol.  2,  and~  3.  to  that  Vrch- 
lem) ;  and  when  the  Number  of  Terms  is  a-j-  i,  the  Number  of  Means  will  be  »—  i ; 
therefore,  &c.  '  The 
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The  V.o'.'frfe  of  tliis  Tbeorcr/i  docs  not  hc!dj  as  an  Example  will  fli^w,  I'iz.  i()  124:  ^(j  : 
54  j  wherein  tho'  there  are  tv/o  Means,  yet  the  Extremes  ate  not  Cube  Numbers.  But  if 
the  leflcr  Exttemc  is  i,  the  Revcrfe  muft  always  holdj  becaufe  the  Terms  of  that  Series 
are  the  feveral  Powers  of  the  fecondTenn,  {Carol  z.  Froh.  3.  Chap.  3.)  Afterwards  you'll 
find  it  demonftrated,  that  they  are  either  fuch  Powers,  or  Equi-rau!tiple5  of  fuch  Powers. 

Scholium.  If  it  be  required  to  fill  up  the  Meaas  betwixt  A"  and  B",  knowing  their 
Roots  A:  B;  the  whole  S;rie3  may  be  ralfcd  by  Proh.  i. 

Bat  I  flia'.l  licrc  ad  J  another  Dcmonllri:ioii  of  this  T!:eorem,  from  which  we  fliall  fee 
more  particularly  the  Compofirion  of  every  Term  in  the  Series,  and  a  new  Method  of 
fi'.linj  up  the  mean  Terms  required.  Thus :  Suppofe  a  Series  of  the  Po.vcrs  of  A"  :  and 
B":  beginning  with  i^  thefe  are  Geometric.il  ProgrelTions  in  the  Ratios  of  i :  A,  and  i  : 
B.  and  have  an  equal  Number  of  Terms  ;by  what  has  been  already  explained  j  Place 
thefe  two  Series  the  one  above  the  other  in  a  rcverfe  Order,  as  in  the  following  Esramplc: 
Muhiply  the  one  Series  into  the  other,  /".  e.  every  Term  of  the  one  into  the  corrcfpcndenc 
Term  of  the  other,  and  the  ProdLifls  make  a  Series  of  w-j-  r  Terms,  v/hofc  Extremes  are 
A"  :  B" :  in  the  continued  Ratio  of  A :  B,  {viz..  the  Compound  of  the  Ratios  of  the  two 
Series  multiplied)  as  has  been  already  demonftrated  in  Thcor.  3.  and  is  indeed  obvious  in 

this  firft  Cafe  by  Infpedion  into  the 
A":A''- — '    :  A" — ^       :  A" — =,      <^c.  A  :  i.       Series  itfelf.    And  hire  we  fee  how 

I    ;B :  B^ :  B-, e-<r.  B" — ■      :  B^.     eveiv  middle  Term  is  coropofed  of 

A^B  A"— ' :  B' A" — ^iBsA"— »,  e?r.  AB  — 'TB^     the  Powers  of  the  Roots;   and  f6 

we  have  a  new  Rule  for  folving 
PrcbUm  I.  when  the  given  Ratios  are  all  equal;  being,  for  Example,  A :  B.  Or  if  the 
Extremes  arc  given,  and  alio  the  Roots,  we  can  fill  up  the  middle  Terms  more  eafily  than 
by  Proh.  I.  by  making  up  the  Series  of  the  Powers  of  A  and  B,  and  then  multiply  thera 
together  in  this  manner. 

But  the  fame  Truth,  as  to  the  component  Pans  of  the  middle  Terms,  willalfo  appear 
from  the  Method  of  Proh.  i.  as  here:  Suppofe  the  Ratio  A  :B 
to  b;  continued,  'tis  done  thus  by  Prob.  1.  And  'cis  plair« 
that  continuing  it  on,  the  Root  A  will  be  once  more  com- 
pounded in  every  Term  at  every  .Multiplication,  and  one  Term 
more  will  be  added,*  which  will  be  the  next  higher  Power 
of  B. 

Theorem    IX. 

Any  two  like  compofite  Numbers  admit  as  many  Means  as  the  Index  (or  Number  of 
component  F.iitors)  —  i,  and  in  the  Ratio  of  their  fimilir  Fa.Sors.     Thus: 

If  A  and  B  reprefent  two  like  Compofites  of  two  Factors,  they  admit  i  Mean ;  if  of 
three  Factors,  they  admit  2  Means,  and  lb  en :  Generally,  if  they  are  compofite  of  an  « 
Number  of  Fadors,  they  admit  w — i  Means  in  the  Ratio  of  any  two  of  their  fimilar 
F'aftorsj  fuppofe  a:b.  (J.  e.  a  in  the  compofite  A,  and  h  in  B.) 

D  E  .M  o  N.  By  Tkcorcjn  5.  A  and  B  are  in  the  Ratio  of  the  n  Powers  of  any  two  o' 
their  fimilar  F^dbrs,  i.  e.  A  :  B  : :  a"  :  h"".  But  ( by  TSmr.  S  )  <s" ;  hn  :  admit  n  —  i  Means 
in  the  confunt  Ratio  of  a.b,  and  (by  Tliecr.  7)  A:  B:  admit  as  many  in  the  fimc  Ratio. 

The  Rcverfe  of  this  Theorem  is  alfo  true,  but  the  Proof  of  it  depends  upon.fome  things 
not:  yet  explained;  therefore  it  mull  be  referred  to  another  pjace.  fSeeXfcVcr.  3<j.. iu  §.  11. 
ch.7f.i.  Booty.)  •■  ■  r.    '    I  ... -\;\:' 

ScnoLiUM.  If  the  component  Fa£torc  are  Icnowfi,  the  rr.ean  Terms  rriay'ciafily  be 
fill'd  up,  and  tt  .'ir  p-irticular  Compcfuions  difcover'd,  ifteri  the  Method  of  this  Exuinpic. 
Suppofe  abode,  and  ABCDE,  the  two  like  CompoiJtes,  the  Scries  will  be  thisj  abcd^ 


A 

:B 

A 

:B. 

_ 

A'- 

:Ali 

:6-'. 

A 

:B. 

A= 

:A^B 

.Ali-' 

:U-, 

c.-<r. 
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'■bcdcA-.cdek'^-de  k'QC:eA^CD:A\iCDE.  In  which  the  Means  are  filled  up, 
by  taking  out  the  firft  Term  ol"  the  lefler  Extieme,  and  putting  in  the  firft  or  the  gie.rLerj 
and  fo  on  in  Order,  taking  out  the  next  Term  of  the  firft  Excreme,  and  putting  in  the  next 
Term  of  the  laft  Exp.eme,  till  all  the  Terms  of  the  firft  Extreme  arc  taken  ou:;  and  -hat 
the  Series  thus  made  is  r- /  in  the  Ratio  of  the  fimilar  Factors,  is  mauifcft  by  lafpeilion. 

But  if  we  only  know  the  Ratio,  (i  e.  any  one  Couplet  of  the  iimilar  Factors)  the  Means 
nouft  be  filled  up  by  the  common  Rulo  of  Frob.  3.  Cbaf.  3. 

COROLLARIES. 

1.  The  Produdt  of  two  Numbers  which  are  like  Compofites  of  two  Fadors,  is  a 
Square  Number;  fo  if  N,  M  are  fimilarly  compofed  of  two  Faftors,  they  admit  one 
Mean,  as  X,  and  then  'ti;  plain,  N  M  =  X^:  Or,  independently  of  this  Theorem,  it  may 
be  demonftrated  thus:  Let  N  =  tfi,  and  M  =  AB,  and  becaufe  they  are  fimilar,  a:b 
: :  A  ;  B,  and  ^  B  =  ^  A  i  wherefore  <aBxtA  (=:^^xAB)  is  a  Square  Number,  whole 
Root  is  <iB  =  ^  A. 

The  Reverfe  of  this  Corollary  is  alfo  true,  viz.  That  if  two  Numbers,  A,  B,  produce 
a  Square,  tlicy  are  Like  Compofites  of  two  Fadors ;  but  the  Demonfiration  of  this  belongs 
to  another  Place.     (See  Coroll.  i.  Theor.  34..  in  §.  11.  Cb.  i.  Book  V.) 

2.  Any  two  Like  Compofites  of  an  even  Number  of  Fadtors  produce  a  Square  Num- 
ber; for  any  two  of  the  Faftors  of  the  one,  and  the  Iimilar  two  of  the  other,  produce  a 
Square  by  the  ift  Coroll.  The  like  will  any  other  two  do;  and  thefc  two  Squares  multiplied 
together  will  produce  a  Square  (by  Tixorem  i.  Book  III.)  and  fo  on,  taking  in  the  two 
next  Fadtors.     Example:   If  there  are  four  Fadtors,   abed:  AQCD,   becaufe   'tis<i:  ^: 

A:B,  and  <::(^::C:D;  hence  a  iXB"=  rB\  alfo  f  ^  C  D  =7^5^  An^Ai'HAy,  abcdx 
AB  C  D  =  Jb'^  X  7D  =  TBTd'.  Or  thus;  fince  <»B=^A,  and  cD—dC,  there- 
fore  <»BfD  =  ^A</C;  and  thefe  muhipUed  produce    a  b  cd  ABCD=  aB  cD',  or 

hXdC: 

3.  It  the  Produci:  of  two  Like  compofite  Numbers  of  an  odd  Number  of  Fadtors  is  di- 
vided by  the  Produci  of  any  two  of  the  fimilar  Fadtors  (one  in  each  Conipofit:e)the  Quotient 
is  a  Square  Number.     Example:   If  A,  B,  ate  two  fuch  Numbers,  the  leaft  Number  in  A 

A  R 
being  a,  and  the  leaft  in  B  being  b,  then  I  fay,  —y  is  a  Square  Number;  for  when  one 

Fadtor  is  taken  out  of  each  there  remains  an  even  Number  of  component  Fadtors  in  each, 
whofe  Produift  makes  a  Square  Number:  But  by  dividing  the  total  Produdt  of  all  the  Fa- 
dtois  by  the  Produdt  of  any  two  fimilar  ones,  we  cffcdtually  take  them  away,  and  reduce 
tlie  Cafe  to  an  even  Number  of  Fadtors. 

Theorem    X. 
If  betwixt  any  Number  A,  and  each  of  two  others  B  and  C,   there  falls  an  equal 
Number  of  Means,  there  fall  as  many  betwixt  B  and  C,  which  are  in  the  Ratio  of  the  2d 
Terms  of  the  two  Series  from  A  to  B,  and  C. 

D  E  M  o  N  s  T  R.     Suppofe  the  firft  Mean  betwixt  A  and  B  is  b,  and  the  firft  betwixt 
A  and  C  is  e,  then,  by  Theorem  VI.  thefe  Proportions  mark'd  in   the  Margin   are  true  (h 

being  the  Number  of  Terms  —  i) ;  and  hence  this  is  alio 


Series,  "1^^  ; 


:  b B 

.  -  -  C 


c 


.  ^      X.  ..        b" 

hence 


■It 


C  : :  A"  :  ('^ 


true,  B ;  C  ; :  ^" :  <■" ;  but  (by  Theorem  8  )  betwixt  b  :  c" 
tliere  fall  w — i  Means  in  the  Ratio  b:c,  (via.  as  many 
as  fill  by  Suppofition  betwixt  A:Band  A:C;  for  w  be- 
ing the  Number  of  Terms  —  i,  the  Number  of  Means 
is  »  —  I  j;  therefore,  (by  Theorem  7.)  there  fall  as  many 
betwixt  B :  C,  in  the  fame  Ratio  of  b-.-.'  S  C  H  O- 
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SCHOLIUMS. 

1.  The  Mean;  that  fall  betwixt  A  ;  B  and  A  :  C  mu!t  manifeftly  be  in  different  Ratios; 
for  they  muft  bj  diff.-ient  Numbers,  lince  there  are  an  equal  Number  of  them,  and  tend 
to  diff.ren:  Extremes.  B  and  C;  bat  the  Means  berwra  B  and  C  may  be  in  the  fame 
Ratio  with  one  of  the  former,  or  different  from  both ;  for  if  we  fuppofe  A  :  B : :  B  ;  C, 
th^n  the  Ratio  in  the  Series  from  B  to  C  will  be  the  fame  as  that  from  A  to  B. 

2.  The  V.everfe  of  this  Thtorem  is  this;  If  any  Number  of  Means  fill  betwixt  t*o 
Numbers,  C,  B,  there  is  another  Number,  A,  betwixt  which,  and  each  of  thet,  C,  B,  there 
fall  as  many  Means.  But  the  Danonfiraiion  of  this  depe^i4s  upon  fomething;  not  yet  ex- 
plained,and'  muft  be  referred  to  another  Place.  (See  Theor.'z-j.znd  28. in  §.  h.C/j.  i.B.V  j 

Theorem    XI. 

If  one  Extreme  of  a  Series  is  a  Power  whofe  Index  «  is  the  Number  of  Terms  —  i, 
the  other  Extreme  is  alfo  a  like  Power.  Or  thus ;  If  two  Numbers,  whereof  one  is  an  n 
Power,  admit  n  —  i  Means,  the  other  is  alfo  an  n  Power.  If  the  one  Extreme  is  A"  and 
the  other B,  I  fay,  B  has  an  n  Root;  i.  e.  If  nh  ^  then  B  is  a  Square  Number.  If  »=? 
then  B  is  a  Cube  Number,  idrc. 

Demo  n.  Betwixt  i  and  A"  there  fall  n —  i  Means,  ( viz.  al!  the  inferior  Powers 
of  A  )  and  lince  there  fall  as  many  by  Suppofirion  betwixt  A"  and  B,  therefore  (by  the 
lail)  there  fall  as  many  betwixt  i  and  B,  and  hence,  lallly,  B  is  an  w  Power,  ws.  the '» 
Power  of  the  2d  Term  of  the  Series ;  for  all  the  Terms  of  a  Series  from  i  are  the  Powers 
of  the  id.  C  Cor  oil.  z.  Probl.  3.  C^.  3.J 

Theorem  XII. 

O  F  four  Numbers ; ;  /,  if  any  three  of  them  are  Like  Powers,  fo  is  the  4th;  and  i-s 
Root  is  a  4th  : :  /  to  the  Roots  of  the  other  three  compared  in  the  fame  Order  as  their 

Powers :    Thus,  if  a   :  b"  : :  c"  :  d,  I  fay,  </  is  an  «  Power,  and  a:b::c:  d" 

D  E  M  o  N  s  T  R.  BetwLxt  a" :  i",  there  fall  n —  i  Means  (Theor.  8-)  and  as  many  be- 
twixt c^:d  [Theor.  j. ),  therefore  d  is  an  n  Power  {Theor.  11.  >,  which  is  the  firft  Part. 

Again ;  Suppofe  ^=  r", fo  that  rf"=r ;  then  becaufe  <j"  :  t" : :  ."> :  r",therefore  a:h::c:r  {The- 

orem^.  Coroll.  11.),  that  is,  a:b::c:d",  becaufe  r  =  >,  which  is  the  laft  thing. 

Or  thus;   Since  a  :  b'^ : :  c" :  J,  therefore —7  =d;   but -^  =  —  ,  therefore -=-• 

d~  or  a:  b::c:d^. 


CHAP.     V. 

Contammg  the  Cdmparifon  of  unequal  Ratios  ( wherein  the 
Ratio  is  always  to  be  miderjiood  as  the  ^lote  of  the 
Antecedent  by  the  Confequent )  :  IVith  the  Comparifons  of 
Arithmetical  and  Geometrical  Proportions. 

Obfcrvc,  Fo)-  the  IVerds  greater  and  lelTer,  I  uf:  thefe  Sights,  -7  and  L.  ■  Thus,  A  "7  B,  or 
A,  L  B,  fignifies  A  greater  or  hjfer  than  B  ;  and  A  :  B  "7 ,  or  Z.  C  :  D,  fgmfies  that  the 
Ratio  of  \  to  3  is  greater  or  leifer  than  that  of  C  to  D. 

§.  I.  The 


'2SS  ,  Gentai?nng  the  Co7nparifon  Book  IV. 

§,  I.     ^he  Comparifon  of  Unequal  Ratios. 

T  H  E  O  R  E  M    I. 

IF  to  each  of  two  unequal  Numbers,  a,  b,  be  added  or  fubrratSed  an  equal  Kumber, 
[he  Ratio  of  the  Sums  is  lefler,  but  the  Rp.tio  of  the  Differences  greater,  tliia  t'lat  of  the 
gi'/en  unequal  Numbers,  cpmparing  the  greater  Term  \o  the  Icfler  j  or,  comrc.rily,  com- 
paring the  Jcffer  to  the  greSlrtr:  Thus,  \i  a~j  b^  •Ci\t^  a-\-c\b-\-Cf  La-.b,  and  <j  —  c  ; 
h- —  c~]  a:b.  Example  ••^-72  and  3  -j-  4  :  2 -f-  4  Z.  3  :  2,  and  3  —  2  :  4 —  2  "7  3  :  4 

D  E  M  o  N  s  T  R.  If  a:b  ■.-.c-.d,  then  a-\-c  :  b-j-d::  a:b  (Theor.  4.  Ch.  3.  U,  IV.)  but  be- 
caufe  ay  b,  therefore  c~/  d  and  h  ~\- c  -j  h -{- d ;  wherefore  a-\-c:h-\-cLa-\-c:b-\-d 
(  yix.  i\.),  and  confequently  a-\-c:b-\-cL.a:b. 

'     But  comparing  the  lefler  to  the  greater,  proceed  thus;    b  -^  d:a-\-c  -.-.b-.a;  but  b-\-"i 
-J  h-\-d,  therefore  b-\- c -.a-^- c-j  b -^  d :  a  ■\- c;  hence  b-{~  c -.a-^-c -f  h:a. 

Again;  For  the  Differences,'^  —  e:h  —  d::a\b,  but  a-jb,  hence  c  "7  </,  and  b  —  i 
l_b  —  d,  therefore  a  — c:b  —  c  -7  a  —  c:b —  d,  and  corfequently,  a  —  c -.b  —  c~j  a:b: 
But  comparing  tlie  leiTer  to  ihe  greater,  then  b  —  d:a- — c:\.b:a\  and  unce  d  L  c,  there- 
fore b  —  d~y  b —  o  and  hence  b  —  c:a  —  c  —  b  I.  b  —  d:a-—c,  and  confequendy,  b  — 1\ 
a — c  L.  b  :  a.      ■ 

The  Rever/e  is  alfo  true,  viz.  lf^-f"''-^4"'''^''-^'  therefore  ""7  b;  and  (o  of  the 
reft  of  the  Pa1-ts,  which  is  eafily  demonftrated. 

Theorem  II. 

I F  four  Numbers  are  : :  /,  a:b::c:  d,  the  Antecedents  a,  c,  being  lefs  than  their  Confe- 
quents,  and  a,b,^t\r^  two  leaft  of  the  four,  then,  by  equally  incrcifing  or  decreafirig  ihe 
two  Antecedent:.,  or  the  two  Confequents,  or  both,  the  Proportion  is  defti-oyed,  and  the 
Ratio  of  tlie  fiift  Couplet  fb  alcer\i  will  be  lefler  or  greater  than  that  of  tlie  fecoiid-  in 
thefe  Circumrtances,  -viz.      •  _       i  -:    ,  ■      '  •      '    ' 

1.  15y  equal  Addition  to  the  Antecedents,  the  i ft  Couplet  baS;the  greater  R-itio^  tbus, 
a-\-?2  :b~j  c~\^}2:d.'        ' 

2.  By  equal  Dimi:rution  of  the  Coafequeats,  the  ill  GojpLet  has  the:grtarer  Rario; 
thus,  a:b — n  -J  c:d  —  7i.  ,    ■,  ;  u     ■   ) 

■  3.  By  equal  Addition  to  the  Confeqtrnts,  the  Ratio  of  the  ift  Couplet  is 'leaft ;  thusj 
a:b-\-n  Lc:d  Ar^'-  .' .  _    ;    \    -^  v.    , 

4.  By  equal  Diminution  of  the  Antecedents,  the  Ratio  of  the  ift  Couj>let  is  leaft^  thuf, 
» — vrb-L^t — v\ii: 

5.  By  equal  Addition  to  all  the,f^ur,  tl\c. Ratio  of,  the.  ift  Couplet  is  the  greateft;  thus, 
aJ^n\b-^n  —/  c-\-n\d-\-n.     .,  ...      '\     14       - 

6.  By  equal  Diminution  of  all. the  four,  ihe.Ratio  of  the  firit  Couplet  is  grcatcft;^  thMs. 
«(w^„:.>_-3.t7.:f-^»:/T^.^._   »v;;..':'iV'^     y".  rio'ni.^rf-''  -'  '-''V'.  ■;•;  •■'.■:.x\S%y 

■J.  By  equally  iBcrcaling  the  Antecedents  and  diminidiing^hp  Confequents,  die^^^ioot 
the  'ift  Couplet  15  >he  f'/e'ater  ;■  thusj  ^aA~n\b^~^n  -7  c  -f-w:  d^=-~n.  ■  '  .  -  . .  v 

■'  -.8.    B/  Cdjually  din^imllungthe  Atltecedi-nts  and  increafiiig  tiv  Confequents,  the  Ratio  o^ 
tl»c  ift  Gcujlctij  the  leaft,  thus,  a — n-.b-^n  Lt  c-^}/:d-\-}:. 

i     li.JIiJtJiiiutJiy    iii  : 

D  E  aI  O  N  S  T  R  A  T  I  O  N. 

■"Ttffi'i.  '«  -f^  :^  "7  c-\-yi:d.  'For  "'.-j-* :'« 4^  n-^  a  :V\{T^ecr?i.y'biit  a:  e :  H^:4y  r\\Grc- 

fore  a-|-**^+-«  1  ^•'^i  ai^  ^eqc:  (by  tl^eor.  '4'th;  beloVlj  Which  is  detrtonftrat'od  .Iride- 

pendcnjy  of  this)  <7  +  ?; : />  7  f -^ » :  n'-    '     "      '-         '■  '         '  •'•    •  Cafe 
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Cafei  a  b—n-7  c:d—n.  Vox  b  —  n:d~n  L  b:d  {Theor.i.)\  hyith:d::a,c;htnc<: 
h-i-d-nL  a:c-  ora-.c-fh  —  n-.d-n.,  therefore -:  t -»  7 /••  f—/'  {Theor.  -j.) 

Cafex  ahA-nLc:d-\-n.  For  b  :  d: :  ^ :  c.  znd  l> -^r,:d-\-n  y  I,  :  d  {Theor .  i .).  con- 
kqJnr.Vfb  +  »:d-{-n-ja:c,   and    {b'j  Theor.T-)  b-\-n:a -7  d+ n -.c ;   and,   revcrPy, 

a- b-i-n  Lc:d-\-n  (Theor.  6)  i    1    ■       l    j 

'cJiA.    a~nb  Lc  —  n:d  For  a:c  ■.■.b:d;  hMl  a-'n-.c  —  n  La:c,  or  b:d.  i.e.  b-d 

-J  a  —  n:c  —  n,  and  (by  Theor. t-)   b-.a—n-j  d:c  —  n;   and,  reverflj,  a—n:bL. 

'  "caCe  V  a4-nb  +  n-7e4-n:d-^M.  Tot  multiplying  the  Antecedent  of  the  one  into 
the  Confequent  of  the  other,  the  Produfts  which  (are  the  Antecedents  when  the  two  are 
reduced  to  a  common  Confequent)  are  ad-^a»-\-dn+»T,,  and  hc  +  bn  +  cn  +  nn^ 
the  I  ft  of  which  is  the  greater,  becaufe  taking  equal  Parts_out  of  both,  viz.  a  4— .band 
„n  =  nn,  there  remains  in  the  firft  a»  +  rf»  =  wXtf +  </,  and  in  the  fecond  bu-\.cn  = 
;,xT^i  but  7^  7  *  +  «  {Theor.  14).  therefore  the  ift  is  grcateft,  i.e.  *-\.n:h-^» 
7  f  -f- »  :  d-\-n. 

Cafe  6.  a  —  n.b  —  n-jc  —  n:d  —  n:  For  multiplying  the  Antecedent  of  each  into  the 
Confequent  of  the  other,  the  Produds  are  ad — an  —  dH-\~nn,  and  be  —  b  n —  cn-\- 
Tin,  out  of  each  take  nn,  and  compare  the  Remainders,  which  are  ad —  an-\-dny  and 
y c —  Tir^^[^\  but  ad=bc.  iad  a -\-d y  b-\~c,  therefore  the  ift  is  greateft,  i.e.  a  —  » 
■.b  —  n-J  c  —  n\d — n. 

Cafe -J.  a^n-.b  —  n-/  (-{-n:d—n.  For  a-^-n-.c-^n-y  a:  e.OT  b:d  {Theor.  i.),  and 
y^„.  tl—n  Lb:d  {Theor.  i.),  therefore  tt-^-n-.c-^n-j  b  —  n:d — »,  and  a-\-n:b~tt 
-J  c-\-n:d  —  n  (Theor.  7.). 

Cafe  8.  a  —  n:  b-{-n  L  c —  » :  d-\~  n.  For  a~n:  e —  n  L*:e,  or  b:d  (Theor.  1),  and 
y^n.j^ny  b:d,  hence  a  —  u:c—nLb-\-u  :«/+'»»  ^^  ^%'  4  — »:*-j-w  Z. 
c  —  r.:d-\-rt  (Theor.  y.). 

C  o  R  o  L  L.  All  thefe  Cafes  are  applicable  to  Numbers  in  Geometrical  Progreflion.  I 
{hall  only  mention  the  Application  of  Cafe  5.  and  6.  thus:  By  Addition  or  Subtradion  of 
the  (ame  Numbers,  to  or  from  each  Term  of  a  Series  -h-  /,  the  Sums  or  Diflferences  are 
not  -^/;  but  ( comparing  them  from  the  leaft  to  the  greateft)  does  continually  decreafej 
thus,  i(  a:b:c:d,  &c.  are  -H- /,  then  a -\- n  : b -\- k -/  b-^n:c-\-  n  -y  c-\^»:d-\-?i,  idrc 
But  from  the  greateft  to  the  leaft,  it  does  continually  inaeafe. 

Theorem  III. 

If  a:b~j  c:d,  and  a  L.c,  or  a  =  c,  then  i%  b  L.  d. 

Example :    6  •  7  7  8  :  13,  or  6 :  7  7  7  :  9  i  alfo  6  /.  8,  7  =  7«  then  7  Z.  13  or  9. 

D  E  M  o  N  s  T  R.  It  cann't  be  that  b=d;  for  fince  a  Z_  or  =  r ,  then  a :  b  would  be  Z. 
or  =:c:d,  contrary  to  Suppofition i  and  it  would  be  yet  more  fo  if  we  fuppofe  by  d. 

The  Reverfe  is  alfo  true,  as  you'll  eafily  prove,  viz.  U  b  i^d,  and  «  Z.  or  =  c,  then  a : 
b  -y  c:d. 

Theorem  IV. 

If  a  .b-j  c:d,  alfo  «  -j- 1  =  «  -j-  </,  then  is  <»  7  c . 

Exafnfle :  6:275:3,  and  6  -f-  -  =  T  +  5.   then  <j  7  5. 

Demonstr.  Suppofe  a  =  e,  then  muft  b  Ld  to  make  a-.b-jf  c:d;  but  if  ^j  =  c, 
andi  Ld,  then  a -f-^  Lc-\-d.  contrary  to  Suppofition.  And  if  we  fuppofe  <a  Z.f,  it  will 
yet  more  flrongly  follow  that  a -^  b  L.  c -\~  d. 

The  Reverfe  is  alfo  true,  viz.  If  a-\-b  =  c-\-d,  and  #  7  « ,  then  is  a:b-y  c-.d.  Tlie 
Heafin  is  cafy  from  the  preceding  Method. 

Pp  Theo- 
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Theorem  V. 

If  a:h-y  c:d,  then  is  ad-j  he. 

Demonstr.    c  +  «:^v'^:'/i  !et»  betakenfoas«:i::f+»:rf,  and  then  <»^=s 
bc-f-hn,  hence  ad~j  he. 

Or  this  Truth  is  in  effedt  already  demonftrated  in  Fradtions,  where  it's  Ihewn,  that  it 

a  c 

The  Converfe  of  this  is  alfo  true,  viz.  If  ad-j  he,  then  a-.h -7  e-.d,  foi  —    -7    «■ 
and  T  T   j'  t>y  equal  Divifion. 

Theorem  VI. 

If  a:b-j  c:d,  then  reverjly,  i:c-j  h:a. 

Demonstr.   j'-^'-'-'c'-   "  (C*- iS^»Ci"--i5)  and  if  |- 7  ^,  therefore -7  -, 

which  Confequence  is  alfo  proved  already  from  the  Nature  of  Fradlions. 

Or  thus,  Take<»:i:  -.cJ^n-.d,  whence  d:e-\-n:\h:a:^  bu:  d:cy  d:e-j~n,  therefore 
d:c-jb:«. 

Theorem  VII. 

If  a:h  Le:d,  then,  alternately,  a:c~j  h:d. 

Demonstr.     j  :  -,■■■  ^   :^  (Ci&.  i.^f».  Cor.  j  2.)  and  if  y  7   -,  therefore  ~  ~7  -.y 

which  is  alfo  already  proved  in  the  Dodrine  of  Fraftions. 

Or  thus.  Take  a.:h:c-{-n:d,  whence  a:c-\.n:.b:d\  but  a-.c-j  a:c-\.n,  confe- 
quently  a:c-f  h:d. 

Theorem  VIII. 

^  a:b-j  c:d,  then,  compoundly,  a  -\-c:b-]-d L.a:b,  but  ~7  c.d,  alfo  a-\-b:c-\-dL. 
a :  c,  and  -j  b:d. 

De  xM  o  X  str.     Take  a.:h\:c-\'n:d,  then  a-^c-{-n:b-\-d::a\h.,  but  a-^-c-.b-^- 

d  L  a-\-T^i:b-!^d,  therefore  a-\-i::b-\-d  La:b.     Again  j  Take  c.d::  a:h-\-n,x!n^n 

c-\-a: d-\~ b-\^ ■.■.c:d;  but  ^ -f- f : ^-f" ''T  "-f-f : </4" ^ ~F^  therefore  a-f-c  -.b-^-d  y 
c.d. 

For  the  fecond  .Part:    Since  a:b-j  e.d,  therefore,  alternately,   a:e-j  b\d  {Theor.  j.) 

and  then  by  the  ifl:  Part  it  is  a -)- /> :  f  4"  "^  ^  "  ■• '■^  i^""^  7  ^  : ''■ 

The  Ahcrn.itions  of  all  thefe  Conclufions  is  true  by  vertue  of  the  preceding  Tlbforfw. 

The  Con-.^erfe  of  this  Theorem  is  alfo  true,  •viz..  if  a-^  c:h -\-d-j  e -.d,  then  a:b-j  e:d:,\ 
for,  (by  the  iJ^O'^rngTheorem)  a-\-c  —  e  {■=. a)  :  b -\~ d — d  (=b)  y  e  :  d  (tsking  a-^-c,^ 
and  b  -\-  d  inftead  of  a,  b,  in  the  following  Theorem),  that  is,  a:b  -y  e.d.  The  Converfii 
of  the  other  Ctiaclulions  will  be  found  the  lame  way. 

Theorem   IX. 

If  a:b-j  e .d,  then,  divi^ively ,  a-^c:h  —  ^7  a:h,  and  alfo  -j  e:d.  Again,  a  —  h; 
e  —  d~i  a:c,  and  alfo  ~f  b:d. 

D  F  MO  Ns  T  R..  Take  a:b::c-[-n:d,  then  a  —  c  —  n:b  —  d::  e-.b:,  but  a  — e.b  —  d\ 
~]  a. — c  —n:b  —  d,  chereforc  a — c:b — d~i  a:b,  and  confcquently  alfo7<r:d',  which? 
is  La:l.  The  otl.i^r  Part,  or  a  —  b:  e —  d  ~i  a:c,  01  b:d,  is  proved  the  fame  way,  by  j 
taking  <» -.  t  7  6 : //.  The  I 
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The  Couverfe  is  alfo  ttue,  and  depends  upon  the  ytb  in  the  fame  manner  a  the  Con- 
verfe  of  thac  upon  this. 

S  c  H  o  L  I  u  M.  As  we  have  argued  from  the  greater  Ratio  to  the  lefler  in  the  preceding 
five  Theorems,  fo  we  may  argue  the  fame  way  from  che  lefler  to  the  greater  ^  for  this  is  :jU 
contained  in  the  other ;  becaul'e  \'i  a:b-f  c-.d,  then  c:d l_a:h,  and  it's  no  matter  which 
of  the  two  Ratios  we  fuppofe  to  be  greateft. 

Theorem  X. 

If  there  are  two  Ranks  of  ,four  Numbers  each,  whereof  the  Antecedents  of  the  one- 
are  the  Confcquents  of  the  other  Rank,  as  a,  b,  c,  d,  and  h,  e,  d, /j  and  it  a-.b-^  ad, 
alfo  b:e^  d:f,  then  is,  a:e~]  c :f. 


li  a:b-j  c:d 
and  h-.e'j  d:f 

then  ti.e  -y  c-.f 


D  E  M  o  N  s  T  R.  a\c-j  b:d,  and  b\d-}  e:f  {JJieor.  7.)  hence 
-7  e :/,  and  a  \  e,-j  c :/  (T&sor.  7.) 


Theorem  XI. 


O  F  two  Ranks  of  four  Numbers  each,  where  the  Antecedents  or  Confequents  of  both 

are  the  fame  Numbers,  as  in  the  Margin,  and  the  Ratio  of 
the  firft  two  greater  than  that  of  the  other  two,  the  Ratio  of 
the  Sums  of  the  Antecedents  to  that  of  the  Confequents,  is 
greater  than  the  Ratio  of  the  two  common  Terms. 

D  E  .M  o  N  s  T  R.     Take  a — n:b::c:d,  and  t  —  w.bwf 
:  dy  then  a  —  w -J- f  — rn:  c-\-f:  -.b-.d  {Theor.  8.  Chap.  ■}.),  but 

a-^e-j  a  —  »-f-  ^ —  ^' hence a-j-e-.e -\-f~j  a — n-\.  f^^ 
:  c  -\-f,  or  b:d. 


It  a-.b-j  c  -.d 
and   e:b~jf:d 

then  a-^e;  b-y  c-\-f:d 


or 


a-^-e-.c-^-f-J  b:d 


Theorem  "K,!!. 

Of. two  Ranks,  whereof  the  Extremes  of   the  one  are  the  Means  of  the  other,  as  in 
the  Margin  ,  \i  a:b-j  c\d,  and  t  : ?  "7 /:  O  then  a:e-j  f.d. 

D  E  M  o  N  s  T  R.    ad-y  be,  znAh  crj  ef  {Theor.  5.)  hence  ad-/  cf, 
and  a:e~jf:d,  by  Converfe  of  the  5  th. 


a:b-f  c:d 
b:e-if:c 


a:  e  ~J  f:d 

Scholium.     If  the  Ranks  are  fo  difpofed  that  the  Extremes  or  Means  of  the  one 

arc  alfo  the  Extremes  and  Means  of  the  other,  as  in  the  Margin;  yet  we  cxn  draw  no 

Conclufion,  becaufe  all  that  immediately  follows,  is  only  that  ad-j  h  c and 

a:h-/  c:'d        ef-/  be;  but  leaves  it  undetermined,  whether  <j^  is  =ef,  or  not.  for  it 

c  -.b-j  c:f         miy  be  either  way  ;  as  thefe  Examples  fliew.   r/z.  (i.j  3:6-74:1^,   and 

'    9:(S  V4:5>and  3X  15  =  5x9.    (2.)  3 -.6  7  4: 15,  and  8:  6  7  4:  5,  and 

3x1578x5. 

^.  II.     Arithmetical  and  Geometrical  Proportions  compared. 

I.  E  M  M  A. 

TF  four  Numbers  are  proportional,  either  Arichmctically'  or  Geometrically,   the  leafi  and 
•••  sreatefl  of  the  four  are  the  two  Means  or  tho  two  Extremes. 

D  E  M  o  N  s  T  R;    The  lead  of  tlie  four  is  either  one  of  the  E«tremes  or 
one  of  the  Means.    Suppofe 

■'''-'■'  .     -      P  p  2-  I.  That 


^|,  b,  c,  d 


;■; 


292 


Arithmetical  and  Geometrical 


Book  IV.. 


1.  That  a  h  the  leaft,  then  becaufe  a  l_b,  fo  is  c  Z.  </i  but  c  is  alfo  greater  than  a 
{which  is  the  leaft  of  the  fourj,  and  hence  d-j  b;  confequently  d  is  the  greateft. 

2.  If  h  is  the  leaft,  then,  taking  them  reverjly,  h,  a,  d,  c,  becaufe  the  one  Extreme  is 
the  leaft,  the  other  is  the  greateft  (by  the  ift  Cafe),  ».  t.  in  the  other  Pofition,  the  two. 
Means  are  the  leaft  and  greateft. 

C  o  R  o  L  L.  Of  four  Numbers,  :  /,  or  : :  /,  the  two  greateft  or  the  two  leaft,  are  one 
of  them  an  Extreme,  the  other  a  Mean. 

Theorem  XIII. 

I F  four  Numbers  are  : :  /,  the  Difference  of  that  Couplet  C ;.  e.  of  that  Extreme  and 
Mean)  which  confifts  of  the  greateft  Numbers  is  the  greateft j  {o\{  a:h  are  greateft,  b  — 
»-j  d—c. 

Example : 
a  :   h  ::   c  :  d 


DemoNSTR.  y  —  a:d — c ■.:«:(•,  but  by  Suppofition  a-je, 
therefore  b  —  a-j  d — f  •  or  if  a,  c  are  greateft,  then,  becaufe  c—a: 
d —  h:\a:b,  and  a~j  b,  therefore  c  —  <»  -7  d —  h. 


4  :  6  : :  2  :  3 
4  :  2,  ::  6  :  3 

C  o  R  o  L  L.  Of  Numbers  in  -H^  /,  a-.h-.c-.d,  &c.  the  Differences  taken  from  the  leflfer 
Extreme  a,  do  continually  increafe  ■,  thus,  b  —  al^c  —  b  L  d —  c,  &c.  for  a:h::b:c,  and 
b,  c  the  two  greateft,  hence  c  —  b-jh  —  »,znAio  on,  through  the  Series. 

Scholium.  In  the  laft  Chapter  (Theor.  18.)  it  is  demonftrated,  that  thefe  Difiereences 
make  a  Series  -rr/. 

Theorem  XIV. 

O  F  four  Numbers  : :  /  the  Sum  of  the  Extremes  and  Means  are  unequal  j  and  that  Sum 
whofe  Parts  are  the  leali  and  greateft  of  the  four,  is  the  greateft. 

D  E  M  o  N  s  T  R.  If  «  is  the  leaft,  then  is  d  the  greateft  {Lemma), 
and  I  fay,  a-\-d-jb-\'c;  for  c,d  or  d,b  arc  the  two  greateft j  fuppofe 
c,d,  then  d  —  cyb  —  a  {Theor.i-^.)  ;  add  <  -f-'^  ^°  ^°^^'  ^"^  '' — ^ 
_|_^_jlf  {=:d-\-a)  isy  b—a-\~  a -j~c  (=b-\-c).  Or  if  </,  ^  are  the 
two  greateft,  then  alfo  d — ^"7  c  —  aj  add  a~\-b  to  each,  and  d-\-a 

If  b  is  the  leaft,  then  is  c  the  greateft,  and  *  +  <:  7  -» +^;  which  is  plain  from  the  Al- 
ternation of  the  Terms,  viz.  b:  a::d:c,  whereby  the  Extremes  arc  the  leaft  and  greateft, 

C  o  R  o  L  L.  If  three  Numbers  are  -^r/.  the  Sum  of  the  Extremes  exceeds  double  of 
rhe  Means  i  thus,  if  a:b::b:  cthcn  a-^c-f  ib.  And,  particularly,  it  exceeds  by  the 
Produd  of  the  lefler  Extreme  into  the  Square  of  the  DifFercHce  betwixt  the  Ratio  and  i  ^ 
fOr  if  we  take  4:<«r:  tfrs  then  is  *-}-rfr'  =  «»x_r^_4-_i_,    and2«r=«X2r,  alfo  a   x 

ri-4-i—  4X2r=<»X  r--f-i- 


a  :  b  ::  c   :  d 

3  :  2  ::  <S  :  4 
2  :  3  : :  4  :  6 


.2f  ==  aX  r- 


Theorem  XV. 

If  three  Numbers,  a,  b,  c,  are  -^A  and  other  three,  d,  e,  f.  alfo  -^h  and  in  the  fame 
Ratio,  wz.  a:b::d:e.  then  the  Ratio  of  the  Sum  of  the  Extremes  to  double  the  Means, 
is  the  fame  in  both  Ranks. 


a,  h,  c 
4j  6,  9 
d,   e,     f 
8,  13,  18 


a'\-  c  :  -zh    --.d-l-f-.ie 
^-j-p;  -     6;:8+l8:2X  12 
13    :    12  : :     26  24 


D  E  M  o  N  s  T  R.  <i :  (T : :  d:f  (Theor.  19.  Chap.  3.) ;  hence 
a^c\d  -•}-/:  -.a-.d:  But  fince  a:b::d:  e,  therefore  a  : 
d::b:e,  confequently  a-{-c:  d-\-f:  -.b-.e:  :  2b:  le. 


Or,  alternattly,  a'\-c:ib  \.d  +/:  2  e. 


Theo- 


a,  t,  c 
d,  e.  f 

I.  b,  m 
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Theorem  XVI. 

If  tliree  Numbers,  a,h,c,  are  -f^/  {a  the  greateft),  and  other  three,  ti,e,f,  al(b  -^i  d 
the  greateft),  but  in  a  Icffcr  Ratio  than  the  other ;  then  the  Ratio  of  the  Sum  of  the  Ex- 
tremes to  double  the  Mean  in  the  ift  Rank  is  greater  than  that  in  the  other;  thus,  a-]~c 
:  2^7  J-lt~f:2f. 

Demonstr.  Take  three  Numbers,  /,  h,  m,  -^l,  whofe  Mean  is  the 
fame  as  that  in  the  ift  Rank,  and  the  Ratio  equal  to  that  in  the  2d  Rank, 
I'lz.  d-.e-.-.l-.b.,  then,  becaufe  a:b -j  ct:e ,  therefore  <*:  ^  "7 /:  ^,  confequently, 
a~/  I.,  and  becaufe  alfo  h.c—/h:m,  therefore  c  L  w ;  but  a  c=  b  h=  Im, 
hence  a:l::m:c;  and  becaufe  a  is  the  greateft,  and  c  the  leaft  of  the  four, 
therefore  a-\-c-j  l-\-m  {Theor.  14.),  and  confequently,  a-\-c:2b -f  l-\-m:zb,  vi^nch 
proves  the  Theorem  in  this  Cafe.  But,  again  (by  laft  Theor.),  fince  d,  e,  f,  and  /',  b,  m,  are 
-^ /  in  the  fame  Ratio,  therefore  d-\-f:  ze-.-.l-j-ta-.ib;  and  it's  now  fliewn,  that  a-j-c: 
2b~y  /-j-w:  2^,  therefore  a-]~c:2b  7  d-^-f-.ze. 

Theorem  XVII. 

Of  four  Numbers : /,  the  Ratio  of  that  Couplet  which  confifts  of  the.greater  Numbers 
is  greateft,  comparing  the  leffcr  Terra  to  the  greater,  and,  contrarily,  comparing  the  greater 
to  the  lefler. 

D  E.'M  o  N  s  T  R.    If  X,  *,  f,  </  are  :  /,  and  c,  J  the  two  greater,  alfo 

d  -y  c,  then  -.y  r^for  let  d=c-j-n,  and  b=:a-\-K,  then  a.  a-{-n:c. 

c-\-n.  Take  their  Ratios,  viz.     _■      and  —-(— ,  and  compare  them  by 

reducing  them  to  one  common  Denominator,  the  new  Numerators  are  a  c -{•«»,  and  a  c 
~{-nc,  which  is  greater  than  the  former,  becaufe  <»*  is  common  to  both,  and  c  being  "7  a, 

nc-jna.  confequently,  ^  (=^)  is  7  ^  (=l). 

CoROLL.  In  a  Progreffion  -r-l,  the  Ratios  of  every  Term  to  the  next  from  the  lefler 
Extreme  do  continually  increafe;  thus,  if  <»,  h,  c,  d,  ^c.  are  -r-/,  and  a  the  lefler  Ex- 
treme, then  isjL-L   -j  &(■     Example  :    Of  this  Piogrefllon,    J,   2,    3,  4,   5,   &c. 

the  Ratios  iacreafe  -  L  %  L  —  L  ~,  &c. 
a       3        4       5 

Theorem  XVIII. 

Of  four  Numbers  : /,  the  Produ<3:  of  the  Extremes  and  Means  are  unequal,  and  that 
of  the  leaft  and  greateft  Terms  is  the  leaft  Produci. 

Demonstr.    Suppofe  a  the  leaft  and  d  the  greateft,  then  either  c 
7  or  Z.  or  =  ^.    Suppofe  c  7  or  =  6,  then  are  (,  d,   the  two  greater 

Terms,  and,  by  the  laft,  j  7  J »  ^^^'  conlequently  c  b  -j  a  d.  ■  Again  ; 


a,  b   :    t,   d 
5,  7  :  8,  10 


a,  b  :  c,  d 

3-  7  :  5-  9 


Suppofe  c  L  b,  then  are  *,  d  the  two  greateft,  and  if  we  alternate  the  Terms  thus,  a.  c  1 

h.d,  then,  by  the  laft,  3  7  p  and  hence  bc-j  ad. 

[f  the  leaft  and  grea'cd  arc  the  two  Means,  the",  by  reverting  the  Terms,  they  become 
the  Extremes,  and  then  it  iidiii  wiJiin  the  preceding  Devionfirafm.  Coroli. 
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Co  ROLL.    If  three  Numbers  are -=-/,<». i . o  the  Produdl  of  the  Extremes.   «,  c 
ij  lefi  than  the  Square  of  the  Mean  hb,  and  that  by  the  Square  of  the  Difference,   thus^ 

Take  a.a-\-d,  a-\-id,  and  a x  a-j~zd ;^a--{-2aiJ;  alio,  tf  +  ^f  =  »'-'j~2aii-\-d': 

Theorem  XIX. 

If  there  are  three  Numbers,  a,  h,  c,  —l,  and  other  three,  J,  e,f,  alfb  ~-l,  and  with 
the  fame  Difference,  the  Produft  of  the  Extremes,  and  Square  of  the  Means  have  the 
fame  Difference  in  both  Ranks  j  thus,  ac  —  bb=^  df —  e  e. 

D  E  M  o  N  s  T  R.  Let  the  common  Difference  in  the  two  Rmks  be  »,  then 
(  by  Theor.  18. )  aC' —  bb=»»j  alfo  df —  e  e  =« n,  therefore  ac  —  bh=^df 
—  ee. 

Theorem  XX. 


a,  b,  c 
d.   e.f 


a,  b,  c 
d,   e,f 


■  If  three  Numbers,  a,  h,  c,  zre-r-l,  and  other  three,  d,  e,  f,  alfo  -~ /,  but  with  a 
leffer  Difference,  the  Difference  of  the  Produa  of  the  Extremes,  and  the  Square  of  the 
Mean  in  the  ift  Rank,  is  greater  than  that  in  the  2d  Rank. 

Demonstr.  Let  f-  —  a=m,  md  d — e=n,  then  (by  7^?or.  18.)  <ic 
—  bb=m^,  and  df — ee  =  fi'--^  but,  by  Suppofition,  w -7  x,  hence  w^  -7  «», 
and  confequently  ac  —  b  b  -7  df —  e e. 

Theorem  XXI. 

T  H  E  Mean  Arithmetical  betwixt  two  Numbers  is  a  greater  Number  than  the  Mean 
Geometrical. 

Demokstr.  The  Produft  of  the  Extremes  is  equal  to  the  Square  of  rhe  Mean 
Geometrical,  but  it's  lefs  than  the  Square  of  the  Mean  Arithmetical  (by  Cor.  toTbeor.  i%.) 
confequently  this  Mean  is  greater  than  the  other:  Thus,  betwixt  A,  B,  let  (he  Mean  -h/ 
be  C;  and  the  Mean  ^  /  D;  then  is  A  B=  D  D,  but  A  B  Z. C C,  therefore  D  D  Z.  CC. 
or  CC  7  DD.     Example :  Betwixt  a  and  8  the  Mean  :  /is  5,  and  the  Mean  : :  /  is  4. 

Scholium.  If  we  exprcfs  thcfe  Means  according  to  their  proper  Rules,  we  find  the 
Mean  :/  exceeds  the  Mean  ::/,  by  half  of  the  Difference  betwixt  the  Sum  of  the  Fx- 
tretnes,  and  double  of  the  Geometrical  Mean ;   for  thefe  are  -H-  /,  a:ar\arr  ,  and  the 

.-        .        .                ]             •    a-\-arr     ,     ,    ,  .„,      a-\-arr        V .. 
Arithmetical  Mean  betwixt  a  and  <»  r  r  is  — 4- — :  And,  laftly,  — 4 —  a  r  = 

gjf-  art —  2ar 

•  •    •  • 

Theorem  XXIL 

T  o  the  fame  three  Numbers,  a,  b,  c,  take  a  fourth  :  /,  »,  and  a  4th  : :  /,  d,  and  ordel: 
them  fo  that  the  two  firft  Terms,  a,  b,  are  either  the  two  leaft  or  the  two  greateft  of  the 
four  Terms,  then  is ;/  -7  or  Z.  1^  in  thefe  different  Circumftanccs,  viz..  (i.)  If  a,  b  are  the 
two  lealt,  and  a-j  b,  then  \%  n-j  d.  (a.j  If  a,  h  are  the  two  leaft,  and  a  Lb,  then  is  m 
i_d.  (3.)  If  <)  ^  are  the  two  greater,  and  a-/  b,  then  is  nLd.  (4 )  If  a,b  are  the  two 
greater,  and  a  Lb,  then  •sn~]  d. 

Demon- 
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D  E  M  o  N  s  T  R.  I.    If  «,  *  are  the  two  lefler,  and  a-j  b,  then  is 
a  :  b  -./c  \^d        -  V  -  (T/Wr.  17.)  But  1=  2'  ^^""  2  "^  ^'andconfequently  ?/  7  d. 

(2.)  -».  *,  the  two  leffer,  and  a  L  b,  then  is  ^  Z_  '^  (Thcor.  17.);   but  j=  j  1^6"== 

f  Z.  -.  and  n  Ld.    {y)  a,b  the  two  greateft,  and  a -j  b,  "j^  L  ~   {Theorem  !■].)•■>    but 

^=:-j,  hence  -,  l-~>  and  7;  Z.  «.    ('4.)  (»jt  the  two  greater,  and  a  Lb,  then  is  ^7  -> 

hence  -.~7->  and  »  7  «. 
d      n 

Co  ROLL;  To  two  Numbcrs  a  third  -=-/  increaGng,  is  lefs  than  a  third  ■.•.l\  but, 
decreafing  it  is  greater. 

Theorem  XXIII. 

Of  four  Numbers  : /,  rake  tbeir  Squares:  They  cannot  poflibly  be  ; /,  but  the  Diflfe- 
rence  of  the  ift  and  2d  Square  vviH  be  to  the  Difference  of  the  5d  and  4.th  in  the  Ratio 
of  the  Sums  of  the  common  Difference,  and  double  the  ieffer  Term  in  the  refpeftive 

Couplets.    Thus,  if  a.b-.c.d,  then  b^  —  a':d^'—c'^::2a-\'b  —  a:ic-\-d  —  c. 

Demonstr.  Take  four  Terms,  thus,  a .  a-i^d:b  .b-\-d,  their  Squares  are  a'^. 
a'--\-2ad-{-d^,  h^,  b'-{-2bd-\-d^,  and  the  Differences  are  zad-^d'-jzhd-^^d^,  which, 
by  equal  DiviGon,  nre  as  2a-\-d:2b-\-d. 

C  o  R  o  L  L.    The  Squares  of  a  Series  :  /  cannot  poffibly  be  :  /. 

Theorem  XXIV. 

O  F  four  Numbers  :  /,  the  Difference  betwixt  the  Sum  of  the  Squares  of  the  Extremes 
and  the  Sum  of  the  Squares  of  the  Mcdhs,  is  equal  to  the  Produd  of  twice  the  common 
Difference,  multiplied  into  the  Difference  of  the  ift  and  3d  Term';,-  the  Terms  being  fo 
ordered  that  the  ifl;  and  ;d  are  lefs  than  the  zd  and  4th.    Thus,  take  a.b-.c.d,  where 

a  Lb,  and  c  Ld,  thf^n  a^-\-d^  —  b'--\-c^-=^c  —  ^xz  Y-b  —  a. 

:.■■  .  :y 
Demonstr.  Tike  a. a -\-d:b .b-\-d,  their  Squares  are  a^,  a* -f- 2 4 </-}- </^  b'-, 
b'--\-i  bd-\-d'-.,  the  Sum  of  the  Sqjares  of  the  E\'tretncs  i-  a'-\-b'^-\-:!  bd-\-d-,  und  of 
the'Means  it  is  b'- -^•a''- -^ x a d -\- d^ :,  and  the  Diffcicnce  of  tbefe  Sums  is  plainly  :he Dif- 
ference of  zbd  and  la  I  (the  other  Part;  being  equal),  i.e.  2bd—2ad=2dxb  —  a,  or 
2  ad — 2bd=ldx.  n  —  b. 

Co  ROLL.  If  three  KumbTs,  a,  b,  d,  are  -h/,  or  :i.b=^a-\~d,  then  the  Difference 
of  the  Sum  of  the  Squires  of  u.e  F.^rremcs  and  douoie  the  Square  of  the  Mean,  is  dou- 
ble the  Square  of  the  cotiimou  Diffeience. 

T  H  E  0- 
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Theorem  XXV. 

If  three  Numbers  are  -r-A  the  Ratio  of  the  Extremes  cannot  poffibly  be  the  fame  as 
that  of  the  Mean  and  common  Difference. 

Demons  TR.    Take  a .a-\-i.a-\-id\  I  fay,  it's  impollible  that  it  can  be  <«:«  + 

^d\:d:a-\-  d;  for  if  it  is,  then  ax  <z  +  ^=</x  <i-f-2 rf,  i.  e.  <»*-{- <a i=  «</ -f- 2  rf^  j 
whence,  taking  adixom  both,  itis<»i=2</s  which  is  impoflible  Cnce  2  is  not  a  Square  i 
for  then  a  Square  </^,  and  a  Number  not  a  Square  would  produce  a  Square  «»,  contrary  to 
what  is  demonftrated  in  Ch.  i.  Book  III.  See  CoroU.  after  Theor.  2. 

Scholium.  If  the  Extremes  are  in  the  Ratio  of  1:2,  the  Difference  and  Mean 
will  be  as  1:3,  as  this  £x<Jw/>/e  fliewsj  <».<»-f-'^-''~f~  ^'^^^^*' whence  <»  =  2</,andfl-f-</ 
=  ^  flf;  and,  reciprocally,  if  the  Extremes  are  in  the  Ratio  of  1 ;  3,  the  Difference  and 
Mean  are  in  the  Ratio  of  i :  2,  as  here,  a,  ia,  3  a.  In  Theorem  26.  you'll  find  this  Re- 
ciprocality  demonftrated  univerfally,  whatever  the  Ratios  are. 

Theorem  XXVI. 

I F  there  are  two  Ranks  of  three  Numbers  each,  -~  /,  and  if  the  Ratio  of  the  Extremes 
in  the  one  Rank  is  equal  to  the  Ratio  of  the  Mean  and  Difference  of  the  other  Rank, 
then,  reciprocally,  the  Ratio  of  the  Extremes  in  the  laft  Rank  is  equal  to  the  Ratio  of  the 
Mean  and  Difference  in  the  former  Rank. 


a  .  a-\-d   .  a~]-2d 

6  .      8. 10 

d  — '^—      a  +  d 
2  ->  8 


D  E  M  o  N  s't  R.  In  the  annex'd  Example :  The  Extremes 
of  the  2d  Series  are  the  Difference  and  Mean  of  the  ift  Series, 
and  therefore  in  this  Cafe  it  remains  only  to  be  fliewn  that  the 
Ratio  of  the  Extremes  of  the  ift  Series  is  that  of  the  Mean  and 

^  "r"  2  d 

Diflference  of  the  2di  which  is  plain,  for  <»-f"  **':''••  — r — ' 

.a-i-id       J       a -4- 2d — 2d        a     ,       a-\-2d     a  ,       ,         .       - 

. — i- — — </=  —J- —  =-■  but — — —  :  -:  :j-l-i  a:  <»,  therefore* 

2  2  2'  2  2         ' 

Again,  Whatever  three  Numbers  we  take  that  are  -r-l,  and  whofe  Extremes  are  as 
d: a -\-dj  for  Example,  D, E, F,  where  we  fuppofe  D:¥ ::d:  a-{-d,  then  ( by  Theor.  31. 

below)  D:E::rf:^i2i,  and  E-D-.E: :  ^±ii- </ (=f)  :  ''+-i^  -.  -  :« 

+  !</. 

Theorem  XXVII. 

I F  three  Numbers  -^l  admit  betwixt  each  of  them  a  Geometrical  Mean,  the  Square 
of  the  Mean  -^  /  is  a  Mean  -^  /  betwixt  the  Squares  of  the  two  Geometrical  Means. 

,  Demon- 
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A    :     B    :    C 


Demonstr.  Let  A :  B :  C  be  -r-  /,  and  the  two  Geo- 
metrical  Means  as  in  the  Margin,  -y/z.  A  B '  betwixt  A  and  B.. 
BTi~  betwixt  B  and  C ;  then  the  Squares  ot  thefe  two,  with 
the  Square  of  the  Mean -^ /,  B,  are  — /;  for  thefe  Squares  are  AB:  BB:  BC,  which 
are  the  Produdts of  the  Series  A  .  B . C  by  B,  and  confequently  they  are  -^ /  (T/j.  \Ch.-i.) 

Theorem  XXVIII. 

It's  poffible  to  find  three  Numbers  -^l,  fuch,  that  the  greater  (hall  be  equal  to  the 
Sum  of  the  two  Icfler  j  but  to  find  fuch  threeNumbers  -^/  is  impoffible. 

Demonstr.  For  the  ift  Part,  it's  evident,  and  the  Rule  is  this;  Let  the  Icfler  Ex- 
treme be  equal  to  the  Difference,  thus,  «  .  2  <»  .  3  <j,  where  3  a  =  2  <»  +  "■  for  the  2d  Parr, 
it's  demonftrared  thus ;  Let  a,  h,  c  be  any  three  Numbers  -^  /;  then  a  being  the  greater 
Extreme,  and  if  a=^h-\-  c.   then  b-\-c:b:c,   are^H-/,    whence  hc-\~cc  =  bb.y  and   if 

this    is   poffible,   then    (by  Problem  6.  Chap.  2.   Book  IIIJ    e  =  \/  bb-j ,  or 


V  ~ i    but  this  is  impoffible,  - —  not  being  a  Square  Number;  for  tho' bb  is 

a  Square,  yer5  not  being  a  Square,  <;bb  cannot  be  a  Square  {Theor.  2.  Cflr.4.  C^.  i.  B.  Ill) 
wherefore  ii'i  impoffible  that  b-\-c:b:c  fliould  be  -^  /. 

<CoROLL.  If  three  Numbers  arc  -f-n/,  it's  impoffible  that  the  lefier  Extreme  ffiould 
be  equal  to  the  Difference  of  the  greater  and  Mean:  For,  m  the  preceding  Example  let 
d^-i)  =  c,  then  is  a=ib-\~c,  which  is  inconQftem  with  a-.b-.c  being  -h- 1. 

Theorem  XXIX. 

If  the  Extremes  of  two  Series  ^-l  having  an  equal  Number  of  Terms,  are  : :  /  (or  in 
the  fame  RatioJ,  any  two  correfponding  Terms  in  the  one  and  oiher,  are  alio  : ;  /. 


Demonstr.     If  <j  :  e : :  A  :  E,  then  <j  :  6 : :  A :  B ;   for  the 
*    .    b    .    e    .    d.  ■  e 
A  .  B  .  C  .  D  .  E 


two  Differences  are  h  —  a=  - — ~,  and  B  —  A  = ( n 

n — 1  n — I 


being  the  Number  of  Terms,  Ffoblem  5.  Chap.  2.  J;  hence  b  =  a-\ — — -^,  andB=A 
-4-  — —  1   but  fince  <« :  A : :  f :  E,    therefore  a  .  Awe  —  «:£  —  A::   :  , 

and  hence  again,  a:k::a-\ ^^7-:  -A. -| __     ,  or  A:  B;  wherefore, laftly.-<a:  t: :  A:  B. 

Again;  Since  j;  A  : ;  f :  E.-  and  a:  lK::b?y.  iherefore  i  :  B  : :?  :E,or  i  :  p:  :  B:E;  and  be- 
caufe  we  may  now  confider  b,e  and  B,  E  as  Extrcmey,  thLteforc  hy  the  fame  Reafoning  as 
before,  it  will  follow  that  6 :  f : :  B :  C,  and  fo  on,  ihro'  the  whole  Series.  And  again ;  Ta- 
king any  two  correfponding  Terms  in  each,  at  whatever  Diftance,  they  will  be  ::/;.be- 
caufe  they  are  the Corripound  of  the  fame  Cmple Ratios ;  fij  4 ; rf::  A':  D,  alfo  6 ;  a': ;  B ; D, 
and  fo  of  others.  ;  '  •      .f  < 

*  P  p  T  H  E  o- 
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Theorem  XXX. 

Bet  w  I X  t  each  Term  of  a  Series  -h-  /,  take  a  Mean  :  /,  and  thefe  Means  are  alfo  ~-  / 

D:E M o  N  s T R.  li  a.b  .c ^d.e.  £cc.  are  -^ U  then  the  -r-l  Means  are  "  :  -il£ . 
.  -  ;  ~  2  2" 

'3l^,  &CC.  But  (by  7>wr.  i8.  C/;^/'.  5.)  a -j- h :  h -j- c :  c -j- d,  &cc.  are-f^/,  therefore  tlieir 

Halfs  are  fo  [Gen.  Coroll.  15.  Cha^.i). 

T  H  E  O  R  E  iVI    XXXI. 

If  three  Numbers  are  -r- //and  if  to  aay  one  of  the  E^renies  be  added  that  Number 
which  is  a  3d  -f-/  to  the  other  Extreme  and 'the -Difference,  the  Sum  is  a  3d  -^/  to  the 
preceding  two  Terms. 

Example:  4.  (J .  8  are  —  A  and  4  . 6 .  9  are  4^ /,  9  =  84-1,  and  i  the  3d  -f^/  to  4, 2. 
and  2  the  common  Difference  in  the  Series  4.6.8.     Agiin;   8.6.4-  are-ff/,  and  - 

2  2 

the  ,3d -^/  to  8,  2.  '.  V 

Demonstr.    a .  a-:\-b,  a-\-2.b  are-r-/.   Let  rt,  b,cbt-^l,   then  are  <«:<j-f-^: 

a-^2b-~-c,  -^l:  For  axa-j-z,b-\~c  —a?-  +  2 a i" -f  -^ <^,   =  a^ -f" ^  "^4" ^"    (becaufe 

ac=^h',  fince  /z;^:fare-^/j  =:<j4-^,  therefore  a:a-\-b:a-\-2b-\.c    are  -fr  /,    the 
Produft  of  the  Extremes  being  equal  to  the  Square  of  the  Mean.  < 

-  - •  Oriff ■  -we  jtake  thefe  -^La,  a  —  b,  a  —  xb,  and  thefe,  a,b:c,rzrl,  then  a : «-—  b ; 

V    :   -  ,,-j.-!  .    ,    ■    ■' -  ■  •'  ■•'■.    •  -^  -  ■'•  ■     •    -' 

a  —  zh-\~c  are  -^rh'tor  a<  a —  2.h-\-c  =  ai  —  zab  -\-ac=:a'^  —  2  ab-\-b-=^a  —  b  . 

C  o  R  o  L  L.  If  three  Numbers  are  -^l,  a.b:  c,  then  any  one  of  the  Extremes,  a,  the 
Sum  of  that  Extreme  and  the  middle  Term,  a-\-b,  and  the  Sum  of  both  Extremes  with 
double  of  the  middle  Term,  a-{-zb-\-c,  make  a  Series  -f^  /. 

Problem     I.      . , 

*      '  ...  '  I  .  \      .      v^  • 

To  find  three  Numbers  h-/  fuch  that  the  Quote  for  Ratip)  of  the  R^atio  of  tlw  Ei^- 
trcmes,  and  the  Ratio  of  the  Mean  and  common  Difference,  fliall,  be  greater  than  any   Jj 
afligned  Ratia  (taking  the  Ratios  of  the  greater  to  the  lefler).  " 

RaiX-  e.  Suppofc  the  given  Ratio  is  </:  a,  where  dy  a^  thp  the  three Jj^umbers.fgught 
are  'a:  -a-j-tlTa-^-zd;  for  the  Ratio  of  the  Extremes  is —  ,that  of  theMean  and  Difference 

is  ^-^^i^;  then  —^ : — ^—  =-  vT,--  =       \    ,   X  — ,  which  is  greater  than  -  • 

Problem    II. 

.    •  To  find/.a.  given  Nutnber  of  Terms  -^  /,  whofe  Extremes  ate  iti  the  Ratich  of  two  given 
Numbers,  and  the  common  Difference  is  the  Difference  of  the  fame  two.Numbeiis..  •■■ 

Rule. 
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Rule.    Suppofe  the  given  Numbers  are  a,    h,   {a  Lh)   and  n  the  Number   of 

Terms  j  thefe  Produifts,   'viz.  n  —  i  x  <»,  and  n  —  i  x  ^,    arc  the  Exrrcmes  of  the  Scries 
fouE;ht  j  by  which,  with  the  given  DifFcrencc,  b  —  a,  ihe  Series  may  be  filled  up. 

Example:  The  given  Ratio  3  :  5,  and  Number  of  Terms  7,  the  Series  is  18  .  20 .  2a  • 
2+. 26.28. 50. 

De  MO  N  STR.  a:b::aK.?i —  I  :fex  « —  )_,  andthefo,  a  Xn —  i,andix  w —  i, being 
made  the  Extremes  ot  a  Series  H-A  whofe  Number  of  Terms  is  n,  the  common  Diffe- 
rence is — f;ZZ~i ^^y  ^^"^^^  ^-  ^^"P-  -■)  =l'~a,  dividing  the  Numerator 

and  Denominator  equally  by  7/ —  1. 

Problem    III. 

To  find  two  Series  —  /in  which  the  Extremes  are  in  two  given  Ratios,  and  the  common 
Difference  equal  in  both. 

Rule.  Suppofe  the  given  Ratios  are  a-.b  and  e:d,  find  (by  the  iaft)  two  Scries 
whofe  Extreme;  are  (the  one)  in  the  ]<atio  of  a:b,  and  (the  other)  oi  c:d,  wiih  any  pro- 
pofeJ  Number  of  Terms  in  each;  then  multiply  each  of  thefe  Series  by  the-coaTmon 
Difference  of  the  other. 

Example:  The  Ratios  2 :  3,  and  4: 7.  I  firft  find  thefe  two  Series,  (J.  7.8.9,  whofe 
Extremes  are  6:9  (::2:3)  and  12.1^.18.21,  whofe  Extremes  are  12:  21  (::.l.:7)i 
then  multiplying  the  ift  Series  by  3,  and  theother  by  i,  the  Produfe  are  18.21.  24.27, 
and  12 .  15  .18  .  21  the  Series  fought. 

D  E  M  o  N  s  T  R.  All  that  needs  Demonftration  here  is,  that  the  two  Series  firft  found  bein? 
multiplied  by  one  another's  Diff^irences,  the  Produdsare  two  Series  having  the  fame  D\^°- 
rencesi  which  is  plain  (from  Tbeor.  ^.Chap  i..);  for  let  the  Differences  of  the  firft  two 
Series  be  d,  c,  then  the  Series  whofe  Difference  is  d  being  multiplied  by  c,  the  Produds 
are  in  the  Difference  d\c:,  and  the  Series  whofe  Difference  is  c  being  multiplied  by  d, 
the  Products  are  in  the  Difference  cy.d;  b\xidxc  =  cy.d,  therefore  the  Rule  is  true. 

Problem  IV. 

To  find  a  Series  of  Numbers  4f /,  whofe  Extremes  are  in  a  Ratio  not  lefs  than  a  given 
one,  and  the  Difterence  of  the  leffet  Extreme  and  the  Term  next  it  not  lefs  than  a  given 
Number,  the  Number  of  Terms  being  alfo  given. 

Rule.  Suppofe  the  given  Ratio  «:^,  and  the  gifen  Number  ?i:  Then  I  find  (by 
Trohl.  2.)  a  Series  -^  /  of  the  Number  of  Terms  propofed.  whofe  Extremes  are  in  the 
Ratio  a : b,  and  whofe  Difference  is  ^  — a;  if  ^  — a  /Ln,  then  I  multiply  the  Series  found 
by  fuch  a  Number  as  fhall  make  the  Difference  of  the  lefler  Extreme  and  Term  next  it, 
at  leaft  =  ti.  Take  this  Series,  or  the  former  Series  if  b  —  a  is  =  or  "7  w,  and  continue 
the  two  firft  Terms  into  a  Series  -H-/  to  the  propofed  Number  of  Terms  j  it  is  the  Scries 
fought. 

A  .  B  .  C  .  D  .  E  .  F,  e?-<:.  X  D  e  m  o  n  s  t  r.  Let  A .  B .  C .  D,  e^c  be  a  Se- 

A  :  B  :  L  :  M  :  N  :  O,  de.  Y.         ""'^^  ~'  °^  the^given  Number  of  Terms,  whofe 

••    ■  -  "         Extremes,  A :  X,  are  in  the  given  Ratio,  a-.b,  and 

B  —  A  (=  ^  —  tfj  not  lefs  than  n :  Then  the  2d  Series,  A .  B .  L .  M,  ^<-.  being  ^  /,  of  the 

fame 
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fame  Number  ot  Terms,  and  the  ift  and  2d  Terms  being  the  fame,  two  Conditions  o 
the  Proh!em  are  anfwered,  -viz.  the  Number  of  Terms,  and  Difference  of  the  ift  and  2d 
Terms:  What  remains  to  be  fhewn  then  is  only  this,  that  the  Ratio  of  the  Extremes  Y: 
A  IS  not  lefs  than  the  given  Ratio  h:a,  or  X  :  A  j  which  is  thus  proved :  In  the  Series  -h  /, 
A :  B :  C,  e^c.  the  Ratios  of  every  Term  to  the  preceding  leffer  Term  do  conftantly  de- 
crcafe  (Tbeor.  16),  andX:  Ais  in  the  compound  Ratio  of  all  the  intermediate  Ratios;  but  in 
the  Series -H-7,  A:B:L,  &c-  the  Ratios  being  equal,  and  Y:A  in  the  compound  Ratio 
of  the  intermediate  ones,  it  muft  be  greater  than  X  :  A.  Or  thus;  In  the  Geometrical 
Series  the  Differences  from  the  lefler  Extreme  do  conftantly  increafe  fby  Theor.  15  ),  but 
in  the  Scries  -—/  they  are  the  fame;  therefore  Y  —  Ais  greater  than  X  —  A,  and  Y  7  X, 
confequenly  Y  :  A  "7  X  :  A. 

Scholium.  If  the  Problem  is  propofed  fo  that  the  Extremes  of  the  Series  to  be 
found  fhall  be  in  a  Ratio  not  exceeding  the  given  one,  then  proceed  thus:  Having 
found  a  Series  h-/,  whole  Extremes  are  in  the  given  Ratio  a-.h,  and  the  Difference  of 

the  leffer  Extreme  and  that  next  it  =  6  —  a,  as 

A   .     B     .     C,    (d>-'C.     U   .    X  that  reprefented  in  thcMargin,  A  B.  C, ^c. U.  X, 

L.M.N,   drc.     U    .    X  whereinX:  A  :  ;^:iJ,  and  the  common  Difference 

wL  .  wM  .  wN,  ^■^-  »U.?;X         =l>  —  a;  then  I  contrive  a  Series  -^-rl,  downwards 

from  X  '•  U  to  as  many  Terms  as  the  other  Series,  as 
X  :  U,  (^c  N  :  M:  L  ;  and  becaufe  the  Differences  decreafe  from  the  greater  Extreme  X, 
therefore  M  —  L  is  Ids  than  X — U  ;  for  the  fame  Reafon,  and  the  Equality  of  the  Diffe- 
rences in  the  other  Series,  it's  plain  that  L  is  greater  than  A,  and  confequently  X :  L  is 
lets  than  X:  A  (or  h.a,  the  given  Ratio)  :  But,  laftly,  becaufe  M  —  L  L  b — a,  I  mul- 
tiply the  whole  Scries  by  fuch  a  Number  as  makes  »M — »L  iioc  lefs  than  t  —  a;  and  fo 
thefe  Produdts  make  the  Series  fought. 


I 


CHAP. 


Chap.  6.  Harmonical  Troj^ortim.  ^97 

CHAP.    VI. 

Of  Harmonical  Proportion  ;  in  which  I  ufe  this  Sign^  hi,  for 
the  Words  Harmonically  Proportional. 

§.  I.  Contains  the  Theory,    confidered  purely   as  an  Arithipetical 

Doftrine. 

PROBLEM    I. 

HAVING  three  Numbers,  to  find  a  fourth  hi  with  them,  taken  in  a  certain  gi- 
ven Order. 
Rule.     Take  the  Produdl  of  the  firft  and  third,  divide  it  by  the  Difference 
of  the  fecond  and  double  the  firft,   the  Quote  is  the  Number  fought.     So  to  thefe, 

AC 

A,  B,  C,  a  fourth  }A  is  —p—^ 

Esa.  To  thefe  3,4,  6,  a  fourth  hi  is  9 ;  thus  5X(f=i8  5  then  2X3  (=6  )  —4=2. 
Laftly,  i8-i-2=9}  fo  that  thefe  4  are  M,  viz,.  3,  4,  6,  9,  for  thefe  are  geometrically 
Proportional,  viz.  5:9  :  :  4 — 3  (=r)  :  9—5  (=3) 

2)emo/i.  Let  four  Numbers  bl  be  reprefented  by  thefe  Letters,  A,  B,  C,  D ;  then 
if  A  is  greater  than  B,  thefe  are  :  :  /,  vtz.  A  .  D  :  :  A — B  :  C— D.  Hence  A  C  — 
A  D=A  D— B  D,  and  adding  A  D  to  both  thefe  Equals,  it  is  A  C=2  A  D-B  D=: 

/I^Q 

2  A— BxD,  and  dividing  equally  by  a  A— B,  it  is  ^=74—^,    which  is  the  Rule. 

Or  if  A  is  lefs  than  B,  then  A  :  D  :  :  B— A  :  D— C  j  henceA  D— A  C=B  D— A  D, 
and  adding  A  C  to  both,  it  is  A  D=B  D— A  D+A  C.     Again,  fubftrafting  B  D— A  D 
from  both,    it  is  A  C=2  A  D— B  D  (=rA— BxD)  and  dividing  by  2  A— B,  it  is 
-r.      AC 
^=rA-B 

COROLLARIES. 

i/?.  We  can  by  the  fame  Method  find  a  third  /jI  to  two  given  Numbers,  if  we  take 
the  fecond  Terra  twice  to  make  three  given  Numbers ;  and  then  the  Rule  will  be 
plainly  thus  ^  divide  the  Produd  of  the  two  given  Numbers  by  the  Difference  be- 
twixt the  fecond  and  double  the  firft,  the  Quote  is  the  Number  fought. 

JSsa.  To  thefe  3,  4,  a  third  bl  is  6  j  and  to  thefe  6,  4,  it  is  3  j  as  )ou'll  find  by  the 

A.  B 
Rule  univerfally  to  thefe  A,  B,  a  third  hi  is  — . — ^ 

2A—D 

Scholium  (1°.')  A  third  or  4th  hi  is  always  poflible  when  zA,  ('or  double  the  firft 
Term)  is  greater  than  the  fecond  B  ^  but  not  otherways.  The  Reafon  is  plain,  becaufe 
the  Divifor  2  A—  B  is  then  fome  real  Number ;  but  if  2  A  is  lefs  or  only  equal  to  B,  then 
there  is  no  real  Divifor,  fo  that  a  third  or  fourth  hi  to  the  given  Numbers  is  impof- 
fible. 

ifx.T.  To  thefe  5,  6,  or  5,  6,  7,  there  is  no  third  or  fourth  hi,  becaufe  doable  the 
firft  Term  is  equal  to  the  fecond  j  nor  to  thefe  2,  5,  or  2,  j,  5,  becaule  double  the 
firft  Term  is  lefs  than  the  fecond. 

CLq  a».  Obferve 
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a°.  Obferve  alfb  thefe  other  Charaflers  of  two  or  three  Numbefs,  to  which  a  third 
or  fourth  hi  is  poffible,  vtz.  If  to  two  Numbers,  a  third  arithmetically  proportional 
(which  two  laft  Words  are  marked  thus  :  /)  can  be  found  either  increafing  or  decreafing 
(as  it  can  always  be  increafing)  then  a  third  hi  to  the  fame  two  Numbers  can  be  found 
contrarily  decreafing  or  increafing;  becaufe  in  this  Cafe  double  the  firft  Term  of  the 
Harmonicals  is  always  greater  than  the  fecond.  Thus  if  A,  B,  C,  are  :/,  then  i  B= 
A+C ;  confequently  a  third  /,'/  to  B,  C  is  poffible.  Again,  if  a  third  :  /  to  C,  B,  is  pof- 
fible,  a  fourth  hi  to  B,  C,  and  any  other  Number,  as  B,  C,  D,  is  alfo  poffible ;  for 
the  fame  Reafon,  viz.  becaufe  2  B  is  greater  than  C.  Lafily,  If  three  Numbers  are 
:  :  /,  and  if  to  the  middle  Term  with  either  extreme,  a  third  hi  is  poffible;  to  the  fame 
three  Numbers  a  fourth  //  is  poffible  in  this  Order,  -viz.  If  A,  B,  C,  are  :  :  /,  and  if  to 
B,  C,  a  third  hi  is  poffible,  then  alfo  to  A,  B,  C  a  fourth  hi  is  poffible ;  for  fince  A  :  B 
: :  B :  C,  hence  a  A :  B  :  :  z  B  :  C ;  but  2  B  is  greater  tl»an  C,  elfe  a  third  hi  to  B  C 
would  not  be  poffible;  therefore  2  A  is  greater  than  B,  which  makes  a  fourth  /;/  to  A, 
B,  C  poffible. 

The  Reverfe  of  all  thefe  are  alfo  true  and  necefliiry  to  be  here  remarked ;  thus,  if  to 
B,  C,  or  B,  C,  D,  a  third  or  fourth  hi  is  poffible,  then  reverfcly,  to  C,  £,  a  third  :/  as 
A  is  alfo  poffible  ;  for  by  Suppofition  2  B  is  greater  than  C,  which  is  all  the  Condition 
neceflary  to  make  A  poffible,  fince  A=2  B — C.  Again,  if  A,  B,  C,  are  ;  :  /,  and  if 
to  A,  B,  C,  a  fourth  hi  is  poffible,  then  a  third  hi  to  B  C  is  alfo  poffible  ;  for  this  re- 
quires only  that  2  B  be  greater  than  C,  which  it  will  be  when  2  A  is  greater  than  B,  as 
it  is  in  cafe  a  fourth  hi  to  A,  B,  C,  is  poffible. 

zd.  From  any  given  Number  a  Progreffion  or  Series  hi  may  be  found  decreafing  in 
Infinitum,  but  not  increafing;  for  it  will^  flop  whenever  the  laft  found  Terra  is  equal 
to  or  exceeds  the  Double  01  the  preceding  Term;  fo  this  hi  Series  12,  15,  zo,  30, 
can  be  continued  no  further  increafing,  becaufe  30  is  lefs  than  40,=2X20  ;  yet  it's 
poffible  to  find  two  Numbers  from  which  any  affigned  Numbers  of  Terms  hi  may  pro- 
ceed increafing,  as  you'll  learn  in  'Theorem  fecond,  or  to  find  a  Series  hi  of  any  Num- 
ber of  Terms,  all  Integers ;  which  cannot  be  done  from  any  given  Number,  though 
we  take  a  Series  decreafing,  becaufe  a  A — B  will  not  be  in  every  Cafe  an  aliquot 
Part  of  A  B. 

PROBLEM    II. 

y<?  find  a  Mean  hi  betwixt  two  Nttmhers. 

Rute   Divide  double  their  Produft  by  their  Sum,  the  Quote  is  the  Mean  fought ; 

.    2  A  B 
thus,  betwixt  A,  B,  a  Mean  hi  is  ^^pg 

£xa.  Given  3,  6,  the  Mean  is  4;  thus,  5X6=18,  then  2X18=36  and  36'h-9=4, 
Por  thefe  are  hi  5,  4,  <^,  becaufe  3  :  6  :  :  4— 3  (—1)  :  ;  6—4  (=2.)  _    _ 

2)erMH.  If  A,  B,  C,  are  hi,  decreafing  from  A,  and  increafing  from  C,  then  it  is. 
A  :  C  ; :  A— B  :  B-  C ,    and  reverfly  C  :  A  :  :  B-  C  :  :  A— B,  whence  A  B— A  C= 
A  C— B  C  ;  and  adding  B  C  to  each,  it  is  A  B— A  C+B  C=A  C  ;  aoain,  adding  A  C 

to  each,  it  is  A  B+B  G  (=A+CxB)  =a  A  C ;  and,  Zajily,  ^=x::fi^->  which  is  the 

Theorem    1. 
If  four  Numbers  f>I  be  equally  multiplied,  or  divided,  the  Frodufls  or  Quotes  are 
alfo  hi. 

£)ia. 
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Etta.  ifl.  If  riiefc,  5,  4.,  6,  9,  are  multiplied  by  2,  the  ProdnSs  6,  8,  11,  18,  arc 
11,  which  again  divided  by  a  Qvotc  the  former. 

'Demon.  The  Produdls  or  Quotes  of  the  Extreams  arc  ftill  in  the  fame  Ratio  with 
the  Extreams  J  and  the  Differences  of  the  Protludts  of  the  middle  Term  and  Extreams, 
though  they  are  greater  or  leffcr  than  the  Differences  of  thefe  Terms  themiclves,  yet 
arc  u)  proportionally,  and  that  in  the  Ratio  of  the  Multiplier  or  Divifor,  which  is 
the  Ratio  of  the  Produfts  of  the  Extreams  ;  therefore  there  is  ftill  a  geometrical  Pro- 
portion in  the  Produfls  or  Quotes,  betwixt  the  Extreams  and  the  Differences  of  theft 
from  the  mean  Terms,  /.  e.  thefe  ProduiSs  or  Quotes  are  hi. 

Or,  fee  this  Truth  alfo  in  univerfal  Charafters  thus,  1".  Let  thefe  be  hi,  viz.  A, 
B,  C,  D,  that  is  A  :  D  :  :  A— B  :  C— D  ;  then  are  thefe  /-/,  Ar,  Br,  Cr,  Dr,  That  is 
Ar  :  Dr  :  :  Ar — Br  :  Cr — Dr,  for  thefe  are  the  plain  Effefls  of  multiplying  r  into  the 
preceding  :  :  h,  viz.  A :  D  :  :  A — B .-  C — D,  therefore  the  Produfts  are  :  :  I,  viz. 
Ar  :  Dr  :  :  Ar — Br :  Cr — Dr,  T'hat  is,  Ar,  Br,  Cr,  Dr,  are  1:1,  according  to  the  Defi- 
nition. As  for  Divifion,  it  is  but  the  Reverfe  of  the  firft,  and  fo  its  Dcmonftration  is 
contained  in  it. 

COROLLARIES. 

ifi.  Any  three  Terms  hi  being  equally  multiplied  or  divided,  the  Produds  of 
Quotes  will  be  i>l^  becaufe  by  taking  the  middle  Term  twice,  they  make  four  Terms 
hi,  for  i,  3,  6,  is  the  fame  as  1,  3,  5,  6,  as  to  /;'/. 

zd.  As  any  three  Numbers  hi,  fo  by  equal  Reafon  any  Series  continually  hi  being 
equally  multiplietl  or  divided,  the  Produfts  or  Qiiotes  are  ftill  hi. 

5(/.  By  this  'Tbeorein  and  ^Troblein  firft,  we  learn  how  to  find  a  Series  hi,  confifting 
of  any  Number  of  Terms,  all  Integers ;  thus,  begin  with  any  twa  Integers,  and  find 
a  third  1:1  decreafing  ;  if  it's  a  Fraftion,  or  mix'd  Number  reduced  to  a  Fradion,  then 
multiply  the  two  given  Numbers  by  the  Denominator  of  this  Fra£lion,  the  Produds 
with  the  Numerator  are  three  Terms  hi.  To  thefe  join  another  Term  /.'/  decreaimg  j 
and  if  it's  Fraflional,  multiply  all  the  preceding  by  its  Denominator,  and  thefe  Pro- 
dufts  with  the  Numerator  are  four  Terms  hi  continually;  after  this  manner  go  on 
to  any  Number  of  Terms.  But  you'll  leara  an  eafier  Way  of  folving  this  Problem 
afterwards. 

4?/;.  We  learn  here  alfo,  how  to  find  a  Series  H-  /  or  -rr  /  in  Integers,  betwixt  every 
two  adjacent  Terms  of  which,  there  falls  a  hi  Mean  alfo  Integral.  'Thus,  take  any 
Series-^/,  or  -h-/  all  Integers  5  then  find  the  hi  Means,  which  being  all  or  part  of 
them  mix'd  Numbers,  reduce  the  whole  Series  firft  found,  together  with  the  Means, 
to  a  common  Denominator,  and  the  Numerators  give  the  Numbers  fought,  and  alfo  th«> 
Means . 

Theorem    II. 

If  there  is  a  Series  of  Numbers,  -i-  /,  as,  a,  b,  c,  d,  &c.  increafing  or  decreafing, 
their  Reciprocals,  viz.  7  7  t  i,  <^c.  is  a  harin.  Progreffion,  contrarily  decreafing  or  in- 
creafing j  and  reverfely,  if  ^,  b,  c,  d,  &c.  are  hi.  7,  'i,  ^c.  are  -^l. 

'Demon,  (i")  \i a,  h,  c,d,  &c.  is  a  Series  increafing  or  decreafing,  their  Reciprocals 
7,  J,  i£c.  muft  contrarily  decreafe  or  increafe.  This  follows  evidently  from  the  Nature 
of  Fractions  (V.  Lemma  5th,  Chap,  ift,  B.  2d.) 

z".  If  the  "Thing  afferted  m  the  Theorem  be  true  of  any  three  Numbers  in  Progreffion 
-^  /  or  hi,  it  muft  neceffarily  be  fo,  how  many  Terms  foever  be  in  the  Progreffion ;  be- 
caufe for  a  Series  to  be  continuedly  :/,  or  /;/,  is  no  other  Thing  than  to  have  every 
three  Terms  in  the  continued  Order  of  the  Series  :  /  01  hi. 

B  b  *  3«.  What 
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30.  What  remains  to  be  proved  then  is  only  this,  viz.  That  if  any  three  Terms,  a, 
l>,  c,  are  :/  or  hi,  their  Reciprocals  muft  bacontrarily  hi:  ox  :l  ^  which  I  fhew  thus* 

(lo)  Suppofe  a,  b,  c,  are  --  /,  then  i,  f ,  ^  are  M,  that  is,  ^  :  f  :  :  i-f   ^  =^  ^  . 
f~7  r^^~|~}  3  ^"'^  ^"^^  '5''  ^>  <^i  are  -H/,   then  ^ — a^=c — b,  and  hence  — .— =— — ^ 

1h^  ,s,   \  X  -^~=  I  X  -^-^  whence  it  is,  f  :  f  :  :  -^  :  ~^~.      i^.  Suppofe  *, 

^',  c,  are  ^/,  then,  -,  ^,  -s  are  — /,  for  fince  a,  b,  c,  arc  hi,  l  e.  a  ;  c  :  :  b—a  •  c—b. 

rp,       r      b — a      c-^b       ,,..,.  „    ,     ,  .   •    ^ — ^     <^~^     „     b — a 

Iheretore  ——=  ~~'  and  dividing  equally  by  b  it  is  — r-  =--t-.     But  —7-=  ^ 

~f,  and  — ^=  1  7  hence  ^„^,izK-^l. 

£.xam.  I.   2,5,4,  are  --/,  and  |,  J.,  i,  hi ;  for  f  :  ^  : :  f— ^  {=i) :  f-i  (=uV) 
£x«/».  2.  5,  4,  (J,  are  Z/,  and  f,  i,  i,  are  -^l,  for  ^f  (=A)  =i— 7  (=tV-) 

Scholium. 
ly?.  This  Truth  is  univcrfal,  whether  the  fuppofed  Numbers  are  Integers  or  Fra- 
Sions ;  becaufe  ~  expreffes  the  Reciprocal  of  a,  whatever  a  be,  from  the  Nature  of 

Divifion.     If  a  is  Integer  the  Thing  is  plain.     If  a=  — '  then  is  i  -^  <?  =  i  -■ =— 

the  Reciprocal  of  —  T  =^.   J 

^(i.  If  any  Series  confifts  of  Fraflions  (either  all,  or  only  fome  of  the  Terms)  then 
if  the  whole  Series  is  reduced  to  a  common  jDenominator,  the  new  Numerator  is 
a  Series  of  Integers  of  the  fame  Kind  of  Progremon  (-^-Z,  hi  or  -^  /)  with  that  redu- 
ced ;  becaufe  the  new  Fraftions  are  ft,  fince  they  are  equal  to  the  former  ones,  and 
the  Numerators  are  Equimultiples  of  the  Fraflions  (for  they  are  their  Multiples  by 

the  common  Denominator,  fince  -r    x  h=a  ;)  and,    Lafily,  the  Equimultiples   of 

any  Series,  -^l,  -^l  01  hi,  are  of  the  fame  Kind  j  as  has  been  fhewn  of  each  in  their 
Places. 

id.  If  any  Series  confifts  all  of  Integers,  the  moft  convenient  way  of  reducing  the 
Series  of  their  Reciprocals  (which  are  all  Fra£lionsj  to  a  common  Denominator,  is  this. 


Arithmeticals, 


,irn 
2.     3.     4,     5 


4,      3 


Harrnonicdls,       12,     8,    6 

5.     4 


HixrmonicaU,       6c,  40,  30,  14    _ 


Of  the  given  Series  of  Integers  take  every  Coup- 
let reverfely  in  Order  from  the  beginning,  and 
continue  them  ;is  fo  many  Geometrical  Ratio's 
(by  "Probl.  I.  Chap.  4.)  as  in  the  annex'd  Ex- 
ample 5  the  Operation  of  which  you'll  eafily 
perceive  to  be  the  fame  a*'th.u  which  finds  the 
new  Numerators  where  the  Reciprocals  of  thefc 
Numbers  are  reduced  to  a  common  Denomina- 
tor j  thus,  j,  i,  i,  reduced,  the  new  Numerators 


are  3X4=12;  2  X  4=8,  2  x  3=<J.  And  |,  -i,  i,  j-,  reduced,  the  Numerators  are 
^  X  4  X  5=tfoj  2  X  4  X  5=40  j  2  X  3  X  5=305  2  X  3  X  4=24,  and  fo  005  which  is 
yet  moic  evident  in  this  Example  in  Jjcttcrs.     But  yet  again, 

4^  With- 


a, 

b. 

c,     d 

I', 

a 
c. 

b 

be. 

ac. 

ab, 
d,    c 

bed. 

acd. 

abd',   abc 
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4«.  Without  regard  to  the  Rule  for  reducing  Fradions  to 
one  Denominator,  we  can  eafily  dcmonftrate  that  thefe  Pro- 
dufls  have  the  Quality  aflsrted  in  the  ^fheorem,  viz,,  that  if 
a,  b,  c,  d,  &c.  are  h-  /  or  hi,  the  Produdls  fo  made  are  con- 
trarily  hi  or  H-  /  j  T'hus,  thefe  Products  are  Series  in  the 
reciprocal  Ratio's  of  the  given  Series  (as  has  been  demonltra- 
ted  in  the  'Problem  referr'd  to)  but  the  Reciprocals  of  the 
given  Series  are  Numbers  alfb  in  the  reciprocal  Ratio's  of 
the  fame  Series,  therefore  both  thefe  Series  Qviz.  the  Series 
of  Produfts  and  of  Reciprocals)  have  the  fime  Quality} 
which  is  thus  proved.  '  Let  a,  b,  c  reprefent  the  Reciprocals  of  any  three  Numbers, 
and  A,  B,  C,  other  three  Numbers,  in  the  fame  Ratio's,  viz.  a  :  b  :  :  A  :  B  and  b  :  c 
:  :  B  :  C,  then  comparing  thefe,  it  is  ^  :  A  :  :  c :  C  or  ^  :  <:  :  :  A  :  C.  Alfo,  a:  h-.i 
b — a  :  B — A,  and  c  :  C  :  :  c — b  -.  C — B.  Again,  comparing  the  laft  three  Proportions, 
it  is  b—a  :  B— A  :  :  c—b  :  C— B ;  or  b—£i :  c—b  :  :  B— A  :  C— B.  Thefe  Preparati- 
ons being  made,  fuppofe  row  that  a,  b,  c,  are  hi,  i.  e.  a  -.c  ■•  ■  b — a  -.  c — b,  then  are 
A,  B,  C,  hi;  or,  A  :  C  :  :  B—A  :  C—B  ;  for  becaufe  a-.c  : -.  K:  C,  therefore  A  :  C 
:  :  b—a  :  c — b,  and  becaufe,  b — a  ■  c — b  :  :  B — A  :  G — B,  hence  A,  B,  C,  are  hi  : 
Again,  fuppofe  a,  b,  c,  are  -^  /,  or  b — a=^c — b,  fi)  are  A,  B,  C,  or,  B — A^=C — B. 
For  it  is  above  fliewn  that  b — a  -.  c — b  : :  B — A  :  C — B,  and  therefore  if  b — p.^=c — b 
fo  muft  B — A=C — B.  In  the  laft  Place,  fince  the  Thing  is  true  of  three  Terms,  it's 
true  of  any  Number  in  a  Progreffion. 

corollaries; 

i^.  Here  then  we  learn  a  very  eafy  Way  of  finding  a  Series  hi,  confining  of  any 
Number  of  Terms,  all  Integers ;  thus,  take  any  Series  :  /  of  the  fame  Number  of  Terms, 
all  integral,  and  multiply  their  Terms  together,  according  to  the  Direction  in  the  fe- 
cond  Scholium^  and  you  have  a  Series  hi  of  as  many  Terms,  all  Integers. 

id.  If  it  were  required  to  afiign  two  Numbers,  to  which  any  Number  of  Terms /'/arc 
poffible,incrcafing, without  finding  the  whole  Series ;  it's  done  by  taking  any  Series:  /  con- 
lifting  of  the  given  Number  of  Terms,  -.uid  multiplying  continually  into  one  another  all 
the  Terms  of  the  Series  :  /,  except  the  greater  Extreme ;  for  their  Produil:  is  the 
leffer  of  the  Numbers  fought,  and  the  continual  Produfl  of  all  the  Terms,  except  that 
next  the  greatcft  Extreme,  is  the  greater  of  the  two  Numbers  fought. 

But  if  it's  alio  required  that  both  the  Terms  fought,  and  alfo  ail  that  are  propofed  as 
poflible  to  be  added  to  them,  be  Integers  5  then  let  the  aflumed  Series  .  /  be  all  In- 
tegers. 

id.  Further,  though  a  Series  hi  may  be  continued  infinitely  decreafing  from  any  gi- 
ven Number^  yet  the  Terms  will  not  all  be  Integers}  therefore  if  it's  required  to  find 
two  Numbers,  to  which  a  given  Number  of  Terms  hi  may  be  found  decreafing,  and 
all  Integers,  its  done  rhiis;  take  a  Series  : /,  confifting  of  the  given  Number  of  Terms, 
all  Integers,  and  the  continual  Product  of  all  the  Terms,  except  the  leffer  Extreme,  is 
the  greater  of  the  Numbers  fought,  and  the  continual  Prod  uft  of  all',  except  the  Term 
nexr  the  lefler  Extreme,  is  tlie  lefler  of  the  Terms  fought.  All  this  is  plain  from 
the  preceding  Operation,  wherein  every  Term  of  the  Harnionicals  is  rlie  continual 
Produrt  of  all  the  Terms  of  the  Arithmetical,  except  the  Correipondent  in  order,  i.  e. 
the  i[t,  2d,  or  3  J,  Sic.  if  it  is  the  ij?,  zd,  or  5,/,  of  the  Harmonicals. 

/^th-  If  any  Numbers,  a,  b,  c,  &c.  which  are  -^/  or  hi,  are  applied  as  Divifors  to  the 
fame  Number,  N,  the  (^otes  are  contranly  hi  or  -^l ;  becaufe  Quotes  are  in  the  re- 
ciprocal Ratio's  of  the  Divifors  when  the  Dividend  is  common. 
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^tJi,  Hence  we  learn  the  Solution  of  this  Problem,  vis.  to  find  a  Progreffion  of  any 
Number  of  Terms  /jI,  and  whofc  Extremes  Jliall  be  in  any  afligned  Ratio;  which  is 
folved  rbiis  :  Find  a  Series  -~l  of  the  ftme  Number  of  Terms,  and  whofe  Extremes 
are  in  the  given  Ratio  (by  'Prolyl.  II.  Ch.  5.)  then  the  Reciprocals  of  thefe  or  their 
Numerators,  being  all  reduced  to  a  common  Denominator,  are  the  Numbers  here  fought. 

6t/j.  We  have  alfo  the  Solution  of  this  Problem,  viz.  to  find  the  fir(l-of  any  Number 
of  Harraonical  Means  betwixt  two  given  Numbers,  r/:;is.  Take  the  Reciprocals  of  the 
given  Numbers,  and  iind  the  firlT:  of  the  propofed  Number  of  —  ^  Means  betwixt  them 
fas  direfled  in  Article  zd  of  the  ScM.  after  Corvli  8.  'Probl.  4..  Ch.  3.)  the  Reciprocal 
of  this  Mean  is  the  bl  Mean  fought. 

7/^.  We  have  alfo  the  Solution  of  this  Problem,  viz.  to  find  two  Integers,  betwixt 
which  a  propofcd  Number  of  bl  Means,  all  Integers,  may  be  found ;  T/ju<,  take  any 
Series  H-/  betwixt  whofe  Extremes  there  is  the  propofed  Number  of  Means  ;  the  con- 
tinual Produ6l  of  all  the  Antecedents,  and  the  continual  Produdt  of  all  the  Confcquents 
are  two  Numbers  fuch  as  required  ;  this  is  manifeit  from  Schoiittm  jJ. 

Theorem    III. 

If  four  Numbers  are  : :  /,  A  :  B  : :  C  :  D  ;  and  if  betwixt  each  Couplet  you  take  a 
hi :  Mean,  as  x  betwixt  A  :  B,  and  f  betwixt  C  :  D  ;  then  the  two  Antecedents  or 
two  Confcquents  with  thefe  two  /■/  Means,  are  alfo  :  :  /  ;  thus  A  :  x  :  :  C  ■  y,  and  B  :  x 
;  :  D  :  J. 

'Deraon.  Let  it  be  A  .-  B  :  :  Ar :  Br.  (inflead  of  C,  D)  then  A,  x,  B,  being  multiplied 
by  r,  the  Produ(^s  Ar,  xr,  Br,  are  hi  (Xbeo.  I.)  alfo  A  :  x  :  :  Ar  :  xr.  But  Ar=C  and 
Br=D,  therefore  xr=y.  confeq.  A  :  x  :  :  C  :  j.  But  again,  A  :  C  : :  B  ;  D,  therefore, 
Laftly,  B :  X  :  :  D  :y. 

CoROLi..  If  betwixt  every  two  adjacent  Terms  of  3  Geometrical  Series  a  H  Mean  is 
taken,  thefe  Means  make  alfo  a  Geometrical  Series  in  the  fame  Ratio. 
Geom.       n,     b,    c,     d    |         For a:l::b:?n;  or  a:  b:  :  l-.m;  alfo,  b  :  c -.  : ?ti :  », 
HI.  Means  /.      /»,   n.      \    therefore  I:  j-a  :  :  m  :  n  ;  and  fo  on. 

T  H  E  O  R  E  M     IV. 

In  an  Harmonical  ProgrefTion,  any  three  Terms,  whereof  the  Middle  is  equally  di- 
ftant  from  the  Extremes,  are  alfo  hi. 

Exam.  In  this  Series  10,  12,  15,  ao,  30,  60,  thefe  three  are  hi,  10,  15,  30  j  alfo 
thefe  12,  20,  60. 

2)emon.  Since  by  Schol.  3d.  to  7'heor.  II.  an  Arithmetical  Series  can  be  found,  each 
immediate  Couplet  whereof  is  in  the  reciprocal  Ratio's  of  the  Correfpondent  Harmo- 
nicals,  and  of  the  Series:/,  any  three  Terms,  whereof  the  Middle  is  equally  diftant 
from  the  Extremes,  are  :  /  3  therefore  the  Correfpondent  to  thefe  in  the  Series  hi  muft 
alfo  be  hi. 

Theorem   V. 

If  there  are  four  Numbers  fo  ftated,  that  the  two  middle  Terms  are  :  /  with  the  one 
Extreme,  and  hi  with  the  other,  thefe  four  Numbers  are  : :  /. 

Exam.  2  :  5  : :  8  :  20,  are  : :  i;  a,  5,  8,  are  :  /,  and  5,  8,  20,  hi.  Umjerfally,  if  a, 
i,  c,  are :  /,  and  b,  c,  d,  are  hi,  then,  a,  b,  c,  d,  zre  : :  I. 

.  be    be     \        i)emoa.   Suppofe  a,  b,  c,  are  :  /,  then  to  b,  c,  a  third 

*j  *'>  f>  —7 — —     I  7,/. 

la—c      a     '    ^;  is  —^Jihy  Trobl.  ift.  Cor.  ifl:.;  but  to  a,  b,  c,a^th::l 

be  ■  "       • 

is  —  and  tills  is  equal  to  the  other ;  for  a,  b,  r,  being  :  /,  therefore  ifi=^a.b—Ct  hence 

A  » 

bo 
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l^c        he 
-. — =—  L  e.  a,  b.  c,  being  :  /,  the  Cime  Number  d  which  is  a  3d  /;/,  to  V,  c,  is  a 

SP C       iJ  ,  " 

4.th  :  :  /,   to  a,  b,  C. 

be       I  Or  alfo  thus,  fuppofe  any  two  Numbers,  ^,  f ,  a  3d :  /  to  r ,  b, 

ib-C  :  b::C:  TJ—:.     \  .he 

*^~'''  is  zb—C,  and  a  3d  hi  to  b,  c,  is-y —  and  thefe  4.  are  manifeft' 

— .       be 

ly  :  :  /  5  for  by  the  common  Rules  a  4th  : :  /,   to  ^b — c,  b,  c,  is  —r^ 

The  Reverfe  of  this  Theorem  is  alfo  true,  viz.  that  if  four  Numbers  are  :  :  /,  and 

if  the  two  Means  with  one  of  the  Extremes  are  :  /,  or  My  they   are  contrarily  hi  or  :  I 

%vith  the  other  Extreme.     The  Demonllration  of  which  is  contained  in  the  former  j  for 

be 

whether  we  fuppofe  three  Terms :  /,  2  b — c,   b,  c,    or   three  Terms  hi,   b,  c,    — — - 

be 
the  4th  ::  /  will  be  -7 —    or  zb^c^  which  is  contrarily  hi :  or  :  /  with  the  other  Ex- 
treme. 

Scholiums. 

iff.  As  either  the  Theorem,  or  its  Reverfe,  are  demonftrated  independently  of  one 
another,  fo  the  one  being  fuppofed  true,  the  other  may  be  demonftrated  by  its 
Means. 

1°.  Suppofe  the  Theorem  true,  the  Reverfe  is  demonftrated  thus,  if  ^,  b,  c,  i,  are 
: :  />  and  a,  b,  c,  :  /,  then  fuppofe  a  third  /;/  to  b,  c,  is  11 ;  by  the  Theorem  a:  b::^: 
n  ;  but  a  :  b  ■■  •■  c  :  d,  hence  ;;=(i,  and  b,  e,  d,  are  hk  The  Demonftration  will  proceed 
the  fame  way  by  firft  fuppofing  a,  b,  e.  to  be  hi. 

a'.  Suppofe  the  Reverfe  is  true,  the  Theorem  is  demonftrated  thus  ;  let  a,  b,  c,  be 
:  /,  and  b,  c,  d,  hi;  then  to  a,  b,  c,  let  a  4th  :  :  /  be  «,  by  Suppofition  b,  e,  «,  are  hi, 
(becaufe  a,  b,  c,  arc  ./,  and  a,  b,  c,  w,  are  : :  /.)     But  fo  alfo  are  b,  c,  d,  confequently, . 
«=i,  and  a:  b : :  c  :  d.     If  <?,  ^,  c,  are  fuppofed  hi,  the  Demonftration  proceeds  the 
fame  way. 

zd.  We  may  find  Examples  of  this  Theorem  in  Integers,  by  taking  any  three  Inte- 
gers, which  arc  :  /,  and  to  them-find  a  4th  :  :  /.  If  this  is  an  Integer,  you  have  what's 
fought  j  but  if  it's  fradional,  multiply  all  by  the  Denominator.     Thus  if  a,  b,  c,  are 

be 
three  Numbers  :  /,  the  4th  : :  /  is  — ,  and  if  this  is  not  an  Integer,  then  multiply  by. 

the  Denominator  a,  and  the  four  Numbers  fought  arc  aa-.ab:  ac  :  be. 

Theorem    VI. 

If  there  are  four  Numbers  fo  ftated  that  the  Extremes  with  one  Mean  are  :  /,  and 
with  the  other  /'/,  (i.  e.  if  betwLxt  any  two  Numbers  you  put  .m  Arithm.  and  alfo  an 
Harm.  Mean)  the  four  will  be  : :  /. 

£xa??i.  (J :  8  :  :  9  :  li  are  :  :  /,  (f,  9,  li,  are  :  /,  and  6^,  8,  12,  hi.  Univerfally,  if  <?,  c, 
d,  are  :  /,   a,  b,  d,  hi :  then  are  a,  b,  e,  d,  :  :  /. 

a-]-b       z  ab         ,  ^-I-t, 

a  •■  — —  :  :  ^ir^  :  b  uJemoii.  Betwixt  a  and  b,  a  Mean  :  /  is  — —   and  a  Mean 

hi  is  ^10,  but  the  Produfls  of  the  Extremes  and  Means  are  evidently  equal,  there- 
fore the  four  are  :  :  /. 

The  Reverfe  of  this  Theorem  is  alfo  true,  vh.  if  four  Numbers  are  :  :  /,  and  if  the 
a  Extremes  with  the  one  Mean  are:  I  or  hi,  they  are  contrarily  hi  or  -J  with  the  other 

Mean ; 
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Mean  5  the  Demonftration  of  which  is  contained  in  the  former,  for  a, '  l>  reprcfent 

any  three  Numbers  :  /,   and  a,  —rj,  h  any  thfee  hi ;  and  if  a,  b,  are  the  Extremes 

«f  four  Numbers  :  :  /,  and  either  of  thefe  other  Expreffions  one  of  the  Means,  it*s 
fhown  that  the  other  of  them  will  be  the  other  Mean,  which  is  an  :  /  or  /;/  Mean  be- 
twixt the  Extremes  a,  h,  if  the  former  is  contrarily  hi,  or  :  /. 

Scholium. 

r.  Suppofe  cither  the  Theorem  or  its  Reverfe  true,  the  other  may  be  demonftrated 
by  means  of  it,  after  the  fame  manner  as  was  done  in  the  laft  Theorem. 

z.  We  may  find  as  many  Examples  of  this  Theorem  as  we  pleafe  in  Integers,  after 
this  manner  j  take  any  two  Integers,  and  betwixt  them  find  a  mean  hi,  which  being 
a  mixt  Number,  reduce  all  the  three  by  its  Denominator  to  other  three  Numbers, 
•which  ihall  be  all  Integers,  and  ftill  /;/  fby  I'beor.  ift)  then  If  the  half  Sum  of  the 
Extremes  is  an  Integer,  it  is  the  Arithm.Mean,  but  if  it's  not  Integral,  double  the  three 
Terms  already  found,  and  then  the  half  Sum  of  the  Extreams  will  be  an  Integer. 

Exam.  If  I  take  5  and  5,  a  mean  hi  is  -^,  therefore  multiplying  all  by  8,  I  have 
•a4,  50,  40,  hly  and  a  mean  :  /  betwixt  24  and  40  is  52  ;  therefore  24,  90,  51,  40,  is  an 
Example  of  what's  required.  But  if  I  t.-ike  2,  5,  their  harm.  Mean  is  V".  and  I  reduce 
them  to  this  Series  10,  12,  15 ;  but  here  I  cannot  have  a  mean  :  /  in  Integers,  therefore 
I  double  thefe  Numbers,  making  20,  24,  50,  and  the  mean  :  /  is  25  j  and  fo  20,  24, 
25,  50,  is  an  Example  of  what's  required. 

Hence  again.  If  it  were  propofed  to  find  out  two  Numbers,  the  half  of  whofe  Sum  is 

an  Integer,  and  alfo  whole  Sum  is  an  aliquot  Part  of  double  the  Produft,  it's  plain 

from  the  preceding  Demonftration,  that  if  we  find  any  Example  of  this  Theorem,  the 

Extremes  are  Numbers  fuch  as  are  here  required  3  for  the  Extremes  being  a,  b,  the 

.,  a-\-b        i  a  b 

two  Means  are  and  — rr 

2  a-\-b. 

3.  This  Theorem  and  the  preceding  may  coincide,  viz.  there  may  be  four  Num- 
bers :  :  /,  whereof  the  two  Means  may  be  :  /  with  the*  one  Extreme,  and  hi  with  the 
other  ;  and  alfo  the  two  Extremes  may  be  :  /  with  the  one  middle  Term,  and  hi  with 
the  other,  as  in  this  Example  2  :  9  :  :  4  :  5  j  but  this  Coincidence  does  not  always 
happen ;  for  either  of  the  Parts  may  be  found  by  it  felf  without  the  other.  So  thefe 
6,  8,  9,  12,  is  an  Example  of  this  Theorem,  but  not  of  the  other;  as  thefe  3,  6,  9, 
18,  or  thefe  3,  4,  5,  8,  belong  to  the  former  Theorem,  neither  of  which  belongs 
to  this. 

CoROLL.  If  betwixt  two  Numbers,  A,  E,  are  put  three  Means,  an  Arithmetical 
{B),  Geometrical  (C),  and  Harmonical  Mean  (D),  thefe  Means  are  in  Geometrical 
Progreffion;  the  Geometrical  Mean  being  the  middle  of  the  three  j  for  AxE=BxD, 
alfo  AxE=CxC,  therefore  BxD=CxC,  or  B  :  C  :  :  C  ■•  D. 

Theorem    VII. 

If  four  Numbers  are  fo  ftated  that  the  two  Means  with  the  one  Extreme  are  hi,  and 
with  the  other  : :  /,  thefe  four  are  hi. 

Emm,  3,  4,  tf,  are  /j/;4,  6,  9,  are  : :  /,  and  3,  4,  5,  9,  are  hi.  Univerfally,  ii a, 
I,  c,  are  : :  /,  and  b,  c,  d,  hi,  then  a,  b,  c,  d,  are  hi. 

^  y    r      ^''     — ;    ^'^        I        CDemon.  Since  a,  b,  c,  he  ::  I,  and  to  b,  c,  a  third 
'    '    '  zb-^c      za—b    I    hi  is  by  Suppofition    pofTible  j   this  by  'Problem  firft  is 

be 
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^'^   .   alfb  to  *,  ^,  t  a  fourth  hi  is  poffible  iScb.  Coroll.  I.  (Prol;.  I.)  and  it  is    fL^ j 
xIp—c  ^'^~-l*  ■ 

which  I  deraonftrate  to  be  equal  to  J^  ;  thus  ^aib  :  :b  :  chy  Suppofition ;  hence 

ib — c 
i.a  :  lb  i  ib  :  c,  and  2 a~-b  :  2 b — c  i-.b-.c.    Bat  b  :  c:  :  bb  :  be ;  hence  2 <i^^  :  2 ^ 

—c  nib  :  ^c ;  and  again,  ^-^r :  2  ^ — c  :  :  bb  :  t  a-'b,  therefore  - — = ,  j  but  bt 

'  °  tb^-c    iu—b 

,       r         be  ac 

s=ac,   therefore  — — = • 

zb — c       za — 0 

be 
Or  alfo  thus :  To  any  two  Numbers,   as  b,  c,  a  third  hi  is   — — ,  and  a  third 

: :  /  to  <:,  ^,  is  —,  and  thefe  four  are  M,  viz.  — ,  b,  r,  -ji— ;  a  fourth  Wto—.i-.c,  being 

C  C  2*''— 6"  C 

be      1     m    r,  T  c     bb^  ,,       J    ibb       r ^bb — be     .„i   r,!,  s-  ^^b — be 

——  by  Trobl.  I.  for  — -X  e  =  bb,  and —  b  = ,   and  etf  -^  — 

zb — e  c  c  c  c 

bbc      __  be 

ibb — be       zb — c' 

The  Reverie  of  this  Theorem  is  alfo  true,  viz.  if  four  Numbers  are  hi,  and  the  two 
Means  with  one  Extreme  :  /,  or  /&/,  it  will  be  contrarily  hi  or  :  I  with  the  other  Ex- 
treme. 

The  Demonftration  is  contained  in  the  former :  For  whether  we  fuppofe  three  Num- 
bers :  :  /,   which  may  be  exprefled  _  :  b  :  c  ^  or  three  Numbers  hi  which  may  be 

exprefled  b,  e ;  the  fourth  hi  will  be or  — >  contrarily  hi  or :  /,  with  the 

zb — e  zb — e       c 

other  Extreme. 

ScHOL.  Either  the  Theorem  or  the  Reverfe  being  fuppofed  true,  the  other  may  be 
demonftrated  by  means  of  it  in  the  Manner  fhown  in  'theorem  V. 

PROBLEM  III. 

7t>  find  a  fourth  Contra  hi  to  three  given  Numbers. 

Cafe  ift.  If  the  firft  Term  is  left  than  the  fecond,  the  Rule  is  this;  from  the  Pro- 
duct of  the  firft  and  fecond  Terms  fubftrail  the  Square  of  the  firft  Term  5  and  to  the 
Difference  add  the  fourth  Part  of  the  Square  of  the  third  Term ;  out  of  this  Sum  ex- 
tract the  fquare  Roof,  to  which  add  the  half  of  the  third  Term  j  this  laft  Sum  is  the 
fourth  Term  fought. 

Exatn.  To  thefe  d,  f.  b  {d  being  lefs  than  c)  fuppofe  a  fourth  Contra  hi  is  a,  then  is 

a=L  +  de-dd+^± 
2  4 

Exara.  in  Numbers.  To  thefe  three  Numbers,  2, 8, 4,  a  4th  Contra  /;/  is  6  ;  for  2  :  «■ 
;  :  6 — 4:  8 — z  5  which  I  find  thus  J  2X8=1^,  apd  2X2=4,  then  16 — 4=11  ;  again, 
4X4=1(5,  wliofe  fourth  Part  is  4,'  which  added  to  11,  the  Sum  is  16,  whofc  fquare 
Root  is  4,  to  which  add  2  (the  half  of  4)  the  Sum  is  6. 

Cafe  id.  If  the  firft  Term  is  greater  than  the  fecond  Term,  the  Rule  is  this :  From 
the  Square  of  the  firft  Term  fubftraft  the  Produft  of  the  firft  and  fecond  ;  and  this  Dif- 
ference fubftrad  from  the  fourth  Part  of  the  Square  of  the  third  Term;  then  extradl  the 

K  r  Square 
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Square  Root  'of  this  laft  Difference  j,  wliich-  add  to,  or  r  fubftrafl:  from,  the  Half  of 
the  third  Term  ;  the  Sum  or  the  Difference  ('one  of  the  two)  will  be  the  fourth 
fought :  And  you  rauft  chufe  that  which  makes  the  Proportion  with  the  given 
Numbers. 

Emm.    To  thefe  a,.h,c,    (a  being   gceatcr  than  b)    a  fourth   Contra  hi;  is 


c   ,  ec  .  , 

"       4  ■ 


,0        C6  ,»• 

or' — • n(?^ — c!b\  >  •  . 

a       4  I 

Example  in  Numbers.    To  thefe  tf ,  4,  8,  a  fourth  Contra  hi  is  z^  thus  found  ; 

8"x8_(r4         ■       , 
<yX4=24,  and  <SX5=3(J,  then   9<f— 24=12  5   agam,  — ~=^6,   and   itf — 12=4, 

j^      .  ,  ....  ,  4 — i=2,  which  laft  is 


whofe  Square  Root  is  2,  then  — =4  5  Laftly,  4+2=5,  and  4—2=2,  which  laft  i 

the  Number  (ought. 

Vernon.  Let  thefe  be  Contra  hi,  a,  b,  c,  d  ;  and  fuppofe  a  greater  than  b,  and 
c  than  d  j  then  it  is^;  d':  :  c- — d  :  a — b  ;  and  multiplying  the  Extremes  and  Means, 
it  is  aa — ab=dc-^dd.     But  it  has  been  demonftrated  Ql'robl.  VI.    Sook  III.)  that  if 


g;_^^=^,  then  IS  a=—-\rp+— 


which   is    the   Rule   of  Cafe   ift,   fuppofing 


c    1    cc 


^(, — (l(l=p.    Again,  it  is  alfo  demonftrated,  that  i{ dc — dd==p,  then  is  J=— + p- 

which  is  the  Rule  of  Cafe  2d,  fuppofing  aa — ab=p.    It  is  demonftrated  alfo  that 


if —  be  greater  than  p,  fo  will  —  be  greater  than  — — p 
4  4 


But   if  p   is    not  lefs 


cc 
than   — >  the  'Problem  is  impoflible,     Alfo  in  both  Cafes,   if  the  Square  Root  to  be 

extracted  is  furd,  there  is  no  fourth  Contra  fjl  in  rational  Numbers. 

CoaoLL.  If  to  two  given  Numbers  a  third  Contra  hi  is  required,  the  preceding 
Rules  are  applicable,  by  fuppofing  the  fecond  and  third  Terms  to  be  the  fame. 

b  Tl^J 

Thus  J  to  thefe  a,  h,  a  third  Contra  hi,  when  a  is  lefs  then  b,  is  —-\-ab — ^''+"7 1 


and  \i  a  is  greater  than  b,  then  it  is  — + aa — ab\     as  you  will  find  in  thi&  Ex- 
ample J  3,  5,  <^.  where  5  :  d  :  :  5—5  :   5—5,  or  3  :  (f  :  :  i  :  2. 

PROBLEM    IV. 

To  find  a  Contra  hi  Mean  hettvixt  two  given  Numbers. 

Rule.    Divide  the  Sum  of  their  Squares  by  their  Sum  5  the  Quote  is  the  Mean, 
fought. 

Exam.  Betwixt  a,  h,  a  Contra  hi  Mean  is— — rr  • 

9-f-3(J     45 

Example  i»  Numbers.  Betwixt  3,  (T,  a  Contra  /;/Mean  is  5=-7 — ^y- 

2)emotf.. 
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Vernon.  If  tbefe  three  are  Contra  Tol,  a,  b,  c,  that  is,  i£  a:  C  f.  b—^C :  Oh-h,  then 
multiplying  the  Extremes  and  Means,  it  is  «* — ab^=bc — c* ;  and  adding  c*  to  both 
Sides,  it  is  bc'=-ar — ab-\-c'^  -^  and  again,  adding  ah  to  both  Sides,  it  is  ab-\-bc==-a^-\-c'-  ; 

and  dividing  both  Sides  by  a-\-c,  it  is,  b=  \  ,  — • 

Theorem    VIII. 

If  four  Numbers  are  fo  ftated  that  the  Extremes  with  one  Mean  ar?  hf,  and  with 
the  other  Contra  hi,  i.  e.  if  betwixt  two  Numbers  you  put  a  Mean  hi,  and  another 
Contra  hi,  thefe  four  Numbers  are  :  /. 

Exam.  3,  4,  6,  are  hi,  and  3,  5,  (T,  Contra  hi,  and  3,  4,  5,  6,  :  /.  Univerfally  j  if 
n,  b,  c,  d  are  hi,  and  ^,  r,  d  Contra  hi,  then  are  a,  b,  c,  i,  :  /. 

T       .ij  ri  2)emo».  hetrnxt  a,  b,  a  Mean  W  is  — ,—  OProbl.   II.)   and 

"■  ^-f^  '  ^-^^  \ .  a  Mean  Contra  m  is  ili^  ("J'roW.  IV.)  and  thefe  four  are  ;  /  ; 
■'—— ■■ r-  a-\-b  * 

zdb      d^-\-y^     ,      ^  zab     ^^+i^  «*— /^^ 

Rules  :  Or  thus,  a-\-b\ih.Q  Sum  of  the  Extremes)  is  ^d'-^b^-^iah,  (=a-]-h  fquar'd) 
divided  by  a-\-b,  the  common  Denominator  j  which  Quote  is  the  Sum  of  the  middle 
Terms.  ,;  .  11  ->?  ".-,( 

The  Reverfe  of  this  Theorem  is  alfo  true,  vtx,.  That  if  four  Numbers  are  :  /,  and 
the  Extremes  with  one  Mean  are  hi,  or  Contra  hl.^  with  the  other  Mean  they  will 
be  contrarily  Contra  /'/,  or  hi.   The  Demonftration  is  contained  in  the  former  :  Thus; 

any  three  Numbers  7:;^  may  Ije  reprefehted  a :  £tt  =  ^5  ^n^  any  Contra  hi,  a :  — XT"*  ^i 
and  if  a,  ^  are  the  Extremes  9f  four  Numbers  :  /,  where  one  of  the  Means  is  —rj,   or 

— X;?-i  an  hi,  or  Contra  hi  Mean  betwixt  the  Extremes  ;  it's  demonftrated  that  the 

other  of  the  two  Means  will  be  the  other  of  thefe  two  Expreflions,  viz.  contrarily  an 
hi  or  :  I  Mean  betwixt  the  fame  Extremes  :  Or  thus,  let  n,  b,  c^  d,  be  :  /,  and  a,  b,  d, 
be  hi,  i.  e.  a  -.  d  :  :  a—h  :  b — d  ;  then  becaufe  a — b=c—d,  aHb  a — c=^b — d,  there- 
fore a:  d  :  :  c — 'd  :  a — c,  i.  e.  a,  c,  d,  are  pontra.^/^.'^^f  i^j.i',;^,  are  -^l,  the  De- 
monftration will  proceed  the  fame  Way.  ■    '"    ■ 

COROL  LARIES. 

I.  Hence  we  have  another  Method  for  ifinding  a  Me-.m  Contra/^/  :  Thus,  find  an 
Arithm.  Mean  ^  then  from  the  Sum  of  the  Extremes  take  this  Mean  ;  the  Remainder 
is  the  Mean  Contra,  hi :  Becaufe  the  fourlbein'g  :,/,  .ttie  Sum  of  the  Extremes  and 
Means  are  equal.  ...       .      .       .  .  --■,   ;      -      . 

jt.  The  M,  '.'l,.^  ajid  Contra  bl  ftieans,  tbctwixt  two  i>Ji}tnbeM^  arew  Arithm.  Pro- 
greffion  ;  for  ifbeiwixt^A,  E,  the  Mean  hi  is  B,  the  :  /,  C,  and  Contra  bl,  D  j  then 
becaufe  A,  B,  D,  £  and  alfo  A,  C,  [E  are  :./,j  iieaee  A-}-E=B-f-D,  and 
A+-E=;iC^  the£efbrc  B+D=2C,  or-B, -C,-D, -are -W; 

"       •    '     =TH-£.OR.iM.     IX.  ■    /    ; 

Of  the  mean  Propor*ioiral«- bet\vixt  two  "Numbcts  atlrdadv  explained,  the  Order  is 
this  :  The  dircft  Haimonical  is^heleaflNumbe'r  ^  then  follow  in  Order  the  Geome- 
trical, the  Arithmetical,  arrd^the'Corttra '/[^.  •:.•.. 

R  r  1  2)emoft- 


goS 
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a  '  si- 

:    4     :     5     : 

6^  :     8 

lo  •    i6 

'    io    •    25    • 

52    •    40 

A    :    B 

:     C    :    D     : 

Or  thus. 

E   :    F 

ab\     ■  --• 

a-\-b 

^ 

5              .t:? 

,% 

Ttemon.  \°.  It's  already  fhewn  in  7heo.XXL 
Chap.  V.  that  the  Arithmetical  Mean  D  is  grea- 
ter than  the  Geometrical  C  j  and  by  Coroll.  to 
Theorem  VI.  preceding,  it's  fhewn,  that  B,  C, 
D  are  ■^  I,  therefore  I>  and  C  are  both  greater 
than  B,  i.  e.  the  Harmonical  Mean  is  lefs  than 
either  the  Geemetrical  or  Arithmetical,  and  fb " 
thefe  three  Means  are  in  the  Order  here  ftated. 
2'.  The  Contra  hi  Mean  is  greater  than  the 
Arithmetical ;  for  by  CoroU.  z .  to  the  laft  ^"^7^0- 
rem,  the  hi,  :  /,  and  Contra  hi  Means 
are  -^  /,  the  Arithmetical  bebg  the  Middle  of 
the  three  5  and  by  the  Expreffions  of  thefe  Means  it  will  be  eafily  ihewn,  that  the 

Contra  ^^/  Mean     ~|T^    is  greater  than  the  hl^  —1—  5  ^o^^  which  it  is  plain,  that  the 


a-\-b 


Contra /j/ is  greater  than  the  Arithmetical.  The  former  is  proved  thus,  the  Denomi- 
nators are  equal,  therefore  we  have  only  the  Numerators  zab,  and  a'-\-b''  to  compare  j 
now  a'  -.ab-.-.ab:  b"-  (both  being  as  a,  b)  and  a'-\-b'^'^  zab  (Theo.  XXI.  Chap.  V.) 
therefore  the  Contra  hi  Mean  is  greater  than  the  hi,  and  confequently  than  the  Arith- 
njctivil  5  fo  that  the  four  Means  are  in  the  Order  propofed. 

General  Scholium  I. 

Comparing  the  three  Kinds  of  Proportions,  Arith.  Geom.  and  harm,  we  have  this  very 
remarkable  Difference  to  obferve,  viz.  That  a  Progreflion  Geom.  can  be  continued 
from  a  given  Number,  upwards  or  downwards,  in  Infinitum^  an  Arithmetical  Up- 
wards but  not  Downwards  ;  a  direft  harmonical  Downwards  but  not  Upwards  j  and 
a  Contra  lA  neither  Ways. 

II. 

As  the  Harmonical  Proportions  of  three  Numbers  already  explained,  proceed  from  ;i 
Comparifon  of  the  Ratio  of  the  Extremes  with  the  Ratio's  of  the  Differences  betwixt 
the  Extremes  and  the  middle  Term'j  fo  there  are  other  Comparifbns  that  may  be  made 
in  the  fame  general  Way  j  that  is,  by  comparing  the  Ratio  of  any  two  of  three  Num- 
bers, with  the  Ratios  betwixt  the  Differences  of  any  one  of  the  three,  and  the  other  two. 
But  as  I  defign  no  particular  Confidcration  of  thefe  ffinee  after  what  is  done  of  this 
Kind,  any  may  do  what  more  they  pleafe)  1  Ihall  only  lay  down  Examples  of  the 
Comparifcns  wherein  it  is  poflible  there  may  be  a  Ptoportionality,  and  fhew  where  it 
cannot  be. 

Let  a,  b,  c,  be  three  Numbers,  whereof  a  is  the  leaft,  and  c  the  greateft ;  then  is  it 
poflible  to  invert  them  fo  as  the  following  Numbers  be  :  :  /,  viz. 


/>  : 

C  :  : 

b—a  : 

C—b 

5 

^ 

4 

6 

a 

:  b 

a  : 

C  '.  : 

C—b  : 

b—a 

1- 
1 

,  . 

■^ 

6 

a 

•  b 

a  : 

C  :  : 

b—a  : 

c — a 

6 

8 

•  9 

a 

:   b 

a  : 

C  :  : 

C—b  : 

c — ^ 

6 

7 

•  9 

a 

b 

h — a  :  c — b  .2  4  •  (f  •  9 

C — b  :  b — a  §H  (J  ;  9  •  II 

b — a  :  c — a,  «  4.-  tf  •  7 

c — b  :  c — a  ftq  3  •  4  •  7 


b  :  C  ::  b — a  :  C — b  ^  ^  '•  6  :  9 
b  :  c  :'.  c — b  %  I — a  §"1:4.:  6 
b  I  C  :  •,  c—b  ;  C — a  «  8  :  9  :  la 
b  :  c  M  b—0,  :  c—a  fq    Imfoffibls. 


Upon 
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Upon  thefc  Examples  ohferve.  That  they  are  dtftinguilhed  into  three  Cares,  accord- 
ing as  <Z  :  C  or  ^  :  /',  or  Z;  :  f,  are  made  the  firft  and  fecond  Terms:  Then  in  c»t-ry 
Clafs  there  are  tour  Cafes;  and  in  the  twofirftofthcfe,  the  third  and  fourth 'lerms  at :;  tne 
fame,  only  reverfed  5  but  of  the  third  and  fourth  Cafes  the  fourth  Terms  only  are  common  ; 
nor  can  a  Proportion  be  ftated  with  thefe  reverfed,  while  the  firft  and  fecond  Terms  keep 
the  fame  Order,  for  then  the  Comparifun  would  be  diffimilar.  I'nus  it  is  impoffii)le, 
that  it  ihould  he  a  :  c  :  :  C — a  :  C — b,  becaufe  1  is  lefs  than  c  ;  but  c — n  is  greater  tiian 
c- — b,  fince  b  is  greater  than  a.  Then  the  laft  Cafe  of  the  third  Clafs  is  marked  im- 
pofliblc  j  for  if  the  fame  Numbtr  a  is  taken  from  each  Term  of  any  Ratio  of  Incqualicy, 
the  Remainders  cannot  be  in  the  fame  Ratio ;  fince  the  Remainders  cannot  be  in  the 
fiime  Ratio  unlefs  the  Numbers  taken  away  be  in  the  Ratio  of  the  whole,  (Co)  oil.  II. 
T'/m.  V.  Ch.  III.; 

Obferve  alfo.  That  in  the  firfl:  Cafe  of  the  fecond  and  third  ClaflTes,  the  Examples 
are  always  -Hr/,  as  will  be  manifeft  from  the  Confideratlon  oil'heorem  V.  Chap.  5.  and  . 
fo  any  three  Numbers  -rr  I  are  Examples  of  thefe  Cafes. 

III. 

Of  harnionical  Progreffions  there  is  another  Kind  than  that  already  explained,  where- 
in every  three  adjacent  Terms  are  direftly  bi ;  for  a  Scries  of  direct  Harmonicals  may 
be  found  fuch  that  every  four  adjacent  Terms  are  hi,  .as  in  this  Example,  6  :%  -.  10  : 
15  :  20  :  40. 

But  then  obferve  this  great  Difference  betwixt  the  Nature  of  thefe  harmonica!  Pro'- 
greflions,  and  the  Geometrical  and  Arithmetical ;  viz.  that  in  thefe  laft,  becaufe  every 
three  Adjacent  are  Proportional,  therefore  fo  are  every  four  either  Adjacent  or  taken 
two  and  two  at  equal  Diftance  ;  but  it's  not  fo  in  the  harmonical  Kinds,  for  tho'  every 
three  Adjacent  are  hi,  yet  every  four  will  not  be  fo,  neither  will  the  Concluiion  hold  . 
from  four  adjacent  Terms  to  three. 

§.  2.  Of  the  Name  and  Application  of  Harmonical  Proportion. 

J'  HAVE,  already  faid,  that  the  Name  come*  from  the  Application  of  this  kind  of 
•■•  Proportion  foiuid  in  Mufick :  Not  as  if  this  were  the  only  Proportion  found  among 
mufical  Sounds ;  but  becaufe  its  Effefls  are  the  moft  perfeil.  It  would  be  out  of  my 
Road  to  fay  much  on  that  Subjefl  here  j  for  I  might  as  well  pretend  to  explain  all  the 
Subjefts  to  which  the  other  Proportions  are  applicable  :  Yet  this  being  a  Thing  little 
confidcred  (though  the  Writers  on  Mufick  have  fully  explained  it)  and  of  great  Ufe 
and  Curiofity  5  I  fhall  fay  as  much  upon  it  as  may  ferve  to  give  a  diftinft  Idea  of  this 
Application,  to  fuch,  at  leaft,  who  have  made  the  following  Obfcrvations,  or  can  di- 
ftincily  conceive  them. 

ifi.  The  Thing  in  Sounds,  upon  which  what  we  call  Harmony  in  Mufick  depends^ 
is  that  Property,  of  them  whereby  they  are  diftinguilhed  into  High  and  Low,  called  al- 
fo Acute  and  Grave  ^  the  Idea  of  which  we  get  by  a  Series  of  Notes  or  Sounds  raifed 
one  after  another  upon  a  mufical  Inftrument,  or  by  a  Voice.  And  obferve  alio.  That 
this  Highnefs  or  Acutenefs  is  very  different  from  the  Strength  or  Loudnefs  of  a  Sound  j 
for  the  Voice  of  a  Boy  may  be  Acqtcr,  though  not  fo  Strong  or  Loud  as  thur  of  a  ■ 
Man. 

id.  Take  two  Strings  (fit  for  a  mufical  Inftrument)  which  are  equal,  or  the  fame  in  , 
all  rcfpe£ls,  except  the  Lengths  [/.  e.  of  the  fame  Matter,  and  Dimcnficns,  and  equal- 
ly ftretchcd:  And  this  will  neceflarily  happen,  if  we  take  a  String  ilrctchcd  to  any  De- 
gree fit  for  founding  :  Then  divide  it  into  any  two  unequal  Parts,  which  may  be  founded 
teparately  3  wiiich  is  done  by  having  the  String  fix'd  at  both  Ends,  and  a  little  raifed 

ever  . 
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over  the  Surface  of  any  Inftrument  or  Table ;  and  fetting  under  it,  in  any  Point  that 
divides  it  unequally,  a  Bridge,  fo  that  the  String  is  not  the  more  ilretched  by  it,  but 
the  two  Parts  fo  feparated  that  they  can  be  founded  each  by  it  felf.]  The  longer  String 
will  give  the  Lower  (or  Graver)  Sound ;  and  the  fliorter,  the  Higher  (or  Acuter) 
Sound  ;  fo  that  a  Number  of  Strings  of  different  Lengths  (all  other  Circumftances  be- 
ing the  fame)  will  give  a  Series  of  different  Sounds  or  Notes,  Rifing  or  Falling,  in 
Acutenefs  and  Gravity,  as  the  Strings  become  fhorter  or  longer. 

i,d.  A  String  may  be  made  of  fuch  a  Length,  and  fo  ftretched,  as  that  its  Sound 
/hall  have  the  fame  Degree  of  Acutenefs  (or  Gravity  5  it's  no  Matter  which  we  fay, 
fince  they  are  only  Words  expreffmg  a  Relation  of  one  Sound  to  another)  with  any  other 
Sound  4  and  confequently,  any  two  Sounds  may  be  expreffed  by  two  Strings,  the  fame 
in  all  Refpefts  but  the  Lengths  ^  and  then  the  Relation  of  their  Lengths  may  very  fit- 
ly be  coniidered  as  exprefling  the  Relation  of  thefe  two  Sounds,  as  to  Acutenefs  or  Gra- 
vity, which  we  alfo  call  the  Relation  of  their  Tones  ;  for  every  Relation  muft  have 
fome  real  abfolute  Foundation ;  and  this  in  the  Relation  of  Acutenefs  and  Gravity 
among  Sounds  we  call  the  Tone.  For  though  every  Sound  is  both  Acute  and  Grave  in 
refpeft  of  different  Sounds  5  yet  every  Sound  mull  have  its  own  determinate  [Degree 
and  Meafure  of  that  upon  which  Acute  or  Grave  depend  5  which  are  but  relative 
Names  for  different  Degrees  of  it  compared  to  one  another.  What  this  Tone  depends 
upon  more  immediately  we  fliall  next  coniider. 

4.rb.  Though  the  different  Lengths  of  Strings  (other  Circumftances  being  the  fame) 
produce  Sounds  of  different  Tones  4  or  Acute  and  Grave  in  refpeft  to  one  another  j 
yet  the  Relations  and  Degrees  of  Tone  are  not  meafured  by  the  fimple  Differences  of 
the  Lengths  of  the  Strings  j  fo  that  though  fcveral  Strings  have  an  equal  Difference  of 
Lengths,  as  if  they  were  8,  <J,  4, 2  3  yet  their  Sounds  do  not  exceed  each  other  by  equal 
diflerences  of  Tone  j  but  the  Relation  of  the  Tone  is  the  Geometrical  Relation  of  the 
Lengths  of  the  Strings  ;  fo  th;it  to  make  a  Series  of  Sounds  rife  or  become  Acuter  by 
equal  Differences,  the  Lengths  of  the  Strings  muft  be  in  Geometrical  Progreffion,  as 
8  ;  4  :  z  :  r.  Now  for  the  Reafon  of  this,  obferve,  that  when  a  String  is  founded  it  is 
put  into  a  Motion,  which  we  call  Vibratory,  /'.  e.  to  and  again  j  and  the  Vibrations, 
or  Motions  to  and  again ,  are  quicker  or  ilower  as  the  String  is  thorter  or  longer 
(other  Circumftances  being  alike.)  And  the  Mathematicians  have  demonftratcd  that 
the  Number  of  Vibrations  of  two  fuch  unequal  Strings  made  in  the  fame  Time,  are 
in  the  Ratio  of  their  Lengths  reciprocally  ;  thus,  one  String  being  one  Foot  long,  and 
another  two,  the  former  makes  two  Vibrations  in  the  Time  that  the  other  makes  one. 
And  fince  all  Sound  is  produced  by  the  vibratory  Motion  of  the  Parts  of  Bodies,  they 
conclude,  that  the  Tone  of  every  Sound  depends  immediately  upon  the  Number  ot 
Vibrations  made  in  any  Time ;  and  lince  we  can  exprefs  the  Tone  of  any  Sound  by  a 
String,  and  confequcntly  of  any  Number  of  different  Sounds,  by  as  many  Strings  dif- 
fering only  in  Length  5  the  Vibrations  of  thefe  Strings  are  the  fame  as  the  Vibrations 
of  the  Parts  of  other  Bodies,  whofe  Tones  they  are  equal  to  ^  and  becaufe  the  Vibra- 
tions are  reciprocally  as  the  Lengths,  therefore  the  Ratios  of  the  Lengths  of  Strings 
(cateris  fi.rihus)  are  true  Expreflions  of  the  Ratios  of  Tone  5  fo  that  where-ever  be- 
twixt any  two  fuch  Strings,  tlicre  is  the  lame  Ratio  of  Lengths,  there  muft  be  the 
fame  Ratio  of  Tone,  /.  e.  the  fame  Excefs  of  the  one  above  the  other  :  For  Exawpk, 
If  four  Strings  are  8  :  4  :  :  tf  :  5,  as  far  as  the  Tone  of  4  is  above  that  of  8,  fo  far  is  the 
Tone  of  3  above  that  of  (J  ;  becaufe  they  are  in  the  fame  Ratio  2:1.  And  fo  in 
thefe,  8:4:2,  where  if  we  judged  by  the  fimple  Differences  of  the  Numbers,  the 
Tone  of  ?  would  exceed  that  of  4,  only  by  the  Half  of  what  the  Tone  of  4  exceeds  tbJt 
of  8  j  whereas  the  Excefs  of  Tones  is  equal,  the  Ratios  being  fo.  ■ 

In 
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In  the  preceding  Obfervations  you.  have  the  general  Grounds  of  the  Arithmetical 
Theory  of  Mufick  ;  or  the  Foundation  upon  which  raufical  Sounds  fall  under  Arithme- 
tical Calculation:  The  following  (hall  finifh  what  I  have  to  fay  upon  this  Subject,  and 
fjicw  you  the  Application  of  Harmonical  Proportion. 

5;/?.  Sounds  diftering  in.  Tone  are  applied  in  Mufick  two  Ways,  '•jIz.  In  Succeffion 
and  ConfoKince  ;  'T^^'^r  is,  by  raifing  diltinifl  Notes  one  after  another  ;  and  by  mixing 
or  joining  them  together  fo  that  they  fall  upon  the  Ear  all  at  once.  But  then  obferv-y 
That  every  Difference  of  Tone  is  not  fit  for  Mufick  5  or,  any  Notes  taken  in  any  Rela- 
tions of  Tone,  and  in  any  Order,  cannot  pleafc  tlie  Ear,  either  in  Succeffion  or  Confc- 
nance  j  but  there  are  certain  Relations  upon  which  Mufick  depends,  and  without  which 
it  has  no  Being  ;  and  thefe  Experience  has  difcovered  and  approved  5  that  is,  it  is 
found  that  Sounds  in  certain  Relations  of  Tone,  being  heard  together,  or  one  after  ano- 
thec,  have  fuch  an  Agreement  or  Union  as  to  pleafe  the  Ear,  but  in  different  Degrees, 
according  to  the  Relations.  Every  Relation  that  produces  an  agreeable  Confbnance 
•will  alfo  make  an  agreeable  Succeffion,  but  not  always  the  contrary  5  and  therefore 
the  former  are  reckoned  the  fundamental  and  cflential  Principles  of  Mufick  ;  and  fuch 
Sounds  are  particularly  called  Concords ;  the  contrary  Effeft  being  called  DifTonance 
or  Difcord.  Though  there  be  different  Degrees  of  Concord,  according  as  the  Rela- 
tions differ,  yet  to  our  prefent  purpofe  it's  enough  to  take  Notice  of  what  Muficians  call 
the  Simple,  Primitive,  or  Original  Concords,  of  which  there  are  only  feven  5  expreffcd 
by  the  Ratios  (of  Numbers^  and  Names  in  this.  Table  3  to  be  underflood  thus. 


2  :  I  OBave, 

3  :  2.  Fifth, 

4  :  3  Fourth, 

5  :  4  'Third  greater, 

6  :  5  Third  lejjer, 
5  :  3  Sixth  greater, 
8  :  5  Sixth  leffer. 


If  two  Strings  differ  only  in  Length,  then  their  Lengths 
being  in  any  of  thefe  Ratio's ;  for  Example,  as  i  :  i  or  3  :  2, 
^c.  their  Tones  are  Concord,  and  the  Agreeablenefs  is  ac- 
cording to  the  Order  here  expreffed  j  the  O&ave,  2  :  i  being 
the  mod:  perfcft,  then  the  Fifth  3:1,  and  fo  on  (tho'  there 
is  fome  Queftion,  Whether  the  T/jird  lefjer,  or  Sixth  greater, 
is  preferaBle.)  Or  if  we  would  exprefs  all  thefe  Concords  in 
relation  to  one  fundamental  Sound,    which  we  may  exprefs 

by  I,  the  Series  of  Sounds  having  thefe  gradual  Concord-Relations  to  that  Fundraenta), 

is  expreffed  thus, 


I    : 

I 

2 

Ar_ 

5 

•* 
^ 

5 

2 

5 

4 

5 

6 

7 

8 

^ 

«s 

•« 

«t 

A 

0 

•Si 

•Si 

5 

••* 

1 

ho 

•5> 

4 

.^ 

1 

•5s 

•e 

^ 

t^ 

^ 

t^ 

When  two  Sounds  have  the  fame  Tone,  they  are  fiid  to  be  Unifons ;  which  certain! y 
is  the  firft  and  moftperfefl  degree  of  Concord  ;  yet  more  commonly  Concord  is  appli- 
ed to  Sounds  of  different  Tone.  The  Reafon  of  the  Names  OBavc,  Sic.  you'll  find 
below. 

Now  as  thefe  Concord-Relations  are  the  fundamental  and  effential  Principles  of  Mu- 
fick 3  fo  the  Thing  remarkable  to  our  Purpofe  here  is,  their  Connection  and  Dcpen- 
dance  upon  one  anovhcr ;  in  which  the  Application  of  the  Proportions  Arithmetical, 
Geometrical  and  Harmonical  is  to  be  found.    Thus, 

Let. 


V 
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Let  any  two  Strings,  D  and  A  be  in  length,  as  2  :  i  (ceteris  pml>us)  they  make  the 


Concord  OBavc,  as  above.     Betwixt  2,  i, 


or  12  ; 
Fifths, 


take  an  Arithmetical  Mean  C,  which  is  i  f  ^ 
this  String  will  make  with  D  the  Concord^ 
Fourth,  (for  2  :  i  j-  :  :  4. :  5)  and  with  A  the 
Concord,  Fifth,  (for  1 1  :  i : :  3  :  2.)  Again, 
take  an  Harmonical  Mean  betwixt  D  and  A, 
it  is  B  =  I  -|-,  which  makes  with  D  a  Fifth 
(lor  2  :  I  •§• :  :  3  :  2}  and  with  A  a  Fourth, 
(for  I  -i- :  I  :  :  4  :  3.)  And  the  Lengths  of 
thefe  four  Strings  being  reduced  to  Integral 
Expreflions,  are  12,  9,  8,  dj  which  are  in 
[  Geometrical  Proportion  ;  for  1 2  :  9  :  :  8  :  tf, 
8  :  :  9  :  (f ,  in  which  12.  :  9  and  8  :  (J  are  both  Fourths ;  and  izj  8,  9  :  6  both 


li 

li 

8 

I 

6 

CorD 


AorB 


a4 


Again,  take  the  Fifth  5  :  2  ;  an  Arithmeti- 
cal Mean,  E=2  |,  makes  the  Third  lelfer 
with  D,  and  Third  greater  with  B.  But 
take  an  Harmonical  Meai;,  F=2  -J,  it  makes  a 
Third  greater  with  D,  and  a  Third  lefler 
with  B.  And  being  reduced  to  Integers, 
they  are  30,  25,  24,  20,  which  are  in  Geo- 
metrical Proportionij  for  ^o  :  25  :  :  24  :  20, 
or  30  :  24:  ;  25  :  20  j  in  which  30:  25  and 
20  are  both  Thirds  lefler;  and  30:24,  25  :  20  both  Thirds  greater. 
Now,  as  the  two  Concords  next  in  Perfeflion  to  the  O^ave  anfc  innncdi.itely  from 
the  Divifion  of  that  Concord, /.  e.  putting  an  Arithmetical  or  Harmonical  Mean  betwixt 
the  Extremes  of  the  OSIave  ;  fo  the  Fifth  being  the  fame  way  divided,  pioduc.s  the 
two  next  Concords  of  Third  greater  and  lefler.  Then  for  the  Sixths  greater  and  lef- 
fer;  they  are  th;  Confequences  of  the  preceding  Divifions;  for  naving  divided  the 
OSfave  into   the  Fifth  and  Fourth  j  then  the  Fifth  into  the  two  Thirds  ;  we  have  alfo 

the  Sixths:  T'/.us.  If  D,  A  are  Oflave,  and  D,B  a  Fiftn,  alfo 
D,  E  a  Third  greater  or  lefTer  3  then  E,  A  will  be  contrarily 
a  Sixth  lefTer  or  greater,  as  the  K umbers  annexed  do  Ihew  5 
for  if  E=24,  then,  .is  30  :  24:  :  5:4  a  Third  greater;  fo 
24  :  xj  :  :  8  :  5  a  Sixth  leffer.     And  if  £=25,  then  as 


Ji 


D,       E,      B,       A 


?o. 


24 

or,       2 

thefe  Names, 


15 


5  a  Third  leCTer;  fo  45  :  15   :  :   5:3 


30: 
Sixth 


25    :  :    <f 
greater. 

I  ihall  go  one  fliort  Step  further,  and  /hew  the  Reafon  of 

Ocfave,  Fifth,  Sic.  which  will  fhcw  a  further  Application  of  the  Har- 

xijionical  Proportion.     Let  A  :  H  be  an  OStave  ;  A  :  D  a  Fourth,  and  A  :  E  a  Fifth  j 


B 

8 


C  • 

_     1-  • 
9       5 
Again,  A  :  C 
A  to  B  be  as  9 


D 

4 


E 


G 

S 


H 


F 

3_    _    _ 
5     15     - 

being  a  Tliird  greater, 
8,  and  B  to  C  as  10 


then  A  :  C  a  Third  greater ;  alfo  D  :  F 
Third  greater,  (from  the  Divjfion  of  the  Fifth 
D  :  H)  then  will  F  :  H  be  a  Third  lefTer, 
and  confequently  A  :  F  a  Sixth  greater, 
as  5  :  4,  take  B  a  Harmonical  Mean,  then  will 
9.  Ldftly,  Let  G  be  taken  in  the  fame  )}^d\.\o 
to  F,  as  B  to  A,  and  its  Length  will  be  -1  for  9  :  8  : :  -f :  JL.  And  then  we  have 
cig.n  Sounds  in  fuch  Relations  of  Tone  to  one  another,  as  make  the  Series  or  Succef- 
fioi,  of  Soun  :s,  which  is  called  the  natural  Scak  of  Mulick,  which  contains  in  it  all  the 
Principles  of  Harmony  ;  wherein,  befides  the  Concord- Relations,  thefe  arc  alfo  very 

con- 


Chap 
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confiderable,  which  are  betwixt  the  fevcral  intermediate  Sounds,  as  A  •  B,  B  •  C,  Ci?c. 
which  are  called  the  Degrees  of  the  Scale  j  of  which  there  are  but  three  different  ones, 
viz.  that  of  A  to  B,  as  9  :  8  ;  of  B  to  C,  as  10  :  9  ;  of  C  to  D,  as  \6  -.  1 5.  That  the 
reft  are  the  fimc,  and  in  what  Order  they  are,  you  fee  by  comparing  their  Exprefli- 
ons :  Or  fee  them  here,  where  the  Lengths  of  the  Strings  are  fct  above  them,  and 

their  mutual  Relations  betwixt  them  below.     So  B  is  -  of  A,   C  is  -?-  of  B,  D  is  11 

9  10  16 

of  C,  and  fo  on.  Now  the  Relations  of 
each  of  thcfc  Sounds  to  the  fundamental  A 
being  named  according  to  the  Number  of 
Notes  from  A  in  the  Scale,  hence  are  the  Names 
of  Third,  Fourth,  iSc.  So  the  Relation  5  :  4. 
is  called  a  Third,  becaufe  it's  that  betwixt 
A  :  C,  which  having  one  Note  betwixt  them 
make  in  all  three  Notes  of  the  Scale  ;  for  the  fame  Reafon  6  :  5  is  called  alfo  a  Third, 
being  the  Ratio  betwixt  C  and  E.  But  5  :  4  is  a  greater  Ratio,  and  therefore  called' 
the  Third  greater,  as  the  other  d  :  5  is  called  the  Third  leffer.  For  the  like  Rea- 
fon, 4:5,  which  is  betwixt  A  :  D,  is  called  a  Fourth  55:2,  which  is  betwixt  A  :  E, 
is  called  a  Fifth.  3  :  5  betwixt  A :  F  is  called  a  Sixth  greater  j  8  :  5  betwixt  C  : 
H  is  called  a  Sixth  leffer  j  and  2  :  i  betwixt  A  :  H  is  called  an  O^ave.  Then  for  the 
intermediate  Degrees,  they  are  called  Seconds,  whereof  9  :  8  is  the  greateft,  10:9 
next,  and  i(J  :  15  leaft.  And  they  are  otherwife  called,  particularly,  9:8a  greater 
Tone,  10  :  9  a  leffer  Tone,  16  s  15  a  Semi-Tone,  ('the  Word  Tone  being  here  taken 
in  another  Senfe  than  we  formerly  ufed  it  in.)  And  the  Ratio  15:8  betwixt  A  :  G  is 
called  a  Seventh.  But  I  fhall  infift  no  more  upon  this  Subjefl,  having  done  all  that 
was  propofed,  or  could  be  expefled  in  this  Place. 


9      T       5       5       5      15      * 
•B'C'DE'F-G-H 

8  ^    M     ^      9_     8      i_5 

9  10    i(J      9      10     9      16 
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APPENDIX 

T  O 

B   O   OK      IV. 

Containing  fome  further  Considerations 
concerning  the  Doctrine  of  Ratios  and 
Pro^or/ioa  (Geometrical.^ 


§•  I-  Q/"  ^antities  Commenfurable  and,  Jncommenfurablef  and  the,ir. 
Ratios  :  Shewing  how  the  whole  DoSlrme  of  Ratios  and  Proportion 
is  reduced  to  the  Science  of  Numbers. 

^HE  two  grand  Branches  of  (Pure  Matberaatkki  are  Jrithmetick  and  Geometry. 
As  the  Objeil  of  the  firfl:  is  Numbery  called  alfo  G^uantiry  difcontinucd  ;  fo 
the  Ohjeft  of  the  other  is  called  Magnitude,  or  alfo  &iia>itity  continued  j  the 
Species  of  which  Ate  Lines,  Surfaces  and  Solids.  Thefe  twoBranches  are  fo  conncft- 
ed,  that  the  firrt  is  neceflarily  fubfervient  to  the  other,  which  without  it  would  be  ufe- 
lefs,  or  rather  could  have  no  Being  at  all  5  for  the  Confideration  of  Numbers  runs 
through  the  whole  Science  of  Geometry.  Among  the  Principles  that  are  common  to 
both  Subjefls,  the  mofl  remarkable  are  contained  in  the  Dodrinc  of  Ratios  and  Pro- 
portion, whofe  Truths  hoM  equatty  in  Arithmetical  and  Geometrical  Qiiantities  :  So 
that  this  is  an  univerfiil  Doftrine  in  Mathcmaticks,  equally  applicable  to  both  its  Bran- 
ches ;  but  the  Way  of  explaining  it,  fo  as  it  may  comprehend  both,  has  been  Matter 
of  Controverfy  among  the  Mathematicians  5  while  fome  have  approved  Euclid's  Me- 
thod (in  the  fifth  Book  of  his  Elements)  and  others  have  cenfured  it  5  fome  of  them 
obje(51:in2  againft  the  very  Foundations  of  his  Method,  and  or;;crs  complaining  only  of 
the  Tedioufnefs  and  Difficulty  of  it.  To  my  prefent  Purpofe  ;  I  have  only  thefe  two 
Things  to  obferve  : 

x/?.  That  as  I  have  never  been  able  to  help  thinking  Euclid's  Method  tedious  and 
difticult  (without  Regard  to  other  Objections  ;  for  I  enter  no  further  into  the  Contro- 
verfy :  Thofe  who  are  curious  may  fee  Dr.  Sarrows  learned  Defence  of  Euclid,  in 
his  Mathematical  Leftures)  fo  I  readily  own  they  have  been  jultly  blamed,  who 
foiy-t)>c  u^v^^f^jDo^rine  of  Proportion,  havc^ly  given  us  that  ot  Numbers  3  without 
'  /X  il^    1    i.   -i*  i     t-'»  explain- 
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explaining  how  the  liime  is  applicable  to  all  Kinds  of  Geometrical  Quantities. 
And, 

td.  As  I  think  this  may  be  done  in  a  very  reafonable  Senfe ;  fo  it  will  make  much 
cafier  Work  than  Euclid's  Method  ;  and  reduce  the  whole  Doilrine  of  Ratios  and 
Proportion  to  the  Science  of  Arithmetick  j  by  bringing  the  Relations  of  all  Quantities 
under  the  Notion  of  Numeral  Relations,  in  fuch  a  Senfe  that  the  fame  Truths  may  be 
applied  in  the  fame  Demonllration  to  all  Kinds  of  Quantities  j  whereby  the  Method  is 
truly  univerfil. 

In  order  to  this  I  fhall  firfl:  confider  the  Nature  of  Geometrical  Quantities,  as  they 
are  dillinguifhed  into  Coatmcnfurabk  and  Incommenfurahle  :  Thus, 

One  Magnitude  (Line,  Surface,  or  Solid)  may  be  equal  to  a  certain  Part  or  Parts 
of  another  (of  the  fame  Kind  ;)  and  hence  'tis  plain  that  the  Definition  of  Geometri- 
cal Relation,  applied  to  Numbers,  is  equally  applicable  to  fuch  two  Magnitudes,  and 
relblves  into  the  fame,  as  the  Relation  of  one  Number  to  another  j  fo  if  the  one  is 

r-  Parts  of  the  other,  they  arc  to  one  another  as  ^  to  ^  ;  for  the  one  being  divided 

into  as  many  Parts  as  a  expreflls,  the  other  i%  divifible  into  a  Number  of  the  fame 
Parts  equal  to  h  :  And  thefe  two  Magnitudes  are  hence  faid  to  be  Commenfuralle  \ 
becaufe  the  fame  Magnitude  is  an  aliquot  Part  to  both,  and  therefore  is  contained  in 
each  of  them  a  certain  Number  of  Times  without  a  Remainder;  from  which  it  is 
faid  to  tneafure  them  both,  iand  they  to  be  Commcnfurable.     Thus  in   the  prefent 

Cafe,  the  fame  Magnitude  is  -—  part  of  the  one,  and  -r-  part  of  the  other. 

But  every  two  Geometrical  Quantities  (of  the  fame  Kind)  are  not  Commenfurable, 
or  have  not  a  common  aliquot  Part  ;  (as  the  Geometers  have  found  and  demonltrated 
in  many  Cafes.)  Therefore  the  Definition  of  Geometrical  Relation  that  agrees  to 
Numbers  and  Commenfurable  Quantities,  can  not  be  accurately  and  ftriftly  apply'd  to 
Incommenfurable  Quantities  :  For  thpugh  trticie  is  a  Relation  of  containing  and  being 
contained  betwixt  two  fuch  Mi^gnitudes,  yet  it  is  not  fuch  that  we  caa  fay  the  leffer 
is  precifcly  fuch  a  Part  or  Parts  of  the  ather  ;  and  therefore  is  not  the  fame  precifely 
as  that  of  one  Number  to  another  ;  for  if  it  were  fo,  the  Magnitude  reprefented  (by 
the  Unit  compoling  thefe  Numbers,  would  be  an  aliquot  Part  of  both  ;  and  fb  they 
were  not  Incommenfurable. 

But  though  Incommenfurable  Quantities  are  not  accurately  as  Number  to  Number, 
yet  they  come  infinitely  near  to  that  Condition.  To  underfland  this,  I  fhall  firft 
obferve,  That  the  fimple  Idea  of  being  Incommenfurable,  or  having  no  common 
aliquot  Part,  though  it  fuf&ciently  diftinguiflics  them  from  Commenfurable  Quantities, 
yet  does  not  of  it  fclf  give  us  any  fuch  Idea  of  their  Relation  or  Manner  of  containing 
one  another,  as  to  diltmguifh  the  Relations  of  feveral  Incommenfurablcs  ;  becaufe 
they  are  all  equal  and  alike  in  this  Refpeit  :  Yet  from  this  general  Notion  of  Incom- 
menfurability  we  have  a  plain  Confequcncc  which  furniflics  fuch  .an  Idea  of  their  Re- 
lations, as  fufRciently  dillinguiilics  ttiem,  and  contains  a  Charat'ier  or  Mark  of  theif 
Equality  and  Inequality,  upon  whiqhtp  g^flund(^a  ^4^.i'*f  P'^opt"'^iO"4ity' j.wliic^\•Coa- 
ftquencc  is  this  :  i..^:i-...i,t/  nv'.  •  Jl.  e'-;,.:  .1  1:.f  ■  ■  1'  '  U'-."  •    '^  ^ 

If  two  Quantities  A,  B,  have  not  a  common  aiiquQCPjat,  then  this  necefliirily  fol- 
lows, that  the  leflcr,  A,  being  taken  out  of  the  greater,  B,  as  oft  as  poffible,  there  is  a 
Remainder  ;  which  Remainder  b.iiig  taken  out  of  A,  as  oft  as  poffible,  there  is  »lfo 
a  Remainder  ;  and  this  Remainder  being  taken  out  of  th.e  lall  Remaiinkr,  as  oft  a» 
poffible,  there  is  yet  a  Remainder  :  And  going  qn  jn  the  f^m^;  Manner,  taking  the 
laft  Remainder  out  of  the  preceding,  there 'vyiji  ^iJl,fecifi,Rqi|iaindef;  fl>r  evejj,  whiph 
grows  Icfs  and  lefs  tid  Infinitum :   For  if  ever  we  come  fo  a  Divifion^that  leaves  no 

S  f  a  Remainder, 
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Remainder,  then  the  Divifor  muft  be  a  common  Meafure  to  the  given  Qiiantities, 
A,  B  ;  the  Rcifon  of  which  you  fee  plainly  in  the  Demonltration  of  the  Rule  for  find- 
ing the  greatert  cominon  Meafure  of  two  Numbers  (in  'JProbl.  V.  Chap.  II.  Sook  II.) 
which  is  equally  applicable  to  any  two  Quantities. 

Now  here  is  one  way  of  conceiving  the  Relation  betwixt  thefe  two  Magnitudes, 
vh.  By  the  infinite  Series  of  Quotes  arifing  from  thefe  alternate  Divifions  ;  and 
therefore,  if  any  other  two  Incommcnfurables,  as  C,  D,  being  the  fame  Way  di- 
vided, give  the  fame  Series  of  Quotes  ad  Infinitum^  their  Relation  is  like  and 
equal  to  the  former  ;  and  confequently  we  may  fay  thefe  four  Magnitudes  are  Pro- 
portional, viz.  A  :  B  :  :  C  :  D.  But  now,  though  we  can  thus  in  general  conceive 
of  the  Equality  and  Inequality  of  the  Relations  of  different  Incommcnfurables  fand 
have  reduced  them,  in  one  Senfc,  to  Arithmetick  j)  yet  ftill  we  want  fome  more  par- 
ticular Exponent  of  thefe  Relations;  by  Means  of  which  we  may  bring  them  more 
direftly  under  the  Notion  of  the  Relations  of  Number  to  Number  ;  fb  that  the  whole 
Do(nrine  of  Proportion  may  be  comprehended  in  the  fame  Principles  and  Method  of 
Demonftration,  already  ufed  for  Numbers  and  commenfurable  Quantities :  And  this 
may  be  done  different  Ways  in  Confequence  of  the  preceding  Principles. 

i'^.  In  the  alternate  Divifion  of  B  by  A,  and  A  by  the  Remainder,  and  fo  on  j 
the  farther  the  Operation  is  fuppofcd  to  be  carried  on,  the  Remainder  becomes  the 
lefler  ad  Infinitum  ;  and  confequently  we  come  the  nearer  and  nearer  for  ever  to  a 
Quantity  which  is  a  common  Meafure  or  aliquot  Part  to  both  A  and  B  ;  for  if  we 
Ihonld  come  at  laft  to  a  Divifion  without  a  Remainder,  the  Divifor  would  be  a  com- 
mon Meafure  to  A,  B  j  and  confequently  the  lefler  the  Remainder  is,  the  nearer  is 
the  Divifor  to  fuch  a  common  Meafure  j  and  as  the  Remainders  diminilh  infinitely, 
it  follows  that  they  approach  infinitely  to  the  Condition  of  a  common  Meafure  of  A,  B : 
Wherefore  fuppofing  A,  B,  both  divided  by  thefe  Remainders  fucceflively  one  after 
another,  the  Quotes  will  approach  nearer  and  nearer  ad  Infinitum  to  true  and  com- 

filete  Expreflions  of  thefe  Magnitudes  ;  for  as  the  laft  Remainder  may  be  fuppofed 
efs  than  any  affignable  Qiiantity,  fo  will  the  Quotes  of  A,  B,  by  the  laft  Divifor, 
exprefs  two  Quantities  that  Ihall  want  lefs  than  any  affignable  Qiiantity  of  A  and  B  ; 
and  confequently  A  and  B  are  infinitely  near  in  the  Relation  of  thefe  two  Quotes, 
i.  e.  infinitely  near,  as  Number  to  Number.  Or  we  may  conceive  it  alfo  thus  : 
Suppofe  any  of  the  two  Quantities,  as  B,  divided  into  any  Number  of  equal 
Parts,  each  of  which  is  lels  than  the  other,  A  ;  then  will  A  contain  a  certain 
Number  of  the  fame  Parts,  but  with  fome  Remainder  over  j  elfe  A,  B  were 
Commenfurable  :  And  the  more  Parts  B  is  divided  into,  as  that  Part  is  fmaller,  fo 
A  contains  the  more  of  them,  with  a  leffer  Remainder  :  And  by  fuppofing  the  Num- 
ber of  Parts  ofB  increafed  gradually  ^J  Infinitum,  the  Number  of  the  fime  Parts  con- 
tained in  A,  does  alfo  increafe,  and  the  Remainder  decreafcs  ad  Infinitum  ;  fo  that 
what  we  take  of  A  becomes  nearer  and  nearer,  ad  Infinitum,  equal  to  A  j  and  confe- 
quently the  Relation  of  thefe  Numbers  becomes  nearer,  ad  Infinitum,  to  a  true  Ex- 
preffion  of  the  Relation  of  thefe  two  Magnitudes,  A,  B  ;  for  they  exprefs  the  Rela- 
tion of  two  Quantities,  one  of  which  is  equal  to  B,  and  the  other  equal  to  A,  infi- 
nitely near,  or  within  lefs  than  any  affignable  Difference  :  Which  fhews  us  alfo  this 
remarkable  Truth,  that  what  hinders  any  two  Magnitudes  to  be  perfectly  Commenfu- 
rable, is  a  Magnitude  infinitely  little  or  lefs  than  any  affignable  one  ;  which  being  neglcft- 
cd  as  nothing  comparatively,  the  two  Qiiantities  are  Commenfurable,  infinitely  near. 

In  this  Manner  then  all  Quantities  arc  reduced  to  the  Relations  of  Number  to  Num- 
ber, by  diftinguilhing  Relations  into  fuch  as  are  accurately  fo,  and  fuch  as  are  fo  infinite- 
ly near.    And  the  valuable  Ufc  and  Application  of  this  is,  that  whatfoevcr  Conciulions 
c.»n  be  drawn  from  the  Proprtion  of  Numbers,   the  fame  muft  hold  true  in  the  Pro- 
portion 
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portion  of  Incommenfurables,  fince  they  arc  infinitely  near  as  Number  to  Number  ;  So 
that  whatever  four  proportional  Quantities  thefe  Letters  reprcfent  A  :  B  :  :  C  :  D,  \vc 
may  argue  with  them  the  fame  Way  as  if  they  were  Numbers.  For  fince  there  are  Num- 
bers wlhich  exprefs  any  two  Quantities  by  caual  Parts,  cither  accurately  or  infinitely 
near,  the  Conclufion  can  never  be  falfe,  while  thefe  Expreflions  remain  indefinite  as 
to  Numbers  :  Since  whatever  Error  might  be  in  fuppofing  them  determinate  to  any 
certain  Degree  of  Approximation,  it  is  corrected  by  fuppofing  the  Approximation  car- 
ried further  on  ;  and  becaufe  this  can  be  done  without  End,  the  general  Conclufion 
from  thefe  indefinite  Expreflions  muft  be  accurately  true.  So  that  the  fime  Dcmon- 
ftrations  reach  to  all  Kinds  of  Magnitudes,  Commenfurablc  and  Incommenfurabje  ;  and 
by  this  Means  the  univerfal  Doftrine  of  Proportion  is  reduced  to  the  Science  ot 
Arithmetick. 

1°.  There  is  alfo  another,  and  perhaps,  a  better  Way  of  conceiving  and  expr.-ffing 
the  Relations  of  Quantities  Incommenfurable.  Thus  j  Suppofo  two  fuch  Quantities, 
A  and  B  j  if  B,  the  greater,  is  divided  by  A,  let  the  Quote  be  q,  and  tiie  Remain- 
der ?»  ;  fo  that  B  contains  A,  ,j  Times,  and  the  Quantity  w  over  ;  which  is  In- 
commenfurable to  B  (forelfe  A  and  B  would  be  Commenfurable:)  Again,  we  can  con- 
ceive A  divided  into  a  Number  of  equal  Parts,  each  of  which  is  a  lelllr  Quantity 
than  m  ;  fo  that  ?n  contains  a  certain  Number  of  thefe  Parts,  or  is  equal  to  a  certain 
Fraftion  of  A,  with  a  Remainder//,  Incommenfurable  to/»;  confequently  B  contains  A, 
i^Times,  and  that  certain  Fradion  of  a  Time,  with  the  Remainder  «  over:  In  like  Man- 
ner we  can  conceive  n  equal  to  a  certain  Fraction  of  A,  with  an  Incommenfurable  Re- 
mainder o  ;  fo  that  B  contains  A,  q  Times,  and  the  Sum  of  thofe  two  certain  Fraiti- 
onsof  aTime,  with  the  Remainder  o  over.  In  this  Manner  we  may  proceed  ad  /»- 
finituiii,  confidering  the  laft  Remainder  as  a  certain  Fraction  of  B,  with  a  new  Incom- 
menfurable Remainder,  ftiU  decreafing  infinitely  5  fo  that  B  is  equal  to  rj  Times  A, 
and  the  Sum  of  that  infinite  Series  of  Fraflions  of  a  Time  {i.  e.  of  A.)  Therefore  B 
may  be  exprcfled  by  Ar  j  r  reprefenting  the  Sum  of  q,  and  that  infinite  Series  of 
Fraflions.  Now,  if  the  greater  of  two  other  Incommenfurables  being  divided  by 
the  leflcr,  there  arifes  the  fame  Qiiote  q,  and  alfo  the  fame  Series  of  Fradions,  by 
dividing  the  leflcr  and  the  Remainders  in  the  Manner  above  mentioned  j  then  the 
Relation  is  the  fame  j  fo  that  the  lefler  being  called  B,  the  greater  is  Br  ;  and  thefe 
are  : :/,  A  :  A;- :  :  B  :  Br.  Thus  then  we  have  an  univerfal  Method  of  reprefenting 
all  Quantities  and  their  Proportion  :  For  whatever  Qiiantity  A  reprefents,  Ar  will  re- 
prefent  another  greater  ;  which  is  either  Coimnenfurabk  to  it,  if  r  is  a  determinate 
Number,  Integral  or  Fraiffional,  ox  Incominenfurabk,  if  r  exprcflls  a  Number  mixt  of  a 
whole  Number,  and  an  infinite  Series  of  Fraifiions  decrcaling.  Or  A  may  be  the  greater 
of  the  two,  and  Ar  exprcfi  the  lefler  :  In  which  Cafe  r  will  reprcfent  either  a  certain 
determinate  Frai^lion,  or  infinite  Series  of  Fraiflions  decreafing  j  and  in  both  Cafe?, 
that  Series  carried,  ai  lufinitiim,  can  never  be  equal  to  Unity. 

Thus  alfo  we  fee  the  univerfal  Doftrine  of  Ratios  reduced  to  Arithmetick,  under 
the  DilHniHon  of  determinate  and  indeterminate  Ratios  j  whofe  Equalities  confUtute 
^Proportion  ;  and  being  exprcfled  in  a  general  and  uniform  Manner  (as  A  :  Ar  : :  B :  Br.J 
The  Concliifions  drawn  from  the  Equality  of  r  (whatever  this  is  in  it  felfj  arc  alike 
true  and  good. 

I  (hall  finilh  this  Seclion  with  a  few  Confequenccs  from  the  Nature  of  Commcnfii- 
rable  and  Incommenfurable  Qiiantitics,  and  their  Arithmetical  Expreflions. 

I.  If  A  :  B  :  :  C  :  D,  the  one  Ratio  being  determinate  or  furd,  fo  is  the  other,  be- 
caufe they  are  equal,  Or,  as  A  ;  B  arc  Commenfurablc  or  Incommenfurable,  fo  arc 
C:D. 

2  Quaa- 
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I.  Quantities  A,  B,  tint  are  both  Commenfurable  to  the  fame  Qiiantity  C,  are 
Commenfurable  to  one  another. 

3.  If  A  is  Commenfurable  to  C,  and  B  Incommenfurable  to  C,  then  A,  B  are  In- 
commenfurable  ;  for  if  they  were  Commenfurable,  then  C  and  B  were  alfo  Commen- 
furable, by  the  Jaft,  contrary  to  Suppofition. 

4.  If  A,  B  are  Commenfurable,  they  are  both  Commenfurable,  or  both  Incommen- 
furable to  the  fame,  C  j  for  fuppofing  A  Commenfurable  to  C,  fo  is  B,  by  the  fecond. 

5.  As  A,  B  are  Commenfunible  or  Incommenfurable,  A-j-B  is  fo  to  them  both. 
And  if  A-|-B  is  Commenfurable  or  Incommenfurable  to  A  or  to  B,  it  is  fo  alfo  to  the 
other  5  and  lb  alfo  is  A  to  B. 

ScnoL.  A  certain  or  determinate  Number, and  a  Surd,  are  in  the  true  abfokite  Senfe 
Incommenfurable  ;  yet  there  is  in  Arithmetick  another  more  limited  Senfe  of  Commen- 
lurability  and  Incommenfurabilty,  which  is  alfo  among  determinate  Numbers, 
and  depends  upon  their  having  or  not  having  another  common  ali'Jiict  Part  but 
Unity  ^  though  all  thefc  are  Commenfurable  in  the  abfolute  Senfe.  The  Theory 
ol  Numbers  depending  upon  this  limited  Diflindtion  of  Commenfurable  and  Income 
menfurable,  which  is  very  confiderable,  you  have  in  the  nc.Nrt  Book  j  in  the  ttieaH 
Time  we  pafson  to  another  Confideration  of  Ratio's. 

$.2.  Concerning  the  Arithmetick  o/" Ratios. 

\  Mong  Authors  there  are  fome  who  talk  of  Ratios  as  a  particular  Kind  of.<>iiantities 
different  from  pure  Numbers  ;  and  hence  they  afcribe  to  them  the  common  Afte- 
flion  of  Quantity,  viz.  a  Capacity  of  more  and  lefs,  or  of  Increafe  and  Decreafe:  But  as 
they  imagine  them  to  be  of  a  Nature  effentially  different  from  pure  Numbers,  either 
Integers  or  Fraflions,  fo  they  pretend  to  an  Idea  of  the  Addition  of  Ratios,  and  othet 
Arithmetical  Operations  about  them,   quite  different  from  thefe  about  pure  Numbers. 

How  chimerical,  and  void  of  all  folid  and  reafbnable  Foundation,  this  Notion  is', 
the  very  ingenious  and  learned  Doftor  Snrrozv  has  fufficiently  Ihewn  in  his  Mathema- 
tical Le(ftures.  I  fhall  only  mention  one  principal  Argument  of  his,  viz-.  That  pure 
■Relations  (for  it  is  the  abftraft  Relation  of  the  Antecedents  being  after  a  certain  Man- 
'tier  contained  in,  or  containing  the  Confequent,  which  they  call  the  Ratio  5  and  which 
Name  I  apply  to  the  Exponent  of  the  Relation^  cannot  be  any  abfolute  Things  5  elle 
there  is  no  Difference  betwixt  Things  abfolute  and  relative ;  which  is  a  manifeft  Ab- 
furdity.  He  fhews,  that  it  is  impoflible  to  make  any  Comparifon  of  two  Ratios,  un- 
lefs  they  have  a  common  Confequent,  or  be  reduced  to  that  State,  i.  e.  four  Quan- 
tities of^one  Kind  muft  be  found  (or  fuppofed)  whereof  the  two  feveral  Couplets  have 
the  fame  or  an  equal  Confequent ;  and  their  Ratios  the  fame  as  thofe  in  the  Qixe- 
ftion  ;  and  then  to  fay,  that  the  one  Ratio  is  greater  or  leffer  than  the  other,  cm  have 
no  other  Meaning,  fa)s  he,  but  that  the  one  Antecedent  is  greater  or  leffer  than  the 
other,  for  there  is  no  other  real  Thing  in  this  Cafe  capable  of  being  compared  as  to 
more  and  left.  And  fo  the  Quantity  of  the  Relation,  or  Ratio,  can  be  nothing  elfe  but 
the  Qiuntity  of  the  Antecedent,  when  the  Ratios  are  reduced  to  a  common  Con- 
fequent. 

Now,  though  the  Doflor  cenfures  the  groundlefs  Notion  of  a  real  and  abfolute 
Quantity  of  Relations  (as  fuch)  yet  he  allows,  as  ufeful  and  convenient,  the  received 
Way  of  fpeaking  of  Ratios  being  equal  or  unequal,  provided  it  be  taken  in  the  only 
true  Senfe  and  Meaning,  which  has  a  rational  Foundation,  as  he  explains  it  j  and 
-which  is  the  fame  Senfe  in  Effeft  that  I  have  followed  in  the  Foundation  I  have  laid  of 
the  Doctrine  of  Proportion  Geometrical,  in  Chap.  I. 

I  Ail 
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All  that  I  fliall  add  further  upon  this  Queftion,is  in  fhort  this,  viz.Thzt  as  we  can  form 
no  dillin^t  particular  Idea  of  the  Ratio  ot  any  two  Quantities,  which  are  not  as  Number 
to  Number ;  fo  in  the  Proportion  of  Numbers,  or  of  any  Quantities  which  are  as 
Number  to  Number,  thou£>h  the  abftrafl  Relation  of  any  Number  or  Quantities  being 
equal  to  a  certain  Part  or  Parts  of  another  (which  is  the  Geometrical  Relation  of  two 
Numbers,  or  Quantities  exprcflcd  by  Numbers)  is  no  real  and  abfolute  Quantity,  yet 
the  Exponent  of  that  Relation  (which  is  the  Thing  I  call  the  Ratio,  in  diltin£lion 
from  the  pure  abftraiSt  Relation  it  felf,  of  which  it  is  the  Exponent^  being  a  Fradion 
proper  or  improper,  different  Exponents,  or  Ratios,  as  I  take  the  Word,  are  capable 
of  more  and  lefs,   and  of  being  compared  in  Quantity  the  fame  Way  as  diEferent  Fra- 

dions  are  ;  T'/rus,  for  E^.vaple,  if  A  is   -  of  B,  and  C=  i  of  D  j  then  we  may  fav, 

5  5         . 

that  the  Ratio  of  A  to  B  is  greater  than  that  of  C  to  D  j  meaning  no  other  Thing,, 
than  that  A  is  a  greater  Fraftion  of  B  than  C  is  of  D  ;  for  being  reduced  to  a  common 

Denomination  they   are  -i=-i  and  -L=:I£,  which  is  the  fame  Senfe  of  the  Quantl- 

ty  of  a  Ratio  that  we  have  heard  above  in  the  Doflor's  Reafoning:  For  thefe  four 
Quantities  are  either  four  Numbers,  or  expreffible,  according  to  the  fuppofed  Ratios, 
by  four  Numbers,  viz.  i  :  ;,  and  4:5^  and  by  reducing  the  Fraflions,  or  Exponents 
of  the  Reratjons,  to  a  common  Denominator,  which  is  reducing  the  Ratios  to  a  com- 
mon Confequcnt,  they  are  10  :  15  and  12  :  15 ;  and  from  the  Comparifbn  of  the  Ante- 
cedents 10  and  12,  the  Comparifon  of  the  Fraftions  or  Ratios  is  made,  and  their 
Quantities  determined. 

Obferve  alfo,  That  we  don't  compare  -  of  B  to  -"  of  D  j  for  if  B,  D  are  Things  of 

5  3 

different  kind,   no  fuch   Comparifon  can  be  made  ;  and  though  they  were  of  one 

Kind,  yet  i  of  D  might  be  greater  than   -  of  B,  according-  as  the  Quantities  of  B 
5  5 

and  D  happen  to  be.     But  we  Amply  compare  the  two  abftrafl  Frai5lions  -   and   L 

which  cyprefs  the  Rdarions  without  regard  to  any  Difference  or  Likenefs  of  the 
Thtr.^  5  bccaufe  the  immediate  Subjeft  of  the  Relation  is  mere  Quantity ;  which  requires 
no  m.ore,  but  that  the  Terms  of  the  Relation  be  of  one  Kind  in  each  Couplet  ^   and 

then  it  is  plain.  That  A's  being   -  of  B  is  being  a  greater  Part  of  it,  than  C's  being  — 

-    ^  .  3 

of  D  is  of  it  ^    whatever  kind  of  Things  A,  B,  and  C,  D  are. 

'  If  the  Authors,  or  their  Followers,  whom  "BarrcKv  oppofes,  were  content  with  this 
Nation  of  the  (^antity  of  a  Ratio,  then  they  Ihoald  be  forced  to  own,  that  the 
Arirhmetick  of  Ratios  is  in  all  refpeSs  coincident  with  that  of  Fraffions  (which  arc 
relative  Numbers,  or  ExprcHions  of  Quantities  relatively  to  others)  and  fo  they 
would  have  no  Rcafon  to  talk  of  a  new  Species  of  C^iantities  ;  or  of  any  different  No- 
tion of  Addition,  and  other  Operations  about  thefe  Qiiantities.  Some  of  thefe  Au- 
thors, however  abftraftly  they  pretend  to  think  about  Ratios,  as  Quantities  of  a  parti- 
cular Species  5  yet  as  they  reprcfent  them  no  other  way  than  as  Quotes  of  the  Antece- 
dent divided  by  the  Confequent  (which  are  Fractions,  or  reducible  to  fuch^  fo  they 
perform  all  Operations  with  them  as  Fractions:  But  there  are  others  who  form  a  quite- 
different  Notion  of  the  Arithmetick  of  Ratios;  and  tliough  the  Ground  of  the  Appli- 
cation is  perhaps  arbitrary  and  whinilical,  yet  as  it  is  capable  of  being  propos'd  in  otacr 

more 
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more  rcafonable  Terms,  and  is,  indeed,  no  other  but  the  Application  of  fome  of  the 
preceding  Propofuions,  I  /hall  here  briefly  explain  it, 

I.  Of  the  Addition  of  Ratios. 

Suppofe  any  Numbers,  a  :  b  -.  r  :  A  :  c,  containing  any  Ratios ;  the  Ratio  of  the  Ex- 
tremes a:  e  is,  by  the  Authors  I  have  now  in  view,  called  the  Sum  of  the  interme- 
diate Ratios,  viz.  a  :  b,b  :  c,  i:  -.  d,  d  -.  e  ;  for  no  other  Reafon,  I  know,  than  that 
they  are  continued  into  one  Series,  and  fo  exhibit  a  certain  Kind  of  Adjunction  of  the 
Ratios.     This  Operation  or  Problem  is  plainly  then  no  other  than  this,  viz. 

Having  t-ut^o  or  more  Ratios  given,  ro  find  the  Ratio  of  the  Extremes  of  a  Series, 
ivfoofe  intermediate  ^ternn  are  in  the  given  Ratio ;  the  Solution  of  which  fee  in  Co- 
rdl  IV.  'Probl.  I.  Chap.  IV. 

E^am.  To  add  2  :  5  and  4. :  5  the  Sum  is  8  :  1 5 ;  for  a  :  5  and  4 :  5  continued  make 
this  Series  8:12:  155  and  by  the  Rule  referred  to,  the  Sum  or  Ratio  fought  is  thus 

found,  viz.    —Y.  —  =: —  :  So  that,  in  the  laft  Place,  you  may  obferve,  that  this  Addi- 

.    3.       5       '5 
tion  of  Ratios  is  the  fame  as  Compofition  of  Ratios  5  and  is  Multiplication  and  not  Ad- 
dition of  Ratios  confidered  as  Fractions. 

Scuor,.  Though  in  the  true  and  proper  Notion  of  the  Addition  of  Quantities, 
tlie  Sum  is  greater  than  any  of  the  Parts  ;  yet  in  this  Application  the  Sum  will  al- 
ways be  a  lefler  Ratio,  confidered  as  a  Fraction,  than  any  of  the  Parts,  if  they  are 
all  proper  Fraflions ;  but  it  will  be  greater  when  they  are  improper  Fractions. 
And  in  the  laft  Place,  if  we  confider  only  the  Diftance  of  the  Terms  in  a  Series  of 
Numbers,  then  the  Extremes  being  at  greateft  Diftance,  in  [this  rcfpeft,  the  Ratio  of 
the  Extremes  is  the  greateft  j  but  to  take  it  in  this  Manner  is  a  very  fantaftical  Notion 
of  its  Quantity. 

II.  Of  the  Subflramon  of  Ratios. 

This  depends  upon  the  former,  and  is  to  be  conceived  thus :  Let  there  be  any  three 
Numbers  a-,  b  :  c  ;  then  as  the  Ratio  ^  :  f  is  called  the  Sum  o(  a  :  b  and  b  :  c,{6  cither 
of  thefe  is  call'd  the  Difference  betwixt  the  other  and  a:  c^  and  fo  is  reducible  to  this 
Problem,  viz. 

Having  tivo  Ratios,  to  find  a  third,  if  hich  being  continued  into  one  Series,  -xith  one 
of  the  given  Ratios,  the  Extre}nes  Jliall  be  in  the  other  given  Ratio.  The  Solution  of 
which  IS  oppofite  to  that  of  Addition,  and  is  therefore  done  by  dividing  the  Subftra- 
hend  as  a  Fraction,  by  the  Subftraftor. 

Exam.  To  fubftraft  2  :  5  from  8:15,  the  Remainder  is  4  :  5 ;  for  — -^ — =  ^=Ji-» 

15      3       50      5 

as  this  Series  fliews  ;   itf  :  24  :  50  j  where  16 :  24  :  :  2  :  5  ;  24  :  30  :  :  4  :  5,  and  i(J  :  30 

:  :  8  :  15  ;  or  this  Series,    24  :  50  :  45  j   where  50  :  45  :  :  2  :  3,  and   24  :  45  :  :  8  :  15. 

From  all  which  it's  eafy  to  obferve,   that  this  is  the  Effcfl  of  reducing  the  two  given 

Ratios  to  one  common  Antecedent  or  Confequent  (by  y)'o^/.II.Ch.IV.)the  Ratio  oT  the 

other  two  Terms  found,  being  what  is  here  called  the  Remainder  or  Difference,  in  the 

Senfe  oppofite  to  the  Sum  in  Addition. 


m. 


1 
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III.  Of  the  Multiplication  of  Ratios, 

Cafe  r.  The  Multiplier  being  an  Integer,  this  is  nothing  but  a  repeated  Addition 
of  the  fame  Ratio,  or  the  Continuation  of  the  fame  Ratio  to  a  given  Number  ofTtrmsj 
and  fo  refolves  into  this,  vi::i. 

Finding  the  Ratio  of  the  Extremes  of  a  Series  -h-  f,  ivhich  is  in  a  given  Ratio,  and 
the  Number  of 'Terms  i  more  than  a  given  Number  (■-jchicb  is  the  Multiplier.)  Which 
is  the  Application  of  Cor.  IV.  'Prob.  I.  Ch.  IV.  Thus,  to  multiply  the  Ratio  «  :  ^  by  3,  the 
Produft  is  a' :  b^ ;  and  univcrfally  a  -.  b  multiplied  by  «  is  «"  :  b".  For  the  Extremes 
of  a  Series  -H-/  in  the  Ratio  a  :  b,  and  whole  Number  of  Terms  is  «-{-t,  (^or  the  Num- 
ber of  whofe  intermediate  Ratios  is  «)  is  by  Cor.  IV.  Vrobl.  i.  a"  -.  b". 

JEsaw.  The  Ratio  1 :  5  continued  to  5  Terms  is  itf  :  24  :  ^(J  :  54  :  8r.  And  to 
16  iSi  (=1*  :  ?'')  is  the  Produil:  of  16  :  24  (=2  :  3)  by  4  j  becaufe  this  Ratio  is  re- 
peated in  a  Series  4  Times. 

ScHOL.  A  Ratio  may  be  alfo  multiplied  by  a  Fraflion  (which  is  the  fecond  Cafe.) 
But  as  the  multiplying  by  a  f  radion,  and  dividing  by  its  Reciprocal,  are  the  fame 
Thing,  and  the  Operation  depends  upon  the  Divifion  by  a  whole  Number  j  I  muft 
refer  this  till  the  firft  Cafe  of  Divifion  be  explained  j  where  you'll  fee  both  explained 
together. 

IV.  Of  the  Divifion  of  Ratios. 

Cafe  I.  To  divide  a  Ratio  by  a  whole  Number.  As  Divifion  is  oppofite  to  Multi- 
plication, fo  is  the  Senfc  and  Work  of  the  Divifion  of  Ratios  to  that  of  Multiplication. 
Therefore  as  in  a  Series  -r^  I,  a  :  b  :  c  :  d  :  e,  the  Ratio  of  the  Extremes  a  :  e  is  called 
the  Produifl  of  the  common  Ratio  a  :  b  by  the  Number  of  Terms  lefs  1 5  fo  that  com- 
mon Ratio  a  :  b  \s  oppofitely  the  Qiiote  of  the  Ratio  of  the  Extremes  a  :  e  divided  by 
the  Number  of  Terms  Icfs  i ;  (b  that  this  Work  refolves  into  this  Problem,  viz. 

Having  one  Ratio  given,  to  find  another,  'which  being  continued  into  a  Series  -^l  of 
a  given  Number  of  T'erms  (viz.  i  more  than  tl.  e  propofed  'Divifor)  the  Extremes  Jhall  be 
in  the  given  Ratio.  The  Solution  of  which  is  plainly  had  by  CoroU.  T'heor.Ml.  Ch.  IV. 
viz>.  finding  the  fecond  Term  of  a  Series  -^l,  whofe  Number  of  Terms  is  «+r  (7  being 
the  propofed  Divifor)  and  whofc  Extremes  arc  the  Terms  of  the  given  Ratio.  For 
this  fecond  Term  with  the  adjacent  Extreme,  or  that  Terni  of  the  given  Ratio  which 
we  chufc  to  call  the  firft  Term  of  the  Series,  contain  the  Ratio  fought. 

Exam.  The  given  Ratio,  kJ  :  81,  and  the  Divifor  4,  the  Ratio  fought  is  found  by 
the  Coroli.  referred  to,  2:3,  which  is  equal  to  iij  :  24  j  a.s  in  the  Series  i(J  :  24  :  35  : 
54:  8r. 

Cafe  1.  Both  for  Multiplication  and  Divifion.  To  multiply  a  Ratio  by  a  Fraflion, 
or  divide  it  by  the  reciprocal  Fr.i6lion.  Let  any  Series  -h-/,  be  a  :  b :  c  :  d  :  e-.f  ^ 
then  as  ^  :/  is  the  Produft  of  a  :  b   by  5,   (the  Number  of  Terms   lefs  i)  and  a  :  b 


the   —  of  a  -.f;    io   a  :  c  is  — ,  and  a  :  d,    2.  of  ^  ■.fi.or.a;jfifi  'Xrof  a.:  c,   and 

5  5  .5  ..  .     t    .-.      ••■  J-  •'  -  . 

i-  of  a  -.d;  that  is,  a  -.  c  is  the  Produft  ot"^  :  /  by  '~,  or  the  Quote  of  a  -.fhy  i-. 
5  .      .  5  ~ 

Wherefore,  as  Multiplying  by  a  Fraflion  is  a  mix'd  Operation  of  multiplying  and  di- 
viding by  an  Integer  j  lb  this  Cafe  is  fblvcd  by  applying  the  fcrmcr  Cafes  of  multi- 
plying and  dividing  Ratios  by  a  whole  Number.     Thus  univerfally,  to  multiply  by 

—  (or  divide  by  —  )  multiply  by  n,  and  then  divide  the  Produfl:  by  m  j  or  firft  di- 

T  t  vide 
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vide  by  m,  and  then  multiply  by  »,  (which  will  make  the  Work  eafier.)  For  'tis  plain, 
that  the  Ratio  a  :/,  divided  by  5,  gives  a  :  b  ^  and  this  multiplied  by  2,    gives  a  :  c, 

the   -^  of  a:f.     Or,  multiply  a  :f  by  2,   and  call    the   Produ£l*:/;    then  is 

a:f:  :/•/}  therefore  betwixt / :  /  there  fall  4  Means  in  the  fame  Ratio,   as  that 
oia-.b,   making   in    all  this   Series,   a  :  b  :  c  :  d  :  e -.  f:  g:  h  :  i -.  k:  I.    Nowhere 

<»:  f  :  e  :£:/:/  are  -^l  ;  therefore  a  :  c  h  the  _  of  ^ :  /,  that  is,  the  —of double 
^  5  y 

ofa:fi  th^  fame  as  the  Double  oi  a-.b,  which  is  the  —  o{  a  :f.    And  this fliews 

5 

the  Advantage  of  beginning  firft  with  the  Divifion. 

For  a  particular  Example.     Suppofe  8  :  27  multiplied  by  —  (or  divided  by  -L^  the 

Produfl   is  '4  :  c)  ;   as  in  this  Series    8  :  12  :  18  :  27,   where    8  :  la  ;  :  2  :  3,     and 

8  :  18  :  ;  4  :  <j  J  and  as  2  :  3  is  —  of  8  :  27,  fb  4:9   is  —  of  it  :   But  had  we   firft 

multiply'd,  the  Queftion  would  have  appear'd  in  this  Series,  6^:  96:  144:  216: 
324  :  485 :  729  5  wherein  (J4  :  729  : :  8* :  27%  the  Double  of  8  :  27  ;   and  6^  :  144 

(or  4  :  9  ;    for  <J4  :  144  :  :  4 :  9)  is  the    —  Part  of  it  5  becaufe  tf4 :  144  :  324 :  729  are 

-rrl.     To  conclude, 

The  Senfc  of  this  Caie  may  be  refblved  into  this  Problem,  viz.  'To  find  the  Ratio 
of  the  Extremes  of  a  Series  -H-/,  containing  a  given  Number  ofTenns,  (viz.  i  more 
than  the  Numerator  of  a  given  Multiplier,  or  the  Denominator  of  a  Divifor)  and  ivhofe 
Ratio  is  fucb,  that  another  Series  7nay  be  found  in  the  fame  common  Ratio,  ivhofe 
Number  of  Terms  is  another  Number  given,  (viz.  r  more  than  the  Denominator  of 
the  given  Multiplier,  or  Numerator  of  the  Divifor)  and  ivhofe  Estremes  are  in  a 
given  Ratio,  (viz.  that  propos'd  to  be  multiplied  or  divided.)  The  preceding  Series 
and  Explication  fliew  manifeilly  that  this  is  the  true  and  proper  Meaning  of  multi- 
plying or  dividing  a  Ratio  by  a  Fraction. 

Cafe  3.  To  divide  one  Ratio  by  another,  both  of  one  Species,  /'.  e.  having  two 
Ratios  of  one  Species  given,  to  find  how  oft  the  one  is  contamed  m  the  other ;  or  to 
find  that  Number  by  which  the  one  being  multiplied  (according  to  Cafe  r,  Multipli- 
cation of  Ratios)  the  Produft  fhall  be  equal  to  the  other  given  Ratio  ;  and  if  the  Di- 
vifor is  not  an  aliquot  Part  of  the  Dividend,  we  are  to  find  the  greateft  Number  of 
Times  it  is  contained  in  it,    and  alfo  the  Ratio  that  remains  over. 

Rule.  Subftra6l  the  Divifor  from  the  Dividend  (by  Subftra<Sion  of  Ratios^  and. 
the  fame  Divifor  from  the  Remainder,  and  the  fame  Divifor  again  from  the  Lift  Re- 
mainder, and  fb  on  continually,  till  the  Remainder  be  a  Ratio  of  Equality  ;  and  then  , 
the  Number  of  Subftraftions  is  the  Number  fought  5  in  which  Cafe  the  Divifor  is  an 
aliquot  Part  of  the  Dividend  :  Or,  till  the  Species  of  the  Ratio  in  the  Remainder  is 
different  from  that  of  the  given  Ratios ;  and  then  the  Number  of  Subftradions  lefi 
I  is  the  greateft  Number  of  Times  the  Divifor  is  contained  in  the  Dividend  ;  and  the 
laft  Remainder  but  one,  is  the  Ratio  that  is  contained  in  the  Dividend  more  than  fo 
many  Times  the  Divifor.  " 

Thus,  if  the  Series  a  :  b  :  c  :  d  :  e  \s  -^l,  then  is  ^  :  ^  contained  in  a  :  e  four 
Times  :  For  a  :  b  taken  from  a  :  e,  leaves  b  -.e  ^  and  from  this  taking  a  -.  b  (or  b  -.c) 
the  Remainder  is  c  :  e  j  and  from  this  take  a  :  b  (or  c  :  d)  the  Remainder  is  J  :  e  j 
and  from  this  take  a  :  b  (or  d  :  e)  the  Remainder  is  i  :  i  5  and  the  Number  of  Sub- 
ftraftions  being  4,  this  is  the  Quote. 

,    ,  Again: 
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Again  ;  Suppofe  a  '.  b  -.  c:  d  are  -H-/,  but  i  :  e  a  different  Ratio  ;  then  fuppofing 
the  Series  to  increafe  from  ^  to  e  ;  'tis  plain  that  d-^e  muft  be  greater  than  c-i-d  ;  or 
e  mull  be  lefs  than  a  third  Proportional  to  c  :  ti ;  for  if  it  were  greater,  we  fhould  have 
another  Term  betwixt  d  and  e  in  the  preceding  Ratio.  Now  then,  a  :  b  from  a  :  c, 
leaves  b  ■  e  of  the  fame  Species.  Again,  a  :  b  (or  b  :  c)  from  b  :  e  leaves  c  :  e  of  the 
lame  Species  ;  a  :  b  (or  c  •■  d)  from  c  :  e,  leaves  J  :  e  of  the  fame  Species.  Lafthr, 
a  :  b  from  d  :  ff  makes  the  Remainder  db  :  ae,  which  is  of  a  different  Species  j  for 

a  :  b  and  J  :  e,  being  both  Ratios  of  the  leffer  to  the  greater ;  and  ~  a  proper  Frafti- 

on  leffer  than  — ,  the  Quote  — ,  is  an  improper  Fraflion.     If  the  Series  decreafe 
e  ae 

from  a  to  e,  then  is  e  greater  than  a  true  third  Proportional  to  c  :  i  j  fo  that  when  a  :  i 

is  taken  from  d  :  e,  the  Remainder  —  is  a  proper  FraSion,    becaufe  —    is    in    this 

ae  b 

Cafe  greater  than  —     Wherefore  the  Number  of  Subftradions,  lefs  I,  vh,  3,  is  the 

Quote  )  and  the  Remainder  of  the  Diviiion  is  the  Ratio  i  t  e. 
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BOOK     V. 

Containing  thefe  following  SUBJECTS, 


r  I  z. 


I.  Of  the  Comfojition  and  Re- 

folution  of  Numbers. 

II.  Of  Figwate  Numbers. 
ill.  OJ:  Infinite  Series. 


IV.  Odnfinite  T)ecimalFraBions. 

V.  Of  Logarithms. 

VI.  Of    the  Combinations    of 
Numbers. 


C  H  A  P.    I. 

Of  the  Compo/ition  and  Re  folution  of  Numbers  :  Or^  The  'Dodrine 
oj  'Prime  and  Compofite  Numbers  ;  with  that  of  the  Commenfu' 
rabdity  and  Incommenfur ability  of  Numbers. 


$.    I.  Containing  the  General   Principles  and  T'heory. 

DEFINITIONS. 

I.  y''^N  E  Number  is  faid  to  meafure,  or  be  a  Meafure  of  another,  when  it  is 
1  1  contained  in  it  a  certain  Number  of  Times  precifely  ;  fb  that  being  taken 
^-^  out  of  it  as  oft  as  poflible,  there  fhall  nothing  remain  over.  Thus,  4  mea- 
fures  iz  ;  becaufe  it  is  contained  in  it  precifely  9  Times.  Obfirve  alfo,  that  one 
Number  is  faid  to  meafure  another  by  that  Number  which  is  the  Quote  :  So  4  mea- 
fures  12  by  5  j  and  reciprocally,  3  meafures  12  by  4:  And  hence  any  Number  with 
the  Quote,  by  which  it  meafures  another,  may  be  called  the  reciprocal  Meafures  of 
that  Number. 

COROLLARIES. 

1.  Every  aliquot  Part  of  a  Number  meafures  it ;  and  every,Number  which  meafures 
another,  is  an  aliquot  Part  of  it. 

2.  Unity  meafures  every  Number  by  that  Number  it  felf  5  and  every  Number  mea- 
fures it  felf  by  Unity  ;  and  thefe  arc  the  greatcft  and  leaft  Meafures  of  any  Numbers  j 
which  are  alfo  reciprocal  Meafures. 
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II.  A  Number  is  called  the  Common  Meaftire  of  two  or  more  Numbers,  when  it 
meafurcs  each  of  them  :  So  3  is  a  Common  Meafure  of  6,  9, 12.  And  if  it's  the  great- 
eft  Number  that  meafures  them,  it  is  called  their  Greateji  Common  Meafure  ;  as  Uni- 
ty is  their  leaft. 

III.  A  Number  is  called  a  Trime  Number,  which  has  no  Meafure,  but  it  felf  and 
Unity  ;  as  ;,  3,5,75  and  which  confcquently  is  the  ProduiS  of  no  other  Numbers. 

IV.  A  Number  is  called  a  Compofite  Number,  which  has  fome  Meafure  befidcs  it 
felf  and  Unity  5  and  which  confequently  is  the  Produft  of  fome  two  other  Numbers: 
For  every  Meafure  has  its  Reciprocal,  and  their  Produfl  is  the  Number  meafured  by 
them,  from  the  Nature  of  Divifion.  Thus,  3  meafures  12  by  4,  -md  3  Times 
4  is  1 2 . 

V.  Two  or  more  Numbers  are  faid  to  be  Commenfurahk,  when  they  have  fome 
common  Meafure  befides  i.  Thus,  <s :  9  are  Commenfurable,  becaufe  3  meafures 
them  both  j  and  5,  10,  15,  becaufe  5  meafures  them  all. 

VI.  Two  or  more  Numbers  are  faid  to  be  hi  commenfurable,  when  they  have  no 
common  Meafure  befides  i,  as  3,  4;  or  4,  5,?'.  Such  Numbers  are  alfo  faid  to  be 
Trlme  to  one  another,  or  among  themfclves  3'  though  none  of  them  be  really  Trime 
in  it  felf. 

CoROL.  Two  or  more  Prime  Numbers  are  Incommenfurablc,  becaufe  they  have  no 
Common  Meafure  but  r.  And  hence  again  ;  if  fcveral  Numbers,  A,  B,  C,  ^c.  arc 
Commenfurable,  no  two  of  them  can  be  Prime  Numbers  5  and  if  one  of  them  is  a 
Prime,  it  mull  be  the  common  Meafure  of  the  Whole,  elfe  they  have  no  Meafure, 
fince  that  Prime  has  no  other  Meaftire  befides  i. 

ScHOL.  Tho'  Unity  is  a  common  Meafure  of  ail  Numbers,  yet  the  Notion  di  Compo- 
fition  and  Coinmcn fur  ability  is  limited  fo  as  to  exclude  i  from  being  a  Meafure:  For 
fince  I  meafurcs  all  Numbers,  if  this  were  admitted,  there  would  be  no  fuch  Diftinfti- 
ons  as  Prime  and  Compofite,  Commenfurable  and  Incommenfurablc.  If  we  take 
Coii/pofition  in  the  largcA  Senfe,  then  Unity  is  the  only  Number  which  we  can  call 
Simple  j  all  others  being  Colleflions  or  Compofitions  of  Units  :  But  this  Confideration 
is  too  general  and  fimple  to  be  of  any  Ufe  in  difcovering  the  Properties  of  Numbers; 
and  therefore  the  Compofition  here  treated  of,  is  that  particular  Kind  which  depends 
upon  Multiplication,  taken  in  its  more  proper  and  ftria  Senfe,  as  applied  to  the  Re- 
petition of  Numbers,  or  multiplying  them  by  a  Number  greater  than  Unity  5  becaufe 
Unity  apply'd  as  a  Multiplier,  makes  no  Alteration  of  the  Number  to  which  it  is 
apply 'd. 

Obferve  alfo,  That  Integral  Numbers  only  make  the  Subjeil  of  this  Chapter  : 
For  if  Fractions  were  admitteil,  then  there  is  no  Number,  either  Integral  or  FracHo- 
nal,  but  fome  Fraction  will  meafure  it.  For  Example  j  Let  A  be  any  whole  Num- 
ber :   take  any  Frai5Iion  whofe  Numerator  is  I,  as —,   it  will  meafure  A  5  the   Quote 

A  .A 

being ;;A.     Again,  let   _  be  any  Fradlion,  'tis  meafurable  by  this  Fraflion —.  ,    the 

Quote    being 1=/;.     Again  obferve,  that  the  Diftiniflion  of  Fraflions  into  Sim- 

A  D 

pie  and  Compound,  explained  in  Book  II.  is  nothing  like  this  Diltinflion  of  Prime 
and  Compofite  j  even  though  Multiplication  is  concerned  in  that  Compofition  ;  for 
that  is  merely  a  Diflinftion  of  two  different  Forms  of  exprefling  the  fame  Quantity: 

Q 

Thus,    —   of  -i,  and  _,   are  but  the  fame  Thing  differently  conceived  and  exprcf- 

3  5  15 

itd  :  So  that  if  we  take  the  Notion  of  Compofition  in  General,  as  the  Effcfl:  of  Mul- 

tiplic.iion^ 
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tiplication,  then  —  is  a  compound  fraflional  Number,  tho'  exprefled  in  a  fimple  Form  : 

And  in  this  Senfe  we  can  call  that  only  a  Simple  Fraftion  which  is  not  the  Produfl:  of 
two  real  Fraftions,  proper  or  improper  (excluding  fuch  improper  ones  whofe  Value  is  an 
Integer,  and  not  a  mix'd  Number)  and  fuch  only  are  all  Fraftions,  whofe  Denomina- 
tors arc  Compofite  Numbers.  Example  :  —  is  a  Simple  Fradlion,  both  in  Form  and 
in  itsNature ;  becaufe  no  two  Fraftions  produce  it,  or  it  is  not  the  Fraction  of  a  Fraflion  j 

but  this  —  is  Simple  in  its  Form,  and  in  its  Nature  Compound  5   for  it  is   1.  of  JL, 
I)  5         5 

and  — =—  of  1  or  -t  of -1 :  And  this  Simplicity  and  Compofition  is  what  belongs 

to  Fractions,  but  has  nothing  to  do  in  the  Subje£l  of  this  Chapter. 

VII.  A  Number  is  called  Even,  which  is  Meafurable  by,  or  is  a  Multiple  of  2  5  as 
a,  4.,  (J,  t£c. 

VIII.  A  Number  is  called  Odd,  which  is  not  Meafurable  by,  or  is  not  a  Multiple 
ofi5   as  9,  5,  7,  i^c. 

COROLLARIES. 

1.  An  odd  Number  divided  by  2,  leaves  i  of  Remainder. 

2.  Take  the  natural  Progreffion  1.2.3.4,  ^c.  and  beginning  at  2,  take  every 
other  Number,  /.  e.  take  one  and  leave  the  next  continually,  and  fo  you  have  the 
whole  Series  of  even  Numbers,  2  .  4  .  (J  .  8  .  10,  ^c.  for  the  Series,  i,  2,  3,  l^c. 
having  i  for  the  common  Difference,  the  Difference  of  any  Term,  and  the  next 
but  one,  is  2  ;  confequently  beginning  at  2,  and  taking  every  other  Term,  we  have  a 
Series  differing  by  2  5  which  beginning  with  2,  is  therefore  the  Series  of  Multiples  of 
2,  i.e.  of  all  even  Numbers.  Hence  again,  if  we  begin  at  3,  and  take  every  other 
Term,  as  3,  5,  7,  9,  ^c.  we  have  the  Series  of  odi  Numbers  3  which  proceeds  alfo 
by  the  common  Difference  of  2. 

3.  If  we  take  the  natural  Progreffion,  1.2.3,  i^c.  and  double  each  Term  of  it,  the 
Series  of  Produfls  is  the  Series  of  even  Numbers  ;  becaufe  it  is  the  Series  of  Multi- 
ples of  2.  And  taking  the  fame  natural  Progreffion,  if  we  take  the  Sums  of  every 
two  adjacent  Terms,  thus,  i-\'Z  :  2-J-3  :  3+4,  ^c  thefe  make  the  Series  of  odd 
Numbers  3:5:7,  i^c.  for  the  firft,  i-f-i=3  is  the  firft  odd  Number,  and  the  Se- 
ries proceeds  by  the  conftant  Difference  of  2  ;  becaufe  every  two  adjacent  Sums 
have  one  Part  common,  and  the  other  Parts  are  either  two  adjacent  odd  Numbers,  or 
two  adjacent  even  Numbers ;  which  differing  by  2,  therefore  the  Series  of  Sums  differ 
by  2  ;  and  becaufe  the  firft  is  3,  they  muft  make  the  Series  of  odd  Numbers. 

4.  I  added  to  any  even  Number  or  fubftraded  from  it,  makes  the  Sum  or  Remain-- 
der  the  next  greater  or  leffer  odd  Number  ;  and  i  added  to  or  fubftrafted  from  any 
odd  Number,  makes  the  Sura  or  Difference  the  next  greater  or  lefler  even  Number.  A- 
gain,  2  added  to  or  fubftrafted  from  any  even  or  oda  Number,  gives  the  next  greater 
or  lcffi;r  Number  which  is  iKoeven  or  odd. 

5.  All  even  Numbers  have  2,  4,  6,  8,  or  o,  in  the  Place  of  Units  if  they  exceed 
8  J  for  they  proceed  from  the  continual  Addition  of  2  to  it  felf,  and  to  every  fuccecd- 
ing  Sum  ;  but  the  firft  of  them  are  thefe  2.4.^.8.10,  and  confequently  the  fame 
Figures  muft  circulate  continually  in  the  Place  of  Units.  Again,  all  oJi  Numbers 
above  9,  have  in  the  Place  of  Units,  one  of  thefe  Numbers,  5,  5,  7,  9,  or  i  ;  for  all 
odd  Numbers  proceed  from  the  confl:ant  Addition  of  2,  firft  to  i,  and  then  to  the  Sum, 
making  the  firft  5  odd  Numbers  thefe,  3, 5,  7,  9,  11,  ;  whence  it's  plain,  that  the 
fame  Figures  will  continually  circulate  in  the  Place  of  Units. 

5.    All  ; 
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5.  All  even  Numbers,  except  ;,  arc  Compofite.  But  of  odd  Numbers  fome  arc 
'Prirtte,  as  3,  5,  7,  and  fome  Compofite,  as  9,  15,  2t.  And  fince  the  two  Series  of 
even  and  odd  Numbers  comprehend  all  Numbers,   it  follows,  that, 

6.  All 'Pr« we  Numbers  are  Ofi(/,  except  the  jPr/7«e  2. 

ScHot.  An  odd  Number  may  meafure  an  even,  as  5  mcafures  11 :  But  an  even  can- 
not mcafure  an  od<L  Alfo  the  Produft  of  two  even  Numbers,  or  an  odd  and  even, 
is  always  even  ;  as  the  Produfl  of  two  odd  is  odd  ;  the  Reafons  of  which  you  will 
learn  afterwards.  And  upon  thefe  Things  are  founded  the  following  Definitions  j 
whereby  all  Compofite  Numbers  are  divided  into  evenly  even,  oddly  even,  and  oddly 
odd.     Thus: 

IX.  An  even  Number  is  called  evenly  even,  which  an  even  Number  meafures  by  an 
even  Number,  or  is  produced  by  two  even  Numbers,   as  i2=2X(5',  and  i4=4X(j. 

X.  An  even  Number  is  called  oddly  even,  which  an  odd  Number  meafures  by  an 
even  ;  or  is  produced  by  an  odd  and  even,  as  18=5X1?. 

XI.  An  odd  Compofite  Number  is  called  oddly  odd  ;  becaufe  an  odd  Number  mea- 
fures it  by  an  odd,  as  r  5=3X5  ;  or  it  is  produced  by  1  odd  Numbers. 

Obferve,  Becaufe  no  even  Number  meafures  an  odd  ;  therefore  odd  Compofites  are 
but  of  one  fingular  Species,  viz.  oddly  odd  ;  therefore  to  call  an  odd  Number  Compo- 
fite, implies  oddly  odd;  but  oi even  Numbers  there  is  a  Variety  :  Alfo  bcfides  the  pre- 
ceding two  general  Diftindions,  it's  remarkable,  that  fome  of  them  ^tc  evenly  even 
only,  i.  e.  they  are  not  alfo  oddly  even  ;  as  8=2X4,  which  no  odd  Number  can 
meafure.  Some  of  them  are  oddly  even  only,  i.  e.  which  are  not  the  Produdl  of  two 
even  Numbers,   as    14=2X7.    Laftly,  fome   are   both  evenly  and  oddly  even,    as 

I2=2X(J=:3X4. 

Again,  obferve.  That  though  r  may  anfwer  to  the  general  Definition  of  an  odd 
Number  5  yet  it's  excluded  in  all  that  follows  efpecially  in  what  relates  to  the  three 
laft  Definitions  ;  becaufe  thefe  Names  imply  Compofite  Numbers,  in  which  i  is  no 
Component  Faftor  in  a  proper  Senfe.  It's  true  indeed,  that  if  we  apply  i  as  an  odd 
Number,  in  fome  of  the  following  T'heoremi  they  will  llill  be  true  j  cut  then  it  is  to 
no  Purpofe,  becaufe  they  will  coincide  with  fome  other  Thing. 

XII.  A  Number  is  called  'Perfect,  which  is  equal  to  the  Sum  of  all  its  aliquot 
Parts  ;  as  6='y-\-2.-\-i,  which  are  all  the  aliquot  Parts  of  (f. 

XIII.  A  Number  is  called  Abundant,  the  Sum  of  whofe  aliquot  Parts  exceeds  it  j 
as  12,  whofe  aliquot  Parrs  are  i-|-i-)-3-}-4-f-(5=r(f. 

XIV.  A  Number  is  called  'Deficient  ^  the  Sum  of  whofe  aliquot  Parts  is  lefs  than 
it  5  as  8,   whofe  aliquot  Parts  are  i-f-i-f"4=7- 

AXIOMS. 

ifi.  If  a  Number,  A,  meafures  each  of  the  feveral  Numbers,  B,  C,  D,  t3c.  it  will 
meafure  their  Sum.  And  if  it  meafure  them  all  but  one,  it  cannot  meafure  the 
Sum. 

2./.  The  Number  A,  which  meafures  the  Sum  of  two  Numbers,  B-f-C,  if  it  mea- 
fures one  of  thefe  Numbers,  it  will  meafure  the  other  alfo  j  or,  if  it  meafures  the 
Sum  of  feveral  Numbers,  and  alfo  each  of  the  Parts  to  one,  it  muft  meafure  that  one 
alfo. 

CoROL.  The  Sum  of  two  Numbers  is  Commenfurable  with  each  of  them  5  or  it  is 
Incommenfurable  with  eacii  of  thtin  5  and  cannot  be  Commenfurable  with  the  one, 
and  Incommenfurable  with  the  other  :  And  the  Commenfur ability  or  Incommenfura- 
bility  of  the  Sum  with  each  of  them,  is  according  as  they  are  to  one  another  Commen- 
furable or  Incommenfurable  5  and  revcrfcly,  as  the  Sum  is  Commenfurable  or  not  to 
each  of  them,  fo  are  they  Commenfurable  or  not  to  one  another.  . 

.   5 J.  The, 
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5.i.  The  Number  A,  that  meafurcs  another,  B,  meafures  all  the  Numbers  that  B 
mcafures,  i.  e.  all  the  Multiples  of  B  ;  and  what  is  meaiured  by  A,  is  fo  by  all  the 
aliquot  Parts  of  A . 

COROLLARIES. 

1.  No  even  Number  can  meafure  any  odd  Number  ;  for  then  2,  which  meafures 
all  even  Numbers,  would  meafure  an  odd  Number,  contrary  to  the  Definition  of  an 
odd  Number. 

2.  If  a  Number,  A,  is  a  ^Iultiple  or  aliquot  Part  of  another,  B,  which  is  a  Multiple 
or  aliquot  Part  of  another  C,  which  is  fo  of  another,  D,  and  fo  on  5  then  is  each  lefler 
of  thefe  Numbers,  a  Multiple  or  aliquot  Part  of  all  the  greater,  i.  e.  A  of  B,  C,  D, 
^c.  BofC,  D,  ^c. 

•5.  From  this  and  ^.<.  z.  follows,  that  if  one  Number,  A,  meafures  each  cf  two  other 
Numbers,  B,  C,  it  will  alfo  meafure  the  Remainder  after  B  is  taken  out  of  C,  as  oft 
as  poffible. 

/^t/:>.  Of  whatever  Faflors  any  Number  is  compos 'd  by  Multiplication,  it  is  refolva- 
ble  into  the  fame  by  Divifion  ;  i.  e.  it  is  meafurable  by  each  of  thefe  Factors,  or  the 
Produ£l  of  any  two  or  more  of  them  ;  and  the  Quote  is  always  the  Produft  of  all  the 
reft  of  them:  Thus,  if  N  =  rtX^XfX^,  thenN -^a  =  [pcd,  znd  N^-dl;=cd. 

Sc  HOL.  A  Number  may  be  diftributed  into  Parts,  fo  that  though  another  Number 
can  meafure  none  of  thefe  Parts  5  yet  it  may  meafure  the  Whole  :  But  if  it  meafures 
the  Whole,  it's  always  poflible  to  feparatc  it  into  Parts,  each  of  which  that  Number 
will  meafure.  Again,  if  a  Number  meafures  none  of  the  Parts,  or  not  all  of  them, 
and  yet  meafurcs  the  Whole,  it  muft  meafure  the  Sum  of  all  the  Remainders  that 
happen  upon  the  Divifion  of  the  feveral  Parts  ^  for  thefe  being  taken  away,  it  mea- 
fures what  remains  ;  and  meafuring  the  whole,  therefore  it  meafures  the  Sum  of  thefe 
Remainders,  which  is  the  other  Part  of  the  Whole. 

PROBLEM     I. 

Of  all  the  odd  Numbers,  not  exceeding  a  given  one,  to  diftinguifh  which  of  them 
are  'Prime,  and  which  Compojite  5  and  confequently  to  find  whether  any  odd  Number 
is  'Prime  or  Compojite. 

Rule.  Begin  with  the  Number  5,  and  take  the  Progreffion  of  odd  Numbers 
5,  5,  7,  9,  II,  ^c.  till  you  have  the  given  Number  :  Then  beginnmg  at  3,  the  firft 
'Prime  odd  Number,  fet  fome  Mark,  as  a  Point  or  Dafh  over  the  third  Term  after  it, 
and  over  the  third  Term  after  this,  and  fo  on  till  you  have  not  5  Terms  within  the 
given  Limit.  Then  begin  at  5,  and  number  5  Terms  after  it,  fetting  the  fame 
Mark  over  the  jth,  and  over  the  5th  after  this,  and  fo  on  continually  as  long  as  you 
have  5  Terms  ;  do  the  fame  from  all  the  following  Terms  7,  9,  ^c.  till  you  come  to 
one  after  which  you  cannot  find  as  many  Terms  as  it  exprefles.  And  obferve  that 
where,  in  the  Courfe  of  the  Work,  you  find  a  Mark  already,  you  need  not  put  a  new 
one.  The  Numbers  thus  marked,  arc  all  Corapofites,  the  others  not  marked  being 
all  Primes. 

Exam.  To  find  all  the  Primes  from  3  to  79,  they  are  thefe;  5,  5,  7,  11,  13,  17, 
19,  25,  29,  51.  37.41.  43>47i  53)  59)  "JJ.  <J7>  71.  73>  7Pj  as  you  fee  them  marked 
in  this  Scheme  : 

5  .  5  .  7  .  9  .  ri  .  13  .  15  .  17  .  19  .  II  .23  .  25  .  27  .  19  .  51  .  53  .  35  .  57  .  39  .41  . 

43  •  45  •  47  -  49  .  51  .  53  •  55  •  57  .  59  .  <^i  .  <J3-<'5  •<i7  .<J9  •  71-73  •  75  •  77/7^' 

CDemoH- 
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Demon.  Since  an  odd  Number  cannot  be  mcafured  by  an  even  {Cofoll.  I.  Ax.  Hid.) 
therefore  if  an  odd  Number  is  compofitc,  it  is  a  Multiple  of  fome  leffer  odd  Number 
by  fome  other  5  and  hence  'tis  plain,  that  if  we  can  diftinguilh  all  the  odd  Numbers 
within  the  Limits  of  the  Queftion,  which  are  the  Multiples  of  each  odd  Number  by 
every  other,  we  have  all  the  Compofites  within  the  Limits  of  the  Queftion.  Now  that 
thefe  are  truly  found  by  the  Rule,  I  thus  prove  : 

The  common  Difference  in  the  Scries  of  odd  Numbers  is  2;  therefore  a  Term  di- 
ftant  from  any  Term,  as  far  as  this  Term  expreffts  (/'.  e.  the  third  Term  after  3  ;  or 
fifth  after  5,  ££?c.)  is  the  Multiple  of  that  former  Term  by  9  j  for  it  exceeds  that  for- 
mer by  as  many  Times  2,  as  its  Diftance  from  that  former,  /'.  e.  by  the  Multiple  of  that 
former  by  2,  or  of  2  by  that ;  and  confecjuently  it  is  3  Times  that  former.  Going 
one  Period  further,  according  to  the  Rule,  the  next  Term  we  mark  exceeds  the 
Term  laft  marked, by  the  fame  Difference  as  it  does  the  firft  Term,  /'.  e.  by  2  Times  that 
firft  Term  (becaufe  equidiftant  Terms  taken  out  of  an  Arithmetical  Progreffioi;,  arc 
equidiftercnt.)  But  the  laft  marked  is  equal  to  three  Times  the  firft,  and  that  now 
marked  exceeds  the  preceding  by  tv/o  Times  the  firft,  and  therefore  it  is  equal  to 
3+2,  or  5  Times  the  firft  :  For  the  fame  Reafon  the  next  marked  will  be  5-)-2,  or  7 
Times  the  firft  j  and  fo  on  in  the  Progreflion  of  odd  Numbers,  /.  e.  the  feveral  Terms 
marked  m  numbering  from  every  Term,  are  the  Multiples  of  this  Term  by  all  the 
Terms  of  the  odd  Series  from  5.  Wherefore  we  have  found  all  the  Multiples,  not  exceed- 
ing the  Limits  of  the  Queftion,  of  every  odd  Number  by  every  odd  Number,  /.  e.  all  the 
odd  compofite  Numbers  required  ;  and  confequently  what  are  not  marked  are  all  prime. 

Scholiums. 

That  the  Rule  and  Demonftration  of  this  Problem  might  not  be  too  embarafled  and 
diflficuU,  I  have  left  fome  Things  to  be  explained  here,  by  which  the  Work  is  made  eafier. 

I/?.  (Jf  the  Series  of  Compofites  numbered  from  5,  mark  the  fecond,  which  is  15, 
with  a  double  Point  or  Dafh  ;  then  from  that  one  begin  the  Numbering  by  the  next 
odd  Number  5,  and  mark  the  fecond  of  this  new  Series  with  a  double  Mark;  then 
from  this  one  begin  the  Numbering  by  the  next  odd  Number  7,  and  fo  on  through  all 
the  reft.  Thefe  Terms  doubly  marked  will  all  follow  one  another  in  order,  and 
therefore  'tis  always  the  laft  double  Mark  at  which  we  begin  for  the  next  Step.  Th\is 
you  fee  them  marked  in  the  preceding  Example. 

The  Reafon  is  this :  Take  any  Term  of  the  odd  Series,  its  Multiples  by  each  of  the 
preceding  Lefler  coincide  with  the  Multiples  of  each  of  thefe  by  this  one.  Example: 
The  Multiples  of  7  by  5  and  5  are  the  fame  as  the  Multiples  of  5  and  5  by  7  j  whence 
it  is  plain,  that  if  all  the  Multiples  of  all  the  Terms  preceding  any  given  one  are  mark- 
ed, tlien  we  have  fo  many  of  the  Multiples  of  this  one  already  marked,  as  do  not  ex- 
'ceed  its  Produft  into  the  preceding  Term ;  and  fo  we  need  only  to  begin  at  this  Pro- 
duft  in  numbering  by  this  Term.  Bur  again,  it  is  plain,  that  the  Produft  of  any  Term 
into  the  preceding,  and  ifs  Produit  into  the  following,  will  have  but  one  Compofite 
betwixt  them,  viz,,  the  Produft  of  that  Term  into  it  felf;  therefore  the  Produ6l  of 
any  Term  into  the  preceding  is  the  ftcond  afrer  the  Product  of  that  preceding  into  its 
preceding  j  hence,  Znjlly,  if  we  mark  all  the  Multiples  of  ?^  the  firft  odd  Number, 
and  begin  numbering  by  5  at  the  fecond  Compofite  from  5,  we  /hall  have  all  the  Mul- 
tiples of  5 ;  and  begmning  the  Numbering  by  7  at  the  fecond  of  thefe  numbered  by  5, 
wc  (liall  have  all  the  Multiples  of  7  5    and  fo  on.' 

zj.  We  may  yet  fave  a  good  deal  of  trouble  in  writing  down  the  Series  of  odd  Num- 
bers,  by  this  Method  : 

Suppofe  the  given  Limit  be  99,  write  down  the  Numbers,"!,  3,  5,  7,  9  in  one  Line, 
reckoning  each  of  them  as  fimple  Units  ;  in  a  Column  on  the  left  Hand  of  thefe,  write 
the  Series  o,  i.  2.  3.  4.  5.  6,  7.  8.  p,  reckoning  each  of  thcfc  as  fo  many  lo's  j  then 
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draw  Lines  feparating  them,  as  in  the  annex'd  Scheme :  the  SpacesJ 

7  I  p  I  made  bv  the  crofling  of  thefc  Lines,  taken  in  the  continued  Order- 
of  the  odd  Numbers  from  thefirft  Space  in  the  upper  Corner  on  the 
left,  againft  o,  and  under  i,  and  numbered  to  the  Right  through 
that  Lme,  and  fo  fucceffiveiy  through  the  reft  of  the  Lines,  are  the 
Places  in  which  all  the  odd  Numbers,  fet  down  one  after  another 
in  order  from  i  to  99,  would  ftand  :  And  without  writing  them 
down,  their  Places  are  known  thus  j  take  the  Figure  in  the 
Place  of  ig's  of  any  Number  in  the  Column  on  the  left  Hand, 
and  (he  Figure  in  the  Place  of  Units  in  the  upper  Lme  ;  then 
the  Space  where  the  Line  of  Spaces  from  the  Figure  in  the  Place 
of  lo's,  and  the  Column  of  Spaces  from  the  Figure  in  the  Place 
of  Units,  do  meet,  is  the  Place  of  that  Number.  Wherefore  if 
we  begin  at  the  Space  under  5  in  the  firft  Line  of  Spaces,  and 
number  the  Spaces  in  order  from  this  towards  the  right  Hand 
through  every  Line,  and-  mark  the  Spaces  as  before  we  did  the 
Numbers  reprcfented  by  thefc  Spaces,  we  ihall  have  the  Primes  and  Compofites  the 
ftme  Way  diftinguiflied  ;  with  this  plain  Advantage  of  Eafe  in  the  Work,  that  we 
have  not  the  Trouble  of  writing  down  all  the  odd  Numbers  feparately.  There  are 
other  Advantages  of  this  Method,  which  you'll  learn  afterwards. 

Again,  If  the  Limit  be  jipy,  carry  on  the  odd  Numbers  upon  the  upper  Line  to  pp  5 
and  the  Scries  0.1.2. 3. 4. 5.5. 7. 8. 9  on  the  Left,  reprefents  loo's. 

By  this  you'll  eafily  perceive,  how  the  Table  may  be  made  to  any  Limit.  After- 
wards (fee  'Prolyl.  III.)  you'll  find  a  Table  carried  to  999,  with  other  Work  upon  it, 
to  ferve  other  ufeful  Purpofcs. 

5^.  When  you  begin  to  number  by  any  Term,,  fee  firft  if  it  be  a  Prime  or  Compofite, 
which  the  Table  will  /hew,  according  as  the  Place  of  it  is  marked  or  not  5  for  all  the 
Compofites  within  the  Limits  afligned,  which  do  not  exceed  the  Pioduft  of  this  Term 
into  the  preceding  ("and  in  fome  Cafes  fome  that  do  exceed  this  Produflj  are  already 
marked  5  and  therefore  if  this  Term  is  Compofite  it  is  already  marked  :  Then  if  the 
fuppofed  Term  is  a  Prime,  you  muft  go  on  by  the  Rule  ^  but  if  it  is  Compofite,  all 
its  Multiples  are  already  marked,  becaufe  they  are  alfo  Multiples  of  any  of  its  compo- 
nent Parts,  and  all  the  Multiples  of  thefe  are  already  marked  :  Only  it  will  be  necef- 
fary  to  number  out  the  firft  two  Periods,  that  the  fecond  Compofite  in  numbering  by 
this  Term  may  be  doubly  marked,  in  order  to  know  where  to  begin  for  the  next 
Term. 

4t/r.  .If  it  be  propofed  to  find,  Whether  any  given  odd  Number  be  Prime  or  Compofite, . 
it  will  not  be  always  neceflary  to  find  all  the  Primes  and  Compofites  within  that  Li- 
mit ;  for  if  in  the  Courfe  of  the  Work  the  Mark  of  a  Compofite  talis  upon  the  given 
Number,  we  have  the  Queftion  folved,  and  there  we  may  ftop.  And  if  you  have  al- 
ready a  Table  made,  there  you  have  the  Queftion  folved  for  all  Numbers  not  exceed- 
ing the  Limits  of  the  Queftion.  Afterwards  (fee  Coroll.  'Probl.  111.)  you'll  fee  ano- 
ther Method  of  finding  whether  a  Number  be  Prime  or  Compofite,  without  carrying  a 
Table  fo  far  as  the  given  Number. 

jr^.The  laft  Remark  I  make  on  this  Queftion  is.  That  all  Numbers  which  have  5  in. 
the  Place  of  Units,  as  15,  25,  55,  i^c.  are  Compofite  Numbers  meafurable  by  5  ;  for  if 
that  5  in  the  Place  of  Units  be  taken  away,  what  remains  has  o  in  the  Place  of  Units, 
and  fo  is  a  Multiple  of  i  o,  and  confequently  a  Multiple  of  5 ;  therefore  5  which  meafures 
both  the  Parts  docs  alfo  meafure  the  whole ;  fb  5  meafures  140  and  y,  theretore  it 
meafures  145.  Again,  a  Number  which  has  any  Figure,  except  i,  in  all  its  Places, 
j«  a  Compofite  meafurable  by  that  Figure,  fo  333=111X3.  7777=1111x73  but  if  i 
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is  in  all  its  Places,  the  Number  is  Prime  in  fome  Cafes,  and  in  fome  Compofitc  j  fo  ii 
is  Prime,   iii  is  Compofite,  for  it  is  =3X37.  ^ 

PROBLEM    II. 
To  find  if  two  or  more  given  Numbers  are  Commenfurable  or  Incommenfurable  ; 
and  what  is  their  greateft  common  Meafure. 

Cafe  I.     For  tim  Numbers. 
The  Rule  and  Reafon  of  this  Cafe  we  have  already  explain'd  [Soofe  II.  Chap.  II. 
'Probl.  v.]  where  it  is  taught  how  to  reduce  a  Fraction  to  its  loweft  Terms  by  firft 
findmg  the  greateft  common  Meafure  to  its  Numerator  and  Denominator.  I  flxall  there- 
fore reter  to  that  Place,  and  draw  from  it  thefe  Corollaries. 

COROLLARIES. 

r/?.  Whatever  Number  meafurcs  any  two  Numbers  A,  B,  it  will  alfo  meafure  their 
greateft  common  Meafure.  If  you  look  back  to  the  Rule  and  Operation  referred  to, 
this  Confequence  will  be  evident.  For  whatever  meafures  the  given  Numbers,  /.  e. 
the  firft  Dividend  and  Divifor,  meafures  alfo  the  firft  Remainder  (Cor.  ill.  j4x.  III.)  and 
confequently  it  meafures  the  fecond  Divifor  (which  is  the  firft  Remainder^  and  the 
fecond  Dividend  (which  is  the  firft  DiviforJ  and  fo  on  through  all  the  fuccceding  Di- 
vifors  and  Dividends  to  the  laft  Divifor,  which  is  the  greateft  common  Meafure. 

Exam.  The  greateft  common  Meafure  of  84  and  1 5(J  is  12;  and  becaufe  the  Nambere 
2,  3,  4,  6  do  meafure  both  84  and  1 56,  therefore  they  meafure  12. 

ii  Two  Numbers,  whofe  Difference  is  i,  are  Relative  Primes,  for  their  greateft  com* 
mon  Meafure  is  i,  this  being  the  very  firft  Remainder.  And  for  the  fame  Reafon  any 
Series  of  Numbers  differing  continually  by  i,  are  relative  Primes,  fince  no  two  of 
them,   whofe  Difference  is  i,  can  have  any  other  common  Meafure. 

%i.  Two  odd  Numbers  differing  by  2  are  Incommenfurable  5  for  the  firft  Remain- 
der is  2,  and  the  fecond  is  1.  Hence  alfo  any  Series  of  odd  Numbers  differing  by  2  are 
Incommenfurable. 

\th.  It  two  Numbers,  A,  B,  are  Incommenfurable,  then  when  any  Multiple  of  the 
Icfler,  A,  as  «A,  is  taken  out  of  the  greater,  B,  the  Remainder  B — /»A  is  either  i,  or 
a  Number  Incommenfurable  to  A  :  For  if  any  Number  meafure  A,  it  will  meafure  nk.^ 
and  if  it  alfo  meafure  B — «A  it  will  meafure  B  j  and  fo  A,  B  would  be  Commenfurable^ 
contrary  to  Suppofition., 

« 
Cafe  II.    For  more  than  two  Numbers. . 
Rule.     Find  the  greateft  common  Meafure  to  any  two  of  them  j  then  find  the 
fame  for  the  Number  now  found,  and  any  other  of  the  given  Numbers  ^    and  again, 
for  the  laft  found,  and  another  of  the  given  Numbers  5  and  fo  on,  till  you  have  gone 
and  the  laft  found  is  the  Number  fought. 

Esmn.  The  greateft  common  Meafure  of  24,  40,  52,  is  4,  found 
thus;  the  greateft  common  Meafure  of  14  :  40  is  8,  and  that  of  8 
and  52  is  4. 

Demon.  i°.  Since  m  Meafures  A,  B,  and  n  meafurcs 
m,  C,  therefore  n  meafures  A,  B,  C  i^Ax.  III.)  Again,  0 
meafurcs  n,  D,  and  /;  meafures  A,  B,  C,  therefore  0  mea- 
fures A,  B,  C,  D  j  and  fo  it  proceeds  for  ever,  /'.  e.  each  Number  found  in  the  Ope- 
ration is  a  commen  Multiple  to  all  the  given  Numbers. 

1°.  The  Numbers  found  are  the  greateft  common  Meafures  of  the  given  NuiBbersj 
for,  what  meafures  A,  B  meafures  ?«,  and  what  meafures  m,  c,  meafures  n,  (Cor.  I. 

U  u  t  Cafe 


through  them  al 

24  :   40   :    52 
8       4 


A  .  B  .  C  .  D  .  efc. 
m  .  n   .   o  .  ^c. 
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Cafe  I.)  therefore  what  meafures  A,  B,  C,  meafures  //,  and  confequently  it  is  not 
greater  than  ;/,  which,  is  therefore  the  greateft  common  Meafure  of  A,  B,  C.  Again, 
what  meafures  A,  B,  C  meafures  ;;  (by  the  Lill  Step)  and  what  meafures  «,  D  meafures 
0  (Cor. I.  Cafel.)  therefore  what  meafures  A,  B,  C,  D,  meafures  c,  and  confequently 
is  not  greater  than  o,  which  therefore  is  the  greatefl  common  Meafure  i.f  A,  B,  C,  D. 

The  fame  Rcafoning  is  manifeftly  good  from  one  Step  to  another  for  ever  j  from 
•which  we  have  plainly  gained  the  following  Truth,  viz. 

CoROLL.  5?/.'.  Whatever  meafures  any  Numbers  A,  B,  C,  £f7c.  meafures  their  great- 
eft  common  Meafure ;  fo  that  all  their  other  common  Meafures  are  aliqiior  Parts  of  the 
grcatefl". 

ScHOL.  An  Integer  being  divided  by  a  mixt  Number  lefs  than  it  felf  may  quote  an 
Integer,  and  upon  that  Account  we  may  fay,  that  the  mixt  Number  meafures  the 
other  5  fo  that  a  mixt  Number  may  be  the  common  Meafure  of  two  or  more  Integers. 
For  Exanipk,  i8  and  24  being  divided  by  i  |  or  4  quote  12,  16.  But  from  the  pre- 
ceding Demonftrations  we  learn  thefe  Truths : 

COROLLARIES. 

6th.  A  mixt  Number  can  never  be  the  greateft  common  Meafure  of  two  Integers ; 
for  It's  (liewri,  that  this  muft  be  an  Integer,  viz.  the  laft  Remainder  of  a  Divifion 
of  Integers  :  Hence  again, 

1th.  No  mixt  Number  can  be  the  greateft  common  Meafure  of  any  Number  of  In- 
tegers, for  then  it  might  alfo  be  the  greateft  common  Meafure  of  two  Integers. 

'ith.  Two  Integers  which  have  not  another  common  Meafure  in  Integers  but  r,  have 
mot  one  of  any  kind,  except,  perhaps,  an  al'quot  Fraftion,  (viz.  fuch  as  has  i  for  its 
Numerator}  or  fome  equivalent  one ;  for  i  being  their  greateft  Meafure,  no  other  Num- 
ber can  meafure  them, -except  it  be  a  proper  Fraflion  j  but  no  other  than  an  aliquot  Fra- 

ftion  can  do  it :  For  fuppofe  any  other,  as  — ,  if  it  meafures  A,  B,  it  meafures  alio  their 
greateft  Meafure  i,  which  is  impoffiblej  becaufe  the  Quote  of  i  by  —is — , which  can- 
not be  equal  'to  an  Integer  precifely,  for  then   -  would  be  equal  to  an  aliquot  Fra- 

tSion,  i.e.  fuppofe  -=ror  -,  then  is   ^1=  L,  contrary  to  Suppofition 
a  I  n      r 

^th.    Integers  that  have   a  mixt  common  Meafure,    have   alfo   an  Integral  one 
greater  than  i  ;  for  their  greateft  muft  be  an  Integer,  and  it  muft  be  greater  than  i, 
becaufe  a  mixt  Number,  which  is  always  greater  than  i,  is  fuppofed  to  meafure  them. 
But  obferve ;  Two  N  umbers  may  have  an  integral  common  Meafure  greater  than  i , 
and  yet  have  no  mixt  common  Meafure. 

Theorem    I. 
Every  prime  Number,  A,  is  Incommenfurable  with  every  Number,  B,  which  it  does 
not  meafure. 

Demon.  If  A,B,  are  Commenfurable,  then  either  A  or  fome  other 

A=5  .  B=8  Number  meafures  them  both  j  cither  of  which  is  contrary  to  the  Sup- 

pofition. 

CoKOLi,.  Of  feveral  Numbers  A,  B,  C,  ^c.  if  one  of  them,  as  A,  isa  Prime,  it  is 

ihe  common  Meafure  of  the  whole,  elfe  they  are  Incommenfurable.     And  if  it  do 

meafure  the  whole,  it  is  their  greateft  and  only  common  Meafure,  becaufe  it  fclf  has 

BO  other  Meafure  but  i , 

The- 


A=3 


B=6.  C=7 
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If  a  Number,  A,meafures  one,  B,  of  two  Numbers,  B,  C,  that  arc  Incommenfurablc  j 
it  is  Incommenrurablc  with  the  other,  C. 

Demon.  If  any  Number  meafures  both  A  and  C,  it  will  alfo  mea- 
fure  B,  which  A  doth  meafure  {Ax.  3. J  therefore  B,  C  are  Commen- 
furable,  contrary  to  Suppofition. 
OHerve,  The  Revcrfe  will  not  always  hold  ;  for  tho'  A  is  Incommenfurablc  with  C, 
it  does  not  follow  that  it  will  meafure  A3  becaufe  it  may  be  Incommcnfuiable  to  both 
A  and  C  ;  as  in  Cafe  A  be  =5. 

Theorem  III. 
Numbers  a,  b,  c,  &.c.  that  are  leall  in  their  Ratios,  are  like  nliquot  Parts  of,  or  do 
equally  meafure,  any  other  Numbers,  A,  B,  C,  ^c.  that  are  in  the  fame  Ratios  refpe- 
ftivcly,  ttat  is,  a  Meafures  A,  and  b  meafures  B,  ^c.  equally.  Alfo,  the  Number 
by  which  they  meafure  them  is  the  greatclt  common  Meafure  of  A,  B,  C,  ^c.  Re- 
verfely.  The  greateft  common  Meafure  of  certain 'Numbers  A,  B,  C,  £i?c.  meafures 
them  by  Numbers  a,  b,  c,  &c.  that  are  leaft  in  the  fame  Ratios. 

.       n      p      J,     I         Demon.  i«.   Since,  a  :  b  -.  :  A  :  B,   and  b  ■■  c  :  t 
A  .  a  .  K.  .  u  B:C,^c.   then  alternately  a -.  A  :  :  b  :  B,  alfo  ^  : 


!Z)lvlJe»(h,  6    .  9  .  1 5  .  14 

(Divifors,     2.3.5.8 
a    .  b  .    c    .   d 


Common  QUtote  q=- 


B  :  :  c  :  C,   ^c.    hence  — = — =— ,  £5?f. 
a      b       c 
Now  if  we  fuppofe  that  thefe  equal  Qiiotes  are 
not  Integral  (or  if  a  does  not  meafure  A,  i£r.. )  yet 
bccaufc  they  are  equal,  therefore  the  integral  Part  is 
the  fame,  and  fo  alfo  is  the  Fraflion.     Let  the  Remainders  of  the  Divifions  be  r,  J", 

r.  ^c.  then  thefe  Fractions  are,    -  =-  =  -,  t^c.    but  being   proper  Fradions  the 

a      b       c 

Numerators  r,  5,  t,  i^c.  are  lefs  than  their  Denominaators  ^,  b,  c,  £S?f.  and  being  equal 
Fradlions  they  are  refpedivcly  in  the  fame  Ratios,  i.  e.  r  :  S  :  :  a  :  b,  and  s  :  t  :  :  b  :  c  ; 
hence  a,  b,  r,  iyc.  are  not  leaft  in  their  Ratios,  contrary  to  Suppofition ;  and  therefore 
a,  b,  c,  ^c.  muft  meafure  A,  B,  C,  equally.  Again,  the  Qiiote  7  is  the  greateft 
common  Meafure  of  A,  B,  C,  i^c.  for  whatever  it  be,  it  meafures  A,  B,  C,  ^c.  by  the 
fame  Kuinbers  which  were  before  the  Divifors,  viz-,  a,  b,  c,  &c.  (from  the  Nature  of 
Divifion.)  But  if  A,  B,  C,  ^c.  are  divided  by  any  Number,  the  Qviotes  are  alfo  in  the 
fame  Ratio  (from  the  Nature  of  Ratios.)  Alfo  the  greateft  common  Meafure  muft  give 
lefTer  Quotes  than  any  other  Meafure,  and  therefore  either  q  is  the  greateft  common 
Meafure,  or  a,  b,  C  are  not  the  leaft  in  their  Ratios :  But  c,  b,  c,  &c.  arc  leaft  in  theix 
Ratios,   therefore  q  is  the  greateft  common  Meafure. 

The  Reverfe  of  the  Theorem  is  manifeft  from  the  Nature  of  Divifion. 

ScnoL.  Though  Numbers  a,b,  C,  d,  do  equally  meafure  others.  A,  B,  C,  D,  and 
fo  arc  like  aliquot  Parts  of  them,  it  does  not  follow  that  they  are  leaft  in  their  Ratios  j. 
for  in  order  to  this,  they  muft  meafure  them  by  their  greateft  common  Meafure. 

C  O  R  O  I-  L  A  R  I  E  S. 

\jl.  Numbers  that  are  not  leaft  in  their  Ratios  are  Equimultiples  of  fuch  as  are  fb, 
becaufe  thefe  are  like  aliquot  Parts  of  the  others. 

2(1.  Here  we  have  another  Proof  that  a  Fraction  can  never  be  the  greateft  common 
Meafure  of  feveral  Integers  3  for  then  the  leaft  in  their  Ratios  would  not  meafure  other 
Numbers  in  the  flimc  Ratios,  as  they  mult  do  by  what  has  now  been  fhewn. 
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9  J.  We  learn  here  how  to  find  Numbers  that  are  leaft  in  the  flime  Ratios  with  other 
given  Numbers,  viz.  by  finding  the  greatelt  common  Meafure  to  thefe  given  Num- 
bers, and  by  it  dividing  them,  the  Qviotes  are  the  Numbers  fought  j  fo  the  leaft  in 
the  fame  Ratios  with  9  :  1 5  :  it,  are  5  :  5  :  7,  for  the  grcateft  common  Meafure  of 
the  former  is  5,  and  the  Quotes  are  5   j.  7. 

T  H  E  O  R  E  M     IV. 

Numbers  a,  b,  c,  d,  &c.  that  are  leaft  in  their  Ratios,  are  Incommenfurable  5  and 
the  Reverfe,  Incommenfurables  are  leaft  in  their  Ratios. 

I         Demon.  If  a,  I;,  c,  d,  are   Commenfurable,  then  being  divided  by 
a,  b,  c,  d,  their  common  Meafure,  the  Quotes  will  be  in  the  fime  Ratios,  and  al- 

^)  3)  <f)  7>  f<^  lefllr  Numbers  J  tnerefore  a,  b,  c,  d,    are  not  the  leaft,  contrary  to 

Suppofincn. 

For  the  Reveiff,  If  the  leaft  Numbers  in  the  fame  Ratios  with  a,  b,  &c.  are  leflcr 
than  they,  then  will  thcfe  Numbers  equally  meafure  them  by  their  greateft  common 
Meafure  {'Tkeo.  I.)  But«,  b.  Sec.  being  Incommenfurable,  have  no  common  Meafure  j 
therefore  they  are  leaft  in  their  Ratios. 

COROLLARIES. 

i/?.  Since  Numbers  being  leaft  in  their  Ratio.'i,  and  being  Incommenfurable,  do  nccef- 
firily  follow  from  one  another,  we  may  put  any  of  thefe  in  place  of  the  other  in  any 
Propoficions ;  particularly  in  the  preceding  Theorem  j  fo  that  if  Numbers  a,  b,  c,  &c. 
are  Incommenfurable,  they  do  equally  meafure  any  others  in  the  fame  Ratios  A,  iS,  C, 
^C-  and  hence  all  the  following  Corollaries. 

zd.  If  Numbers  a,  b,  c,  &c.  are  Incommenfurable,  others  in  the  fame  Ratios  A, 

B,  C,  ^c.  are  Commenfurable,  and  alfo  all  Compofites  ;  for  a,  b,  c,  &c.  do  equally 
meafure  them,  and  the  common  Quote  does  reciprocally  meafure  each  of  them  j  which 
therefore  are  both  Commenfurable,  and  all  Comp^fites.     Hence  again, 

^d.  If  four  Numbers  are  -.  -.  I,  a  :  b  -.  :  A  -.  h,  no  three  of  them  cm  be  prime  Num- 
bers, nor  confequently  the  whole  ;  [or  thus,  to  three  prime  Numbers  a  fourth  :  :  /  can't 
be  a  whole  Number]  for  if  a,  b,  arc  Primes,  they  arc  Incommenfurable,  and  fb  A,  B, 
are  both  Compofites.  \N  hence  again,  if  three  Numbers  are  : :  /,  A,  B,  C  (or  A  :  B :  : 
B  :  C}  none  of  the  Extremes  with  the  middle  Term,  nor  confequently  all  three,  can  be 
Primes  [/.  e.  to  two  Primes,  A,  B,  a  third  :  :  /  can't  be  an  Integer]  for  if  A,  B,  are  Primes, 
therefore  B,  C,  are  Compofites,  fo  that  B  is  both  Prime  and  Compofite  j  which  is 
abfurd. 

In  another  Place  (fee  I'heo.  XXII.  Cor.  III.)  you'll  fee  it  demonftrated,  that  betwixt 
two  Primes  there  can't  be  a  geometrical  Mean,  either  in  whole  Numbers  or  Fra- 
^ions. 

Theorem    V. 

If  any  Numbers  A,  B,  C,  £J?r.  Incommenfurable,  are  meafured  by  other  Numbers 
a,  b,  r,  tSc.  (i.  e.  A  by  a,  and  B  by  b,  8ic.)  thefe  laft  are  neither  in  the,  fame  Ra- 
tios with  the  former,  nor  do  they  meafure  them  equally,  nor,  Lnfily,  are  they  Com- 
menfurable. 

Demon,  a,  b,  c,  can't  be  in  the  fame  Ratios  with  A,  B,  C,  ^c  for  fince  they  mea- 
fure them,  it  wculd  follow,  that  they  meafure  them  equally  j  becaufe  if  a  :  A  :  -.  b  :  B 

then  _=—  1  an.i  whatever  the  common  Quote,  is  it  will  reciprocally  meafure  A,  B, 
a       b 

C,  which  confequently  are  not  Incommenfurable.  Again,  whatever  be  the  Ratios  of 
a,  b,  c,  if  they  meafure  A,  B,  C,  equally,  the  Quote  will  reciprocally  meafure  A,B,C, 

which 
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which  ther^fure  arc  not  Incommenfurablc.  Luflly,  If  a,  b,  c,  are  Commenfuruble, 
their  common  Mc.ifure  muft  meafurc  A,  B,  C,  which  they  meafure  ;  confcqucntly  A, 
B,  C,  are  not  Incomnienfurable.  And  obferve,  that  this  laft  Article  does  alfo  prove 
the  firft  ;  for  \i  a,  b,  c,  and  A,  B,  C,  are  both  Incommenfurable,  they  can't  be  in  the 
fame  Ratios. 

Theorem  VI. 

If  a  Number,  A,  meafures  the  Product  .of  two  others,  B,  C,  and  is  Incommenlura- 
ble  to  one  of  them,  it  will  not  only  be  Commenfurable  with  the  other,  but  alfo  mea- 
fure it. 

Demon.  Let  A  meafure  BC  by  D,  then  is  it  A  :  B  : :  C  :  D  j  but  if  A,  B,  are 
Incommenfurable  (or  leaft  in  their  Ratio)  therefore  A  meafures  C,  and  B  meafures  D 
equally,  by  the  laft. 

COROLLARIES. 

ifi.  If  a  Number,  A,  meafures  the  Produft  of  two  Faftors  B,  C,  C'-  e.  if  four  Num- 
bers are  :  :  /,  A  :  B  : :  C  :  D)  then  will  it  cither  meafure  one  of  thefe  Faflors,  B  or  C, 
or  be  Commenfurable  to  each  of  them  ;  for  if  it's  Incommenfurable  to  any  one  of  them, 
it  meafures  the  other.  But  if  A  is  a  prime  Number,  and  meafures  BC  it  will  ne- 
ceflarily  meafurc  B  or  C  ;  for  if  it  do  not  meafure  B,  it  is  Incommenfurablc  to  it  (by 
I'beor.  I.)  and  confequently  meafures  C,  by  this  Theorem. 

;J.  If  a  Number,  A,  is  Incommenfurable  to  each  of  two  Faftors  B  and  C,  or  if  it's  In- 
commenfurable to  the  one,  and  does  not  meafure  the  other,  it  cannot  meafure  the 
Product  (/.  e.  A,  B,  C,  being  Integers,  and  A  :  B  :  :  C  :  D,  then  A  being  Incommen- 
furablc to  both  B  and  C,  or  Incommenfurable  to  the  one,  and  not  meafuring  the 
other,  D  is  not  an  Integer  ;J  for  if  it  meafures  the  Produft  (i.  e.  if  D  be  alfo  an  In- 
teger) and  is  Incommenfurable  to  one  of  the  Factors,  it  meafures  the  other,  and  fo  is 
not  Incommenfurable  to  it :  Both  contrary  to  Suppofition.     Hence  again, 

5ii.  If  A  is  Incommenfur.able  to  B,  it  can't  meafure  the  Square  of  B,  /'.  e.  a  third  :  -.1 
to  two  Numbers  A,  B,  that  are  Incommenfurab'e,  can't  be  found  in  Integers. 

ScHOL.  As  A's  being  Incommenfurable  to  both  B  and  C  is  a  certain  Confequence  ot 
their  being  all  three  prime  Numbers,  fo  Coroll,  %i.  'I'heo.  IV.  is  in  efte£l  comprehend- 
ed in  the  preceding  Coroll.  iJ. 

Again,  though  three  Numbers  be  Incommenfurable  (which  is  a  different  Thing 
from  one  of  them  being  fo  to  each  of  the  other  two)  yet  D  may  be  integral,  as  in  thefe 

Further,  in  the  various  Circumftance.s  of  A,  B,  C,  being  all  Compofite  Numbers,  or 
only  Commenfurable,  Obferve  (i")  That  though  they  are  all  Compofites,  yet  a  fourth 
in  Integers  may  be  impoflibk,  becaufe  A  may  be  Incommenfurable  to  both  B  and  C, 
which  is  conliftent  with  their  being  all  Compotites,  as  in  thefe  4.,  6,  9.  (2".)  Though 
they  are  ail  Compofites,  and  alfo  Commenfurable,  yet  a  4th  Integral  may  be  im- 
poflible  ;  as  in  thefe,  (5  :  10  :  :  14,  to  which  a  4th  is  15  i.  But  to  underlland  the 
general  Reaibn  of  this,  and  what  Circumllances  of  their  Compofition  makes  it  fo,  de- 
pends upon  fome  other  Principles  than  we  have  yet  heard,  and  which  you  will  find  af- 
terwards (fee  Scbol.  III.  Theo.  XXI II.  j  where  I'/hall  fhew  you  the  general  Cliarafter 
upon  which  depends  the  4.th's  being  Integral  or  not  LajUy,  obferve,  That 
the  three  given  Numbers  being  Commenfurable,  if  the  firft  of  them,  A,  is  a  prime 
Number,  then  is  D  always  an  Integer ;  for  in  this  Cafe  A  is  the  common  Meafure, 
and  becaufe  it  meafures  B  and  C  it  will  alfo  meafure  BC  fo  that  D,  which  is  the 
Quote,  is  an  Integer,  a 

Theo- 
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Theorem    VII. 
The  Icaft  Number  A,  which  meafures  any  compofite  Number  B,  muft  be  a  prime 
Kumbtr. 

Demon.  If  A  is  a  Compofite,  then  its  component  Parts  will  mea- 
fure  B  (y4x.  ^.)  and  confequeutly  A  is  not  the  leaft  which  mea- 
fures B,  contrary  to  Suppofition. 


A=3-     B=i5 


COROLLARIES. 

ly?.  Some  prime  Number  meafures  every  Compofite  j  or,  every  Compofite  is  mea- 
fured  by  (i.  e.  is  the  Multiple  of)  fome  Prime  5  for  there  muft  be  a  leaft  Meafure, 
and  that  muft  be  prime. 

zd.  Every  Number  is  either  a  Prime,   or  may  be  meafured  by  fome  Prime. 

5i.  Ccmmenfurable  Numbers  have  fome  prime  common  Meafure  5  for  their  com- 
mon Meafure  is  either  a  Prime,  or  fome  Prime  meafures  it,  which  therefore  will  mea- 
fure thefe  Compofites  :  And  hence  alfo,  if  they  have  feveral  common  Meafures,  the 
leaft  of  them  is  a  prime  Number.  Reverfely,  Numbers  that  have  no  prime  common 
Meafure  are  Incommenfurable. 

Theorem   VIII. 
There  are  an  infinite  Number  of  prime  Numbers :  Or  thus,  no  Number  of  Primes 
can  be  affigned,  but  another  may  be  found  different  from  all  the  given  ones. 


AxBxC,   ^c.    =P 
P+15  z 


Demon.  Let  A,  B,  C,  ^c.  be  any  Number  of  Primes, 
whofe  continual  Produft  is  P,  to  which  add  i  ;  then  if  P-}-r 
is  a  Prime,  'tis  plainly  different  from  the  given  ones  j  but  if 
it  be  Compofite,  fome  Prime,  as  z,  meafures  it  (Corr.  ijl.  'Theo.  VII.  j  and  this  is  a 
different  Number  trcm  any  of  the  given  Primes  ;  for  if  it  be  the  fame  with  any  of  thefe, 
then  it  will  meafure  P  their  Produit  (Ax.  5.)  but  'tis  fuppofed  alfo  to  meafure 
P-j-i,  therefore  it  muft  meafure  i  {Ax.  z.)  which  is  abfurd. 

Theorem    IX. 
Take  the  greateft  Number  of  Fa<^ors,  a,  b,  c,  &c.  of  which  any  Number,  N,  can 
be  compofed  (or  to  whofe  Produfl:  it  is  equal  j  they  will  be  all  prime  Numbers, 
y;^  __    XT  Demon.  If  any  of  them  be  Compofite,  the  component  Parts  of  it 

'       __  are  alfo  Components  of  the  given  Compofite  N  (Jlx.  3.}  and  fo  the 

'    '    '       °'  propofed  Number  of  Faflors  is  not  the  greateft  whofe  ProduiSt  makes 

N,  contrary  to  Suppofition.     Soifii=//Xr,  then  is  N=;;XrxZ'Xi;. 

CoROLL.  Every  compofite  Number  is  equal  to  the  Produft  of  a  certain  Number  of 
Primes,  viz.  the  greateft  Number  of  Faftors  by  which  it  can  be  produced. 

Theorem  X. 
A  Number,  M,  which  is  the  Produft  of  a  certain  Number  of  given  Primes,  a,  b,  c,J, 
&c.  whether  they  are  all  different  Numbers,  or  fome  of  them  ot'tner  than  once  invol- 
ved, can  be  meafured  only  by  one  of  thefe  prime  Faflors,  or  the  Product  of  any  two, 
or  more  of  them  ;  tkat  is,  it  cannot  be  meafured  by  any  other  prime  Number,  nor  by 
any  Number  which  has  in  its  Compofition  any  other  Prime,  i.  e.  which  is  the  Multiple 
of  any  OTher  prime  Number;  nor,  Lajlly,  by  any  Compofite,  which,  though  it  have 
in  Its  Cumpofition  no  Prime  different  from  any  of  thefe  that  produce  M,  yet  has  any  of 
the  lami.  Primes  oftncr  involved,  i.  e.  is  the  Multiple  of  a  greater  Power  of  any  of  thefe 
rnmcs  than  what  M  is  3  as,  if  M  has  in  it  only  the  Root  or  Square  of^,  and  this  other 
has  in  it  the  Cube  of  ^.  «. 
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Exam.  2X9X7X11=4(11  5  which  Compofitc  4.<)j,  cannot  be  meafured  by  5,  which 
is  a  different  Prime  5  nor  by  1 5,  the  Multiple  of  5  ;  nor  by  9,  the  Square  of  5. 

Demon.  xJ}.  That  M  is  meafur.ible  by  any  one,  or  the  Produdl  of  any  Number  of 
its  own  Component  Primes,  is  plain,  by  Axiom  4..     And, 

iii.  That  it  can  be  meafured  by  none  other,  i.  e.  by  none  of  thefe  defcribed  in  the 
'Theor.  which  plainly  comprehend  all  others,  is  thus  demonftrated. 

(i°.)  It  cannot  be  meafured  by  any  other  Prime,  as  x. 

For  X  is  Incommcnfurable  to  ^  and  by  becaufe  both  are  Primes  different  from  sc^ 
therefore  it  cannot  meafurc  their  Produft  ab  (by  Cor.  2.  "Tbeor.  VI.)  and  fo  is  In- 
commenfurable  to  it  {-fheor.  I.)  and  being  alio  Incommcnfurable  to  another  Prime  c, 
it  cannot  meafure  the  Prodiifl  ahc  {Cor.  2.  ^I'beor.  VI.)  and  hence  is  Incommcn- 
furable to  it  [T'heor.  I.)  and  being  alfb  Incommcnfurable  to  another  Prime  J,  it  can- 
not meafure  the  Produift,  abci.     And  fo  the  Reafoning  proceeds  for  ever. 

Or  thus  alfo.  Let  i  be  any  Prime  different  from  x,  or  the  Produft  of  any  Number 
of  Primes  all  different  from  x  ^  then,  upon  Suppofition  that  x  cannot  meafure  i,  I  fay 
it  cannot  meafure  the  Produft  of  one  Prime  more,  i.  e.  dm  (m  being  alfo  a  Prime 
different  from  x  j)  for  if  x  meafure  df/^,  let  it  be  by  y,  then  is  x  :  d  :  :  m  :  y.  But 
X  being  a  Prime,  which  does  not  meafure  J,  then  are  x,d,  Incommcnfurable  (T'beor.  I.) 
and  fo  X  meafures  m  {"Theor.  IV.  Cor.  i.)  which  is  abfurd,  becaufe  tn  is  a  Prime, 
and  different  from  x.  But  x  cannot  meafure  another  Prime  j  therefore,  by  what  is 
now  ihewn,  it  cannot  meafure  the  Produ£l  of  two  others,  nor  confequently  the  Pro- 
dud  of  three  ethers,  and  fo  on,  i.  e.  it  cannot  meafure  the  Produ£l  of  any  Number 
of  others. 

(2"^.)  It  cannot  be  meafured  by  the  Multiple  of  another  Prime  5  for  then  that  Prime 
would  alfo  meafure  it  (Ax.  5.)  which  is  contrary  to  the  laft  Article. 

(3".)  Itcannotbe  meafured  by  anyNumberN,  which  tho' it  has  in  it  no  other  Prime, 
yet  has  any  one  of  the  fame  Primes  oftner  involved.  For  fuppofe  any  one  or  more 
of  them  is  oftner  involved  in  N  than  in  M  ;  then  imagine  all  the  Prime  Factors  of 
N,  that  are  alfo  in  M,  to  be  taken  out  of  both,  i.  e.  let  both  of  them  be  di- 
N)  M  vided  by  the  continual  Product  of  all  thefe  common  Prime  Faftors,  and  call 
A)  B  the  Quotes  A,  B,  they  will  be  in  the  fame  Ratio,  or  N  :  M  :  :  A :  B.  But  now, 
of  thoie  Primes  that  were  not  fo  oft  involved  in  N  as  in  M,  what  were  more 
of  any  of  them  in  M  than  in  N,  and  what  were  not  at  all  in  N,  will  remain  in  B  ; 
and  what  were  more  in  N  than  in  M,  will  remain  in  A  ;  (by  As.  4.)  but  none  of 
thefe  will  be  in  B  j  for  becaufe  there  were  fewer  of  them  in  M  than  in  N,  therefore 
they  were  all  taken  out  of  M  j  confequently  there  will  be  fome  Prime  in  A,  which 
is  not  in  B,  and  therefore  A  cannot  meafure  B  ^  for  then  that  Prime  would  meafure  B, 
contrary  to  what  is  fhewn.  Therefore  laftly,  N  cannot  meafure  M,  becaufe  N  :  M  :  : 
A  :  B.     And  if  A  cannot  meafure  B,  neither  can  N  meafure  M. 

COROLLARIES. 

ifi.  Of  two  Compofite  Numbers,  A,  Bj  if  there  is  in  the  Compofition  of  the  one, 
any  Prime  which  is  not  in  the  other,  or  any  the  fame  Prime  oftner  involved,  thefe 
two  Numbers  cannot  be  equal :  For  in  thefe  Circumftances,  the  one  cannot  meafure 
the  other,  and  confequently  they  cannot  be  equal. 

id.  M,  the  Produdt  of  a  certain  Number  of  Primes,  n,  byC,  d,  ^c.  cannot  be  equal  to 
(or'the  fame  Number  with)  N,  theProdufl  of  any  greater  Number  of  Faflors,  whatever 
they  be  ;  nor  to  the  Product  of  any  other  Choice  of  an  equal  Number  of  Factors  ;  nor 
laftly,  to  the  Product  of  a  lefllr  Number  of  Fatlors,  which  are  all  Primes.  For  (i.)  A 
greater  Number  of  Faftors  are  either  all  Primes,  or  are  rcfolvable  into  a  greater  Num- 
ber of  Primes  j  and  therefore,  among  them  there  muft  neccffarily  be  found  fome  Prime 

X  X  different 
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different  from  any  of  thefe  in  M,  or  fbme  of  thefe  oftner  involved  5  and  fo  N  cannot 
meafure  M,  and  fo  not  be  equal  to  it  :  (2.)  For  another  Choice  ofan  equal  Number  of 
Faftors,  they  are  either  all  Primes,  and  therefore  muft  have  fome  different  Prime,  or  a 
greater  Power  of  fome  Prime  ;  and  fo  they  cannot  be  equal  (by  the  firft  Cor.)  5  or  if 
any  of  them  be  Compofite,  then  being  refolved  into  their  Primes,  there  will  be  a  greater 
Number  of  Faiiors  5  and  fo  it  coincides  with  the  firft  Cafe.  (5.)  For  the  laft  Cafe, 
'tis  already  demonftrated  in  the  firft  5  where  it's  fhewn,  that  a  greater  Number  of 
Prime  Fafrors  cannot  produce  the  fame  Number  as  a  Icffer  j  the  Reverfe  of  which  is 
the  prefent  Cafe,  which  we  may  alfo  prove  in  this  Manner,  viz.  A  lefler  Number  of 
Primes  muft  either  have  fome  different  Prime,  or  a  greater  Power  ]of  fome  of  the 
fame  Primes ;  and  fo'N  cannot  meafure  M,  and  therefore  cannot  be  equal  to  it :  or,  the 
Faftors.  of  N  arc  a  Part  of  the  fame  Primes  that  compofe  M,  and  fo  N  will  be  only  a 
Part  of  M      Hence  again  reverfely, 

;J.  The  fame  Number,  M,  cannot  be  refolved  into  a  different  Number  of  Prime 
Faflors.  For  £xaf}i.  It  cannot  be  refolved  into  5,  and  alfo  into  4  Prime  Faftors  : 
Nor  into  any  one  Number  of  Prime  Factors,  with  a  Variety  of  Choice  :  But  every 
Compofite  has  a  precife  limited  Number  of  determined  Primes  ;  fo  that  neither  in 
the  particular  Primes,  nor  in  their  Number,  can  there  be  any  Variety. 

4.r/j.  Two  unequal  Compofite  Numbers  may  be  compofed,  either  of  a  different 
Number,  or  the  fame  Number  of  Primes  :  But  in  both  Cafes  thefe  Faftors  are  either 
all  or  part  of  them  different  Primes,  or  fome  Prime  common  to  both,  is  oftner  in- 
volved in  the  one  than  in  the  other.  But  then  obfcrve.  That  the  leffer  Compofite  may 
have  either  the  lefler  or  greater  Number  of  Faftors  j  for  that  depends  upon  the  Num- 
bers themfelves  ;  thus,   42=1X3X7  j  and  221=13X17. 

•jth.  A  Number,  M,  which  is  the  Produft  of  any  two  or  moreFaflors,  whatever 
they  be,  as  AxBxC,  €i?r.  being  refolved  into  its  Primes,  thefe  can  be  no  other  than 
the  Prmics  into  which  the  Faflors,  A,  B,  C,  ^c.  can  be  refolved  ;  for  elfe  the  fame 
Kumbtr  could  be  compofed  of  different  Primes,  contrary  to  Cor.  3.  And  hence  again. 
There  is  no  Prime  in  the  Compofition  of  any  Power,  but  thofc  which  compofe  the 
Rco'. 

6r/.\  No  Numbers  can  meafure  any  Power  of  a  Prime  Number,  but  either  the 
Root  it  felf,  or  fbme  other  of  its  Pcwers  ;  for  every  other  Number  has  in  it  fome  other 
Prime. 

•jtb.  Whatever  Prime  Number,  N,  meafures  any  of  the  Powers  of  any  Number^ 
A,  as  A",  the  fame  will  meafure  the  Root  A,  and  all  the  other  Powers  ;  for  fince 
N  meafures  A",  it  muft  be  one  of  its  Component  Primes,  /,  e.  one  of  the  Primes  that 
compofe  A,  by  Cor.  5.  therefore  N  meafures  A,  and  all  its  Multiples,  or  all  its  other 
Powers.     Hence  again, 

8//'.  If  any  Number,  N,  meafures  A",  and  does  not  meafure  A,  it's  a  Compofite 
Number  j  for  if  it  were  a  Prime,  it  would  meafure  A. 

Theorem-     XI. 

Of  all  the  Component  Primes  of  any  Number,  N,  only  one  (if  there  be  one)  can  be 
a  Number  greater  than  the  Root  of  the  greatelt  Integral  Square,  contained  in  that 
Number. 

Demon,  i/?.  If  the  given  Number,  N,  is  a  perfefl  Square,  then  it  has  no  Prime  in 
its  Compofition,  but  thofe  that  comoofe  the  Root.  (Cor.  5.  "Theor.  10.) 

zi.  If  N  is  not  a  Square,  let  A  Ije  the  Root  of  the  greateft  Integral  Square  con- 
tained it  J  then  is  A-j-i  greater  than  N  :  And  if  we  take  two  Primes  greater  each 
tlun  A,  they  muft  be,  the  one  of  them  at  leaft  equal  to  A-|-i,  if  not  greater  j  and 

the 
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the  other  greater  than  this  one  ;  confequently  their  Produfl  will  be  greater  than 
A+i\  «•  ^-  greater  than  N  :  And  therefore  they  are  not  both  Component  Primes  of 
N,  fince  they  produce  a  greater  Number. 

PROBLEM    III. 

To  find  all  the  Component  Primes  of  any  Number. 

Rule  x°.  Find  all  the  Prime  Numbers,  not  exceeding  the  Root  of  the  grcateft  In- 
tergral  Square,  contained  in  it.     Then, 

z'.  Beginning  with  z,  if  the  given  Number  is  even  5  or  with  3,  if  it's  an  odd 
Number,  try  nz  or  3  mcafures  it,  and  do  the  fame  with  the  Quotes,  as  long  as  the 
fame  Prime  meafures  thtm  ;  but  when  it  does  not  meafure,  apply  the  next  greater 
Prime  in  the  fame  Manner  5  and  go  on  fo  till  you  have  tried  all  the  Primes,  not  ex- 
ceeding the  Root  mentioned,  or  till  you  find  a  Quote  which  is  a  Prime  Number  j  then 
all  theie  Primes,  which  were  Meafures  to  the  given  Number  and  to  the  fucceeding  Quotes, 
together  with  that  Prime  Quote,  or  the  laft  Quote,  to  which  there  was  no  Meafure 
among  the  Primes  found,  by  the  firft:  Article  (which  is  alfo  a  Prime)  are  the  Compo- 
nent Primes  of  the  given  Number. 

Exam.  I.  To  find  the  Primes  of  42  ;  the  Root  of  the   greateft  Square  contained 
in  it  is  <J  5  and  the  Primes  not  exceeding  this,  are, 
1,   3,    5.     And  trying  41  by  thefe,  I  find  2  mcafures  it  by   ir  j    but  this  cannot  be 

2)~42~     meafured  by  2,  therefore   I  try  3,  which  meafures  21  by  7,    which   is  a 

j)  21      Prime  Number 5  as   is  alfo  known  according  to  the  Rule,    by  this,    that 
-,      neither  3  nor  5  meafures  it  j  therefore  2,  5,  7,  are  the  Component  Primes 
of  42=2X3X7. 

2  (J879(S  Exam.  2.  To   find  the  Primes  of  6'^T)6  ;  the  Root  of  the   greateft 

2  34398  Square  contained  in  it  is  z6i.  j  and  the  Primes  not  exceeding   this,  are 

3  17199  2,  3,  5,  7,  i£,  13,  £5fc.  and  trying,  I  find  2  meafures  twice,  3  meafures 
3  57  53  3  Times  5  5  does  not  meafure  637,  the  lafl:  Quote,  by  3  j  therefore  I 
3  1911  -ipply  7,  which  meafures  twice,  and  the  laft  Quote  is  13,  a  Prime 
7  (J37  Number  ;  therefore  the  Component  Prime  Factors  of  6%i^6,  are  2,  a, 

7  91        3.  3.  3.  7,  7>  13- 

13  Demon.  As  there  is  no  Matter  in  what  Order  any  Numbers  arc  ap- 

ply'd  by  continual  Divifion,  fince  the  l.aft  Quote  will  ftill  be  the  fame  : 
So  if  certain  Primes  apply'd  by  continual  Divifion,  in  whatever  Order,  do  meafure 
out  the  given  Numbers,  then  it's  plain,  from  the  Nature  of  Multiplication  and  Di- 
vifion, that  the  continual  Produi^l  of  thefe  Divifors,  will  again  produce  the  fame 
Number  :  And  if  certain  Prime  Failors  produce  a  Number,  no  other  Variety  or  Choice 
whatever  of  Prime  Factors,  can  produce  the  fime  Number,  by  Cor.  3.  T'i.eor.  10. 
What  remains  then  to  be  Ihewn  is  this  ;  that  when  we  have  got  a  Quote,  which  nei- 
ther the  Prime  lalt  apply  d,  nor  any  greater,  not  exceeding  the  Root  mentioned,  do 
meafure,  that  Qiiote  is  a  Prime  :  The  Reafon  is  this  ;  none  of  the  preceding  Icfler 
Primes  can  meafure  it ;  for  each  of  thefe  are  fuppofed  to  be  taken  out  of  the  given 
Number  as  oft  as  poffible  j  and  fince  none  of  the  Primes,  not  exceeding  the  Root 
mentioned,  can  meafure  it,  none  of  thefe  exceeding  that  Root  can  meafure  it,  unlefs 
it  felf  be  one  of  thefe  Primes  j  for  if  another  could  do  it,  the  Quote  would  be  a 
Number  Icfs  than  the  Root,  and  muft  be  either  a  Prime,  or  meafurablc  by  a  Prime, 
which  reciprocally  would  meafure  it  ;  confequently  none  greater  can  do  ir,  unlefs  it 
felf  be  one  of  thefe  greater  Primes  j  and  therefore  it  muft  be  a  Prime  Number. 

Xx  2  CoaoL. 
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CoROL.  By  this  Method  we  can  know  whether  a  Number  is  Prime  or  Compofite, 
though  we  have  a  Table  carried  only  as  far  as  the  Root  of  the  greateft  Square  con- 
tained in  it  5  for  if  none  of  the  Primes  of  this  Table  meafures  it,  then  it  is  a 
Prime. 

Scholiums. 

ijl.  If  a  Number  has  o"s  in  the  firft  Places  on  the  Right-hand,  cut  them  all  off, 
and  proceed  with  the  remaining  Figures,  according  to  the  Rule  5  and  then  among  the 
Primes  of  this  Number  reckon  as  many  I's  and  as  many  5's  as  the  Number  of  o's  cut 
ofl:  J  becaufe  2X5=10  5  and  all  together  are  the  Primes  fought. 

Again,  if  an  odd  Number  end  with  5,  try  it  with  5  before  ;  ;  becaufe  5  will  certain- 
ly meafure  it,  though  3  will  not  always. 

2d.  If  you  have  a  Table  of  Primes  and  Compofites  extending  to  the  given  Num- 
ber, cr  to  the  laft  QLiote  afrer  it  is  meafured  as  oft  as  poffible,  by  2  and  5  5  (for 
which  fee  the  laft  Article)  then  feck  every  other  Qiiote  f  which  is  not  meafurable  by 
2  or  5)  in  the  Table  ;  becaufe  this  fliews  whether  it's  a  Prime  or  Compofite  :  So  that 
being  a  Prime,  you  know  the  Work  is  ended  ;  and  being  Compofite,  proceed  accord- 
ing to  the  Rule. 

;</.  But  again  j  we  will  often  have  the  Trouble  of  trying  Primes  that  do  not  mea- 
fure the  given  Number,  or  fucceeding  Quotes,  and  which  would  be  faved,  if  we|knew 
the  leaft  Prime  that  meafures  any  of  thefe  :  Now  this  we  may  know  by  help  of  the 
Table  of  Primes  and  Compofites  ;  if  the  Spaces  are  fo  marked  as  to  Ihew  the  leaft 
Component  Prime  of  each  Compofite  ;  and  how  this  may  be  eafily  done  I  Ihall  here 
explain.     Thus  : 

When  you  are  to  number  Spaces  by  any  odd  Number,  fee  firft  whether  it's  a  Prime 
or  Compofite  (by  the  Table  ;)  if  it's  Prime,  write  it  in  the  Places  of  its  Compofites, 
i.  e.  in  the  Spaces  where  Points  are  placed  by  the  former  Method,  unlefs  fome  Icfler 
Prime  ftnnd  there  already  ;  as  will  certainly  be,  if  the  Compofite  belonging  to  that 
PIncc,  has  in  it  a  lefler  Prime  ^  for  then  it's  a  Multiple  of  that  leffer  Prime,  and  is 
therefore  already  marked  with  its  leaft  Prime.  Obferve  alfo,  that  with  this  Prime  you 
let  fome  other  Mark,  as  a  Point  or  Dafb,  upon  the  Place  of  the  fecond  Compofite,  in 
numbering  by  this  odd  Number,  in  order  to  know  where  to  begin  for  t!ie  next. 

If  the  Number,  by  which  the  Spaces  are  to  be  number'd,  is  Compofite,  all  its 
Multiples  are  already  marked  ;  only  you  muft  number  out  the  firft  two  Periods,  that 
the  fecond  Compofite,  in  numbering  by  this  Term,  may  be  particularly  marked  (as  I 
have  done  in  the  following  Tabic  by  a  Colon  :)  in  order  to  know  how  to  begin  for  the 
next. 

The  following  Table,  carried  to  (fc)^^  is  made  up  in  this  Manner  :  The  Ufe  of 
which,  for  finding  the  Component  Primes  of  any  Number,  is  this  ; 

If  the  Number  is  even,  meafure  it  by  2  as  oft  as  poffible  :  If  it  ends  with  o's  cut 
them  off,  and  reckon  as  many  2's  and  5's  among  the  Primes  fought  5  then  proceed 
with  the  laft  Quote  or  remaining  Number  (or  with  the  given  ..Number,  if  it's  odd) 
thus  :  See  by  the  Table  if  it's  a  Prime  or  Compofite  ;  if  Prime,  the  Qucftion  is 
Iblved  ;  if  Compofite,  you  have  its  leaft  Component  Prime  5  by  which,  meafure  it, 
and  feek  the  Quote  in  the  Table  ;  meafure  this  by  its  leaft  Component  Prime,  and 
ft  on  till  you  have  a  Quote  which  is  a  Prime  ;  and  that  Quote,  with  the  preceding 
Divifors  are  the  Primes  fought. 


Tabic 


Table  ofTrime  and Compofite  ('odd)  Nrs.from  :^to  c^()^.  541 


(I 


I  7 

If 
51 


155 
37 
3V 


?  7I   hi 


iili 

51  ? 


;  I  I 


3  I 


L-1 

M     13 


^   "t 


s:    5 


45 
45 
47 
4£' 
5' 
53 

^7   3 


I? 


5    5 


8|_9 

3|n 


15    3 


3  h  5    ; 


?    II         3   19   7 


13 


1     3 


5     3 


IS 


-3 


h 


59 

61 

63 
65 
67 

69! ; 

7'II 
7  3L 
7512 
77 
79 
[Si 
83 
85 
87 
S9 
91 
95 

ss 

97 


5   J. 


7_1_ 
li_ 


55555 


5    7 


■^    3 


SI'S 


ii'i9 

Tl7 


III  3 


5  -9 


51 


5  13     55 


?    10 


I        5 


7| 


5     5'!. 


t3'--3 


?    7 


3    7 


7  1; 


11 
-Ij. 


>  :  II 


19 


I7| 

Til 


In 


?  II 


>  • 


3i 


i!  3  2 


3 


Obferve,  As  the  Numbers  of  the  firft  Column  on 
the  Left  are  carried  to  99  ;   fb  the  Numbers  on  the 
Head  of  the  Table  are  to  be  reckoned  as  Hundreds  : 
So  I  is  100  ;  z  is  20c,  i^c.     And  for  any  odd  Num- 
ber above  99,  take  the  Number  of  its  Hundreds  on 
the  Head,    and   what   in   it  is  Icfs  than  a  Hundred 
on    the    Side,    and    in   the  Angle   where  tlie   Lines 
from  each  meet,  is  the  Place  of  that  Number :  So  that 
incompofing  of  the  Table,  the  Numbering  is  along  the 
Columns  from  Top  to  Bottom,  from  the  firft  Column 
under  o,  and  fo  on  in  Order,  through  the  reft,  (which 
is  fo  far  different  from  the  little  Table  before  given, 
that  there  the  Series  of  odd  Numbers  was  fct  on  the 
Head,  and  fo  the  Numbering  was  along  the  Lines, 
from  left  to  right.)     If  we  would  make  a  larger  Ta- 
ble, then  continue  the  Series  of  Numbers  on  the  Head, 
from  9  to  10,  II,  12,  ^c.  as  fir  as  you  pleafc,  keep- 
ing the  {ame  Column  on  the  Left  ;    and  reckoning 
thefe  Numbers  on  the  Head  always  as  expreffing  fo 
many    Hundreds  5    and     continue     the    Numbering 
through  the  Columns  in  Order  ;  and   fo  the   Table 
may  be  carried  to  any  Length  :  For  Example  ;  If  the 
Series  on  the  Head  is  carried  to  99,  it  is  9900  ;   and 
fo  the  grcateft  Number  is  9999.     If  the  Series  on  the 
Head  is  carried  to  999,  it  is  99900 ;  and  the  greateft 
Number  is  99999. 

Again,  if  there  is  a  Line  over  any  Number,  in 
any  Space,  it  fiiews  that  to  be  the  Square  Root, 
and  alfo  the  leaft  Prime  of  the  Number  belonging  to 
that  Space.  If  there  arc  two  Numbers  in  any  Space, 
the  greater  is  the  Square  Root,  and  the  other  is  the 
leaft  Prime. 

Obferve  alfo,  That  if  a  Number  is  a  perfefl 
Square,  then  we  may  find  all  its  Primes,  by  a  Table 
carried  no  farther  than  to  the  fquare  Root,  or  the 
odd  Number  next  below  it,  if  tlie  Number  is  even. 
For  if  we  take  all  the  prime  Factors  of  the  Root 
twice,  thefe  arc  the  prime  I'aclors  of  the  Square. 

Another  Ufc  that  may  be  made  of  this  Table, 
is,  That  by  it  we  can  eafily  find,  whether  any 
Number,  odd  or  even,  is  a  perfcft  Square,  and  what 
is  the  greateft  integral  Square  cont.iincd  in  it,  if  it  is 
not  J  thus, 

I*.  Suppofc  tiie  Number  propofcd  is  an  odd  Num- 
ber 5  feck  its  Place  in  the  1  able,  and  if  it's  a  com- 
pofite  Number  then  find  the  Place  next  before,  and 
alfo  after  it,  tii.it  is  marked  with  a  Colon  ;  and 
take  the  Space  that  is  in  the  Middle  bctwi)>:t  thcfc 
two  ffor  by  the  Conftrudion  of  the  Table,  the  Num- 
ber of  Spaces  betwixt  iheiii  is  odil,  and  thcielbre  has  a 
middle  S{)acc,X  If  thcgivtn  J^uiubft  is  in  that  middle 

Sp.ice 
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Space,  It's  a  fquare  Number,  becaufe  the  Space  next  before  it  marked  with  a  Colon  is  the 
Place  from  whence  we  begin  to  number  Spaces  by  fome  odd  Number,  which  is  the 
Place  of  the  Produ£i  of  that  odd  Number  by  the  preceding  ;  and  the  next  Space  mark- 
ed with  a  Colon  is  the  Place  of  its  Product,  by  the  following;  and  therefore  the 
middle  Space  betwixt  them  is  its  Square,  or  Place  of  its  Produd  by  it  felf.  So  that 
the  middle  Spaces  betwixt  every  two  marked  with  a  Colon,  are  the  Places  of  all  the 
odd  fquare  Numbers.  Wherefore  if  the  given  Number  is  not  in  one  of  thefe  middle 
Spaces,  it  cannot  be  a  Square,  and  the  greateft  Square  contained  in  it  is  that  belong- 
ing to  the  middle  Space  next  it,  towards  the  Beginning  of  the  Table. 

It  the  given  Number  is  Prime,  it's  certainly  not  a  Square,  and  you  find  the 
greateft  Square  contained  in  it  the  fame  way  as  before. 

Ol^ferve,  If-you  would  find  the  Root  of  any  Square  found  in  the  Table,  number 
how  many  Spaces  there  are  marked  with  a  Colon  irom  the  Beginning  of  the  Table,  to 
that  one  next  preceding  the  Place  of  that  Square ;  number  as  many  Terms  after  3  in 
the  Scries  ot  odd  Numbers,  the  laft  of  them  is  the  Root  fought ;  fo  if  there  are  5 
pointed  Spaces,  the  Root  is  i:;,  the  5th  Term  after  5,  and  the  Root  of  169.  But  as 
m  making  the  Table,  thefe  Places  of  Squares  are  the  firft  compofite  Spaces  in  number- 
ing by  the  feveral  odd  Numbers,  which  are  the  Root  of  thefe  Squares  ;  if  we  not  only  - 
mark  thefe  Spaces  with  the  leaft  Prime,  but  alfo  with  their  Rcot,  it  will  be  the  more 
convenient  for  this  purpofe  ;  fo  that  if  any  Space  has  two  Numbers  in  it,  the  Icfler  is  its 
leaft  Prime,  and  the  other  the  fquare  Root  of  the  Numbers  belonging  to  that  Place. 
And  it  its  leaft  Prime  is  alfo  its  fquare  Root,  we  may  either  write  it  twice,  or  ufc  fome 
other  Mark  to  fhow  it,  as  a  Line  drawn  over  it,  as  I  have  done  in  this  Table  :  And 
thus  the  Places  of  all  odd  Squares,  and  alfo  their  Root,  are  known  by  Infpe(5lion  with- 
out any  Trouble. 

2°.  If  the  given  Number  is  even,  feek  in  the  Table  the  odd  Number  next  lefler  j 
if  it's  a  fquare  Number,  the  given  Number  can't  be  a  Square,  becaufe  the  Difference  of 
two  integral  Squares  can  never  be  i,  and  that  odd  Square  is  the  greateft  contained  in 
it ;  but  if  the  next  lefTer  odd  Number  is  not  a  Square,  feek  by  the  Table  the  next 
odd  Square  j  take  its  Root,  and  add  i  to  the  double  of  it ;  if  the  Sum  is  equal  to 
the  Difference  betwixt  that  Square  and  the  given  even  Number,  then  is  this  a  fquare 
Number,  whofe  Root  is  the  even  Number  next  above  the  Root  of  that  odd  Square  : 
But  if  that  Sum  is  either  greater  or  leffer  than  that  Difference,  the  given  Number  is 
not  a  Square  3  and  if  the  Sum  is  greateft,  that  odd  Square  is  the  greateft  Square  con- 
tained in  the  given  Number ;  but  if  the  Sum  is  leaft,  add  it  to  the  odd  Square,  and 
the  Sum  is  the  greateft  Square  contained  in  the  given  Number.  The  Realbn  of  this 
is  obvious  from  the  Nature  and  Compofition  of  Squares  explained  in  Sook  III-  particu- 
larly this,  that  A-\-i''=A'-]-2.  A-j-i. 

PROBLEM  IV. 

To  find  all  the  different  Numbers  that  meafure  any  given  Number. 

Rule.  I".  Find  all  the  Component  prime  Faftors  of  the  given  Number  by  the  laft 
Problem ;  then, 

i".  Set  them  all  in  a  Line;  but  thofe  that  are  oftner  than  once  involved,  fet  them 
down  but  once,  and  inftead  of  the  reft  of  them  fet  down  the  Series  of  their  fuperior 
Powers,  till  you  have  a  Power  whofe  Index  is  the  Number  of  Times  that  that  one  is 
involved  in  the  given  Number ;  thefe  are  fo  many  of  the  different  Meafures  fought. 
And  though  it  is  m  Effefl  the  fime  Thing,  which  Prime  is  firft  fet  down,  yet  one  Or- 
der may  prove  more  convenient  than  another  for  the  following  Part  of  the  Work  j 

there- 
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therefore  fet  down  firft  all  thofe  Primes,  which  arc  but  once  involved,  and  then  thofc 
that  are  oftner,  with  their  fuperior  Powers  as  above,  fetting  thofe  firft  that  arc  leaft  in- 
volved ;  then, 

5".  Beginning  from  the  left  Hand,  multiply  the  firft  Number  by  the  fecoiid,  and  fet 
the  Produil  under  the  fecond ;  then  by  the  third  (of  thofe  firft  fet  down)  multiply  all  the 
preceding  Numbers,  fetting  the  Produfls  under  the  third  5  and  fo  on,  by  every  fuccecd- 
ing  one  (of  the  Numbers  firft  fet  down)  multiply  all  the  preceding  Numbers,  fetting 
the  Produft  under  their  Multiplier. 

Sut  obferve.  That  when  you  come  to  ufe  for  a  Multiplier  any  fuperior  Power  of 
any  of  the  Primes,  you  niu<t  not  by  it  multiply  any  of  the  leffer  Powers  of  the  fame 
Root,  nor  any  of  the  Numbers  ftanding  under  them  ;  only  multiply  all  the  other  Num- 
bers preceding  thcfc,  /.  e.  all  the  fame  Numbers  which  were  multiplied  by  the  Root. 
And  to  get  thefe  Produds  moft  conveniently,  take  the  Root,  and  by  it  multiply  all 
the  Numbers  ftanding  under  it,  and  fet  thefe  Produfts  under  the  Squares  ;  then  multi- 
ply all  thefe  ProdutSts  fet  under  the  Square,  by  the  fame  Root,  and  fet  the  Products 
under  the  Cube,  and  fo  on. 

E%am.  21C  j  its  Component  prime  FaiSlors  are  2,  5,  5,  7  j  for  2X3X5X7=210.  And 
itj  feveral  Meafures  are  thefe  following,  difpofed  and  found  according  to  the  Rule. 
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Firft  I  fet  down  2,  3,  5,  7,  then  I  multiply  2  by  5,  and  fet  the 
Produfl  6  under  3  j  next  I  multiply  2,  and  alfo  5,  6,  by  5,  and 
fet  the  Products  10,  15,  50  under  5  ;  then  I  multiply  all  the  pre- 
ceding Numbers  by  7,  and  fet  the  Produfts  under  7  5  and  all  theie 
Numbers  are  the  Numbers  fought. 


£xam.  id.  (^551^  its  Component  prime  Faflors  are  thefe,  2,  2,  2,  3,  5,  7,  13, 
whofc  continual  Product  is  <J)5i,  and  its  feveral  Meafures  are  thefe  following  j  found 
thus. 

The  Primes  7,  13,  are  but  once  involved, 
and  fo  I  fet  them  firft  down  ;  5  is  twice  invol- 
ved, and  I  fet  down  3,  9  j  then  2  is  thrice  in- 
volved, and  I  fet  down  2,  4,8.  Then  I  begin 
and  multiply  7  by  13,  and  fet  the  Produdl  91 
under  15.  Next  I  multiply  all  the  preceding 
Numbers  by  3,  and  fet  the  Produfts  under  3  j 
then  I  multiply  by  9  all  the  Numbers  prece- 
ding the  Column,  over  which  3,  the  Root  of  9, 
ftands,  and  which  I  do,  by  multiplying  all  the 
Numbers  ftanding  under  3  by  3  ;  then  multi- 
plying all  the  preceding  Numbers  by  2,  I  fet 
the  Products  under  2  j  and  for  the  following 
Numbers  4,  8,  which  are  Powers  of  2,  by  theni 
I  multiply  all  the  Numbers  preceding  that  Column  over  which  the  Root  ftands,  /.  e. 
all  thefe  which  were  multiplied  by  the  Root  ;  and  this  I  do  by  multiplying  all  ths 
Numbers  ftanding  under  2,  by  2,  and  fetting  the  Produds  under  4  ^  then  by  the  fame  % 
I  multiply  all  the  Numbers  ftandmg  undvr  4,  and  f;t  the  Produfls  under  8. 
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Demon.  i°.  Suppofe  any  different  Primes,  a,  b,  c,d,  &c. 
their  ProduiS  abed,  &c.  is  meafurable  only  by  thefe  Primes, 
or  the  Products  of  any  two  or  more  of  them  {Thsor.  X.)  And 
to  find  all  thefe  Meafures,  we  Ihall  firft  fuppofe  only  one 
prime  Number,  <t,  that  has  no  Meaftire  but  it  felf  (ftanding 
alone  in  the  firft  Column)  but  fuppofe  another  Prime,  b,  mul- 
tiplied into  it,  then  the  Product  nb  has  for  Meafures  a,  b,  and 
ab  (which  make  the  firft  and  fecond  Column.)  Again,  let 
another  Prime  be  involred,  it's  evident  that  Product  abc  has 
for  Meafures  all  the  Meafures  of  the  preceding  Produft  ab, 
with  all  thefe,  in  which  the  new  Prime  can  be  concerned,  which  plainly  can  be  no 
other  than  c  it  felf  with  its  Products,  into  all  the  Meafures  of  ab  (which  are  all  the 
Numbers  of  the  preceding  two  Columns.;  Join  another  primed  ^,  the  Produft  abed 
has  for  Meafures  all  the  Meafures  of  a  b  e,  together  with  all  thele  Produfts  in  which 
the  new  Prime  d  can  be  concerned,  i.  e.  d  it  felt,  and  its  Prodmfls,  by  all  the  Meafures 
of  a  b  e  (which  are  all  the  Numbers  of  the  preceding  Columns)  and  fo  it  goes  on  what- 
ever Number  of  different  Primes  we  fuppofe  ;  which  is  all  according  to  the  Rule. 

z".  If  any  of  the  different  Primes  are  oftner  than  once  involved,  it's  evident  that  all 
their  Powers,  to  that  one  whofe  Index  is  the  Number  of  Involutions  of  the  Root,  are 
Meafures  of  the  given  Number.  Then  having  by  the  Root  multiplied  all  the  Num- 
bers Handing  already  in  the  Columns  preceding  it,  we  have  all  the  Meafures  of  the 
given  Number  in  which  that  Root  is  but  once  involved ;  and  to  have  thofc  ia  which 
it's  twice  or  thrice  involved,  for  in  which  its  Square  or  Cube,  ^c.  are  leverally  con- 
cerned, according  to  the  different  Powers  of  it  involved  in  the  given  Number]  it's 
plain  we  mull:  multiply  thefe  feveral  Powers  into  all  the  Numbers  preceding  the  Root 
(i.  e.  thofe  into  which  the  Root  was  multiplied)  but  having  done  this  we  muft  not  al- 
fo  multiply  any  of  thofe  Powers  into  any  other  of  them,  nor  into  the  Numbers  ftand- 
ing under  thefe  others,  becaufe  thofe  new  Produfts  would  either  contain  a  greater 
Power  of  the  fame  Root,  than  the  given  Number  contains,  and  fo  could  not  meafure 
it  (by  T'heorem  X.)  or  would  coincide  with  the  Products  of  fonie  of  the  higher  Pow- 
ers, by  the  Numbers  preceding  the  Root.  Thus,  in  the  preceding  Esam.  id.  if  we 
multiply  all  the  Numbers  Itanding  in  the  Column,  which  has  2  in  the  Top,  by  4,  this 
will  be  the  fame  as  the  Column  which  has  8  on  the  Top  j  all  v/hich  Numbers  un- 
der 8  are  the  Produfts  of  8,  by  all  the  Numbers  preceding  the  Root  2,  becaufe  the 
Numbers  under  2  are  the  Products  of  all  the  preceding  Numbers  by  2,  which  Pro- 
dui5ls  therefore  multiplied  again  by  4,  will  be  equal  to  the  Produfts  of  thefe  prece- 
ding by  8,  fince  4X2=8.  Again,  we  are  not  to  multiply  any  of  thefe  in  the  Columns 
under  2  or  4  by  8,  becaufe  the  Numbers  of  the  one  of  thefe  Columns  have  2  involved 
in  them,  (being  the  Products  of  all  the  preceding  Numbers  by  2)  and  the  other  has 
4  involved  (being  the  Produ^l  of  the  fame  Number  by  4)  and  confequently  if  thefe 
were  again  multiplied  by  8,  they  would  have  a  greater  Power  of  2,  than  the  given 
Number  has,  in  which  8  is  the  greateft  Power  of  2.  But  then  to  find  the  Produfts 
of  all  the  Numbers  preceding  the  Root  by  the  higher  Powers,  it's  evident  we  can  find 
them  by  multiplying  gradually  all  the  Numbers  under  each  Power  by  the  Root :  For 
thefe  under  the  Root  are  the  Products  of  the  preceding  by  the  Root ;  therefore  thefe 
Produfts  multiplied  again  by  the  Root  are  the  Produfts  of  the  fame  preceding  Num- 
bers by  the  Square  j  and  fo  on. 

CoROLL.  It  it's  required  to  find  all  the  aliquot  Parts  of  any  Number,  find  all  the 
Meafures  of  it  5  thefe  (excluding  the  given  Number  it  felf^  are  the  nUquot  Parts 
fought. 

Theo- 
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Theorem  XII. 

If  one  Number,  A,  be  Incommenfurabic  to  each  of  two  or  more  other  Numbers, 
B,  C,  D,  i^c.  'tis  alfo  Incommcnfurable  to  their  Produ^S  B,  C,  D,  ^c.  and  re- 
verfely. 

Demon.  Since  A  is  Incommcnfurable  to  each  of  the  Numbers  B,  C,  D,  £?c.  therefore 
A  has  in  its  Compofition  no  Prime  common  with  any  in  the  Compofition  of  any  of  thefe 
(Cw;  5d.  I'heorSjW.)  and  confecjuently  none  that's  common  to  the  Produ6l  of  any  two 
or  more  of  thefe  ;  becaufe  the  Primes  of  thefe  Produ6ls  are  no  other  than  the  Primes  of 
their  fevcral  Failors  (Cor.  5.  T'beo.  X.)  The  Reverfe  is  plain  from  the  fame  Princi- 
ple }  for  if  A  is  Incommenfurabic,  or  has  no  Prime  common  with  the  Produft  of  any 
two  or  more  of  thefe  Numbers  B,  C,  D,  ^c.  then  it  has  no  Prime  common  with  any 
one  of  thefe  ;  for  if  it  had,  it  would  alfo  have  a  Prime  common  to  the  Produil,  fince 
the  Produft  has  no  other  Prime  than  what  belongs  to  the  Fadtors. 

ScHOL.  Tho'  this  be  the  dire<5t  Demonftration,  yet  it  may  be  proved  very  fimply 
after  Euclid's  Way,  thus :  If  A  and  B  C  are  Commcnfurable,  then  what  mcafures  A, 
one  of  two  Incoramenfurables,  is  Incommcnfurable  with  the  other,  B  {T'l.eo.  11.)  and 
becaufe  it  is  Incommcnfurable  with  B,  yet  meafures  B  C,  therefore  it  meafures  C 
{T'heo.  V\.)  and  becaufe  it  meafures  alfo  A,  hence  A,  C  are  not  Incommcnfurable, 
contrary  to  Suppofition,  and  therefore  A  and  B  C  are  Incommcnfurable.  For  the 
fame  Rcafon  A  and  BCD  ('=B  CxDj  are  Incommcnfurable;  and  £0  on,  whatever 
Number  of  FaStors  5'ou  fuppofc  to  each  of  which  A  is  Incommcnfurable. 

For  the  Reverfe ;  if  any  Number  meafures  A,  and  any  one  of  thefe  others,  it  will 
alfo  meafure  the  Produfl  of  them  all  (which  is  a  Multiple  of  that  one)  therefore  A 
is  not  Prime  with  B  C  D  E,  ^c.  contrary  to  Suppofition. 

CoROL.  If  any  Number,  A,  is  Incommcnfurable  to  another  B,  it's  lb  alfo  to  all  the 
Powers  of  that  other,  as  B^,  B',  iSc.  Thefe  Powers  being  the  Products  of  Numbers 
to  each  of  which  A  is  Incommenfurabic  j  for  they  are  all  the  fame  Number  B,  fince 
B'=:BxB,  and  B'=BxBxB,  and  fo  on. 

SciioL.  In  forming  the  contrary  to  this  Theorem,  there  muft  be  fome  Liraitatior.5, 
thus, 

.    I".  If  A  is  Commenfurable  to  B,  and  C,  ^c.  its  fo  alfo  to  their  Produfl  B  C,  ^c. 
for  it  would  be  fo,  though  it  were  only  Commenfurable  to  one  of  the  Faftors. 

2°.  If  A  is  Commenfurable  to  B  C,  i^c.  'tis  fo  alfo  to  one  at  leaft  of  the  Fa6lors 
{■for  elfe  it  were  Incommcnfurable  to  the  Produft)  but  not  neceffirily  fo  with  thcni 
all ;  as  here,  4  is  Compofite  to  6,  and  to  (5X9t=54,  but  not  to  9 ;  fo  that  as  in  the  firft 
Part,  the  contrary  is  larger,  or  requires  fewer  Conditions  than  the  Theorem,  in  the 
fccond  Part  it  extends  not  fo  far,  or  draws  not  fb  great  a  Confequence. 

Theorem  XIII. 

If  any  Numbers,  A,  B,  C,  £f?c.  are  Incommenfurabic,  each  to  each  of  any  otlicl 
Kumbers,  M,  N,  O,  '^r.  then  the  Produft  of  any  two  or  more  of  the  firft  Set  is  In- 
c6mmenfurable  to  the  Product  of  any  two  or  more  of  the  lecond  Set.  And  the  Re- 
verfe. 

Demon.  This  follows  either  from  the  fame  Principle  as  the  laft,  viz.  the  Numbers, 
A,  B,  C,  ^c  having  no  conmion  Prime  with  any  of  the  Numbers  M,  N,  O,  ££?r.  none 
of  the  Produfls  of  any  two  or  more  of  the  one,  has  any  common  Prime  wirh  any  one, 
or  the  Product  of  any  two  or  more  of  the  other.  Or  we  may  deduce  it  from  the  lail, 
thus,  A  is  Incommenfurabic  with  M,  N,0,  B'c.  by  Suppofition,  and  therefore  it's  fo 
with  MN,  NO,  MO,  or  MNO  (77.w;-.  XII.3  But  the  fame  is  alfo  true  of  B  and 
C  3  confcqucntly  each  of  thefe  laft  Products  confidcred  now  as  one  Number,  is  Incom- 
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tnenfurable  to  the  Produfls  of  any  two  or  more  of  the  former,  that  is,  with  AB,  A(.\ 
B  C,  or  A  B  C.  The  fame  Reafoning  is  equally  gootl,  how  many  Numbers  fbever  there 
be  in  each  Set. 

For  the  Reverfe,  viz.  That  if  all  the  Produfls  of  each  two,  or  more  Numbers,  ta- 
ken out  of  each  Set,  are  Incommenfurable  to  one  another,  fo  are  the  feveral  Faftors  of 
the  one  Set  to  thofe  of  the  other :  This  is  plain  from  hence,  that  if  we  fuppofe  any 
two  of  them,  as  A  and  M,  to  be  Commenfurable,  then  that  Number  which  meafures 
each  of  them,  will  meafure  any  Produft  in  which  they  are  concerned,  and  fo  thefe 
Produfls  will  be  Commenfurable,  contrary  to  Suppofition. 

CoROLL.  If  two  Numbers,  A  and  B,  are  Incommenfurable,  any  Power  of  the  one, 
as  A",  is  Incommenfurable  to  any  Power  of  the  other,  as  B"  or  B™  ;  and  the  Reverfe, 
if  A",  B™,  are  Incommenfurable,  fo  are  A,  B. 

Exam.  3  and  5  are  Incommenfurable,  and  fb  are  9,  and  25  their  Squares  j  alfo  27, 

A    •    •     . 
25,  the  Cube  of  3  and  the  Square  of  5  j  wherefore  if  any  Fraflion,  — ,  is  in  its  lOweft 

a 

A"" 
Terms,   any  of  its  Powers  is  fo  alfo,  as  — . ;  and  the  Reverfe. 

Theorem   XIV. 
If  any  Number,  A,   meafures  another  B,  then  will  any  Power  of  A,  as  A",  meafure 
the  like  Power  of  the  other,  B".     And  reverfely,  If  A"  meafure  B",  fo  will  A  meafure 
B  5  and  alio,  every  other  Power  of  A  will  meafure  the  like  Power  of  B. 

Demon.  A  has  no  Prime  but  what's  in  B,  nor  any  oftner  involved,  elfe  it  could  not 
meafure  it  5  but  the  prime  Fa£lors  of  A  being  equally  involved  in  A",  as  thofe  of  B  arc 
in  B",  it  follows,  that  as  there  is  no  Prime  in  A"  but  what  is  B",  fo  there  is  none  oft- 
ner involved,  and  confequently  A"  meafures  B".  The  Reverfe  is  plain  from  the  fame 
Principles.    Or  we  may  make  the  whole  Demonftration  as  fimply  thus. 

Let  A  meafure  B  by  D,  that  is,  B-^A:=D;  then  is 
A  :  B  :  :  I  :  D,  and  (by  Cor.  nth  T'heo.  III.  'Book  IV. 
Chap.  IV.)  A" :  B"  : :  I  :  D";  but  x  meafures  D",  there- 
fore fo  does  A"  meafure  B".  For  the  Reverfe,  Let  B"^- 
A"=D,  which  is  an  Integer  by  Suppofition ;  then  A" .-  B"  :  i  : :  D.  But  the  firft  3  be- 
ing Powers  of  the  Order  «,  therefore  (by  Tbeo.  XII.  Sook  IV.  Chap.  IV.)  D  is  a  Pow- 
er of  the  Order  »  :  Suppofe  it  =X'',  fo  that  A",  B"  :  :  i  :  X"  j  wherefore  (by  Cor.  2. 
I'heo.  III.  Ch.  IV.)  A  :  B :  :  r  :  X.  But  i  meafures  X,  and  confequently  A  meafures 
B  ,and  hence  every  other  Power  of  A  will  meafure  the  like  Power  of  B. 

Theorem    XV. 

If  any  Compofite  Number  meafures  another  like  Compofite,  fo  will  the  feveral  Fa- 
flors  of  the  firfl  meafure  the  correfpondent  Faflors  of  the  other. 

Thus,  if  A,B  are  like  Compofites,  and  «,  b  two  of  the  fimilar  Faflors;  then  if  A 
meafure  B,  fo  will  a  meafure  b  j  and  Reverfely,  If  a  meafure  b,  fo  will  A  mea- 
fure B. 

Demon.  Like  Compofites  are  in  the  Ratio  of  the  like  Powers  of  any  of  the  corre- 
fpondent Faftors,  that  is,  A;  B  :  :  n" :  i"  (by  i'heo.  V.  Sook  IV.  Ch<ip.  IV.^  But  by 
Suppofition  A  meafures  B,  therefore  a"  meafures  b",  and  therefore  (by  the  laft^  a 
meafures  b. 

For  the  Reverfe,  If  a  meafures  b  then  does  A"  meafure  B"  (by  the  laft)  but  alfo 
*" :  i"  : :  A  :  B,  and  a"  meafures  ^",  therefore  A  meafures  B. 

The- 
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Theorem    XVI. 
If  two  Numbers,  A,  B,  are  compofcd  of  an  equal  Number  of  different  Primes,  they 
cannot  be  like  Compolitcs. 

liEMON.   i".  They  cannot  be  fo,  by  taking  thefc  Primes  for  the 


6=2X7X11,  i^c. 


fimilar  Faftors,  becaufe  if  four  Numbers  are  :  :  /  they  cannot  be 
all  Primes  (Cor.  ^A.  Theo.  V.)  confequently  no  two  of  the  prime 
Factors  of  the  one  Compound  are  :  :  /  with  any  two  of  the  other  j 
therefore,  Zaflly,  Though  thefc  Compounds  be  fimilar,  yet  the  Similarity  does  not 
depend  on  the  Faflors  being  taken  in  that  manner. 

2°.They  are  not  Similar  by  taking  any  ProduiSs  of  thefe  prime  Faflors  for  the  fimilar 
Faftors  ;  for  any  one,  or  the  Produfl  of  any  two  or  more  of  the  Primes  of  the  one 
Compound,  is  Incommenfuruble  with  any  one,  or  the  Produft  of  any  two  or  more  of  the 
Primes  of  the  other  ('Tijeo.  XIII.  j  therefore  let  us  take  any  two  of  fuch  Produfls  out 
of  the  Primes  of  each  Compound,  or  a  fingle  Prime,  and  a  Produft  out  of  each,  or 
two  Primes  out  of  the  one,  and  two  Produfts  out  of  the  other,  or,  Lajlly,  a  Prime 
and  a  Produfl  out  of  the  one,  and  two  Primes  or  two  Products  out  of  the  other ;  yet 
thefe  cannot  be  :  :  /,  becaufe  each  Couplet  of  the  compared  Terms  are  Incommenfura- 
ble,  which  is  inconfillent  with  Proportionality  5  for  if  ^  :  ^  :  :  A  :  B,  then  if  a,  b  are 
Incommenfurable,  A,  B,  arc  Commenfurablc  (^ by  Cor.  2d.  'Tbeo.  IV.  j 

Laftly,  Since  Numbers  can  be  but  one  particular  Way  compofcd  of  prime  Faflors, 
and  no  other  Numbers  can  meafurc  them,  but  thefe  or  their  Products  j  and  fince,  as 
we  have  now  fcen,  neither  thefe  nor  their  Produils  can  make  fimilar  Faflors,  they 
can  have  none  fuch,  i.  e.  they  cannot  be  like  Compofites,  or  they  cannot  be  refolved 
into  an  equal  Number  of  fimilar  Faftors. 

PROBLEM   V. 

To  find  the  Icaft  common  Multiple  to  any  given  Numbers,  A,  B,  C,  D,  ^c.  which 
are  all  different. 

N.  S.  For  brevity  we  fliall  put  xfe,  for  Multiple ;  co :  X/e,  for  common  Multi- 
ple j   and  / ;  X/^,   for  leaft  common  Multiple. 

Cafe  I.    For  t-xo  Numbers,  A,  B. 
Rule  Ci"".)  If  they  are  Incommenfurable,  as  4,  7,  their  Produfl  AB=i8  is  their 
/  :  xk.     But,  (z°.)   If  they  are  Commenfurablc,  find  the  two  leaft  in  their  Ratio,  as 
a  :  b  ('by  Cor.  ^.  Theor.  III.)  fo    that   thefe   are   :  :  /,  viz.   A  :  B  -. ;  a  :  b,    then  is 
Ab=aB,  the  Number  fought. 

Demon,  i*.  If  A,  B  are  Incommenfurable,  then  is  AxB  their 

Exam.  I  :  x/e.     It  is  a  co  :  X-k  ;    and  to  fhew  that  it  is  the  /  :  x/e,  let 

A  ^4  .  B=i8  A  and  B  meafure  any  other  Number,   as  N,  and  let  the  Qaores 

a=z  .    b=  9  be  C,  D,  thus,  A  (N=C,  and  B)  N=D;  but  the  Dividend  N 

AZ'=.7B     =  x6  being  common,  ths  Divifors  and  Quotes  are   reciprocally   :  :  /, 

A         :         h  that  I'j,  A  :  B  :  :  D  :  Cj  and  A,  B  being  Incommenfurable,  they 

AB  meafure  D,  C  equally  (TlJeor.  II.)     Again,  N=A  C  and  AB  ; 

N  A  C  :  :  B  :  C,    therefore  A  B  :  N  :  :  B  :  C.     But  B  meafures  C, 

C         :         D  therefore  A  B  meafures  N,  which  is  therefore  greater  than  A  B, 

or  its  equal  5    confequently  any  other  Number  than  AB,    which 

is  a  <ro  :  X/(?  to  A  and  B,  is  greater  than  AB,    therefore  this  is  the  /  :  X/e. 

i".  If  A,  B  are  Commenfurablc,  and  a  :  b,  the  leaft  in  the  fame  Ratio  with  A  :  B, 
then  is  Ab,  or  aB,  a  co  -.  x/f  to  A,  B  j  for  Ab  is  xk  of  A,  and  aB  of  B,  alfo  Ab=:'iB. 
Again,  I  fav,  Ai=jB  is  their  /  :  xk,  for  let  them  meafure  any  other  Number,  as  N, 

Y  y  2  by 
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by  C,  D,  fo  that  as  before,  A  :  B  :  :  D  :  C  ;  then  becaufe  A  -.  B  :  :  a  :  I;  therefore  a  : 
^  :  :  D  :  C  J  but  a  :  ^  being  Incdmmenfurable,  ^  meafures  D,  and  ^  meafures  C 
equally  ;  alfii,  A^  :  A  C  :  :  l» :  C,  and  AC=N,  therefore  A  l;  -.  N  :  -.  0  :  C  ^  andlince 
^  meafures  C,  fo  will  A  I;  meafure  N,  which  is  therefore  either  the  fame  Number,  or 
greater  then  A  ^  5  hence  A  ^  is  the  / :  xfe  fought. 

CoROLi,.  The  lead  co  :  xk  of  two  Number?,  A,  B,  meafures  all  their  other  ro  :  xles, 
which  therefore  are  the  Multiples  of  it ;  for  it's  proved  that  A  B,  or  A  i;,  meafures  any 
other  Number,  N,  which  is  fuppofcd  to  be  a  <ro  :  xle  to  A,  B. 

C-r/e  II.     For  7nore  than  nvo  Numbers,  as  A,  B,  C,  D,  ^c. 
Rttle.  Find  the  /  :  "Me  to  any  two  of  them  5  and  then  the  / :  xde  to  the  Number  laft 
found,  and  another  of  them  ;  and  fo  on  till  you  go  through  them  all  j  and  the  laft  found 
is  the  Number  fought. 

Demon.  Let  A,  B,  C,  D,  be  any  Numbers  ;  and  the  /:  Xfe 
of  A,  B  be  w ;  of  >»,  C,  be  n  5  and  of  «,  D,  be  O.  I  fay  n  is 
the  /  :  y-le  of  A,  B,  C  ;  and  O,  that  of  A,  B,  C,  D  5  for, 

1°.  A,  B  meafure  ?n,  and  ?»,  C  meafure  «,  therefore  A,  B, 
C  meafure  ri.     Again,  «,  D  meafure  O,  and  A,  B,  C,   meafiire 
»,  therefore  A,  B,  C,  D,  meafure  O  j  and  fo  it  proceeds  for  ever, 
/.  e    each  Number  found  in  the  Courfe  of  the  Operation  is  a 
CO  :  X/(?  to  all  the  given  Numbers  fb  far. 

ii°.  They  are  their  leaft  co  :  x/ei  5  for  what  is  a  x/e  of  A,  B,  is  fo  of  w;,  and  what  is 
a  x/e  of  7;?,,  C,  is  fo  of  «  (CoroU.  Cafe  I.)  therefore  what  is  a  xj^  of  A,  B,  C,  is  fo  of  », 
and  confequently  it  is  not  lefs  than  «  ;  which  is  therefore  the  / :  Xle  of  A,  B,  C.  Again, 
what  is  a  xle  of  A,  B,  C,  is  fo  of  «  ('by  the  laft  Step)  and  what  is  a  x/e  of  »,  D,  is  &  of 
O  (CoroU.  Cafe  I.)  therefore  what  is  a  X/e  of  A,  B,  C,  D,  is  fo  of  O,  and  confequently 
is  not  lefs  than  O,  which  is  therefore  the  /  :  X/«  of  A,  B,  C,  D.  The  fame  Reafoning 
is  evidently  good  from  one  St-ep  to  another  for  ever  j  from  which  we  have  gained  the 
iollowing  Truth,  viz. 

Gen.  CoROLL.  The  leaft  comirion  Multiple  of  any  Numbers,  A,  B,  C,  ^c.  is  an 
alijuot  P.irt  of  all  their  other  co  :  x/«,  or  thefe  are  Multiples  of  that. 

Scholium. 
xff.  The  preceding  general  Corollary  may  be  demonftrated  independently  of  any 
€afe  of  this  Problem.     T'hus,  Take  any  Number,   N,  which  /,   the  /  :  x/<?of  A,  B,  C, 
S^f.  does  not  meafure,  I  fay  it  can  be  none  of  the  co  :  >-ks  of  A,  B,  C,  iSc.  for  fince  l 

<loes  not  meafure  N,  (the  Quote  of/)  N  is  a  mix'd  Number,  fuppofe.  A-}-—..  Hence, 

by  the  Nature  of  Divifion,  N=A/-|-r.  Now  A,  B,  C,  £5?c.  dp  e?ch  bv  Suppofition 
lueafure  I,  and  confequently  they  meafure  its  Multiple  A/^  but  /  is  the  leaft  Number 
they  meafure,  therefore  they  cannot  meafure  r,  which  is  lefs  than  /,  being  the  Re- 
mainder of  a  Divifion  in  which  /  is  the  Divifor.  Lately,  What  meafures  one  Part,  and 
not  the  other  Part  r,  cannot  meafure  the  whole  A/-{->-,  which  being  equal  to  N,  con- 
fequently A,  B,  C,  i^c.  cannot  each  of  them  meafure  N,  a  Number  which  their  / :  X/e 
/  does  not  meafure. 

id.  Though  it  be  true  that  m  meafures  »,  yet  we  cannot  hence  conclude,  that  the 
/  :  X/e  of  certain  Numbers  is  a  greater  Number  than  that  of  a  Part  of  thefe  Numbers, 
becaufe  they  may  happen  to  be  equal  ;  fo  ?n  may  be  equal  to  «,  as  in  this  Example. 
The  /  :  x/e  of  3,  4  is  12,  which  is  alfo  the  /  :  X/e  of  3,  4,  6.  This  however  is  certain, 
that  the  / :  x/e  of  the  whole  given  Numbers  can  never  be  lefs  than  that  of  a  Part  of 
iJbipm  i  for  it's  Ihcwn,  that  m  muft  meafure  n  3  or,  for  this  obvious  Reafon,  that  the 
1  ■      "  l\y.k 


Of  Trtme  and  Compo/ite  Numbers.  54.9 

I :  Xk  of  the  Whole  is  a  co:  x/e  to  any  Part  of  them,  and  can't  be  lefs  than  their  /  :  x/e, 
which  would  be  abfurd. 

Again,  the  Cafe  in  which  it  happens  that  the  / :  y.le  of  the  Whole  is  equal  to  that 
of  a  Part,  is  this,  viz.  when  one  of  the  given  Numbers  is  equal  to,  or  an  aliquot  Part 
of  the  leaft  co  :  x/e  of  a  Part  ;  for  then  its  manifeft  from  the  Manner  of  the  Operation, 
that  this  Equality  muft  happen,  as  you'll  fee  by  examining  thefe  Examples : 

Given  Numbers        5.  4.  (J    I     5.4.5.12 
/:  "Kles  12  .12     I  12  .(So  .  60 

^d.  If  Numbers  are  given,  to  find  their  / :  x/e  j  and  if  feveral  of  thefe  Numbers  are 
the  fame,  or  equal,  as  A,  A,  B,  C,  It's  plain  that  we  have  no  more  to  do,  but 
find  the  /  :  x/(?  to  all  that  are  really  different  Numbers.  But  if  we  fhould  apply  the 
Rule  to  all  the  given  Numbers,  without  confidering  that  fbme  of  them  are  the  fame, 
the  fame  Number  muft  neceffarily  anfwcr  for  the  /  :  Xfej  the  Reafon  of  which  will 
alfo  appear  from  the  Nature  of  the  Operation  j  as  here,  the  /  :  x/^  of  5,  4  is  12  j  and 
if  to  the  given  Numbers  you  join  another  4,  the  /  :  x/e  is  not  thereby  changed,  becmfc 
12  being  a  x/e  of  4,  their  Ratio  in  loweft  Terms  is  5  :  i  5  fo  that  the  Number  tound 
upon  joining  of  the  new  4,  mult  neceflarily  be  the  fame  as  the  lart,  for  11:4:: 
5  :  I,  and  according  to  the  Rule  uXi  is  the  Number  fought,  which  is  the  lull  found 
CO  :  x/e. 

4f/b.  This  Problem  is  to  the  fame  Purpofe  with  this,  viz.  Tp  find  the  leaft  Number 
that  has  Parts  denominated  by  certain  given  Numbers  5  for  a  Number  which  has  a 
Part  of  the  Denomination  A,  B,  ^c.  muft  be  nieafurable  by  A  and  by  B,  i^c.  and 
the  leaft  Number  which  has  fuch  Parts  muft  be  the  leaft  Number  meaiurable  by  (or 
the  leaft  common  Multiple  of  A,  B,  ^c. 

Theorem    XVII. 
The  prime  Number  which  raeafures  the  /  :  x/e  of  certain  Numbers,  A,B,  C,  D,  ^c. 
will  alio  meafure  fome  one  of  thefe  Numbers. 

Demon.  \°.  Take  two  Numbers,  A,  B,  if  they  are  Incommenfurable,  then  is  AB 
their  /  :  y.le  5  and  if  a  Prime  p  meafures  A  B,  it  meafures  A  or  B  (CoroU.  i.  77'eo.  VI.  J 
If  A,  B  are  Commenfurable,  let  a,  I?,  be  Incommenfurable  Cor  leaft  in  the  fame 
Ratio)  then  is  Al/=aB,  the  h.  xle  of  A,  B  ;  and  if  p  meafure  Al>  and  a  B,  and  does 
not  meafure  A,  nor  B,  it  muft  meafure  both  b  and  a  (Coroll.  i.  'fheor.  VI. J  which 
■  therefore  are  not  Incommenfurable,  contrary  to  Suppofition. 

2".  If  there  are  more  then  two  Numbers,  as  A,  B,  C,D,   fup- 
A  .  B  .  C  .  D  pofe  7)1  the  /  :  x/g  of  A  :  B,  and  «  the  /  :  x/e  of  ;;!2  :  C  {i.  e.  of  A, 

m  .  n    .  o  B,  C.)     Again,  0  the  / :  x/e  of  «  :  D  (/.  e.  of  A,  B,  C,  Dj  5  then 

if/'  meafures  0,  it  muft  meafure  ;;  or  D  (by  the  firft  Article)  if 
not  D  then  ;;,  and  confcqucntly  it  meafures  cither  r,i  or  C ;  if  not  C  then  ;;,  and  con- 
Icquently  it  meafures  cither  A  or  B ;  fo  that  it  muft  neceflarily  meafure  one  of  the 
Numbers  A,  B,  C,  or  D ;  but  howmany  Nuaibers  foever  there  be,  the  fame  Reafoning 
will  evidently  hold  through  them  all.  ^ 

Theorem    XVIII. 

Of  certain  Numbers,  A,  B,  C,  D,  i3c.  if  each  of  them  be  feparatcly  Incommenfurable 
to  any  Number,  N,  fo  is  M  their  /  :  X/e.  • 

Demon.  If  any  Number  meafures  N,  M,  then  fome  prime  Number  meafures  them 
(Theor.  VII.  CoroU.  %.)  which  therefore  (by  the  laftj  meafures  fome  one  of  the  given 
Numbers  5  confequently  each  of  thefe  is  not  Incommenfurable  to  N,  contrary  to  Suppo- 
fition. T  H  E  0- 
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Theorem    XIX. 

The  greateft  Common  Meafure,  ?n,  and  the  lead  Common  Multiple,  M,  of  two 
Kumbers,  A,  B,  are  reciprocally  Proportional  with  them  j  thus,  m  :  K  •  :  B  :  M. 

Demon.  Take  a  :  I;,  Icaft  in  the  Ratio  of  A,  B,  then  is  A^  =  rtB  =  M  5  and 
A=ifin,  B  =  ful>.  Hence  A^=^wZ'  =  M:  But  it's  manifcft  that  ?a^  ;  rt/« ::  te  : Z-aff?, 
that  is,  W  :  A  :  :  B  :  M. 

PROBLEM    VI. 

Any  Number  of  Ratios  being  given,  to  continue  them  in  Integers,  in  any  Order, 
and  in  their  leafl  Terms. 

Jiuk.  This  Trobkm  may  be  folved  two  different  Ways. 

Method  r.  Continue  them  by  Troblem  I.  S.  IV.  Ch.W.  and  then,  reduce  the 
Numbers  found  to  their  leaft  Terms  (by  Corol.  5.  '-theor.  III.) 

Obfcrve,  If  the  given  Ratios  are  in  their  lowell  Terms,  then  being  continued  in 
this  Manner,  the  Numbers  found,  will,  in  fome  Cafes,  be  in  the  lead  Terms,  but 
not  in  every  Cafe,  as  thefe  Examples  fhew,  viz  5  :  8,  and  4  :  7,  which  are  in  their 
loweft  Terms,  being  continued,  make  this  Series  ;  iz  :  32  :  j^j,  which  has  a  Common 
Meafure,  4,  which  reduces  it  to  this,  5:8:  14.  Again,  Thefe,  2  :  3,  and  4  :  7, 
make  tins  Series,  8  :  12  :  21,  which  is  in  its  loweft  Terms.  But  if  the  given  Ratios 
are  equal,  or  the  fame  Ratio  to  be  continued,  then  this  Method  is  good.  But  I  fhall 
refer  the  Demonftration  till  after  the  fecond  general  Method  is  explain'd. 

J\Iethod  2.  The  given  Ratios  being  in  their  loweft  Terms  (orre- 
A  :  B,  C  :  D  duced   to  fuch.)    Then  fuppofe  only  two  Ratios,   as  A  :  B,   and 

£  :  F  :  G  C  :  D  }  they  are  continued  thus  5  Find  F,    the   / ;  x/e  of  B  :  C, 

a  :  b  :  C  {Trcb.  V.)  then  find  E  and  G,  by  thefe  Proportions,  viz.  B  :  A  ;  : 

F  :  E,    and     C  :  D  :  :  F  :  G  5    then    are   E  :  F  :  G    the   Num- 
bers fought. 

Demon.  That  E :  F  :  G,  continue  the  given  Ratios,  is  manifeft  from  the  Con- 
ftruaion  :  For  A  :  B  :  :  E  :  F,  and  C  :  D  :  :  F  :  G.  And  that  they  are  the  leaft 
Numbers  which  continue  the  given  Ratios,  is  thus  proved  :  Suppo'e  any  other 
Numbers,  a  :  b  ;  c,  which  are  in  the  given  Ratios  ;  I  fay,  thefe  are  greater  Num- 
bers than  E  :  F  :  G  J  for,  A  :  B  :  :  ^  :  bj  but  A  :  B  are  leaft  in  their  Ratio  j 
therefore  B  meafures  b.  Again,  C  :  D  :  :  ^  :  f  ;  but  C  :  D  are  leaft  in  their 
Ratio  ;  therefore  C  meafures  b  ;  therefore  al(b,  F,  the  liX-le  of  B,  C,  muft  mea- 
fure b  (by  Gtn.  Corel.  'Prob.  V.)  Again,  Since  F  :  ^  :  :  E  :  ^  :  :  G  :  f,  and  F 
meafures  b  ;  therefore  E  and  G,  do  equally  meafure  a  and  c  ;  confequently  a,  b,  c, 
are  grtater  than  E,  F,  G,  which  arc  therefore  the  leaft  that  continue  the  given 
Ratios. 

II.  Suppofe  ;  given  Ratios,  A  :  B,  C  :  D,  E :  F.  Find 
as  before,  G  :  H  :  I,  the  5  leaft  Numbers  that  continue  the 
2  firil  Ratios  ;  then  find  M,  the  /;  xle  to  I  :  E.  And  laftly, 
find  K,  L,  N,  by  thefe  Proportions,  I  :  M  :  :  H  :  L  :  :  G  :  K, 
and  this  E  :  M  : :  F  :  N  j  then  are  thefe  the  Numbers  {ought, 
viz.   K  :  L  :  M  :  N. 

Demon.  'Tis  plain  they  continue  the  given  Ratios  ;  and  they  arc  the  le.ift  that  do 
fo :  For  fuppofe  any  other  Numbers,  that  alfo  continue  the  g.vea  Ratios,  a.s  a  :  b  :  c  :  d. 
I  prove  that  they  muft  be  greater  than  K  :  L  :  M  :  N  j  thus,  A  :  h  :  :  a  :  b  ^  but 
A  :  B  are  leaft  in  their  Rauo  ;  therefore  B  meafures  b-  Again,  C  :  D  :  :  b  :  c,  and 
C  :  J)  are  leaft  in  their  Ratio  j  therefore  C  meafures  b.  Hence  again,  H,  the  i :  xle  of 
B,  C,  meafures  b  ;  but  alio  H  :  I .  :  b  :  c  i  therefore  I  meafures  c.     Again,  E  :  F  : : 

c:d, 


:  B,   C  :  D,  E  :  F 
G  :  H  :  I 

K  :  L  :  M  :  N 

a  :  b  :  c  :  d 


p 

G.     And  hftlv, 

find  Q, 

N 

:  R  :  :  O  :  S,   alib  G  :  T. : 

A 

:  B,  C  :  D,  E  ;  F 
I  :  K  •  L 
M:N:0:P 

,  G:H 

Q_.  R  .  S  :  T 

U 

a  :  b   :  C  :   d 

e 

fure  b  ;  and  becaufe  K  ; 
therefore  E  meafures  c 
c  ;  and  becaufe  O  :  P  : 
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c  :  d,  and  E  :  F,  being  in  leaft  Terms,  E  racafurcs  c  j  therefore,  M,  the  /  .•  x/e  of 
I  :  E,  meiifures  r,  but  ^l  :  c  :  :  K. :  a  :  :  L,  :  b  '.  :  N  :  d  ;  and  becaufe  M  meafures  c, 
therefore  K,  L,  N,  do  equally  meafure  a,  b,  d :  Hence  a,  b,c,  d,  are  greater  than 
K   L,  M,  N,  which  are  therefore  the  leafl  that  continue  the  given  Ratios. 

'ill.  Suppofe  four  Ratios,  A  :  B,  C  :  D,  E  :  F,  G  :  H  5  continue  the  fiift  two  by  the 
lumbers,  I  :  K  :  L  (K  being  the  / ;  X/<?  of  B,  C)  and  continue  the  firit  three  in  the 
Numbers  M  :  N  :  O  :  P,  fO   being   the  /.•  xfc  of  L  .  E)  then  find  T,  the  /  .x/^  of 

R,  S,'U,  by  thefe  Proportions,  viz.  P  :  T  :  :  M:  Q,:  : 
:  H  :  U  ;  then  Q,  R,  S,  T,  U,  are  the  Numbers  fought. 
Demon.  They  continue  the  given  Ratios  plainly  ; 
and  that  they  are  the  leaft  Numbers  which  do  fb, 
I  prove,  by  Ihewing  that  any  other  Numbers,  a,  by 
C,  d,  e,  which  continue  the  fame  Ratios,  are  greater 
than  they  •  Thus,  A  :  B  :  :  ^  :  Z^,  and  C  :  D  :  : 
b  :  c  ;  therefore  B  and  C  do  both  meafure  b  j 
and  confequently,  K,  the  /;  xle  ofB,  C,  does  mea- 
L  :  :  ^  :  c,  therefore  L  meafures  c.  Again,  K  :  F  :  :  c :  d. 
And  hence  again,  O,  the  /  ;  X.k  of  L,  E,  does  alfo  meafure 
C  :  d,  and  G  :  H  :  :  d  :  e  j  therefore  both  P  and  G  meafure 
d  ;  and  confequently  T,  the  / ;  x/e  of  P,  G,  does  meafure  d  :  But  now  T  :  d  :  :  Q_: 
tf  :  :  R  :  &  :  :  S  :  c  :  U  :  e  }  and  becaufe  T  meafures  d,  therefore  Q,  R,  S,  U,  do 
equally  meafure  a,  b,  c,  e.  Hence  a,  b,  c,  d,  e,  are  greater  than  Q^,  R,  S,  T,  U, 
which  therefore,  lailly,  are  the  leaft  that  continue  the  given  Ratios. 

As  I  think  the  Progrefs  of  this  Rule,  and  its  Reafon,  ad  Infinitum,  will  be  clearly 
perceived  after  what's  explained,  I  fhall  carry  it  no  further  ;  but  only  make  this  gene- 
ral Remark,  viz.  That  for  every  fucceeding  Series,  or  every  new  Ratio  added,  we  be- 
gin always  with  finding  the  / ;  Xle  of  the  Antecedent  of  the  new  Ratio,  and  the  laft 
Term  of^  the  preceding  Series  ;  and  making  that  the  laft  but  one  of  the  Series  fought, 
we  find  the  reft  by  Proportions  drawn  from  this  and  the  Terms  of  the  preceding  Scries, 
together  with  the  Ratio  added  ;  then  the  Term  which  was  firft  found,  is  a  princi- 
pal Medium  for  demonftrating  that  the  Numbers  found  continue  the  given  Ratios  in 
the  leaft  Terms. 

Scholiums. 
ij?.  Either  of  thefe  two  Methods  are  univerfal,  whether  the  given  Ratios  are  diffe- 
rent or  the  fame  j  and  are  indeed  the  only  Methods  that  fblvc  this  'Problem,  in  all 
Cafes  5  but  in  that  Cafe  where  the  fame  Ratio  is  to  be  continued,  if  we  take  it  in 
its  leaft  Terms,  and  continue  it  by  the  'Troblejii  refered  to  in  the  firft  Method,  the 
Series  found  will  be  in  its  leaft  Terms  ;  as  I  have  already  faid  in  an  Obfervation  af- 
ter the  firft  Method  5  and  which  I  lliall  now  demonftratc  ;  Thus, 

By  the  Method  of  this  Operation  it's  manifeft,  that  the 
Extremes  of  the  Series  are  like  Powers  of  the  Terms  of  the 
given  Ratio ;  and  thefe  being  Incommenfurable  ('or  in 
their  leaft  Termsj  their  like  Powers  muft  be  fo  [Theor. 
XIII.  Cor.)  But  the  Extremes  of  a  Series  being  Incom- 
menfurable, the  Whole  muft  be  fo. 

Or,  The  Truth  of  this  will  alfo  appear  from  the  prece- 
ding fecond  Method  :  For  if  you  compare  this  Operation  ex- 
actly with  the  preceding  Rule,  you  will  find  it  s  the  very 
fame  Work  which  would  be  made  by  that  Rule  ;  only  in 
this  particular  Cafe  it  is  eafier  Work,  becaufe  of  its  being 
the  fame  Ratio,  and  in  its  leaft  Terms. 

Ob- 
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Obferve  alfo,  That  the  fame  Series  is  made  by  the  Series  of  the  Powers  of  the  gi- 
ven Terms  of  the  Ratio,  multiplied  together  in  a  reverfe  Order  ;  as  has  been  ex- 
plained in  Schol.  to  Tbeor.  VIII.  S.  IV.  Ch.  IV.  and  which  is  expreffed  in  this 
general  Form  : 

A"  :  A-'-'xB  :  A"-'x  B'  :  l^c.   :  AxB"-  :  B". 

--d.  In  S.  IV.  Ch.  IV.  Trob.  I.  Schol.  zcl.  I  have  obferved,  That  tho'  we  take  all 
the  poffible  Expreffions  of  the  fame  Ratio,  and  continue  a  Series  by  each  of  ihem, 
yet  this  would  not  exhauft  all  the  Variety  of  Numbers,  in  which  a  Series  in  the  fame 
Ratio  might  appear;  and  the  univerfal  Method  of  finding  all  that  V;mety  was  referred 
to  another  Place  :   And  here  we  plainly  have  it :  Thus, 

Raife  a  Series  from  the  lead  Terms  of  the  given  Ratio,  to  the  propofed  Number  of 
Terms  ;  then  fucceflively-.multiply  this  Series  by  2,  5,  4,  ^c.  taking  the  Multipliers 
in  the  Order  of  the  natural  Series,  ad  Infinitum  5  and  you  Ihall  have  hereby  the  Se- 
ries in  all  its  poflible  Variety  :  For  it  is  firfl  in  its  loweft  Terms,  and  then  in  all  the 
Multiples  of  thefe  ;  which  neceflarily  exhauft  all  the  Variety  .-  Becaufe  a  Series  i$ 
either  in  its  leaft  Terms,  or  in  the  Multiples  of  thefe  {T'f.eor.  I.)  Therefore,  if 
A  :  B  exprefs  the  leaft  Terms  of  any  Ratio,  all  the  poflible  Variety  may  be  expref- 
fed in  this  general  Form  : 

A"*,-  :  A"  ■•Bx  :  A-'-'B'x  :  ^C.  :  AB"-'x  :  B'^.v. 

Where,  according  to  the  infinite  Variety  of  Numbers,  irt  the  Order  of  the  natural  Se- 
ries, that  X  may  reprefent,  fo  will  the  Series  be  different  :  So  x,  being  i,  the  Series 
is  in  its  leaft  Terms  ;  becaufe  i  does  not  multiply  j  but  in  all  other  Values  of  .v,  the 
Series  is  Multiple  of  the  leaft  Terms;. 

Obferve  alfo.  That  if  x  is  any  Number,  which  is  a  Power  of  the  Order  n  {n-{-_i,  be- 
ing the  Number  of  Terms  of  the  Series)  then  the  Series,  with  that  Value  of  x,  is 
what  would  arife  by  working,  according  to  the  Rule  in  Srhol.  I  with  fome  of  the 
greater  Terms  of  the  Ratio,  which  are  always  Equimultiples  of  the  leaft  Terms  5 
27jw,  Let  x  =  r",  then  is  A''x=A''r"  =  ATI"  (by  "theor.  I.  S.  III.  Ch.l.)  and 
B"x  =  B"/-"  =  b1'",  and  thefe  Extremes  are  plainly  like  Powers  of  Ar  :  Br,  Equimul- 
tiples of  the  leaft  Terms  of  the  Ratio  A  :  B.  But  all  the  greater  Terms  of  this  Ra- 
tio are  univerfally  expreffed  by  Kr  -.  hr  ;  and  the  Extremes  of  a  Series  rais'd  from 
thefe,  are  univerfally  A?[  :  Br]"  :  Which  ftiews  that  all  the  Variety  that  would  arife 
by  working  with  all  the  different  greater  Terms  of  the  Ratio,  is  had  by  making  xany 
Power  of  the  Order  «.  And  laftly,  If  x  is  any  Number,  which  is  not  a  Power  of 
the  Order  «,  then  we  have  all  the  reft  of  the  Variety,  which  cannot  arife  from  work- 
ing according  to  the  preceding  Rule  ;  becaufe  whatever  Terms  of  the  Ratio  we  work 
with,  as  Ar  :  Br,  the  Extremes  will  be  Arl"  :  Br)",  fimilar  Powers  ;  but  x  not  be- 
ing a  Power  of  the  Order  ;;,  A"x  :  B"x  cannot  be  fuch  Powers  (Cw.  4.  'I'keor.  II. 
S.  III.  Ch.  I.;  ,  . 

Obferve,  laftly.  That  in  a  Multiple  Ratio,  or  whofe  leffcr  Extreme  is  i,  all  the  Va- 
riety is  had  by  raifing  a  Series  from  all  the  different  Expreffions  of  the  Ratio  ;  which 
in  this  Cafe  only  has  the  fame  Effc£>,  as  multiplying  the  leaft  Terms  of  the  Scries, 
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$.  II.  Relating  all  to  Geometrical  ProgrefTions. 

Theorem    XX. 

If  a  Geometrical  Scries  is  in  its  leaft  Terms  (i.  e.  all  the  Terms  Incommenfurablc) 
the  Extremes  are  fuch  like  Powers  of  the  leaft  Terms  of  the  Ratio,  whofe  Index  is  the 
Number  of  Terms  ItTs  r.  And  if  the  Series  is  not  in  its  leaft  Terms,  the  Extremes 
arc  Equimultiples  of  thefe  Iitc  Powers  of  the  leaft  Terms  of  the  Ratio. 

Demon.  This  is  pLiin  from  the  Method  ofraifing  a  Series  in  its  leaft  Terms,  ex- 

i)lained  in  the  preceding  Problem.  fSee  Schol.  i .)  For  if  a  Series  rais'd  from  the 
eaft  Terms  of  the  Ratio,  is  in  its'leaft  Terms,  and  the  Extremes  are  the  « — t  Pow- 
ers of  the  leaft  Terms  of  the  Ratio  5  alfb,  fince  two  Series  in  the  fame  Ratio  cannot 
be  both  in  leaft  Terms,  and  confift  of'  different  Numbers  4  therefore  the  firft  Thing 
propos'd  is  manifeft.  Again,  if  the  Series  is  not  in  leaft  Terms,  it  confifts  of  Equi- 
multiples of  the  leaft  Terms,  (iee  Schol.  2.  preceding  'Problem)  and  confequently  the 
Extremes  are  Equimultiples  of  the  n — i ,  Powers  of  the  leaft  Terms  of  the  common 
Ratio 

Schol.  As  every  Series,  not  in  its  leaft  Terms,  are  Equimultiples  of  the  leaft  ;  fb,  ac- 
cording as  the  common  Multiplier  is,  oris  not,  aPowerof  the  Order  «,  the  Extremes  will 
be,  or  will  not  be,  fuch  Powers  :  And  comparing  this  with  the  Extremes  of  the  Series, 
in  its  leaft  Terms,  we  may  obferve,  that  the  Extremes  of  every  Series  have  one  of 
thefe  three  Qiialities. 

I*.  They  are  Powers  of  the  Order  »  •,  but  not  alfo  Equimultiples  of  other  Num- 
bers, which  are  fuch  Powers :  And  this  happens  only  when  the  Series  is  in  leaft 
Terms. 

2°.  They  may  be  Powers  of  the  Order  /»,  and  alfo  Equimultiples  of  fuch  Powers  ; 
which  happens  only  when  the  leaft  Terms  of  the  Series  are  multiplied  by  fome  Power 
of  the  Order  »  j  or,  when,  a  Series  is  raifed  from  any  fuch  Terms  of  the  Ratio  as  are 
not  the  leaft. 

5"'.  They  are  Equimultiples  of  Powers  of  the  Order  »  ;  but  are  not  fuch  Powers 
themfelves  :  Which  happens  when  the  leaft  Terms  of  the  Ratio  (or  Series^  are  multi- 
plied by  fome  Number  which  is  not  a  Power  of  the  Order  ». 

COROLLARIES.  ,        .j 

ifl.  If  four  Numbers  are  :  :  /,  A  .•  B  :  .-  C  :  D  j  and  if  any  two  of  the  Comparative 
Terms,  as  A,  B,  or  A,  C,  are  Similar  Powers  of  any  Order  j  the  other  two,  C,  D,  or 
B,  D,  are  either  Similar  Powers  of  the  fame  Order,  or  they  are  Equimultiples  of  fuch 
Powers  :  For  if  A,  B  are  Powers  of  the  Order  «,  they  admit  « — i  Means  ;  and  fo  alfo 
do  C  :  p  ;  confequently,  by  this  'Theorem,  they  are  either  Powers  of  the  Order  «, 
or  Equimultiples  of  fuch.  - 

id.  Two  Numbers,  A,  B,  that  are  like  Compofites  of  «  Faftors,  are  either  both 
Powers  of  the  Order  n,  or  Equimultiples  of  fuch  ;  for  being  like  Compofitcs  of  « 
Faftors,  they  admit  of  «— i  Means  ;  i.  e.  they  are  the  Extremes  of  a  Geometrical  Se- 
ries of«+'  Terms;  {Theor.  IX.  ff.  IV.  Ch.  IV.)  and  confequently,  by  this  Theo- 
rem, they  are  either,  iSc. 

Theorem    XXI. 
If  a  Geometrical  Scries  is  in  its  leaft  "Terms,  or  Incommenfurablc,  fo  alfp  arc  thp, 

Z  z  Demon. 
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Demon.  The  Extremes  are  like  Powers  of  the  leaft  Terms  of  the  Ratio  j  but  the 
leafl  Terms  are  Incommen fur  able  {\theor.  IV.)  and  their  like  Powdrs  are  alfo  Incom- 
metifurahle  {'Theor.  XIII.  Coroll.) 

CoROLL.  If  the  Extremes  of  a  Series  are  Comjnenfurable,  the  whole  Terms  are  {^o  j 
for  the  Whole  being  Jncoramenfurabk,  fo  alfo  are  the  Extremes.     ' 

Theorem    XXII'. 

In  every  Geometrical .  Series,  whofe  Ratio  is  not  Multiple,  the  whole  Terms^  ex- 
cluding either  of  the  Extremes,  are  Commenfurable. 

Demon.  By  the  Work  of  the  preceding  'Problera,  as  it  is  reprefented  in  Schol.  i. 
all  the  Terms  of  the  Series  are  Multiples  of  the  ieffer  Term  of  the  Ratio,  except  the 
greater  Extreme  ;  and  all  are  Multiples  of  the  greater  Term  of  the  Ratio,  except  the 
Icffer  Extreme  ••  Wherefore  in  all  Cafes,  thefe  Terms  are  Commenfurable  by  that 
T^rm  of  the  Ratio.  , , 

COROLLARIES. 

i/?.  All  the  Terms  of  every  Geometrical  Scries,  except  the  Ieffer  Extreme,  in  fome 
Cafes,  .ire  Compofite  Numbers  :  For  if  the  Ratio  is  Multiple,  the  lefler  Extreme 
may  be  a  Prime,  and  then  all  the  other  Terms  are  Multiples  of  it :  But  if  the  Ratio 
is  not  Multiple,  all  the  Terms  are  Compofite  Numbers  j  which  are  either  Powers  or 
Multiples  of  the  Terms  of  the  Ratio.     Hence  again, 

li.  No  Term  of  any  Geometrical  Series,  except  the  lefler  Extreme,  can  be  a  Prime 
Number.     And  hence  again,  .  ' 

3(f.  Betwixt  two  Prime  Numbers  there  cannot  be  a  Geometrical  Mean  in  a  whole 
Number,  nor  confequently  in  a  mix'd  Number  ;  becaufe  the  Mean  is  the  fijuare  Root 
of  the  Produifi  of  the  Extremes  j  which  not  having  an  Integral  Root,  has  none  at  all 
(by  T'heor.  XIX.  2.  III.  Ch.  I.)  And  more  generally,  betwixt  two  Primes  there  falls 
no  Number  of  Geometrical  Means  j  for  Integral  Means,  they  cinnot  be,  by  this  yJbeo- 
Tsm  J  and  they  cannot  be  Fraftional,  as  you  11  fee  ini/^iieor.  XXV. 

Theorem    XXIII.  ''■         '  .!■ 

If  a  Geometrical  Series,  whofe  Ratio  is  not  Multiple,  is  it¥  il*  leaft  Terms  or  //;- 
commenfurable,  another  Integral  Term  cannot  be  added,  either  increafing  or  de- 
creafing. 

Demon.  The  Series  being  in-  iis  leaft  'Terms,  if  we  fuppofe  another  Integral  Term 
addet^,  ti;?n  in  this  i^icrcafed  Series,  the  whole  Terms,  excluding  this/n«;^.EV:9We 
added,  are  not  Commenfurable  ;  which  is  contrary  to  the  laft  T'bwrei'/ti     ,. 

Or  take  this  other  ^emoiiftration  :  Let  A,  B  and  L,  be  the  firft,  Tccond  and  laft 
Term  of  a  Series,  in  its  leaft  Tertns  j  to  which  let  another  Terra,  y,  be  .added  j  then 
is  A  :  B  :  :  L  :  V.  But  A  :  L  are  Iiicommenfurable  ;  becaufe  the  Series  from.  A  to  L 
is  fb  {T'heor.  XXI.)  therefore  A  meafures  B.  And  hence  again,  A  tneafures  evqry 
Term  of  th?  Series  ;  the  Ratio  being  in  this  Cafe  Multiply,  >'.  e.  every  Tern^  being 
an  aliquot  Part  of  the  nexf  greater,  and  confequently  of  every,  greater  j  ,  But,  if  A 
meafures  L,  then  A,  L  are  Commenfurable,  contrary  to  Suppofition.    .    .  ,    ], 

Coroll.  To  two  Numhers  hkomraenfurable,  a,  third  in  Geometrical  Proportion, 
cannot  be  an  Integer. 

Scholiums. 

1^.  The  Senfe  of  this  'Theorem  js  the  fani<?  with  thi^,  viz.  If  a  Scries  is  in  its  leaft 
Terms  (the  R.atio  not  Multiple)  the  laft  Tcrnx  capnqt  be  to  jny^  Integral  Nmpbet  in 
the  fame  Ratio,  as  the  firft  Term  to  the  fecond.  ■'        '-'  ' 

i.".  Though  the  Extremes  of  a  Series  are  Comnicn fumble,  and  at  the  fame  Time 
alfo  both  Compofite  Numbers  j  yet  it  will  pot  follow  that  another  Integer  can  be  ad- 
ded to  the  Series,  as  here  3  ao  :  30  ;  4j,  the  Extremes  3  20,  45,  are  both  Compofite 

Numbers, 
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•Numbtrsi  ancl  Commbnful-able  j  yet  another  Term  in  the  fame  Ratio  is  not  fntegral  j 
for  it  is  47  f.  'Buc  this  Truth, we  may  alfo  dcmonftrate  independently  of  any  Particular. 
EMmple.'t  Thus,  In  every  Scries,  all  the  Terms,  except  the  lefler  Extreme,  are  both 
Commenfurable  and  Compofite  Numbers  :  And  if  the  Scries  is  in  its  kail  Terms, 
another  Integral  Term  cannot  be  added  ;  but  if  wc  take  the  Term  next  the  leffer  Ex- 
treme, and  thCjgreatclt  Extreme,  for  the  Extremes  of  a  Scries,  they  are  both  Cow - 
menfurable  and  Compofite  j  yet  another  Integral  Term  cannot  be  added  above  the 
greater  Eisctremc  j  becaufe  what  is  added  to  this  Series,  is  alfo  added  to  the  Series  of 
which  it  is  a  Part,  and  to  which  another  Integral  Term  is  fhcwn  to  be  impoflible  j 
becaufe  its  Extremes  are  Incommenfurable. 

5°.  As  to  the  fpecial  Chara<3er  of  a  Series,  which  admits  of  another  Integral  Term, 
it  is  to  be  deduced  from  T'heor.  X.  Thus,  Let  A,  B,  L,  be  the  firll,  fecond,  and 
laft  Terms  of  a  Geometrical  Series  j  if  another  Term  added  after  L  is  Integral,  let  it 
be  called  M  j  then  is  A  :  B  :  ;  L  :  M  j  fo  that  A  meafures  BxL  j  (for  M=BL-^A.) 
Confequently  there  is  no  Prime  in  the  Compofition  of  A,  but  what  is  found  in  the 
Compofition  of  BL  («.  e.  either  in  B-or  L}  nor  any  Prime  oftner  involved  in  A,  than 
it  is  in  BL  :  For  otherwifq  A  qottUl  not  mqafure  BL  (by  T'heor.  X.)  and  fo  M  would 
not  be  Integer.  -     ^^,       , 

Thus  then  we  fee  what  are  tHe  Conditions  of  three  Integral  Numbers,  that  admit  a 
fourth  Fropprtional,  which  is  alfo  an  Integer. 

TT  Hii'bSL  EM    XXIV. 

If  there  be  ?ny  vne  (^Ihpice  qf  two  Terms  in  a  Scrips,  whereof  the  leffer  meafurcj 
tb«  greater,  then  every  le/Ter  Ihall  meafure  every  gwater  :  And  it  there  be  any  two 
TentPSi  whereof  the  Itfffer  does  not  meafure  the  greater,  then  pone  of  the  leffer  fliall 
meafure  any  of  the  greater. 

PzMON  ifi.  Let  apy  Series  be  thys  reprefented,  A  :  Ar  ;  :  Ar*  :  Ar',  £5?c.  If  any 
Term  is  divided  by  any  lefler,  the  Quote  is  fome  ^ower  of  r  j  this  is  manifefl:  j  and 
if  the  Quote  is  an  Integer,  then  r  is  an  Integer  j  becaufe  any  Power  being  Integer, 
its  Ropt  muft  be  fo  too  (Tbeor.  XIX.  S'-  III.  Cb.  I.)  Agam,  If  r  is  an  Integer,  all 
its  Powers  are  Integers  j  wherefore  every  leffer  Term  meafures  every  greater. 

2  J.  The  fecond  Part  is  obvious  from  the  preceding  j  for  if  any  lefler  Term  meafures 
any  greater,  ail  the  lefler  would  meafure  all  the  greater,  contrary  to  Suppofition. 

CoROLL.  If  A,  the  leffer  Extreme  of  a  Series,  meafures  the  fecond  Term,  B,  it  is . 
the  greateft  common  Meafure  of  the  whole  Series  j  for  it  meafures  all  the  other  Terms, ' 

and  IS  its  own  greateft  Meafure. 

.li  ■..;..•    , 

If  A,  the  leffer  Extreme  of;  a  Series,  is  a  Prime  Number,  the  Ratio  of  that  Series  is 
Multiple  }  or  every  lefler  Term  meafures  every  greater. 

t)EM0N.  If  A  does  not  meafure  the  fecond  Term,  B,  then  being  a  Prime  Number, 
A,  B,  are  Incommenfurable  ;  and  confei^uently  there  cannot  be  a  third  Integral  Term 
(by  Co)-olL  'I^heor.  XXIIl.)  contrary  to  Suppofition  ;  and  if  A  meafures  B,  then  every 
leffer  Term  meafures  every  greater. 

CoROLL.  If  the  leffer  Extremp  of  a-Series  is  a  Prime  Number,  that  Series  cannot  be 
in  its  leaft  Terqis  j  becaufe  the  leffe.r  Extreme  meafures  the  Whole. 

Theorem    XXVL 
Whatever  Number  meafures  the  Extremes  of  a  Series,  will  meafure  all  the  niid- 
dle  Terms ;    or  thus,  the   common  Meafure   of  the  Extremes  is  fo  to  the  whole 
Series. 

Zi  a  2  Demon. 
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Demon.  Let  the  Series  be,  A  :  B  :  C,  i^c.  : :  L,  and  fuppofe  that  m  meafures  the 

A  T 

Extremes  A,  L,  by  thefc  Quotes,   a,  I ;  that  is,  — =<?,  and  — =/ ;  then  is  A  :  L  :  • 

a  :  I  ^  and  as  many  Means  as  fall  betwixt  A  :  L,  fo  many  fall  betwixt  a:i  in  the  fame 
Ratio.     Let  the  fecond   Series  be  a,  l>,  c,  ^c.  I;   then  is  A  :  ^  ; :  B  :  ^  j  but  k=^ma, 

R 
therefore  V/^mb,  hence  — =^b ;  /'.  e.  m  meafures  B  by  b.     In  the  fame  manner  will 

m 

the  Reafoning  proceed  to  the  next  middle  Term  C ;   for,  B  :  ^  : :'  C  :  c  j  but  B^=r4b, 

and  therefore  C=ffic,  and  — =¥;  and  fo  of  all  the  reft. 

m 

CoROLL.  Hence  we  have  an  eafy  Rule  for  finding  the  greateft  common  Meafure  of 
any  Series,  viz.  by  finding  that  of  the  Extremes. 

ScHOL.  This  Theorem  is  true,  whether  the  Series  be  all  Integers  or  not,  and  whe- 
ther m  be  fo  or  not. 

Theorem    XXVII. 
As  many  Geometrical  Means  as  fall  betwixt  any  two  Numbers,  A,  L,  fb  many  there 
fell  betwixt  each  of  them,  and  their  greateft  common  Meafure. 

Demon.  i°.  If  A,  Lare  the  leaft  in  their  Ratio,  then  whatever  Number  of  Means  is  fup- 

fofed  to  fall  betwixt  them,  as  n — i,  the  whole  Series  is  leaft  in  its  Ratio,  and  A,  L  are 
owers  of  the  Order  «  {'Theor.  XX.)  As  fuppofe  A=^",  and  L=^" ;  now  a",  b^ 
being  leaft  in  the  Ratio,  i  is  their  greateft  common  Meafure,  and  betwixt  i  :  ^n^  ^ifj, 
betwixt  I  :^"  there  fall »— i  Means  (Cor.  III.  "Probl.  HI.  S.  IV.  Ch.  III.; 

2°.  If  A,  L  are  Commenfurable,  let  m  be  their  greateft  common  Meafure,  and  A-r- 
7n==&  ;  L-r-»?=D  ;  then  are  B  :  D  leaft  in  the  Ratio  of  A  :  L  {Theor.  III.)  and  be- 
ing in  the  fame  Ratio,  therefore  they  admit  as  many  Means  (Theor.  VII.  Sook  IV. 
Chap.  IV.)  But  by  the  laft  Article,  betwixt  i  and  B,  or  D,  there  fall  as  many 
Means  as  betwixt  B:D,  or  A  :  L,  as  fuppofe  « — i.  But  again,  fince  A-^/«=B, 
therefore  »z :  A  : :  i  :  B,  and  betwixt  i  :  B,  there  fall  » — i  Means  j  confequently  there 
fall  as  many  betwixt  m:  k.  And  becaule  L-^-?k=D,  hence  »« :  L  :  :  i  :  D ;  and  be- 
twixt I  :  D  there  fall  » — i  Means,  confequently  as  many  betwixt  m  :  L,  that  is,  as  ma- 
ny as  betwixt  A  :  L. 

ScHOL.  By  the  fame  Reafon  there  will  fall  as  many  Means  betwixt  A  or  L,  and  any 
<of  their  common  Meafures,  as  fall  betwixt  A  :  L  themfelves. 

Theorem   XXVIII. 

As  many  Means  as  fall  betwixt  any  two  Numbers,  A,  B,  fo  many  fall  betwixt  each  of 
them  and  their  leaft  common  Multiple  M. 

Demon.  Let ;»  be  the  greateft  common  Meafure  of  A,  B ;  then  Cby  7'heor.  XIX.  J 
»? :  A  :  :  B  :  M ;  and  (by  7'heor.  XXVII.)  there  fall  as  many  Means  betwixt  m  :  A 
(or  m  -.B)  as  betwixt  A  :  B  ;  alfo  (by  Theor.  VII.  Sook  IV.  Chap.  lY.)  as  many 
betwixt  B  :  M  or  A  :  M  as  betwixt  ;»  :  A  or  /»  .  B  j  that  is,  as  many  as  betwixt 
A:  B. 

Theorem   XXIX. 
Of  a  Series  in  continued  Proportion,  take  the  Series  of  the  greateft  common  Mea- 
fures, or  leaft  common  Multiples,  to  every  two  adjacent  Terms  3  thefc  are  alfo  in  one 
continued  Proportion. 

Demon, 
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A  :  B  ;  C  :  D  :  iSc. 
I     m      n 
a  :  I? 


Demon.  i°.  For  the  greateft  common  Meafures  r  Let  / 


be  that  of  A,  B,  and  m  of  B,  C,  and  n  of  C,  D  j  alfo, 
let  a  :  bhe  the  leaft  Terms  of  the  common  Ratio  of  the 
firft  Series.  Now,  /,  m,  n  do  equally  meafure  A,  B,  C, 
viz.   by  a  ;  and  they  alfb  meafure  B,  C,  D  equally  by  ^  j 

(•27.'for.  III.)  and,  Reverfely,  n  meafures  A,  B,  C  by  /,  w,  «,  and  b  meafures  B,  C,  D 

by  /,  OT,  «  ;  hence  /,  ?»,  «  are  continuedly  in  the  fame  Ratio  as  A,  B,  C  5  that  is,  as 

a.b. 

1^.  For  the  leaft  common  Multiples:  Let  /,  w,  «  be  the  / :  xles,  then  is  l=Aby 

m=Bl>,   »=Cb  i    hence  /  ;  m  .  :  Ab  :  Bb  ; ;  A  :  B,    and   t>t  .  »  :  ;  Ub  :  Cb  : :  B  :  C  } 

therefore  I :  m  :  :  m  :  n. 

Theorem   XXX. 

If  any  Numbers,  -^/,  are  in  their  loweft  Terms,  as  A,  B,  C,D,  and  L,  the  leaft  Terms 
of  whofe  Ratio  are  a-,  b:,  whatever  Number,  w,  meafures  any  Term  of  the  Series,  it's 
Commenfurable  with  a  or  b. 

Demon.  The  Series  being  in  its  loweft  Terms,  and  a  :  b  the  loweft  Terms  of  the 
common  Ratio,  then  the  Extremes  are  A=a"  and  L=i"  5  and  any  middle  Term  may 
be  cxprefled  a''''>i  b'.  (See  Schol.  I.  Trobl.  VI.)  Now,  if  »2  is  Incommenfurable  with 
a,  and  ^  j  it's  fo  with  any  Power  of  <?  and  ^,  and  with  any  Produft  of  any  Power  of  the 
one  by  any  Power  of  the  other,  {"Theor.  XII.  Coroll.)  wherefore  it  cannot  meafure  any 
Term  of  the  Series,  contrary  to  Suppofition. 

Theorem    XXXI. 

If  A  ;  B  :  C  .•  D,  iSc.  are  -H-/,  and  in  their  loweft  Terms,  each  of  them  is  Incommen- 
furable with  the  Sum  of  all  the  reft.  

Demon.  Take  any  one  of  them,  as,  B  5 1  fay  B,  and  A-f-C-|-D  are  Incommenfurable  j 
for  if  they  are  Commenfurable  let  fn  meafure  both ;  and  take  a  :  b,  the  loweft  Terms 
of  the  common  Ratio  ;  then,  fince  rn  meafures  B,  it  is  Commenfurable  to  ^  or  ^  (by 
the  laft) ;  fuppofe  to  a  ;  and  let  «  meafure  w,  and  a,  therefore  «  meafures  a,  B,  and 
A-}- C+D  (becaufe  »  meafures  w,  and  w  meafures  B  and  A-|-C-f-J)).  But  a,  the 
Antecedent  of  the  loweft  Terms  of  the  Ratio,  meafures  all  the  Antecedents  of  the  Se- 
ries, A,  B,  C,  l^C  Cthefe  being  all  Multiples  of  A,  as  appears  from  the  Work  of 
^robl.  VI.  as  it  is  in  Schol.  i/?.)  And  fince  «  meafures  «,  by  Suppofition,  therefore 
it  alfo  meafures  each  of  thefe,  A,  B,  C  5  but  it  meafures  alfb  A-|-  C-f-D,  therefore 
it  meafures  D  {Jl^ioin  5.)  confequently  it  meafures  each  of  thefe,  A,  B,  C,  D,  which 
therefore  are  not  leaft  in  the  Ratio,  contrary  to  Suppofition. 

If  inftead  of  a^  we  take  b.,  the  Confequent  of  the  Ratio,  the  Demonftration  will 
be  the  fame ;  for  then  b  meafures  .ill  the  Confequents,  B,  C,  D,  ^c.  and  confequent- 
ly n  meafures  them  all  3  and  becaufe  it  meafures  A-|- C-f-D,  therefore  it  alfb  mea- 
fures A,  /.  e.  it  meafures  each  of  thefe.  A,  B,  C,  D,  l$c.   contrary  to  Suppofition. 

How  many  Numbers  foever  you  fuppofe,  and  which  fbever  of  them  you  take,  the  De- 
monftration  will  ftill  be  the  fame,  from  i  meafuring  all  the  Antecednts,  and  b  all  the 
Confequents. 

Theorem    XXXII. 

Of  a  Series  -^Z,  and  in  their  leaft  Terms,  any  one  of  them  is  Incommenfurable  to 
the  Sum  of  the  whole  Series. 

Demon. 
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Demon.  Any  one  of  them  is  IncommenCurable  to  the  Sum  of  all  the  reft  (by  the 
Jaft)  and  this  Sum  added  to  that  one  (which  makes  the  Sum  of  the  Whole)  is  tpconv 
jnenfurable  to  any  of  the  Parts  added  (Cor.  ^x,  ad._)  w'».  to  that  one.  [        ' 

Theorem    XXXIII. 

If  a  :  I; :  c  :  d  :  See.  k  :  I,  -^  I,  and  in  leaft  Terms,  do  equally  meafure  A  :  B  ;  C  . 
D,  ^c.  K  ;  L,  by  fK ;  alio  if  r  :  S  are  the  leail  Ternis  of  the  Ratio,  and  neither  pf 
them  does  meafure  w?,  then  another  integral  Term  cannot  be  added  to  the  laft  Series', 
A;  B;  C,^c.:iL:h.  ■[->_     ■  ,-  ,..  ..    _ 

Demon.  Since  a  :  l> :  c,  &c.  do  meafure  A  :  B  ;  CS^f^-by  j»,  therefore  the  laftSeri^ 
is  the  fame  as  am  :  bra  :  cm^  &c.  km  :  Im,  and  the  firft  Series  the  fame  as  r";  r"''X,£, 
&c.  to  S"j  then  r,  Jbeing  Incommenfurable,  foarer,  5",  orr./3  and  5;  r"orx:i7.    {Cor. 

y /b.XIII.)  Again,  km :  Im ; :  Im :  — — =— - ,  the  Term  added  j   which  is  not  Integral ; 

•'7'      f-  72;„     am  ■     'if  S'^f'iviarb  r'-j-:..  .;-■••  .nt)<Jaii!/i /Its' 

for  i=_  hence  — = — ,  but  r  i?  Incommerifurable  to  boith  s  and/,  9n4  ^iMiif^ 

k      r  k       r 

quently  to  i  / ;  fy'^.XII.)  and  alfo  it  does  not  meafure  m^  therefore  it  does  not  meagre 
slm^  {T'keor.W.  Cor.  id)   that  is,  the  Term  added  is  not  Integral. 

ScHOL.  By  the  fame  Method  of  Dcmonftration  it  will  appear,  that  if  any  two  Num- 
bers, a  :  b  are  leaft  in  their  Ratio,  and  do  equally  meafure  other  two.  A,  B,  by  ]V{, 
^l^icl^  neitljpB  ^  of  />  niqafurcs^  then  a  third  --:-  /  to  A  .-  B,  is  impoflible  in  Integers  j  f^j 

A=am  and  '&=bm,  and  the  third  -^/  is  — '-  ==  — .'.     But  a  being  Incommenfuiable 

am        a 

to  b,  is  fo  to  b^,  and  it  does  not  meafure  ni,  confequently  does  not  meafure  b'^m. 

Theorem    XXXIV. 

The  Extremes  of  every  Geometrical  Series,  whofe  Ratio  is  not  Multiple,  are  tike 
Compofite  Numbers,  whofe  Index  is  the  Number  of  Terms  Icfs  i  :  So  if  the  Series 
has  three  Terms,  the  Extremes  are  compofed  of  two  like  Fa6lo.i;s  :  if  t)^.  $?rie$[  Jijis 
four  Tern\s,  the  Extremes  are  compofed  of  three  Faflors.  ,      ' 

Demon.  The  Extremes  of  every  Series  are  either  like  Powers,  who{e  Index  is  the 
Numb.er  of  Terms  lefs  r,  or  they  are  Equimultiples  of  fuch  like  Powers  (Theor.'K.^^) 
If  they  are  Powers,  the  Truth  of  this  Theorem  is  manifeft ;  for  like  Powersare  compre- 
hended under  the  Notion  of  like  Compofites  :  If  they  are  Equimultiples  of  like  Pow- 
ers, as  x^j°  .•  sb",  the  fame  Truth  is  alfo  manifeftj  for  they  may  be  refblvedinto  xaXa 
X^,  &c.  and  xby-^-y-b,  &c.  repeating  (j  in  the  one,  aijd  ^  in  the  other  equally  j  then 
it's  plain  that  sa  :  xb  :  :  a  :  b  ;  the  reft  are  all  a  and  b.  •■    .     ■ 

But  now  obferve,.  That  the  Similarity  of  the  Compofition  may  be  in  Ibme  Cafes,  af- 
ter a  Manner  different  from  a;iy  of  thefe  already  reprefented  ;  in  which  all  the  Faftors 
In  each  Extreme  arc  equal  among  themfelves,  as  when  they  are  like  Powers  ^  or  all 
except  one,  as  in  the  other  Cafe  ;  for  in  fome  Cafes,  I  fay,  the  Similar  Compofitipn 
will  be  by  Faftors,  which  are  all  different  among  themfelves  in  each  Extreme  :  And 
"in  fo)me  Cafes,  though  they  are  not  all  different,  yet  neither  will  they  be  all  eqtja), 
except  one.  Now,  becaufe  the  preceding  Dcmonftration  ceprefents  the  Extremes  of  a 
Series,  as  compofed  afcer  two  particular  Ways,  though  there  are  alfo  others  ;  therefote 
I  fhall  give  another  Demonftr;uion  of  the  T'heorem,  unlimited  to  any  particular  kind  of 
Similiar  Compofition,  and  which  comprehends  them  all  :  And  afterwards  I  /liall  ex- 
phiin  the  Limitations  of  fom|e  particular  Cafes. 

Let  the  Extremes  of  a  Series  be  A,  N,  and  the  Terra  next  the  greater  Extreine(Nj 
be  M.     Then,  1  fay, 

ijl.  If 


I 
I 
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ly?.  If  the  Theorem  be  true  in  every  Cafe  where  the  Number  of  Terms  is «,  it  is 
alfo  true  when  the  Number  of  Terms  is  n-\-i  3  which  I  thus  prove  : 

1°.  If  from  A  to  N,  including  both,  there  are  «+i  Terms,  then  from  A  to  N,  ex- 
cluding one  of  them,  there  are  ;;  Terms  5  and  by  Suppofition  the  Theorem  is  true, 
of  «  Terms  from  A  to  M  :  Suppofe  as  many  Terms,  leaft  in  their  Proportion,  as  the 
Series  A  .  .  .  M  ;  the  Extremes  of  this  new  Series,  are,  by  Suppofition,  like  Com- 
pofites  J  which  we  may  reprefent  thus,  viz.  ah^z.  cdSic.  iuppofing  as  many 
Failors  as  « — i.     Difpofe  thefe  under  the  other,  as  in  the  Margin.     Then, 

2".  Since   alfSic. :  ci&c.    are    Similar  Compofites,    it  is 

A M        :N     I     a  :  c  ::  0  -.d  j  and  fo  through  all  the  Faflors,  comparing  them 

al>8ic.  .  .  .  cdSic.   :  |     in  Order,   the   leaft  Faflor  of  the  one   to  the  leaft  of  the 

other  J  and  fo  gradually  on  to  the  greateft.  Again,  this  new 
Series  being  in  the  leaft  Terms,  and  in  the  fame  Ratio  with  the  other  Series,  from 
A  to  M,  every  Term  in  that  Series  will  meafure  its  Corrcfpondent  in  this  equally, 
and  that  by  their  greateft  common  Meafure,  fuppofe  m  :  Therefore  ?nXa&&.c.=Af 
and  wXci&c.  =M. 

5^.  Compare  the  fecond  Series  from  cdScc.  to  as  many  of  the  other,  taken  from  N, 
towards  the  Left-hand,  and  they  are  alfo  leaft  in  the  fame  Ratio  with  thefe  j  becaule 
thefe  are  Part  of  the  fame  Series  proceeding  from  A  ;  confcquently  each  Term  of  the 
Series,  ^^&c tJScc.  meafures  its  Correfpondent,  in  this  Part  of  the  firft  Se- 
ries, equally,  fuppofe  by  «  ;  thus,  cdSic.  meafures  N  by  « ;  hence,  «xci&c.  =N  5 
fo  that,  for  the  firlt  and  two  laft  Terms  of  the  given  Series,  we  have  new  Expreffions 
equal  to  them,  which  are  thefe  ftanding  under  them,  in  the  annex'd  Scheme  on  the 
Margin.     Then, 

4".  Since  a^&c.  cJ&c.  or  A,  M,  are  Simi- 
lar Compofites,  by  Suppofltion,  it  remains  on- 
ly to  be  Ihewn  that  ?/iXab&ic.  and  tjXQdScc. 
that  is,  A  and  N  are  alfo  Similar  Compofites  j 
which  is  done  thus,  The  Series  from  ?»Xab8ic.  to  fiXcdSic.  is  in  the  continued  Ratio  of 
mto  H  ;  for  the  two  laft  Terms,  viz.  mXcdSic.  fjXcd&ic.  are  plainly  fo  ;  wherefore  the 
fecond  Term  of  the  given  Series  being  called  B,  its  equivalent  Expreflion  in  the  other 
Form,  is  uXaLSic.  ;  but  mXabSic.  :  nxcdScc. : :  mXab"Ss.c.  nXab'&i.o..  (=B".)  the  In- 
dex ;/,  being  the  Number  of  Terms  lefs  r.  {Theor.  VI.  S.  IV.  Ch.  IN.)  Again, 
becaufe  jux.abScc.  :  iiXab8«:.  (=B)  -.  i  m  :  n  ;  therefore  mxah"8ic.  :  B° :  :  w"  :  «" ; 
(Cor.  II.  Theor.  III.  S.  IV.  Ch.  IV.)  wherefore  alfo  mxabSic.  nXcdSic.  :  :  w»  :  »". 
Hence  again,  alSic.  -.  cd&c.  :  -.  m"-  :  »"-  («— r  being  the  Number  of  Faaors  in 
abSic.)  but  by  Suppofition,  a  -.  c  :  :  b  :  d  ^  fo  that  — =-^  j    and  the  like  being  true 

in  the  reft  of  the  Fadors  .'of  abSic.  cdSic.  compared,    therefore  —  x-ry&c.  =  — ,ir-- 
— -Sr:  '    wherefore   abSic.  :  cdSic.  :  :  a"-'  :  c"-',    and   ^^&c.  :  ci&c.  :  :  ;«"'  :'»*'*,; 

Hence  «""'  =  C"'  :  :  »i"-  :  »"-,  znd  a  :  c  :  :  m  :  ft  (Cor.  II.  Theor.  III.  S.  IV 
Ch.  IV.)  Wherefore,  laftly,  t/iabScc.  ficJSic.  that  is,  A,  N  are  Similar  Compo- 
fites of  «— 1  Faflors,  «  being  the  Number  of  Terms  in  the  Series  3  which  is  thefirft 
Part  of  the  Demonftration.     But, 

id.  The  Propofition  is  true  of  any  three  Terms,  A  :  B  :  C  in  a  continued  Series, 
/'.  e.  A  and  C,  are  Jikc  Compofites  of  two  FaQors  ;  which  is  thus  dcmonltrated  3 

Take 


A M        :       N 

f/ixabSic. .  . .  mxcdSic.  -.  MXcdScc. 
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Take  ^  :  b,   the  leaft  in   the  fame  Ratio,  with  A  :  B  and  B  :  C  ; 
A  :  B  :  C  they  muil:  equally  meafure  A,  B,  fuppofe  by  c-;  and  B,  C,  fuppofe  by 

't-l'  J,  A  ,B  ..r^j         j^—ii. 

g  .^  d;  that  IS,  —  =  r,  and  ~r'=-c:   Alio,   ~  =  o>    and    -^  —  J  j    there- 

of :c^:^ii  fore  ^c=A  ;  cb  =  B=a-l,  andW  =  C:   Wherefore,  ac  :  be  ■  bd,  are 

in  the  fime  Ratio  continuedly,  fince  they  are  equal  to  A  :  B  :  C  5  but 
it's  plain,  that  ac  :  be  :  :  a  :  b,  and  be  :  bd  :  ■■  C  :  d.  Hence  a  :  b  :  :  C  :  d,  that  is,- 
ae  and  bd  arc  like  Compofites  of  two  Fadlors. 

^d.  Therefore  the  "T/xorem  is  true  in  all  Cafes  ;  for  it  is  true  in  Cafe  of  three  Terms, 
by  Artiek  id  ;  and  it  follows  from  the  ilt  Arriek,  that  it's  ti'ue  of  four  Terms  j  and 
from  this  again  it's  true  of  five  Terms,  and  fo  on  for  ever. 

COROLLARIES. 

ly?.  If  the  Product  of  two  Numbers,  A,  B,  makes  a  Square  Number,  thefe  Num- 
bers are  like  Compofites  of  two  Faflors  ;  for  if  AB=.v*,  then  A  ;  x  :  B  is  a  continued 
Series,  whofe  Extremes,  A,  B,  are,  by  this  T'heorem,  like  Compofites  of  two  Faftors. 

zd.  If  it  is  A  :  B  :  ;  C  ;  D,  and  if  A  ;  B  are  like  Compofites  of  any  Number  of 
Faiftors,  C,  D  are  like  Compofites  of  the  fame  Number  of  Faflors  j  becaufe  they  ad- 
mit as  many  Means  as  A,  B,  or  arc  the  Extremes  of  an  equal  Scries,  with  that  of  which 
A,  B  are  the  Extremes. 

Scholiums. 

\ft.  The  Reafon  of  limiting  the  Series  to  a  Ratio,  which  is  not  Multiple,  is,  becaufe 
if  the  Ratio  were  Multiple,  the  Icfler  Extreme  may  be  i,  or  a  prime  Number  ;  But 
as  I  is  allowed  to  be  a  Power  of  all  Orders,  and  confequently  to  be  a  Compofite  of  t, 
as  a  continual  Faflor,  for  it  is  iXiXi,  &c.  If  we  alfo  allow  i  to  be  a  Faftorin  other 
Cafes  ;  then  the  '■Theorem  may  be  taken  without  the  Limitation. 

id.  It  has  been  fliewn,  that  the  Extremes  of  every  Series  are  like  Powers,  or  the 
F.quimultiples  of  like  Powers  ;  and  in  fome  Cafes,  that  they  are  both.  Thofe  that 
are  like  Powers  only,  and  not  alfo  Equimultiples  of  like  Powers,  have  a  Similar  Cora- 
pofition,  by  equal  Failors  only.   Thofe  that  are  not  like  Powers,  have  a  Similar  Com- 

Sofition  only  by  Failorsthat  are  not  all  equal  ;  and  which,  in  fome  Cafes,  will  be'all 
iffcrent ;  in  others  not.  Laftly,  Thofe  that  are  both  like  Powers  and  Equimultiples 
of  like  Powers,  have  a  Similar  Compofirion,  both  by  equal  Faftors,and  by  fuch  as 
are  not  all  equal.     I  /liall  explain  thefe  Things  a  little  more  particularly. 

(i°.)  Thofe  that  are  like  Powers  only,  have  a  Similar  Compofition  only  by  equal 
Factors ;  The  Reafon  of  which,  is  this ;  Such  a  Series  is  neceflarily  in  its  leaft  Terms  ; 
for  if  it  is  not,  the  Extremes  are  either  Equimultiples  of  like  Powers,  or  they  are 
lb,  and  alfo  like  Powers  5  and  therefore  not  like  Powers  only,  contrary  toSuppofition. 
Now,  if  a  Scries  is  in  its  leaft  Terms,  the  Extremes  are  like  Powers  of  the  leaft 
Terms  of  the  Ratio  ;  the  Index  being  the  Number  of  Terms  left  i  {Theor.  XX.) 
Thus  the  leaft  Terms  of  the  Ratio  being  a  :  by  the  Extremes  are  rt",  />"  ;  but  a  :  b 
being  Incommcnfurablc,  fo  are  ^",  i"  (Corcll.  Theor.  XIII.)  fo  that  there  is  no 
Prime  common  to  a'^  and  b"  ;  for  which  Reafon  they  can  never  he  refolved  into  any 
Number  of  Similar  Faiflors  ;  becaufe  thefe  Faftors  could  be  no  other  than  the  Primes 
that  coinpofe  them,  or  Produftfs  made  of  thefe  Primes,  which  cannot  be  Proportional  : 
For  fuppofe  that  x,  a,  are  any  two  Produfts,  made  of  the  Primes  of  ^"  5  and  j',  v,  two 
made  of  the  Piimes  of  b"  ;  thefe  Produ£is  are  Incommcnrurable  each  to  each,  /.  e. 
A-  to  y,  and  o  to  y  j  becaufe  the  Primes  of  a,"  are  all  different  from  thofe  of  b"  :, 
wh.-reforc  x,  _j',  3.^  u,  are  not  Proportional  ;  for  if  they  are,  then  x,  j,  being  Incom- 
Dienfurablc,   z-,  i',  mult  be  Commenfurable,  contrary  to  what's  already  Ihcvvn. 

Hence 
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Hence  we  know  how  to  find  whether  the  Extremes  of  a  Series  are  fimilary  Com- 
pofite,  by  equal  Faftors  only,  whofe  Number  is  the  Number  of  Terms  lefs  r,  viz. 
by  finding  whether  they  are  in  their  lead  Terms. 

(2".)  Thofe  that  are  not  like  Powers,  have  a  Similar  Compofition  only  by  Fa6lors 
that  are  not  all  equal  :  This  is  obvious. 

(3*^.)  If  the  Extremes  are  not  in  their  lead  Terms,  and  yet  are  like  Powers  of  the 
Order  «,  it's  manifeft  from  the  two  preceding  Articles,  that  they  are  fimilarly  Com- 
pofite  by  Faflors  all  equal  j  and  alfo  by  fuch  as  are  not  equal. 

But  obferve,'  for  the  two  lafl:  Cafes,  that  it  is  not  eafy  in  all  Examples  to  determine 
whether  the  Extremes  admit  of  a  fimilar  Compofition,  by  Faftors  that  are  all  different, 
or  by  Factors  that  are  partly  different  and  partly  equal  ;  or  whether  it  may  not  be  both 
Ways.  Thefe  Things  only  I  find  evident,  r.  That  for  a  Series  of  three  Terms,  whofe 
Extremes  are  not  Squares,  the  fimilar  Faftors  muft  be  all  different ;  becaufe  there  are 
but  two  of  them  ;  the  Invention  of  which  Faflors  is  eafy  j  thus,  a,  b,  being  the  leafl 
Terms  of  the  Ratio,  rt*,  ^%  are  the  Extremes  in  their  leafl  Terms  j  and  therefore  in 
the  prefent  Suppofitipn,  the  Extremes  are  Equimultiples  of  thefe,  u/a.  a'-xm  =  ni<.am, 
and  b-x.m=l>'X-l>m.  Again,  2.  For  a  Series  of  four  Terms,  where  the  Extremes  are 
not  leafl  in  their  Ratio,  and  yet  are  Cubes,  thefe  have  fimilar  Faftors,  either  all 
three  different,  or  two  of  them  equal,  and  the  other  different  from  thefe  .  The  Rea- 
fon  of  which,  and  the  Invention  of  thefe  Faftors,  you  willeafily  underfland,  thus;  it  has 
been  fliewn,  that  fuch  a  Cafe  happens  only  when  the  Series  is  raifed,  after  the  Man- 
ner oi 'Problem  I.  S.  IV.  Ch.  IV.  from  fuch  Terms  of  the  Ratio  which  are  not  the 
leaft.  Suppofe  then  the  leall  Terms  of  the  Ratioj  a  :  b,  and  the  Terms  from  which 
ike  Series  is  raifed,  to  be  am,  hin  (for  they  muft  be  Equimultiples  of  the  former) 
then  are  the  Extremes,  a?,t',  bm' ;  that  is,  cC'^^rn^,  b'^-m',  which  are  refolvable  into 
thefe  Faftors,  viz,.  an(.m'-=^a)<.avjy.am'-.,  and  b'^m''  =  b'<l?my.bin'^,  finiiliar  to  the  for- 
mer ;  or  thus,    rt=X;«'  =  rtX^x,7;/?',  and  b-y.hn  =  bxby.bm'\  fimilar  with  the  former. 

(4".)  In  all  Cafes  where  the  E.xtrcmes  are  like  Powers,  yet  not  in  their  leaft  Terms, 
and  the  Kumber  of  Terms  more  than  four,  they  are  refolvable  into  fimilar  Fa- 
(Ttors  that  are  not  all  equal,  thefe  two  Ways,  viz>.  i.  Having  all  the  Faftors  equal, 
except  one,  as  fhewn  in  the  firft  Demonftration  of  the  'Theorem  :  Or,  2.  By  Faftors 
which  are  not,  all  equal  except  one,  yet  not  ail  different.  This  laft  will  eafily  appear, 
thus  ;  The  Extremes,  according  to  the  Circumftances  fuppofed,  are  to  be  cxprefTed 
<?■';»"  and  ^"W,  which  are  refolvable  in  this  Manner,  w's.  fl"w"=.iX«;«^X  aXam'X.  &c.  and 
^•^»"  =  /IXte'x^x^;;^-x  &c.  takin.<T  fo  many  Fadors  in  this  Manner  till  a  and  ;»,  in  the 
one,  and  b,  m,  in  the  other,  are  as  oft  involved,  as  the  Index  n  exprefles ;  or  they  may 
be  varioufly  refolved,  as  thus,  a"inr=/rXay^amy.am'S<.c.  and  b''?n''=by.bxbmy.bm'Sic. 

ScHoL,   id.   This  Theorem  is  a  kind  of  Reverfe  to  Theor.  IX.  S.  IV.  Cb.  IV. 

Theorem    XXXV. 
If  betwixt  any  two  Integers  there  falls  a  certain  Number  of  Means,  they  muft  necef- 
{iirily  be  all  Integers. 

Demon.  Let  the  firft  Term  of  a  Series  be  A,  and 
the  Rario  in  its  leaft  Terms  be  N  ;  M  ;  then  by 
the  common  Rules,  the  Series  will  be  exprcfled  as 
in  the  Margin.     Now  the  Extremes  being  Integers, 

by  Suppofition  ;  fuppofethe  laft  of  them  to  be  — — -  ;  then  does  N"  meafure  AM" 

N" 
(elfe  that  Extreme  is  not  Integer;  but  it  cannot  meafure  M",  fince  'tis  Incommenfu- 
rable  toit;  becaufe  N  is  fo  to  hi\{Th€or.  XIII.  Coroll.)  wherefore  it  muft  meafure 
A  {Theor.  ^l.)  confequemly  all  the  inferior  Powers  of  N   meafure  A  ;  And  again, 

A  a  a  they 


.       AM     AMV    AM'    o 


3^3  Qf  Trime  md' Campfu^  Nunihers-,         ^ookV, 

they  alfa  mcafure  all  the  .  MuUipks  of  A,  L  e.  the  Denpminators  qf  all  the  middle 
Tewns,  being.  Powers  of  N,,  inferior  to  ti'',  4o  meafure  all  their  NumeratorSj  wh^J^ 
are  Multiples  of  A.     Therefore,  laftly>  all  thefb  niiiule  Terras  are  Integers, 

CoROLL.  If  in  the  Progrefsof  a  Series,  beginniog  with  an  Integer,  nhere  cptnes  a 
Fractional  Term,  fimple  or  mix'd,  there  can  never  after  that  be  any  more  Integers 
in  it  J  because,  if  that  could  happen,  then  betwixt  two  Integral  Extreiaes  a  Fra«io- 
nal  middle  Term  might  happen^.cpntiaryf  to  what  has  l?ieea;<defnonftrated. 


I 


§.  III.  Containing  a  P^riety  of  Pfoblerhs,    ebncerning  Geometrieal 

'   Progreffions,  confidered  'with  Regard  to  their  Terms  being  Integral 

or  Frailional  j  whofe  Solutiom  depend  upm  the,  preceding  Do5irine. 

N  &  Geometrical  Series  there'tnayibe  a  Variety!  efX^harjges  from  Integers  toF^ftiens 
[proper  or  improper]  or  fromithefe  to  thofij }  all  which  depend  upon  the  Relation 
of  the  firft  Term  of  the  Series  to  the  Ratio  j  ai>d  ©f  thefe,,  confidered  alfo  by  them- 
selves 5  as  whether  the  firll  Term  is  an  Integer  or  Fraftion,  and  whether  the  Ratio 
is  Multiple  or  not.  From  whence  arifes  a  new  Set  of  'Trobkms,  relating  to  thefe 
Series  ;  which  have  been  referred  to  this  Place,  becaufe  the  Dcmonftrations  depend 
upon  the  Compofition  of  Numbers  by  their  Primes.  I  fliall  begin  with  explaining 
all  the  varioiu  Changes  thatcaa  be  ia  a  Seciestj    . 

PROBLEM    Vn. 

It  is  required  to  fhew  all  the  Vardety  of  Changes  from  Integers  to  FraiSlions,  and 
mix'd  Numbers,  and  from  thefe  to  thofc,  that  can  pofiibly  be  in  any  Series  of  Ge<>: 
metrical  Proportionals  j  and  to  give  Rules  for  the  Invention  of  Series  under  all  the 
poffible  Variety. 

Solution. 

This  Complex  Problem  may  be  refolved  into  two  Parts,  as  we  conlider  the  Series 
to  increafe  or  decreafe  ;  Yet  we  lliall  have  only  one  of  the  P;uts  to  demonftrate  j  bo 
caufe  the  Variety  of  the  one  is  comprehended  in  the  other.  I  fhall  firft  explain  the 
Variety  in  an  increafing  Series,  and  the  other  will  eafily  be  feen  in  that .-  But  in  order 
to  this,  there  is  one  general  Propofition  relating  to  both  Kinds  j  which  being  of  Ufe 
in  the  particular  Parts  of  the  Problem,  I  lliall  premife  as  a 

Lemma. 

If  an  increafing  Scries  begins  with  a  Proper  Frailion  ever  {b  fmall ;  if  it's  a  finite  or 
tleterminate  one,  and  the  Ratio  alfo  determinate }  then,  after  a  certain  Number  of  Terms 
continued  in  Fradions,  it  will  increafe  to  a  whole  or  mix'd  Number,  and  that  too, 
greater  than  any  affignable  Number. 

Again,  Let  a  decreafing  Series  begin  with  a  Number  ever  fo  great ;  if  it's  finite, 
and  the  Ratio  fo  alfo  5  it  will  decreafe  to  a  proper  Fradlion,  and  that  too,  left  than 
any  affignable  one.  The  Reafon  of  all  which  is  evident  and  needs  no  Demonftration  j 
but  if  any  call  for  it,  they  will  find  it  afterwards  in  Theor.  I.  and  II.  Ch.  III. 

We  proceed  to  the  Solution  of  the  'Problem. 

Part  I.  For  an  Increafing  Series. 

Cafe  I.  Jf  tbefirfi  Tenn  of  a  Series  is  an  Integer ,  the  Varieties  are  thefe  -^ 
i'.  It  may  continue  in  Integers  j  which  neceffarily  follows  from  a  Multiple  Ratio:  For 
It's  plain,   that  the  Product  ot  two  Integers  will  be  an  Integer.     That  the  Scriescan- 

not 


•not  continue  in  Intie^ers,    ff  rht  Ratio  is  not  Multiple,    the  next. Article  will 

«*'.  it  WAV  tiiattge.  ifte)  a  mk'd  Nufnber  ;  ani!  there  it  ivill  continue  ;  whidh  rfc- 

(juirss  and  follows  from  a  Ratio  nbt  Multiple  5  as  in  this  Lxarapk,  4  :  6  :  9  :.i3  x  ,: 

iOf|,'&e.  theRatjo  •beingi  ;  3.  .     '  '    ' 

^^■-    ."     I    •:      ■■■    •-  •"*'••     •  "         ■Dewou.  ^Hc  fcffer'Sx^tremc  'of  a  Setits  btirfg 

j£     -AM  .  AM*  .  AM?.,  p:.       I    A,  .ftnA  the  Ratio^  in  it«  leaft  TermK,  N.:'W,,-'the 

■  "j7~  ■    j^i    ■    is» ,  '  J     Series  is  expreflcd  as  in  the  Margui. 

I      '      '  -•>■'.  :    I    f.'."i*'.   I   Kew,  as  the  Derioniinator  ftillincrcifeis  in  fevei-y 

Titai  in  a  dttei'miiied  Raitkj,  iihi.  t  :  N  ;  (b  it  will  become  neceflarily,  after  a  cer- 
tain Number  of  Terms,  greater  than  A  (by  the  prccedmp  Le>nmiii)  and  the  firft 
Term  wl«teih  that  ha^Jpens  (and  confequently  all  above)  whI  be  a  mix'd  Number  ; 

Tet '  that  Term  be  — ; —     I  lay,  N"  does  not  mearure  AM''  j  for  N,  M  are  Inconltncn'- 

•furable'j  'and  fo  ,are  N^,  M"  (by  CoYoU:  l^hetr.  XUl.)  But  ifN"  meafures  AM"',  .it 
will  alfo  meafure  A  j  ^TheoY.  VI.)  /.  e.  a  greater  will  meafure  a  lefler,  which  is  ib- 

furd  ;  Therefore  N"  does  not  tncafure  AM"  ;  or  > — «—  is  a  mix'd  Number  :  For  the 

■  N" 

fame  Reafbn  all  the  Terras  atove  are  mix'd. 

But  again,  ObfeYVf,  that  there  may  he  a  mi^'d  Number  before  the  Denominator  is 

6X5'  6X.9 

greater  than  A  ;    as  in  this  Exam^  tf  Jl  ~t~r^-9  «  — ^t=i3  i  :    And  left  it  be  fUppo- 

fed,  that  after  a  mix'd  Number,  which  comes  into  the  Series  before  N"  is  greater 
than  A,  there  may  come  an  Integer  5  we  ocrght  to  demonllrate  univerlally,  that  af- 
te»  a  mix'd  Number,  there  can  never  be  an  Integer  5  and  this  you  have  already 
fecn,  in  Coy.  'Theor.  XXXV.  Where  you  alfo  fee,  that  from  an  Integer  there  cart 
be  no  more  Changes  but  into  a  mix'd  Number. 

Or,  the  whole  Demonftration  may  be  made  more  fimply  ;  thus.  It's  evident  we  can 
chufe  a  Number,  N,  which  is  Incommerifnrable  to  A  ;  and  being  fo  alfo  to  M,  no 
Power  of  N  can  meafure  the  Produft  of  A  into  any  Power  of  M  ;  becaufe  thefe  arc 
Incommenfurable  (ZJ&m;*.  X.)  Hence  none  of  the  Terms  of  the  Series,  after  A,  will 
be  Integers. 

-  Cafe  IL  S'befirfi  Term  heiffg  a  wuM  Number,  the  Varieties  aYe, 
.-'.'  r.i.      -     ■  .;    ,     ,      '    i,     . !     i°.  It  may  .continue  in  mix'd  Numbers  for  ever; 
A      AM  '  AM*^     A\P.  ^v  :;[   'which  is  neceflarily  effefled,  either,  i.  By  a  Multiple 
B    •  B       •    B      ■     B    '      ■     I    Ratio,  i  :  M,  provided  M  be   fuch,  as  to  be   In- 

xrommenfurahle  with  B:  Or  if  B  has  any  Prime 
different  fiwn  any  of  the  Primes  of  M,  or  any  the  fame  Primes,  oftner  involved  ;  for 
then,  by*  what's  faid  in  the  laft  Cafe,  B  can  never  theafure  any  of  the  Numerators.  1.  By 

■a  Ratio  not  Multiplcy  asiN  :  M,  provided  N  has  in 
A      Am      AM^     AM^  j     its  Compofitionany  Prime  whichis  notin  A ;  or  any 

g"  '  "gj^  -  B^  •  BN'  '^^     I    ^^^  lame  Prime  oftner  involved  ;  or  if  B  has  any 

Prime  which  w  not  in  M  :  For  in  any  of  thcl'e  Cir- 
cuaiftancesr  none-  of  the  3eiiDmiiiators  am-eswci  meafuise  its  Numerator. 

JJSk<m(uriii-9if  ;  to^x^a^  <''94i4i$  Jlhe  Ratio  beiiig  t  r:;.i. 

;.        '•■;;' .i'lvi:.  ,fij;:'  ■■;f|;'.    /    ;••/'.■        ,     ;  .,:.v    ,:»fi'. 

: .  •  ^*m-  ,^y-  ^h^rx'  '^■-^-  lyT  *  we  Ratio , being  4  =  S  • 

A  a  a  z  ,  a».  It 


564  OfTrime  and  Compofite  Numbers.  Book  V. 

a°.  It  may  pafs  from  a  mix'd  Number  into  an  Integer, 
A      AM      AM'  I     and  fo  continue  for  ever  j   which  can  be  effefled  only  by 

3~  ■  B       •  "b      •  ^^-         a  Multiple  Ratio,  i  :  M,  fuch,  that  M  have  in  its  Compo- 

fition  all  the  Primes  that  compofe  B.     I  fhall  firfl  prove 
^    that  fuch  a  Ratio  will  bring  the  Series  to  an  Integer  ;  which  is  thus  evident  :    M  ha- 
ving all  the  Primes  that  are  in  B  ;  if  they  are  alw  as  oft  involved,  then  it's  plain,  that 

B  meafures  M ;  and  confequently is   an  Integer.      Again,    However  oftner   the 

B 
fame  Primes  are  involved  in  B  than  in  M,  yet  being  more  and  more  involved  in  the 
higher  Powers  of  M,  there  muft  be  a  Power  in  which  they  are  all  oftner  involved  than 
in  B ;  and  hence  it's  plain,  that  there  will  at  laft  be  a  Term  in  the  Scries  in  which  B 
meafures  the  Power  of  M  in  the  Numerator,  therefore  that  Term  muft  be  Integral. 

Again,  after  an  Integer  comes  into  the  Series,  it  muft  continue  for  ever  in  Integers, 
becaufe  the  Ratio  is  Multiple. 

In  the  next  Place,  I  Iliall  demonftrate,  that  no  other  Conditions  will  produce  this 
Variety  :^  And,  (i.)  A  Ratio  not  Multiple,  though  it  could  bring  the  Series  to  an  In- 
teger, yet  it  could  not  continue  fo,  as  has  been  proved  in  Cafe  I.  j^rf.  2.  (2.)  If  M 
has  not  in  it  all  the  Primes  of  B,  it  cannot  meafure  B  (T'heor.  X.)  and  hence  alio  B 
will  never  meafure  any  Power  of  M,  becaufe  M"  has  no  other  Primes  than  M,  (^Cor.  j. 
'J'bcor.  X.}  And  fince  B  is  Incommenfurable  to  A,  therefore  (by  Cor.  1.  'Theor.  VI.^ 
it  cannot  meafure  A  M",  that  is,  none  of  the  Terms  can  ever  be  Integers. 

ExuM.    3-i-  '•  '4—  •■  m~  '■  ^15  ■  ^c.  the  Ratio  i :  7 
0  II  2 

Ohferve^  Examples  of  this  Variety  may  be  invented  more  fimi^y,  thus,  viz.  Take 
any  Integer,  and  any  Multiple  Ratio,  whofe  greater  Term  is  lefs  than  the  aflumed  In- 
teger, and  yet  is  not  an  aliquot  Part  of  it  j  by  this  you'll  find  at  leaft  one  mixt  Term 
below  that  Integer  j  from  which  again  the  Series  will  proceed  upwards  in  the  manner 
propofed.  But  the  other  Method  Jhews  the  fundamental  Reafon  of  the  Cafe  from  the 
Compofirion  of  Numbers  j  and  is  of  Ufe  in  fome  of  the  following  Problems. 

(5°.)  It  may  pafs  from  a  mixt  Number  into  an  Integer,  and  from  that  again  into  a 
mix'd  Kunibcrj  and  fo  continue  j  which  can  be  efFedled  ortly  by  a  Ratio  not  Multiple, 
as  N  ;  M  5  fuch,  that  M  do  contain  in  its  Compofition  all  the  different  Primes  of  B,  and  A 
all  thofe  of  N,  which  muft  alfo  be  as  oft  at  leaft  involved  in  A  as  in  N.  The  Reafon  of 

which  is  this ;  if  the  Ratio  were  Multiple,  then 
A  A  M  AM*  AM*  .  c^  I  either  the  Series  would  never  pals  into  an  Inte- 
■fi  ■  "bn"     ~BN^      BN'  '  I     get.  or  if  it  did,   it  would  continue  fo  (by  Cafe 

II.)  Again,  if  there  be  any  Prime  in  B,  which 
is  not  in  M ;  or  in  N,  which  is  not  in  A,  it  is  manifeft  (from  'Theor.  X.)  that  none  of  " 
the  Divifors,  as  BN"  will  ever  meafure  the  Dividend  AM".  Alfo,  the  Primes  of  N 
muft  not  only  be  all  involved  in  A,  but  they  muft  be  at  leaft  as  oft  involved  in  A  as 
in  N  :  for,  if  any  of  them  is  oftner  in  N,  it  will  be  much  more  lb  in  the  higher  Pow- 
ers of  N  J  and  hence  (by  Theor.  X.)  none  of  the  Denominators  can  ever  meafure  its 
Numerator,  i.  e.  none  of  the  Terms  will  ever  be  an  Integer.  Thefe  are  the  general 
Conditions  :  But  yet  more  particularly,  if  any  of  the  Primes  of  M  are  oftner  involved  in 
B ;  then  conceive,  that  one  of  them  whofe  Index  in  B  exceeds  its  Index  in  N,  by  the 
greateft  Difference ;  alfo  conceive  the  leaft  Number,  which  multiplying  the  Index  of 
that  Prime  in  M  will  produce  a  Number  not  lefs  than  its  Index  in  B  j  then  inuft  N  be 
fuch,  that  taking  the  Prime,  whofe  Index  in  N  and  A  differ  leaft,  and  multiplying  its 
Index  in  N  by  the  fame  Multiplier,  the  Produijl  Ihall  not  be  greater  than  its  Index  in 
A.    The  Reafon  of  which  is  alfo  plain,  for  other  wife,  before  we.  come  to  a  Term  in 

which 
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which  the  Power  of  M  contains  all  the  Primes  of  B  as  oft  involved,  which  is  neceflary 
to  make  an  Integer,  the  like  Power  of  N  in  the  Denominator  will  contain  all  the 
Primes  of  A  as  oft  involved  j  and  therefore  in  all  the  Terms  above  they  will  be  oftner 
involved  in  N,  and  confequently  the  Denominator  will  never  meafure  the  Numerator,*'.?. 
there  will  never  be  an  Integer  in  the  Scries. 

Thefe  Conditions  are  plain  enough  to  fliew  the  Invention  of  fuch  a  Series ;  whercr 

of  take  this  Example,  L.  :  —1—  :  70  ;  525  :  2-21:  the  Ratio  beins  2:15;  and  that 
45       90  2 

you  may  compare  it  with  the  preceding  Conditions,  the  Compofition  of  the  firft  Term, 

reprefcnted  by  Ais  this,5f='Ji^-ilZ,  and  the  Ratio,  ^  is  i!=i^. 
^  ^  B'  '45        3X3X5  '  N        4         z 

Thefe  are  all  the  Changes  from  a  mixt  Number,  becaufe  when  a  mixt  Number  fol- 
lows Integers,  the  Series  can  never  pafs  again  into  Integers  5  as  has  been  lliewn  in 
Art.  2.  Cafe  I. 

Cafe  III.    "The  firfi  Term  being  a  proper  Fra&ion,  the  Varieties  are  tkefe. 
[i°.J  It  may  pafs  into  a  mixt  Number  ;  and  continue  fo;  which  is  efifefted  by  a 

Ratio  Multiple  or  not  Multiple,  qualified  as  in  Variety  I.   Cafe  II ;  for  —  may  be  ei- 

6 

ther  a  proper  or  improper  Fradion  5  and  fince  with  the  Qualifications  refcr'd  to  there 

can  never  be  an  Integer  in  the  Series,  and  by  the  premifed  Lemma  it  muft  encrcafe 

cither  to  a  whole  or  mixt  Number;  therefore  it  will  pafs  into  a  mixt  Number,  and 

there  continue. 

EMtn.  I.  ±  :  —  :  — ,  iSc.  the  Ratio  i  ;  ;. 
13     13     13 

Bxam.  2.  -i  ••  -^  ;  21  :  l!J,  ^c.  Ratio  2  ;  y. 
29  50  116  232 
.  [2**.]  It  may  paft  into  a  whole  Number,  and  there  continue;  which  requires  a 
Multiple  Ratio,  qualified  as  in  Var.  2.  Cafe  II.  with  this  further,  that  fuppofing 
M"  the  leaft  Power  of  M  which  B  meafures,  the  Produfls  of  all  the  inferior  Powers  of 
M  multiplied  into  A,  muft  be  lefs  than  B;  elfe  it's  plain,  that  it  will  pafs  firft  into  a 
mixt  Number. 

Examples  are  eafily  invented  by  taking  M  equal  to  B,  or  to  any  Multiple  of  it ;  or 
taking  any  Integer  A,  and  a  Multiple  Ratio  i  :  M,  fuch,  that  M  is  greater  than  A  ;  for 
then  continuing  the  Series  downwards,  it  will  fall  firft  into  a  proper  Fraftion,  from  which 
it  proceeds  upwards  in  the  Manner  propofed. 
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9        3        „    .  . 

[3".]  It  may  paft  firft  into-  a  mixt  Number,  and  then  into  an  Integer,  and  there 
continue  ;  which  requires  a  Multiple  Ratio  qualified  as  in  Var.  2.  Cafe  II.  with  this 
further,  that  fuppofing  M"  to  be  the  leaft  Power  of  M  which  B  meafures,  fbme  of  the 
next  inferior  Powers  multiplied  by  A  fhall  produce  a  Number  greater  than  B  ;  which 
is  eafily  invented;  or  may  be  had  by  taking  any  Example  o^  Var.  2.  Cafe  II.  and  conti- 
nuing it  downwards ;  fbr.it  muft  firft  pafs  into  a  proper  Fraction,  fince  there  cannot  be 
an  Integer  both  above  and  below  a  mixt  Number  in  the  fame  Scries. 

Exam.  (J75  .  112  —  :  14—  ;    3  -i-  ;  1?,  ^c.  Ratio  7  ;  x. 

2  12  8      5(J 

[4".]  It  may  pafs  firft  into  a  whole  Number,  and  then  into  a  mixt,  and  fo  it  mufl 
continue,  by  Vixtus  ©f  Z'/beer.  XXXV3  and  this  is  c£feftcd  by  a  Ratio  not  Multi- 
ple, 
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pTc,  ^ijalifiea  as  In  r.  ^.Ca/eU.  wiA  this  further,  that  fuppofing  ^  the  leaft  Pow- 
er of  _,  which  multiplied  by  -g-  makes  an  Integer,  all  the  inferior  Powers  produce 
a  proper  FraiSion.     The  Invention  of  Examples  is  cafy,  by  affuming  any  Integer  A, 

an^  a,  Ratio  not  Multiple,  N  ;  M,  fueh,  that  NA  be  left  than  M  j  for  then  —    is  a 

'■'■"■''■■  ■■-       ':    :.  :M 

AN  AM     AM^ 

proper  Fradixjn,  and       -  ;    A  .—-.;_——,  S?f.  rcprefents  the  Series  required. 

M  N         N 

Eitam.  —   .-4.   ;  —  ;  Ijc.  Hatio  5  :  17. 

aL?°-]  'ft  may  pafs  firll  into  a  mixt  Number,  then  into  an  Integer,    and  laftly,  into  9 
niixt  Number  J  which  requires  a  Ratio  not  Multiple,  qualified  as  in  F.  3.  CafeU: 

•      r  M"  n  M  ■ 

with  this  further,   that  fuppoling   —  the  leaft  Power  of   --,   which  multiplied  into 

A  * 

—  produces  an  Integer,  fomeofthe  next .  inferior  Powers  fhall  produce  a  mixt  Num- 

ber;  Examples  of  which  are  invented  by  taking  an  Example  of  ^'.  3.  Cafe'll.  whicJj 
being  continued  downwards  muft  fall  into  a  proper  Fraftion,  but  never  into  a  whole 
Number,  becavtfe  there  is  a  whole  Number  above  the  niixt.  ? 

Exam.  21L  :l£:l^:  70  :  525  :  2^,  ^c.  Ratio  1:15. 
(J75      45       90  2 

Part  II.  For  a  decreafing  Series. 

The  Varieties  here  are  included  in  the  former,  and  therefore  I  need  only  to  name 
them,   thus, 

Cafe  I.    T'he  firfl 'Term  being  an  Integer,  then 
i*.  It  may  pafs  firlt  into  a  proper  Fraftion,  and  fo  continue. 
2^.  It  may  pafs  firft  into  a  mixt  Number,  and  then  into  a  proper  Fraflion, 

•  Cnfe  II.     TJie  fir fl  Term  being  a  mixt  Nu}7iber. 

.    1*.'  It  may  pafs  firlt  into  a  proper  Fraftion  and  continue  (b. 
,  >".  It  may  pafs  firft  into  a  whole  Number,  and  then  into  a  proper  Fra^ion. 

'^°.  It  may  pafs  firft  into  a  whole  Number,  then  into  a  mixt,  and  laftly,  into  a 
proper  Fraftion. 

Cafe  III.    Thefirfi  Term  a  proper  FraElion. 
It  can  only  continue  in  I'raftions. 

SCHOL.  Id  the  following  Problems,  a  given  Ratio,  or  the  lame  Ratio,  do  always 
comprehend  a  Ratio  with  irs  reciprocal ;  either  of  which  is  to  be  fuppoicd,  as  we  tak« 
a  Series  to  encreafe  or  decrcad",  and  we  (iappole  a  Ratio  always  in  its  icaft  Terms. 

PROBLEM  yill.  ,w 

Any  whole  Number  being  oivcn,  with  any  Ratio,  to  find  how  many  Integral  Tefms 
can  pofltbly  be  jomcd  in  the  fame  continued  Series  with  A,  taking  it  either  enereafing 
or  decreafing,  or  both  Ways,  in  that  given  Ratio. 

So  LOT  I  ON. 

We  muft  confider  this  Problem  in  two  Parts,  according  as  the  given  Ratio  is  Mul- 
tiple, or  not.  Cafe 
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Cafe  I.  The  given  Ratio  Multiple,  Then  it'»  plain  that  the  Series  proceeds  encrea- 
(ing  ad  Infinitum  in  Integers  j  but  is  limited  decreafing.  Thus  ;  let  the  given  whole 
JJ umber  be  A,  and  the  Ratio  M  .•  i  ;  then  if  M  is  greater  than  A,  there  can  be  no  In- 
tegral Term  added  ;  if  M=A,  then  there  will  only  be  one  which  will  be  i  ;  but  if  M 
is  Icls  than  A,  then  the  Number  of  Integral  Terms  that  can  be  added  is  equal  to  the 
index  of  the  highell  Power  of  M  which  meafures  A  ;  and  if  M  does  not  meafure  A,  there 
can  no  Integer  be  added  j  all  which  is  manifeft  in  this  general  Exprcffion  of  the  Series, 

A      A      A  • 

A  :  —  :  —  :  —  :  ££?c.     But  this  Solution  requiring,  that  every  Term  of  the  Series 

M     M"     M*  .  . 

be  aSually  raifed,  we  may  folvc  it  otherwife  ;  thui,  refolve  A  and  M  into  all  their 
Primes  ;  and  if  there  is  any  Prime  in  M,  which  is  not  in  A,  or  any  the  il^me  Prime 
oftner  involved,  then  M  does  not  meafure  A,  and  fo  there  will  never  be  an  Integral 
Term  after  A  :  But  if  A  contains  all  the  Primes  of  M,  and  all  of  them  at  leaft 
as  oft  involved  j  take  that  Prime  whofe  Index  in  A  exceeds  its  Index  in  M 
by  the  leaft  Difference  5  alfo  fcek  the  greateft  Number,  which  multiplying  the  Index 
of  that  Prime  in  M,  makes  a  Number  not  greater  than  its  Index  in  A,  that  Number  is 
the  Number  fought.  The  Reafbn  of  which  is  obvious,  for  thefe  Terms  will  always 
be  whole  Numbers,  till  fome  one  at  leaft  of  the  Primes  of  A  is  oftner  involved  in  the 
Power  of  M,  which  is  the  Denominator  ;  and  it's  evident  that  this  will  happen  firft  to 
that  Prime,  the  Index  of  whofe  Involution  in  M  comes  fhort  of  its  Index  in  A  by  the 
ieall  Difference  ;  and  fince  any  Power  of  M,  as  M",  is  the  Produft  of  the  like  Powers  of 
dl  the  Primes  of  M,  the  Truth  of  the  Rule  is  manifeft. 

Exam.  Let  72,  be  the  given  Number,  and  the  Ratio  4:1;  then  taking  the  Primes 
of  72  and  4,  it  is  71=2X2X2X5X5,  and  4=2X2.  Now  there  being  but  one  Prime  in  4, 
whofe  Index  is  2,  and  the  Index  of  the  fame  Prime  in  75  being  5,  I  find  that  i  is  the 
greateft  Number,  which  multiplying  2,  the  Index  of  2  in  4,  produces  a  Number  not 
greater  than  3,  the  Index  of  2  in  72  j  therefore  there  can  be  but  i  Integral  Term  added, 
as  here,   72  :  18  ;  4I  ;  i^c. 

Cafe  II.  The  Ratio  not  Multiple.  It's  plain  that  the  Number  of  Integral  Terms  is 
limited,  both  encreafing  (by  Tart  I.  Cafe  I.  of  the  preceding  'Probl.)  and  decrea- 
fing (by  the  preceding  Lemma  ;)  and  to  find  the  Number,  take   it  firft  encreafing, 

and  fuppofe  the  given  Num- 
AN^  .  A  N*  .  AN  .  J.  .  AM_  .  AM^  .  AM^  _  ^  I  ber  A,  and  the  Ratio  in  its 
Mi       -~^  '   M    '       '     N     "    N*    '    N'    '  I     leaft  Terms  to  beN  :Mj  the 

Index  of  the  greateft  Power 
of  N,  which  meafures  A,  is  the  Number  fought.     The  Reafon  of  wbich  is  this;  fup- 

A  M° 
pofe  the  laft  Integral  Term  to  be  ,  fo  that  N"   meafures  AM",  but  it  does  not 

meafure  M",  they  being  Prime  to  one  another,  becaufe  N  and  M  are  fb  j  therefore, 
by  ('77j«j>".VI.)N"  does  meafure  A;  but  it  is  alio  the  greateft  Power  of  N  that  does  foj 

for  if  a  greater  docs,  as  N""*"',  then  that  will  alio  meafure  AM"+'  3  and  fo  is  not 

the  laft  Integral  Term,  contrary  to  Suppofition.  LaJIly,  Becaufe  the  Index  of  the 
Powers  of  N  Ihew  their  Diftance  after  A,  therefore  the  Rule  is  true. 

2*^.  If  the  Series  is  to  be  taken  decreafing,  then  the  Index  of  the  greateft  Power  of 
M,  which  meafures  A,  is  the  Number  fought  j  for  the  fame  Reafon  as  was  explaiwed 
in  the  preceding  Article. 

Obferve,  That  this  Cafe  may  be  folved  the  fame  Way  as  Cafe  I.  by  comparing  the 
Primes  of  A  with  thofe  of  N  for  the  encreafing  Series,  and  with  thofe  of  M  tor  the- de- 
creafing. 


5  • 


568  OfPrime  and  Compofite  Numlers.  Book  V.^ 

5°.  If  it's  propofed  to  find  the  greateft  Number  of  Integral  Terms  that  can  be  join- 
ed in  the  fame  Series  with  A  in  the  Ratio  N  :  M,  taken  both  encreafing  and  decrea- 
iing  J  then  find  feparately  how  many  can  be  added  encreafing  in  the  Ratio  N  :  M,  and 
how  many  decreafing  in  the  Ratio  M  :  N  j  the  Sum  is  plainly  the  Number  fought. 

Exam.  Let  the  given  Number  be  71=2X2X2X5X5,  and  the  Ratio  be  2  :  5  ;  then  is 
the  greateft  Number  of  Integral  Terms  that  can  be  joined  with  it,  5,  viz-  5  above  and 
ji  below,  making  this  Series,  21  -S-  :  52  :  48  :  72  :  108  :  x6i  :  24.3  :  3(^4  f.  For  8  the 
third  Power  of  2  is  the  greateft  Power  of  it  that  meafures  72,  and  9  the  fccond  Power 
bf  5  is  its  greateft  Power  that  meafures  72. 

ScHOL.  We  may  make  the  preceding  Problem  yet  more  general  and  unlimited,  by 
fuppofing  no  particular  given  Ratio  ;  but  propofing  to  find  the  greateft  Number  of  In- 
tegral Terms  that  can  poffibly  be  joined  in  the  fame  Series  with  a  given  Integer  in  any 
Ratio  whatever  ;  the  Anfwer  to  which  is  an  infinite  Number,  becaufc  with  a  Multiple 
Ratio  the  Scries  goes  on  encreafing  ad  infinitum  ;  but  if  we  take  thefc  Limitations,  vizi. 
i«.  A  Ratio  Multiple  and  a  decreafing  Series  ;  then  though  no  particular  Ratio  is  gi- 
ven, the  Problem  may  be  folved.  Thus  ;  refolve  the  given  Number,  A,  into  its 
Primes,  the  Index  of  that  one  which  is  oftneft  involved  is  the  Number  fought,  and 
that  Prime  it  felf  is  a  Ratio  which  will  make  the  Series.  Example,  If  72=2X2X2X5 
X3  is  the  given  Number,  then  you  can  join  in  the  fame  Series  decreafing,  only  three 
Integral  Terms,  3  being  the  Index  of  2  in  72,  and  the  only  Ratio  that  can  effeft  this 
is  2  :  I,  which  makes  this  Series  72  :  3{5' :  18  :  9  :  4f.  Obfervc  alfo.  That  if  there 
are  more  than  one  of  the  Primes  of  A  involved  to  the  fame  Power,  which  is  the  higheft 
of  any  concerned  in  it,  then  any  of  thefe  Primes,  or  the  Produfl  of  any  two  or  more  of 
them,  maybe  made  the  Ratio;  fo  if  216=2X2X2X5X5X5  is  the  given  Number,  the 
Anfwer  is  alfo  3  ;  and  the  Series  may  be  made  in  any  of  thefe  Ratios,  and  in  thcfe 
only,  viz.  2:1.  or  3  :  i  :  or  6  :  i,  making  thefe  dififerent  Series  2itf  :  108  :  54  :  27  : 
or  2i5  :  72  :  24  :  8.  Or,  Laflly,  %i6  -.  ^6  '.  6  :  i.  Thus  we  learn,  not  only  how  to 
folve  the  Problem,  but  to  find  alfo  all  the  Variety  of  Ratios  that  can  poffibly  fblvc  it. 
The  Reafbn  of  which  is  obvious. 

Again,  2°.  We  ftiall  fuppofe  the  Problem  limited  to  a  Ratio  not  Multiple,  without 
any  determined  or  given  one  j  then  is  the  Solution  made  thus,  refolve  A  into  its 
Primes,  and  take  thefe  two,  the  Sum  of  the  Indexes  of  whofe  Involution  in  A,  is  the 
greateft,  that  Sum  is  the  Number  fought  ;  and  thefc  Primes  are  the  Terms  of  a  Ra- 
tio, in  which  the  Series  may  be  made  ;  and  if  fcveral  of  thefe  Sums  which  are  the 
greateft,  are  equal  among  themfelvcs,  then  the  Primes  to  which  they  correfpond,  or 
the  Produfts  of  any  two  or  more  of  them,  make  all  the  difterent  Ratios  in  which  the 
Scries  can  be  made.  Exam.  Let  the  given  Number  be  3024=iX2X.X2X3X5X3X7, 
then  is  the  Number  fought  7,  the  Sum  of  the  Indexes  of  2  and  5,  viz.  4  and  5, 
which  is  greater  than  the  Sum  of  any  other  two  Indexes  ;  and  therefore  the  Ratio  is 
2  :  3,  which  in  this  Example  is  the  only  one  that  can  make  a  Series  of  7  Integers  joined 
to  3024  ;   which  Series  is  this,   895  :  1544  :  aox5  :  5024  :  4555  :  ($804  :  \cio6  :  15509. 

g".    If  it's  propofed    only   to  find  the   greateil    Number   of  Terms  that  can   be 

{'oined,  increafing  or  decreafing,  feparately  confidercd  ^  then  take  the  Index  of  the 
'rime,  which  is  oftneft  involved  in  A,  and  that  is  the  Number  fjught  for  an  encrea- 
fing Series ;  that  Prime,  or  any  other  as  oft  involved,  or  the  Produft  of  any  two  or 
more  of  thefc,  being  the  Antecedent  or  lefler  Term  of  the  Ratio,  which  can  projucc 
the  Series,  to  which  we  may  take  any  other  greater  Number,  which  is  Prime  to  it  fcjr 
a  Confcquent.  Then  for  a  decreafing  Series  we  muft  chufc  that  Prime  whofe  Index 
is  the  greateft,  that  has  another  Number  lefTcr  than  it  felf,  and  Prime  to  it.  So  in  the 
preceding  Example,  3024,  thi  greateft  Number  encreafing  is  4,  the  Index  of  2  in 
3024  ;  and  in  this  Cafe  there  is  an  infinite  Choice  of  Ratio?,  becaufe  we  may  take 

any 
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any  Number  greater,  and  Prime  to  2,  for  a  Confequent }  but  for  a  dccreafing  Scries, 
the  Number  is  only  5,  the  Index  of  5  in  5024,  ana  there  is  but  one  Ratio,  vizi.  3  :  2, 
which  will  produce  the  Series,  becaufe  there  is  but  one  Number,  viz.  2,  which  is 
leflcr  than  ;,  and  Prime  to  it.  Take  this  other  Exa7?2ple,  92(yi=:7X7X7X3X5X3. 
To  this  can  be  joined  at  moft  5  Terms  encreafing,  the  Index  of  7  or  3  being  3  5  and 
the  Series  may  be  produced  by  any  Ratio,  whofc  Antecedent  is  7  or  3,  or  21.  Again, 
decreafing  there  can  at  moft  be  added  3,' which  alfo  can  be  cffefled  by  any  Ratio  whofe 
Antecedent  is  3  or  7,  or  21  j  which  makes  a  limited  Number  of  different  Ratios,  be- 
caufe there  is  a  limited  Number  of  Terms  lefler  than  thcfe  Antecedents  and  Prime  to 
them,  which  are  thefe,  3:2,  7  :  j,  7:3,  7  :  a  ;  and  if  21  is  made  the  Antecedent, 
the  Confequcnts  are  thefe,  1,  4,  5,  7,  8,  10,  11,  13,  14,  r<J,  19,  20.  But  th?  abfolutely 
greateft  Number  of  integral  Terms  that  can  ftand  in  the  fame  Series  with  ()z6i  is  6, 
whereof  3  will  be  greater,  and  3  leffer,  in  the  Ratio  3:7,  which  is  the  only  one 
that  will  make  the  Series. 

PROBLEM   IX. 

A  whole  Number  being  given,  to  find  a  Ratio  in  which  it  is  poffible  to  join  a  given 
Number  of  integral  Terms,  and  no  more,  in  the  fame  Series  with  the  given  whole 
Number. 

SoLUT.  If  we  take  the  given  Number  for  the  greater  Extreme  of  a  Series,  then  the 
Problem  being  poffible  in  the  Circumftances  of  the  given  Numbers,  may  be  folved  in 
fbme  Cafes  by  a  Multiple  Ratio  only  j  in  others  by  a  Ratio  not  Multiple  and  in  others 
by  both  :  But  if  the  lefler  Extreme  is  given,  it  requires  a  Ratio  not  Multiple  5  which  it 
does  alfo,  if  we  confider  the  given  Number  as  one  of  the  middle  Terms.     Thus, 

1°.  Let  us  take  the  given  Number,  A,  for  the  greater  Ex- 
a  .  A  _  A  ,  jj  j  treme  of  a  Series,  then  refolve  it  into  its  Primes  ^  and  if  the 
M  '  M^  "  *  I  Index  of  any  of  its  Primes  is  precifely  equal  to  the  given 
Number  of  Terms,  that  Prime,  or  the  Product  of  any  two 
or  more  fuch,  or  any  fuch  Produft  multiplied  again  into  any  of  the  Primes  which 
have  a  greater  Index,  is  the  greater  Term  of  a  Multiple  Ratio  which  folves  the  Pro- 
blem. And  if  there  is  any  Number  lefs  than  it,  and  Prime  to  it,  that  being  mado 
Confequent,  makes  a  Ratio  not  Multiple,  which  alfo  folves  the  Problem.  But  if  none 
of  the  Primes  of  A  has  an  Index  exactly  equal  to  the  given  Number  of  Terms,  the 
Problem  is  impoflible,  making  the  given  Number  the  greater  Extreme  of  the  Series. 

Exam.  Given  56^7,  and  the  Number  of  Terms  4,  then  the  Ratio  fought  is  3  :  r  j 
for  5o'7=3X3X3X5X7,  and  there  is  not  another  Ratio  that  will  anfwer5  but  take  i%^=^K 
3X3X7,  and  the  Problem  is  impoffible. 

2°.  The  given  Number  being  the  lefler  Extreme,  find  the  Antccedetit  of  the  Ratio 
fought  the  fame  way,  as  in  the  preceding  Cafe  ;  and  for  a  Confequen^t,  any  Number 
greatef,  and  Prime  to  it :  So  567  being  the  leffer  Extreme,  and  the  Number  of  Terms 
4,  the-jRatio  fought  muft  take  3  for  the  Antecedent,  and  any  Number  greater,  and 
Prime' to  it,  for  the  Confequent. 

3".  If  the  given  Number  is  confidered  as  one  of  the  middle  Terms  indefinitely, 
then  take  thefe  two  Primes  of  A,  the  Sum  of  whole  Indexes  is  equal  to  the  given 
Number  of  Terms,  and  thefe  are  the  Terms  of  a  Ratio,  which  folves  the  Problem  j 
and  of  the  Terms  to  be  added,  there  will  be  as  many  greater  than  the  given  Number, 
as  the  Index  of  the  lefler  one  of  thefe  two  Primes,  and  as  many  decreafing  as  the  In- 
dex of  the  greater. 

Exam.  Given  71=2X2X2X3X3,  and  the  Number  of  Terms  5,  the  Ratio  is  2  :  3, 
the  Number  of  Terms  greater  being  3,  and  the  lefler  being  z;  ani  in  th  s  Cafe 
tlicre  is  no  other  Variety  in  the  Solution.    But  fuppofe   3  528=:2X2XiX}X3X7.<7,  and 
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the  Number  of  Terms  5,  it  may  be  folved  by  this  Ratio  2  ;  3  or  1  :  7,  with  5  Terms 
greater  and  2  leffer  ;  and  if  the  Number  of  Terms  is  4,  then  it  is  folved  by  this  Ratio 
5  :  7  with  2  Terms  greater,  and  z  leffer,  or  with  this  Ratio  6  (=2X53  :  7  with  2 
greater  and  2  lefler.  Obferve,  If  the  Sum  of  no  two  of  the  Indexes  is  exaftly 
equal  to  the  given  Number  of  Terms,  then  the  given  Number  cannot  Hand  as  a  middle 
Term  in  the  propofed  Circumftances. 

The  Reafon  of  all  this  is  plain,  efpecially  if  it  be  compared  with  the  preceding 
Problem. 

ScHOL.  If  the  propofed  Number  of  integral  Terms  is  0,  That  is,  to  find  a  Ratio 
with  which  it's  impoffible  to  join  any  integral  Term  to  a  given  Integer,  we  have  no 
more  to  do,  but,  take  any  two  Numbers  which  contain  a  Prime  different  from  any  in, 
A,  or  any  the  fame  Prime  oftncr  involved,  and  make  thefe  the  Terms  of  your  Ratio  j 
for  then  it's  plain,  that  in  fuch  a  Ratio  you  can  join  no  integral  Term,  either  greater  or 
leffer,  becaufe  none  of  thefe  Numbers  can  meafurc  A. 

Again,  if  the  Ratio  is  required  to  be  fuch,  that  the  Number  of  integral  Terms  to  be 
added  is  infinite,  then  take  any  Multiple  Ratio. 

PROBLEM    X. 

To  find  a  whole  Number,  with  which  a  given  Number,  and  no  more,  of  integral 
Terms  can  be  joined  in  the  fame  Series  in  a  given  Ratio. 

SoLVT.  1°.  If  the  Ratio  is  Multiple,  the  Problem  is  plainly  impoffible;  for  to  any 
Integer  an  infinite  Number  of  integral  Terms  may  be  added  in  any  Multiple  Ratio, 
yet  if  we  limit  it  ft)  as  to  confider  the  Number  fought  as  the  greater  fix'treme  of  a  Se- 
ries, it  is  folved  thus ;  if  the  greater  Term  of  the  given  Ratio  has  any  of  its  Primes 
involved  to  an  Index  prccifely  equal  to  the  given  Number  of  Terms,  then  any  Num- 
ber which  is  a  Multiple  of  that  Power  of  that  Prime,  is  the  Number  fought  j  but  if 
none  of  its  Primes  is  lb  oft  involved,  then  is  the  Problem  alfo  impoffible. 

2*.  If  the  Ratio,  is  not  Multiple,  raife  its  Terms  to  the  Power  whofe  Index  is  the  gi- 
ven Number  of  Terms  left  i ;  and  thefe  are  the  Extremes  of  a  Scries  in  that  Ratio, 
having  the  given  Number  of  Terms,  and  to  which  it  is  impoffible  to  add  another  in 
Integers  {'Theor.  XXIII.)  And  thefe  Powers,  or  any  of  the  middle  Terms  of  the 
Scries,  whereof  they  are  the  Extremes,  which  are  eafily  found  (vid.  'Probl.Vl.  ScholA.) 
are  Numbers  which  folve  the  Problem,  and  are  indeed  the  only  Numbers  that  do 
fo.  And  cbferve,  if  it's  propofed  to  find  the  Number  ftughr,  fo  that  it  Iball  be 
any  otie  of  the  Extremes,  or  any  one  of  the  middle  Terms,  it's  eafily  done  by  what's 
ihewn. 

Exfim.  The  Ratio  2  :  3,  and  Number  of  Terms  (J  ;  I  take  the  5th  Power  of  2.;  5, 
viz.  2X1X2X2X2=52,  and  5X3X3X3X3=243,  and  thefe  arc  Extremes  of  the  Series  j 
the  middle  Terms  being' compofed  of  the  Powers  of  thefe,  according  to  this  Form  A'  : 
A«B  :  A'B' :  A'B' :  AB«  :  B^ 

Scholiums. 

I.  If  the  propofed  Number  of  Terms  is  0,  then  with  a  Multiple  Ratio  the  Problem 
is  impoffible,  if  the  given  Number  is  to  be  made  the  leffer  Extreme  j^but  if  we  make 
it  the  greater,  then  we  may  take  any  Number  lefler  than  the  Antecedent  ot  the  Ratio, 
or  greater,  provided  it  has  not  all  the  different  Primes  of  the  given  Antecedent,  or 
has  ft)me  ot  them  lefs  involved. 

Again,  with  a  Ratio  not  Multiple,  we  have  no  more  to  do  but  take  any  Number 
which  has  not  iiv  its  Compofition  all  the  Primes  of  cither  of  the  Terms  of  the  Ratio, 
»r  has  any  one  of  each  of  them  lefs  involved.. 

II. 
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II.  If  there  is  no  particulur  Ratio  given,  nor  any  Limitation,  i.  e.  if  we  demand  an 
Integer,  with  which  can  be  join'd  only  a  certain  Number  of  integral  Terms  in  any  Ratio, 
then  the  Problem  is  impoffiblc,  becaufe  in  a  Multiple  Ratio  there  may  be  an  infinite 
Number  of  Terms  encreafing  ;  but  fuppofe  thefe  general  Limitations, 

i".  That  the  Number  fought  be  the  greater  Extreme  of  a  Series  5  then  it  may  be 
found,  thus  5  of  any  prime  Number  take  that  Power  whofe  Index  is  the  given  Num- 
ber of  Terms  5  or  take  any  Multiple  of  fuch  a  Power,  provided  it  has  no  Prime 
involved  to  a  higher  Power  5  and  to  that  Number  can  be  joined  the  given  Number  of 
integral  Terms  decreafing,  in  any  Ratio  whofe  Antecedent  that  Prime  is. 

Exam.  Let  the  Number  of  Terms  be  5,  then  8  is  the  Number  fought,  and  the 
Ratio  2:1.  Or  8x5=4.0,  and  the  Ratio  2:1;  but  \6  is  not  fuch  a  Number,  becaufe 
it  admits  of  4  Terms  in  the  Ratio  2  :  r.  Again,  27=3X5X3  is  a  Number  anfwering 
the  Problem,  and  the  Ratio  is  cither  3  :  i,  or  5  :  2,  making  thefe  Series  27  :  9  :  3  :  i, 
or  27  :  18  :  12  :  8. 

2°.  Suppofe  the  Limitation  is  to  any  Ratio  not  Multiple  ;  then  take,  as  before,  that 
Power  of  fome  Prime,  whofe  Index  is  the  given  Number  of  Terms,  and  that  is  the 
Number  fought ;  the  faid  Prime  being  the  Antecedent  of  a  Ratio  which  folves  the 
Pj-oblero,  encreafing,  any  greater  Number  and  Prime  to  it  being  made  the  Confequent^ 
Alfo,  if  there  is  any  Number  lefler  than  it,  but  greater  than  i,  that  being  made  Confe- 

Juent  will  be  a  Ratio  which  wiH  folve  it  decreafing.  Lajily,  If  you  take  any  two 
rimes,  and  involve  them  each  to  fuch  a  Power,  that  the  Sum  of  their  Indexes  be  equal 
to  the  given  Number  of  Terms,  then  the  Produft  of  thefe  Powers  is  a  Number  to 
which  the  given  Number  of  Terms,  and  no  more,  can  be  added,  taking  part  of  them 
greater,  and  part  lefler  j  which  may  alfb  be  diftributed  in  any  Proportion ;  for  what- 
ever Index  the  lefler  Prime  is  raifed  to,  that  will  exprefs  the  Number  of  Terms  greater 
than  the  Number  fought,  and  the  Index  of  the  other  is  the  Number  lefler,  thefe  two 
Primes  being  the  Terms  of  a  Ratio  that  anfwers  the  Problem ;  and  in  this  Cafe  the  gi- 
ven Number  of  Terms  is  the  greateft  Number  of  integral  Terms  abfolutely  that  can  be 
joined  -with  the  Number  fought. 

E^ftm.  Given  Number  of  Terms  5.  I  take  3X3X3X3X3=243,  which  is  a  Number 
to  which  can  be  joined  5  integral  Terms,  and  no  more  increafing,  the  Ratio  of  which 
muft  have  5  for  its  Antecedent,  and  any  Number  greater,  and  Prime  to  it,  for  a  Confe- 
quent  as  4 ;  and  decreafing  it  can  alfo  admit  5  Terms,  but  limited  to  this  one  Ratio 
nor  Multiple,  viz,  3  :  2,  becaufe  2  is  the  only  lefler  Number  prime  to  3.  Again, 
108  ('=5X3X3X2X2)  can  have  joined  with  it  only  5  integral  Terms  in  the  Ratio  1  :  3, 
whereof  2  will  be  greater  and  3  lefler,  as  here,  32  :  48  ;  72  :  108  ;  i6z  .•243. 

III.  If  it  be  propofed  to  find  an  Integer,  to  which  it  is  impofliblc  to  join  any  Integer 
in  the  fame  Series,  in  any  Ratio,  the  Problem  is  impoflible  5  becaufe  to  xny  Integer 
can  be  joined  at  leaft  another  Integer. 

PROBLEM   XI. 

A 
Any  Fraiiion,  proper  or  improper,  -  ,  being  given,  to  find  how  many  fraSional  TeriBjS 

tan  poffibly  be  joined  with  it  in  the  fafte  Series.  ' 

Solution. 
If  there  is  no  further  Limitation  of  this  Problem,  the  Anfwcr  is  an  infinite  Number  j 
for  if  the  Fraftion  is  proper  it  admits  an  infinite  Number  of  fraftioflal  Terms,  decrea- 
fing in  the  fame  Series  in  any  Ratio  whatever  j  and  if  it's  an  improper  Fradtion,  then 
alfo  an  infinite  Number  of  fraflional  Terms  can  be  joined  encreafing  or  decreafing,  or 
both  Ways  j  for  the  Series  being  continued  both  Ways,  thjre  can't  be  one  Integer 

B  b  b  2  above 
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above  and  another  below ;  (by  'Theor.  XXXV.)  therefore  the  Series  will  continue  in 
Fraflions  one  or  both  Ways. 

But  as  the  Number  fought  may  be  limited  on  one  Side  (though  it  can't  on  both)  we 
fhall  enquire  upon  what  Side  it  is  limited,  and  to  what  Number  of  Terms.     Thus, 

Cafe  I.  T'he  given  Ratio  Multiple.,  rfj  i  :  M,  then, 
([i">.  j  The  Series  will  continue  for  ever  in  Fra6lions  decreafing  :  If  the  given 
Fraction  is  proper,  this  is  manifeft;  and  if  it's  improper,  you  fee  the  fame  Truth 
from  this  Confideration,  viz.  That  if  ever  there  comes  an  Integer  into  the  Series, 
from  that  reverfely  it  will  continue  upwards  to  a  mixt  Number  (from  whence  it  pro- 
ceeded downwards)  which  is  impoffible  in  a  Multiple  Ratio,  becaufe  every  Term  is 
the  Produft  of  two  Integers.  Therefore  there  can  no  Integer  come  into  the  Series. 
But, 

(2°.)  Take  the  Series  encrcafing  from  the  given  Fraction,  and  the  Number  of  fra£li- 
onal  Terms  that  can  be  added,  will  in  fome  Cafes  be  finite,  and  in  fome  infinite, 
which  the  following  Rule  will  diicover,  whether  the  given  Fraftion  is  proper  or  im- 
proper ;  'Thus,  refolve  M  and  B  both  into  their  Primes  j 
arid  if  there  is  any  Prime  in  B  which  is  not  in  M,  then  the 
Number  of  Terms  required  is  infinite  j  for  B  caa  ne- 
ver meafure  any  Power  of  M,  and  being  Prime  to  A,  it 
cannot  meafure  any  of  the  Numerators  {Cor.  2.  Theor  Ml.)  Again,  if  all  the  different 
Primes  of  B  are  found  in  M,  and  as  oft  at  leaft  involved  j  then  is  B  an  aliquot  Part  of  M, 

AM  • 
and  hence  —  is  an  Integer,  therefore  there  can  no  fraflional  Term  be  added;    Lajl- 
B 

ly.  If  all  the  Primes  of  B  are  in  M,  and  fome  of  them  alfo  oftner  involved  in  B  than 
in  M,  then  take  all  of  thefe  whofe  Indexes  in  B  and  M  have  the  fame  Difference,  and 
that,  the  greatefl  of  any  other  of  them  j  and  chufing  that  one  of  thefe,  whofe  Index  is 
greatefl,  find  the  greateil  Number,  which  multiplying  its  Index  in  M,  will  make  a 
Product  lefs  than  its  Index  in  B  j  that  Number  is  the  Number  fought ;  for  it's  the  Index  of 
the  grcateft  Power  of  M  which  B  does  not  meafure,  fince  B  msafures  none  of  the  Pow- 
ers of  M  till  you  come  to  one  which  has  all  the  Primes  of  B,  at  leaft  as  oft  involved.; 
but  any  Power  of  M  is  the  Produft  of  the  like  Powers  of  all  its  Faflors  (as  follows  from 
Theor.  I.  SooklU.  Chap.l.)    Hence  the  Truth  of  the  Rule  is  clear.  ^ 

£xam.  I or  z2,  and  the  Ratio  i  ;  7  j  there  can  never  be  any  integral  Term,  be- 

caufc  all  the  Primes. of  ij,  which  are  3,  5,  are  different  from  7. 

Exami  a .  -i  or  -1 ,  and  the  Ratio  i  :  6.  There  can  be  no  fratSional  Term  added, 
becaufe  3  is  an  aliquot  Part  of  tf,  whereby  the  very  next  Term  will  be  an  Integer. 

Exam.  3.  —  cr^J,  and  the  Ratio  i  :  6^     Here  14=2X2X2X9  and  6=2X3  ;  then 

24.         24 

the  Index  of  2  in  24.  is  5,  and  in  6  it  is  r,  and  the  greateft  Number,  which  multiplying 
1  will  produce  a  Number  lefs  than  3  is  2  j  therefore  there  can  be   but  2    fraifionaT 

Terms  joined  with  the  given  one 5  as  here,  —  :  —  :  ''—  :  1111=53  •   And  here,  -- 


I 
I 


450      2700        1(^200 ^., 

%4         24  24 


S.4.    24      24         24  24 
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Cafe  II.  I'he  given  Ratio  mt  Multiple,  as  N  .-  M,  ivhich  "xe  fliall  again  fuMivide 
according  as  the  given  Fra^ion  is  proper  or  improper. 
(1^)  If  the  given  Fraftion  is  proper,  it's  already  fliewn,   that  the  Series  muft  con- 
tinue forever  in  Fraflions  decreafing,  but  will  not  in  all  Cafes  do  fo  encreafing;  and 

the  Number  fought  may  be  found  thusj  refolve  A,  B,  N, 
A  AM  .  AM*  ojj  I  M,  into  their  Primes,  and  if  there  is  any  Prime  in  N 
jr  "    BN  '  BN'  '  I     which  is  not  in  A,  or  the  fame  Prime  oftner  involved  ; 

or  again,  any  Prime  in  B  which  is  not  in  M,  then  the  Se- 
ries will  continue  for  ever  in  Fraftions'j  becaufe  the  Denominators  can  never  mcafure 
any  of  the  Numerators.  But  if  none  of  thefe  Circumftances  happen,  i.  e.  If  there  is  no 
Prime  in  B  which  is  not  in  M,  nor  in  N  which  is  not  in  A,  nor  any  the  fame  Prime 
oftner  involved  inN  than  in  A,  then  if  all  the  Primes  of  B  are  at  leaft  equally  involved 

A 

in  M,  the  very  firft  Term  after  —  is  an  Integer.  But  if  any  one  or  more  Primes  of 
'  B 

£  are  not  lb  oft  involved  in  M  j  take  all  of  thofe  whofe  Indexes  in  B  and  M  have  the  fame 
Difference,  and  that  too,  the  greateft  of  any  other  of  them,  and  chufe  that  one  of  thefe 
whofe  Index  is  greateft  ;  then  find  «,  the  greateft  Number  which  multiplying  its  In- 
dex in  M,  produces  a  Number  lefs  than  its  Index  in  B,  and  that  is  the  greateft  Num- 
ber of  fractional  Terms  j  fuppofing  there  can  be  an  Integer  5  the  Reafbn  is  eafy;  And 
to  know  if  there  can  be  an  Integer  do  this  ;  take  all  the  Primes  whofe  Indexes  in  N 
and  A  have  the  fame  Difference,  and  that,  the  leaft  of  any  other,  then  chufe  that  one  whofe 
index  is  greateft  j  and  if  the  Produfl  of  its  Index  in  N,  multiplied  by  «-j-i,  produces  a 

NumbernotexceedingitsIndexinA,thcnthe/;-l-iTermafcer — is  an  Integer,    and  « 

B 
is  the  Number  fought ;  but  if  it's  greater,  the  Series  will  continue  for  ever  ia  Fra- 
ctions. 

!■  A 21 5X7      r  M' 6'i 5Xi5„.M_()8 2X7x7      TT>.     .1.     o-  • 

Exam.  I.— =—=2 — Land  _=_=J — lor  _ =i_= i — L.    Here  the  Series 

B      55     5XH  N      2z     2X11       N     43     3X5X5 

will  continue  for  ever  in  FraiSions. 

£xara.  2.  4=1!=!^'^  and  ^=^^1=  ^l^i-'.    Here  the  very  f^rft  Term  af- 
B      55       5X11  N        21  3X7  ' 

tcr-j.  is  an  Integer,  ws.  i?  X  -ilLor  liH^-l  X  2ii_iI=io,    by   taking   away  com- 
B  55        21  5X11  3x7  ^  ^ 

mon  Factors,  out  of  the  Numerators  and  Denominators. 

E.  ,.„       A 80       2X2X2X2X5      jM       105      5X^x7      ,^        ,  .„  , 

£xam.^.~= =_ 1  and  _= — L=I — I — L.     Here  there  will  be   3 

B,      567      3X3X3X3X7  N         a.  2  ' 

fraftional  Terms  after  — ,  which  I  find  thus  ;   3  is  the  Prime  in  B,   whofe  Index  ex- 

ceeds  its  Index  in  M  by  the  greateft  Difference,  and  no  other  have  the  fame  Difference  ; 
alfo  3  is  the  greateft  Number  which  multiplying  i,  its  Index  in  M,  makes  a  Produ6l  3 
lefs  than  its  Index  in  B,.  which  is  4.  Again,  as  there  is  but  one  Prime  in  Nj  viz.  2, 
whofe  Index  is  only  i,  this  multiplied  by  4  (=;;-f-i)  produces  4,  a  Number  not  ex- 
ceeding 4,  the  Index  of  2  in  A  j  therefore  3  is  the  Number  fought.  But  if  we  fuppofe 
Ato  be  40=2X1X2X5,  then  becaufe  the  Product  4  exceeds  3,  the  Index  of  2  in  A, 
therefore  the  Series  muft  continue  for  ever  in  Fraftions,    becaufe  the  «-f-r  Term  after 

—  is  the  firft  that  could  poffibly  be  an  Integer,  upon  the  Confideration  of  the  Primes 

of  B  compared  with  the  fame  in  M.     But  then  this  is  hindered  by  the  Confideration  of 

the 
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the  Primes  of  N,  compared  with  the  fame  in  A.  For  at  the  »+i  Term,  there  is  a 
Prime  in  N,  whofe  Index  is  greater  than  its  Index  in  A  j  and  cohfequently  canHot 
meafure  it,  nor  can  it  ever  after  5    becanfc  its  Index  in  N  is  ftill  increaiing. 

(z°.)  If  the  given  Fraftion  is  improper,  the  Number  of  fradional  Terms  in  the  Se- 
ries after  — ,  either  increafing  or  decreafing,  is  found  the  fame  Way  as  in  the  loft  Ar- 
B 

tide.  And  obferve,  that  if  the  Number  is  limited  increafing,  then  it''s  certainly  infi- 
nite decreafing  ;  but  if  it's  found  infinite,  increafing,  it  may  be  either  fiilite  or  infinite, 
decreafing. 

Scholiums. 

t/?.  In  propofing  to  find  how  many  fraftional  Terms  can  be  join'd  to  a  given  Fra- 
flion,  we  have  not  diftinguilh'd  betwixt  proper  and  improper  Fractions  ;  but  that  I 
Ihall  here  confider.     And, 

i".  It's  plain,  that  from  an  improper  Fra^ion,  all  the  fraftional  Terms,  increafing, 
muil  be  improper ;  but  decreafing,  they  may  be  partly  proper  and  partly  improper  ;  ana 
if  there  ftands  an  Integer  below  the  given  improper  Fra<.^ion,  all  the  intermediate 
Terms  are  improper  Fraftions. 

2°.  From  a  given  proper  Fradion,  all  the  fraflional  Terms  decreafing,  are  proper ; 
but  increafing,  they  may  be  partly  proper,  partly  improper  5  and,  in  forae  Cafes,  all 
improper. 

Hence  there  are  but  two  Cafes  concerning  the  diftinft  Number  of  proper  and  im- 
proper Fractions,  wherein  a  Rule  is  wanted  :  The  firft  is  to  determine  how  many  im- 
proper Fraftions  can  be  joined,  decreafing,  to  a  given  one  in  any  given  Ratio.  The 
fecond  is  to  find  how  many  proper  FraiSions  can  be  joined,  increafing,  to  a  given  one 
in  any  Ratio.  Now  if  the  Ratio  is  not  Multiple,  in  either  of  thcfe  Cafes,  iknow  of 
no  Rule  but  adually  raifing  the  Series  5  but  if  the  Ratio  is  Multiple,  they  can  be 
folved  otherwife  :  Thus, 

^ejiion  i.  To  find  how  many  improper  Fraiftions  can  be  added,  decreafing  below 

a  given   one,  — ,  in  a  given  Multiple  Ratio,  i  :  M.  ' '  ^ 

B 
Rule.    Take  the  integral  Part  of  the  given  Number  5  which  Integer  call  q.    Then 
take  the  greateft  Power  of  M,  which  does  not  exceed  q  5  the  Index  of  that  Power  is 
the  Number  fought. 

Demon.  The  Index  of  M,  expreffes  the  Diftance  of  each 
AAA  1  A 

tT  •  BM  •  BNF  •  ^'^'  Term  from  g- ;  and  if  M"  is  the  greateft  Power  of  M,  not 

A 

exceeding   q,    then   is  -gj^  the  laft  improper  Fraflion  ;  For,   if  any  of  the  Powers 

of  M,  in  the  Divifors,  exceeds  q,  it  muft  te,  at  leaft,  equal  to  q-\^  5  and  as  fbon  as 
that  happens,  we  have  a  proper  Frad ion  ;  becaufe,  '\i  ■^=q,    with    a   Remainder, 

A 

therefore  qi  is  lefs  than  A,  and  (7-4-iXB,  greater  than  A  :  So  that  ===--    w  neccf- 

A 
farily  a  proper  Fraftion,  and  -g-  an  improper :   Therefore,  if  M"  is   the  greateft 

Power  of  M,  not  exceeding'  q^  then  is  ^rr;  the  laft  improper  Fraction  i  for  a  groat- 

A 
er  Power,  as  M""^',  muft  be,  at  leaft,  equal  to  ^-f-i  j  and  fince  rs~^-     is  a  ja-opcr 

1  Frailion, 
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A  A 

Fraftion,  therefore  fo  is  -^rr^*   and  confequently  -^^  is   the  laft  improper  one  ; 

and  »  the  Number  of  Terms  fought. 

£Kam.  —^^il—ty  -  and  M=i,  whofe  third  Power,  8,   is  the  greateft,  not  ex- 

B        7  7 

seeding  9  ;  therefore  5  is  the  greateft  Nurnber  of  improper  Fraflions  that  can  ftand 

in  the  fame  Series  below  li,  in  the  Ratio  4  :  i,  as  here  _1  .  _?  .  -i  .  -i  .  — L.. 

■J  7      14     2b     55      112 

Ouefliofi  2.    To  find  how  many  proper  Fraflions  can  be  join'd,  increafing  in  the 

fame  Series,  above  a  given  one,  — ,  in  a  given  Multiple  Ratio  i  :  M. 

B 

Rule.     Take  the  reciprocal  improper  Fraflion,  — ,   and  find,  as  in  the  laft  Que- 

ftion,  how  many  improper  Frailions  can  be  join'd  to  it,  decreafing  j  and  you  have  the 

Number  fought :    For  if  is  the  laft  improper  Fraflion,  then  taking  the  whole 

AM"  •  •  A     . 

Series  reciprocally,  is  the  laft  proper  Fraction  after  — •,  increafing. 

B  B 

ij.  \Ye  may  confider  the  ^Problem  unlimited  to  any  particular  given  Ratio  5  only 
in  general,  fuppofe  the  Ratio  is  Multiple  or  not  Multiple  j   then, 

i".  Suppofc  an  increafing  Scries  fuch,  that  it  comes  at  laft  to  an  Integer,  and  a 
Multiple  Ratio  5  (though  there  is  no  particular  one  given)  then  find  the  Prime  of  B, 
whofe  Index  is  the  greateft,  that  Index  lefs  i  is  the  Number  fought ;  and  if  the 
Produft  of  that  Prime,  multiplied  into  all  the  other  Primes  of  B,  is  made  the  Confe- 

Jiuent  of  a  Multiple  Ratio,  by  that  you  may  find  an  Example  of  the  Series :  The  R.ea- 
on  of  the  Rule  is  evident.     But  again, 

z°.  If  the  Problem  is  limited  to  a  Ratio  not  Multiple,  the  Series  increafing  as  be- 
fore ;  then  take  the  Prime  of  B,  which  has  the  greateft  Index,  provided  alio  that 
there  be  a  Prime  in  A,  wliich  has  an  equal  or  greater  Index  5  the  Index  of  that  Prime 
in  B,  Icfs  I,  is  the  Number  fought  :  And  you  may  find  an  Example  of  the  Series 
by  a  Ratio  whofe  Antecedent  is  that  Prime  of  A,  and  its  Confcquent  the  Producl  of 
all  the  Trimes  of  B  ;  provided  it  be  a  Number  greater  than  the  Antecedent  ;  clfe, 
take  fome  Multiple  of  it  greater  than  the  Antecedent.  Hence,  if  the  Index  of  the 
Prime,  referred  to  in  B,  js  i,  there  c?n  be  no  improper  Frai^ion  joined  with  the  givpa 
Number. 

£>:^?»i!;£  for  both  thefe  Articles.  —--^!2L.-.^^2^1.     Here  2  is  the  Prime 

B         5.(5  2X2X2x7 

in  B,  whofe  Index,  5,  is  the  greateft  j  and  therefore  2  is  the  Number  fought,  in  the 
firrt  Article,  and  i  :  14  isa  Ratio  agreeing  to  this  Solution. 

Again,  If  the  Ratio  is  fuppofed  i^ot  Multiple,  2  is  alfo  the  Number  fought ;  be- 
caufe,  according  to  the  Rule,  there  is  a  Prime  in  A,  whofe  Index  is  greater  than 
3  :    And  if  you  take  for  a  Ratio,   5  :"  14,   it  will  agree  to  the  Solution. 

But  fuppofe    — =— L— :  -L_L_i  •   if  there  comes  an  Integer  into  the  Series,  it 
B         a<J  2X15    '  ^  ' 

muft  be  the  very  firft  Term  after  _  5  becaufe  there  is  np  Index  either  in  A  or  B, 

B  '  '       ..  ' 

greater  than  i  ;  for  no  Ratio  Multiple  can  anfvver  the  Suppofition  of  the  Series  coming 
at  laft  to  an  Integer,  except  this,   i :  a<>  iC^aXij;)  and  it's  pfain,   that  the  very  firlt 

Terra 
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Term  added  will  be  105.  Again,  No  Ratio,  not  Multiple,  can  anfwer,  but  one  of 
thefe  in  which  the  Antecedent  is,  3.  or  5.  or  7.  or  3X5.  or  5X7.  or  5X7.  or  3XJX7, 
and  the  ConCequent  2X13,  or  feme  Multiple  of  this  that  is  greater  than  the  Ante- 
cedent :  In  all  which  Cafes  it's  manifefV,  that  the  firft  Term  added  will  be  an  In- 
teger. 

3°.  Suppofe  a  given  improper  Fraflion,  and  that  a  Series  ought  to  proceed  from  It 
decreafing,  in  a  Multiple  Ratio  :  To  find  the  greateft  Number  of  fraftional  Terim* 
improper,  that  can  be  join'd  :  From  a  Table  of  Powers  feek  the  greateft  Power  (/.  /. 
a  Power  of  the  greateft  Index)  which  is  a  Number  not  greater  than  q,   the  integral 

Part  of  —  J  and  of  whofe  Root  the  next  greater  Power  is  greater  than  q  ;   the  Index 

of  the  former  Power  is  the  Number  fought  j  and  that  Root  is  the  Antecedent  of  a 
Multiple  Ratio,  which  will  make  a  Series,  having  the  i<J  umber  of  fraftional  Terms 

found,  after _.  ,-/,-;  .,„^.,.,..: 

Exam.   --=  ^=  n  Z.    The  Number  fought  is  3  ;  for  8,   the  third  Power  of  2, 
ii        7      ^  7 

is  the  greateft  Power,    which  does  not  exceed  9  ;   and  the  next  Power  of  whofe 

Root  {viz.   16.)  does  exceed  9  :  And   by   the  Ratio,  z  :  i,   we  have   the   Series, 

£5  ,  ^     £5     £5, 

7   '  14  •  28  ■  5(j" 

PROBLEM    XII. 

j.p'A  Ftaflion,     -  ,  being  given  for  the  leCTer  Extreme  of  a  Series,  to  find  a  Ratio,  in 
B 

which  a  given  Number,  «,  of  fraflional  Terms,  and  no  more,   can  poQibly  be  in  the 

fame  Series  above  the  given  one. 

Solution.  i°.  Suppofe  we  are  to  find  a  Multiple  Ratio  j  then  find  the  Prime  that's 
oftneft  involved  in  B  j  if  its  Index  does  not  exceed  ;;,  then  the  Problem  is  impoffible  : 
For  M,  the  Confequcnt  of  any  Ratio,  i  :  M,  which  will  bring  the  Series  to  a  whole 
Number,  muftcontam  all  the  Primes  of  B  j  therefore  it  contains  the  Root,  at  leaft,  of 
that  Prime  which  is  moft  involved  in  B  ;  but  unlefs  the  Index  of  that  Involution  be 
greater  than  «,  M"  'vill  be  equal  to,  or  greater  than  B  5  and  confequently  the  »th 
Term  after  the  given  Extreme,  is  a  whole  Number  ;  or,  perhaps,  there  may  be  one 
before  this.  Again,  though  the  Index  of  fome  of  the  Primes  of  B  exceeds  »,  yet 
the  Problem  may  be  impoffible  5  for  to  make  it  poffible,  the  Index  of  fome  of 
thefe  Primes  muft  be  fuch,  that  there  be  fome  inferior  Power,  whofe  Index,  multi- 
plied by  n,  makes  a  Produfl  lefs  than  its  Index  in  B  j  but  multiplied  by  n-\-i,  makes 
a  ^C  umber  not  lefs  than  that  Index  ;  and  then  the  Produft  of  that  inferior  Power  of 
any  fuch  Prime  in  B,  multiplied  continually  into  fuch  Powers  of  all  the  other  Primes 
of  B,  as  that  their  Indexes,  multiplied  by  n-\-i,  makes  a  Number  not  lefs  than  their 
Indexes  in  B,  may  be  taken  for  the  Confequent  of  the  Ratio  fought.     The  Reafbn 

of  all  this  is  manifeft,   by  confidering  that  an  In- 
A      AM      AM*      AM=  1     teger  can    never  come  into  the  Series,  till  the 

g   •'  ^       ■  ~g      '•  "g      '•  &c.       I     Power  of  M,  in  the  Numerator,  contains  the  fe- 

veral  Primes  of  B,  involved,  at  Icaft,  as  oft :  And 
as  foon  as  that  happens,  we  have  a  whole  Number. 

Exam.  I.  t,~  i£_  a^^X3X3     ^^^  ^,^^  Problem  is  impoffible  j  becaufc 

B      17?        5x5x7 
there  is  no  Index  of  a  Prime  in  fi,  \vhich  exceeds  3. 

Exam. 
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A        **  ^  ?x  ? 

£xam.  2.   -s-=  -^^=- ■^— ^ ,  and  «=3  ;  then  is  the  Problem 

B      345<J      3XciX3X2X2X2X2X2XiXz  ' 

poflible  ;  bccaufe  the  Index  oif  2  in  B,   is  7  ;  and  if  we  take  the  ftcond  Power  of  z 

(viz.  4)  the  Index  of  this,  multiplied  by  3,  is  (J  j  and  multiplied  by  3+r,   or  4, 

makes  8  ;  therefore  the  Ratio  fought  is  i  :  12  3  and  the  Series  is  _il_  .  _i£2. .  ^'^°°  . 

545'J  ■  345<^  '  345<y* 
45100     5 — 4£2:=:  jt  jQ     ^„d  the  Reafon  of  the  Rule  will  appear  in  this  Example. 
3455.      345<J       .       .  ^^  ^   * 

by  fetting  it  down  in  this  Manner,  viz. 

45        25X5X2*      a5X5'X2'»       25X5'X2*      25X54x2^ 


•         5?X?.7         •  ,3x,7  '•  ,3v,7  5  ,?v,7        i.^'X-i'X-%. 


Cafe  II.  Suppofe  a  Ratio  not  Muleipk,  as  N  :  M,  is  to  be  found. 

The  Problem  is  poflible  only  when  there  is  fome  Prime  in  B,  whofe  Index  is  great- 
er than  «,  in  the  Manner  defcribed  in  the  preceding  Cafe  }  and  when  at  the  fame 
Time  there  is  fome  Prime  in  A,  whofe  Index  is  greater  than  »,  fo  much  that  there  be 
fome  inferior  Power  of  it,  whofe  Index  multiplied  by  n-\-i,  fliall  produce  a  Number  not 
exceeding  its  Index  in  A.  Then  for  the  Confequcnt  of  the  Ratio,  take  fuch  a  Number 
as  was  direded  in  the  firft  Cafe  ;  and  for  the  Antecedent,  take  any  one,  or  the  Pro- 
duft  of  any  two  or  more  of  fuch  inferior  Powers  of  the  Primes  in  A,  whofe  Indexes 
are  as  above  defcribed.  And  obferve,  that  if  the  Confequent,  found  by  the  Direftion 
of  the  firft  Cafe,  is  a  Number  left  than  any  of  the  Antecedents,  found  by  the  Direfli- 
on  of  this  Rule,  then  multiply  it  by  fome  other  Prime  Number,  which  is  not  in  B  j 
fb  that  the  Product  be  greater  than  the  Antecedent. 

The  Recifon  of  all  this  Rule  is  to  be  found  from  the  fame  Confideration  as  that  of 
the  laft  Cafe. 

Exam.  -— = — ll=L_2_J_5    and  «=2.    The  Problem  is  poflible  ;  becaufe  the 

B         5d       7X2X2X2 

Index   of  2   in  B,  is  3,  and  2X1=2  (1  being  the  Index  of  the  firft  Power  of  2)   and 

i-f-i,  or  3X1=3.     Then  again,  the  Index  01^5  in  A  is  3,  and  3X1=3  (i  being  the 

Index  of  the  firft  Power  of  5)  and  for  the   Ratio  fought,   we  have  3  :  14  (=1X7) 

as  in  this  Series,    IlL  ..  i-^  .  ^^'^^°  .  iI2il£  — j.  ^    which  we  may  alfo  reprefent 
5(y       1(58        504        1512  ^-'  '  /  r 

in  the  following  Manner  j   whereby  the  Reafon  of  the  Rule  will  clearly  appear, 

5X3'      5X55X2X7      5X55X2*X7*      5X5^X2^X7^ 

7X2'  ■    7X2=X5     ■  ~7X25>rp~  ■  "7X2^X35"       5^7  • 

Scholiums. 

ly?.  If  it's  propofed  to  find  a  Ratio,  in  which  no  Fraflional  Term  can  be  added  ; 
take  any  Number,  which  is  a  Multiple  of  B,  for  the  Confequent,  and  any  aliquot  Part 
of  A,  or  A  it  felf,  for  the  Antecedent.     The  Reafoti  is  plain. 

Or,  if  it's  propofed  that  all  the  Terms  be  Fraflional  ad  Infinitum  ;  we  have  no 

M 
more  to  do,  but  take  — .,  fuch,   that  N  contain  fome  Prime  which  is  not  in  A,  or  the 

fame  Prime  oftner  involved  j  or  take  M,  fuch,  that  it  contain  not  all  the  diflfercnt 
Primes  of  B, 

C  c  c  ^i.  The 


37^  Of  Trime  and  Comj^fUe  Numbers.  BookV. 

ai.  The  greateft  limited  Number  of  Fraftional  Terms  that  can  poffibly  be  joined  in 
the  fame  Series  with  a  Fraftion,  muft  rieceflarlly  lie  all  on  one  Side  5  and  not  partly 
above  and  partly  below  5  becaufo  Fraflions  cannot  lie  betwixt  Integers  in  the  fame 
Series  :  And  as  the  greateft  Number  may  lie  either  above  or  below,  in  different  Ca- 
£es ;  the  Reafon  why  1  have  limited  the  Problem  to  an  increafing  Series,  is  plainly  be- 
eaufe  I  know  of  no  determinate  Rule  that  will  reach  to  all  Cafes  for  a  decreafing  Se- 
ries ;  The  Reafon  of  which  feems  to  be  this,  That  it  does  not  depend  only  upon  the 
Confideration  of  like  or  unlike  Primes,  and  their  different  Involutions,  but  alfo  upon 
their  particular  Quantities  and  Proportions  ;  yet  we  have  thefe  two  Particulars  to 
obferve  : 

(i".)  That  as  from  a  proper  Fraftion  a  Series  decreafes  in  proper  Fraflions,  for  ever, 
in  whatever  Ratio  :  So, 

(2.)  The  given  Fraflion  being  improper,  if  the  Ratio  is  required  to  be  Multiple, 
the  Problem  is  impoflible  ;  the  Reafon  of  which  has  been  explained  in  Trobl.  XI. 
Cafe  I.  But  if  it's  only  required  to  find  fuch  a  Multiple  Ratio,  m  which  a  given  Num- 
ber of  improper  Fraftions,  and  no  more,  can  be  joined  to  a  given  improper  FraSion, 

— ,  decreafing  j  this  we  can  find,  thus.  Take  q,  the  integral  Part  of  the  given  mix'd 

B 

Number,  and  feek  a  prime  Number,  M,  different  from  any  of  the  Primes  of  A  5  and 

fuch  alfo,  that  it's  »  Power  («  being  the  given  Number  of  Terms)  be  the  greateft  of 

its  Powers,  which  does  not  exceed  q  ;  and  that  Prime  is  the  Antecedent  of  a  Ratio, 

A 

which  folves  the  Queftion  :  For  it  has  been  Ihewn,   that  ■   ■       is   the   laft  improper 

Fraftion  ;  and  that  it  is  not  an  Integer,  alfo  that  none  of  the  added  Terras  are  fo  is 
plain  3   becaufc  M  is  a  Prinae  different  from  any  of  thefe  in  A. 

PROBLEM     XIII. 

To  find  a  Fraftion  with  which  may  be  joined  in  the  fame  Series,  increafing,  a  givcfi 
Number,  and  no  more  fradional  Terms,  in  a.  given  Ratio. 

Solution. 
Cafe  I.  Suppofe  a  Ratio  Multiple,  1  -.  M,   and  the  given  Number  of  Terms,  n. 

Refolve  M  into  all  its  Primes  ;  and  for  the  Denomina- 
A  AM  AM'  o.  I  tor  fought,  take  any  Number,  B,  compofed  of  feme  or 
g"  •      3~  '•  ~g      ■  I     all   of  the  fame   Primes,    and  no  other  than  are  in   M  : 

But  let  feme  one  of  them,  at  leaft,  be  oftner  involved  in 
B  than  in  M  ;  (b  much,  that  taking  all  of  thefe,  whofc  Indexes  in  B  and  M  have  the 
fame  Difference,  and  that  too,  the  greateft  of  any  other  of  them  ;  and  chufing  any  one 
of  thefe,  whofe  Index  is  the  greateft  ;  the  Produfl  of  its  Index  in  M,  multiplied  by 
;;,   fliall  be  lefs  than  its  Index  in  B  ;  but  multiplied  by  «+i,  it  fhall  not  be  lefs. 

Then  for  a  Numerator,  take  A,  any  Number  whatever  Prime  to  B  5  and  you  have 
the  Fradlion  fought ;  which  is  proper  or  improper,  as  A  is  lefs  or  greater  than  B. 

Exam.  M=7i,  and  «=4.  The  Primes  of  M  are  2X2X2X5X5  :  The  Index  of 
5  in  72  is  a  3  which  multiplied  by  4.  gives  8  j  and  multiplied  by  ++r,  or  5,  gives 
10  :  Therefore  I  take  a  Number,  for  B,  which  has  5  involved  in  it  to  the  9th  Power ; 
becaufe  9  is  greater  than  8,  but  not  greater  than  10  :  Such  a  Number  is  the  9th  Power 
of  5  it  felf,  viz.  19(^85  ;  which  we  may  alfo  multiply  by  any  other  of  the  Primes  of 
M,  as  2,  or  any  fuch  Power  of  any  of  thefe  Primes,  whofe  Index  is  either  not  lefs 
than  its  Index  in  M,  or  which  does  not  want  of  it  the  Difference  betwixt  the  Indexes 
of  the  firft  affumcd  Primes  in  B  and  M.     The  reft  of  the  Work  is  obvious. 

Cafi 
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•  \     ;  -.rr_n  .  ...  -•  ..  ■ 
Cafe  il.  Suppofe  the  Ratio  not  Multiple,  as  N  :  M. 

Find  the  Denominator,  B,  the  fame  Way  as  before,  from  the  Primes  of  M  :  Then 
for  a  Numerator,  take  A,  any  Number  compofcd  of  all  the  Primes  of  N  (and  any 
other  you  plcafe,  provided  they  are  none  of  thofe  of  B)  but  let  them  be  fo  much  oft- 
ner  involved,  that  taking  all  of  thefe  whofe  Indexes  in  N  and  A  have  the  fame  Dif- 
ference, and  that,  the  leaftqf  any  other  of  them  j  and  chufingthat  one  of  them  whofe 
Index  IS  greatelt,  the  Produil  of  its  Index  in  N  by  w+i,  flaall  not  exceed  its  Index 
in  A. 

The  Invention  of  the  Numbers  fought,  in  thefe  Cafes,  has  no  Difficulty  ;  and  the 
Reafon  is  contained  in  what  has  been  explained  in  the  preceding  Problems,  efpecially 
'Probl.  XI.  And  'tis  to  be  obferved  too,  that  this  Problem  is  always  poflible,  /.  f. 
with  any  Ratio,  and  any  Number  of  Terms. 

S  C  HOL  I  U  MS. 

xft.  Suppofe  the  Number  required  ought  to  be  fuch,  that  the  very  firft  Term  after 
it  is  a  whole  Number  ;  then  for  a  Multiple  Ratio,  i  :  M,  take  for  B  any  aliquot 
Part  of  M,  or  M  it  felf  j  and  for  A,  any  Number  prime  to  B.  Again,  for  a  Ratio 
not  Multiple,  as  N  :  M,  take  B,  as  before  j  and  for  A  take  N,  or  any  Multiple  of  it, 

fb  that  —  be  not  a  whole  Number. 
B 

If  the  Number  of  TetmS  tobe  added  is  infinite,  take  B,  fuch,  that  it  have  fome 
Prime,  which  is  not  in  M. 

zd.  If  no  particular  Ratio  is  given,  i.  e.  If  it's  required  to  find  fuch  a  Fraftion, 
that  a  given  Number  is  the  greateft  Number  of  Fraaional  Terms  that  can  poflibly 
be  joined  with  it  in  the  fame  Series  increafing,  in  any  Ratio  whatever  ;  then  the  Pro- 
blem is  impoflible  :  For  no  fuch  FraQion  can  be  found  ;  becaufe  with  every  Multiple 
■Ratio,  an  infinite  Number  of  Fraaional  Terms  can  be  join'd  in  the  fame  Series  with 
any  Fradion  '^ciand  it  may  he  fo  too,  with  many  Ratios  not  Multiple  :  But  if  we  fup- 
poie  the  Scries  limited  to  this  Condition,  that  it  ftall  not  continue  for  ever  in  Fra£li- 
Bns ;   then, 

Ci°.}5uppofe  a  Multiple  Ratio:  Take  for  B,  any  Number  whereof  that  Prime 
which  is  oftneft  involved  fhall  have  «+i  for  its  Imlex  ;  and  for  A,  take  any  Number 
Prime  to  B  ;  And  to  find  an  Example  of  the  Series,  take  for  M,  (the  Confequent  of  the 
Ratio)  the  Produft  of  the  Roots  of  all  the  Primes  in  B,  or  that  Produ£l  multiplied  by 
any  other  Prime.  , 

(2*".)  Suppofe  a  Ratio  not  Multiple  ;  take  B,  iis  before  ;  and  for  A,  let  it  be  a 
Number  prmic  to  B,  and  fuch  that  all  its  Primes  be  involved  to  the  n-\-i  Power :  Then 
the  Invention  of  a  Ratio,  anfwering  the  Problem,  is  this  5  Take  the  Confequent  M, 
as  before  ;  and  for  the  Antecedent  N,  take  any  of  the  Primes  of  A,  or  the  Product 
of  any  two  or  more  of  them,   provided  it  be  lefs  than  the  Confequent. 

■^d.  What  has  been  faid  in  Scbol.  zd,  of  the  laft  Problem,  may  be  repeated  here, 
for  the  Reafon  why  this  Problem  k  limited  to  ;an  increafing  Series  :  Yet  concern- 
ing dccreafing  Series,  we  have  to  add  thefe  Particulars,  w'i. 

"(i'^.)  Suppofe  the  given  Ratio  is  Multiple  ;  then  for  a  decreafing  Series  the  Problem 
4s  impoffible  :  For  the  Number  of  Fraflional  Terms  will  be  infinite  after  any  Fraftion. 

(z°.)  Suppofe  we  ought  to  lind  a  mix'd  Number,  with  which  may  be  join'd  a  given 
Number,  «,  of  mix'd  Terms,  and  no  more,  decreafing  in  a  given  Multiple  Ratio, 
M  :  I  J  it  may  be  found,  thus  j '  Take-the  /;  Power  of.JVI,  and  then  any  Number,  tj, 

not  exceeding  M''.     Lajily,  Take  any  mix'd  Nuiufeer,  — -,   jvhde  int<?2ral  Part  is  -/  j 

■  xj     iitt^ii^yx  i.   f 111/  A 

.     ■'•  Ccc  2  but 
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but  take  Care  alfo  that  A  be  fuch  that  there  be  fome  Prime  in  M,    which  is  not  in  A 
or  the  fame  Prime  oftner  involved. 

(5".)  If  the  mix'd  Number  in  the  lad  Article  is  required  to  be  invented  in  its  Jeaft 
Terms  5  take  for  B  any  Number  at  Pleafure,  which  is  not  a  Multiple  of  2  (L  e.  any  odd 
Number)  and  for  A,  multiply  B  by  the  «  Power  of  2  5  to  the  Produ(5l  add  i  [or  more 
generally  add  any  Number,  whereby  the  Sum  may  be  Prime  to  B  ;  and  at  the  fame 
Time  a  Number  leffer  than  the  Produft  of  B  by  the  «-}-i  Power  of  2]  and  make 
this  Sum  the  Numerator  :  And  if  2  is  made  the  Ratio,  'tis  evident  there  will  be  « 
mix'd  Terms  and  no  more.  Again,  with  a  greater  Ratio  than  2,  it's  certain  there 
will  be  fewer  mix'd  Terms  5  for  the  Denominator  will  fooner  exceed  the  Numerator  : 

Hence  'tis  plain  that  --  is  fuch  a  mix'd  Number  as  was  required.     Or  fee  the  Rea- 
B 

fon  of  it,   thus  ;    The   Number  found,  according  to  this  Rule,    is  thus  expreflfed, 
f— —  5    ^°  which  »  Number  of  Terms  being  joined  in  the  Ratio,  2  :  i,  the  laft  of 

them  is ^^~,  which  is  an  improper  Fraftion  5    and  the  very  next  Term  would 

Be  a  proper  one,  viz.  --—^—  j   where  2°+'  is  manifcftly  greater  than  I'-f-i' 

§.  IV.  Of  Numbers  odd  and  even. 

Theorems    I,  II,  III,   IV. 

T  N   Addition  of  Numbers  thefe  Things  are  true  ; 

■*•     i//.  The  Sum  of  two  or  more  even  Numbers,  is  an  even  Number  5  for  2  meafures 

each  of  the  Parts,  therefore  it  meafures  the  Whole  (^x.  i.)  Exa?n.  4-\-6-\-'i  =  iS. 

zd.  The  Sum  of  two  odd  Numbers  is  an  even  Number  ^  for  i  taken  from  each  of 
them,  leaves  an  even  Number,  but  i-f-i=:2  :  So  that  the  Sum.is,  the. Sum  of  two  even 
Numbers  and  J  added.     Exam.   5+7  =  i2=4-}-<J+i. 

id.  The  Sum  of  an  even  and  an  odd  Number,  is  an  odd  Number ;  for  2  cannot 
meafure  both  the  Parts,  fince  it  cannot  meafure  an  odd  Number ;  {Cor.  r.  yfx.  5.)  there- 
fore it  cannot  meafure  the  Whole  (y^s'.  i.)  Or  thus,  i  taken  from  the  odd  Number, 
leaves  an  even  ;  fo  that  the  Sum  is  the  Sum  of  2  even  Numbers,  (which  is  an  even) 
and  r,  which  makes  an  odd  Number   (by  Cor.  4.   Hefin.  8.) 

i^th.  If  more  than  2  Numbers  are  added,  which  are  all  odd  Numbers,  or  partly 
even  partly  odd  5    the  Sum  is  eveaor  odd,  according  as  the  Number  of  odd  Parts  is  . 
even  or  odd  ;    which  follows  eafily  from  the  former  Articles. 

E^am.  3-j-5-|-7  =  i5,  and   34-5+13  +  19=43-     Alfo, 
3+4+<f  =  i3,  and   3+5+  4=ii- 

Theorems    V,  VI,  VII. 
In  Subfirafiton  thefe  Truths  are  evident,  being  the  Reverfe  of  the  former,  viz^ 
^th.  The  Difference  of  2  even  Numbers,  is  an  even  Number  ;  So  8 — 4=4. 
6th.  The  Difference  of  2  odd  Numbers,  is  an  even  Number  :   So  9 — 5=4. 
•jth.  The  Difference  of  an  even  and  an  odd  Number,    is  an  odd  Number  :   So 
14— 5=p,    and  19 — 8=11. 

THEOR.EM.S     VIII,  IX. 
In  Multiplication  thefe  Truths  are  evident  from  the  firft  'The.orim  5    becaufc  Mul- 
tiplication is  only  a  repeated  Addition. 
^  '        ^  %th. 
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8th.  The  Produfl  of  two  even  Numbers,  or  of  one  odd  and  even  Number,  is  an 
even  Number  5  for  it's  only  the  Repetition  of  an  even  Number,  or  a  Sum  of  even 
Numbers:  804x8=52,  and  6X7=42. 

^th.  Two  odd  Numbers  produce  an  odd  Number  j  for  it's  the  Sum  of  an  odd  Num- 
ber of  odd  Parts  :    So  5X7  =  21. 

CoROLL.  The  Powers  of  an  even  Number  are  all  even ;  and  of  an  odd  Number  ar* 
aH  odd.  Alfo  the  Produft  of  more  than  2  odd  or  even  Numbers,  is  odd  or  even  5 
and  die  Produfl:  of  feveral  Factors  partly  odd,  partly  even,  is  even. 

T  H  E  O  R  E  M  s     X,  XI,  XII. 

In  2)hi/io>},  thefc  Truths  follow  from  the  laft  5  becaufe  this  is  the  Reverfe  of  thali 

TOth.  An  even  Number  meafures  an  even  Number  by  an  even,  or  an  odd,  in  diiFe- 
rent  Cafes  :  So  11-^4=3,  and  i2H-(J=2  ;  the  Reverfe  of  which  is,  that  the  Mea.- 
fure  of  an  even  Number  may  be  odd  or  even. 

iitb.  An  odd  Number  meafures  an  even,  only  by  an  even  :   So  24-^-5=8. 

iifh.   An  odd  Number  meafures  an  odd,  only  by  an  odd  :   So  55-^-7=5. 

COROLLARIES. 

ift.  The  Roots  of  odd  or  even  Numbers  are  all  odd  or  even. 

id.  The  Number  which  an  odd  Number  meafures,  may  be  either  odd  or  even  5 
which  is  plain  from  the  fecond  and  third  Articles  :  Bu^t  the  Number  which  an  even 
Number  meafures,  muft  be  even  5  elfe  the  Produft  of  two  even  Numbers,  or  of  an 
even  and  odd  (viz.  the  Quote  and  Divifor)  would  be  odd,  contrary  to  T'heor.  8  j 
which  laft  Part  we  may  alio  exprefs  thus,  viz.  An  even  Number  cannot  meafure 
an  odd  :  Or  alfo  thus,  There  is  no  even  Number  in  the  Compofition  of  an  odd  3  and 
fo,  laftly.   An  odd  Number  only  can  meafure  an  odd. 

Theorem    XIII. 
There  is  no  Number  whatever  (excluding  i)  that  will  meafure  all  odd  Numbers, 
becaufe  an  infinite  Number  of  thofe  are  prime  Numbers ;  but  all  even  Numbers  have 
a  common  Meafure,  viz.    2,  from  the  Definition. 

Theorem    XIV. 
Two  odd  Numbers,   that  differ  by  2  (/'.  e.  every  two  adjacent  Terms  in  the  Series 
of  odd  Numbers)  are  Incomnienfurable  j  for  dividing  them  by  the  Rule  for  finding 
their  greateft  common  Meafure,   the  firft  Remainder  is  2  j    and  the  next  will  be  i  3 
which  is  the  greateft  common  Meafure.. 

Theorem    XV. 
If  an  odd  Number  meafures  an  even,  it  will  alfo  meafure  the  Half  of  the  even 
Number.     E^am.   5  meafures  both  1 2  and  6. 

Demon.  If  A,  an  odd  Number,  meafures  B,  an  even,  let  the 
A)  B  (C  Quote  be  C,  it  is  an  even  Number  (I'l.ieor.  XI.)  which  will  back  again 
5     124         meafure  B  by  A  3  but  B  and  C,  being  both  even,    are  meafurabie  by 

C     B  C 

2,     Alfo  C  :  B  :  :  —  .  — .     Now  fince  C  meafures  B  by  A,  therefore  —  meafures 

2*2  2 

B  B         C  ■ 

_  by  A  ;   and  back  again,  A  meafures  —  by   — ;  Otherwifc  thus,  any  even  Num* 

2  22 

ber  may  be  expreflcd  2N  ;  and  if  A  meafures  2N  by  C  3  then  is  AC=2N,  and 
A  :  N  :  :  2  :  c.  But  2  meafures  C,  which  is  an  even  Number  3  therefore  A  mea- 
fures N,  the  Half  of  2N. 

T  H  B  a- 


ra 


i)  A 
z)  B 
a)  C 
a)  D 
E 
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Theorem    XVI. 
If  an  odd  Number,  A,  be  Incommenfurable  with  any  Number,    B  ;  it  will  be  €0 
alfo  with  the  Double  of  B,  or  iB. 

Demon.  If  A  and  2B  are  Coramenfurable,  fuppofe  ?/i  their  common 
B  I     Meafure ;  it  mult  be   an  odd  Number,  becaufe  it  meafures  an  odd 

A.J         Number  (for  no  even  can  meafure  an  odd,  Cor.  1.  T'iieor.  Xll.)   let 
iB  1     the  Quote  be  d,  it  is  alfo  an  odd  Number   {^beor.  Xll.)     Agaii),  aB 

is  an  even  Number ;  and  becaufe  ;;/,  an  odd  Number,  meafures  it, 
therefore  it  meafures  its  Half,  B  {J'he'or.  XV.)  confequently,  A,  B,  are  not  Incom- 
menfurable,  contrary  to  Suppofition. 

CoROLL.  For  the  fame  Reafon,  A  will  be  Incommenfurable  with  any  Product  of  B, 
multiplied  into  fome  odd  Number. 

Theorem    XVII. 
All  even  Numbers  are  either  fome  Power  of  a,  or  fome  of  thofe  multiplied  into 
fome  odd   Number. 

Demon.  All  the  Powers  of  a  are  even  Numbers  (Cor.  after  T'^eor.  IX.) 
but  an  even  Number,  which  is  not  any  Power  of  i,  is  the  Produdl  of  fuch 
a  Power  by  fome  odd  Number  :  Suppofe  any  even  Number,  A,  divide  it 
by  2,  and  let  the  Quote  be  B  ;  divide  this  again  by  2,  and  let  the  Quote 
be  C  ;  and  fo  on,  as  in  the  Margin  :  As  long  as  2  meafures  the  fucceeHing 
Quotes,  the  laft  Quote  will  be  either  i,  or  fome  odd  Number  j  for  as  long 
as  any  of  thofe  Quotes  is  an  even  Number,  it's  again  meafurable  by  a  ;  and 
fo  that  is  not.  the  laft  Quote.  If  it's  i,  then  A  is  fome  Power  of  2  ;  for  it's  the  Pro- 
duft  of  all  thefe  Divifors  5  and  if  it's  not  i,  it  muft  therefore  be  fome  odd  Number  j 
confequently  A  is  compofed  of  thofe  Faflors,  viz.  that  odd  Number  which  is  the 
laft  Qiiote,  and  2  as  oft  involved  as  the  Number  of  Divifions,  i.  e.  fuch  a  Power  of  2, 
whofe  Index  is  the  Number  of  Divifions  :  Thus,  if  B  is  an  odd  Number,  then  is 
A=2B  ;  if  C  is  an  odd  Number,  A=2XaxC,  and  fo  on. 

Or,  the  whole  Demonftration  may  be  made  thus  ;  No  even  Number  is  a  Prime 
but  a  j  and  all  other  Primes  are  odd,  by  Definitions  ^  therefore,  let  any  even  Num- 
ber, A,  be  reduced  to  its  component  Primes,  fome  one,  or  more  of  thofe,  muft  be 
a  ;  elfe  it  cannot  be  an  even  Number  :  Then  either  there  is  no  other  Prime  amongft 
thefe  but  the  Number  2  ;  fb  that  A  is  a  Power  of  2  5  or  if  there  are  alfo  other  Primes, 
they  muft  be  odd  Numbers  ;  and  if  there  are  more  than  one  fuch,  their  Produfl  is 
an  odd  Number  {'Theor.  IX)  Confequently  A  is  the  Produd:  of  fome  Power  of  a, 
by  fome  odd  Number. 

Theorem    XVIII. 

All  even  Numbers,  above  2,  have  fome  one  of  thefe  Qualities,  via.  they  are  either, 

I/?.  Evenly  even  only,  /.  c.  They  are  not  alfo  oddly  even  3  and  fuch  are  all  the 
fuperior  Powers  of  2,    and  none  other. 

ai.  Oddly  even  only,  i.  e.  They  are  not  alfo  evenly  even  ;  and  fuch  are  all  the 
Doubles  of  every  odd  Number,  or  the  Products  by  a,  and  none  other. 

5^.  Both  evenly  even,  and  oddly  even 3  and  fuch  are  the  ProduiSs  of  any  odd 
Number,   by  any  Power  of  a  (above  a)  and  none  other. 

Demon.  It's  evident  that  all  even  Numbers,  above  2,  muft  have  fome  one  of  the 
three  Qiialities  mentioned  ;  and  that  the  fame  Number  can  have  but  one  of  them. 
What  is  to  be  dcmonftrated,  is  therefore  this  ;  That  the  feveral  Glafles  of  Numbers 
def^rib'd,  have  the  Qiialities  afligned  to  them  ;  and  that  none  other  have  thefe  Qua- 
lities, i"-  The 
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I*.  The  fuperior  Powers  of  z  are  evenly  even  ;  this  is  manifeft  :  Then  again, 
they  are  not  oddly  even  ;  for  a  being  a  Prime,  no  Number  can  meafurc  any  of  its 
Powers,  but  feme  other  of  its  Powers  {Cor.  6.  T'teor.  X.  Ch.  i.)  which  are  all  even 
]\'umbers  j  therefore  no  odd  Number  can  meafure  them,  /'.  e.  they  are  not  oddly  even. 

1^.  The  Multiple  of  any  odd  Number  A  by  2,  or  2A,  is  odiy  even  by  the  Defi- 
nition J  but  it's  not  evenly  even  ;  for  if  we  fuppofe  it  is,  let  ;A=BC  (two  even 
Numbers)  then  2  :  B  :  :  G  ;  A,  but  2  meafures  the  even  Number,  B  ^  and  there- 
fore io  muft  the  even  Number,  C,  meafure  the  odd  Number,  Aj  which  is  impofli- 
ble  (Xheor.Xn.  Cer.  2.) 

5^.  Any  fuperior  Power  of  2,  multiplied  into  an  odd  Number,  produces  a  Num- 
ber which  is  both  evenly  even  and  oddly  even  :  It  is  oddly  even  by  the  Definition  5 
but  it's  alfo  evenly  even  ;  for  let  the  odd  Number  concerned  in  it,  be  called  0,  and 
the  fuppofed  Power  of  2  be  ;;?  ;  then  is  m  equal  to  the  next  Power  below,  multiplied 
by  2  :  Call  that  mix'd  Power,  f,  fo  is  2/)=;/-?,  confequently  cX;/?=2x/'X5  ;  but  po  is 
iwi  even  Number  (juiz.  the  Multiple  of  an  even  Number,  f)  therefore  2X^50  (==mo) 
is  evenly  even. 

4".  There  can  be  no  even  Number  of  any  of  the  Qualities  mentioned,  but  thefe 
defcribed  ;  for  it's  Hiewn,  that  none  of  the  feveral  Claffes  can  be  of  any  other  of 
thefe  Qualities,  but  that  affigned  to  it  j  and  thefe  three  Claffes  comprehend  all  even 
Numbers,  by  {Them'.  XVII.)  Since  they  are  either  Powers  of  2,  or  fome  of  thofe 
multiplied  by  fome  odd  Number  ;  the  firft  Clafs  comprehends  all  the  fuperior  Pow- 
ers of  2  ;  the  fecond  comprehends  2  and  its  Produfts  by  all  odd  Numbers  j  the  third 
comprehends  the  Produft  of  all  the  fuperior  Powers  of  2  by  all  odd  Numbers. 

From  the  Nature  and  Manner  of  producing  the  Species  of  even  Numbers,  here  ex- 
plained,  the  following  Confcquenccs  will  eafily  appear. 

COROLLARIES. 

i/?.  Every  Number,  which  is  evenly  even,  has  an  even  Half,  or  is  meafurable  by 
4  ;  for  it's  either  fome  fuperior  Power  of  2,  as  4  .  8  .  i5  .  &c.  each  of  which  is  mea- 
fin-able  by  4  j  or  it's  the  Multiple  of  fuch  a  Power  by  fome  odd  Number. 

id.  The  Produ£l  of  two  Numbers,   evenly  even  only,  is  evenly  even  only  ;  being 
the  Produ(fl:  of  two  Powers  of  2  3  which  is  alfo  fome  Power  of  2  from  the  Nature  ot  , 
Powers. 

5?J.  A  Number  evenly  even  only,  multiplied  by  any  Number  oddly  even  only,  or  both  , 
oddly  and  evenly  even,   produces  a  Number  which  is  both  oddly  and  evenly  even  j 
bccaufe  there  is  in  the  Compofition  of  the  Produil  fome  odd  Number,   and  alfo  fome 
higher  Power  of  2. 

^th.  A  Number  oddly  even  only,   multiplied  by  any  even  Number  whatever,   pro-, 
duces  a  Number  both  oddly  and  evenly  even  5   but  multiplied  by  an  odd  Number,  . 
produces  a  Number  oddly  even  only  ;    the  Reafon  of  both  which  is  manifeft. 

5?/.'.   A  Number  both  oddly  and  evenly  even,  multiplied  by  any  Number  whatever,  ^ 
produces  a  Number  both  oddly  and  evenly  even. 

6rh.  An  evenly  even  only,  can  be  meafured  by  none  but  another  fuch,  or  the  Root  - 
2  ;  becaufc  it  is  the  Power  of  a  Prime  Number  {z)  which  can  be  meafured  by  none 
but  fome  of  the  inferior  Powers  of  that  Prime  ;  wherefore  an  evenly  even  only,    be- 
ing meafured  by  another  fuch,   quotes  another  fuch,  or  i. 

•jtb.  A  Number  both  oddly  and  evenly  even,  may  be  meafured  by  any  Kind  of 
Number  whatever. 

%th.  A  Number  oddly  even  only,  can  be  meafured  by  no  Number,  but  2  or  fome 
odd  Number:  Whence  again, 

pr/;.  The.- 
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r)tb.  The  Number  which  is  meafured  by  an  evenly  even  only,  is  either  evenly  even 
only,  or  both  oddly  and  evenly  even  j  and  the  Number  which  one  both  oddly  and 
evenly  even,  or  one  oddly  even  only,    meafures,   is  alfo  both  oddly  and  evenly  even. 

icth.  If  you  take  the  Series  of  even  Numbers,  2.4.  6.  8.  10.  12.  14  ^c.  and  begin- 
ning at  6,  take  every  other  Term,  i.  e.  paffing  one  take  the  next,  viz.  6.  lo.  14  ££?c'. 
you  have  the  Series  of  Numbers  oddly  even  only,  becaufe  the  Scries  of  even  Numbers 
are  the  Doubles  of  the  feveral  Terms  of  the  natural  Progreffion  1,2,  355'c.  whereof 
every  other  Term,  beginning  at  3,  make  the  Series  of  odd  Numbers,  and  the  Doubles 
of  thofe  is  the  Series  of  Numbers  oddly  even  only;  fo  that  6  being  2X3,  every  other 
Term  after  this  makes  the  Series  oddly  even  only. 


5.  5.       7-       9-     i-i,^c. 

6.  10.      14.      iS.      22,  ^c. 


T  H  E  O  R  E  M     XIX. 

Take  the  Series  of  odd  Numbers  from  i,  then 


12.  20.  28.  3(5'.  44,  i^c. 
24.  40.  5<J.  72.  88,  ^c. 
48.  80.  112.  144.  Ii6,^c. 


the  Series  of  their  Doubles,  then  the  Doubles  of 
this  Series,  and  fo  on  j  as  the  firll  Line  is  the 
Progreffion  of  odd  Numbers,  fo  the  fecond  Line 
is  the  Series  of  Numbers  oddly  even  only,  and 
the  firft  Column  on  the  left  Hand  (excluding  1.2) 
1(5  48.   80.   112.   144.  17(5,  ^C.  is  the  Series  of  Numbers  evenly  even  only  :   The 

other  Columns  below  the  fecond  Line  containing 
the  Numbers  that  are  both  oddly  and  evenly  even. 

The  Truth  of  all  this  is  evident  from  the  Definitions  of  thefe  Kind  of  Numbers,  and 
the  Conftrudlion  of  this  Table  ;  upon  which  this  alfo  is  remarkable,  viz.  That  each 
Line  (taken  from  left  to  right)  is  an  Arithmetical  Progreffion,  whofe  common  Diffe- 
rence is  double  the  firft  Term  ;  the  Reafon  of  which  will  be  plain  from  thefe  Confi- 
derations,  viz.  1°.  Becaufe  it  is  fo  in  the  firft  Line  or  Series  of  odd  Numbers.  2°.  By 
the  Conftru(Elion  of  the  Table  the  firft  Term  of  every  Line  is  double  the  firft  Term  of 
the  preceding.  3'.  The  Produft  of  any  Arithmetical  Progreffion  is  an  Arithmetical 
Progreffion,  whofe  Difference  is  the  Produil  of  the  former  Difference  by  the  common 
Multiplier.  Again,  each  Column  from  top  to  bottom  is  a  Geometrical  Progreffion  in 
the  Ratio  of  r  :  2 ,  as  is  plain  from  the  Conftruftion.  So  that  the  whole  Syftem  of  Num- 
bers that  are  both  oddly  and  evenly  even,  proceed  either  from  the  feveral  Numbers 
which  (excluding  2)  are  oddly  even  only,  by  multiplying  each  of  thefe  continually  by 
2,  making  fo  many  Geometrical  Progreffions ;  or  from  the  Numbers  evenly  even  only, 
by  adding  to  thefe  continually  their  Doubles,  making  fo  many  Arithmetical  Progref- 
fions. 

Theorem    XX. 
The  Sum  of  Numbers  that  are  all  oddly  even  only,  may  be  oddly  even  only,  or 
evenly  even  only,  or  both  ;  TiJui,  if  the  Number  of  Terms  added  is  odd,  the  Sum  is  oddly 
even  only  ;  but  if  it's  even,  the  Sum  is  evenly  even  only,  or  both  oddly  and  evenly  even. 
Exam.   ({-|-io-|-i4=30,  oddly  even  only, 
tf-f-io     =     1(5,  evenly  even  only, 
(f-j-ic-f-H+ 1^=48)  both  oddly  and  evenly  even. 

Demon.  Let  «,  b,  c-,  d,  &c.  be  any  odd  Numbers,  then  arc  za,  zb,  ic,  zd.  Sec. 
Numbers  oddly  even  only  ;  and  their  Sum  la,  ~\-zb-\-zc,  -4-  zd  &c.=2X,  a-^-b-^-i'^d 
Sic.  is  oddly  even  only,  if  the  Number  of  Terms  added  is  odd;  for  an  odd  Number  of 
odd  Numbers  makes  together  an  odd  Number,  and  an  odd  Number  doubled  makes 
a  Number  oddly  even  only.  Again,  if  the  Number  of  Terms  added  is  even,  then 
their  Sum  is  even,  and  may  be  reprefented  by  2  A,  and  therefore  its  double  is  4A,  or 
aXzA,  which,  it's  plain,  cannot  be  a  Number  oddly  even  only;  and  therefore  muft  be 

cither 
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either  evenly  even  only,  or  both  od41y  even  and  evenly  even.  That  in  fbme  Cafes  it 
will  be  the  one  way,  in  fonje  the  other,  the  nrccediug  Examples  ihew ;  and  you'll 
learn  afterwards  how  to  invent  Examples  of;eaqn  Kind. 

Theorem  XXi. 

The  Sura  of  any  Number  of  Numbers  that  are  ail  evenly  even  only,  is  both  oddly 
and  evenly  even.     Esahi,  4-f-8+i(5-t-5i=(So=2X;c=(5XiQ,, 

Demon.  The  given  Numbers  may  be  rcprefentcd  thus,  a",  2"+',  2"+' 2"+' j  and 
in  the  firft  Place,  because  2'"-=z"Xi%  theretore  a"+i"^'-=i"+i"X;'=2"XiH-i.  But 
jr_j_i  is  odd,  therefore  2"Xi'+i  is  oddly  and  evenly  even.  This  Sum  we  may  now 
reprefcnt  by  2"Xo  (0  being  tiic  odd  Number  =2''-j-r)  then  is  2"Xo-{-2"+'=z"X2»-f-i',; 
which  for  the  fame.  Reafon  as  before  is  both  oddly  and  evenly  even.  Call  this  Sura 
again  2"X9j  and  the  next  Sum  is  2''Xcj-}-i"+'i=2"Xi'-l-o,  which  is  both  oddly  and  even- 
ly even  j  and  fo  on. 

T  ^'-iV^k  t-lA    XXII. 

The  Sum  of  any  Number  of  Terms,  all  both  oddly  and  evenly  even,  is  either  even- 
ly even  only,  or  both  oddly  and  evenly  even  j  and  particularly,  if  the  Number  of 
Terms  is  2,  the  Sum  is  both  oddly  and  evenly  even. 

Demon.  The  Sum  cannot  be  oddly  even  only,  becaufe  each  of  the  Terms  has  an 
even  half,  or  is  meafurable  by  +  j  whence  the  Sam  is  alfo  mcafurablc  by  4,  and  con- 
fcquently  it  is  eirheferen1y'eve;n  only,  or  both  oddly  a.id  evenly  even  Cof  which  you'll 
find  Examples  and  Rules  how  to  mvent  them  afterwards^.  Again,  if  there  are  but 
2  Terms,  the  Sum  is  both  oddly  and  evenly  even:  For  every  Number,  both  oddly  and 
evenly  even,  is  the  Produft  of  an  odd  Nun-iber,  by  fome  luperior  Power  of  2  ^  where- 
fore let  a,  0  reprefcnt  two  odd  Numbers,  and  2",  2"+'',  two  Powers  of  2,  then  will  2"Xo, 
2"'*"'x«,  reprefent  any  two  Numbers  both  oddly  and  evenly  evenj  but  their  Sum  is 
i"Xo-|-2''+'X  7=2'x--4-i''Xrt  5  and  2''  being  even,  z/'Xrt  is  even  alfo,  and  o+ioc^j  is 
odd  j  confeqaently  2"X(3-^2'"x-j  (or  2''X<j4-2"'^''XrtJ  i^  both  oddly  and  evenly  even,  be- 
ing the  Produfl  of  an  t)dd  Number  by  a  fuperior  i'ower  of  2. 

T  n  E  o  K  EM     XXIII. 

The  Sum  of  any  Number  of  Terms  all  evenly  even  only,  and  any  Number  all 
both  oddly  and  evenly  even  i,s  eitlicr  evenly  even  only,  or  bo:h  oddly  and  evenly  even  j 
and  particularly,  one  Number  e\enly  even  only,  being  added  to  another  both  oddly 
and  evenly  even,  the  Sum  is  both  oddly  and  evenly  even. 

Demon.  The  Siim  cannot  be  oddly  even  only,  becaufe  each  Part  is  msafurable  by 
4,  therefore  it  is  either  evenly  even  only,  or  both  oddly  and  evenly  even.  Again,  if 
there  is  but  one  of  each,  the  Suni  is  both  oddly  and  evenly  even;  for  the  2  funpofed 
Numbers  may  becxprcflld  thus,  2",  and  2"+''xo,whofe  Sumis==2^'-|-2"+'^Xo=2"Xi-^2'XQ; 
but  %^  is  even,  and  0  is  odd,  therefore  2' Xo  is  even,  and  therefore  i-}-2'^X5  is  odd,  and 
hence  2"Xi-f-i'"Xo  is  both  oddly  ahd  evenly  eyen;  or  the  2  Numbers. may  be  reprefen- 
ted  thus,  2."+'' J  2"Xoi  ,wJjo(e  Sum, is  2"'*"^4-i"^o— -"^^Ml^  »  ^"*  a'+o  is  odd,  and 
a"  even,  hence  2''X£J-o  is  Ijoth  odclly  and  evenly  even. 

T  il  E  O  R  E  M      XXIV. 

Any  Number  of  Terms  oddly  even  only,  with  any  Number  evenly  even  only,  or 
both  oddly  and  evenly  pven,  make  a  Sum  either  oddly  even  only,  or  both  pddly  and 
evenly  even "j  pairticularly,  i"-'.  Any  odd  Numher  (among  wbick  reckon  x)  of  Terms, 
,      ■  D  d  d  all 


586  Of  Numbers  Odd  and  Even.  Book  V. 

all  of  them  oddly  even  only,  added  to  one  or  any  Number,  all  evenly  even  only,  or 
both  oddly  and  evenly  even,  makes  the  Sum  oddly  even  only. 

2°.  Any  even  Number  of  Terms  all  oddly  even  only,  added  to  one  or  any  Number 
of  Terms  all  evenly  even  only,  or  both  oddly  and  evenly  even,  make  a  Sum  both  odd- 
ly and  evenly  even. 

Demon.  For  Article  firft,  which  muft  be  fubdivided  thus, 

(i°.)  Suppofe  one  Number,  oddly  even  only,  added  to  one  either  evenly  even  only, 
or  both  oddly  and  evenly  even,  their  Sum  is  oddly  even  only;  for  let  0  be  any  odd 
Number,  and  e  even,  then  iXo  reprefents  any  Number  oddly  even  only  5  and  if  e  is  a 
Power  of  2,  then  iXe  reprefents  any  Number  evenly  even  only  ;  elfe  iXe  is  a  Number 
both  oddly  and  evenly  even ;  but  it's  plain,  that  2Xo-j-2Xf=2Xo-}-e,  and  o-|-e  is  odd, 
hence  2.X0-J-2X?  is  oddly  even  only. 

(i".)  Suppofe  more  generally  any  odd  Number  (including  i)  of  Terms  all  oddly 
even  only,  added  to  any  Number,  evenly  even  only,  or  both  oddly  and  evenly  even, 
the  total  Sum  is  oddly  even  only  ;  for  the  Sum  of  the  Numbers  oddly  even  only  is  odd- 
ly even  only  {T'beor.  XX.)  and  the  Sum  of  thefe  that  are  evenly  even  only  is  both 
oddly  and  evenly  even  {T'beor.  XXI.)  which  two  Sums  make  the  total  Sum  oddly 
even  only  (by  what's  laft  demonftrated.)  But  if  the  other  Part  confifts  of  Numbers, 
both  oddly  and  evenly  even,  then  their  Sum  is  either  evenly  even  only,  or  both  oddly 
and  evenly  even  {T'beor.  XXII.)  either  of  which  added  to  the  former,  which  is  odd- 
ly even  only,  the  Total  is  oddly  even  only  {Cafe  I.) 

For  Article  fecond,  the  Sum  of  an  even  Number  of  Terms  all  oddly  even,  is  either 
evenly  even  only,  or  both  oddly  and  evenly  even  (Theor.  XX.)  then  the  Sum  of  any 
Nui-..ber  of  Terms,  all  evenly  even  only,  is  both  oddly  and  evenly  even  (I'hmr.X.'X.l.) 
Alfo  the  Sum  of  aiy  Number  of  Terms  both  oddly  and  evenly  even,  is  either  evenly 
even  only,  or  bctii  oddly  and  evenly  even  (T'beor.  XXII.)  wherefore  it's  plain, 
that  wlrat  we  lave  to  confider  in  this  Article  is  this,  viz.  What  kind  of  a  Sum  is  that 
of  2  Numbers,  both  of  them  evenly  even  only,  or  both. of  them  oddly  and  alfo  evenly 
even  ;  or  the  one  evenly  even  only,  and  the  other  both  oddly  and  evenly  even  (for  of 
thefe  Kinds  are  the  Sums  of  the  two  Clafles  of  Numbers  added)  in  all  which  three  Ca- 
fes the  Sum  is  both  oddly  and  evenly  even,  by  Theor.  XXI,  XXII,  and  XXIII,  the 
laft  part  of  which  fhcws  the  Truth  of  the  laft  Cafe. 

Theorem   XXV.  ' 

If  there  are  three  Numbers  in  Arithmetical  Progreflion,  whereof  the  middle  Term 
is  evenly  even  only,  and  one  of  the  Extremes  oddly  even  only,  the  other  Extreme  is 
alfo  oddly  even  only. 

Demon.  Let  the  three  Terms  be  iXo,  a",  N,  the  firft  being  oddly  even  only 
(for  0  is  an  odd  Number)  and  the  fecond  being  evenly  even  only,  or  fome  Power  of  2, 
then  is  2X(;-f-N=2X2"=2"+' ;  but  fince  2"+'  is  even,  fomuft  2Xc-f-N;  and  becaufe 
alfo  2X0  is  even,  fo  is  the  Remainder  N.  Let  it  be  fuppofed  that  N=i^,  then  is 
2,n+»=:2Xo-)-2fl=2Xo+57  ^ut  a  IS  3X1  odd  Number,  for  elfe  o-\-a  will  be  odd  (viz. 
the  Sum  of  an  odd  Number,  and  even  Number)  and  then  2Xo-|-^  is  oddly  even  on- 
ly, /.  e.  2"+'  (=z%o-\-a)  is  oddly  even  only,  which  is  impoffible,  for  2"+'  is  a  Power 
of  2,  or  evenlv  even  only  5  wherefore  a  muft  be  odd,  and  confequently  N  (==i<»)  is 
oddly  even  only. 

PROBLEM    I. 
To  find  a  propofed  even  Number  of  Numbers,  which  arc  all  oddly  even  only,  and 
whofe  Sum  is  evenly  even  only. 

^  ^  Rule 


Esam.  J. 
A:    B:    C  :    D  :    E 
6  :  10  ;  Id  ;  aa  :   16 


Chap.  I.  Of  Numhers  Odd  and  Even.  387 

Rule  I'  If  the  propofed  Number  is  2,  take  any  Number  oddly  even  only  (as  A  in 

J:sa)/2.  ift.J    Alfo  any  Number  evenly  even  only  and  which  is  great- 

Exam.  I.  er  than  the  former  Number  (as  Bj  then  take  a  third  in  Arithmetical 

A,     B,     C,  Progeffion  to  A,  B,  as,  C  j  and  A,  C,  are  the  Numbers  fought. 

14,   x6,    18,  Demon.  By  T'heor.  XXV,  C  is  oddly  even  only  ;  then  A+C=5 

2B,  which  is  a  Number  evenly  even  only,  viz.  fome  Power  of  2, 

becaufe  B  is  fuch. 

1",  If  the  Number  is  4.,  take  s  Numbers  oddly  even  only,  as  A,B,  Example  fecond  j 

alfo  any  Power  of  2,  as  C,  which  is  a  greater  Number 
than  B ;  then  take  D  :  E,  as  much  greater  than  C,  as  B 
A  are  lefler  ;  and  A,  B,  D,  E,  are  the  Numbers  fought. 
Demon.  D,  E,  are  oddly  even  only,  by  Theor.  XXV. 
and  B+D=zC,  alfo  A+E=2C,  therefore  A+B+D-f- 
£=4C,  which  is  a  Power  of  1,  becaufe  both  4  and  C  are  fo. 

5**.  Let  the  propofed  Number  be  any  even  Number,  above  4  j  find  firft  four  of  the 
Numbers  fought,  as  in  the  laft  Cafe  j  then  take  the  next  Power  of  2  above  C,  as  G  j 
and  below  it  take  a  Number,  as  F,  oddly  even  only,  and  which  is  different  from  any 
of  the  preceding,  and  another  as  far  above  it  as  Hj  then  take  in  the  next  Power  of  2, 
as  K,  and  take  below  it  a  Number  oddly  even  only,  and  another  as  for  above  }  and  fo 
OB,  till  you  have  as  many  Numbers  as  are  required. 

A:B:C:D:E:FG      H      IKL 

6  :  lo  :      22  :  2(f  :   30      :       ^^  :  6z     :     66 

16  32  54 

Demon.  For  the  firft  4  we  have  the  Demonftration  already :  Then  for  the  next  2'} 
F-f-H=2G;  But  2C=G,  therefore  4C  (=A4-B+D-f-E)  is  =iG,  confequcntly 
A-|-B+D-f-E+F+H=4G,  which  is  a  Power  of  2.  The  Reafon  goes  on  the  iimc 
Way  to  the  next  Two,  and  fo  for  ever. 

ScHOL.  If  the  propofed  Number  is  it  felf  fome  Power  of  2,  we  may  work  thus; 
take  any  Number  of  Terms  all  oddly  even  only,  which  is  equal  to  the  Half  of  the 
Number  propofed,  then  take  a  Power  of  2  greater  than  the  greateft  of  them,  and  as 
many  Terms  above  it,  at  the  fame  Diftance  as  the  former  naif  are  below  it  j  thus, 
to  find  8  Terms,  I  firlt  take  4,  as  A,  B,  C,  D,  then  a  Power  of  2,  as  E,  greater  than- 

A,    B,     C,    D,    E,    F,     G,    H,      I 

6  •   10   •    14   •  18  •  32  •  45  •    50   •  54  •  58 

D }  and  laftly,  F,  G,  H,  I,  as  much  greater  than  E,  as  D,  C,  B,  A,  are  leffer.  The 
Reafon  is  plain,  for  here  E  multiplied  by  the  Number  propofed  is  the  Sum  of  the  other 
Numbers  found  j  but  E,  and  the  Number  propofed,  bemg  both  Powers  of  2,  fo  is  the 
Produft  or  Sum. 

P  RO  B  L  E  M     II. 

To  find  an  even  Number  of  Terms  oddly  even  only,  whofe  Sum  is  both  oddly  and 
evenly  even. 

Rule  1*.  If  the  given  even  Number  is  greater  then  2,  then  take  as  many  Terms  as 
half  the  Number  propofed  out  of  the  Scries  of  Powers  of  2,  beginning  at  any  Power 
above  4 ;  then  take  a  Number  oddly  even  only  below  each  of  thele,  and  another  as  far 
above  it  j  and  you  have  the  Numbers  fought. 

D  d  d  2  ExMt. 
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'    Exam.  To  find  6  fuch  Numbers  j  they  are  A,  C,  D,  F,  G,  I.  ■-•••.    ; 


A    .    C 

.    D           F 

.    G           I 

6     .    10 
S 
B 

.    14     .     i8 
\6 
E 

.30-34 
H 

Demon.  A+C==4B^^  Again,  D-fF=iE,  and  G+I=2H,  therefore  A+C-fD+ 
F-|-G-f-I=2X  B"+E^H  ;  but  B.  E.  H.  being  evenly  even  only,  their  Sum  B-f-E 
-j-H  is  both  oddly  and  evenly  even  (by  Tbear.  XXF.)  and  fo  alfo  is  ixB-f-E-j-H 
{Cor.  5.  -Z/ief-r.XVIII.)  and  how  many  Terms  foever  you  thus  find,  the  Reafon  is  plain- 
ly the  fame  j  alfo  the  Reafon  why  you  muft  begin  above  4  is,  becaufe  there  is  not  a 
Number  oddly  even  only  below  4. 

:".  If  the  given  Num^er  is  2,  take  any  Number  oddly  even  only,  as  A  5  then  a 
Number  greater,  as  B,  which  is  evenly  even  only  j  and  a  Number  oddly  even  only,  C, 
as  far  above  B  as  A  is  below  it ;  then  laftly^  take  D,  the  Number  oddly  even  only, 
which  is  the  next  above  C  j   and  A,  D,  are  the  Numbers  fought. 

Demon.  A+C=2B,  alfo  C+4=D,  therefore  A-f-D=A 
-}-C-)-4=2B+4 }  fuppsfe  next,  that  B=zjf,  and  then  26+4= 
4\-j-4=4X.\-f-i  j  but  \"  is  an  even  Number  ffince  B  is  at  leall  4) 
therefore  x+i  is  odd,  and  therefore  4Xx-{-i  is  both  oddly  and 
evenly  even. 


Example. 
A  .  B     C       D 
(J  ...  10  .  14 
8 


PROBLEM  III. 

To  find  a  propoftd  Number  of  Terms  which  are  both  oddly  and  evenly  even,  and 
whofe  Sum  is  i.venly  even  only. 

Ride  1° .  It  the  propofed  Number  is  even,  .take  as  many  Numbers  oddly  even  only, 
and  whofe  Sum  is  evenly  even  only,  by  1>robl,  II.  multiply  each  of  thera  by  fome 
Number  evenly  even  only,  and  you  have  the  Numbers  fought. 

E^am.  To  find  4  fuch  Numbers  j  they  are  E,  F,  G,  H. 

A      B      C     D 

Oddly  even  only  io+i4+i8-{-ii=  (^4,  the  tfth  Power  of  2. 
Multiplier  4 

4c^5(J-f-TH-88=2  5(J,  the  8th  Power  of  2. 

E      F      G      H 

Demon.  Numbers  oddly  even  only,  as  A,  B,  C,  D,  being  multiplied  by  fome 
Power  of  2,  produce  Numbers  both  oddly  and  evenly  even  ^  but  A-f-B-f-C-)-D;^=  fome 
Power  of  2  ;  therefore  4xA-f-B+C+D  is  alfo  fome  Power  of  21  Alfo  4XA-t-B+C^D 
=E+F+G+H,  which  is  therefore  fome  Power  of  2,  or  a  Number  evenly  even 
only. 

2°.  If  the  propofed  Number  is  odd,  take  the  next  leflcr  Number  which  is  even,  and 
find  as  many  Terms  both  oddly  and  evenly  even,  and  whofe  Sum  is  evenly  even  only 
(by  Cafe  I.)  to  this  Sum  add  the  Number  evenly  even  only,  which  is  the  next  greater, 
and  this  laft  Sum  is  the  remaining  Term  fought. 

Eiiam.  To  find  3  Numbers  j  find  12  and  20,  Numbers  both  oddly  and  evenly  even, 
whofe  Sum  is  51,  evenly  even  only;  to  this  I  add  (54,  the  next  greater  evenly  even, 
the  Sum  p(J  is  the  remaining  Number  fought  j  for  12-1-20+96=128=  the  7rh  Power 
of  z. 

Demon. 
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Demon.  Let  A,  B,  C,  D,  ^c.  be  any  Numbers  both  oddly  and  evenly  even,  and 
whofe  Sum  S  is  evenly  even  only,  then  the  next  greater  Number  evenly  even  only  is 
aS.  Alfo  their  Sum  8+28=58=48 — 8,  to  which  add  the  preceding  Numbers 
found,  viz.  A+B+C-j-D  iSr.  or  their  Sum  which  is  S,  the  total  Sum  is  4S — S-l-S= 
4.S,  which  is  evenly  even  only,  becaufe  4.  and  S  are  fo. 

PROBLEM    IV. 

To  find  a  Number  of  Terms,  all  of  them  both  oddly  and  evenly  even,  and  whofe 
Sum  is  both  oddly  and  evenly  even.  ^ 

Rule  1°.  If  the  Number  of  Terms  is  even,  take  (by  Trchl.  II.)  as  many  Terms 
^as  the  Number  propofed)  which  are  all  oddly  even  only,  and  whofe  Sum  is  both  odd- 
ly and  evenly  even  ;  multiply  them  by  2,  or  by  any  Number  evenly  even  only,  and 
you  have  the  Numbers  fought. 


Exam,  firft,  to  find  4  Numbers. 
Oddly  e\  en  only,     (J-}-io-|-i4-f- 18=48 

Multiplier  a . 

l2-}-ic-f-28-f-3iJ=y(J 
Numbers  fought  both  oddly  and  evenly  even. 


Demon.  The  Produifls  are  Num- 
bers both  oddly  and  evenly  even 
[T'heor. XNWl.  Cor.4..)  and  the  Sum  of 
the  Numbers  multiplied  being  both 
oddly  and  evenly  even,  its  Produft  by 
the  fame  Multiplier  is  both  oddly  and 
evenly  even   {Cor.').   fTy&eor.  XVIII.) 


and  is  alfo  equal  to  the  Sum  of  the  Numbers  formerly  produced. 

2°.  If  the  Number  of  Terms  is  odd,  take  as  many  oddly  even  only,  their  Sum  is  al- 
ways oddly  even  only  ;  multiply  them  by  2,  or  fome  Number  evenly  even  only,  you 
have  the  Numbers  fought. 

Demon.  Any  odd  Number  of  Terms,  A,  B, 


Example  fccond. 

A-f  B-1-  C=  8 
Oddly  even  only  6-\-io-\-i/^^^,o 
Multiplier  2 

Numbers  fought  i2-(-2C-|-2  8=5o 
All  both  oddly  and  evenly  even. 


C,  ^r.  all  oddly  even  only,  have  a  Sum  S 
oddly  even  only  {ftheor.  XX.)  and  thefe,  or 
their  Sum  being  multiplied  by  2,  or  any  Power 
of  it,  produce  Numbers  both  oddly  and  evenly 
even.  {Cor.  5.  T'Aror  XVIII.)  Alfo  the  Sum  of 
thefe  Produils  is  the  Product  of  the  Sum  of 
the  former,  viz.  A-|-B+C,  ^c.    by  the  fame 


Power  of  a,  which  we  have  already  faid  is  both  oddly  and  evenly  even. 

PROBLEM     V. 

To  find  any  Number  of  Terms,  all  both  oddly  and  evenly  even',  wi?^  any  Number 
of  Terms  evenly  even  only,  whofe  Sum  all  together  is  evenly  even  only. 

Kuk.  Find  the  Number  of  Terms  propofed  both  oddly  and  evenly  even,  and 
whofe  Sum  is  evenly  even  only  (bv  'Prohl.  III.)  Take  that  Sum  as  the  Icaft  of  the 
Terms  fought  evenly  even  only  ;  and  take  the  reft  of  them  immediately  adjacent  to 
that,   and  greater,  in  the  Order  of  the  Series  of  Numbers  evenly  even  only. 

Exam.  To  find  6  Numbers,  whereof  3  are  both  oddly  and  evenly  even,  and  5  of 
them  evenly  even  only  j  and  whofe  Sum  is  evenly  even  only. 

Both  oddly  and  evenly  even,     i2-(-  20+-  9<J=i28  ('=2') 
Numbers  evenly  even  only,      128-^-2  56-^-5 12 

Sum=i  024=2'° 

Demon.  By  the  Rule  of  Geometrical  Progreflions,  the  Sum  of  a  Progreffion,  whole 
Ratio  is  2  (/.  e.  the  Sum  of  any  Number  of  immediately  adjacent  Powers  of  a)  is  equal 
to  the  Difference  betwixt  double  of  the  greateft  Extreme,  (which  is  equ;;!  to  the  next 

greater 
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greater  Term  in  the  Progreffion^  and  the  lefler  Extreme  (for  the  Sam  of  any  Geome- 
trical Progreffion  is  thus  expreffed ,  but  r  being  i  the  Sum  is  2/— ,«)  therefore  if  that 

r  — i 

lefler  Extreme  be  added  to  the  Sum,  this  Sum  is  equal  to  the  next  greater  Term  in 
the  Progreflion  5  for  2/ — a-\-a=il.  Now  let  any  Number  of  Terms  both  oddly  and 
evenly  even,  and  whofe  Sum  is  evenly  even  only,  be  A-j-B-f-C-f-D-j-iffc.  =M  j  and 
let  as  many  Terms  evenly  even  only,  be  M,  N,  O,  P,  i§c.  the  Sum  of  rhefe  laft  is,  2P— 
M,  to  which  if  we  add  the  Sum  of  the  preceding  Numbers,  which  is  M,  the  Total  is 
aP,    the  next  greater  Number  evenly  even  only. 

PROBLEM    VI. 

To  find  Numbers,  as  in  the  laft,  whofe  Sum  is  both  oddly  and  evenly  even. 

Rule.  Find  the  propofed  Number  of  Terms,  both  oddly  and  evenly  even,  whofe 
Sum  is  both  oddly  and  evenly  even  (by  Trobl.  IV.)  then  take  as  many  Terms  evenly 
even  only,  any  where  out  of  the  Series  of  the  Powers  of  2. 

Exam.  To  find  3  Terms  of  each  Kind. 


A      B         C        S 

Both  oddly  and  evenly  even  12-J-20  +  28=  60 
Evenly  even  only  54-}-i  2  8-}-2  5^=44.8 

M      N        Q       R 

Sum.both  oddly  and  evenly  j   o8=,x254=4Xi27 
even  J 


Demon.  Let  any  Number 
of  Terms  both  oddly  and  even- 
ly even,  and  whofe  Sum  is  both 
oddly  and  evenly  even,  be  A, 
B,  C,  £S?c.  and  their  Sum  Sj 
then  take  the  propofed  Number 
of  Terms,  all  Powers  of  2,  any 


where  out  of  that  Series,  and  call  them  M,  N,  O,  ^c.  and  their  Sum  R  j  this  Sum 
is  both  oddly  and  evenly  even  {Theor.  XXI.)  and  the  total  Sum  is  therefore  S+R, 
both  Parts  of  which  being  both  oddly  and  evenly  6ven,  their  Sum  is  fo  alfo  (by  I'heor. 
XXII.) 

Theorem    XXVI. 

Betwixt  two  Numbers,  both  even,  or  both  odd  (whereof  one  of  them  may  be  i) 
there  is  at  leaft  one  Arithmetical  Mean  in  Integers. 

Demon.  The  Sum  of  two  even,  or  two  odd  Numbers,  is  an  even  Number,  and 
confequently  is  meafurable  by  a,  but  the  half  Sum  of  the  Extremes  is  the  Arithme- 
tical Mean ;  therefore 

Exam.  Betwixt  4  and  tf,  there  is  one  Mean,  5  j  and  betwixt  5  and  7  there  is  one 
Mean,  6. 

Theorem  XXVII. 

Betwixt  an  even  Number,  and  an  odd  (which  may  be  i)  there  are  at  leaft  2  Arith- 
metical Means  in  Integers,  or  there  are  none  at  all ;  nor  can  there  poffibly  be  any 
odd  Number  of  Means. 

Demon.  The  Sum  of  an  even  and  odd  Number  is  odd,  therefore  they  do  not  ad- 
mit of  one  Arithmetical  Mean,  becaufe  the  Sum  being  odd  is  not  meafurable  by  a, 
confequently  there  muft  be  2  Means  at  leaft  if  there  are  any.  Hence  again, 
there  cannot  be  an  odd  Number  of  Means  j  for  then  there  would  be  one  odd  Mean, 
contrary  to  what's  laft  Ihewn. 

Theorem   XXVIIl. 
If  a  Geometrical  Progreffion   is  in  its  loweft  Terms,  they  are  either  all  odd  Num- 
bers, or  all  even,   except  one  of  the  Extremes,   which  muft  be  odd. 

♦  Demon. 
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Demon.  Let  A  ;  B  be  the  loweft  Term  of  the  Ratio  of  any  Geometrical  Progrefli- 
on  ;  then  will  the  Series  be  thus  reprefented,  A" :  BA"—  :  B'A"-'  :  B=A"-'  :  &c. 
AB"~' :  B"  CProW.  VI.  Schol.  i.  C/J.l.)  Now  A  and  B  are  either  both  odd,  or 
one  odd  and  the  other  even  ;  for  if  they  are  both  even  they  are  not  in  the  lowelt 
Terms  :  But  all  the  Powers  of  odd  Numbers  are  odd,  and  of  even  Numbers  are  even  ; 
and  the  Product  of  an  odd  Number  by  an  odd,  is  odd,  and  of  an  even  by  an  odd, 
is  even  :  Whence  the  Theorem  is  manifcft. 

Theorem    XXIX. 

If  an  even  Number  is  a  Square,  it  has  an  even  Half,  or  is  meafurable  by  4  ;  but  if 
an  odd  Number  is  a  Square,  then  being  divided  by  4,  it  leaves  a  Remainder  of  i  j 
or  I  taken  from  an  odd  Square,   leaves  a  Multiple  of  4. 

Demon.  i°.  Any  even  Root  may  be  cxpreffed  in  ;  and  its  Square  will  be  ^w*, 
viz.  a  Multiple  of  4  ;  which  fhews  the  firft  Part.     Again, 

z°.  Any  odd  Root  may  be  exprefled  t»-\~i,  and  its  Square  will  be  4«*-f-4'^'4"i} 
viz.  4x« -l-''+i  i  wbich  is  plaitily  a  Multiple  of  4,  and  i  remaining  over. 

COROLLARIES. 

iff.  The  Sum  of  any  Number  of  even  Squares  is  meafurable  by  4   (ot  t^^s  an  even  . 
Half) 

zd.  The  Sum  of  2  or  5  odd  Squares,  divided  by  4,  leaves  a  Remainder  of 
2  or  3.  Univerfally,  if  the  Number  of  odd  Squares  added,  is  a  Multiple  of  4  (as 
4.8.  11  .  16  .  10  &c.)  the  Sum  is  meafurable  by  4  ;  otherwife  there  w-ill  always 
be  a  Remainder  ;  particularly  if  that  Number  is  the  Sum  of  a  Multiple  of  4,.  and  i, 
or  2,  or  3  5   the  Remainder  will  be  accordingly,   i,  or  2,   or  5. 

5^.  The  Sura  of  an  even  and  odd  Square,  divided  by  4,  leaves  a  Remainder  of  i ; 
and  univerfally,  if  any  Number  of  even  Squares  is  added  to  any  Number  of  odd 
Squares,  the  Remainder  will  be  the  fame  that  would  happen  with  the  Sum  of  the 
odd  Squares  ;   becaufe  the  Sum  of  the  even  Squares  leaves  no  Remainder. 

/^th.  The  Sum  of  any  two  integral  Squares,  being  divided  by  4,  cannot  leave  a  Re- 
mainder of  5  5  for  if  they  are  both  even,  the  Remainder  is  0  ;  fince  each  of  thefe 
Squares  is  meafurable  by  4,  by  this  Theorem  ;  and  confequently  their  Sum  is  fo.  If 
the  one  is  even,  and  the  other  odd,  the  Sum  will  leave  a  Reipainder  of  i  (Core//. 3.) 
Laftly,  If  both  are  odd,  the  Remainder  will  be  2  (^CoroH-  z.) 

Theorem    XXX. 

The  Terms  of  an  Arithmetical  Progreflion  are  cither,  all  even  or  all  odd  ;  or  they 
are  alternately  even  and  odd  5  /.  c.  the  ill,  5d,  5th,  ^c.  Terms  are  all  even  or  odd  j 
and  the  2d,  4th,  (Jth,  £S?r.  all  odd  or  even.  Alfo  the  Sum  of  the  Whole  is  odd  or 
even,  according  as  the  Number  of  odd  Terms  is- odd  or  even  j  but  if  all  the  Terms 
are  even  the  Sum  is  even. 

Demon.  This  depends  all  upon  the  leffdr  Extreme,  and  the  Difference  compared 
with  Iheorem  I.     Thus, 

1°.  If  the  leffer  Extreme  and  Difference  are  both  even,  fo  muft  the  whole  Series 
be  J  becauie  even  Numbers  are  ftiU  added  to  even.  So  if  the  leffer  Extreme  is  i, 
and  the  Difference  4,  the  Series  is  2  .  d  .  lo  .  14,  &c. 

2".  If  the  I  ft  Term  is  odd,  and  the  Difference  even,  all  the  Terms  are  odd.} 
becaufe  they  are  each  the  Sum  of  an  even  and  odd  Number.  So  the  ift  Term  being 
3,  and  the  Difference  4,  the  Series  is  3  .  7  .  11  .  15,  &c. 

3°.  If  the  ift  Term  is  even  and  the  Difference  odd,  or  if  both  are  odtl,  the  Terms 
are  alternately  odd  and  even  3  becaufe  an  odd  and  even  makes  the  Siyn  odd  ^  and 
two  odds  make  an  even.  ^c.  That 
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4*^.  That  the  Sum  of  the  Series  will  be  odd  or  even,  according  as  the  Number  of 
odd  Terms  is  odd  or  even,  is  alft  evident  from  the  fame  Principles  ;  for  the  Sum  of 
evci-y  two  odd  Numbers  is  even  :  So  that  if  the  Number  of  odd  Terms  is  even,-  the 
Sum  of  them,  and  confequently  of  the  whole  Series,  is  even  ;  but  if  it's  odd,  the 
Sum  is  odd  ;  which  added  to  the  even  Sum  of  the  even  Terms,  makes  the  total  Sum 
odd.     If  all  are  even,  the  Sum  is  manifefty  even. 

T  H  E  O  R  E  M     XXXI. 

Take  the  odd  Series,  1.5  .5.7.9.  &:c.  The  Sum  of  any  even  Number  of  Terms 
of  this  Series,  taken  in  the  continued  Order  of  the  Series,  and  bet^inning  at  any  Term, 
is  a  Number  both  oddly  and  evenly  even  (/.  c.  it  has  an  even  Half  5  or  is  meafurable 
by  4.)     For  F%a>n.  5+7=12=5X4,  and  5-I-7-}-, +[i=5i=>-'x4. 

Demon,  i^.  The  Sum  of  any  two  adjacent  Terms  is  meafurabje  by  4;  for  it  is 
equal  to  the  Double  of  that  Term  of  the  natural  Series  which  lies  berwiKt  them,  and 
is  the  Arithmetical  Mean  ;  but  that  Mean  is  an  even  Nuniher  ^  and  douhle  of  an 
even  Number  is  evidently  meafurable  by  4  j  or  is  an  even  Number  'v  -x's  an  even  f-talf. 

z^.  Since  this  is  true  of  any  two  adjacent  Terms,  it  nril"  be  tnie  nfany  ev.en  Num- 
ber of  adjacent  Terms  5  becaufe  thefc  bein^  dnlributfd  into  I's  and  i's,  the  Sum  of 
each  2  is  meafurable  by  4  ;  confequently  the  Sun  of  the  Whole  is_ meafurable  by  4. 

Theorem   XXXH. 

If  out  of  the  odd  Series,  1.3.5.7.9.  &c.  be  taken  in  the  conirued  Order  of  the 
Series,  any  odd  Number  of  Terms,  be£;innirq  at  any  Term,  "-he  Sum  ot  them  is  an  odd 
Number ;  whnfe  Place,  in  the  ^\nv:  .S;  ries,  has  t  is  conftant  ar.d  regular  Conneilion 
with  the  Number  of  Terms,  and  the  Place  of  the  Icflcr  Extreme  of  the  Terms  addled,  viz-. 
that,  if  you  take  the  Produft  of  that  Number  of  Tcims,  by  the  Place  of  the  lefler  Ex- 
treme 5  then  again,  Take  the  Half  of  the  Square  of  the  Number  of  Terms  lefs  i  ;  add 
this  Half  Square  to  the  former  Producl  j  the  Sum  is  the  Place  of  the  Sum  uf  the  Terms 
added. 

Thus,  if  there  are  3  Terms  added,  and  the  Place  of  the  leaft  be  »,  the  Place 
of  the  Sum  is  3«-j-i.     If  there  are  5  Terms  added,  it  is  5^i-{-8  j  and  fo  on,  as  in  this 


Table. 
5«-|-i    (■=2X1  ) 


5«- 


P«- 


8    f=iX+  ) 
7/;-|-i8  (=2X9   ) 


-1X16) 


Demon,  i".  That  the  Sum  is  an  odd  Number  is  already 
proved  in  T'heorem  I. 

2°.  That  the  Place  of  the  Sum  is  according  to  the  'fheo- 
rcin,  is  deduced  from  the  Rules  concerning  Arithmetical  Pro- 
greflions ;  Thus, 
^c.  '  '  Call  the  Pl.ice  of  the  leffer  Extreme  of  the  Series  added, 
n  ;  then  that  Term  it  felf  is  zn — i  [from  the  Nature  of  the 
Series  j  for  it  is  i-f-/; — iX2=i-f-2« — 2.'=-zn — i.]  Let  the  Numberof  Terms  added  be 
a  j  the  greateft  Extreme  added  muft  be  2;; — i+2Xrt — i  =  2«+2(? — 3  ffor  zn — i  is  the 
lefler  Extreme,  2  the  common  Difference,  and  a  the  Number  of  Terms]  then 
the  Sum  of  the  Extremes  is  iff— r-|-a«-}-2^ — 3=4«+2rf— 4  j  and  the  total  Sum  is 


4;;-)-26 — ifX~^=zan-\-aa—rza,    Now  this  being  a  Term  of  the  odd  Series,  i .  3 .  y .  &c. 

fuppofeits  Place  to  be  N  ;  then  that  Term  of  the  o  !d  Series,  whole  Place  is  N,  is  it  felf 

aN— I  fas  above  (hewn  for  the  I'kce  n  ;)  fo  that  2N — i=iza»-\-aa — la  :  Add  i  to 

.     ,         ,   ,        1-     J    i_  1  •   •    ■^-     zanA-aa — za-^-i •   aa — zci-A-i         - 

both,  and  then  divide  by  s,  and  it  is  N= ^ 1_=:^«-|- _J —       But 

2  2 

a—i'='i — 2rf+i»  and  the  Half  of  this  is — :: '~^. —  j  whence  the  Rule  is  cvident- 

,       ,  ,  ,  [it,   ft*  ul-JI*^u      -   il^ 

Jy  demonltratcd.  ocuol. 
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ScHOL.  The  half  Squares  of  the  Number  of  Terms  Icfs  i,  are  the  Produfh  of  the 
Series  of  Square  Numbers,  1.4.9  &c.  multiplied  by  2,  as  I  have  marked  them  in 
tlie  Table  ;  and  that  it  will  go  on  fo  for  ever,  will  be  plain,  thus  j  Let  a  be  any  odd 
K umber,  tlie  next  greater  odd  Number  is  a-\-i  :  Take  i  from  each  of  them,  the 
Remainders  arc  a — i,  f-\-i  ;  whofe  Squares  are  a^ — a^+r,  a'-^ia-\-i  j  whofe  Halfs 

are   J-^ZH+i,    f^+^''+'  .   But  if  the  firft  of  thefe  is  the  Double  of  any  fquare 

2  2 

Number,    the   other  ruuft   be  double  of  the   next   greater    Square  j    for  fupgofc 

— '■ '  =2X^^,  then  is  aa — 2it+i=4Xi^  =  271*;  hence  a — 1=2^.     Add  2  to 


2 


each,   and  it  is  a-\-i==ib-\-z-=iy.b-\-i  ;  therefore  a-^-i',   or  a^-\-za-\-v=^:^xl;-\-i'-, 
and =2X^-|-i  . 

§,  V.  Of  Numbers^  Perfed,  Abundant,  and  Deficient. 

Theorem     XXXIV. 

IF  the  Geometrical  Progreffion,  1:2:4:8,  &c.  is  carried  on  till  the  Sum  be  a 
prime  Number  ;  and  that  Sum  be  multiplied  by  the  laft  Terra  of  the  Series,  the 
Produft  fliall  be  a  ferfeEi  Number  ;  thus,  1+2=5,  ^  Prime,  and  5X2=5,  a  perfect 
>'umbcr.  Again,  1+2+4=7  and  7X4=28,  a  perfeft  Number ^  for  its  aliquot  Parts 
are  1+2+4+7+14=28. 

Demon.  Let  i+2+4+8+S^c.  +2''=S,  a  prime  Number;  then  is  SX2"  a  perfefl: 
Number  :   For, 

I**.  If  from  S  we  ralfe  a  Series  in  the  Ratio  i  :  2,  having  as  many  Terms  as  the 
preceding  ;  the  laft  Term  of  it  will  be  SX2",  as  is  evident  from  the  Method  of  raifing 
the  Series. 

2".  It's  evident  from  the  Compofition  of  thefe  Num- 
I,  2,  4,  8,  &c.  2"  I  bers,  that  all  the  Terms  of  both  thefe  Scries,  from  i 
S,  2S,  4S,  88,  &c.  2"xS  I  and  S,  are  aliquot  Parts  of  5X2° ;  for  the  firft  Series  af- 
ter I,  are  all  Powers  of  the  fame  Root,  2  ;  which  there- 
fore meafurc  2",  and  confequently  2"xS  ;  and  the  fecond  Series  being  only  the  Mul- 
tiples of  the  firft  bv  S,  therefore  each  of  them  alfo  mearures  2"xS, 

5«.  By  'Probl.  IV.  S.  IV.  Cb.  III.  The  Sum  of  all  the  Terms  of  a  Geometrical 
Progreflion,  excluding  the  greateft  Extreme,  is  the  Quote  of  the  Difference  of  the 
Extremes,  divided  by  the  Ratio  lefs  i  j  but  the  Ratio  here  being  2,  therefore 
S+2  S+4S+8S+&c.  =  2"xS— S,  and  1+2+4+8  &c.  + 2"  =  S  ;  alfo  2"xS— S 
.^S  =  2''xS;   therefore   1+2+4+8  &c.+2'+S-f-2  S+4  S+8  S  &c.  =  2"xS. 

4°.  It  being  proved  that  2''xS  is  the  Sum  of  all  the  other  Numbers  in  thefe  two 
Scries,  and  that  each  of  thefe  are  aliquot  Parts  of  it ;  it  remains  to  fliew  that  no  other 
Number  can  be  an  ^!!  vsor  Part  of  it.  Thus,  Every  other  Number  muft  neceffirily 
have  in  its  Compofition  fome  other  Prime  than  2  or  S,  or  fome  higher  Power  of  one 
or  both  of  thefe  than  is  in  2'^xS  5  but  by  T'heor.  X.  no  fuch  Number  can  meafure 
2"xS,   or  can  be  .an  aliquot  Part  of  it. 

ScHOE.  In  this  "Theorem  there  is  a  certain  Way  of  finding  as  many  perfect  Numbers, 
as  the  Number  of  Cafes  in  which  the  Sum  of  the  Series,  1.2.4.8  &c.  can  be  a 
prime  Number  ;  in  which  obferve,  that  there  is  no  more  to  do,  but  from  eve.y  Term 
of  the  Series,  as  it  goes  on,  to  take  i  ;  the  Difference  is  the  Sura  of  all  the  preceding 
Terms  ;  and  if  it's  a  Prime,  then  being  multiplied  into  the  preceding  Term,  it  gives  a 
perfcd  Number,     That  there  are  fome  perfect  Numbers  found  this"  Way,  is  certain  j 

£  e  c  for 
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for  fuch  a  Number  is  tf=i-f-2(=5)X2  ;  alfb  28=  1+2-P4  f=7')X4. ;  and  49^=: 
i+i-f4+^+r^  C=;0  Xi<y  i  and  8128=  r^fl4^^4^f8^i<5-}-5  2+54  (==1:27)  X(5'4. 
And  5555o;5<5'=  i+2+4+8-f-i<5'+3-+'J44'i^^4"-5'^~l-i '-+to-4+i"48+409<J 
(=8r9i)  X4C9(5'.  Befides  thefe  there  are  but  a  few  more  found.  Dr.  Harris  fays 
there  are  but  tenperfeft  Numbers  betwixt  i  and  1,000, 030,000,000,  but  does  not  ex- 
prels  them.  And  -Tiiciuct  obferves,  that  the  Reafon  why  more  are  not  found,  is. 
That  in  the  ProgrefTion,  r  .  2  .  4  .  &c.  the  Intervals  of  the  Numbers,  which  leflcned 
by  an  Unit,  become  Primes,  are  very  great  5  and  when  the  Numbers  are  great,  the 
finding  whether  they  are  Prvmes  or  not  is  a  vaft  Labour.  There  is  one  Thing 
more  I  would  obferve  here,  that  it  has  not  yet  been  demonftrated,  as  far  as  I  know, 
that  there  can  be  no  perfeit  Numbers  but  what  may  be  found  by  this  "Theorem,  i.  e. 
that  every  perfect  Number  is  the  Produft  of  two  Numbers,  whereof  one  is  a  Prime, 
and  the  Sum  of  a  certain  Number  of  Terms  of  the  Series,  r  .  2  .  4  .  &c.  the  other, 
the  laft  of  thefc  Terms.  Again,  it  wants  alfo  to  be  demonftrated,  that  the  Number. 
of  perfeft  Numbers  is  infinite. 

Theorem    XXXV. 
Every  Prime  Number  is  a  deficient  Number. 
Demon.  A  Prime  has  no  aliquot  Part  but  i  5  which  is  lefs  than  any  prime  Numben 

Theorem    XXXVI. 

Every  Power  of  2  is  a  deficient  Number. 

Demon  No  Number  can  mesfure  or  be  an  aliquot  Part  of  any  Power  of  i,  but  r, 
or  the  inferior  Powers  of  2  (Coroll.  6.  Theor.  X.)  But  any  Power  of  2,  is  more  by  i 
than  the  Sum  of  all  the  inferior  Powers  and  i  (by  the  Rule  forfumming  the  Geometri- 
cal Progreffion,  i  .2  .  4  .  &c.)   and  therefore  is  a  deficient  Number. 

Theorem    XXXVII. 
Every  Number  is  nbuniant,  which  is  meafured  by  a  perfeft  or  an  abundant  Num- 
ber :  Or  thus,  A  perfect  or  abundant  Number  can  meafure  no  Number  but  an  Abun- 
dant. 

Demon.  Let  />,  a  Number  perfect  or  abundant,  meafure  n ;  and 
let  a,  b.  Sec.  r,  be  the  aliquot  Parts  of/>  ;  and  take  r,  i,  &c.  ?/,  in  the 
f^ime  Ratios  to  »,  as  a,  by  &c.  i  are  to  p  ;  they  will  all  be  Integers  ; 
for  fince  p  :  a  :  :  n  :  r,  then  p  :  n  :  :  a  :  r  ;  but  p  meafures  «,  there- 
fore a  meafures  r,  which  confequently  muft  be  Integer  j  and  fo  of  the 
reft.  Now  becaufe  p  :  n  :  :  a  :  r  :  :  b  :  5  :  ^c.  :  :  i  :  u,  therefore 
p  :  n  :  :  /z-f-^  ^c.-f-i  :  r-f-i  &c,-(-.v  ;  but  rt-)-^  &c.-|-'j  is  either  equal 
to,  or  greater  than  />,  as  this  is  a  perfect  or  abundant  Number :  And  hence,  r-j-i 
&c.-f-«  (which  arc  all  aliquot  Parts  of  «,  becaufe  a-^b  &c.  are  fo  oi p)  is  equal  to,  or 
greater  than  «  ;  if  greater,  the  'Theorem  is  demonlVrare.i  5  if  equal,  then  i,  wliich 
is  an  aliquot  Part  of/;,  different  from  any  of  thefe,  r,  i,  &c.  u,  being  added  to  them, 
makes  the  Sum  greater  than  «  j   which  is  therefore  abundant. 

COROLLARIES, 

i/?.  A  perfcfl  or  deficient  Number  can  be  meafured  only  by  a  Deficient  j  becaufe 
what  is  meafured  by  a  Perfcft  or  Abundant  is  Abundant. 

id.  An  abundant  Number  may  be  meafured  by  any  Number  ;  fir  the  MuUiplc  of 
any  abundant  or  perfeft  Number  is  an  abundant  N  umber  3  and  what  is  meafured  by 
a  perfect  Number  is  meafured  by  all  the  aliquot  Parts  of  it,  which  ai;e  all  deficient 
>iumbcrs  (by  the  ift  Coroll-)    Hence  again  : 

5  J.  A 
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5  J.  A  deficient  Number  meafures  any  kind  of  Number. 

ScHOL  As  in  'Theorem  XXXIV.  we  have  a  Rule  for  finding  perfei5l  Numbers,  fo 
from  this  Theorem  we  have  a  Rule  for  finding  abundant  Numbers  j  for  fuch  are  all 
the  Multiples  of  any  perfeft  Number.  And  from  Coroll.  i.  we  have  a  Rule  for  find- 
ing deficient  Numbers  j  all  the  aliquot  Parts  (except  i^  of  any  perfeft  Number  be- 
ing fuch. 

Esam.   I.    (J  is  perfeft,  and  i8  is  its  Multiple,  whofe  ali]U}t   Parts  arc  i-|-i+ 

Exaj».  a.    28  is  Perfefl',  and  14.  its  Half,   whofe  aliquot  Parts  are  i-}-i+7=io« 

Theorem     XXXVIII. 
If  any  Number,  A,    multiplying  a  Prime,  />,  produces  a  perfe<5l   Number,  N  ; 
the  fame  A  multiplying  another  Number  IVl,   which  is  lefs  than  p,  and  which  does  not 
meafure  A,  produces  an  abundant  Number,  O. 

Esant.  4X7=28,  a  perfect  Number,  and  4x6=1^,  an  abundant  Number,  whofe 
aliquot  Parts  are  i-|-J+3+44-<^+8+ii  =■^6. 

Demon.  Let  a,  b,  &c.  i,  be  all  the  aliquot  Parts  of  A  ;  then 
becaufe  N=Ax^,  a,  b,  &c.  will  meafure  N  j  and  becaufe 
/)  is  a  Prime,  N  has  no  other  Meafure  except  A,  a,  b^  &c,  i. 
and  the  Produdls  of  thefe  by  p  (as  you  fee  in  'Probl.  IV.  f.  I.) 
But  it's  alfo  plain,  that  N  being  divided  by  a,  b,  &c.  the 
Quotes  are  alfo  aliquot  Parts  of  N,  and  therefore  mufi:  be  the 
fame  Numbers  as  the  Produfls  of  ^  by  rf,  b.  Sec.  though  not  an- 

fwering  in  the  fame  Order,  i.  e.  if  — =r,  this  is  not  the  fame  as  ap  j  but  as  they 

muft  neceflarily  be  the  fame  Numbers,   however  the  Correfpondence  be,  let  us  fup- 

N         N 
pofe  — =r,  —=s.  Sic.     Then  again,   fince  0=AM,  therefore  a,  b,  &c.  which  mea- 
*         b 

fiire  A,  do  alfo  meafure  O3  let  — =w,    -y-^ft,  &c.  wherefore  N  :  O  :  :  /)  :  M  ; : 

a  b 

r  :  jn  :  :  s :  »,  &c.  and  compoundly,  N  :  O  :  :  p-\-r-\-s^  &c.  :  M-\-ri2-^n,  Sec.  But 
A^.T-f-^  &c.  4-i+jH-H-^^c.=N  ;  fo  that  X+^i^+F&cT^pi  is  the  Remainder, 
after  ^-|-/^-i  &c.  is  taken  out  ofN  j  let  x  be  the  Remainder  after  M-f- /•'■+•«  Sic.  is  ta- 
ken outofOfwhich  muft  be  greater  than  that  Sum,  fince  N  is  greater  than  ^+r-j-->  &c.) 
then  is  N  :  O :  :  A-j-i-f-Z',  Sec.  -j-r  :  x  ^  but  M  being  lefs  than  p,  O  is  lefs  than  N  j 
and  confequently  x  is  lefs  than  A-)-.-i-|-^  &c.  +1  j  alfo  M-\-m-{-/i  &c.  -}-x=0 ;  there- 
fore M-f-v'+w,  &c.  -}-.\-\-a-\-b,  &c.  -f-i  (each  of  which  meafures  O)  is  greater  than 
And  fince,  hiltly,  M  does  not  meafure  A,  therefore  M,  w,  w,  &c.  A,  a,  b,  Sic.  i, 
all  different  ^/i^Kor  Parts  of  O,  which  is  therefore  Abundant. 
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Theorem    XXXIX. 

If  a  Number,  A,  multiplied  into  another,  B,  produces  either  a  perfect  or  abundant 
Number  ;  then  if  A  is  multiplied  into  any  Multiple  ofB,  the  Proauc^  is  Abundant. 

Exam.  1X3=^,  x  perfcft  Number,  2X5=10,  and  5X10=50,  an  abundant  Number, 
whofe  aliquot  Parts  are  i4-i+5+5+'^+io4-i  5=+2- 

Demon.  Let  M  be  a  Multiple  of  B  ;  then  is  B  :  M  :  ;  AB  :  AM.  And  becaufe 
B  meafures  M,  fo  does  AB  meafure  AM  ;  but  AB  is,  by  Suppofition,  Terfe^t  or 
Jbundatit ;  therefore  (by  Tbeor.  XXXVII.)  AM  is  Mundant. 

Ecea  CHAP. 


396  Book  V. 

CHAP.    IL 

Of  Figurate   Numbers. 
§  I.  Definitions, 

I-  ^v  TUMBERS  are  called  Figurate  from  Geometrical  Figures,  which  they  are 
l^wj  capable  of  reprefenting  in  a  certain  Manner,  by  a  pacticular  Difpofition  of 
-^  ^  their  Units  fas  fliall  be  prcfently  explained  4)  which  is  a  Part  of  the  anti- 
ent  ^jj'r/^'jf^orM^  Speculations  about  Numbers  and  Geometrical  Figures;  from  the 
Compaiifbn  of  which  they  found  fuch  Likeneflcs  and  Correfpondencies,  whence  they 
pretended  to  difcover  many  Myfteries  and  Secrets  of  Nature.  Our  Bufineft  here  is  to 
confidci-  thefe  Numbers  as  a  Subject  purely  Arithmetical,  and  upon  the  Principles  of 
Numbers  only  to  explain  their  Connexions  and  Properties;  yet  it  being  neceliary  to 
have  Names  for  Things,  and  fimple  Names  being  more  convenient  than  long  Defcrip- 
tions  ;  and  the  Geometrical  Names  (defcribed  below)  being  ftill  in  ufe,  we  fhall  re- 
tain them,  and  explain  the  Reafon  and  Meaning  of  them,  for  their  fake  who  have  Ac- 
•juaintance  enough  with  Geometry  to  underlland  it,  or  Imagination  to  conceive  it  by 
the  following  Explications  j  for  others,  they  miift  take  them  as  mere  Names,  by  which 
thefe  Numbers  are  defigned  and  diftinguiflied. 

II.  Take  any  Arithmetical  Progreflion,  beginning  with  i,  and  whofe  common 
Difference  is  any  integral  Number ;  then  take  the  Sums  of  thefe  Series  continually 
from  the  beginning  ;  and  again,  the  Sums  of  thefe  Sums,  and  fo  on  for  ever.  Thefe 
fevcral  Series  of  Sums  are  called  in  general  Figurate  Numbers,  but  more  particularly, 
the  firlt  Sums  are  called  plain  Figurates,  and  alfo  Polygons  ;  the  fccond  Sums  are 
called  folid  Figurates,  and  alfo  Pyramids ;  the  third  Sums  are  called  fecond  Pyra- 
midals,  and  fo  on.     But  again, 

HI.  Polygons  are  diliinguiflied  thus.  If  the  common  Difference  in  the  Series  -h-/,. 
whence  they  proceed,  or  whofe  Sums  they  are,  is  i.  as  1.2.3.  ^''-  *^^  Sums  1.3. 
6  .  ^c.  are  called  Triangles.  If  the  Difference  is  2,  as  1.3.5.  ^c.  the  Sums  r . 
4,.  9  .  SS'c.  are  called  G):iadra»gks,  and  particularly  Squares.  If  the  Difference  is  3, 
as  r  .  4  ,  7 .  ^r.  the  Sums  1.5.  li  .  ^C.  are  called  §lumquattgles  or  'Peiimgoiis,  and 
foon  ;  the  Name  of  the  Polygon  expreffing  a  Figure  of  a  Number  of  Angles^  which  is 
2  more  than  the  common  DitKrence  of  the  Series ->/.     In  the  fame  Manner, 

IV.  Pyramids,  and  all  the  following  Sums,  are  diltinguiflied  by  the  Polygon 
whence  they  proceed ;  and  thus  we  have  Triangular  Pyramids,  Square  Pyramids,  {^fc. 
alfo  Triangular  and  Square,   fecond  Pyramidals,  third  I'yramidals,  and  {b  on. 

V.  Since  the  Pyramidals  do  all  proceed  from  Polygons,  they  may  alfo  be  called  Po- 
lygonal Numbers  ;  and  the  whole  Order  of  Sums  be  more  conveniently  diilinguifhed, 
by  calling  them  Polygonals  of  the  firft,  fccon  1,  i^c.  Order  :  Thus,  the  firll  Sums  or 
Polygons,  are  Polygonals  of  the  firft  Order  ;  the  fecond  Sums,  or  Pyramids,  are  Pdy- 
oonals  of  the  fecond  Order.  And  again,  for  the  feveral  Orders  proceeding  from  diflfe- 
?ent  Series  H-/,  they. are  to  be  diftinguifhe  i  by  the  Name  of  the  Polytjon,  which  is 
particularly  applied  to  the  firft  Order,  and  fo  on.  Thus  all  theO.dor  of  Sams  proceeding 
from  the  Series  1.2.3.  ^c.  are  Triangulars  of  the  firft  or  fecond,  iyc.  Order.  Thefe 
from  the  Series  1.3.5.  ^c.  are  Polygonals  of  the  fquare  Kind,  and  fo  on.  Obferve 
»ii»n,  That  inftead  of  thefe  Names  Triangular,  ^c.  it  will  be  fomecimes  more  con- 
venient 
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venient  to  diftinguifh  them  by  firft  Species,  fecond  Species,  £5?f.  and  then  the  Arith- 
metical Denominations  of  fir(V,  fecond,  ^c.  being  the  fame  Numbers  as  the  common 
Differences  of  the  Series -r-/,  thcfe  are  clearly  marked  by  this  Denomination;  and 
thus  as  all  the  different  Series  of  Sums  come  under  the  general  Name  of  Polygonal 
Numbers,  i^o  theft  from  different  Series  -^/  are  diftinguiflied  by  different  Species^  and 
the  different  Series  of  Sums  proceeding  from  the  fame  Series  -;-/  are  diftinguifhed  by 
different  Orders.  But  in  the  lafl  Place  obferve,  that  we  fhall  fometimes  ufe  the  Am- 
ple Name  Polygon ;  or  alfo  particularly,  Triangle,  Square,  ££?f.  when  we  fpeak  of 
the  firft  Sums,  or  firft  Order  of  'Polygonals ;  alfo  the  ample  Name  'Pyramid  for  the 
fecond  Sums,  or  Sums  of  Polygons. 

I  /hall  now  reprefcnt  all  thefc  Series  in  diftinft  Tables,  according  to  their  Specie* 
and  Orders  3  and  then  explain  the  Reafbn  of  the  particular  Names. 

^ahle  of  Polygonal  Numbers. 

Polygons,  or  pyramids,  id  Pyrafmdali 

Series -^l  'Polygomls,  iji  Order.        Tolyg-id Order.      'Polyg.  %d  Order. 

1 
J 

I 
I 
I 
I 

'^i   ' 

T'be  Reafon  of  the  Nmues. 
A  Number  is  called  a  Polygon,  from  the  Reprefentation  of  a  plain  Figure  having' 
many  Angles,  and  fuch  too  as  is  Regular,  or  has  equal  Angles,  and  equal  Sides. 
Thus  'Triangles  reprefent  Etjuiangular  'Triangles,  Squares,  equal  angled  Quadran- 
gles, and  fo  on.  W  hich  Reprefentation  you  fee  in  the  following  Schemes ;  wherein  i 
is  of  all  Species,  becaufe  every  Thing  is  an  Unit  of  its  Kind. 

Polygons. 

Triangles.  Squares. 


■.3,      .   .   (S-,      •  •   •  10 

'Pentagons. 


•   •  « 

•  •    • 

5. 


.  X,     '     •  4,     .     .     .  9.     •     •     •     •  16 

•  •  • 

•         •  •  • 

Hexagons. 


•   iz     I     .r,  •.  /       6,       *  •      •  •    15 


Such  is  the  Difpofition  of  the  Units  of  thefe  Numbers,  from  whence  they  are  called 
Trtangks,  &c.  and  fo  will  the  Reprefentation  go  on  as  it  is  here  begun,  both  as  tu 

the 
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the  Continuation  of  thefe  here  reprefented,  and  all  the  other  Species.  But  as  I  meddle 
no  further  with  thefe  Speculations,  fo  I  ftiall  fay  no  more  for  the  Demonftration  of  it  j 
only  this  one  Thing  1  mull  here  obferve,  That  the  Sums  of  the  Series  r  .  5  .  5  i^c. 
viz.  1.4.9  ^c,  are  not  only  fquare  Numbers,  but  they  are  the  Series  of  Squares 
of  the  natural  Progreffion,  1.2.5  S^*^-  So  far  as  the  Scries  is  here  carried  you  fee  the 
Truth  of  the  Observation  ;  and  that  it  muft  continue  fo  for  ever  may  be  eafily  per- 
ceived from  the  Confideration  of  the  Numbers,  and  the  Manner  of  difpofing  their 
Units.  But  I  fliall  not  leave  the  Demonftration  of  it  merely  upon  this  ;  in  another 
Place  I  fliall  propofe  and  demonftrate  it  diftinclly  by  it  lelf  j  and  till  then,  confider 
thefe  Numbers  only  as  the  Sums  of  the  Series  1.3 


5  i£c. 


Pyratnids. 


4, 


7'riangular. 


10, 


Square. 


iO 


14 


By  conceiving  the  Planes  of  each  of  the  Polygons  which  compofe  a  Pyramid  to  be  pla- 
ced parallel  over  one  another,  and  difpofed,  with  refpeft  to  the  Situation  of  their  An- 
gles and  Diftances,  fo  that  the  refpeftive  Angles  of  each  Polygon  be  in  a  right  Line  with 
one  another,  and  with  the  vertical  Point  or  Unit ;  this  does  in  a  Manner  reprefent  a 
Tyramldt  and  hence  the  Name. 

The  other  Orders  of  Pyramidals  have  no  fuch  Reprefentation,  and  are  mere  Com- 
binations of  the  preceding,  called  Pyramidals  only  for  a  Diftindion  from  the  Pyra- 
mids whence  they  proceed. 

VI.  The  Place  of  any  Term  in  any  Series  of  Tclygonals,  which  is  the  Number  of 
Places  from  the  beginning  to  that  Term,  is  called  the  Root  or  Side  of  that  Polygonal ; 
becaufe  in  the  Polygon,  reprefented  it  is  the  Number  of  Points  or  Units  that  makes  the 
Side  of  the  Figure  5  fo  10  is  the  4th  Term  of  the  Triangles,  and  20  the  4th  Term  of 
the  Triangular  Pyramids  5  wherefore  4  is  called  their  Root  or  Side  ;  or  we  may  as  well 
call  it  the  Place  of  any  Term. 

VII.  Polygonals  that  ftand  in  the  fame  Places  of  their  rcfpeilive  Series,  are  called 
Collnrerals  (/.e.  having  the  fame  Side.) 

VIII.  The  Produd  of  any  two  Numbers  is  called  alfo  a  plain  Figurate  Number  j 
and  is  particularly  a  Quadr.ingle,  becaufe  it  can  reprefent  fuch  a  Figure  5  and  the  two 

Factors  are  called  the  Sides  of  the  Figure,  as  in  the  annex'd 
Examples.  And  obferve,  that  though  Squares"  aie  Quadran- 
gles, yet  becaufe  every  Quadrangle  is  not  a  Square,  there- 
fore they  may  be  diftinguHhed  by  applying  the  general 
Name  Quadrangle  to  all  the  Species  excepting  Squares. 
But  the  Difference  will  be  better  marked  by  diftinguidiing 
them  into  Oblongs  and  Squares.  Yet  again,  obferve,  that 
the  N  amc  Oblong  is  more  particularly  applied  to  that  kind 

wherein 


6=2X5 


.  12=5X4 
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wherein  the  Sides  differ  by  r,  which  are  the  only  Oblongs  we  conCder  here,  becaufe 
of  their  Connexion  with  the  Figurates  above  defcribed  ;  the  whole  Series  of  which 
Oblongs  is  made  out  by  taking  the  natural  Series  1.2.3,  ^<^'  *"d  multiplying  each 
Term  into  the  next,  as  here, 

1.2.3.4.5.6     ^c. 
Oblongs  2     .     (5     .  II     .     20       30         i^c. 

IX.  The  Produfl  of  any  3  Numbers  is  called  alfo  a  folid  Figurate  Number,  and 

firticularly  a  Prifm  ^  and  yet  more  particularly  it's  a  Qiiadrangular  Prifm;  for  the 
roduil  ot  two  Numbers  is  a  Quadrangle,  and  the  Produft  of  this  by  the  remaining 
Factor  makes  a  Prifm  5  becaufe  by  taking  any  Quadrangle  (or  other  plain  Figure)  a 
certain  Number  of  Times,  and  conceiving  them  all  placed  parallel  to  one  another  at 
equal  Diftances,  and  fo  fituated,  that  their  refpeflive  Angles  are  in  a  right  Line,  they 
do  in  a  manner  reprefent  what  in  Geometry  is  called  a  Pnfm.  But  again,  in  this  Do- 
ftrine  of  Figurates,  if  we  take  the  Product  of  any  of  the  above  defcribed  Polygons 
multiplied  by  its  Side,  that  is  called  a  Prifm  (though  fome  of  them  are  not  compofcd 
of  3  Faftors ;  and  fuch  as  are  fo,  yet  are  not  confidered  in  that  Manner.) 

Thefe  Prifms  are  alfo  diilinguidied  by  the  Polygon  whence  they  proceed.  Again, 
t.iking  the  Sums  of  thefc  Series  of  Prifms,  and  the  Sumsof  thofe  Sums,  and  fo  on,  we 
have  new  Series,  which  may  be  called  in  general  'Prifmdtick  Numbers,  to  be  diftin- 
guidied  the  fame  Way  as  'Pclygonals,  by  different  Orders  and  Species,  as  in  the  fol- 
lowing Tables. 

Again,  Trifnii  being  multiplied  by  their  Sides,  produce  a  new  Kind  of  Trifma- 
ticks ;  and  thefe  again  multiplied  by  their  Sides,  produce  another  Kind,  and  fo  on  j 
all  which  we  may  diilinguifh  by  the  Names  of  different  Degrees,  calling  the  Produils 
of  Polygons  by  their  Sides,  Trifiaaticks  of  the  firlt  Degree  ;  the  Products  cf  thefe 
again  by  their  Sides,  'Prifmaticks  of  the  fecond  Degree,  and  fo  on.  Obfcrvc  alfo. 
That  thefe  feveral  Degrees  of  Prifmaticks  are  the  ProduSs  of  their  Polygons  by  fuch 
a  Power  of  their  Sides  as  exprefles  that  Degree  ;  for  a  being  any  Polygon,  and  n  its 
Side,  the  Prifmaticks  of  the  feveral  Degrees  proceeding  from  this  Polygon  are  oXn. 
c.y.n-^n.^=a%nn.  a^nn^n-^^ay-nnu.  &c.  Again,  the  Sums  of  Prifmaticks  of  any  Degree 
make  alfo  different  Orders  of  Prifmaticks  of  that  Degree.  La[}ly,  By  the  fimple 
Name  of  Prifms  always  underlland  the  firft  Degree,  or  Product  "of  Polygons  by  their 
Sides. 

'Prifms,  or 
.      Polygons.  PriftmrUks  of  the        l  Prifmaticks, 

7rtang.i.^.  6.io  ifi  IJegree  uni  ijl  Order.  \      \ft  T)egree,    zd  Order. 

Square  1.4.  9.16  ^~      Triang.       i.  6.  18.  40  i.  7.  25.  65 

''Penrag.i.^.izii        '     Cubes,         i.  8.  27.  64.  -^  i.  9.  3(j.roo  cc' 

Hexa.     1.5.15.28  'Pent.  r.io.   ■1,6.  88  ^'^-  i.ir.  47.135  ^'^' 


iyc.  Hex. 


47-135 
i.ri.  4J.II2  T.15.  02.204 


_  zd  Tlegree,  ift  Order,  zi  2)egree,  id  Order. 
Iriang.       1.12.  54.(Jo  1.13.  67.227 

/^■h  Poii-ersi,i6.  81.256  „.,,  1.17.  98.354  ^^ 

Tent.  1. 20. 108. 352  '^''  1.21.120.4.81  ^''' 


1. 20. 108. 352  1.21.129.48 

Hex.  1. 24.135. 448  1. 25. 160.608 


Sciior.. 
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,  ScHOL.  We  have  obferved  already,  That  the  Polygons  of  the  fecond  Species  are 
the  Series  of  Squares  of  the  Progreflion  1.2.5  i^c.  (which  fHall  be  demonitrated  af- 
terwards.) And  now  from  this  and  rhe  Conftruftion  of  Prifmaticks,  it  follows,  that  thefe 
of  the  fecond  Species,  and  iftOrder  of  all  the  Degrees  fiicceffively,  are  the  feveral  Series 
of  the  fuperior  Powers  of  the  fameProgieffion  1.2.5,  ^^-  Thus,  thofe  of  the  firft  De- 
gree are  Cubes  or  third  Powers  j  and  univerfally,  thofe  of  the  n  Degree  are  «-}"* 
Powers.  Therefore  the  whole  Doftrine  of  Powers  and  Roots  may  be  confidered  as  a 
Part  of  this  of  Figurare  Numbers^  but  as  the  calling  them  Figurares  proceeds  from  a 
Confidcration  which  is  not  properly  Arithmetical ;  fo  the  Order  and  Connexion  of 
Things  in  Arithmetick  required  that  this  Part  concerning  Powers  and  Roots,  which  is 
the  nioft  ufeful  and  ncceflary,  IhouM  be  particularly  handled  in  another  Place,  as  it 
is  in  Sook  III,  and  feveral  Properties  of  thefe  and  other  Compofite  Numbers  (which 
are  all  Figurates}  you  have  in  Chap.  1.    of  this  Book. 

We  proceed  now  to  explain  the  Pioperties  of  fuch  Figurates  as  have  not  been  yet 
handled,  and  fome  remaming  Properties  of  thofe  that  have  been  in  part  confidered 
already. 

§  2.  Cy  Polygonal  Numbers. 

Theorem    I. 
Tj' Very  Number  is  a  Polygonal  of  every  Species,  and  aKo  of  every  Order  whofe  De- 
■*— '  nominations  are  lefs  than  it  by  2,   or  by  any  greater  Number. 

Exam.  5  is  a  Polygonal  of  the  Third,  and  of  all  the  preceding  Species  and 
Orders. 

Demon.  The  firft  Term  in  every  Species  and  Order  being  i  ;  the  fecond  Terms  in 
the  feveral  Orders  of  the  fame  Speci'  s,  and  of  the  fame  Order  m  all  the  different  Spe- 
cies, are,  by  the  Conftruflion,  in  Arithmetical  Progreflion,  with  the  common  Diffe- 
rence I.  Again,  the  fecond  Term  of  the  firit  Species  ni  every  Order  is  more  by  2 
ihan  the  Denomination  of  that  Order,  and  is  the  Icaft  Number,  except  i,  of  all  the 
other  Polygonals  of  that  Order  5  comparing  thefe  Things,  the  Truth  propofed  is  ma- 
nifeft. 


&c.  as  in  the  Margin, 
Arithmetical  Progref- 
thus,  a=h.  a-\-i='b. 


L  E  M  M    A. 

Let  any  Number  of  different  Series,  a.  b.  c.  d.  &c.  e.  f.  g.  h. 
be  fuch,  that  each  collateral  Column,  as  d,  h,  m.  q.  &c.  is  an 
fion.      ilfo,  let  A  .  B .  C  .  D  ^c.  be   the  Sums  of  the  former, 

and  10  on.  Then  are  the  Collaterals  of  this  laft  Table  alfo  -h/,  and  their  common  Dif- 
ference is  the  Sum  of  the  Differences  of  all  the  collateral  Columns  of  the  firft  I'able 
backwards,  from  that  which  is  in  the  fame  Place  with  any  given  Column  t;t  the  fecond. 
Thus,  let  ^ — n=^x.  f—b=y.  g — r='z,  and  / — J=y,  whofe  Sum  call  S  ,  then  is  D  . 
H  .  M  .  Q^^iu  the  common  Difference  S,  or  H — D=:S  {=x-\-y-\-z-\-v.) 

Deivion.  _e-\-f+Sr\-!^'^j;+h+c-\-d-\-S  ;  for 
S=^— 7-h/— i-f-^— f+v— ri  i  alfo  /'4;-/:-{-/-i--;?,=;,. 
-^f-\-p^-\-li-\-^,  and  fo  of  the  other  Series  j  then 
becaufe  D=^+i-f-f+</,  H=c+/-|-r-f-/^  M=/ 
-\-k-\-l-\-iii .  Qf=''+o+r~f"'7»  therefore  'tis  evi- 
dent that  H=D+S.  M=K-fS.  Q^^I-fS,  and 
fo  on :  The  Reafon  is  the  flime,  how  large  foevcr  the  Tables  are,  and  which  fccvcr 
Column  we  chufe. 


a  .  b  .  c 

c\ 

A 

.  B  .  C  .  D 

e  -f-K 
i  .k.l 

b 

E 

.  F  ,  G.  H 

m 

I 

.  K  .  L  .  M 

n  .  0  .  ■p 

a 

N 

0.  P  .  Q_ 
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Theorem    II. 

The  Collaterals  of  the  feveral  Series  -;-/  (whofe  Sums  make  Polygons)  are  alfo  -^l, 
whofe  common  Difference  is  the  preceding  Term  of  the  firft  Line  5  fo  4,  7  .  10  .  ij 
have  the  common  Difference  %. 

Again,  the  Collaterals  of  the  feveral  Species  of  any  Order  of  Polygonals,  are  -?-/, 
whole  Difference  is  the  preceding  Term  of  the  firll  Line  or  Triangular  Species  j  fo  in 
the  firft  Order,  10  .  16  .  i%  .  28.  differ  by  6. 

Demon,  i".  For  the  Collaterals  of  the  Series  -^/,  the  firft  and  leaft  Term  of  each 
Series  is  1  ;  and  calling  the  Difference  in  any  Series  d,  the  »"'  Term  is  i-\-n — iXrf 
fhy  the  Rules  of  Progreffions  -^l.)  But  in  the  feveral  Series  the  Differences  are  gra- 
dually I  .  i  .  5  iSc  wherefore  in  the  Exprcflion  i-\-n — ixi,  d  being  fucceffively  i  . 
2  .  5  ^c.  it  follows  that  the  Collaterals  expreffed  univerfally  i-\-n — ixj,  are  thefc 
i-f-/; — I  :  i+« — iXi  ;  i+» — 1X5  i^c.  which  is  a  Series  in  the  Difference  « — i, 
which  is  the  Term  of  the  firft  Series  preceding  «,  the  Place  of  the  Collatera's. 

2°.  For  the  Collaterals  of  the  feveral  Orders  of  Polygonals,  the  Theorem  follows 
plainly  from  the  preceding  Lemma:  For  the  Polygonals  of  the  ift  Order  proceed  from 
the  Series  -r-l,  whofe  Collaterals  are  H-/,  therefore,  by  the  Lemma,  thefe  laft  are  al- 
fo -r-ly  and  their  Differences  are  the  Sums  of  the  Differences  m  the  correfponding,  and 
all  the  preceding  Columns  of  tlie  other .-  Alfo  thefe  other  Differences  being  the  pre- 
ceding Term  of  the  firft  Line,  their  Sum  is  the  preceding  Term  of  the  firft  or  Trian- 
gular Species  of  the  firft  Order  of  Polygonals,  or  of  the  fimple  Polygons.  For  the 
fame  Reafon,  the  Thing  propofed  is  true  in  the  fecond,  and  all  the  following  Orders 
of  Polygonals. 

CoROL.  A  Polygonal  Number  of  any  Order  and  Species  is  equal  to  the  Sum  of  the 
Collateral  Polygonal  of  any  preceding  Species  of  the  fame  Order,  and  the  Produ£t  of 
the  Diftance  of  thefe  two  Species  (/.  e.  the  Number  of  the  Species,  lefs  r,  from  the  one 
Species  to  th»  others)  multiplied  by  the  preceding  Polygonal  of  the  firft  Species. 
This  is  manifeft,  becaufe  it  is  nothing  but  the  Rule  for  expreffuig  the  greateft  Term  of 
a  Series  -h/,  by  means  of  the  leffer  Term,  the  Number  of  Terms,  and  the  common 
Difference.  Thus,  for  Example,  in  the  firft  Order,  28  is  in  the  4th  Place  of  the 
4th  Species,  and  28=  the  Sum  of  16  (the  4th  Term  of  the  2d  Speciesj  +12 
(the  Produil  of  6,  the  preceding  Triangular,  and  2,  the  Diltance  of  the  4th  and 
2d  Species.) 

General  Scholium. 

In  order  to  find  the  Sum  of  any  Series  of  Polygonals,  or  any  Term  of  any  Series  of 
Polygonals,  it  is  plain  that  we  want  only  a  Rule  for  finding  any  Sum,  or  Term  of  any 
Seriesof  the  ift  or  Triangular  Species  ;  becaufe  thereby  we  can  find  any  Term  of  the  Col- 
laterals of  the  Order  given,  by  CoroH.  preceding.  JJs^ain  obfervf.  That  any  Polygonal 
of  the  firft  Order  being  the  Sum  of  an  Arithmetical  Progreflion,  we  know  how  to  find 
any  of  thc(e  by  the  Rules  of  Progreffions,  and  what  we  want  is  a  Rule  for  the  other 
Orders  5  but  there  is  one  general  Rule  which  comprehends  them  all ;  in  order  to  the 
Invtftigatjon  of  which,  and  to  make  it  the  more  fimple  and  cafy,  we  muft  confider 
the  natural  Progreffion  1.2.9  -^c.  ("from  which  the  Triamgulars  proceed)  us  the 
Sums  of  a  Series  of  Units  i  ,  i  .  i  .  i  .  £jff.  (or  the  Sums  of  thcic  continually  from  the 
beginning  arc  1.2.  3.4.  S£ff. 

Let  us  then  begin  with  the  Series  cf  Units,  and  take  the  Series  of  their  Sums,  and 
the  Sum  of  thefe  Sums,  and  fo  on  ;  and  thus  we  Ihall  have,  from  the  moll  ample  Ori- 
ginal, the  whole  Orders  of  Polygonals  of  the  Triangular  Kind  j  and  though,  properly 

Fff  fpeak- 
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fpeaking,  the  Sums  of  the  Series  1.2.3.  ^<^'  ^'^  *^c  ^'"'^  Order  of  Triangulars,  yet 
it  is  convenient  that  we  diltinguifh  all  the  Series  of  the  following  Table  by  different 
Orders,  calling  the  Series  i  .  i  .  i  .  S^c.  the  firft  Order,  and  r  .  2  .  5  .  £5?c.  the  fecund  j 
for  they  may  be  alfo  call'd  Triangular  lumbers,  becaufe  what  are  mor?  properly  fo 
proceed  from  them.  It  is  true  indeed,  that  by  this  Means  the  numbering  of  the  Or- 
ders is  different  from  the  Method  already  laid  down,  but  that  will  caufe  no- Difficulty, 
becaufe  this  Way  of  numbering  the  Triangulars  is  »jfed  only  with  relation  to  the  Rule 
we  are  now  inv(.ftigating,  and  has  this  conihuit  Connexion-  witl;i  the  other,  that  the 
Number  of  the  Order  in  this  Meihod  is  always  z  more  than  that  ir.  -the  other  Method ; 
and  befidcs,  by  adding  two  Words  we  can  fave  all  Ambiguity  ^  thus,  when  we  fpeak 
of  any  Order  of  Triangulars,  for  Example,  the  fourth  Order,  fay  the  fourth  Order  from 
Units,  and  then  all  is  clear  5  and  if  that  is  not  added,  you  are  to  understand  the  Order 
numbered  from  the  Series  of  Triangles  for  Sums  of  the  Series  1.2.3.  ^t'O  as  in  all 
the  other  Species  the  Orders  are.  conftantly  number'd  from  their  Polygons. 

From  the  Conftruifli- 
on  of  this  Table  I  make 
this  ufeful  Obfervalion. 
Every  Ter.m  of  every 
Order  is  equal  to  the 
Sum  of  the  Collateral 
Ttrni  of  the  preceding 
Order,  and  the  preceding 
Term  of  the  fame  Order. 
ThuSj  5  5 ,( the  5th  Term 
of  the  4th  Order)  is=i.5. 
fthe  Collateral  or  5th 
Term  of  the  preceding  or  3d  Order)  -\-iO  fthe  preceding  or  4th  Term  of  the  fame  4tb 
Order.)  The  univerlal  Truth,  of  which  Obfervation  is  manifclt  from  the  Conjlru? 
dion. 

T  H  SO'R  E  M     HI. 

The  Series  of  Numbers  of  any  Order  of  the  Triangulars,  deduced  from  a  Series  of 
Units,  is  the  fa;r.e  Series  as  the  Series  of  Collaterals,  the  Number  of  whofe  Place  from 
:hc  beginning  is  equal  to  the  Number  of  the  Order  of  the  other.  Thus  the  Collaterals 
in  the   (ich  Pliicc  arc  the  fame  as  the  Triangulars  of  the  <fth  Order,  u/a.  i  ,  6  .  il ,. 

Demon.  The  Truth  of  this  Theorem  appears  in  the  preceding  Table,  fo  far  as  it 
is  carried:  and  the  Conltruclion  of  the  Table  attentively  cor.lider'd  will  make  the 
Univerfality  of  it  plain.     But  to  remove  all  Difficulty,  I  lliall  prove  it  thus, 

i".  Every  Term  of  any  Collateral  Column  is  equa'  to  the  Sum  of  all  the  Terms  of 
the  preceding  Column,  from  the  fime  Order  upwards.  So  in  the  Coll.itcrals  of  the 
4th  Place,  the  Term  35=1 5+io+6+5~l~i>  the  preceding  Column.  And  the  Uni- 
verfalify  of  this  is  manifclt  from  the  Obfervation  made  above  upon  the  Conllrudion  of  the 
Table  5   for  the  iltTerm  in  every  Column  is  the  fame,  viz.  i ;  then  the  2d  Termii 


Thl/lc  oflriangular  Ntwiben 

•1- 

from  a,  Series  of  Units. 

Q 

I 

I   :  I  ; 

I 

1   :        I    :        I    :        i   :          I   : 

I 

2 

.1:2   ; 

3 

:      4  :        5    :        6  :        1   :          8   : 

V 

5 

1:5: 

6 

:    10   :      15    .-      21    :      28   :        36   : 

45 

4 

I    :   4.  •• 

10 

:   20   :      35    :      56   :      84  :      I20  : 

i<J5 

5 

1:5: 

15 

:    35    :     So   :    lz6  :   210  :      350   : 

495 

6. 

1:6: 

21 

:    5(J   :    I2tf   :   252   :  4'Si   :      792   : 

1287 

7 

1:7: 

28' 

:   84  :   210  :   4(J2    :   924   :    171^  : 

5003 

the  Sum  of  the  firit  I'erm  of  the  fame  Column,  and  the  2d  Term  of  the  preceding 
Colamn  f  by  that  Obfervation^  i.e.  the  Sum  of  the  ill  and  ad  Terms  of  the  prece- 
ding Co!umnj  the  3d  Term  is  the  Sum  of  the  preceding,  or  2d  Term  of  the  fame. 
Column  {viz,,  the  Sum  of  the  ift  and  2d  Terms  of  the  preceding  Column)  and  the 
corrcfponding  or  3d  Term  of  the  preceding  Column  j  and  fo-on. 

z°.   Kroin  what  is  lall  fhewn  it  is  manifeft,   that  tlic  fevcral  Collateral  Columns  are 
alfo  the  Sums  of  Numbers  taken  continually  from  a  Scries  of  Units,  which  is  tue  lil  Co- 
lumn 3 
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lumn  j  and  thence  it  appears  plainly,  that  the  perpendicular  Columns  at  any  Diftancc 
from  the  ift  Column  of  Units,  muft  he  ad  infinitum  the  {;inie  as  the  tranfverfe  Lines 
or  Series  of  Numbers,  at  equal  Diftance  from  the  Series  of  Units,  which  is  the  firft 
Line. 

CoROLL.  The  Term  in  any  Place  of  any  Order  of  Triangulars  fin  the  preceding 
Table)  is  equal  to  that  Term  whofe  Place  is  the  Number  of  the  Order  of  the  former, 
and  of  fuch  an  Order  whofe  Number  is  the  Place  of  the  other.  Thus,  the  3d  Term 
of  the  5thOrder  is  equal  to  the  5  th  Term  of  the  ^d  Order;  and  univcrfally,  the  <«  Term 
of  the  b  Order,  is  the  fame  as  the  b  Term  of  the  a  Order. 

PROBLEM    I. 

To  find  the  Triangular  Number  in  any  given  Place,  of  any  given  Order  (front 
Units.) 

Kuk.  Let  the  Order  be  call'd  a^  and  the  Place  b  (or  contrarily  the  Order  b  and 

the  Place  a)  then  take  n^=^ci-\-b — 2,  and  carry  on  this  Series  i  x_  x  ! — Lx  ^ZHificc. 

.  .  .  '         '  ' 

to ;  the  continual  Produfl  of  all  thefe  Fafliors  is  the  Number  fought. 

a — I 

Exam.  To  find  the  5th  (=^)  Term  of  the  7th  (=jj)  Order ;  then  is  a-\-b—*. 

(=;;)  =7+5 — 2=10  ;  and  the  Number  fought  is  i  xi3x.Lx_xXx£.X-L=: 

I       2       3       4.       5       (J 
210. 

Demon.  i°.  The  firft  Thing  in  order  to  the  Demonftration  of  this  Rule,  is  to  ob- 
ferve,  That  it  is  the  very  fame  Thing  in  effeft  as  the  Rule  for  finding  the  Coefficient 
of  the  a  Term  of  a  Binomial  Power  for  Power  of  a  Binomial  Root)  whofe  Index  is  n 
or  a-\-b — 2,  for  which  fee  'Book  III.  Chap.  II.  So  that  what  remains  to  be  prov'd  is 
this  Correfpondence  of  Coefficients  and  Triangulars,  vi%.  that  the  b  Triangular  (or 
Triangular  in  the  b  Place)  of  the  a  Order,  is  the  fame  as  the  a  CoeiRcient  (or  Coef- 
ficient of  the  a  Term)  of  the  «=^-f-^'~~*  Power  of  a  Binomial  Root.  And  to  fhew 
this  let  us, 

2".  Compare  the  Table  of  Coefficients  (Soofe  III.  Chap.  II.)  with  this  Table  of 
Triangulars,  and  it's  manifell  they  arc  the  very  fame  Numbers,  only  difpofcd  in  ano- 
ther Manner.  For  it  is  plain,  they  are  the  fame  Numbers  taken  in  their  perpendicu- 
lar Columns,  as  being  produc'd  the  fame  Way  from  the  Column  of  Units  by  continual 
Addition,  /.  e.  what  are  there  called  fimilar  Coeificients  are  the  fame  Numbers  as 
what  are  herj  call'd  Collaterals,  being  taken  at  equal  Diftance  from  the  Beginning  or 
Column  of  Units  :  The  Difference  being  this,  that  in  the  Table  of  Triangulars  the 
firft  Terms  of  every  perpendicular  Column  ftand  in  one  Line,  and  fo  do  the  2d  Terms;, 
and  fo  on  ;  but  in  the  Table  of  Coefficients  the  firft  Term  of  the  2d  Column  ftands  in 
a  Line  with  the  2d  of  the  firft  Column,  and  fo  on  ;  whence  it's  plain,  that  Coeffi- 
cients in  different  Plices,  and  different  Powers,  are  the  fame  Nuni'oers  under  a  diffe- 
rent Name,  with  Triangulars  in  different  Places  and  diflferent  Orders ;  and  for  their 
mutual  Correfuondence  let  us  confider  what  is  ftiewn,  'Book  III.  Chap.  II    viz. 

3°.  The  a  Coefficient  of  the  «  Power  is  equal  ro  the  « — a-\-i  Coefficient  of  the  fame 
Power,  reckoning  from  either  Extreme  j  alfo  that  the  « — a-\-%  Coefficient  ot  the  « 
Power  is  the  fame  as  the  « — a-\-^  Term  of  the  fimilar  Coefficients  in  the  a  IMace  of  dif- 
ferent Powers,  i.  e.  (by  what  is  before  fhewn)  the  Triangular  in  the  a  Place  of  the 
/; — iT-f--  Order  (for  the  different  Places  in  the  Column  of  fimilar  Coe  ficicnts  anfwer 
to  the  different  Orders  of  Triangulars  ;  and  different  Places  of  the  Coeificients  of  the 
fuue  Powers  anfwer  to  different  Places  in  the  fiime  Order  of  Triangulars.)     Now  fuu- 

F  f  f  i  pole 
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pofe  » — ^-|-2=^,  then  is  ft=a-\-!p—2  ;  wherefore  the  a  Coefficient,  and  the  I;  Coeffi- 
cient of  the  ft  Power  are  the  fame.  Alio  the  I;  Coefficient  of  the  «  Power  is  the  l> 
Term  of  the  fimilar  Coefficients  in  the  a  Place  of  different  Powers,  equal  to  the  a 
Triangular  of  the  I?  Order :  But  the  a,  or  alfo  the  ^  Coefficient  of  the  «  Power  is 

I  X  _  x£Zll,  Sic.  (iilmllLllll,  which  muft  therefore  be  the  a  Trianeular  of  the 

I         2  a — I  ° 

b  Order  (or  b  Triangular  of  the  a  Order)  as  it  is,  according  to  the  Rule,  which  is  * 
therefore  good. 

Another  Rule  for  folving  the  precedtftg  Problem. 

For  the  fake  of  a  particular  Ufe  of  it,  I  give  you  here  another  Rule  for  the  preceding 
l^rohlem  ;  which  is  this, 
Let  a  cxpreft  the  given  Order  of  Triangulars,  and  n  the  Place  of  the  Term  fought  - 

then  the  i?onti.iual  Product  of  thefe  Faftors,  i  xiL  X  2±£  x  ^,  ^c  to  ^ZlJ  is 
the  Number  fought. 

Exam.  To  find  the  5th  Term  of  the  7th  Orderj  it  is,  210=1  X-Lx.^  xXx—  x 

^       '        34. 
^xl^. 
5       <J 

Demon.  In  the  Demonftration  of  the  former  Rule  it  is  fhewn,  that  the  b  Term  of 
the  a  Order,  is  the  a  Coefficient  of  the  ff=a-\~h — 2  Power ;  and  if  inftead  of  ^  we  put 
w,  then  the  «  Term  of  the  a  Order  is  the  n  Coefficient  of  the  a-\-» — 2  Power  j  which 

by  the  Rule  of  Coefficients  is,  i  x  ^tf"^  x  £±^-^~^  X  f+fELzi,  ^c.  to  -1-, 

I  a  .         3  a — 1 

which  is  the  fame  as  the  preceding  Rule  for  Triangulars  (*.  e.  for  the  »  Term  of  the  a 

Order  ;)  but  this  Series  is  the  fame  in  effe£l  as  the  other  Series-  i  x_  x!iZL£,  ^c. 

I  2 

;>-f-t;-— 2  _  ^^^  -^  j^  manifeft  that  the  Denominators  are  the  fame,  and  the  Numerators 

0. — I 
alfo,  only  in  a  reverfe  Order  (which  makes  no  change  in  the  Produfl  jj  for  both  the 
Series  have  the  fame  Number  of  Terms,  as  the  Series  of  Denominators  does  clearly 
fliew  ;  and  for  the  Numerators,  the  firft  and  laft  of  them  are  the  fime  Numbers  in 
both,  only  the  firll  in  the  one  is  the  laft  in  the  other  ;  and  fince  their  Progreffion  is 
by  a  continual  Difference  of  i,  it  follows  plainly,  that  they  muft  be  the  firae  Num- 
bers only  in  a  reverfe  Order ;  confequently  this  Rule  is  good,  fince  it  is  the  fame  (on- 
ly in  a  different  Form)   with  the  former,   which  is  demonftrated  to  be  good. 

But  obferve.  That  this  laft  Rule  may  alfo  be  demonftrated  independently  of  the 
other,  from  the  immediate  ('onfideration  of -the  Triangular  Numbers,  without  any 
Comparifon  of  them  with  Coefficients.     I'hm., 

The  n  Term  of  the  a  Order  is  the  a  Term  of  the  «  Order  {Cor.  7'beor.  III.)  and 
therefore  it  is  the  fame  Thing  to  which  of  thefe  we  apply  the  Rule  5  but  for  the  pre- 
fent  Demonftration  we  mull:  take  it,  the  a  Term  of  the  «  Order  j  and  then,  I  fay,  if 
the  Rule  is  good  in  one  Cafe,  or  for  one  Order  of  Triangulars,  as  the  /;  Order,  it 
will  therefore  be  good  in  the  next  Cafe,  or  the  «-f"i  Order,  and  confequently  it  is 
good  in  all  fupciior  Cafes  j  and  to  prove  this,  firft  confider  the  annex'd  Series,  where- 
in, becaufe  i  does  not  multiply,  therefore  I  have  omitted  it  in  every  Terra  as  ufclefs, 
except  in  the  firft  Term,  which  is  it  felf  i. 

Tri- 
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I  ft.  2d.  5d.  4^h. 

Triangulars  of  the  Order  />,  according  i   j^  ^  ^  ^  X  "+^  .  1.  x  "+'  x  "~^'  .  l$c. 

to  the  Rule,  5         i   *    i         i     '    i  2  5 

The  Equivalents  to  thefe;  (the  Nu- 7  ,  , 

merators  being  only  in  a  different  >  r.  £  .  ^Ztl  x  JL  .  'i±i  X  'i±I  X  ii  .  ^ff . 

Order)  3       i         ^         -         '  \        ^    , 

Triangulars  of  the  Order  «+i  accord-  ?  ^"+^     «+\"+-     «+iy«+-x  «+?  £^f. 

ing  to  the  fame  Rule.  ^11         21         2  3 

Now  'tis  plain,  that  the  Terms  of  the  laft  Series  are  the  Triangulars  of  the  Order 
»-|-i,  according  to  the  Rule  ;  and  that  they  are  truly  the  Numbers  fought,  upon 
Suppofition  that  thofe  of  the  former  Series  are  the  Triangulars  of  the  Order  n,  I  thus  ■ 
fhew.  By  the  Obfervation  made  upon  the  Conftruftion  of  the  Table  of  Triangulars, 
every  Term  of  any  Order  is  the  Sum  of  the  Collateral  Term  of  the  preceding,  and  the 
preceding  Term  of  the  given  Order  j  but  comparing  the  2d  and  5d  Series  («.  e.  the 
Series  for  the  Order  »,  and  that  for  the  Order  w+O  i*'*  P'^^^"  ^^**  *^^  ^^^  i^  ^o"^" 
pos'd  according  to  that  Property  now  mention'd  ;  thus  i=r,  the  firft  Terms  51  +  — 

—  'Jjlli^i.  e.  the  2d  Term  of  the  Order  »+i  equal  to  the  2d  Term  of  the  Order  », 
I  

andiftTermoftheOrder;;+r5)^xl+'i±l  (=l±i  X  «  +  i  )=^J::x*. 

121  12/12 

Again,  dlLx^-bx£-H«±Ix^^  C='^x^^xi+T^  =  'i±Ix'i±^x 
I  231  2  123/12 

^IJli,  and  fo  on  j  for  it's  manifeft,  that  according  as  thefe  two  Series  proceed,  they 

3 
muft  always  have  the  fame  Connection,  viz.  that  any  Term  of  the  laft  is  the  Sum  of 
the  Collateral  Term  of  the  former,  and  the  preceding  Term  of  the  fame  laft  Scries. 
Wherefore  if  the  former  is  the  Scries  of  Triangulars  of  the  Order  «,  the  laft  muft  be 
that  ot  the  Order  n-j-i . 

But  the  Rule  is  true  when  apply'd  to  the  firft  Order  or  Series  of  Units  j  for 
here  »=r  ;  and  hence  it's  plain  that  the  Numerator  and  Denominator  in  every 
Factor  are  equal,  and  therefore  they  arc  each  equal  to  i  j  hence  every  Term  of  the 
Series  is  i. 

Lflftly,  The  Rule  being  good  for  the  firft  Order,  it  muft  therefore,  by  what  was 
firft  proved,  be  good  for  the  fecond  Order,  and  fo  for  the  third,  and  all  the  following 
for  ever. 

Obferve^  Left  any  body"fhould  think  the  univerfal  Connexion  of  the  two  Series,  for 
the  Order  «  and  «+i,  any  thing  obfcure,  I  Ihall  make  this  univerfal  Demonftration 
of  it,  viz.  That  any  Term  of  the  laft  i?  the  Sum  of  the  Collateral  Term  of  the  former, 
and  the  preceding  Term  of  the  fame  laft.  Thus,  any  Term  of  the  Series  for  the  Or- 
der «+i  may  be  expreCtd  ^itf  X^Ztr,  ^jfc.  to 'iltf  inclufivcj    and    the   preceding 

•  Term  is  therefore  ^iti  x  {!±!,  ^c.  to  ^i?  exclufivc  ;  alfo  the  Collateral  Term  of 
12  a 

the  Series  for  the  Order  ;?  is  ?^' X  ?!rtf,  5^r.  to  - ,  inclufivc  :    Now  the    Sum   of 

I  2  a- 

«-f-t 
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II  12  a  12  <«i 

'i+rC^f,  ':!i::f,  the  Thing  to  be  proved. 

-  '^ 

ScHor,.  As  this  id  Rule  has  been  demonftrated  independently  tif  the  Rule  for  G)- 

efficients  •    fo  the  Rule  of  Coefficients  may  be  alfo  demonftrated,    by  Means  of  this 

Rule,  fer  Triangulars,  with  the  Correfpondence  betwixt  the  two,  as  above  explain'd. 

Thus,  the  «  Term  of  the  a  Order  of  Triangulars,  being  i  X  £.  x  -il  ^c.  x^^~i  . 

12  a — I 

let  us  only  invert  the  Order  of  the  Numerators,  which  does  not  alter  the  Value  of  the 

TotalProduft,  anditis   ixiL+'!Z2.xid:jti:i*Zi£5?f.  x_?_.      Again,    Take  7» 

I  2  a — I 

=„A^a—.    and  the  Series  is  iX?^x  i^fTIi  ^c.  x'iiTf+i,  which  is  the  Rule  for 

12  a — I 

the  a  Coefficient  of  the  }fi  Power,  as  it  ought  to  be ;  fince  it  is  fhewn  that  the  «  Term 
of  the  a  Order  of  Triangulars,  is  the  a  Coefficient  of  the  »~{~a — 2  Power,  /.  e.  of  the 
tff  Power. 

Hence  we  have  alfo  a  new  Rule  for  Coefficients,   which  is  this  j  Let  «,  or  a,  be 
the   Place   of   the  Coeff.cient,   and  a-]-» — 2,    the  Index   of  the    Power  ;    then    is 

ix^x  'izbf  ^c.  X-^'^HIi,  the  Coefficient ;  for  this  is  the  a  Term  of  the  n  Order 

X         2  a — X 

of  Triangulars  j  which  is  equal  to  the  »  Coefficient  of  the  a-^n — 2  Power,  as  already 
■fhewn.  Alfo  the  «  Coefficient  of  the  a-^n — 2  Power,  is  equal  to  the  a  Coefficient  of 
the  a-{-ft — 2  Power  5  for  if  you  call  a-{-fi — 2=5,  then  the  «  Coefficent  of  the  Ip  Pow- 
er is  alfo  the  5 — n-\-z  Coefficient  of  the  b  Power  (as  has  been  Ihewn)  tbat  is,  the 
a-^n — z — «-j-2  (=a)  Coefficient  of  the  a-^» — 2  Power. 

In  the  laft  Place  we  fliall  fet  before  us,  in  one  View,  thefe  two  Rules,  as  they  re- 
late both  to  Coefficients  and  Triangulars. 

,  a,  or  alfo   the"}  Coefficient  of  the  «  (= 

■,v«  v«~^  y  ""■*  a^r   X  «— ^+i==^=:S«~^+-  (=^)i'^+^— -)  Power. 

T     ~T~     ~^  a^ "^'^  Triangular  of  the  I;  Order,  or  I;  Trian- 

'  C     gular  of  the  a  Order. 

,  ,  ,  ,       C»  or  a  Coefficient  of  the  ^  (=tt-\-a — 1) 

,x^x2±Ixfd:i&c.  X^=ir-A=3     Power. 

X         -  3  *     ^  /« or  a  Triangular  of  the  a  or « Order. 

PROBLEM     II. 

To  find  the  Polygonal  Number  in  any  Place,   of  any  Order,  and  of  any  Soecies. 

Rule.  Find,  by  the  laft  Problem,  the  Polygonal  of  the  given,  and  alfo  of  the 
preceding  Place,  of  the  given  Order  of  the  firft  or  triangular  Species.  Take  the  Num- 
ber of  the  given  Species,  lefs  i  ;  by  which  multiply  the  Polygonal  found  of  the  pre- 
cedinc  Place  ;  to  the  Produft  add  the  Polygonal  found  of  the  given  Place  ;  the  Sum  is 
the  Number  fought.  But  here  obferve.  That  in  every  Species,  except  the  firft,  the 
Orders  arc  nuaiber'd  from  the  Polygons,  or  Sums  of  the  Arithmetical  Series,  whence 
they  proceed  :  Whereas  in  the  firft  Species  they  arc  number'd  from  the  Series  of  • 
■Units ;  fo  that  their  Number  is  always  more  by  2  than  that  of  the  other  Orders,  at 
the  fame  Diftance  from  the  Polygons.  Wherefore  in  finding  the  preceding  Polygo- 
nal of  the  firft  Species,  and  of  the  given  Order,  from  Polygons,  add  2  to  tlic  Number 

ot 
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of  the  given  Order,  and  find  the  Polygonal  for  that  Order,  according  to  the  pre- 
ceding Rules,  which  will  give  a  Polygonal  at  the  fame  Diftance  from  the  firft  awl 
fimple  Polygons  as  the  given  Order  is. 

Esara.  To  find  the  4th  Term  of  the  5d  Order  of  the  5th  Species  ;  I  find  the  5d  and 
4th  Terms  of  the  5th  Order  of  the  ift  Species,  which  are  15,  35  j  then  the  Number 
of  the  given  Species  is  5,  and  1 5X4=^0  j  to  which  add  35,  the  Sum  is  95,  the  4th 
Term  of  the  5d  Order  of  the  5th  Species.    (See  The  'Table.) 

Demon.  The  Reafon  of  this  Rule  is  manifeft  from  CoroU.  to  Theor.  II.  and  needs 
no  farther  Explication. 

Scholium,    relating  ?<?. Problem  I  ani  II. 

From  thefe  general  Rules  of  'Trobl.  I,  and  II.  we  may  eafily  deduce  particular 
Rules  for  particular  Series ;  I  fliall  apply  them  to  two  Cafes,  by  which  all  otners  will 
be  eafily  underltood. 

1°.  To  find  the  Sum  of  the  Series  of  Triangles  to  any  Number  (;;)  of  Terms,  /.  e. 
to  find  the  »  Term  of  the  Series  of  Triangular  Pyramids  or  Polygonals  of  the  ift  Spe- 
cies, and  4th  Order  from  the  Series  of  Units  (which  is  the  2d  Order  from  the  Am- 
ple Polygons.)     The  Rule  is. 

To  twice  the  Side  or  Place  of  the  Term  fought,  add  its  Cube^  and  thrice  its  Square  j 

the  6  th  Part  of  the  Sum  is  the  Term  fought,  viz.  '^  ~r3_^^_Xi^  3  for  Uy  the  general  Rule 

6 

oi  Troblem  I.  this  Term  fought  is  ix!Ly^'I±l>i'!±±=±^^J^2l. 
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2°.  To  find  the  Sum  of  Polygons  of  the  2d  Species,  or  Squares,  to  any  Number  of 
Terms,  /.  e.  to  find  any  Term  oi  the  Series  of  fquare  Pyramids,  or  Polygonals  of  the  2d 
Species  and  4th  Order  from  the  Scries  of  Units  (which  is  the  2d  Order  from  the  fimple 
Polygons.)     The  Rule  is  this  : 

To  the  Number  of  Terms  added,  or  Place  of  the  Term  fought,  add  thrice 
its  Square,  and  alfo  double  its  Cube ;  the  <Jth  Part  of  the  Sum  is  the  Number 
fought.       Thus,    if  the    given    Number   of  Terms    is   «,    the  Number    fought    is 

ifJJZi'LX'i  :  The  Invejligatiott  of  which  is  this  ;  the  «  Term  of  the  4th  Order,  of 
6 

Triangulars  (from  the  Series  of  Units)  is  =^-il£ii^    (by   the  lafl)  and  the 

6 

preceding,  or   «— i  Term   is  i  x  ^Hl  xii  X 'iil  =  'i!Z:!' 5  but,  hyCoroll.Theoi-.W. 

123  6 

the  «  Term  of  the  id  Species  is  the  Sum  of  the  3  and  a — i  Terms  of  the  lil  orTriangu-, 

lar  Species  5  /.  e L.' — ! — -f- =^ IJl — jZ.. 

6  6  6 

T  H   E  O   REM      IV. 

Take  the  Series  of  fimple  Polygons  of  any  Species,  after  the  ifl,   to  any  Number  of 
Terms  5  and  take  the  Series  of  Triangulars  uf  any  Order  after  the  ift  (numbering  the  Or- 
ders of  thefe  from  the  Series  of  Units)  to  the  fame  ivumber  of  Terms  ;  place  thefe  re- 
verfely  under  the  other,  and  multiply  the  correfponding  Terms  (as  they  are  plac'd) 
of  the  one  into  thofe  of  the  other  ;  the  Sum  of  the  I-'rodufts  is  equal  ro  a.T.rni  it.ind- 
ing  in  the  Place  exprefs'd  by  the  given  Number  of  Terras,  ot  the  Order  exprcls'd 
by   I  more  than  the  given  Order  oi  Triangulars,  and  of  the  given  Species  ot  Poly..- 
gonals. 
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5  5+90+7  5+i8  =  2i« 


the  5d  Order  is  i  .  8  .  50  .  8c 


I 

i^*' 

a 

1+^ 

b 

I  +  :T+3 

c 

I+^T+^+f 

A 

1+-^+^+^+^^- 

&c. 

&C. 

Exam.  The  Sexangulars  to  the  4th  Term  of  the  ift 

I  .    (J  ,  15  .  iS  Order,  are  i  ,  <J .  15  .  28  5   the  Triangulars  of  the   5th 

35  .  15  .     5  .     I  Order  (from  Units)  are  i  .  5  .  15  .  35  ;    which  placed 

under  the  other,  and  multiplied  as  in  the  Margin,  pro- 
duces 228  ;  which  is  the  4th  Sexangular  of  the  tfth  Or- 
der from  the  fimple  Hexagon  (which  is  here  the  ift  Or- 
der) for  this  is  I  .  (J.  15 .  28;  the  2d  Order  is  i .  7  .  22.50; 
05  the  4th  Order  is  i  .  9  .  39  .  up  j  the  jth  Order  is 
I  .  10  .  49  .  i(T8  ;  the  ^th  Order  is  1  .  11  .  60  .  228. 

Demon.  The  Reafbn  of  this  is  plain  from  the  f jllowing  Table  ;  wherein,  if  i  ,  a^ 
b  .  c  .  d  .  &c.  reprefent  the  Po'ygons  of  any  St^ecies,  the  feveral  Orders  of  Sums  pro- 
ceeding from  thefe,  are  evidently  as  in  this  Table. 

r 

;-}-*  3-f-.? 

4-f-3«+2^+C  1  io-\-6^<-\-i,b-\-c 

5-j-4«+3(i;-j-2ff+i  I  i5+rorf+(Ji>+3f-f-i 
&c.  I  &c. 

And  it  is  plain  *al{b,  that  the  Terms  or  Sums  in  each  Order  are  according  to  the 
theorem;  because  in  the  2d  Order  they  are  the  Sums  of  the  Series  of  the  firlt  Order, 
multiplied  by  a  Series  of  Units  (which  is  the  ift  Order  in  Triangulars)  then  the  Multi- 
pliers in  all  that  follow,  are  manifeftly  the  Sums  of  the  preceding  continually,  from 
the  Series  of  Units. 

CoROLL.  Hence  we  learn  a  new  Praflice  for  finding  the  Polygonal,  in  any  Place,  of 
any  Order  and  Species  after  the  ift,  viz.  by  having  the  Series  of  the  ift  Order  of  any 
Species  (after  the  ift'  and  the  Series  of  the  Triangulais  of  the  Order  i  lefs  than  the 
other  :  But  this  not  being  To  eafy  a  P.aitice  as  that  in  the  preceding  Problem,  I  have 
chofen  to  exprefs  the  Rule  in  the  Manner  of  a  "Theorein,  regarding  it  only  in  general, 
as  a  Connexion  difcovered  betwixt  the  Triangulars  and  the  other  Species  of  Poly- 
gonals. 

Theorem  V. 
If  we  take  the  Progreffion,  1.2.3.4  &c.  and  the  Series  of  Triangles,  which  are 
the  Sums  n*^  the  former,  i  .  3  .  tf  .  id  .  15  6<c.  then  take  the  Series  of  Ratios  of  the 
feveral  Terms  ot  the  ift  Series,  comparing  each  Term  to  the  following,  in  a  continued 
OiHer,  as,  1:2,  2  .-  ;,  3:4,  £<c.  Alfb  take  the  Series  of  Ratios  of  the  2d  Series, 
beginning  at  the  2d  Terra,  and  proceeding  difcon^nucdly  j  Thus,  3:1?,  10  :  15,  &c. 
Tbcfc  two  Series  of  Ratios  are  the  fame  j  thus,  i  :  z  -.  :  ^  :  6,  2:3::io:  15,  and 
fo  on. 

Demon.  I  have  in  the  Margin  placed  the  2  Se- 
3  :  4,  &c.  I  ties  according  to  the  propofcd  Correfpondence  of 
21  :  28,  &c.  I  their  Ratios  j  and  fofar  as  it  is  carried,  the  Truth 
of  ths  J'hoorem  is  plain.  But  to  (hew  the  Reafon 
of  it,  and  that  it  muft  be  fo  for  ever  5  in  the  firft  Place  obfervc,  that  the  Antecedents 
in  the  feudal  Ratios  of  the  ift  .Series  (1.2.3.  ^*^*  )  exprefs  the  Places  of  thcfc 
Terms  from  the  Beginning  ;  and  the  feveral  Antecedents  of  the  Ratios  taken  in  the 
2d  Sen.',  rtaiid  in  the  fevcial  even  Places  of  the  Series,  i.  e.  in  the  2d,  4th,  6th, 
^c.  Placet  ;  but  the  Series  of  even  Numbers,  z  .  4  .  6  &;c.  are  the  Doubles  of  the 
refpeftivc  Terms  of  the  natural  Progreflion,  1:2:3:  &c.  which  being  all  Antece- 
dents of  the  Ratios  taken  in  the  ift  Series,  it  follows,  that  the  Antecedents  of  the 

feveral 


^  :  6,  10 


15, 
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fcveral  Ratios  in  the  zd  Series  are  in  fuch  Places  of  that  Series  as  are  expreflcd  bv 
double  the  Antecedent  of  the  correfpondent  Ratio  (number'd  from  the  Beginning  of 
the  Series  of  Ratios)  in  the  ifl:  Series  ;  thus,  5  ;  4  is  the  ^d  Ratio  of  the  ift  Series  j 
and  the  5d  Ratio  of  the  id  Series,  is  ai  :  28,  whofe  Antecedent,  21,  ftands  in  the 
(jth  C^-'^S)  Place  of  the  Series.  Now  to  ihew  that  thefe  correfpondent  Ratios  arc 
eqnal,  take  any  two  Terms  adjacent  in  the  ift  Series  5  they  may  be  cxpreffed  n  :  «+i, 
which  make  the  «th  Ratio  in  the  Order  of  Ratios,  as  they  are  taken  out  of  the  ifl 
Series  :  And  by  what  is  laft  Hiewn,  the  Antecedent  of  the  «th  Ratio  of  the  sd  Series, 
according  to  the  Manner  of  taking  them  there,  Hands  in  the  zn  Place  of  that  Series  ; 
and  conU-qucntly  it  is  the  Sum  of  the  ift  Series  to  the  2«th  Term  5  which,    by  the 

2« 

Rule  of  Progreflions,  is  2«-)-i  X  — =  s«-j-i  x«=2»*+«  ;    and  the   Confequent  or 

next  greater  Term  in  the  Series  of  Sums  muft  be  this  Sura,  with  the  following  Term 
of  the  ift  Series,  which  is  2«+i  5  fo  the  Confequent  is  2«^+«-|- 2«-f-i  =  2«^-4-?"+I• 
Then  laflly,  n  :  »+i  :  :  2.»^-\-»  :  2«^-}"3*"f'''  i  becaufe  the  Product  of  Extremes 
and  Means  are  equal,  vh.  2«"'-}-5»*-f-«. 

Theorem  VI. 
Take  the  natural  Series,  i,  2,  ?,&c.  alfo  the  Series  of  its  Sum,  or  Series  of  Tri- 
angles, 1.5.5.  &c.  the  Series  of  Ratios  proceeding  from  the  Comparifon  of  every 
Term  of  the  ift  Series  to  the  2d  from  it,  or  next  but  one,  as  i  :  3,  2:4,  3:5,  &c. 
are  the  fame  as  thefc,  which  proceed  from  tTie  Comparifon  of  every  Term  of  the  2d 
Series  to  the  next,  as  i  :  3,  3:5,  <J  :  13,  &c. 

Demon.  Let  »  be  any  Term  of  the  ift  Series,    and 
»-4-2   the  2d  above  it  j  then  is  the  »  Term  of  the  2d 

Series   'Oil — ,  and  the  next  Term  above  it,  or  the  tt-\~t 


I 

.4.5.4-     5 • 

6. 

I 

.  3  .tf  .  10  .  15   . 

Ratios. 

21. 

I 

5,  a: 4.  3:    5.   4: 

6. 

I 

3,  5:<r,  tf:lo,  10 

15- 

th 

e  Thing  to  be  proved 

Term,  is  ^H-^^^+f  j  but  it's  plain,  that  n  :  »+2 


«x«+7:;+Ix.7f7i  or  as  n>oi±i,«±z^„^T, 

2  1 

^'I'heio'rem    VII. 

Take  any  three  adjacent  TriangTcs",  and  betwixt  the  leffer  and  the  middle  one, 
place  the  Number  next  leffer  Cviz.  by  1)  than  that  middle  one  j  and  thefe  four  are 
Geometrically  Proportional  :  Thus  for  Example,  6  .  10  .  15,  are  thi-ee  adjacent  Tri- 
angles, and  6  :  9  :  :  re  :  15. 

Demon.    Take  three  Triangles    ftanding   in   the  « — i,  ft,    and    «+i,  Places j 

they  are ;  — ;  — ' — - — _' —  ;  from  the  middle  one  — J take  i, 

a  1,        .        2    ■■     ;  2  2 


the  Remainder  is  -?±i.'L«ri.  ;   and  .^l^JL  :  d:l£!lr2: :  ^1'^"  :  ^±^«+^ 

2  2222 

as  will  appear  from  the  equal  Produfl  of  Extremes  and  Means  ;  and  to  do  this  more 
eafily,  becaufe  the  Denominators  are  all  equal,  we  may  caft  them  all  out  j  and  then 
aHb  obferve,  tlwt  «-}-iX;»  :  w-f-iXw-f-i  -.  ;  n  :  ;;+i  ;  wherefore  we  need  only  try  the 
Proportionality  of  thefe,  «x» — i  :  «+i  x« — 2  :  :  »  :  n-\-2.,  i.  e.  tin — >t  ■■  »n-{-t—'z 
:  :  «  :  »+i,  in  which  »n — «  X /i+2  =:  wwlfl^l^  X  «  5  therefore  the  4  are  ;:-:/„^.  f. 
the  Numbers  propofcd  are  ; :/.  " 

Ggg  CoftOLL. 
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G)ROLt.  The  Produfl  of  any  two  Triangles,  betwixt  which  there  lies  but  one 
other  Triangle,  is  an  Oblong,  whofe  greater  Side  is  that  interjacent  Triangle. 

Lemma. 

Take  the  natural  Progreflion,  i,  a  3,  &c.  and  after  the  ift  Term  i,  take  the  Sum 
of  every  two  fucceffive  Terms,  thus^  i,  a-}-?,  4+5,  <J+7  &c.  you  have  hereby  a  Sc- 
ries of  Numbers,  -^/  with  the  common  Difference,  4.  Thus  the  preceding  Series 
is  I  .5.9.13.  &c. 

Demon.  The  Reafon  is  plain  from  this,  That  every  Term  in  the  natural  Series, 
1.2.5.  ^c.  exceeding  the  preceding,  by  i,  betwixt  any  Term  and  the  next 
but  I  (or  the  2d  after  it^  the  Difference  is  2  ;  confequently  the  Difference  of  the 
Sum  of  any  two  adjacent  Terms,  and  the  Sum  of  the  next  two  adjacent  Terms,  muft 
be  4  5  therefore  the  Series  of  thefe  Sums  are  in  a  conftant  Difference  of  4  j  which  is  alfo 
the  Difference  of  i,  and  the  ift  Sum  2-f-3. 

Theorem   VIII. 
Every  Hexagon  is  alfo  a  Triangle  ;  and  particularly,   all  the  Triangles  in  odd  Pla- 
ces, as  the  ift,    3d,  5th,  &c.  make  the  complete  Series  of  Hexagons :  As  here, 

1.2.3.    4..    ?•    6  ,    7.    8.    o 


Triangles  i  .  3  .  tf .  10  •  15  .  21  .  28  .  35  .  45  -^^ 
Hexagons  i     :     tf      :       15       :      28      :      45 

1,5       .       9      .      15      .     17 

Demon.  Hexagons  are  the  Sums  of  a  Series  -r-l,  whofe  firft  Term  is  i,  and  the 
common  Difference  4  (as  i  .  5  .  9  &c.)  and  the  Triangles  are  the  Sums  of  the  natu- 
ral Series  (i  •  2  .  5  .  &c._)  but  taking  this  laft  Scries  in  the  Manner  mentioned  in  the 
preceding  LemmOy  viz.  i  :  2-f-5  :  4-f-5  :  &c.  we  have  a  Series  beginning  with  i, 
and  proceeding  with  the  Difference  4  j  confequently  the  Suras  of  this  Series  are  Hex- 
agons J  but  it  s  plain,  that  they  are  alfo  Sums  of  the  natural  Progreflion  taken  to 
every  odd  Number  of  Terms  5  for  they  are  x,  i-f-i-j-;,  i+2-f-5-|-4-f-5,  &c.  and 
confequently  they  are  all  the  Triangles  in  odd  Places. 

Otherwife  thin  j  If  you  number  the  odd  Places  of  any  Series  by  themfelves,  and 
compare  the  Number  in  any  odd  Place,  with  the  Place  of  that  Term,  as  it's  number'd 
with  all  the  Terms  of  the  Series  5  then  if  to  the  Number  of  the  Place,  in  which  any 
odd  Term  ftands  in  the  whole  Series,  be  added  i,  the  Half  of  the  Sum  exprefles 
what  Place  it  itands  in  among  the  odd  Terms  number'd  by  themfelves  j  thm^  The 

9th  Term,  in  the  Whole,  is  the  5th  ^=^IJll  \  Term  of  the  odd  Places  numbered  by 

themfelves  j  the  Reafon  of  which  is  obvious.  Again,  Any  odd  Number  may  be  ex- 
peffed   a»-)-ij  and  if  the  Sum  of  the  natural  Series  is  taken  to  the  2«-|-i  Term,  it  is 

^+1  X i^-i  _4««+£«+f  _  j««.f  3«_^i,  which  is  a  Triangle.     Then  to  the  laft 

2  2 

Term  {or  Number  of  Terms)  added  in  this  Sum,  viz.  to  2«-}-i,  add  r  ;  the  Sum  is 
a»-f-2,  whofe  Half  is  n-\-i  5  which,  by  what's  fhewn.is  the  Place  of  the  Number  zn-^-i, 
among  the  odd  Places  of  the  natural  Series,  number'd  by  themfelves  ;  wherefore,  find 
the  «-j-r  Hexagon,  and  it  is  2««-f  3«-|-i,  which  is  the  Triangle  already  found  in  the 
a«-}-i    Place  :    For  Hexagons  proceed  from  a  Scries  -i-/,  whofe  DiiFercnce  is  4  j 

where- 
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wherefore  the  «-}-i  Term  of  that  Series  is  i+4.«  j  and  hence  the  Sum  of  the  Scries  to 

the  »+i  Term  is  I+47x?±I=i!i£i±i±I=2»>+j»+r. 

z  z 

Theorem    IX. 
If  the  SuTTis  of  the  odd  Series,   1.5.5.7  &c.  are  taken  continually  from  the 
Beginning,  they  are  the  Squares  of  the  natural  Progreflion,  1.1.9.4.  &c.  Or  thus; 
Every  Square  Number  is  the  Sum  of  the  Terms  of  the  odd  Series  taken  firom  i,  to  a 
Number  of  Terms  equal  to  the  Root  of  that  Square. 

Odd  Series  .  1.3.5.     7.     9.11.15.15.  &c- 

T'beir  Sums ■■    —  i  .  4  .  9  .  i(j  .  25  .  35  .  49  .  (J4-  •  &c- 

Square  Roots  of  the  Sums   1.2.3.    4-    5-     ^  •     1  •     '^  •  ^*'" 

Demon.  The  Truth  of  this  Propofition  you  fee  fo  6r  as  the  Series  arc  carried  j 
and  that  it  will  be  fo  for  ever  we  have  already  demonftrated,  in  Cor.  4.  ^Probl.  V. 
Ch.  II,  iSc.  where  it  is  fhewn,  that  the  Sum  of  the  odd  Series,  i  .  5  .  5  .  &c.  is  the 
Square  of  the  Number  of  Terms. 

But  there  is  another  more  natural  Demonftration  of  this  Truth,  deduced  from  the 
Confideration  of  fquare  Numbers,  and  their  Compofition.     Thus  ; 

T°.  Take  the  natural  Progreflion,  1.2.3.  ^<^-  ^"^l  ^^^  odd  Series,  1.3.5  -^c. 
the  feveral  Terms  of  the  natural  Series,  1.2.5.  ^'^-  exprefs  the  Number  of 
Terms  from  i  to  any  Term  of  the  odd  Series,  or  to  any  Term  of  the  Series  of  their 
Sums ;  but  from  the  Nature  of  Progreflions,  and  particularly  of  this  odd  Series,  any 
Term  of  it  is  equal  to  the  Sum  of  i  (the  lefler  Extreme)  and  i  (the  common  Diffe- 
rence) multiplied  by  the  preceding  Term  of  the  natural  Progreflion  (which  is  the 
Number  of  Terms  lefs  i.) 

2^.  The  Difference  of  any  two  fquare  Numbers,  whofe  Roots  differ  by  i  (and  fuch 
are  every  two  adjacent  Terms  in  the  Series,  1.2.3.  ^*^  )  ^*  equal  to  the  Sum  of  r, 
and  double  the  lefler  Root  J  thus,  a-\-i'^=a'-\-ia-\-i  j  fothatdt^  and^+'f^i  differ  by 
za-\-i.     Hence, 

3**.  If  the  Sum  of  the  odd  Series,  carried  to  any  Number  of  Terms,  is  the  Square 
of  the  Number  of  Terms  (i.  e.  of  the  correfpondent  Term  of  the  natural  Progreflion, 
1.2.3.  ^*^0  ^  ^^''  '*•  ^^  ^^  carried  to  one  Term  more  ;  becaufe  that  next  odd 
Term  is  equal  to  the  Sum  of  i,  and  double  the  preceding  Root  (or  Term  of  the 
Scries,  1.2.3.  ^•)  which  is  alfo  the  Difference  of  two  Squares,  whofe  Roots  dif- 
fer by  1  j  as  it  is  in  the  prefcnt  Cafe.  But  we  fee  the  Truth  propofed  as  far  as  we 
have  carried  the  Series  j  therefore  it  muft  go  on  fo  for  ever. 

COROLLARIES. 

ijf.  The  Difference  of  any  two  integral  Squares  is  equal  to  fomc  one,  or  the  Sum 
of  fome  two  or  more  Terms  of  the  odd  Series  :  More  particularly,  it  is  equal  to  the 
Sum  of  all  the  Terms  of  the  odd  Series  comprehended  betwixt  that  Term  (inciuflve) 
whofe  Place  in  the  Series  is  the  Root  of  the  greater  Square,  and  that  Term  (exclu- 
five)  whofe  Place  is  the  Root  of  the  lefler  Square,  /.  e.  all  the  Terms  from  that  one 
(jnclufive)  which  (lands  over  the  greater  Square,  and  that  one  (exclufive)  which 
ftands  over  the  lefler.  So  if  «  represents  the  Place  of  any  Term  in  the  odd  Series, 
and  m  the  Place  of  any  leffer  Term  ;  then  are  »,  m — i,  the  Roots  of  two  Squares; 
which  differ  by  the  Sum  of  all  the  Terms  comprehended  betwixt  thcfc  Extremes,  in- 
cluding both.     Exam.  49 — 9=7-4"9-f-n-f-i3.     Hence, 

G  g  g  z  id. 
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zd.  i  cannot  be  the  Difference  of  any  'two  Squares  ;  becaufe  it  is  not  any  Term^ 
nor  the  Sum  of  any  Terms  of  the   odd  Series,  the  two  leaft  being  i-}-5=4. 

5^.  If  the  Difference  of  two  Squares  is  equal  to  the  Sum  of  all  the  Terms  of  the  odd 
Series,  from  i  to  any  afligned  Term  ;  the  greater  of  thefe  Squares  cannot  be  that 
correfponding  to  the  affigned  Term,  /.  e.  it  cannot  have  for  its  Root  the  Place  of 
(or  Number  of  Terms  from  the  Beginning  to)  that  Term  ;  becaufe  no  lefler  Square 
can  differ  from  that  greater  one,  by  the  Sura  of  all  the  odd  Series,  from  i  to  that 
greater.     Hence  again, 

j^th.  I  cannot  be  the  Difference  of  two  Squares,  nor  4  ^  becaufe  1-J-3  .cannot  be 
the  Difference  of  two  Squares,  whereof  the  greater  correfponds  to  3  ;  nor  is  4  any 
Term  of  the  odd  Series,  or  the  Sum  of  any  two  or  more  Terms  of  the  odd  Series, 
other  than  1+?. 

•)Th.  Every  odd  Number  above  i,  and.  the  Sum  of  any  Number  of  Terms  adjacent 
in  the  odd  Series,  whereof  the  lefler  is  greater  than  i,  is  the  Difference  of  fbme  two 
Squares,  whofe  Roots  are  found  as  in  the  firit  Corollary.. 

6th.  If  we  take  the  natural  Series,,  i  .  a  .  3  .  &c, 
to  any  Number  of  Terms,  and  under  it  fet  the  Se- 
ries of  odd  Numbers,  1.3.5  .  &c.  in  a  reverie 
Order  J  then  multiply  each  Term  of  the  one  into 
the  correfponding  of  the  other  ;  the  Sum  of  thefe 
Produ£ls  IS  equal  to  the  Sum  of  the  Squares  ot  all 
thefe  Terms  of  the  Series,,  1.2.3.  &c. 
ScHOL.  That  neither  1.2,  Or  4,  can  be  the  Difference  of  any  two  Squares,  may 
be  eaiily  /hewn  otherwife  5  thus,  «*  and  n-\-i^  C=»*+2»-j-i)  differ  by  2«-f-i,  which, 
it's  plain,  can  neither  be  r  .  z,  nor  4  ;  and  the  leaft  it  can  be,  is  3,  viz-  when  »=r. 
If  we  take  two  Roots  differing  more  than  i,  as  n,  «+<i>  their  Squares  differ  by 
znd-\-M  j  which,  it's  manifeft,  exceeds  4  5  for  dd  is  here,  at  lealt,  4  j  <i  being 
greater  than  i. 

A  particular  Ufe  and  Application  of  fome  of  thefe  CorQUaries-  you'll  find  after- 
wards. J  At  -.'.VMy:.-." 

Theorem    X. 
Take  the  Series  of  Triangles,  i  .  3  .  <J  .  10  .  &c.    Then  take  the  Sum  of  every- two  . 
adjacent  Terms  continuedly,  thus,  1-I-3,  3+if,  &c.     The  Sums   are  the  Scries  of 
Squares  of  the  natural  Progreflion  after  i  j  as  in  the  Margin. 

Demon.    This  follows  from  the  laft^ 


I.    2.    5.    4.    5.  (J 

II    .    9  .    7  .    5   .    3   .  I 

ii-|-i8-f-ii-f--o-f-r5-f-  6= 

5)1. 


1.2.5.    4  .     5  .     6  Nat.  Series 
I.  3.  tf.  10.  15.  21  'Triangle 
I  .  4  .  9  .  i(J  .  25  .  3(J  Squares 


compared  with  Cor.  i.  Tbeoi'.  II.  For 
the  Sums  of  the  Series,  r  .  3  .  j  .  &c. 
are  the  Squares  of  the  natural  Series, 
r  .  2  .  3  .  &c.  by  the  laft,  and  by  Cor.  1. 

Theor.  II.  the  Sum  of  every  two  adjacent  Triangles  is  the  Term  of  the  Quadrangles 

(or  Squares  j  collateral  with  the  greater  of  thefe  Triangles. 

But  I  fliall  alfo  dempnftrate  this  Theorei}z  otherwife  5  thus.  Triangles  are  the  Sums 

of  the  natural  Scries,  r  .  2  .  3  .  &c.  the  Sums  of  which,  to  «,  and  n-\-i  Terms,  are 

^InL,   and  ^^^Zrifltl.,  which  are  therefore  the  two  adjacent  Triangles  in  the  n  and 

a  2 

p^i  Places  J   but  their  Sum  is  i^il±^^=»«+2«+i=i;=Pi'. 


H  EO- 
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Theorem  XI. 
Some  Triangles  are  alfo  Squares  :  And  if  beginning  with  the  Numbers,  2  ;  5, 
you  make  another  Couplet  out  of  them,  thus.  Take  the  Sum  of  thefe  two  for 
one  Term  (viz.  2-f"5=^5 )  t^^"  'o  t^'^t  Sum  add  the  lefler  Term  of  the  fame 
Couplet  (viz.  2.)  and  make  this  Sum  (5-j-i=7)  the  other  Term  :  Then  out  of  this 
laft  Couplet,  5  :  7,  make  another  Couplet  in  the  fame  Manner  as  before  ;  which  will 
be  12  :  17  (viz.  5-}-7=i2,  and  12+5=17.)  And  goon  in  this  Manner  for  ever. 
Again,  Take  the  Squares  of  both  Terms  of  each  of  thefe  Couplets  ;  the  Produfls  of 
the  Squares  of  the  two  Terms  of  every  Couplet,  are  all  Numbers  which  arc  both 
Squares  and  Triangles :  As  in  the  following  Scheme  ;  where  56  is  a  Square,  whofe 
Root  is  (J  3  and  it  is  a  Triangle,  the  Sum  of  the  ill  8  Terms  of  the  natural  Series. 


2     :     3. 

5     =        7, 

12      :        17,     &c 

Squares 

4     :     9, 

i?      :     49, 

144      :      285,     &c. 

"Produ^s 

',6         . 

1225 

4.1616     .       &c 

Demon.  1°.  The  Numbers  here  produced  are  Squares  j  becaufe  they  are  the  Pro- 
dufts  of  two  Squares  CHeor.  S".  III.    Chi.) 

a".  They  are  alfo  Triangles,  or  the  Sums  of  the  natural  Series  to  a  certain  Number 
of  Terms  j  which  I  prove  by  thefe  Steps. 

(i.)  If  any  two  Numbers,  a,  b,  are  fuch,  that  l=xa-]~i,  or  %a — r  ;  then  is  ab 
the  Sum- of  the  natural  Series,  from  i  to  la,  in  the  Cafe  of^^i/r-f-r  ;  or  from  r  to 
^,  if  ^=2^ — I  :  For  if  ^=;rt+i,  then  are  za,  and  b,  two  adjacent  Terras  in  the  na- 
tural Scries  •  and  the  Sum  of  the  Series  to  la,  is  ab  ;  becaufe  b=i.a-\-i  the  Sum  of 
Extremes,  and  ^  is  the  Half  of  1^,  the  Number  of  Terms :  Again,  If  b=za — i, 
then  alfo  are  b,  la,  two  adjacent  Terms  in  the  natural  Series,  and  the  Sum  to  b  is 
iib  j  for  la  is  the  Sum  of  the  Extremes,  whofe  Half,  a,  multiplied  into  the  Num- 
ber of  Terms,  b,  gives  the  Sum  :  What  remains  to  be  fliewn  is,  that  the  Squares  of  each 
Couplet  (as  4:9,  or  25  :  49)  are  fuch  Numbers  as  a,  b  are  here  fuppofcd  to  be  j 
which  is  made  out  thus  ; 

(2.)  If  any  two  Numbers,  ^,  b,  (which  now  reprefcnt  any  of  the  Couplets  of  the 
firfl:  Line)  are  luch,  that  zan-\-L  is  =bb  j  then  let  a.,  b,  again  reprefcnt  the  next 
Couplet  -y  and  here  it  will  be  zaa — r  "^-bb  :  Or,  if  it  was  zaa — i  =bb  in  the  former, 
it  will  be  z/!r.-j-i  =bb  in  this.  Which  I  thus  demonftrate  :  The  Terms  of  one  Coup- 
let being  called  a,  b  ;  the  Terms  of  the  next,  made  out  of  the  former  according  to 
the  Propofition,  arcj-f-i',  and  za-\-b  j  and  I  f;iy,  that  zXa-]^'j' — r,  or  2  x  ^-)-/;^-f-£ 
is  =  2i7-f-^*;  according  as  zaa-^-i,  or  zaa — i  ii  =bb  in  the  former  Couplet:  For 
2  X  r.-{-b' — I  =zaa-\-4.ab-\-zbb — i  =6aa-\~^ab-{-i  (by  fubftituting  2aa-\-i  for  bb) 
^\£o  za-\-b''^='iiraa-\-£,c.b-\-bb  =6aa-\-^ab-\-i  (by  the  fame  Subftitution.)  Hence  it 
is  plain,  that  2  x  a-\-b' — 1=2^2+^".  Again,  2  x  a-\-b'-]ri  =  zaa-\-xab-\-zbb-\-i 
=  6aa-\-4.ab — i  (by  fubflitutmg  zaa — i  for  bb)  and  za-\-V  ==  4.aa-\-4.ab-]-bb 
=  6aa-]-4^b — i  (by  the  fame  Subflitution)  whence  2Xrt-|-^^+i  =  za-]-b'. 

(5.)  The  ill  Couplet,  2,  ;,  is  fuch,  that  putting  z=ti  and  '~.=b,  then  is  laa-^i 
=W  :  And  therefore  in  the  next  it  is  zaa — i  =bb  ;  and  fo  on  alternately,  by  what's 
fhewn  in  the  laft  Step. 

Zaftly,  From  all  thefe  Premifes  it  follows,  That  the  Produfl  of  the  Squares  of 
each  Couplet  is  a  Triangle  ;  for  by  the  firft  Step  it  is  (licwn,  That  if  2.'T+r,  or  za — r 

is 
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is  =^,  then  is  a!;  a  Triangle.  Or,  which  is  the  fame  Thing,  fubftitute  aa,  bb,  for 
a,b ;  and  fince  it  is  every  where  zaa~\~i,or  zaa — i.=bb  (by  the  zd  and  3d  Steps)  there- 
fore aa^bb  is  a  Triangle  (by  the  ift  Step.) 

ScHOL.  As  the  Truth  contained  in  this  Theorem  is  a  plain  and  direfl  Solution  of 
this  Problem,  viz.  To  Jifid  ci  Sjuare  Number,  ivhkh  is  alfo  the  Sum  of  a  certain 
Number  of  renm  of  the  natural  Series  1.2.  5  .  &c.  So  we  have  here  alfo  learned 
the  Solutions  of  the  following  Problems. 

CoROLL.  I.  CTroblem)  To  find  a  Number  of  Terms,  to  which  if  the  natural  Series  is 
carried,  the  Sum  is  a  Square  Number. 

Rule.  Take  any  of  the  Couplets  of  Squares  of  the  preceding  Scheme,  as  4  :  9,  or 
25  :  49.  Double  the  lefler  Square,  and  if  this  Double  is  lefs  than  the  other  Square,  it  is 
the  Number  fought;  but  if  it's  greater,  then  the  other  Square  is  the  Number 
fought.  Thus,  8  (=1X4)  is  fuch  a  Number  as  is  required,  becaufe  8  is  lefs  than  9 : 
Agiin,  49  is  fuch  a  Number,  becaufe  50  (=2X2 5)  is  greater  than  49  ;  and  foon  through 
all  thefc  Couplets,  double  of  the  lefler  Square,  and  the  greater  Square,  are  alternately 
Solutions  of  this  Problem. 

The  Reafon  of  this  Rule  is  plainly  contained  in  the  Demonftration  of  the  preceding 
Theorem  ;  for  it's  Ihewn  that  the  Produ£l  of  any  of  thefe  Couplets  of  Squares,  as 
ci'-^b^,  is  a  Triangle,  or  the  Sum  of  a  certain  Number  of  Terms  of  the  natural 
Series ;  which  was  deduced  from  the  Suppofition  that  b''=-iXa^-\-\,  or  i^a^ — i  ; 
whereby  it's  plain,  that  b^  and  za^  differ  by  i,  and  confequently  fland  next  together 
m  the  natural  Series,  za^  being  lefs  than  b""  in  the  firft  Cafe,  but  greater  in  the  other  ; 
whence  the  Sum  of  the  Series  to  ia^  Terms  in  the  one  Cafe,  and  to  b^  Terms  in  the 
other,  is,  by  the  Rules  of  Progreflion,  a^i^b'^. 

CoROLL.  2.  {Trtbl.)  To  find  two  Squares  (or  two  Numbers  whole  Squares  are) 
fuch,  that  the  greater  Square,   and  the  double  of  the  lefler,  differ  by  i. 

Rule.  The  Solution  and  Reafon  of  this  Problem  is  plainly  contained  in  the  Theo- 
rem ;  for  the  feveral  Couplets  of  Squares  (or  their  Roots)  whofe  Produfls  are  both 
Squares  and  Triangles,  folve  this  Problem,  becaufe  it's  /hewn,  that  a'">'.b''  is  a  Tri- 
angle,  for  this  very  Reafon,  that  irta-\-i,  or  laa — i  is  =-b^. 

CoROLL.  5.  {\Probl.)  To  find  a  Number,  which  added  to  its  Square,  the  half  Sum 
is  alfo  a  Square. 

Rule.  Any  Number  which  folves  the  Problem  in  Cor.  i.  folves  this  alfo  ;  for  there 
it  is  fiiewn,  that  if  «*x^^  is  a  Triangle,  it's  the  Sum  of  za^  Terms  of  the  natural  Se- 
ries, fuppofing  ^"=2Xrt^-)-i  J  or_  the  Sum  of  b'^  Terms,  if  b'^^=za^ — i  ;  but  the  Sum 

of  the  natural  Series  carried  to  any  Number,  as  n  Terms,  is  — It-,  which  in  the  prc- 
fent  Cafe  is  alfo  a  Square- 

(J  3.  Of  Prifmatick  Numbers  (fee  the  Tables  after  the  9th  Defin.  §  1.) 

Theorem    XII. 
T""  H  E  Collaterals  in  any  Place,  of  any  the  fame  Degree  and  Order  of  Prifmaticks, 
•*■    are  in  Arithmetical  Progreflion. 

Demon.  1°.  It's  fb  in  the  Collaterals  of  every  Degree  of  the  ift  Order,  becaufe 
they  are,  by  the  Conftriii^lion,  Products  of  the  Collaterals  of  the  fame  Place  of  the  ift 
Order  ot  Polygonals,  multiplied  by  fuch  a  Power  ot  the  Side  or  I'lace  whofe  Index  is 
the  Degree  of  the  Prifmaticks.  But  the  Collateral  Polygons  are  in  Arithmetical  Pro- 
greflion ;   and  any  fuch  Progreflion  being  equally  multiplied,  the  Produfts  are  alfo 

1°.  Since 


Chap.  11. 
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4'5 

i'.  since  the  Collaterals  of  the  ift  Order  are  -^/,   it  follows  from  Lemma  i.  that 
it  is  fo  in  all  the  Orders  of  Sums  proceeding  from  each  of  thefe  Degrees. 

Theorem  XIII. 
The  Prifmatick  in  any  Place  of  the  ift,  or  Triangular  Species,  and  ift  Order  of  any 
Degree,  is  equal  to  the  half  Sum  of  thefe  two  Powers  of  the  given  Side  or  Place,  whofe 
Indexes  are  the  given  Degree  -j-i,  and-f-z  j  thus  in  the  8th  Place  of  the  3d  Degree, 
it  is  the  f  Sum  of  the  4th  and  5  th  Powers  of  8. 

Demon.  Let  «  be  the  Side  or  Place 
of  any  Triangle,    and  the  Triangle  it 

fcif  is  'll'h'  J  alfo  by  the  Conftrufti- 


3 


10     'Triangles 


6  .    18  .      40  ^  Triangular 
12  .     54  .     160  (  'Prifmaticks 
24  .  i(J2  .    6j^oioftheifiOr- 
4th  I  .  48  .  485  .  2560  ;  der. 


on  of  the  Prifmaticks,  that  in  the  » 
Place  of  the  ift  Degree,  and  ift  Order 

In  the  n  Place, 


,s  1!l±!ly^n=^±!L 


id  Degree  and  ift  Order,  it  is  _"iI_x»=^X^  .  and  fo  on.     Univerfall}\  in  the  » 

2  2 


Place  of  the  ift  Order  and  m  Degree  it  is  ISjJL 
the  annex'd  Scheme. 


m+i 


Of  which  take  Examples  in 
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Theorem  XIV. 
Take  the  Series  of  Piilnaricks  of  the  ift  Order  of  any  Species,  and  any  Degree,  to 
any  Number  of  Tirms ;  alfo,  laic  the  Scries  of  Triangulars  of  any  Order  [numbering 
from  the  Series  of  Units]  to  tlie  lanie  Number  of  Terms  j  place  this  Series  under  the 
other,  in  a  reverfc  Order,  and  multiply  the  correfponding  Terms  together,  the  Sum 
of  the  Produfts  is  the  Prifmatick  of  the  given  Species  and  Degree,  which  ftands  in  the 
Place  exprefled  by  the  given  Number  of  Terms,  and  of  the  Order  exprefled  by  i 
more  than  the  given  Order  of  Triangulars ;  or  it  is  the  Sum  of  the  Series  of  Prifmaticks 
of  the  given  Species,  Degree  and  Number  of  Terms,  and  of  the  fame  Order  as  that 
of  the  Triangulars. 

Example.  The  Prifmaticks  of  the  ift  Order,  zA  Degree,  ift 
Species,  to  3  Terms,  are  i,  12,  54;  the  Triangulars  of  the 
9d  Order  ('from  Units,  which  is  the  Order  of  fimple  Triangles^ 
are  1  .  5  .  tf  j  and  thefe  multiplied  reverfely  into  the  other, 
produce  <)6,  the  3d  Term  of  the  Prifmaticks  of  the  ift  Species, 
2d  Degree  and  4th  Order,  as  you'll  find  by  carrying  on  the 
Sums;  for  thefe  of  the  ift  Order  being  i  .  12  .  54,  of  the  2d  Order  they  are  i  :  13  : 
tfy  ;  of  the  3d,    I  .  14  .  81  ;  and  of  the  4th,    i  .  15  .  96. 

Demon.  The  Reafon  of  this  is  the  fame,  as  what  has  been  explained  in  Scholium 
to  'Probl.  I.  for  finding  the  Polygonal  in  any  Place  of  any  Species,  and  any  Order  after 
the  ift ;  as  you'll  eafily  perceive  by  fuppofing  the  Exprefllons  there  aflumed,  viz: 
I  .  a  .  b  .  c  .  d,  &c.  to  reprefent  the  Series  of  Prifmaticks  of  the  ift  OrJer  of  any  Spe- 
cies and  Degree ;  for  fince  the  different  Orders  are  the  continual  Sums  of  the  prece- 
ding in  Prifmaticks,  the  fame  way  as  in  Polygonals,  the  Conclulion  muft  be  the 
fame  too. 


54 

I 


<5-f-3(J+54=9<J 
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Theorem     XV. 

The  Difference  in  any  Column  of  Collateral  Prilmaticks  of  the  ifl  Order,  and  of 
any  Degree,  is  equal  to  the  Produft  of  the  precedent  Triangle  by  fuch  a  Power  of  the 
Side  of  the  given  Collaterals,  whofe  Index  is  the  given  Degree  of  the  Prifmaticks.  Or 
alfo,  it  is  equal  to  the  half  Difference  of  thefe  two  Powers  of  the  Number  expreffing 
the  given  Place,  whofe  Indexes  are  the  given  Degree  more  i  and  more  z. 

h^ain.  The  common  Difference  in  the  Collateral  Prifmaticks  in  the  8th  Place,  ift 
Order  and  4th  Degree,  is  equal  either,  i°.  To  the  Prod uft  of  the  7th  Triangle  mul- 
tiplied by  the  4th  Power  of  8.  Or,  2".  To  the  half  Difference  of  the  5th  and  <fth 
Powers  of  the  Number  8. 

Demon.  1°.  The  Difference  in  any  Column  of  Collateral  Polygons,  is  the  prece- 
dent Triangle  {jtheor.  II.}  and  the  corrcfponding  Collateral  Prifmaticks  of  the  ill 
Order,  and  of  any  Degree,  are  the  Produfts  of  thefe  Collateral  Polygons,  by  fuch  a 
Power  of  the  Side  or  Place,  whofe  Index  is  the  Degree  of  the  Prifmaticks  (by  the 
Conftruflion  of  Prifmaticks.)  Hence  the  Difference  in  thefe  laft  Collaterals  muft  be 
the  Produifl  of  the  Difference  in  the  former  {viz.  of  the  precedent  Triangle  j  by  the 
fame  Multiplier. 

2°.  For  the  2d  Part,  fince  by  the  1 3th  H'heorem,  the  PriHuatick  in  the  n  Place  of 

the  I  ft  Species  and  i  ft  Order  of  the  m  Degree  is — -IT ,  and  that  in  the  n  Place 

2 

of  the  2d  Species  is  «"'+^,  Ilibftrafting  the  former  from  this,   the  Difference  is  «"+* 

2  2  2 

CoROLL.  The  Prifmatick  in  any  Place  of  the  ift  Species,  and  rft  Order,  of  any  De- 
gree, is  an  Arithmetical  Mean  betwixt  thefe  in  the  fame  Place  of  the  id  Species  and 
ift  Order,  of  the  fame  and  the  preceding  Degrees  5  for  as  that  in  the  given  Degree  is 
«"+%  fo  that  in  the  preceding,  ox  m — i  Degree,  is  «"'"•'+*=/;"'+',  and  the  half  Dif- 
ference of  thefe  is  the  Difference  betwixt  any  one  of  them  and  their  Arithmetical 
Mean. 

Theorem     XVI. 

Take  any  Term  of  the  Triangulars  of  any  Order  [numbered  from  the  fimple  Tri- 
angles I  .  5  .  (J .  £f?c.]  and  the  Collateral  Terms  of  the  fame  Order,  of  the  ift,  or  Tri- 
angular Species,  of  as  many  Degrees  as  you  pleafe,  from  the  ift  fucceflively  of  Prifma- 
ticks 5  place  thefe  orderly  in  a  Series ;  and  under  them  fet  the  Series  of  the  Coefficients 
belonging  to  that  Power  of  a  Binomial  Root,  whofe  Index  is  the  laft  Degree  taken  of 
the  Prifmaticks  j  multiply  the  corrcfponding  Terms  of  thefe  two  Series  together  5  the 
Sum  of  the  Produft*  is  the  common  Difference  in  the  Column  of  Collateral  Prifma- 
ticks of  the  next  higher  Place  of  the  fame  Order,  and  laft  Degree  taken  in  the  Prif- 
maticks. 

Exam.  The  Triangular  in  the  jd  Place  and  2d  Order  is  10  {viz.  i+S+<»)  Alfo 
the  Prifmaticks  in  the  ^d  Place,  2d  Order,  ift  Species,  and  of  the  rft,  2d,  and  5d  De- 
grees, arc  25,  (J7,  187.     Again,    the  Coefficients  of 


10  .  25  .    61  .  187 
1.3.       3  .       I 

10+75+101  +  187=473 


the  5d  Power,  are  i  .  3  .  3  .  i  5  which  multiplied 
into  the  former  produce  473,  the  common  Difference 
in  the  Collateral  Prifmaticks  of  the  4th  Place,  2d 
Order  and  5d  Degree  ;  as  you'll  prove  by  carrying 
on  the  Tables  of  Prifinaticks  to  the  5d  Degree  and  id 
Order. 

Demon. 
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Demon.  1".  The  common  Difference  in  any  Column,  as  that  In  the  n  Place  of 
Collateral  Prifmaticks,  i ft  Degree  and  i  ft  Order,  is  equal  to  the  Produfl:  of  the  pre- 
ceding Triangle  multiplied  by  («)  the  Side  of  the  Collateral  Prifmaticks  (by  Theor. 
XV.)  But  that  precedent  Triangle  multiplied  by  «— i  produces  the  precedent,  or 
js—i  Prifmatick,  ift  Species,  ift  Order,  and  ift  Degree;  alfo  if  that  precedent  Tri- 
angle, a,  is  added  to  it's  Produft  by /;— i  {i.e.  to  the  precedent  Prifmatick  ift  Spe- 
cies) the  Sum  is  the  Product  of  that  precedent  Triangle  by  «  ;  or,  it  is  the  Diflference 
in  thefe  Collateral  Prifinaticks. 

1°.  Let  the  Triangle  in  the  »  Place  be  called  a,  and  the  fcveral  Prifmaticks  in  the 
n  Place  of  the  ift  Species,  ift  Order,  of  the  fcveral  Degrees  from  the  ift,  be  ^,  c,  d, 
i^c.  then  by  the  Conftruftion  it  will  be  l?=:aa.  c=tib.  d=nc,  &c.  Now  the  Difference 
in  the  «+i  Column  of  Collateral  Prifmaticks,  ift  Order,  ift  Degree,  being  a-\-b  (by 
the  ift  Article)  the  Difference  in  the  «-|-i  Column  of  the  2d  Degree,  is  the  Produft  of 
the  laft  Difference  C-^b,  by  the  Side  ;;-}-i  [becaufe  the  Terms  of  this  Column  arc 
Products  of  «+i  by  the  Terms  of  that  Column  in  the  ift  Degree,  whofe  common  Dif- 
ference is  tf+>]  i.  e.  it  is  a+l>Xtt-\-a-fh=»a-{-;'ib-\-a-\-l> ;   but  fia=l;,  and  f!l)=c  j 

therefore  it  is  =a-{-ib-\-c.  Again,  the 
Difference  in  the  »-}-i  Place  of  the  3d  De- 
gree is  the  Produff  of  the  laft  Difference  by 
n-j-i,  which  is  a-^ib-{-iy-!i-{-^'-^ib-}-i:= 
ati-\-i>ib-\-iic-\-a-\-zli-\-c^=a-\-^.,h-\-'',r-\-d, 
and  f"o  on,  as  you  fee  ordered  in  the  annex'd 
Scheme  ;  the  Manner  of  continuing  which, 
/hews  plainly  the  Truth  of  the  Theorem  j 
for  the  Numbers  multiplying  a,  b,  c,  d,  &c. 
in  the  feveral  Differences,  are  evidently  the 
C-oefficients  of  the  Powers,  whofe  Indexes  exprefs  the  Degrees  of  the  Prifmaticks;  fo  in 
the  ill^,  a,  b,  are  multiplied  by  i,  r,  the  Coefficients  of  the  Root  or  ift  Power  of  a 
Binomial.  In  the ^ 2d  Degree,  a,  b,  c,  are  multiplied  by  i,  2,  i,  the  Coefficients  of 
the  2d  Power.  In  the  jd  Degree,  a,  b,  c,  d  are  multiplied  by  i,  ;,  ;,  i,  the  Coeffi- 
cients of  the  3d  Power  j 


a 

a 

a 

a 

b+ua 

2.b-^na 

■}b-\-Ha 

^b 

,    «b 

c-\-iub 

■ic+7,nb 

6c  &c. 

, 

fJC 

d-\-'^nc 

¥i 

• 

■ 

.       nd 

e 

ift             ;d 

5d               4th 

Conftruftion. 


and  fo  it's  plain  they  muft  go  on  for  ever,   by  the  Order  of 


5".  That  the  fame  Thing  muft 


be  true  in  the  ;d  and  all  the  following  Orders  of 
any  Degree  of  Prifmaticks,  Is  evident  from  the  (.'onftruftion  of  thefe  Orders,  wo.  from 
their  bemg  the  Sums  of  the  preceding  ;  with  this  Conflderation,  that  the  Difference  in 
the  Collaterals  of  any  Order  is  the  Sum  of  the  Differences  in  all  the  Collateral  Columns 
of  the  preceding  Order  from  the  correfponding  one  backwards. 

ScHOL.  Befides  the  Method  of  finding  the  Difference  in  any  Column  of  Collaterals, 
contained  in  this  Theorem,  there  is  another  Method  deducible  from  77;'eorcffz  XIV, 
which  is  this:  Inftead  of  the  Series  of  Prifmaticks  of  any  Degree,  ift  Species  and  ift 
Order,  take  the  Series  of  Differences  in  the  fever;d  Columns  of  the  ift  Order  ot  any 
Degree,  and  multiply  them  by  the  Series  of  Triangulars  mentioned  in  that  Theorem, 
and  in  the  Manner  there  explained ;  the  Sum  of  the  Produfls  is  the  Difference  fought : 
The  Reafon  of  which  is  the  fame  as  that  for  finding  the  Prifmatick  of  that  Degree,  Or- 
der and  Place  ;  becaufe  the  Difference  in  any  Column  is  the  Sum  of  all  the  Differences 
of  the  Columns  of  the  preceding  Order  from  the  correfponding  Place  backwards,  and 
therefore  have  the  fame  Connexion  and  Dependence  as  the  Priflnatick  Numbers  thcm- 
felves  ;  fb  that  the  fame  Uemonftration  may  be  apply'd  to  this  Cafe,  only  the  firft  Diffe- 
rence being  0,  we  are  to  keep  out  the  i,  which  is  the  ift  Term  in  that  Demonftration, 

H  h  h  and 
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*nd  make  A,  l>,  C,  &(.  ttepj efcnt  the  feveral  Differences  ia  the  preceding  Order  j  and 
then  i;he  Demonftration  will  be  in  all  refpefts  the  fame. 

COROLLARIES. 
I.  The  Difference  in  any  Column  of  Collateral  Prifms  (or  Prifmaticks,  ift  Degree, 
ift  Order)  is,  the  Produft  of  its  Side  into  the  preceding  Triangle  5  for  that-  Side  being 
«,  and  tlie  preceding  Triangle  a,  the  preceding  Prifm  is  « — iX^,  and  the  Difference 

in  the  Collateral  Prifms  of  the  a  Place,  is,by  this  Thsgirejn,,0-}-«.T-iXas?^-f/!ri— /t=«^. 
"Whence  again,  -'    ''"     '  '       ■■'-■..''  ■'      ■ 

1.  It  to  the  Triangular  Prifm  in  any  Phce  be  added  the  Prodnf^  of  thefe  5  Numbers, 
p/s.^  the  preceding  Triangle,  the  Side  of  the  given  Prifm,  and  the  Diitance  of  any  of 
its  Collaterals,  tht  Sum  is  the  Collateral  Prifm  at  that  Diftance. 

Theorem    XVIf. 

If  to  any  Triangular  Prifm  be  added  double  of  its  Collateral  Triangle,  the  Sum  is 
equal  to  3  times  the  Collateral  Triangular  Pyramid. 

E:ia?M.  The  4th  Triangular  Prifm  is  40  5  the  4th  Triangle  is  10,  whofe  Double  is 
20  5  then  4o-}-io=(Jo=3X2o,  and  20  is  the  4th  Triangular  Pyramid.  Take  other 
Examples  out  of  the  a^pex'd  Table. 

Demon.  The  Triangle  in  the   n  Place  is 
'Triangles     1.3.    (J  .  10  .  15         nn-\-n  ^r    •    •  »u    c        r    t-  r.u 

pyramids,    i  .  4  .  10  .  zo  .  35  — ^^  '^^"'^  "  ''  '^^  5"™  ^*^*  ^^""'  °^'^^  "*" 

'Prifms         I.  (J.  18.  40.  75     \    t^ral     Progrefiion,)     and    the    correfpondent 

Prifra  is  ''""~r"''^   to   which  add  double  the  Triangle,  via.    ««+«,  the  Sum  is 
''"'"+"''^u^+;,.  ^f>»n+»»~\-iH»-^f,_M,>»-^^,>w+zn     j^    -^  ,jjg Triangular  Py- 

Z  Z  2t 

ramidinthe  «  Place  is,  by  Problem  ift,  ix^x'!±lx'l±^^"""±''"'"^",  Triple  of 

125  <s 

which  is  equal  to  «"»+V'»+^» 

CoROLL.  Hence  we  have  a  particular  Rule  for  finding  the  Sum  of  the  Series  of  Tri-i 
angles,  /.  e.  any  Term  of  the  Series  of  Triangular  Pyramids,   which  is  this  j  Take  the 
third  Part  of  the  Sum  of  the  correfponding "Triangular  Prifm,  and  double  the  Tri- 
angle, it  is  the  Sum  fought. 

Theorem    XVIII. 

If  to  any  Triangular  Prifm  be  added  its  correfponding  Triangle,  the  Sum  is  equal 
to  the  Sum  of  the  Collateral  Triangular  Pyramid,  and  Square  Pyramid. 

Exar/i.  40  is  the  4th  Triangular  Prifm,  to  which  add  10,  the  4th  Triangle  3  the  Sum 
is  50=30+40,  the  4th  Square  and  Triangular  Pyramid. 

Demon.  The  «  Triangular  Prifm  is^  '  ^■■. 
to  which  add  — ■t^^  the  «  Triangle  3  the 
Sum  is  'Oli^Lii^.     Again,  the  n  Triangu- 


Triangks  i  •  3  •     <>  .  10 

Squares  1.4.     9  .  i5 

Tr.Tyrarn.  i  .  4  .  10  .  ao  ^c 

Sq.  'Pyram.  i  .  5  .  14  .  30 

"Tr.  'Prifms  i  .  tf  .  18  .  40 


lar  Pyramid  is.  IX  .Ix-l+i  x  ^  ;=  iiliilillbi^,  and  the  »  Square  Pyramid  is 


I         2 


2»' 
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i£±5^!±J'  (asyoafeein;>JfcHJ^r<»^/."0  the  Sum' ot  ihefc  two  is  !!i!±l£±15 
■TT-f   r  ^^  TT^'^  by  dividing  Numcratotand  Denominator  both  by  3. 

GoROLL.  Hehce  may  be  deduced  a  particular  Rule  for  finding  the  Sum  of  the  Series 
of  Squares  i,  4,  5>,  £r?f.  i.  e.  for  finding  atiy  Square  Pyramid  (or  Polygonal  of  the  id 
Species  and  sd  Order  from  tbc  Squares.}  fZlwif  find  the  correfponding  Triangular 
Pyramid  (by  the  particular  Rule  explained  in  the  Corcll.  of  kft  Tbearem)  an  i  fub- 
ilraift  this  from  the  Sum  of  the  correfponding  Triangle  and  its  Prifm  5  the  Difference 
is  the  Number  fought. 

Scholium. 
As  the  particular  Rules  contained  in  the  Cor6!laries  to  this  and  the  preceding 
'Theoreri?,  for  finding  the  Sum  of  Triangles  and  Squares,  depend  immediately  upon 
thefe  Theorems,  fb  they  fuppofc  the  Truth  of  Ibme  other  Rules  for  finding  the  fame 
Numbers;  which  Rules  are  ufed  in  the  Detnonftration  of  thefe  Theoreihs  j  and  there- 
fore to  have  thefe  Rules  demonllrated  independently  of  other  Rules  for  the  fame  Pro- 
blems, thefe  Theorems  mull  be  demotUtrated  another  way  ;  but  what  I  dcfign  here  is 
only  to  obferve,  That  aunoi^  the  antient  Writers  there  is  no  fuch  Thing  as  a  general 
Rule  for  all  the  Orders  and  Species  of  Polygonal  5SIumbers  5  they  have  only  thefe  two 

Particular  Rules  for  Triangles  and  Squares,  and  thefe  they  deduce  from  the  fame  two 
'heorems, .  which  they  demonftrate  from  the  Contemplation  of  the  Schemes  or  Figures 
into  which  the  Numbers  are  difpofed  ;  as  they  have  been  already  explained  in  the 
Definitions,  and  which  1  Ihall  here  reprefent  in  the  Manner  they  are  formed,  to  make 
out  thefe  Demonftrations. 


T'riafigk 


.For,  ^peormXYf.L 


r 


■:: 


SPrz/Ji 


'^ 


'  -I'v:  Lfu  I 


In  the  ift  Part  of  this  Scheme  you 
have  the  Triangle  6  taken  twice,  with 
its  Prifm  18  ;  ^he  lower  Triangle  in 
its  Prifm  with  rh,e  Parts  cut  off  from 
the  upper,  lying  towards  the  left  Hand, 
do  plainly  make  the  Collateral  Trian- 
gular Pyramids;  and  the  remaining 
Units  on  the  right,  with  the  two  upper 
Tmngles  added,  make  two  Pyramids, 
each  equal  to  the  former;  as  the  id 
Part  of  the  Schcme_fhcws,  in  which 
the  fame  Lines  of  Points  are  only  dit 
pofed  in  another  Form. 


1    fft'sfttllRJlT'    :n  ?'^n«f,    .,f{| 


-,    3. 


^..-f-  - 


-L^  i>nfi,_.IU:___  on  y>o, ::    ' 
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In  the  I  ft  Part  of  this  Scheme  you 
have  the  Triangle  6,  and  its  Prifm  i8  j 
the  lower  Triangle  of  which,  with  the 
Points  cut  from  the  left  Hand  of  the 
two  upper,  make  the  Collateral  Pyra- 
mid ;  and  the  remaining  Points,  with 
the  Triangle  added,  make  the  Colla- 
teral Square  Pyramid,  as  the  ad  Part  of 
the  Scheme  Jhcws. 


Theorem    XIX.     .       ^  „  ,     „        . , 

The  Series  of  Triangular  Prifrns  is  the  fame  as  the  Series  of  Pentangular  Pyramids, 
as  in  the  annex'd  Schem^y^^^j^  ._,  -r^, ;,),..!  I    >  ^    i 

' ''  „■ . ,  .•  ..y  V  ""i'  '■'? .  4  '^  «^^^"  "^''^  ^  •  +  •  '^  • '° 

^^     ./.-  I      ,'     6  .10        'Pentagons  i  .  5  ■  i^  •  " 

%'^tpt  t:l':'x8-4o        pyramids  i  .  6  .  .^  .  ,0 

Demow.  That  thofe  twoSeries  will  continue  to  be  the  fame  for  ever    I  thu.  H^ew  : 
TheTriangular  P.fm.i^'tl^  n  Plac  is  ^-^l-     Again,  the  Pentagonal  Pyramid  m  the 

„P,ace.istl.Sumoft^«Trj.^^ 

gular  Pyramid  multiplied  by  2,  the  Diltance  01         ^    «+i   »+z_«M-3«S:^   a„d 

T/peor.  no     But  tke  a  Triangular  Pyramid  is  i  X_X- p  ^ 

-n::!!  vff7  '';;.■      ^a—i  v  «  v  "+^="'11!',    which  multiplied    by 

riib:B.-rn«Txiangular  I^ytamidK,iX^-X-x--        ^    . 

i- t^dafcese  H::i:Hr.^iM^  aad the.fo.4ner.  ..^.  ^-^V^ ' '^"  ^  ^ 

annex'd  Scheme.  Demon.  The  Sums  of  the  ift  Se- 


NaturalTrogefioit 

Triaagks 

'Their  Squares 
S  Their  Differences       •■  ■  -  •  -/  -.  - 
i  which  are  the  Cubes  of  the  ijl  Sertes 


1.2.3.     4 
1.3.    6  .   ioj^^_ 
I  .  9  .  jtf  •  100 

I  .  8  .  s7  •   H 


ries  taken  to  «-i,  and  «  Terms,   are 
^^'and-'t-'*;  and  the  Squares  of 

thefe  are ,  *"<^ ^         » 

whofe 
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whofe  Difference  is  plainly— =«'.     Now,  fince  « — i,  »,  may  be  any  two  adjacent 

4 
Terms  of  the  natural  Progreffion,  the  univerfal  Truth  of  what  is  propofed  is  dcmon- 
ftratcd. 

COROLLARIES. 

1.  As  every  Cube  Number  is  the  Difference  of  fome  two  Squares,  (viz.  whofe  Roots 
are  the  Sum  of  a  Number  of  Terms  of  the  natural  Series,  equal  to  the  Root  of  the  gi- 
ven Cube,  and  the  next  leffer  Sum)  fo  were  it  required  to  find  two  Squares,  whofe 
Difference  fhall  be  fome  Cube  Number,  .which  is  neither  known  nor  affumed,  we 
have  here  a  plain  Rule  for  it  ;  and  obferve,  that  I  fuppofe  the  Difference  neither 
known  nor  affumed,  to  make  this  Problem  different  from  another,  which  you'll  find 
afterwards,  wherein  two  Squares  are  found,   whofe  Difference  is  any  given  Number. 

2.  The  Sum  of  the  Cubes  of  the  natural  Series  1.2.3.  ^c.  to  any  Number  of 
Terms,  is  equal  to  the  Square  of  the  Sum  of  the  fame  Series  taken  to  the  fame  Num- 
ber of  Terms.  Or  thus,  take  the  Cubes  of  the  natural  Series  continually  from  the  be- 
ginning, the  Sums  are  all  fquare  Numbers,  whofe  Roots  are  the  Sums  of  the  fame  na- 
tural Series  taken  fo  far  . 

ScHOL.  As  the  laft  Corollary  follows  plainly  from  the  Theorem,  fo  if  that  Corollary 
is  demonftrated  another  way,  the  Theorem  will  as  clearly  follow  from  it ;  and  as  to  the 
Demonftration  of  the  Corollary  independently  of  this  Theorem,  I  have  found  one,  which, 
though  not  fo  fimple  as  the  preceding  Demonftration  of  the  Theorem,  yet  is  curious 
enough,  and  therefore  worth  the  explaining  here. 

The  Thing   then  to  be  demonftrated  is  this,   viz.   that    i' -l-2'-J-3'-J-4',  ^c.= 

I-^-2-^-5-|-4^  e?c. 

ijl.  From  the  Nature  of  Multiplication  it's  plain,  that  the  Square  of  any  Multino- 
mial Root  (i.  c.  a  Root  confifting  of  many  Parts)  is  equal  to  the  Sum  of  the  Squares  of 
each  Part  of  the  Root,  and  twice  the  Produft  of  every  Pair  of  Members  of  the  Root ; 

as  in  the  annex 'd  Scheme,  wherein  <^^|-/^'-l-C-l  li,  &c. 
being  fquared,  the  Square  is  the  Sum  of  all  the  Squares 
and  Produfts  fet  under  it  3  and  by  the  Order  in  which 
they  are  difpofed,  you  fee  the  Square  is  compofcd  of  as 
many  Members  as  the  Root,  each  of  which  is  equal  to 
the  Square  of  one  Member  of  the  Root,  and  the  Sum  of 
the  double  Produfls  of  that  into  all  the  preceding  Mem- 
bers (on  the  left  Hand)  which  evidently  comprehends 
the  double  Produfls  of  every  Pair  of  Members  of  the  Root. 
id.  If  the  Parts  of  the  Multinomial  Root  are  the  feveral  Terms  of  the  natural  Series 
1.2.3.  ^c.  then  fuppofe  the  Square  of  it  is  taken  in  the  Manner  of  the  preceding 
Scheme,  I  fay  that  each  Member  of  it  (/  e.  the  Sum  of  the  Square  of  each  Term  of 
the  Root,  and  the  double  Produfls  of  that  Term  into  all  the  preceding  Terms)  is 
equal  to  the  Cube  of  that  Term.  For  Exajts.  The  Cube  of  4.  is  (J4,  equal  to  the 
Square  of  4   (viz.  16)    more  2X5X4-I-2X2X4-I  2X1X4  (=24-i-iiJ-i  8=48.)     And 

that, it  is  fo  univcrfally  I  thus  prove,  (i°.)  It's  plain,  that  to 
multiply  any  Term  of  the  Root  into,  each  preceding  Term 
feverally,  the  Sum  of  the  Produfls  is  equal  to  the  Produd 
of  that  Term  into  the  Sum  of  all  the  preceding  Terms  ;  and 
bccaufe  wc  muft  double  all  thefe  Products,  therefore  we 
muft  take  double  the  Sutn  of  the  preceding  Terms,  and 
multiply  it  into  the  given  Term.  Then,  (2"^.)  This  Pro- 
duft  is  equal  to  the  Square  of  the  given  Term  multiplied 

into 


d, 

Sic 

&c 

r-h 
ibc^ 
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&c. 
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into  the  next  preceding  Term ,  by  the  Rules  of  Progreflions  5  for  Example, 
<JX  2  X  i+i+5+++5  =  d  X  d  X5  5  .becaufe  i+i+5+4+5  = ^  j  and  this  mul- 

plied  by  ;,  produces  (JX5.  UmverfaUy,  Call  the  Term  next  preceding  any  given 
one,  /,  that  given  one  muft  be  1+/  5  which  is  alfo  the  Sum  of  the  Extremes  ot  that 
Series,  whereof  /  is  the  greateft  Extreme,  *'.  e.  of  the  Series  to  be  fumrasd  ;  but  this 

Sum  is  i-j-7x —  (/  being  here  the  Number  of  Terms)  and  the  Double  of  this  is 

2 

i-}-/x/,  which  multiplied  into  the  given  Term,  i  4-^>  produces  i^l^xl.  But, 
("5".)  It's  manifefl:  that  i-^-l'y^l  (the  Sum  of  twice  the  Produft  of  i-f-/,  the  given 
Term,  into  all  the  preceding  Terms'  added  to  i  -|-^  (the  Square  of  the  given  Term) 
makes  i-}-/'x/+  i -)-/'=  i -|-/'x  i-|-/=i+r,  the  Thing  to  be  (hewn.    . 

5(/.  Since  the  Square  of  the  Multinomial,  i+i-)-5+4,  &c.  is  refolveable  into  is 
many  Members  as  the  Root,  each  of  which  is  proved  to  be  equal  to  the  Cube  of  a  dif^ 
ferent  Member  of  the  Root  ;  therefore  that  Square  is  equal  to  the  Sum  of  the  Cubes 
ofthefeveral  Members  of  the  Root,  i.  e.  i=+2'+3'&c.  =  1-^2-^fSic. 


Theorem    XXI. 
Take  the  Series  of  fquare  Pyramids  (i.  e.  the  Sums  of  the  natural  Series  of  Squares) 
multiply  each  of  them  by  3  ;  and  from  the  Series  of  Produfts,  take  the  Series  of  the 
Sums  of  the  2  Series  of  Triangles  and  Squares,  as  in  the  Margin  5  the  Series  of  the  Diffe- 
rences is  the  Series  of  Cubes  of  the  natural  Progreflion. 

Demon.  The  «  Square  Pyra- 

5  Natural  Series 
15  Triangles 
25  Squares 
55  Square  'Pyramids 
16$  Their  'ProduB  by  3 
40  SumofTrian.  and  Squ. 
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L5  Cubes 


midisl£±i£±^  (by  'Probl. 
6  _ 

II.  Sc/jol.)  which  multiplied  by 
3  produces  ^""'+f^^+^  The  « 

Triangle  is  — ——,  and  «  Square 


IS  un 


Then 


««+» , 


3«  -|-»  ^  which  taken  from  the  former,  leaves  plainly  Jl —  =  «'.      And    becaufe   « 

2  2 

may  be  any  Term,  therefore  the  Theorem  is  true. 

Theorem  XXII. 
Take  the  Series  of  Heptangular  Pyramids,  and  to  them  add  the  Series  of  Triangu- 
lar Pyramids  in  this  Manner,  viz.  The  ift  of  the  Triangulars  to  the  3d  of  the  other  j 
the  id  Triangular  to  the  4th  of  the  other  ;  and  fb  on  ;  / .  e.  univerfally,  the  «  Hep- 
tangular Pyramid  added  to  the  «— 2  Triangular.  All  thefc  Sums  are  Cubes  ;  and 
prefixing  the  firft  two  Heptangular  Pyramids,  i  .  8  (which  are  Cubes)  you  have  tht 
whole  Series  of  Cubes. 


Demon. 
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Serks  h-/ 
triangles 
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Demon.  The  »  Triangular  Pyra- 
mid is  ^±b^?^±i^.    and    the    ^^i 
(J 

Tenn  is  ^--  {-Pro^/.  II.     &^o/.) 

But   the   Diftance   of  the  Heptagon 

from  the   Triangle,   is  4  ;    therefore 
(by  'Probl.  II.)    the    n   Heptangular 

Pyramid  is  th£±l^^tz!!M= 


I  .  8  .  27  .  6^4  .  125 


Cubes 

»'-f;»^+-"+4«'— 4«— 5^<'+3«'— ^«      t,g^^  the   »— 2  Triangular   Pyramaid  is 
6  6 

^ — 2  ^  » — I  y^  n  _.;<- — ;«^-4~-^ 

125  (f 

?^'+3^^-^«  ,    the  Sum  is  £^  =»'. 


J   to  which  add  the  »  Heptangular  Pyramid,  viz. 


Theorem    XXIII. 
Take  the  Series  of  Octangular  Pyramids,  and  from  them  fubftrad  the  Series  of  Tri- 
angles 5.  thus,  The    ift  Triangle  from  the  2d  Oflangular  Pyramid,  and    fo  on,  /.  e. 
univerfally,  the  « — i   Triungte  from  the  »  Pyramid;   the  Series  of  Difierenccs is  the 
Series  of  Cubes  after  r. 

Demon.    The  »   Triangular    Pyramid  is 

«=+5«j4-2« 

»■ — n 


Series  h-/ 

Ofhgons 

O6fog.  'Pyramids 


Triangles 
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mid  is 


which   is 


:,  and  the  « — i  Triangular  Pyra- 

Therefore  the  »  Oflangular 
o 

Pyramid  is  (by   'Probl.  II.)  "'+'^"''+-1 4. 

6  "■ 

the    Difference   is    <^«''+3«-3«  _ 


from  which,  fubftrafl  the  « — i 
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CoROLL.  From  this  it  is  plain,  That  if  we  take  a  Series,  -^/, 
begmning  with  c,  and  proceeding  by  the  DiPrerence  6  ;  the*, 
take  the  Sums  of  this  Series  ;  and  then  the  Sums  of  thcfc  Sums  j 
and  to  this  laft  Series  of  Sums  add  the  natural  Se.-cs^ ; .  2.  3  .  &c. 
the  laft  Sums  make  the  Series  of  Cubes.  The  DccluLtion  of  the 
iinivcrfil  Truth  of  which  from  the  prefent  T'beoreit/y  is  eafily 
made  j  thus,  In  the  Scheme  of  the  ''iheorem,  each  Term  of  the 
ift  Series  is  i  more  than  its  Collateral  in  the  lil  Series  of  the 
prefent  Scheme  ;  therefore  each  Term  of  the  id  Series  of  the  former  Schemes,  ex- 
ceeds the  Collateral  of  the  2d  Series  of  this  Scheme,  by  as  many  Units  as  the  prece- 
ding Number  of  Terms.  Hence  .i,!^a  in  ^  Each  Term  of  the  5d  Scries,  former  Scheme, 
exceeds  the  Collateral  m  the  ?d  Series  of  this  Scheme,  by  the  Sum  oi  as  many  Terms 
of  the  natural  Series,  as  the  Number  of  preceding  Terms :  Y^'hence  all  the  reil  is 
plain.  From 
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0  .  <y  .  12  .  i8 

1  .  7  .  19  .  57 
I  .  8  .  17   .  d4 


From  this  laft,  a;;ahi,  it  will  eafily  appear,  That  if  we  take 
the  Series,  o  .  6  .  11  .  &c.  and  taking  the  Sum  of  it,  add  i  to 
each  Sum  5  and  then  of  this  Series  ot  Sums  take  the  Series  of 
Sums  ;  thefe  are  the  Cubes  of  the  natural  Progreffion  ;  for 
by  taking  the  Sums  of  the  Series,  0:6:  18  :  55  :  &c.  after  i 
is  added  to  each  (/.  e.  the  Sums  of  i  .  7.19.  &c.)  it's  plain  the  Sums  at  every  Step, 
will  be  more  than  the  Sums  taken  without  thcfe  Units  («.  e.  than  the  Sums  of  the  Se- 
ries, o  .  d  .  18  .  &c.)  by  as  many  Units  as  the  Number  of  Terms  added  :  So  that  it 
will  be  the  flime  as  if  taking  the  Sums  of  this  Series,  q  .  <J.  18  .  35,  we  add  to  the  Se- 
ries of  the  Sums  the  natural  Series,   i  .  2  .  5  j  as  in  the  preceding  Scheme, 

Theorem  XXIV. 
Take  the  Scries  of  odd  Numbers,  1.3.5.  &c.  and  out  of  this  make  another  Se- 
ries j  thus,  Take  the  ift  Term  5  then  the  Sum  of  the  next  i  Terms  ;  agam,  the 
Sum  of  the  next  3  Terms,  after  the  laft  j  and  Co  on,  taking  in  at  every  Step,  one 
Term  more  ;  fo  that  the  Number  of  Terms  taken  at  every  Step,  are  the  natural  Se- 
ries, 1.2.3.  ^<^-  The  Series  thus  compofed,  is  the  Series  of  Cubes  of  the  natural 
Series  5  each  Sum  being  the  Cube  of  thi  Number  of  Terms  added  together. 


Cul>es      1.3.  27.  64.  125  &c. 

Roots     1.2.  3     ,  4     .  5 

Demon  By  T'beor.  XX.  Cor.  1.  the  Sum  of  the  Series  of  Cubes,  is  the  Square 
of  the  Sum  ot  the  natural  Series  taken  to  the  fame  Number  of  Terms  :  But  the  Sums 
of  the  odd  Series  are  the  Squares  of  the  feveral  Number  of  Terms  fummed  CjTbior.lX.') 
And  in  this  Scheme  there  are  always  as  many  odd  Terms  from  the  Beginning,  as  the 
Sum  of  all  the  Roots  j  therefore  the  Sum  of  all  thefe  odd  Nupibers  being  the  Square 
of  the  Sum  of  all  the  Cube  Roots,  is  the  Sum  of  all  the  Cubes.  Again,  That  the 
Sum  of  the  feveral  Terms,  diftinguilhed  in  the  Series  of  odd  Numbers,  are  the  parti- 
cular Cubes  of  the  Number  of  thefe  Terms,  is  evident ;  becaufe  i  is  the  Cube  of  r, 
and  i-f"?~}~5>  ^^^  Sum  of  the  Cubes  of  i  and  2,  by  what's  firft  fliewn  j  therefore 
^-{-4  is  the  Cube  of  2.  Then  fince  i+3-|-5+7+9-}-ii  is  the  Sum  of  the  Cubes  of 
T,  2,3,  therefore  7-f-9-|-ii  is  the  Cube  of  3.     And  fo  on. 

j^mtter  Demon.  This  Iheorew  may  alfo  be  demonftrated  independently  of 
I'hecr.  XX.   by  the  Confideration  of  the  odd  Series.     Thus, 

I*'.  If  the  Root  of  any  Cube  is  an  odd  Number,  its  Square  is  alfo  an  odd  Number  j 
and  is  therefore  a  Term  of  the  odd  Series  :  Then  taking  as  many  adjacent  Terms  of 
the  od.i  Series,  as  the  Root  ot  any  Cube  cxprefles,  and  whereof  the  Square  of  the 
fame  Root  is  the  middle  Term  ;  it's  plain  the  Sum  of  all  thefe  Terms  will  be  the 
Cube  4  becaufe,  being  an  Arithmetical  Progreflion,  the  Sum  of  every  two  Terms, 
equally  diftant  from  the  middle  one,  is  double  that  middle  one,  and  confequently  the 
whole  Sum  is  equal  to  as  many  limes  the  middle  Term  as  the  Number  of  Terms  cx- 
prefles j  but  that  middle  Term  is  the  Square  j  and  the  Number  of  Terms  the  Root  j 
therefore  the  Whole  is  the  Produdlof  the  Square  by  the  Root,  i.e.  the  Cube. 

2".  If  the  Root  is  an  even  Number,  then  we  can  find  in  the  odd  Scries  two  adja- 
cent Terms  ,  the  one  exceeding  the  Square  by  i,  and  the  other  wanting  i  of  it  •  con- 
fequently, taking  as  many  Terms  as  the  Root  cxprelfes,  whereof  thefe  two  now 
mentioned  are  the  two  middle  Terms;  the  Sum  of  the  \>holc  is  the  Cube  j  for  the 

Sum 
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Sum  of  the  two  tniddle,  and  of  every  other  two  equally  diftant  from  them,  arc  each 
double  the  Square  ;  and  fo  the  Whole  is  equal  to  the  Produft  of  the  Square  by  the 
Root,   f .  e.  is  the  Cube. 

5°.  Reprefenting  the  two  preceding  Cafes  in  the  annex 'd  Scheme  [wherein  a  be- 
ing any  odd  Number  or  Root,  the  ift  Series  reprcfents  a  Number  of  adjacent  odd 
Numbers,  whofe  Sum  is  a^  ;  and  a  being  an  even  Number,  the  2d  Scries  is  a  Num- 
ber whofe  Sum  is  a' ;  underftanding  thefe  Series  to  contain  as  many  Terms  as  the 
Root  has  Units,  whereof^"  is  the  middle  one  in  the  ift,  and  a^ — i,  ei^-\-i,  the  two  mid- 
dle ones  in  the  2d  Cafe.  ]     Hence  it  will  be  evident,  that  the  leaft  and  greateft  Terms 

in  the  particular  Se- 
&c.  a' — a  ■■  rt' — 4.  :  a' — 1  :  a''  :  a^-\-i  -.  a--\-n.  -.  a^-\-6  :  &c.  I  ries  of  adjucent  odd 
&c.  a^ — 5  :  a' — 5  :  rt^ — I  :  a*+i  :  «*4-3  =  -^^+5  ■  &<^-  I     Numbers  ,       whofe 

Sum  is  the  Cube  of 
the  Number  of  Terms,  are  thus  expreffetl,  viz.  The  leaft  <j"-(-i — a,  and  the  greateft 
a'-{-a — I  :  For  the  Root  being  odd,   the  Number  of  Terms  is  odd  5   and   there  are 

as  many  Terms  on  each  Hand  of  the  Middle,  a^,  as  Half  the  Root  — i  or  ^~7^  ; 
and  the  common  Difference  being  2,  the  Number  fubftrafted  from,  or  added  to  a'  in 

the  Extremes,  is  equal  to  ;,  taken  as  oft  as  -I^  expreffes  :  But  -Hi  x  2  =  ^— i  • 

2.  2 

therefore  the  Extremes  are  a'^ — a — r,  and  a'-\-a — r,  which  are  a^ — a-\-i,  and 
a*-j-rf — I.  Again,  If  a  is  an  even  Number,  the  two  middle  Terms  being  always 
a^ — I,  a'-\-i,  and  the  Number  of  Terms  below  a^ — i,  and  above  a^-\-i,  being  half 

ofrf — 2,  or  J ;  it  follows,  that  the  Extremes  are  or — i,  wanting  the  Produdl  of  2 

2 

by     - — -,  which  Produ6l  is  a — z  j    and  »'+i,  with   the  fame  Number  added   to 

it  J  which  Extremes  are  therefore  a' — r — a — i  =  rt* — i — a-\-z  =  a^ — rt4"i»  ^<i 
rt'-j-i+.'J — 2  =a'-\-a — r. 

4*^.  Take  any  two  Roots  differing  by  i,  as  «,  and  rt-j-i  5  the  greateft  Extreme  of 
the  Series  of  odd  Numbers,  whofe  Sum  is  the  Cube  of  a,  is,  by  the  laft,  a^-^a — r. 
And  the  leaft  Extreme  of  the  Series,  whofe  Sum  is  the  Cube  of  ^-f-r,  is  (by  fubftituting 
a-\-i  inftead  of  rt,  in  this  Expreffion,  a~ — .-i-f-i)  =rt-(-i* — i^+i-f-i  =iT'*+2.^-}-r — a 
=a'-\-a-\-i.  Compare  this  with  the  former,  viz.  a''-\-a — r,  it's  plain  their  Difference 
is  2,  «'.  c.  the  greateft  Term  of  thefe  adjacent  odd  Numbers  whofe  Sum  is  a',  and 
the  leaft  of  thefe  whofe  Sumis/?-f-i  ,  differ  by  2  ;  and  lb  they  are  two  adjacent  odd 
Numbers ;  confequcntly  the  Series  for  the  one  Cube  begins  at  the  Term  next  after  that 
one  with  which  the  other  ends  5  and  therefore  the  Series  of  Cubes  are  found  in  the 
Manner  prefcnbed  in  the  Theorem. 

SciioL.  As  this  "Theorem  is  demonftrated  by  Means  of  Tloeor.  XX.  fo  that  is  de- 
monftrable  by  Means  of  this,  and  Tbeor.  IX. 

Theorem     XXV. 
Take  the  Series  of  Pentagonal  Pyramids,  and  multiply  each  of  them  by  5  ;  then 
take  the  Series  of  Squares,  and  multiply  each  of  them  by  2  ;  Subftrait  the  laft  Series  of 
^  rodufls  from  the  former  j   the  Differences  are  the  Scries  of  Pentagonal  Prifms. 


I'ii  Series 
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Series  -^l  i,  j*;.,,-^'?  ..,,.19^  :j 

'Pentagons  1  .     5  .  ii  ',     22 

'Pent. 'Pyramids  i  .     ij  .  18  .     40 

TrodiiEls  Ipy,-^  3  .  18  .   54  .  i2o\ 

Squares  1  .  4  .    9  .     kj  J 

'ProduSsby  z  2  .     8  .  18  ,     52/ 


Demon.  Pentagons  proceed  from  the 
Series,  r  .  4 ,  7  &c.  whofe  common 
Difference  is  3  ;  of  which  therefore  the 
«th  Term  is  i-j-/; — i  X  3  =  5a — 2  ;  and 
the  Sum  of  the  Extremes  is  3/; — r. 
Laflly,  The  Sum  of  n  Terms  is  3« — i  x 

—  ==  2 ,  which  is  the  n  Pentagon  5 


and  this  multiplied  by  /;,   produces  ^ 1 ,  the  «  Pentagonal  Prifm.     Again,   The 

2 

»th  Triangular  Pyramid  is  JLjIl^JlHL,   and  the  ;; — i    Triangular   Pyramid    is 

6 

'—^5  the  Diftance   of  the  Triangle  and  Pentagon  is  2,  ^nA  ^——•<z'=^^imi' ■ 

wherefore  (by  dr.  I'hieer.  11.)  the  n  Pentagonal  Pyramid  is  ^+V^+^  -j-l^"!^ 

6  6 

^=-^ — ^ — =!LX'^-  which  multiplied  by  3,   makes  2 — ^J^— 5  from  which  take 
^2  2 

a/;^,    the  Remainder  is  ^^^      "  ,  the  ?;  Pentagonal  Prifm. 

z 

Though  there  be  no  general  Canon,  that  I  know,  for  finding  the  Sum  of  any  Series 
of  Priimaticks  of  any  Degree,  Species  and  Order,  excepting  what  is  contained  in  the 
XlVth  Theorem,  which  fuppofes  the  Series  of  Prifmaticks  of  the  ift  Order  of  the 
fame  Species  and  Degree,  and  to  the  fame  Number  of  Terms,  as  that  whofe  Sum  is 
ibught  j  yet  for  the  Sunisof  the  Prifmaticks  of  the  2d  Species,  ift  Order,  of  any  Degree, 
i.  e.  lor  the  Sums  of  Pow  crs  of  the  natural  Progreflion,  from  the  Cubes  and  upwards,  we 
car,  by  Means  of  the  preceding  I'beory  of  Polygonals,  inveftigate  particular  Ca- 
nom  for  every  different  Power  j  whereby  the  Sum  may  be  found,  having  only  the 
3V,  umber  of  Terms. 

In  order  to  which  cbferve^  That  as  the  Invention  of  thefe  Canons,  for  any  Degi-ee, 
depends  upon  tho  Canons  for  the  prccedmg  Dt^grecs  ^  fb,  though  Squares  are  Poly- 
gon^, and  not  Prifmaticks, .  yet  it  will  be  necefTiry  to  take,  the  Squares  within  the  fol- 
lowing Prohla,?,  that  vve  may  more  eafily,  by  the  two  firfl-  and  moil  fimple  Powers, 
undt^uand  the  Method  of  Inveltigation  for  all  the  fuperior  Powers. 

Again,  obferve.  That  we  have  already  explained    the  particular  Canons  for  the 

Sums  of  Squares  and  Cubes  ;  that  for  Squares,  being  - — —- — ^,  as  you  fee  in 
the  2d  Article  of  the  Scholium  after  Problem  U. ,,  and  xhzt .  {ot  Cubes,  being 
n*+zn'-\-nn  ^  for  by  Theorem  XX.  Coroll.  2.  the  Sum  of  the  Cubes  of  the  natural 
Progrcffion,  to  the  «th  Term,  is  the  Square  of  the  Sum  of  the  Roots  5  but  this  Sum 

is  — X^,  whofe  Square  is  "    '^'*   V.'L.     But  the  Method  of  inveftigaring  Rules  for 

a  .         :  4 

the  higher  Powe.s  being  different  from  the  Method,  by  which  thcfe  Rules  for  Squares 

and  Cubes  have  ahcidy  been  invented,    and  dependmg  alfb  upon  a  ntw  M.thod,    by 

which  the  fame  two  Rules  may  be  jnveftigated  :  Therefore  we  muft  explain   this 

■    ■  other 
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other  Method  for  Squares  and  Cubes  ;  and  this  being  done,  the  univerfal  Method  for 
all  other  Powers  will  be  cafily  underftood. 

Obferve  in  the  laft  Place,  That  there  arc  fcveral  Methods  of  finding  thcfe  Canons, 
fo  as  to  make  the  Invention  of  the  Rule  for  any  Degree,  depend  upon  the  Rules  for 
the  preceding  Degrees  ;  but  I  confine  my  fclf  to  that  which  is  moil  natural  in  this 
Place,  viz.  which  depends  upon  the  univerfal  Rule  for  the  fcveral  Orders  of  Polygo- 
nals  ot  the  Triangular  Kiivd.  You'll  find  another  curious  Method  in  Ronayne's  Al- 
gebra. 

PROBLEM    III. 

How  to  tnvefligate  Rules  for  finding  the  Sums  of  the  Series  of  Powers  of  any  De- 
gree of  the  natural  Progreffion,  1.2.3,  ^'--  l^'^^i^g  ^^^  Number  of  Terms  only 
given. 

S  O  L  U  1'  I  O  N. 

ifl.  For  the  Sum  of  the  Squares,  i-}-4-f-9-)-&c,  to  the  »th  Term.  The  «th 
Triangular  of  the  3d  Order  (from  Units)  /.  e.  the  Sum   of  the  triangles,  to  the 

«th    Term,     is    i  x 'i- X 'iil  =  ^i-     (bv  the  2d  Rule  for   "Probl.l.    with  the 
12  2  ' 

Coroll.    to  theorem  III.    Or,  fee  the  Scholium  after  that   Rule.)     Again,  Take  », 

fuccedively  equal  to  1.2.3.  ^c.     and    applying    this    Canon,    we   have        '    , 

2 

iLZtL,    Xxl.,   &c.   which  exprefs  the  Series  of  Triangulars   of  the  3d  Order,  to 

22 

any   Number  of  Places   given  5   which  Number  being  called   »,  the   Sum  of  this 
Series    is  the   »th    Triangular    of  the  4th   Order  ;    but   the   n  Triangular  of  the 

4th    Order    is,    by   the   fame   general   Rule,    i  x »  x,^x^='£±i:^!±ii', 

II  3  6 

which  is  therefore  equal  to  _Ir_-|-  — X — -|-  Ull.  Sic.  carried  to  »  Terms ;  and  this 

22a 

is   =i  of   i'-fr+2"+2-f  3^-h;  &c.  =  i  o{  i+^+fScc.  +|  of  1+2+3  &c. 
Now  1+2+3  &c.  tow  Terms,  is  =  iL"d'Ji  ;  therefore  i  of  it  is  =^i^  ;    confe- 

quently    ^!±l|!±ii' =  |  of  i+£+£  &c.  +  ^'±1  j     and    fubftrafting    ^1 

from  both  Sides,  the  Remainders  are  equal,  viz.  \  of  1+2^+3-  &c.  =  "'+3»  +^«__ 

—————  g 

n:±n^^n^+^-»'+^n-6n^-6n^^n>+6n^+^n    ^^^  ^^^iplying  the  firft  and 

4  -4  14 

lall  Expreffions,  both  by  2,  the  Produces  are  1+2^+3"  &c.  ^  8«'+i2«*+4«__ 

i4 

^^'+?'''-M  .  which  is  the  Rule  for  the  Sum  of  the  Squares,  viz.  1+2^+3*  &c. 
6 
z3.  For  the  Sum  of  the  Cubes,  or  i'+2'+3»+Scc.  to  the  «th  Term.  The  «th  Trian- 
gularof  the  4th  Order  (from  Units)  /.  e.  the  Sum  of  the  Triangulars  of  the  3d  Order  to 

the  ;;th  Term,  is  i  x  ^  x  ^  x  ^="'+3»M-^«.  jnd  taking  »,  fucceffively  equal 

I  i  i  2  to 
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to  i,j,5,&c.  the  Series  of  Triangulars  of  the  4thOrder  are,'"'+''^''+^^\  -'+^^-'+^^\ 

2—L2—L-J- — 2,  &c,  to  any  Number  of  Terms  ;  which    Number  being  called  «, 

the  Sum.  of  this  Series  is  the  «th  Triangular  of  the  ^th  Order  ;  which,   by  the  general 
Rule,  is  equal  to  i  X  ^  X  ^  x  !!±^  X  'i±5  =  "^+^«^+ii»^+^a>  .    ^^^  ^^^  ^^^^^^ 

12  3  4  24- 

Series  (equal  to  this)  is  the  Sum  of  thefe  3  Parts,  viz.  -f  of  i-}-2'-4-;'  &c.  +  J  of 

1+2^+3=  &c,   (=^£±i£+:'^  by.the  laft)  +^  of  1+2+,  &c.  (=1i'±l  )  and 

taHngthe   laft  two.  Parts  from  both,    we  have  f^M^lf+H^+lf  _  .^   or    i  .  of 

-4 

ifl+HI+f  —  4  or  i  of  ^i:':!  =  i  of  1+1''+;"'  &c.   And  reducing  the  fiift  Part 
6  2 

tp  the  moll  fi.mple  Expreffion,  by  the  common  Rules,  of  Fra6tions  j.and  then  multi- 

Jfl^      11?  ff^-     lufl 

plying  both  Parta  by  fi',.  there  will  come  out  i-}ji'-f-3'  ^c-  =^ — -^^ — -^-—   5     tf»e 

4 
Rule  for  Cubes. 

Now  for  all  fuperior  Powers,  the  Inveftigation  of  Rules,  by  the  fame  Method,  will 
be  plain  and  obvious  to  fuch  as  underftand  the  firft  two  Cafes,  how  they  depend  upon 
one  another,  and  upon  the  General  Canon  for  Triangular  Numbers  :  For  we  gradu- 
ally exprefs,  by  that  Canon,  the  «th  Triangular  of  the  Order  (from  Units)  expref- 
ied  by  i  more  than  the  Index  of  the  Power  (as  above,  we  took  the  jd  Order  for 
Squares,  and  the  4th  Order  for  Cubes  ;)  and  taking  ;;,  gradually  equal  to  i,  2,  3,  &c. 
we  exprefs  the  feveral  Terms  of  the  Triangulars  of  that  Order,  according  to  that  Ca- 
non, to  any  Number  of  Terms,  as  n  ;  and  the  Sum  of  all  thefe  Terms  will  refolve  in- 
to as  many  other  Series  (connected  by  Addition,  and  in  fome  Cafes,  fbme  of  them 
fubftraScd)  as  there  are  Members  in  the  Numerator  of  the  General  Canon,  and 
whejreof  one  of  them  will  be  fome  Multiple  or  aliquot  Part  of  the  Sum  of  the  Series 
of  Powers  fought,  to  n  Terms  ;  and  the  other  Parts  are  fome  Multiple  or  aliquot  Part 
of  the  Sums  of  as  many  Terras  of  lome  of  the  inferior  Powers  (of  the  fame  natural 
Progrcfiton,  r  .  2  .  3  .  &c.)  which  we  muft  expreft  by  the  Rules  already  invented  for 
thefe  inferior  Powers  5  then  we  confider  that  the  Sum  of  this  Series,  thus  expreffed, 
is  the  «th  Term  of  the  next  Order  of  Triangulars  5  and  this  we  eJiPrefs  by  the  fame 
General  Rule  as  before  we  did  the  «th  Term  of  the  preceding  Order  :  And  then 
comparing  thefe  two  different  Exprefflons  of  the  fame  Number,  we  find,  after  a  due 
Reduftion,  the  moflfimple  Esfprqffion  for  the  Sum  of  the  Powers  fought. 

I  fhall  here  give  you  the  Canon  for  Biquadrates,  and  leave  the  Inveftigation  and 
Proof  of  it  to  your  Exercife. 

The  Canon  is,  1+2^+54+44  &c.  ^t!Il±nill±}2±Z!t. 

§.  III.  C)/' Oblongs,  and  fome  remaining  curious  Fropofitions  concerning 

Squares, 


1   H  E  O  R  E  M      A.A.Vi. 

"VS  we  take  the  Series  of  even  Numbers,  2  . 4  .  <;  .  &c.  and  then,  the  Series  of  their 
•*  Sums,  2  .  (J .  12  .  &c.  thefe  are  the  Series  of  Oblongs. 


a  .  5  .  IJ  .  JO 
I    .  i  .  3    .   4   •     5 
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Demon.  The  ift  even  Number  is  alfo  the  ift  Oblong,  2. 
And  that  all  the  other  Sums  are  the  other  Oblongs,  is  thus 
plain.  By  the  Nature  of  ^-l  Progreflions,  the  Sum  of  the 
even  Numbers  to  »  Terms  is  ;;;;-}-/;=/;-(- ix«,  which  is 
therefore  an  Oblong  ;  and  taking  ;;,  gradually  greater  by  i, 
it's  plain  that  «+iX;j  becomes  gradually  the  next  Oblong. 

Theorem    XXVII. 
Double  the  feveral  Terms  of  the  Series  of  Triangles  (/.  e.  of  the  Sums  of  the  natu- 
ral Series  1.2.3.  ^'^O  ^^^  ^^*^  Produfls  are  the  Series  of  Oblongs. 

Demon.  Take  any  2  adjacent  Numbers  ;/,  ;;-f-r ; 
J      J        ,   _      .  1     in  the  natural  Series ;  their  Produfl  is  an  Oblong,  and 

I  '  -  *     6  .  10  7'rian^ks    i     ^'  ^^  ^^'°  double  the  Sum  of_the  natural  Series,  to  » 

i  .6  .  12  .  zo  Oblongs       I     Terms  j  for  that  Sum  is '^l:dl^  5  confequently  taking 

2 
n,  gradually  i  more,  we  have  the  whole  Series  of  Oblongs. 

Theorem    XXVIII. 
The  Arithmetical  Means  betwixt  (or  half  Sums  of)  every  two  adjacent  Oblongs, 
make  the  Series  of  natural  Squares  after  i,  the  Root  of  each  Square  being  the  leflcr 
Side  of  the  greater  Oblong,  and  the  greater  Side  of  the  lefler ;  and  is  alfo  the  common 
Difference  betwixt  the  Square  and  each  of  thefe  Oblongs. 

Demon.  Take  3  Terms  in  the  natural 
Series  n — i.  n.  fi-\-i.  the  two  adjacent  Ob- 
longs produced  from  thefe,  are  n — iX«= 
»' — ;;,  and  n'>'.n-\-i='H'^-\-ii ,  and  their  Sum 
is- 2;;%  whofe  half  is  »"•,  the  Arithmetical 
Mean.  Now  »  being  the  middle  Term  of  3,  aflumed  in  the  natural  Series,  which  in 
the  firft  ;,  {viz.  i  .  2  .  3)  is  2,  whofe  Square  is  4  5  and  every  fucceflivc  Term  of  the 
natural  Scries  being  the  middle  Term  of  the  next  three,  from  which  the  two  next  ad- 
jacent Oblongs  proceed  j  hence  the  univerfal  Truth  of  the  Theorem  is  clear» 

COROLLARIES. 

1.  The  Sum  and  Difference  of  any  Square  and  its  Root,  are  the  2  Oblongs  next 
greater  and  leffer  than  that  Square. 

2.  Take  the  Series  of  Oblongs,  and  of  Squares  from  4  5  the  Differences  of  the  cor- 
refponding  Terms  of  thefe  Series  arc  the  natural  Progreflion  of  NumberSjfrom  2  ;  thus,. 
4 — 1=2.   9 — 6=5.    16 — 12=4.  and  fo  on. 

Theorem     XXIX. 

The  Series  of  Oblongs  is  the  Series  of  Geometrical  Means  betwixtevery  two  adja- 
cent Squares,  (fee  the  preceding  Scheme.)  The  common  Ratio  of  that  Mean,  and 
thefe  Extremes,  being  that  of  the  Roots  of  thefe  Squares,  which  are  the  Sides  of  the 
Oblong. 

Demon.  Betwixt  any  two  Squares  AA,  and  BE,  the  Geometrical  Mean  is  AB  (for 
AA  :  AB  :  :  AB  :  BB,  the  Ratio  being  A  :  B)  wherefore  if  the  Roots  A,  B,  differ  by 
I,  the  Geometrical  Mean  AB  is  an  Oblong  j  and  thus,  confequently  we  have  the  whole 
Series  of  Oblongs. 

COROLL. 


1.2.3     .4     .5     .6 
Obi.         z  .  6  .  12  .    20  .    30    ^c. 
1.4.9.    i(J  .  25 
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CoROLL.  Take  the  Series  of  Oblongs  and  of  the  Squares ;  compare  the  ift  Square, 
r,  to  the  ift  Oblong  2  5  and  the  2d  to  the  2d,  and  fo  on.  The  Ratios  are  the  conti- 
nued Ratios  of  the  natural  Progreffion,  viz.  i  :  z.  2:3.    3:4.   '^c. 

Theorem  XXX. 
Take  the  Series  of  Squares  and  of  Oblongs  5  out  oi  thefe  m.ike  another  Series,  thus  j 
Take  the  ill  Square  i,  then  to  this  Square  add  the  ift  Oblong,  then  to  the  ift  Ob- 
long add  the  id  Square,  and  fo  on,  adding  each  Square  to  the  next  Ojlong, 
and  each  Oblong  to  the  next  Square  j  I  fiiy  the  Sums  are  the  Series  of  Triangles,  each 
Sum  being  a  Triangle,  which  is  the  Sum  of  fuch  a  Number  of  Terms  of  the  natural 
Series,  as  is  equal  to  the  Sum  of  the  Places  of  the  Square  and  Oblong  added,  in  their 
refpeilive  Series:  Thus,  kJ  is  the  4th  Square,  and  iz  the  3d  Oblong,  and  their  Sura 
is  i(S-j-i2=i8.  the  7th  Triangle. 

Demon.  It  is  plain  that  the 
Naf.  Series         r     .     2    .      3     .        4    .       j  Places  of  the  two  Terms  added 

''I'keir  Squares     1.4.      9.      iiJ.25  in  their  feveral  Series,  are  alter- 

nately equal,  and  then  differing 
by  I,  the  Place  of  the  Square 
being  the  greateft  Number  5  for 
the  ift  Square  is  added  to  the  ift  Oblong,  then  the  ift  Oblong  to  the  2d  Square,  and 
fo  on ;  therefore  the  Thing  to  be  proved  is,  univerfally  that  the  «  Square  -f-  n  Ob- 
long, is  the  Sum  of  2;;  Terms  of  the  natural  Series ;  and  that  the  «  Oblong  -f-  u-\-i 
Square,  is  the  Sum  of  iff-j-i  Terms  of  the  natural  Series :  Which  is  iliewn  thus  j  the 
»  Oblong  is  «x«-|-i=:«»-4-»,  to  which  add  /;/;,  the  Sum  is  znn-{-n  j  and  the  Sum  of 


Oblongs  z     .    6     .     iz      .20 

Iriangks  i  .  3  .  iJ .  10  . 1 5 .  21 .  28  .  35  .  45 


2« 


the  zn  Terms  of  the  natural  Series  is  2«-|-iX—=2«  -[-iX/;=2«/;-J-»j  which isthefirft 


Thing.     Again,  the  n  Oblong  being  «»-{-«,   and  the  ti-v-i  Square  being  «;;4-2«-f  i, 
their  Sam  is  inn-\-in-\-i  j  and  the  Sum  of  zn-\- 1  Terms  of  the  natural  Series  is  zn  f  2X 

zl.'Ll=.zn-\-i'Kn  -}-i=2»^-f-3ff-f-i }  which  is  the  fecond  Thing. 

Or  the  Demonftration  may  be  made  thus ;  each  Square  is  the  Sum  of  as  many 
Terms  of  the  odd  Series,  as  the  Root  expreffes  {Xheor.lX.)  and  the  Oblong  in  the 
next  lower  Place  is  the  Sum  of  all  the  intermediate  even  Numbers ;  alfo  the  Oblong 
of  the  fime  Place  is  the  Sum  of  all  the  intermediate  even  Numbers,  and  the  next  great- 
er even  Number  {Xbeor.  XXVl.j  whence  the  Theorera  is  evident.  See  the  follow- 
ing Scheme,  wherein  9=i-f-3-j-5,  and  6=  24-4,  therefore  9-}-<J=i+-"l~3  1'4-+-5  j 
alfo  i(J=i4-3  +  5  +  7,  and  20=2-f-4  4-(J-J-8,  therefore  16-^-20=1 -f2-j-5't'4+ 5 
-\~6  \-'i  j  and  fo  of  others. 

Odd  Series  1.3.5.        7     •       * 
Even  2.4.6        .8 

Squares  1.4.     9     .      16     . 
01^ longs  z    .     6     .    12       .     i"o 

triangles  1.3.  6 .10. 15 .21  .    28.35  .45 

Theorem    XXXI. 

Take  the  Sum  of  every  two  adjacent  Oblongs,  and  add  it  to  the  Double  of  the 

Arithmetical  Mean   for  Interjacent  Squarej  thefc  Sums  make  the  Series  of  Squares  of 

the  even  Numbers  after  a.     Thus,  a-f-c^-f-S^Kf,  the  Square  of  4;  then  (J4-i2-f  18 

=35,  the  Square  of  (^.  '  Demon. 
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Roots 


.  4  • 
2   .  6 

16  . 

4  • 
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Demok.   The  Sum  of  every  two  adjacent  Ob- 
9     ,16  longs  being  double  the  Arithmetical  Mean,   or  in- 

.12    .20         terjacent  Square,  which  call  /;«j  therefore  double 
jtf .    (J4  that  Square  added  to  that  Sum,  is  4.  Times  that 

<y  .    8  Square  or  ^»n  ;  but  4  and  «/;  being  both  Squares, 

their  Produdl  4«/;  is  alfo  a  Square,  whofe  Root  is 
tu,  an  even  Number ;  alfo  the  firft  Value  of/;  being  2,  in  that  Cafe  zn  is  =4  j  and 
the  following  Values  of  »  being  gradually  i  more(becaufe  the  Roots  of  the  Squares 
added  are  i  .  2  .  5,  i£c.)  therefore  2«  is  at  every  Step  2  more  than  in  the  preceding  5 
and  fo  they  make  the  even  Seriey,  4.5.8,  i£c.  "^ 

Theorem     XXXII. 
Take  the  Sum  of  every  two  adjacent  Squares,  and  twice  the  interjacent  Oblong 
(or  Geometrical  Mean)  the  Sums  make  the  Series  of  the  Squares  of  all  odd  Numbers 
after  i  j  thus  1+4-4-4=9,  the  Square  of  5  j  alfo,  4-j-9-f  12=25,  the  Square  of  5. 

Demon.    Let   fi,   «-t-r,  be   two   adjacent 
Squares     1.4     -9     -16     .25  Numbers  in-  the  natural  Series,  their  Squares 

Oblongs        2    .     5  .    12  .     20  are  »/«,  ««4-2«-4-i,  and  the  Sum  of  thefe  two 

Squares        9    .  25  .    49  .     8r  is  2;;«4-2;;4-i  j   again,  the  interjacent  Oblong 

Roots  5.5.      1.9  being  the  Geometrical  Mean,   is  the  Produil 

of  the  Roots  «X«4-i=«;;4-//,  the  Double  of 
which  is  2/;/;-|-i;/,  which  added  to  2«/;-|  2«-{-i,  the  Sum  is  4;;«-|-4';-(-i  ;  and  this  is 
the  Square  of  2«-f-r,  an  odd  Number,  becaufe  in  is  even  5  but  iw-j-i  being  in  the 
ift  Step  ^,  and  «  cncrcafing  gradually  by  i,  therefore  2«  encreafes  gradually  by  2, 
and  fo  alio  muft  2;;+!  5  confequently  the  feveral  Values  of  2«-{-i  are  the  Terms  of 
the  odd  Series,   3,  5,  7,   ^c. 

Theorem    XXXIII. 
To  the    Produft  of  every  two  adjacent  Oblongs  add  the   interjacent  Square,   the 
Sums  make  the  Series  of  Biquadrates,  or  4th   Powers,   of  the  natural  Series  after  i  j 
thus,  2X(J-f-4=i(),   the  4th  Power  of  4  3  alfo  <JX  12+9=8 r,  the  4th  Power  of  3. 

Demon,  n — i,  «,  «+i,  exprefs  any 
I   .     4     .     9     .     i(J    .         25 
2     .     5     .     12     .    20         '50 
16    .    8r    .2^6    .    1 5 coo 


Squares 
Obhngs 
Si  qua. 
Roots 


5  adjacent  N    mbers  in  the  natural  Se- 

■  ties,  and  /;X;; — 1=;;« — n  alfo  /;X/;-|-x 

=/;/;-}-;;,  two  adjacent  Oblongs,   and 

4  "  •  •  \     their  Produfi  is  /;*■ — /;-,   to  which  add 

nn,  the  Sum  is;;'}  but  in  the  ;fl  Cafe  it 

is=;,  and  it  encreafes  gradually  in  ail'the  following  Steps  by  13  whence  the  Truth 

propofed  is  clear. 

Theorem  XXXIV. 
The  Pi-odu5t  of  two  adja:ent   Oblongs   is  an   Oblong,  whofe  gpejfer  Side,  is  the 
Square  of  the  lefTer  Side  of  the  greater  C5blvog  multipjied,,  (qr  of  the.^reatcr  Side  of 

the  IcfiTcr  Oblong.)  ^ 

Demos,  n — i,  ;;,  «+i  being  5  adjacent  Numbers,  then  are  « — i)(.fi=in—^fj,  and 
«x7;+i=/;/;+/;,  two  adjacent  Oblongs  3  and  their  ProduCl  is  »^-^>r='r — ix»-,  whicfi 
is  an  Oblong  whofe  greater  Side  is  ;;;;,  the  Square  of//,  the  lelier  Side  ot  the  greater, 
and  greater  Side  of  the  leflcr  Oblong. 

Or  thus.  Let  n,  b,  c,  be  3  Numbers  differing  hy  i,  then  are  ab,  be,  two  adjacent 
ObloBgs^  and  their  Produft  is  ab^bc='ary.bJ  ^  but  foctn  the  Nature  of  Arithmetical 
Progrcflions,  when  the  common  Ditia-encc  is  i,  tlicn  a  ffe^^b-^i,  for  a,  b,  c  may  be 

repre- 
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reprefented  thus,  <!!,^+i>  rt+2.  tlcycnh ay.a-\-i'=a''-\-ia.'inA  a-\-i  =.T*-|-i^-|-r,  whence 
fl^-^2a=.'Z--^za-^i — I,  that  is,  a'^i^l; — i,    therefore  ^fX^^  is  an  Oblong. 

PROBLEM    IV. 
One  Oblong  given,  to  find  another  fuch,  that  the  two  admit  of  one  Geometrical 
Mean,   t.  e.   fuch  that  their  Produft  is  a  fquare  Number. 

Rule.  Multiply  the  given  Number  by  4,  and  its  Square  by  16  (the  Square  of  4) 
the  Sum  of  thefe  Products  is  the  Number  fought.  Thus,  the  given  Oblong  being  », 
that  fought  is  \6n'-\~i^>i. 

Demon.  i6ii^-\-:s^h  is  =4;;X4;;-f-i,  which  is  plainly  Oblong  ;  and  to  fhew  that  n, 
i6n'-^^n  admit  one  Geometrical  Mean;  or  that  »Xi(j/;"-f-4«  (=i(J«'-{-4«*)  is  a 
fquare  Number;  let  us  fuppofe  n^=ab,  and  rt=iJ-f-i ;  then  is  4«=  i\.ah=zay.ib  ; 
but  fince  a^b-\-i,  then  is  a — b^=i,  therefore  ^a — 2^=2  ;  and  an  Arithmetical  Mean 
betwixt  la  and  zb  is  a-\-b ;  fo  that  za — a-\-b=^i  (j=a — b.)  Then  alfo  is  a-\-b''=- 
iax.2b-\-i=i\.ab-\-i  (by  taking  ia^i=a-^b,  and  ^-}~^^^^^-^)"''''^''^f°''^  4^bx.i-\-b^  is  an 
Oblong.  Alfo  4.abx.4.ab'<a-\-b^  is  a  Square,  whofe  Root  is  4.abxa-\-b,  fo  that  4rf^x.'!;-|-^'  is 
the  Number  fought,  when  ^.ab  is  the  Number  given  :  But  ^ab=4.»,  and  a-\-b''=4ab-\-i 
=4«-}-i»  therefore  4.abxa-\-b  =4;7X4;;-|-i=i(j«^-|-4.«. 

ScHOL.  As  to  the  Invention  of  this  Rule,  it  may  be  traced  in  this  Manner :  Tlie  Sides 
of  a  given  Oblong  being  a,  b,  then,  1°.  To  find  a  Number  which  multiplied  into  ab  will 
produce  a  Square;  it  is  obvious  that  if  we  multiply  ^b  into  any  fquare  Number,  as  ;//;, 
the  Produft  abnii,  is  a  Number  which  multiplied  into  nb  produces  a  Square,  viz,, 
ab  X-'i'^ab/}  .  But  then,  2*.  The  Queftion  is,  whether  abxnii  be  alfo  an  Oblong  ; 
which  depends  upon  the  Choice  of  ««  ;  as  to  which,  it  is  plain  in  the  firll  Place,  that 
ab,  nit,  cannot  be  Sides  of  an  Oblong  ;  for,  by  the  Nature  of  Oblongs,  and  their 
Connexion  with  Squares,  the  next  Square  to  ab  is  ab — b,  or  ab-\-a  (Vid.  'Theorem 
XXVIII.  Cor.  I.)  either  of  which  has  a  greater  Difference  from  ab  than  i  ;  where- 
fore if ;;;;  is  the  greater  Side  of  an  Oblong,  the  other  rouft  be  greater  than  ab :  Alfo, 
in  order  that  the  Product  of  that  Oblong  by  ab  may  be  a  Square,  the  other  Sicie  of  the 
Oblong  fought  mult  be  the  Produd  of  ab  by  fome  fquare  Number,  which  if  we  fup- 
pofe to  be  XX,  then  the  two  Sides  of  the  Oblong  are  ab:<):=as'!<bx,  and  »».  But  5". 
The  Qiieflion  Hill  remains,  What  Numbers  we  fliaU  chufe  for  x  and  «,  fo  as  axXbx,  and 
»»,  be  Sides  of  an  Oblong  ?  In  order  to  which  it  may  readily  occur,  that  if  3  Num- 
bers are  -^/,  differing  by  i  ;  then  the  Product  of  the  Extremes,  and  Square  of  the 
IMean  differ  by  i,  [as  in  the  Dcmonftration  of  !Zl&for XXXIV.  we  fee  ac=^bb — i]  and 
fo  are  Sides  of  an  Oblong ;  wherefore  it  follows,  that  in  the  prefent  Cafe,  ax,  n, 
bx,  muft  be  h-/  differing  by  i  ;  and  confequently  s  muft  be  2,  becaufe  a — ^=1,  and 
hence  zn — 2^=2  ;  fo  that  betwixt  la,  ib  there  is  one  Arithmetical  Mean  in  Integers, 
"jtz.  a-\-b,  the  common  Difference  being  i  ;  wherefore  it's  plain,  that  «  muft  be 
an  Arithmetical  Mean  betwixt  za  and  zb,  i.  e.  fi=a-{-b. 

From  this  Invefligation  the  Rule  may  be  expreffed  in  this  Manner,  viz.  Take  the 
given  Oblong,  viz.  ab,  and  multiply  it  by  a-{-b  (==«)  the  Sum  of  the  Sides  (which 
is  the  Arithmetical  Mean  betwixt  the  Doubles  of  the  Sides,  viz.  za,  zb,)  the  Square 
of  the  Prcduft  is  the  Oblong  fought,  ab>>'.  But  obferve,  that  this  Rule  requires  that 
the  Sides  of  the  given  Oblong  be  known,  whereas  the  former  Rule  requires  only  the 
Oblong  it  felf. 

PROBLEM  V. 
To  find  3  fquare  Numbers  in  Arithmetical  Progreffton,  i.  e .  that  the  middle  one 
exceed  the  leait  as  much  as  the  greateft  exceeds  the  middle  5  thus,  we  are  to  find  a'-, 
l;\  c\  fuch  that  a-—b^=y-''  r.  Rule. 
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Rule.  Take  any  two  Square  Numbers,  which  call  r,  d',  and  let  them  be  fuch  that 
2f*  be  greater  than  d^  ;  then  is  the  Difference,  viz.  zc~ — d^,  the  Icfler  of  the  Rooti 
fought  ;  to  the  Sum  of  the  fame  Numbers,  viz.  zc'^-\-d',  add  zJr,  and  the  Total 
2L.'^-\-dd-\-idc,  is  the  next  greater  Root  fought.  Again,  to  this  lall  Root  add  alfo  zdc, 
and  the  Sum  ic'-\-dd-\-\dc  is  the  greateil  of  the  Roots  fought. 

2-'.\W/?.  Take  c=i,  and  J=i,  then  is  c'=+  and  ii^=i  :  Again,  zc^ — (i'=8 — 1=7, 
the  leffer  Root.  To  the  Sum  of  84-i=9  add  idr=4.,  the  Total  is  15,  the  next 
Root.  Lajily,  To  this  Root  15  add  zdc=^,  the  Sum  17  is  the  other  Root  fought :  For 
7X7=49,   13X15=159,  and  17X17=289  ;   and  289 — 169=^169 — 49=110. 

2}e/>?ofiJfr.itio»  and  Invejli^^ation  of  this  Rule. 

If  you  take  the  5  Numbers  ic^ — d^  ;  zc^-\-d-\-idc  5  zc^-\-i''-\-l'i'',  and  fipd  their 
Squares  by  the  common  Operations  ;  then  it  will  be  found  to  be  in  Arithmeacal  Pro- 
greflionj  but  the  Truth  of  this  we  Hiall  fee  by  the  following  Ifi-jcfti_%atio>i. 

Suppofe  the  5  Roots  fought  reprefented  thus,  viz.  a,  a-\-b,  a-\-b-\-c :  their  Squares 
are  a'-  j  ^--|-Z'"--f-'^^  i  ^--4-^"+r+2^^+z^(+-^^  j  ^^e  Difference  of  the  ift  and  id 
is  b--]-zal;,  and  of  the  2d  and  ^d  is  c''-^zac-\-zbc  ;  and  thefe  two  Differences  are, 
by  Suppofition,  equal,  i.  e.  ^^-f  -cib=c'^-\'zac-^zlx  5  whence  this  Proportion  is  evi- 
dent, viz.  b-\-z.i  :  c-\-za-\-ib  :  :  c  :  b,  but  the  2d  Term  is  greater  than  the  ift,  and 
therefore  fo  is  b  greater  than  c  ;  and  confequently  ^ab  is  greater  than  znc.  In  the  next 
Place  then,  from  each  of  thefe  Equals,  viz.  b''-\-zab=c"--\-zac-\-ibc,  take  b'-\-zaCy 
the  Remainders  are  equal,  viz.  zab — z(ic=-c''-\-zbc — b'^  5  divide  both  thefe  by  zb — 2c,  or 

zxf^,  the  Quotes  are  equal,  viz.   a=^—J~,~~',     which    is    the     leffer    Root 

zb — zc 
fought.  But  now  to  make  this  a  poffible  Solution,  it's  manifeft,  that  r-{'ibc  muft  be 
greater  than  b',  and  if  we  chufe  b  and  c,  fo  as  they  have  this  Condition,  and  b  alfo  be 
greater  than  c,  it's  certam  from  what  is  Ihewn,  that  we  have  all  the  5  Roots  fought, 
viz.  a,  «+/»,  a-\-b-\-c.  What  remains  then  is  to  (hew,  how  to  chufe  b,  C,  with  thefe 
Conditions,  in  order  to  which  fuppofe  b=c-\-d,  then  is  b'=c'''-{-d'-\-icdf  bc=c'-\-cd, 
and  2^£=2r+2f^  j  hence  (T-^-zbc — b''=c^-\-zc~-\-zcd — c^ — d' — zrd  =  ic'^ — J";    and 

becaufe  b—c=d,  therefore  zb—zc=zd,  fo  that  a=  ^Id:2^fll£.^=l^.^ ,    wherein 

zb 26'  zd 

2C*  muft  be  greater  than  d'' ;  and  to  chufe  c,  d  fo,  has  in  it  no  manner  of  difficulty  5  for 
it's  eafily  done,  whether  we  take  c  greater  or  Lflcr  than  d  ;  wherefore  having  affumed 
c,  d  according   to   the    Conditions  mentioned,    we    havj    a'l    the  9    Roots,    for   rt  = 

ifizi:,  then  becaufe  Z=6+.7,  therefore /:+^>=^l+f+i=—=:^+j.'^i±iii= 

,4-i^+^_     alfo,    .  +  ^  +  .  =  ±£l±f^^+ii^.+  .=  it±£+^^M2^== 

zd  sd  -i 

2^^-fi-4-4(/-:      j^   jj^j.  j^,^  pj^^g^  ^„,^.,j  f]^^.  Squares  of  thefe  fraaionally   expreffed 

zd 
Roots,  are  in  Arithmetical  Progreffion,  fo  muft  the  Squares  of  the  Nurnerators  be,  be- 
caufe the  Denominators  are  the  fame  5  but  thefe  Numerators  are  the  Tame  Expreffions 
as  in  the  Rule,  which  is  therefore  demonftrated. 

ScHOL.  If  in  all  Cafes  we  make  d=^i,  then  the  9  Roots  are,  ;r — i  5  zc'^-\-2C-\-i  ; 
zr^-\-jy--\-i  ;  tliat  is,  affume  any  Number  c,  and  from  double  its  Square  take  r,  the 
Remainder  is  the  leffer  Root  fought  ^  to  double  its  Square  add  double  the  Root,  and 
I,  the  Sum  is  the  next  Root  fought  j  then  to  double  its  Square  add  4  Times  its  Root, 
and  I  (/.  e.  to  the  preceding  Root  found  add  double  the  affumed  Number}  the  Sum  is 
the  grcateft  of  the  Roots  foDght. 

K  k  k  Lemma. 
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Lemma. 

The  Difference  of  two  Integral  Squares  is  cither  fonie  odd  Number  'greater  than  i ; 
or,  it  is  an  even  Number  greater  than  4,  and  alfb  a  Multiple  of  4. 

Demon.  (i°-)  If  it's  an  odd  Number  it  muft  be  greater  than  i ;  this  is  fliewn  in 
Cor.  4.  T'beor.  IX.  (2°.)  If  it's  an  even  Number  it  )iiuft  be  greater  than  4,  as  is 
Ihewn  in  Cor.  2d  and  4th.  T'heor.  IX.  But  again,  it  muft  be  a  Multiple  of  4,  which 
is  demonftrated  thus,  by  CoroU.  i.  Theor.  IX.  The  Difftrence  of  any  two  Integra! 
Squares  is  either  fome  one,  or  the  Sum  of  feme  two  or  more  Terms  adjacent  in  the 
odd  Series,  whereof  the  kffer  is  greater  than  i .  If  it's  one  of  thefc  Terms,  or  the 
Sum  of  an  odd  Number  of  them,  then  it  is  an  odd  Number  ;  and  if  it  is  the  Sum  of 
an  even  Number  of  Terms,  then  it  is  an  even  Number  5  and  I  £iy  all  thefc  are  Multi- 
ples of  4.  For  any  two  adjacent  Terms  in  that  Series,  whereof  the  lefler  is  above  r, 
maybe  reprefented  thus,  ia-\-\^  and  a/j-f-;,  whofe  Sum  is  4'?-}-4=4Xa-j-i  ;  which 
fliews  the  Truth  propofed,  if  the  Squares  differ  by  the  Sum  of  any  two  adjacent 
Terms  above  i.  If  the  Difference  is  the  Sum  of  any  other  even  Number  of  Terms, 
then  the  Sum  of  every  Pair  of  them  at  equal  Diftance  from  the  middle  Pair,  is  equal  to 
the  Sum  of  the  middle  Pair,  becaufe  they  are  in  Arithmetical  Progreffion ;  but  the 
Sum  of  the  middle  Pair  being  adjacent  Term;.,  is  a  Multiple  of  4,  confequently  fo  is 
tbe  Sum  of  each  of  the  other  Pair.s.  And  hence,  Lnftly,  The  total  Sum  of  all  the 
Pairs  muft  be  a  Multiple  of  4,  fince  each  of  the  Parts,  i.  e.  each  of  the  Pairs  is  fo. 

P  R  O  B  L  E  M     VI. 

Having  any  Integral  Number,  to  find  two  Integral  Squares,  whofe  Difference  is 
equal  to  that  given  Number. 

Rule.  The  given  Number  being  an  odd  Number  greater  than  i,  or  an  even  Number 
greater  than  4,  and  meafurablc  by  4  (as  required  in  the  preceding  Lemma)  take  any 
two  diferen;  Integers,  whofe  Produft  is  equal  to  the  given  Number,  i.  e  any  two  of 
its  reciprocal  Meafurcs  i  and  mind,  that  if  the  given  Number  is  odd,  we  admit  of  i  for 
a  Mcnfure,  whofe  reciprocal  Mcafure  is  the  given  Number  it  fclf  5  but  if  the  given. 
Number  is  even,  the  reciprocal  Meafures  muft  be  both  even]  then  the  half  Sum  and 
half  Difference  of  tiiefe  two  Numbers,  are  the  Roots  of  two  Squares,  whofe  Diffe- 
rencs  is  ths  given  Number  5  and  thus  by  taking  every  Pair  of  reciprocal  Meafures  of 
the  given  Number,   you'll  find  all  the  poffible  Solutions  of  the  Problem. 

Jixam.  I.  Given  15=1X15=3X55  there  are  two  Solutions,  viz.  — • — ==7,  and 

2 

Iirtl=8j   or  ln2=j[  5  and  llti=4.     For   7x7=49,    8x8=54,  and  tf4— 49=155 

2  2,  a 

alfo,  4X4:=! ()  and  16 — 1=15. 

Exam.  %,  Given  105=1X105=3X35=5X21=7X15,   which  make  4  Solutions,  viz^ 

105— r J    lOj-j-I ^5 — 1  ,         ,  2S+A  -I  —  5       o  J 

— '- =52,  and  — LJ__=:53,  or  11—2  =i5,  and  ^'  '^^  =19,  or 1=8,  and 

2  2222 

H±i=x5.  or  11=7=4,  and  ll±l=  ix. 

Exam.  3.  Given  20=2X10  ;  whence  we  have  this  one  Solution =4,    and 

2 

— ^=-=<fi    no  other  Pair  of  the  reciprocal  Meafures  of   ao   being  both  even 
^lumbers," 

Emuh. 
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Exara.  4.  Given,  112=1X55,  =4X18,  =8X14;  whence  we  have  three  Solution^ 
viz.  27  and  ap,  or  11  and  i(5,  or  3  anl  11. 

Demonstration. 

1.  Let  the  given  Number  be  called  D,  and  any  of  its  reciprocal  Meafures  <r,  ;/, 

that  is,  D=<J«  ;  then  are  ^^Tlf ,  ^Jl^,  two  Roots,    whofe   Squares   differ  by  D= 

2.  2 

^r/M  for  thefe  Squares  are  ^!£±i*^d:^'  and  Jl^IlH^'',    whofe    Difference   is 

4  4 

plainly  (j;;. 

2.  Again,  it  is  evident  that  as  rt,  »,  are  fuppofed  to  be  qualified, i,    Jl^,  will 

2  2 

be  both  Integers :  For  D  being  an  odd  Number,  all  its  Meafures,  as,  a,  «,  are  odd  Num- 
bers, and  fo  a — «,  a-\-n,  are  both  even  (as  explained  in  Ch.l.  5.4.)  conftquently  1 ,  '!lrlf , 

2         2 
are  both  Integers  ;  if  D  is  even,  a,  a,   muft  both  be  even,  for  if  the  one  is  even,  and 
the  other  odd,  the  Sum  and  Difference  are   both  odd,  and  fo  have   not  an  Integral 
half  j  but  a,  «,  being  both  even,  the  Sum  and  Difference  are  both  even,  and  confe- 
quently  their  Half  is  an  Integer. 

5.  Thus  it  is  demonftrated  that  all  the  Numbers  found  by  this  Rule  are  true  Solu- 
tions of  the  Problem  ;  but  obferve,  that  it  does  not  from  hence  follow,  that  there  can 
be  no  other  Solutions  than  thefe,  /.  e.  if  D==x*— _y^  (two  Integral  Squares^  it  remains 
to  be  demonftrated,  that  s,  y,  muft  be  one  ol  them  the  half  Sum,  and  the  other  the 
half  Difference  of  fome  two  Integers,  a,  »,  fuch  that  «;;=D  (the  given  Number^ 
which  I  thus  demonftrate. 

Let  .V  b-  the  greater  Root  fought,  the  other,  y,  may  be  expreffed  ■< — «,  whofe 
Square  is  \^ — zxn-^-n' ;  hence  x' — x—h  =2xn — «*=D,   and  dividing  both  by  »,  it  is 

ix — «^  — ,   which  muft  be  an  Integer,  becaufe  sc,  «,  are  fuppofed  to  be  fo,  i.  e.  n 

meafures  D.     Suppofe  then  that  —=-a  (fo  that  D=i?«)  then  is  2.v — ;;=.f ,  and  2x= 

« 

rt+;;,  and  x=-5L,  which  is  the  one  Root  j  alfo 'j=x— «=-^?^ — «= ,  the  other 

2  2  2 

Root,,  according  to  the  Rule. 

Scholium    I. 

In  the  preceding  Demonftration  you  have  alfo  the  Invefiigatioit  of  this  Rule  after 

that  Method  which  is  called  Analytical,  by  fuppofing  x,  and  x — n,  the  two  Roots 

fought.     And  we  have  alfb  a  Demonftration  of  the  Rule,  as  a  Solution  of  the  Problem 

taken  more  univerfally,   without  refpeft  to  Integers;  for  whether  D  be  Integral  or 

Fradional,  any  two  Numbers,  a, ;/,  fuch  that  ^/;=D,  make ,   -itL,  a  true  Solu- 

tion;  and  all  the  poffible  Solutions  are  got  in  this  Method,  becaufe  x  and  x — n  may 
reprefent  all  the  poffible  Roots. 

But  there  are  other  Methods  whereby  this  Rule  might  be  difcovered,  of  the  Kind 
we  call  Synthetical,  wherein  we  proceed  from  fome  known  Truth  j  and  thefe  being 
alfo  worth  knowing,  I  Ihall  explain  them. 

K  Tc  k  a  Second 
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Seroiid  Method  of  T/tvcfli^'^ating  the  preceding  Rule. 
This  Rule  might  be  owing  to  the  Confideration  of  the  Squares  of  a  Binomial  and 
Refidiial  Root.  Thus,  having  obferved  that  the  Square  of  ^-)-;;  is  act-\-zan-^nn,  and 
the  Square  of  ^- — ii^=aa-  iaf/-\-»»  ;  alfo,  that  the  Difference  of  thefc  two  Squares  is 
4^«  ;  it  was  obvious  to  conclude,  that  if  the  Difference  of  two  Squares  was  a  Multiple 
of  4,  it  may  be  expreffcd  by  4Z',  and  I;  be  cxpreffed  /'Xh,  (n,  n  being  any  two  Numbers, 
whofc  Produifl  is  =^.^  Again,  it  might  cafily  occur,  that  though  the  Difference  of  every 
two  Squares  is  not  a  Multiple  of  4,  yet  the  Difference  of  any  two  Squares  may  be  reprc- 

fented  by  the  Produil  of  two  Numbers,  as  an  ;  and  then,  confidcring  that  i.1i!= 

+ 
an  }  which  being  the  4th  Part  of  the  preceding  Difference  ^an  (=4^)  therefore  it 

muft  be  the  Dificrence  of  the  4th  Parts  of  the  preceding  Squares,  viz,,  of  ^^'"i^lX— 

4 

„    .  an — %n>iA-iin      •<    r   -o     ..         ^-\-n    <-t — n        ,  •      /-i  «   1     •    i-c 

and  . i ,   whole  Roots  are — —  , ;    whence  an  uraverlal  Rule  is  dif- 

4  2.  2 

covered  for  finding  two  Squares,  whofe  Difference  is  any  given  Number,  provided 
always  that  <?,  ;;,  be  different  Numbers,  for  otherwife  n — /;  is  nothing  What  other 
Conlitions  are  nectffary,  upon  Suppofition  that  D  is  Integer,  are  alfo  obvious, 
vtZi.  that  c,  ft  be  both  Integers,  and  both  odd,   or  both  even. 

I'hird  Method  of  Invefii gating  the  preceding  Rule. 

The  Taft  Method  feems  to  be  rather  by  Chance,  than  that  one  is  naturally  direftcd 
to  the  Coniideration  of  Binomial  and  Refidual  Squares,  as  a  firft  Principle  that  fhould 
lead  t(j  the  Solution  of  the  Problem. 

But  afrer  the  Invention  oH'heor.  IX.  we  have  a  more  e.afy  and  natural  Principle  afford- 
ed us  for  the  Solution  of  the  Problem,  as  limited  to  Integers  j  which,  though  tedious, 
yet  is  very  curious  and  not  diiBcuIt  ;  thus. 

By  CorolL  i-  'I'heor_.  IX.  The  Difference  of  any  two  Integral  Squares  is  either  fome 
one,  or  the  Sum  of  fome  2  or  more  Terms  of  the  odd  Series,  1.3.5.  ^c.  and  the 
Roots  of  thcfc  Squares  are  the  Indexes  of  the  Places  of  the  greater  Term,  and  of  that 
ntxt  below  the  ieffer  of  thefe  Terms,  wh<i'e  Sum  is  equal  to  the  given  Number.  It  is 
hence  evident,  that  wc  have  no  more  to  do,  but  from  the  given  Number,  and  the 
known  Properties  of  an  Arithmetical  Piogreflion,  tofeek  an  Expreflion  in  known  Numbers 
for  thefe  Roots ;  and  all  tiie  Variety  of  them  that  have  the  lame  Difference  3  and  this 
we  muft  diftri'jute  into  z  Cafes  > 

Cafe  I.  The  given  Number  being  an  odd  Number  greater  than  i.  In  this  Cafe  the  Pro- 
blem has  at  Icaft  one  Solution  ;  for  D  being  a  Term  of  the  odd  Series,  whofe  Place 
call  n,  then  is  D  the  Difference  of  two  Squares,  whofe  Roots  are  «  and  n — i  j  and 
thefe  being  expreffcd  according  to  the  Rules  of  Arithmetical  Progreffions,  arc  «= 

-lJI},    and  « — i=_~lll  5   for  if  the  greater  Extreme  of  an  Arithmetical  Series  is  /, 

the  leCfer  a,  and  the  common  Difference  d,  then  is  the  Number  of  Terms  »= ltl_. 

a 

?ut  in  the  prefent  Cafe /=D,  <t=r,  and  <i=2  j  hence  «= —     ZL— =  — Hi  ,  and 

22 

/>— i=^?il—  I  =5zii  ;  and  thefe  Roots  HH',   5±J,   are  manifeftly  two  Exam- 
ples of  tWe  preceding  Rule,  bccaufe  i;^=D. 

Jgain, 
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Again.,  To  find  if  there  can  be  any  other  Solutions,  and  what  they  arc  ;  Confider, 
That  if  there  is  another  Solution,  then,  by  Coroll.  i.  T'teor.  IX.'  the_  given  odd 
Number,  D,  niuft  be  equal  to  the  Sumof  fotpe  odd  Number  of  Terms  greater  than  r, 
Handing  next  together  in  the  odd  Series,  and  whereof  alfo  the  lead  Term  cannot 
be  1  :  And  in  this  Cal'e  the  Place  of  (or  the  Number  of  Terms  from  i,  to)  the 
greateft  of  thefe  Terras,  and  the  Place  next  below  the  Icfler  of  thefc  Terms,  are  two 
Roots,  whofe  Squares  have  the  given  Difference  (which  is  the  Sam  of  all  thefe  Terms.) 
Wherefore  it's  plain.  That  as  many  different  odd  Numbers  of  Terms  as  there  are,  whole 
Sums  arc  each  equal  to  D  fof  which  the  leall  is  greater  than  i)  fo  many,  and  no 
more.  Solutions  has  the  Problem  :  And  to  difcover  thefe,  conddcr  again.  That  from 
the  Nature  of  Arithmetical  Progreffions,  when  the  Number  of  Terms  is  odd,  it's  an 
aliquot  Part  of  the  Sum  ;  for  the  Sura  being  D,  and  Number  of  Terms  n,  the  middle 

Term  is  —  j   whicli  being,   by  Suppofition,  an  Integer,  «  muft  meafure,  or  be  an 

aliquot  Part  of  D  ;  whereby  it's  evident,  that  as  there  can  be  no  Solution  of  the  Pro- 
blem but  one  for  every  odd  Number  of  Terms  of  the  odd  Series,  whole  Sum  is  ^D, 
and  w-hcreof  the  leall  Term  is  greater  than  i  ;  ib,  becaufe  that  Number  of  Terms  is 
alfo  an  aliquot  Part  of  D,  it  follows,  that  there  cannot  be  more  Solutions  than  there 
arc  diflerent  Meafures  of  D.  But  yet  again,  I  fay  that  all  the  Solutions  amount  only 
to  one  for  every  Pair  of  Reciprocal  MeallTres  ("and  not  one  for  every  Meafure  :)  And  to 
dcmonftrate  this,  and  al(b  find  the  general  Expreilion  for  them  all,  agreeable  to  the 
Rule,  we  proceed  thus  ;  D  being  the  Sum  of  an  odd  Number,  «,  of  Terms  of  the  odd 

Series,  _    is  the   middle  Term  ;    and  then  having  — ,    the  middle    Term,    and 
11  n 

2,  the  common  Difference,  we  may  find  the  Extremes  thus  j  Suppole  the  middle 
Term,  _,   to   be  a  leffer  Extreme,    with  refpedl  to  the  greater  Extreme   fought 

(which  in  general  call  /)  and  a  greater,  with  refpeifl  to  the  leffer  Extreme  ibught 
(which  call  A  3)   then,  fince  the  Number  of  Terms,   from  A  to  /,    is  «,    the  Number 

of  Terms  lefs  i,   from  A  to   _,  and  from  —  to  /,   is    -ZZJ  •    and   hence,  by  the 

n  n  z 

common    Rules,   we   find  /  =  _-{- iX =_-}"« — i  5    and   A  =  —  — ::  X  "     ^ 

;;  z         n  n  z 

=  — — ;;-f-i  ;  then  the  Places  of  thefe  Terms  in  the  odd  Series,  arc —L-L,  the  Place  of  /  ; 
n  z  '- 

which  is  alfo  the  Root  of  the  greater  Square  fought  j  and  -^ti,   the    Place   of  A, 

a. 

from  which  take  i,  the  Remainder  is  ,  the  leffer  Rootfought;  now  putting  inftead 

2 

of/,  and  A,   their  Equals,   __-j-«— i   (=/,)   and  — -f- 1 — "   C^^-^)    thefe    Roots 

«  ;; 

are    —Ll — ,  and ;  for  /-f-i  =  —  -}-«=— X^  ;     which    divided     by  2, 

2«  2«  u  » 

Qiiotes  5+"£  r,  and  A— i  =^  —  «  =  ^~'""  ;  which  divided  by  2,  Quotes  R~^. 

zit  n  n  in 

Again,  Since  «  meafures  D,  fuppofe  — =^,  then  is  D=/r»  j   and  putting  an  for 
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D,  the  Roots  arc  fH^^if^  an—na  _  ^j^j^j^  j,y  ^^^^1  Divifion  of  Numerator  and  De- 
nominator,    by  »,  are  ^~'~  , ;   which  Expreffions  comprehend  alfo  the  ift  Solu- 

2  2 

tion  J  wherein  »  being  =i,   D  is  =^  :  And  hence ,   -^^^,  are  = 1,  ■    '^, 

the  Rules  given  for  that  Cafe  5  Co  that  D  being  =ij;;,  any  two  reciprocal  Meafures  of 
D,  all  the  polEble  Roots  which  folve   the   Problem,    arc   expreCTed  in  general,    by 

,    -—!^,   according  to  the  preceding  Rule  :  Then,    becaufe  «  muft  be  Icfs  than  a, 

n  2 

to  make  a — ft  poffible  ;  therefore  of  two  reciprocal  Meafures  of  D,  there  can  be  a 
Solution  only  for  the  Icfler  of  thera,  taken  as  a  Number  ot  Terras,  whofe  Sum  is 
=D.  And  thus  is  the  whole  Inveftigation  and  Demonftration  finifhed,  when  D  is  an 
odd  Number. 

Cafe  II.  The  given  Number,  D,  being  an  even  Number  (greater  than  4,  and 
meafurable  by  4}  then  the  Problem  has,  at  leaft,  one   Solution;  for  by  Suppoiition, 

is  an  even  Number  J  therefore  — +1, 1, are  two  odd  Numbers ;  which differ- 

2  2  4 

ing  by  2,  fhews  that  they  ftand  next  together  in  the  odd  Series ;  and  their  Sum  being 

=  to  D,  therefore  the  Places  of  _  4-ii  and  of  the  Terra  next  below  —  —  r,  are  two 

2  2 

Roots,  whofe  Squares  differ  by  D.  Nowthefe  Places  are  found  by  the  common  Rales 
to  be  ~ii,  and  t— I^.     Again,   Since  D  is  a  Multiple  of  4,   let  it  be  =4.'/=2X2i  j 

then  E±+=*^±i  =if?+-^-  C=i+0  and  5_4  =  4i-4  =  i^i_  (  =  ^  _  ,  ) 
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which  fiiews  us  plainly  that  this  is  an  Example  of  the  preceding  Rule. 

Again,  To  find  if  there  are  any  other  Solutions,  and  what  they  are.  Confider, 
That  if  there  is  another  Solution,  then  D  muft  be  the  Sam  of  an  even  Number  of 
Terras  oreater  than  ;,  ftanding  next  together  in  the  Oild  Series,  and  whereof  the  leaft 
is  not  I,  Cby  Cor.  i.  Ti^.  IX.)  and  in  this  Cafe  the  Places  of  the  greateft  of  thefe  Terms, 
and  of  that  next  before  the  leaft,  are  2  Roots,  whofe  Squares  differ  by  D,  the  Sum 
of  all  thefe  Terms  ;  wherefore  it's  plain,  that  as  many  different  Numbers  of  Terms 
as  there  are,  whofe  Sums  are  each  =D,  and  of  which  the  leaft  Term  is  greater  than 
I,  fo  many,  and  no  more,  Solutions  has  the  Problem  :  And  to  difcover  thefe,  con- 
fider, a<^fli».  That  from  the  Nature  of  a  Progreffion  of  odd  Numbers,  if  the  Number 
of  Terms  is  even,  it's  an  cliquor  Part  or  Meafure  of  the  Sum  ;  for  D  being 
the    Sum,    n  the  Number    of   Terms,     and    the    Extremes,   A,    L,    then  is   D 

—  K^lx-.     Hence   A+/  =  D^-^=— ,  and  :^+i=?-;  but  A,  /,  are  both 
'2  2         »  a  » 

odd,  and  fo  their  Sum  is  even,  ;.  c.  — — ,  is  an  Integer  j   confequcntly  fo   is  — , 

2  .  n 

or  «  meafures  D  :  Hence,  if  there  is  any  Number  of  Terms  of  the  odd  Series,  whofe 
Sum  is  =D,  that  Number  meafures  D;  whereby  it's  evident  there  can  be  no  Solu- 
tion of  the  Problem,  but  one,  for  every  even  Number  of  Terms,  whofe  Sum  is  D,  and 
whereof  the  leaft  Term  is  greater  than  i  ;  and  becaufe  that  Number  of  Terms  muft 
meafure  D,  it  follows,  that  there  cannot  be  more  Solutions  than  there  are  even  Mea- 
fures of  D  :  But  yet  again,  I  fay,  that  there  cannot  be  more  Solutions  than  the  Num- 
ber of  reciprocal  Meafures  of  D,  or  one  for  each  Pair,  which  are  both  even  Numbers  : 

And 
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And  to  demonftrate  this,  and  find  the  general  Expreflion  for  them  all,  agreeable  to 
the  Rule,  wc  proceed  thus  ;   D  being  the  Sum  of  an  even  Number,  »,  ofTerms  of  the 

oddScries,  whofc  common  DifF-Tence  is  2,  then  —  — i,—-\-i,  exprefs  the  two  middle 

n  » 

Terms  j  for  the  Sum  of  the  two  middle  Terms  is  equal  to  the  Sum  of  the  Extremes, 

A-f-/,     which    is    equal    to  ~ — ;  becaufe  A  +/  x  -  =D,    and    hence   A  +  /  = 

//  2 

z}~.  ;   therefore  the  Sum  of  the  two  middle  Terms  is  alfo  = .     But  it  is  a  known 

Truth,   that  the  half  Sum,  more  or  lefs  the  half  Difference  of  two  Numbers,  is  equal 

to  the  greater  or  kfler  of  them  5  wherefore  1 —  being  the  Sum  of  the  middle  Terms,  — 
°  n  n 

is  the  half  Sum  ;   alfo  2  being  their  Difference,  i  is  the  half  Difference  ;  therefore 

—-\-i  is  the  greater,  and  -  — i  the  leffer  middle  Term  ;  From  which,  again^  we 
n  » 

may  find  the  two  Extremes,  A,  /,    thm  ;  Suppofe  the  greater  middle  Term,  -  -}-i, 

to  be  a  Icffcr  Extreme,    with  refpefl   to  /  j   and   —  — i   to  be  a  greater   Extreme, 

n 

with  refpeft  to  A  ;   then  the  Number  of  Terms,  from  A  to  /,    being  »,  that  from  A 

to  _ — I,  and   from   -  -pi  to  /,    will   be  -  ;  from  which  take  i,   the  Remaindec 

n  n  z 

is  ^ — I  =  - — ^  ;  and  from  the  common  Rules,  /  is  = — 4"i-f"i^ =_-[-« — r  • 

22  n  1        n 

alfo,  A=_ — I — zx.-     i=— -[-I — n.     Now   thefe   being    the  fame  Expreffions, 

as  for   /   and    A,   in    the  ift  Cafe;  all  the  reft  of  the  Invefligation  is  the  fame  as 

there  ;    whereby   the  two  Roots  fought  are ,     ""'"    3    which  comprehend   alfo 

the    I fl  Solution,    wherein   ;;=2,    D=4i=2</X2  ;   whence   2d=a,     and    -= 

2 

ll?IIi=;i— I  ;  airo^iii=i-^i-=:'i-f-i,  which  arethe  Rules  ofthatfirlt  Solution: 
So  that  D  being  =^«  (any  two  reciprocal  Meafures  of  D;)   all  the  Solutions  of  the 

Problem  are   univerfally  exprcffed  by  '-,    -X_,  upon  Condition  alfo  that  a,  «, 

/  2  2 

be  both  even  Numbers  ;  for  clfe  the  Roots  cannot  be  Integers  :  They  muftalfo  be  diffe- 
rent Numbers  5  elfc  ^. — /t  =0  :  ^Yhence,  in  the  lalt  Place  it  is  clear  that  all  the 
Solutions  amount  only  to  one  for  every  Pair  of  the  reciprocal  Meafures  of  D,  which 
are  both  even  Numbers. 

Scholium     II. 
In  the  preceding  Problem,  the  given  Difference  being  called  D,  will,  in  fomc  Solu- 
tions, be  lefs  than fquar'd,  and  in  foine  greater ;  and  indeed,  in  fome  Values  of  D, 

there  will  be  no  Solution  in  which  D  will  be  lefs  than fquared ;  And  in  fome 

Cafes 
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Cafes  there  will  be  no  Solution,  wherein  D  is  greater  than fquar'd.  In  other  Cafes 

\  - 

you  will  find  Solutions  of  both  Kinds.  But  I  fhall  alfo  explain  thefe  Things  more 
particularly. 

ij?.  If  D  is  an  even  Number,  then  ([.)  If  it's  lefs  than  14,  it  muft  be  8,  12,  t6,  or 
10  ;  for  no  other  even  Number  lefs  than  14,  is  a  Multiple  of  4.  :  And  in  all  rhefe  there 
IS  but  one  Solution,  viz.  Where  z  is  one  of  the  reciprocal  Meafures;  becaufe  no  other 
Pair  of  reciprocal  Meafures  of  any  of  thefe  Numbers,  are  both  even  Numbers  j    and 

tlie  lefler  Roots  in  thefe  feveral  Examples  are  3 ,   1,    , (viz. 

when  bl=4Xi,  11=15X2,  15=8X2,  2c=icXi,  are  the  Vakies  of  D)  and  the  Squares  of 
thefe  are  all  lefs  than  D,  or  24  j  for  they  are,  i,  4,  9,  16.  (2.)  If  D  is  24,  or  greatec, 
then  in  fome  Values  of  it  there  will  be  but  one  Solution  ;  and  in  that,  D  (=.ix») 

will  be  lefs  than fquared  :  And  fuch  are  all  thefe   Values  of  D,  whofe  4th 

2 . 

Part  is  an  odd  Number  ;  for  fince  D  mull  be  a  Multiple  of  4,  let  it  be  =4.3  j  if  its 
4th  Part,  d,  is  an  odd  Number,  it  follows,  that  it  can  have  no  Pair  of  even  Num- 
bers for  its  reciprocal  Meafures,  but  2  and  zd ;   fo  that  there  is  but  this  one  Solution : 

And  here  the  Roots  are  — — —,    i^IEL,  which  are  equal  to  d — i,  and  d-\-i  j  whofe 


Squares  are  both  great-er  than  D.     That  d — i    is  greater  than  D  =+i,  is  thus  proved  ; 
d—i^=dd — id-\-i  ;  add  zd  both  to  this  Square  and  to  ^d  ;  the  Sums  are  dd-\-iy 

and  6d  j  divide  both  by  d,    and  the  Qiiotes  are  d-\-—,  and  6  :   But  ^d  being  equal 

d 

to  24,  or  greater,  it  follows,  that   D  muft  be  =5,  or  greater  j    and  confequently 

d-\- —  is  greater  than  6  5  and  hence  dd-\-i  is  greater  than   6X.d  ;   alfo   dd — 2J-J-1, 
d 

greater  than  6X.d — 2i  =  4i  j  that  is,    d — 1*  greater  than  D=4(/. 

In  all  other  Values  of  D  (greater  than  24,  and  alfo  an  even  Number)  there  will 
be,  at  leaft,  two  Solutions  ;  for  we  fuppofe  now,  that  the  4th  Part  of  D  is  an  even 
Number  ;  and  therefore  D  may  be  reprefentcd,  4X2^  =  2X4^,  which  make  two  Solu- 
tions 5  and  according  as  d  is  varioufly  compounded,  fo  will  there  be  a  Variety  of 
other  Solutions ;  in  ibme  of  which  D  will  be  lefs,  and  in  fome  greater,  than  the  lefler 
of  the  two  Squares. 

zd.  If  D  is  an  odd  Number,  then  (i.)  If  it's  a  prime  Number,  there  is  but  one 
Solution,  and  the  Roots  fought  are  — ^,  and  Jli.  And  here,  if  D  is  5  or  5, 
it  is  greater  thaathe  lefler  Square  ;  for  this,  in  thefe  Cafes,  is  i,  or  4.  But  if  D  is 
greater  than  5,    then  it's  always  lefs  than  the  lefler  Square  fought,  viz. Square. 

For  D— i'  =  D'— 2D+1,  and  ^~''  Square,  =5!z:rJ2ii;    compare  this  with 

2  4 

D,   thus,  multiply  both  by  4,   and  the  Produfls  are  D" — iD-f-i,  4D  5  add  2D  to 

both,  the  Sums  arc  D'+i,  <sD  5  divide  both  thefe  by  D,  the  Quotes  are  JDH-^„ 
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(J  J  but  D  is  fiippofed  to  be  an  odd  Number  greater  than  5,  that  is,   7  at  leaft,   and 
confequently   D+.1  is  greater  than  6  :  And  hence  going  backwards,  D*+i  is  greater 

than  (JD;    alfo  D'+i— 2D,  greater  than    6T)—iD=^D  ;   and  ^-XiHi- greater 

than  D,  or  D  lefs  than  5llf  fquar'd.   (2.)  If  D  is  an  odd  compofite  Number,  there  will 

2 
be  feveral  Solutions,  according  to  the  Variety  of  the  Compofition  3  and  in  all  Cafes,  there 

will  be  at  leaft,  two  Solutions,    whe  reof  the  Roots  of  one  will  be  — — — ,    — — — ,  both 

2  2 

their  Squares  being  greater  than  D  ;  becaufe  D  is  greater  than  5  ;  as  already  Ihewn. 

5^.  Another  Thing  to  be  obferved  here,  is,  That  having  found  all  the  reciprocal 
Meafures  of  D  j  if  you  begin  with  that  Pair,  which  confifts  of  the  leaft  and  greateft 
Meafures  of  D,  i.  e.  that  Pair  which  have  the  greateft  Difference  5  or  alfo  with  that 
Pair  which  have  the  leaft  Difference  j    and  fo  proceed  in  Order  :  Then,   if  the  firft 

Solution  makes  £ll^  fquared,  lefs  or  greater  than  D,  go  on  till  you  have  a  Solution 
2 

making  llZ^  fquared,  contrarily  greater  or  lefs  than  D ;  and  after  this,  all  the  reft  will  be 

2 
of  the  fame  Kind.    The  Reafon  is  plain  ;  for  let  the  reciprocal  meafures  of  D  be  repre- 

fented  as  in  the  Margin  j  wherefore  if  iJ!  is  the  leaft,  and 
a   .  b    .  c    .  &c.  A  the  greateft  Meafure  of  D,  then  it  is  plain  that  A— a 

A  .  B  .   C  .  &c.  is  greater  than  B — I;,    which   is  greater  than    C — c  &c. 

Therefore  if  -Hi  fquared  is  greater  than  D,   then   ha- 


4A=^'B=fC=Scc.=D 

ving  proceeded  till  we  find  a  Solution,   wherein  JUi  fquared    (x-,  y,    being    any 


2 


Pair  of  reciprocal  Meafures  of  D)  is  lefs  than  D,  all  that  follow  will  be  fo  too  ;  be- 
caufe the  Difference  of  the  two  reciprocal  Meafures  grows  ftill  lefs  and  lefs.  Again, 
if  A — a  is  lefs  than  B — i,  &c.  (/.  e.  if  a  is  the  greateft  Meafure  of  D,  which  is  lefs 

than  its  reciprocal  Meafure)   then  if  — Hf  fquared  is  lefs  than  D,  having  proceeded 

2 

till  we  find  a  Solution,   in  which  '^    A  fquared  is.  greater  than  D,  all  after  this  will 

2 

be  fo  too  j  becaufe  the  Differences  increafe. 

P  R  O  B  L  E  ?vl     VII. 
To  find  5  Integral  Squares   (or  3  Integral  Roots,  ^whofe  Squares  are)  fuch,  that 
the  greater  is  equal  to  the  Sum  of  the  two  leffer. 

Rule.  Affume  any  fquare  Number,  N*,  greater  than  4  j  and  take  any  two  of  its 
reciprocal  Meafures,  as  ^,  »  j  then  are  ^'~'\  /nZL,  the  Roots  of  two  Squares^ 
which  with  N'  folve  the  Problem. 

Exam.  I .  If  we  affume  9=1X9  ;  the  5  Squares  fought  are  9,  i<J,  25- 
Esij?!i.  1.  If  we  affume  (^+=1X31  =  4X16  j  the  3  Squares  fought  are  64.,  225,  289,' 
or  $4»  3<Jj  ICO. 

[L  1 1]  Demon. 
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Demon.  The  univerfal  Rcafon  of  this  is  contained  in  the  Deinonflration  of  the  pre- 
ceding Problem  ^  for  the  Difference  of  two  Squares  may  be  any  odd  Number  greater  than 
I,  or  any  even  Number  greater  than  4,  and  meafurable  by  4,  (by  the  preceding  Lemma) 
therefore  it  may  be  any  Square  Number  greater  than  4  j  becaufe  any  fuch  Square  is 
either  an  odd  Number  greater  than  r,  or  it  is  an  even  Number  meafurable  by  4  (as 
all  even  Squares  are,  by  T'beor.  XXIX.  %  4.  Chap,  i.) 

Scholiums. 
I.  By  this  Rule,  the  Square  aflumed  is  always  one  of  the  two  lefler,  becaufe  it  is  the 
Difference  of  the  other  two ;  and  if  the  Problem  be  limited  to  this  Condition,  viz>.  That 
of  the  three  Squares,   the  affumed  (or  given)  one  be  the  lead,  or  alfo  the  middle  one 
of  the  three,  then  it  may  be  done  thus : 

(i°.)  To  make  the  affumed  Square  the  leaft  of  the  Three;  if  you  affume  N^ 
an  odd  Square,  then  as  it  muft  be  greater  than  r,  fo  the  other  2  Rooa  will  be    —Xf, 

and ,  which  will  be  greater  than  N  j  as  is  (hewn  in  the  fecond  Article  of 

2  .    . 

Scbol.  2  J.  to  the  preceding 'Pro^'/ew ;  where  it's  fhewn,  that  if  D  (an  odd"  Number) 

is  greater  than  5,  then  fquared  is  greater  than  D,  i.e.  in  the  prefent  Cafe, \ 

2  2 

fquar'd  is  greater  than  N'  j  for  here  N"  is  at  leafl  9.  Again,  if  you  affume  N*  an  even 
Number,  as  it  rnuil  be  a  Multiple  of  4,  in  order  to  be  the  Difference  of  2  Squares,  fo  it 
muft  be  the  Multiple  of  it  by  fome  Square  Number,  for  elfe  the  Produa  of  it  by  a 
Square   4  could  not  produce  a  Square  Number  (by  Coroll.  2.   'I'heor.  II.  Sook  III. 

Chap.l.)  Suppofe  now,  that  N"=4X«^=2X2^%  then  are  —JUl  (=^^_i)  and  — -IL^ 

(==a'-\-i)  two  Roots,  which  folve  the  Problem  in  all  Cafes  wherein  N*  is  greater  than 
16;  as  appears  by  the  firft  Article  of  if/^o/.  2.  to  the  preceding  Problem;  for  there 
it's  fliewn,  that  when  D  (or  in  this  Cafe  N*)  is  greater_than  24  (as  it  muft  be  if  it's 
a  Square  Number  greater  than  16)  then  it  is  lefs  than  d — 1%  the  leffer  of  the  Squares 
fought  (which  is  in  this  Cafe  g^ — i  fquar'd.)  But  if  W=i6,  this  will  not  folve  the 
Problem,  becaufe  then  4Xa'-  (=N^)  =i5,  and  confequently  rt^=4,  and  ^^—1=5,  Jefg 
than  4=N. 

(2°.)  To  make  the  affumed  Square  Number  the  middle  one  of  the  Three  ;  then  find 
all  its  reciprocal  Meafures,  and  take  that  Pair  which  have  the  leaft  Difference,  fup- 

pofe  them  to  be  x,  J  j  then  if  '^^  is  lefs  than  N,  the  Problem  is  poffible, 
and    '^-^y     '^i^,    are  two  Root*  which  folve  it  j    but  if  '^~^  is  greater  than 


2 


N     the'  Problem    is    impoffible ;     for    the    Difference    of    all    the    other    Pairs 
of    reciprocal     Meafures   being,     by    Suppofition,    greater    than    x—y,     therefore 

*n"i!  will  be  lefs  than  the  half  of  the  Difference  of  thcfe  others ;  fo  that  ±"1^    being 

1 
greater  than  N,   and  the  half  Difference  of  all  the  others  being  greater  than  —J',  they 

muft  ftiil  be  greater  than  N,  and  confequently  N*  is  the  leaft,  and  not  the  middle  of 
the  three  Squares,  . 


Chap.  II.  Of  Figurate  Numlersi  [4-?^] 

II.  If  the  given  Square  Number  is  propofed  as  the  greatcft  of  the  three,  [which  is 
the  fame  Problem  as  propofing  to  divide  a  given  Integral  Square  into  two  other  Inte- 
gral Squares]  the  Limitation  is  ftill  more  difficult  5  and  the  preceding  Rule  is  of  no 
ufe  here  ;  nor  do  I  indeed  know  any  Rule  better  or  eafier  than  taking  all  the  Num- 
bers lefs  than  N,  and  adding  together  the  Squaresof  every  one  of  them,  whereby  you'll 
find  every  Pair  of  Squares  lefs  than  N'-,  whofe  Sum  is  equal  to  N\ 

But  in  fome  Cafes  the  Impoffibility  of  this  Problem  may  be  difcovered  without  the 
Application  of  this  tedious  Rule  j  thus,  divide  the  given  Square  by  4 ;  and  if  the 
Remainder  is  3,  the  Problem  is  impoffible;  the  Reafon  of  which  you  have  in  Cor.  4. 
Theor.XX.VX..  §  4.  Chap.  I.  Yet  obferve,  that  though  the  Remainder  is  not  3,  or  if 
there  is  no  Remainder,  as  in  all  even  Squares,  it  does  not  follow  that  therefore  the 
given  Square  is  divifible  into  two  Squares. 

Theorem    XXXV. 
If  3  Numbers  are  fuch  that  the  Square  of  the  greater  is  equal  to  the  Sum  of  the 
Squares  of  the  other  two,   the  fame  will  be  true  alfo  of  any  the  like  Multiples,  or  ali- 
quot Parts  of  thefe  Numbers. 

ExarA.  3,  4,  5,  are  fuch  Numbers  as  propofed  ;  and  fo  are  their  Doubles,  6,  8,  10, 
and  their  Triples,   9,  12,  15  5  as  you'll  find  by  Calculation. 

Demon.  Let  A,  B,  C,  be  fuch  that  C*=A^-f.B\  then  are  »A,  «B,  «C,  fuch  alfo, 
viz.  »C=lA^-f7B',  for  ;7C'=/;'xC%  5^*=/;'xB%  tTK^^fi'xA'- ;  but  C'=A;+B% 
therefore  their  Equimultiples  are  alfo  equal,  ■:;«.  «^C'=«''A*-}-;;^B'-.  The  fame  is  true 
of  like  alijuot  Parts,  which  is  but  the  Reverfe  of  the  former,  fince  «A,  »B,  «C,  may 
reprefent  any  3  Numbers  which  have  a  like  aliquot  Part  denominated  by  n. 

COROLLARIES. 

r.  If  it  is  propofed  to  find  9  Integral  Numbers,  fuch  that  the  Square  of  the 
greater  be  equal  to'the  Sum  of  the  other  two  Squares,  and  fuch  too,  that  the  Roots  be 
in  certain  Ratio's  to  one  another,  then  reduce  thefe  Ratios  to  a  common  Antecedent, 
i.  e.  find  3  Numbers,  which  taken  in  a  Series,  are  gradually  to  one  another  in  the 
propofed  Ratios  (by  'Probl.l.  S 00k  IV.  Chap.  lY.)  and  if  thefe  3  Numbers  an- 
iwer  the  Problem,  you  have  done,  otherwife  the  Problem  is  impollible  j  for  it  there 
are  any  other  3  Numbers  in  thefe  Ratios  that  can  folve  the  Problem,  they  are  either  the 
leaft  Terms  of  thefe  Ratios,  or  like  Multiples  of  them  j  if  the  leaft  Terms,  then  the 
like  Multiples  will  alfo  fblve  the  Problem  :  If  you  fiy  they  are  fome  like  Multiples  of 
the  leaft  Terms,  then  alfo  the  leaft  Terms,  which  are  like  aliquot  Parts  of  them,  will 
folve  it  J  but  the  3  Numbers  firft  found  muft  alfo  be  either  the  leaft  Terms  of  the  fame 
Ratios,  or  like  .Multiples  of  them ;.  and  therefore  if  they  folve  not  the  Problem,  it 
cannot  be  folved,  becaufe  if  any  Terms  of  thefe  Ratios  folve  it,  all  Terms  muft 
folve  it. 

2.  Having  any  3  Numbers,  fuch  that  the  Square  of  the  greater  is  equal  to  the 
Sum  of  the  Squares  of  the  other  two,  we  can  find  an  infinite  Number  ot  other  Ex- 
amples of  the  fame  kind,  by  taking  any  like  Multiples  of  the  Numbers  given. 


Tmm- 
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Theorem   XXXVI. 
If  the  Root  of  any  Squ.irc  Number  is  equal  to  the  Sum  of  two  Square  Numbers, 
that  Square  is  alfo  equal  to  the  Sum  of  two  Square  Numbers,  whofe  Roots  are,  the 
Difference  of  the  two  Squares  whofe  Sum  the  firft  Root  is,  and  double  the  Produft 
of  their  Roots. 

ExaK.  4-f-9=i^,  and  15X13=1^9=144-^15,  two  Squares,  whofe  Roots  are 
IS  (=iXzX^)  and  $  (=9^4.) 

Demon.  Take  any  two  Squares,  «*,  ^*,  their  Sum  is  fl*+i%  and  tke  Square  of 
this  Sum  is  a''-f-2«^^^+Z'<=«'' — a^*^'+^<-j-4rt''^^  ;  alfo  «■< — ia'^lf'-\-l>*  is  a  Square, 
whofe  Root  is  «^ — F' ;   and  j^a^b''  is  a  Square,  whofe  Root  is  i.al>. 

CoROLL.  Hence  we  learn  how  to  find  a  Square  Number,  which  is  equal  to  the 
Sum  of  two  Squares  5  or,  another  Rule  for  finding  3  Square  Numbers,  fucn  that  the 
greater  is  equal  to  the  Sum  of  the  two  lefler.  But  obferve,  that  though  we  can  here- 
by find  an  infinite  Number  of  Anfwers  to  this  Problem,  yet  all  the  poflible  Solutions 
of  the  Problem  cannot  be  found  in  this  Method  j  becaufe  all  the  Examples  of  this 
Rule  are  of  a  particular  Kind,  viz.  where  the  Root  of  the  'greateft  Square  is  it  fclf 
the  Sum  of  two  Squares ;  whereas  there  is  an  infinite  Number  of  other  Examples  not 
of  this  Kind;  thus,  9,  12,  15,  are  fuch  Roots,  and  yet  15  is  not  the  Sum  of  two 
Squares  :  But  all  the  poffible  Examples  of  this  Problem  are  to  be  found  by  Trobl.  VII. 
and  therefore  all  the  Examples  found  by  this  Rule  muft  coincide  with  fome  of  thofe 
found  by  that  univerfal  Rule ;  which  Coincidence  you  may  fee  thus  :  Let  the  affumcd 
Root  of  a  Square  be  zab,  its  Square  is  /^d^b'^=ia^y.ib^,  and  by  the  Rule  oi  TroblNll. 

zfJ:Z^K=ii^—b\  ^lii^=«*-|-^%    are   two  Roots  which  folve   the   Problem} 

2  2 

and  of  which  a'-{-b^,  the  greatefl  of  the  3  Roots,  is  it  felf  the  Sum  of  two  Squares, 
the  Roots  of  the  other  two  being  the  Difference  of  thefe  two  Squares,  viz.  c^ — ^% 
and  double  the  Produft  of  their  Roots,  viz.  zab  j  agreeable  to  the  prefcnt  Theorem. 
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C  H  A  P.     III. 
Of  hi  finite  Series. 


A 


DEFINITION. 

N  Infinite  Siri:;s  is  a  Scries^confifling  of  an  Infinite  Number  of  Terms,  ;.  e.  to 
tlie  end  of  which  'tis  imponiblc  ever  to  come  ;  fo  thsc  lettiic  Series  be  carried  on 
to  any   allignable   Icijgth,  or  number  of  Terms,  it  can  be  carried  yet  fanhcr, 
widnut  End  or  Limitation. 

S  c  H  o  1. 1  u  M.  A  Number  aflually  Infinite  (i.  e.  all  wliofe  Units  can  be  actually  aP- 
fign'd,  and  yet  is  without  Limits)  is  a  plain  Contradiilion  to  all  our  Ideas  about  Numbers  ; 
for  whatever  Number  we  can  adually  conceive,  or  have  any  proper  Idea  ot,  is  always  de- 
terminate and  fini-c  ;  fo  tint  a  greater  after  it  luay  bcallign'd,  and  a  greater  after  this,  and 
fo  on,  without  a  Pollibility  of  ever  Ci^ming  to  an  end  of  the  Addition  or  Encreafe  cf 
Numbers  afiignable  :  VVhicIi  Iiieihauftibility,  or  endlefs  Progrefiion  in  the  nature  of  Ni;rr- 
hers,  is  all  that  we  can  dillinciiy  unJcrftan'd  by  the  I/zfi'/ity  of  Number :  And  therefore, 
fo  fay  that  the  Number  of  any  Things  is  Infinite,  is  not  faying  that  we  ccmpiehenJ 
their  Number,  but  indeed  the  contrary;  the  only  Thing  politive,  in  this  Propontion 
being  this,  r/z.  That  the  Number  of  thc(e  Things  is  greater  than  any  Number  which 
we  can  a^ually  Conceive  and  affign.  r>ut  then,  wlicthcr''in  Things  that  do  really  cxiil: 
it  can  truly  be  faid,  that  their  Number  is  greater  than  any  afiignable  Number ;  or,  which 
is  the  fmie  thing,  7  hat  in  the  Numeration  of  their  Units  one  after  another  'tis  impoA 
fibic  ever  ro  ccine  to  an  End  ;  this,  I  fay,  is  a  Queftion  about  wiiich  there  are  different 
Opinions,  with  which  we  iiavc  no  bufinefs  in  this  place;  for  all  that  we  are  concern'd 
to  know  here  is  this  certain  Truth,  Tliat  after  one  iletcrminate  Number,  we  can  coh- 
ccivc  a  greater,  and  after  this  a  greater,  and  fo  on  widiout  end.  And  thererore,  whe- 
ther the  Number  of  any  Things  that  do  or  can  really  cxiit  all  at  once,  can  be  fuch  that 
it  exceeds  any  determinable  Number,  or  not,  this  is  true,  "I'hat  of  Things  vliich  cjill, 
or  are  produced  fuccenivcly  ojie  after  anotl-er,  the  Number  may  be  made  greater  than 
any  aflignablc,  one  ;  becaufe  tho'  the  Number  of  7'hings  thus  produced  that  does  aaually 
exift  at  any  time  is  Fh/iid,  yet  it  may  be  encrcas'd  without  end.  And  this  is  the  didniil 
and  true  Notion  of  the  Ivfinity  of  a  Scries  j  /.  e.  of  the  Number  cf  its  1  enns,  as  it  is 
cxprcfs'd  in  the  Dcfinilion. 

From  hence  again  'tis  plain,  That  we  cannot  apply  to  an  lafiniie  Scr'n's  ti'.e  common 
Nouon  of  a  Sum,  zi~.  a  Coilcd^ion  of  feveral  particular  Numbers  that  are  j'iin'd  aut^ 
added  together  one  after  another,  for  this  fuppofes  that  thefe  Particulars  arc  all  biowii 
and  dctcrmin'd  ;  ^vhcreas  the  Terms  of  an  Iufpiite  Series  cannot  tcali  feparately  aflign  d, 


to  be  aatnlly  carried  on;  and  the  Idea  oi"  an  incxhauftible  Remainder  (lill- behind,  j-^r  an 
endlcf;  Addition  of  Terms  that  can  be  made  to  it  one  after  another ;  wjiicli  is  as  dirtercnt . 
from  tiic  Idea  cf  a  Finite  Series  as  t^vo  Tilings  can  be  ;  f  Icnce  we  may  conceive  it  as  a 
Wiiole  of  its  own  Kind,  which  therefore  may  be  iaid  to  have  a  total  V  aluc  whether  that 
be  determinable,  or  not.  New  in  fume  f>;fi>iite  Series  this  Value  is  finite  or  limited; 
i.e.  aNuiiJ^er  is  allijjnablc  beyond  which  the  Sum  of  no  affignable  Number  of  Terras  of 

Lll  ^"<^- 
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the  Series  can  ever  roidi,  ncx  indeed  ever  be  equal  to  ir,  yet  nny  approacli  to  it  in  (i)ch 
a  manner  as  to  want  Icfs  rhan  any  aili-;n:ible  Diftcrcnce  ;  and  tliis  wc  may  call  the  \  alue 
cr  Sum  of  the  Scries  ;  net  as  being  a  Number  fjund  by  the  Common  Methid  of  Addi- 
iwn,  bi:t  as  being  fuch  a  Limitation  cf  tlie  A'aluc  of  the  Series,  taken  in  all  its  Infinite 
Capacit)',  tint  if  it  were  pollibk  to  ad;^  theai  all.  one  after  another,  the  Sum  would 
le  Ci]ual  to  this  Number. 

:*.?,?i!^ :  \"  other  Series  the  \'aluc  has  no  Limiratioii ;  and  we  may  exprefs  this  by  fly- 
ing, Th.'S'-iK  ofxhi  ^cr'iei  is  Infi'iitely  Grifat ;  which  indeed  fignifies  no  more  than  that 
it  lias  no  determinate  and  aflignable  \'aiue ;  and,  that  the  Scries  may  be  carried  fuch  a 
Jeiigth  as  its  Sum,  {a  far,  iliall  be  greater  than  any  given  Number.  In  fltort,  in  the  firft 
Gafe  we  affirm  there  is  a  Sum,  yet  not  a  Sum  taken  in  the  common  fcnfe  ;  in  the  other 
Cafe;. we  plainly  deny  a  Determinate  Sum  in  any  fenfe.  What  kind  of  Scries  have  Fi- 
nite or  I'fi'iiiJ  Sums  in  thefe  fenfes,  you'll  learn  in  what  follows. 

T  H  E  O  R  E  M    I. 

In  an  I>:fi>iiU'  Scrks  of  Numbers,  encreafing  by  an  equal  Difference  or  Ratio  [/.  e.  an 
Arithmetical  or  Geometrical  encreafing  Progrcllion  ]  from  a  given  Number,  a  Term  may 
be  found  greater  tb.an  any  aflignable  Number. 

PtMON.  l"'  If  it's  an  Arithmetical  Progrcffion,  let  the  Diflance  of  any  Term  from 
ihe  firli  be  call'd  ;/ ;  the  firft,  yi  ;  ar:d  the  common  Difference  d ;  tl:cn  any  Terra  after 
rbe  firft  is  A  -f-  ^f/;  And,tliat  tliis  may  be  found  greater  than  any  aflign'd  Number  B,  is 
tliusprov'd  :  Suppofe  B-^d  -  y,  then  \sB=-dq  But  whatever  q  is,  fince  it  is  Fi- 
nite, we  can  take  a  greater  Finite  Number  :  and  therefore  we  may  fuppofe  or  take  ?t  grea» 
terthany,  fo  that  ?/</ will  be  greater  than  </ ^  or  B  ;  and  yi-^  7/ ^greater  than  yi -f-^^- 
hut  qd^:z.  E,  x.\\txc?Q\e  A-^-nd  is  greater  tlian  ^44--^,  and  confequently  yet  greater 
than/?, 

2'  •  If  it's  a  Geometrical  Progreflion,  the  differfeiKCs  of  its. Terms  make  alfo  a  Georae. 
trJcal  Progreifion  encreafing  (  Tb-'0.\%^  Ch.  3, B.  4.)  But  the  thing  propos'd being  true,  in 
cile  the  Differences  in  a  Series  are  equal,  (as  in  an  Arithmetical  Progrcllion)  it  muft  nc- 
cellarily  be  fo,  and  after  a  fnialler  number  of  Terms  too,  where  the  Differences  do  conti- 
iipally  encreafe  (as  in  a  Geometrical  Progreflion).  Or  we  may  prove  this  independently 
of  the  other,  tlius :  Let  tlie  firft  Term  of  a  Geometrical  Progreflion  be  A,  the  Ratio  r, 
and  the  Diftance  of  any  Term  from  the  ift  be  n,  then  is  that  Term  Ar"-  But  we  may  take 
«  greater  tlian  any  ailigu'd  Number  5  and  it's  plaiu  that  A-r"  will  be  yet  much  greater  tlioii 
that  Number. 

COROLLARY. 

If  the  Series  encreafe  by  Differences  that  continually  encreafe,  or  by  Ratio's  that  con- 
tinually encreafe,  comparing  each  Term  to  the  preceeding,  it's  manifeftchat  the  fame  thing 
niiift  be  true,  as  if  the  DiliereiKes  or  Ratio's  cominucd  equal. 

THEOREM    IL 

In  a  Series  decreafing  in  i>rfinitiim  in  a  given  Ratio,  we  can  find  a  Term  lefs  than 
any  a'lignable  Fraflion. 

Demon.    The  firft  Term  beii^ /,  and  tbe  Ratjo  r,  a  whole  or  mix'd  Number,  the 

Scries  is  1 :  —  :  —  &c.    Wherein  the  Denominators  continually  encreafe  in  the  Ratio 
t        r' 

I ;  r.    Suprofe  then  the  aflign'd  Ftaflbn  is  —  take  a  :l>  :  ;  / :  w,  then  is  -p=:-- 

I^ut 
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But  wc  ca:i  tin  J  a  Powor  of  r,  as  r>,  greater  dua  any  allijiiablc  Number  w  (by  the  laA). 


HejKc   —  is  lefs  than  —  or  r 

r  u  »»  0^ 


C  O  R  O  L  L. 


If  the  Terms  decreafcj-fo  as  thx:  Ratio's  of  eacli  Term  to  the  preceding  do  alio  continual- 
ly decreafc,  tlien  the  lame  thing  is  aifo  true  as  u  hcii  tlicy  continue  equal. 

Sci 

Axioms, 
includcj 

encreafing,  yet  lb  that  no  one  cf  tlicm  can  ever  be  "aflually  fouiiJ  equal  to  a  certain  af- 
lignable  Number.  And  for  a  decresfing  Series,  tho'  its  Terms  continually  decreafc,  ycd 
it"  may  be  fo,  that  no  Term  can  ever  be  ai^ually  found  fo  little  as  a  certain  aflignable 
Number :  And  here,  to  dilUnguith  tlicfe  different  Kinds  cf  encrealing  and  dccrealing 
Senes,  Wc  may  call  iuch  as  enaeafe  or  decreafe  above  or  below  any  afiigmble  Number, 
A  Series  encrealing  or  decreating  'mfi'titi'ly  ;  and  fuch  as  encreafe  or  decreafe  continually, 
yet  fo  as  never  to  teach  a  certain  alliguable  Number,  we  may  Call  them  bffvi'dc  Scru',Sy 
encrealing  or  detreafing  lii/i/tfd/j ;  and  \vhen  we  fay  in  general  f.'i  I'/Ji'tite  Scries, 
tliat  may  be  tak€n  indift'ereiuly,  tot  either  kind. 

THEOREM    III. 

The  Sum  of  an  [vfimte  Series  of  Numbers  all  equal,  or  encrealing  continually,  by  what- 
ever Differences  er  Ratio's,  is  infinitely  ^reat ;  i.e.  fuch  a  Scries  has  no  liecerminate  Sura, 
but  >;rows  fo  as  to  exceed  any  aflignable  Number.  . 

Demon.  I^'      If  the  I'erms  are  all  equal,  as  ^  ;  ^  ;  A,  &c.  then   the  Sum  of  any 
Finite  Number  of  them  is  the  Prt'du*;!  cf  ^  by  that  Ni.:mber,  as  A  t.  ;  but  the  greater  7i  is, 
'  the  greater  is  y^  ^  ;  and  we  can  take  pi  grearer  than  any  aflignable  Number,  tliercfore  A  v 
will  be  yet  greater  tlian  that  aflignable  Number. 

2'"    Suppofc  the  Series  encreafos  continually,  (whether  it  do  {o  iufi^iitely  or  Vuniudly) 
then  its  Sum  mtfl  be  infinitely  great,  becaufe  it   would  be  fo  if  the  Terms  continued  al' 
equal,  and  therefore  will  rather  be  fo  if  they  encreafe.       But  if  wc  {uppofe  the  Series  eji 
creafcs  infinitely,  cither  by  equal  Ratio's  or  Differences,  or  by  encrealing   Differences  < 
Ratio's  of  each  Term  to  the  preceeding  ;  then  the   Reafon  of  the   Suin's  being  Inrinir 
will  appear  frcm  the  firft  Theorem;  tor  in  fuch  Series  a  Term  can  be  found  greater  th: 
Wiy  aflignable  Number,  and  much  iftore  theretbre  the  Sum  of  that  and  alt  the  preceeding. 

T  H  E  O  R  E:  M    IV. 

"ille  Sum  of  an  hifiniie  Series  of  Numbers  decreafing  in  the  ftme  Ratio  is  a  Finit 
.  Numher  ;  equal  to  the  Quote  ariUng  from  the  Divifion  of  the  Troduft  cf  the  Ratio  ajv 
■firft  Term,  by  the  Ratio  lefs  Unity;  that  is,  the  Sum  cf  no  aflignable  Number  of  Tern! 
of  the  Series  ,can  ever  be  equal  to  that  Quote  ;  and  yet  no  Nnmber,  lefs  tiian  it,  is  eqii:. 
■  to  the  value  of  the  Series,  or  to  wliat  we  can  aiHually  determine  in  it;  fo  that  we  ca' 
cartY  the  Seties  fo  far,  thai  the  Sum  Ihall  want  of  this  Quote  lefs  than  ai^y  aflignable  Difft 
rence.  ; 

©EMON.     To    whatever  altign'd  Number  of  Termi  tlic  Scries  is  carrleJj  -it  i 
fbfir  Pinire  ;and  if  the  greateft  Twm  is  /,  the  leaft  A,  and  Ratio  ?■,  then  the  Sui' 

y]     ^ 

isS=— — —-     (/"/-o^.  4,  Cj&.j,  ^.4.)    Now,  in  a  decreafing  Scrte$  froni /,  the  mt.v 

Ternw  we  aitimjly  raife,  the  lafl  cf  them,  A,  becomes  the  leffer,  and  the  jeffer  A  . 

Lll  2  rl^A 
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rl  —  A  is  the  greater,  and  fo  alfo  is (for  the  greater  the  Dividend  with  die 

fame  Divifor,  the  greater  is  the  Quote)  :  But  rl  —  A  being  flill  lefsthanr/,  therefore 

!^^~  -^  is  fljll  lefs  than  — -  i.  e.  tlie  Sum  cf  any  afTignable  Number  of  Terms  of  the 
r  —  I  r  —  I 

r  I 

Series -is  llill  lefs  than  the  Quote  mention' d,  which  is and  this  the  Firft  Part  of 

^     ^> 
the  Theorem. 

Again :  The  Series  may  be  a£lual]y  continued  fo  far,  that     ^~  _   fliall  want  of   _ 

lefs  than  any  afiignablc  Difference  ;  tor,  as  the  Scries  goes  on,  A  becomes  lefs  and  lefs  in  a 
certain  Ratio,  and  fo  the  Series  may  be  a£^ually  continu'd   till  A  becomes  lefs  than  any 

aflignable  Number  (T/^f or.  II.)    Now    — — — ^  = (by  the  common  Rules) 

and  — -   is  lefs  than  A  ;  therefore  let  any  Number  affign'd  be  call'd  N.  we  can  carry  the 
r     \ 

Series  fo  far  till  the  laft  Term  A  be  lefs  than  A'':  And  becaufe  — — —  wants  of  •  ' 


r  —  I  r  —  I 

the  Differ.  ~—   which  is  lefs  than  A,  which  is  alfo  lefs  than  N,  therefore  the  fecoud 

''"''  r/ 

Part  of  the  Theorem  is  alfo  true,  and  -— -   is  the  true  Value  of  the  Series. 

rl 
Scholium,     i  .  The  Senfe  Li  which  ^-~  is  call'd  The  Sim  of  i/ja  Series,  has 

l>een  fufficiently  explain'd;  to  which  however  I  have  this  to  add,  That  whatever  Confe- 

r.  I 
quences  follow,  from  the  Suppofition  of  — —  being  the  true  and  adequate  Value  cf  the 

Series  taken  in  all  its  /'.-^/nVf  Capacity,  as  if  rjie  whole  were  actually  determin'd  and  added 
together,  can  never  be  the  Occatlon  of  any  affignable  Error  in  any  Operation  or  Demon- 
ftrarion  where  it  is  ufed  inthacfenfe;  becaufe  if  you  fay  it  exceeds  that  adequate  Value, 
yet  it's  demonftrated,  that  this  Excefs  muft  be  lefs  than  any  affignable  Difference,  which  is 
in  effeil  no  Difference,  and  fo  the  confequent  Error  will  be  in  effe^  no  Error  :  For  if  any 

r  I 

Error  can  happen  from  — ^ —    being  greater  than  it  ought  to  be  to  reprefent  the  complete 

r  I 
Value  of  the  I?;fi>nte  Series,  that  Error  depends  upon  the  Excefs  of over  that  com- 
plete Value ;  but  tliis  Excefs  being  unaffignable,  that  confequent  Error  muft  be  fo  too  ; 
becaufe  ftill  the  lefs  the  Excefs  is,  the  lefs  will  the  Error  be  that  depends  upon  it.       And 

r  I 
for  this  Reafon  we  may  juflly  enough  bok  upon  as  expreffing  the  adequate  Value 

of  the  Infi'iite  Series.     But  we  are  further  fatisfied  of  the  Reafonablenefs  of  this,  by 
finding  in  Faft,  that  a  Finite  Quantity  does  aflually  convert  into  an  hfi'iite  Series, 
which    we    have    already    ktn  in  the   Cafe  oi  Infinite  Decimals.       For   Example; 
y=..6666,^c.  which  is  plainly  a  Geometrical  Series  from  TV  ill  the  Continual  Ratio  of 
10  :  I  ;  for  ir  is  .4+-.4-_-|--A-  '^c. 

And  Reversely ;  If  we  take  this  Series,  and  find  its  Sum  by  the  preceeding  Theorem,  it 
comes  to  the  fame  -f  ;  for  /  =  -4,  r  =  lo,  therefore  »■  /=  '4  =  6  j  and  r  —  j  :s  ?  j 

whence  ^^=^-=- 

2.  The 
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2.  The  fame  Variety  o?  Prollfms  may  be  made  upon  Infinite  decreafing  Prcgrtflioiis, 
as  before  upon  Finite  Progreflions ;  but  with  this  coiifiderable  Difiercnce,  that  in  the  /?- 
j^'/iffj  the  Number  ot  Terms,  and  icift  Term,  depend  fo  upon  one  anotiier,  that  wlien 
the  one  is  known,  f^  is  the  other ;  for  the  Number  of  Terms  is  always  Infinite  (or  grea- 
ter than  any  aflignable  Number)  and  rhe  Icflcr  Extrcam  is  o ;  [for  there  is  not  a  klTcr 
Extreiin,  it  being  incxlnuiliblc  on  ttie  decrealing  lidc.  ]  And  hence  all  thcfe  Problems 
of  Fiiite  Serji's,  wherein  A  aiid  n  are  bjth  given,  will^  be  unlimited,  or  capable  of  au 
infinice  number  of  Anfwers  in  the  hfi'/ites.  And  in  thefe,  where  only  y^,  or  ?i,  is  gi- 
TCii,  and  the  other  fought ;  then,  becaufe  that  other  is  thereby  alfo  kno\vn  in  I'-fi'iitts^ 
theie  remains  bit  one  unknown  Number  to  find.  But  we  Ihall  a  little  more  particularly 
confider  them. 

In  Frobl  4,  Cb.  ?,  B.  x.  there  are  given  A,  1,  r,  to  fiyd  S,k  :  But  now  if  ^^  =  o,  then 
is«  Infinite  ;  or  if  we  call  the  Seriifs  Infinite,  then  A  and  «  are  both  knowii ;  and  bc- 
caule  A  =  0,   there  remain  only  /,  r,  by  which  to  find  S ;  as  below. 

In  Prohl.  5.  there  are  given  A,  I,  n  to  find  5,  r ;  \>\^.  A  being  0,  and  n  infinite,  there  re- 
mains only  /to  find  S,  »■,  which  makes  the  Problem  undetetmin'd  :  For  whatever  /  is, 
we  may  allume  any  Number  greater  than  1  for  r,  and  then  by  r,  /,  find  5,  as  be- 
low. 

In  Prohl.  7.  are  given  r,  n  with  A  or  /,  to  find  5  with  /  or  A:  Now  if  r,;/,  A  are 
given,  alfo  if  A:=^o,  we  have  only  r  to  find  S  and  /  j  and  ^ve  aflume  /  at  pleafure,  and 
then  find  5. 

Again  ;  If  r,«,/  are  given  to  find  S,  A,  then  if  n  is  infinite,  we  have  only  S  to  find 
by  r,  /. 

In  Prohhm  6,  are  given  A,  L,  S  to  find  r,  n ;  and  i?  A  7=  o,  there  remains  only  L,S  to 
find  r;  as  below. 

In  Prohhm  8.  5,  r,  ri  are  given  to  find  A,  L ;  and,  if «  is  infinite,  ^  =  o,  and  we  have 
^j'"  to  find  Z;  as  below. 

In  Prolhvi  p.  we  have  r,  5,  with  A  or  Z,  to  find  «  with  L  or  A :  Now  if  r,  S,  A  are 
given,  and  A  ^=  0,  we  find  L  by  r,  S:  Again  given  r,  S,  Z  to  find  A,  «.  )f  yon  alio  fay 
that  the  Series  i?  Infinite,  then  there  is  nothing  uiifoiown,  imlefs  it  be  to  examine  whether 
all  thefe  Data  are  confident ;  and  this  we  can  do  by  taking  r,  L,  S,  and  by  them  findin<i/4, 
which  being  fjuhd  equal  to  0,  the  Series  to  which  the  Data  r,  S,  L  belongs  is  truly  Lifi- 
nite,  otherwife  'tis  Finite. 

Wherefore  upon  the  Subjed' of  Infinite,  DecreaCng,  Geometrical  Progreflions,  all  the 
Variety  of  determin'd  Problems  depends  upon  thefe  three  things,  w'-.  the  greateft  Term  / 
the  Ratio  r,  and  the  Sum  S;  by  any  two  of  which  the  remaining  one  may  be  found- 
To  which  I  ihalljoyn  fome  other  Problems,  whereiii5— Lis  coiifuier'd as  a  diftinft  thing 
by  itfelf,  i.  e.  without  confidering  S  and  Z  feparately. 

PROBLEM!. 

r  / 


Having  /,  r  to  find  S,    Rule.    S— 


r— I 


Demon.     This  we  have  feen  demonJlrated  in  Thuorctn  4. 
Kxa.    /  =  6,  r  =  5  ;  then  is  S  =  1^4^  =  ^'  ^'"=  ^"'"  ^^^"S  ^  •  2 ^  r'~  -  &=. 

S  c  H  o  1 1  u  M..     If  the  Ratio  is  a  whole  Number,  we  cannot  exprefs  rhe  Rule  for  tlie 
Sum  more  Cmply  than  is  done;  but  if  it  is  a  mix'd  Number,  or  improper  Fraflion,  theji 
we  may  exprefs  the  RiJe  thus :  Multiply  the  firft  Term  /  by  the  Numerator  of  rhe  Ratio 
and  divide  the  Pioduft  by  theDiiference  of  the  Numerator  and  Denominator.  Exa,  If  the 


e 

Ratio/ 


j,^  '     X>f  Infrnte  Series.  Book  V. 

Ratio  is -^.DheiiS  =:^T— —  tlieReafon  cFwhlclijis  Gontaiiird  in  ti-a  lOikct  Rule  j  fibrif 


y  _.  Z' ^ then  '^  ?  =  y-  and  r  —a  =y  —  i  =—77"     Hence  SgMii, 


rr:  '^     -     Aiid  by  taking  any  Tr.te;»cr  y  frailionally  dius,  —   tliis 

r  —  I  h     '        l>  t, —  ^'    -■.■;,  I'l-  o  .  1 

Rule  Joescofijj'rehenJ  tliieotk^r  CafpaJfiS^.'    .-  ■,  ■.,,..; 

6i//«-^,.  FrQm  this  kfti.cxi)rp(lloii;Ot"ti;e  Rale  we  ^\Cy   karn,  diat  the  Sum  may  ^e 

foimd  by  the-fifftand  feeondTciw, thus:'  ^hfefecond  Term  being  B,  tlte  Ratio  '-is  '^ 

and  6"=^—^    t.':.-,t  is,  the  Sum  is  a  r<f:r  /  to  the  Difference  of  the  firft  and  fecond 

,         jr.t         . 
Tefm,,3ndtlK{irI}Termj  FQtbecaufe5:^-j— Hj  .tlVcfetbre  L—B:L  ::L:S. 

COR  <5^L-L=  k  R  I  E  S. 

•     i-   If  the  Ratio    h  a  whde  Niimbcr,  the  Sum  is  luch  an  improper  Fraflion  of  the  firf: 
.Term,  wliofe  Numerator  is  tl>e  Raria,  and  its  Denominator  the  Ratio  Icfii   Unity  ;  foi 

S —  nr— ^^ — .of  -l:  Patticularly,  if  the  Ratio  ii  2,  the  Sam.  is  z-.L    If*r=  q,    then 

S  rr  -f  of /.  If  >•  =  4,  then  S :::;:.  ±  of/j  andfo  01^  Whence  you  fee,  that  -Wifh^fjo 
other  Integral  Ratio  but  2  will  die' Sum'  be  Multiple'  C*f  f;  Tor  iio  Number  hvt  i  ran  be 
contained  precifely  a  certain  number  cf  times,  without  a  Remainder,  in  -a  Number  xvhirli 
exceeds  it  only  by  i  ;  for  inall  fudi  Cafes  theQuOte  is  i,  and  there  is  a  Remainder  of  i, 
tlius,  Li  -j-  I  -|-  ^  nr  I,  and  i  remains.         Hence  again, 

2.  Ifthc  firllTcrm  is  a  FrJ>.^ion,  and  the  Ratio  >cqiial (to  the  P«nom«iatO(r  p^  it,. then 
is  the  SiMii  equal  to  fudi  m\  aliquot  par:  cfthe  NuniefatOr,  whole  Deiwmina.tor>isi-li  -r-  j. 

Thus,  if  the  firft  Term  is'  —  and  the  katib  r,  then  is  S  - — i-^df ;/.  WhctcFcre;  M- 

ly,  if  the  firftTerm  is  -d.  and  A-=r—i,  thejiis,S=s  i. 

5.  If  the  Ratio  is  a  mix'd  Number  (or  its  Equivalent  improper  Fratlion)  the  Sum  is 
fuch  an  improper  frailion  of /,    whofe  Nmnerator  is  that  ot  tflie  Ratio,  and  Dcn(^lminat^5l• 

the  Difference  of  the  Numerator  and  Denominator  of  the  Ratio';  thus,  ifr  ='-7  •  theu   is 

3  =  — '■—,  of/:  for  it  is -^^.    by  what's  (hewn  in  the    preceedina  Scholium,       But 

n  I    _      a         CI     Tj 

r r  or  /.    Hence  asain, 

rt  _^        a  — 1>  ^      '  ^       . 

4.  If  the  Numerator  of  a  mix'd  Ratio  is  MuVipkof  tjie  Difference  l5etwi!ift  m;  Nu- 
merator and  Denominator,  (or  if  the  firft  Term  is  Multiple  of  its  Excefs  over  the  fecond 
Term)  the  Sum  is  Multiple  of  the  firft  Term.  ' 

And  Olft'r-DC,  that  this  can  happen  in  no  Cafe,  but  when  tlrc  Numerator  and  Denomina- 
tor of  the  loweft  Terms  of  the  Ratio  differ  only  by  i,  (as  indeed  every  Ratio  is  in  its 
loweft  Terms  when  tlic  Numerator  and  Denominator  differ  only  by  i )  in  which  Csfc  it  is 
manifeft  that  the  Sum  is  equal  to  the  Produfl  of  the  firft  Term,  nn^ltiply'd  by  the  Nume- 
rator of  the  Ratio,  tlius :  LetthelUtiafce— ~,  tlienifi  5  =  --pf  7,  9^.'^))  i^y  ?vhat|3 

""  already 
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already  fliewn  (Corol.  3.)  In  Numbers,  ilr—  ^,  then  S—  "j  I.  Again,  let  the  NumaacoD 

exceed  the  I>enominator  by  more  than  i  ;  as,  fuppcfe  it  — f—    then  is  S=  ~    of  /, 

a  —  u  n 

(  Corol  3.)     Nov/,   if  tlic  Sum  is  Multiple  cf  /,    then    is   —  an  Integer. 

I^t  — =  b,  then  a:=.l  »,  Confeqiiently  the  Ratio  is  — f-^;^—  =:—, which  is  in 

italowcft  Terms,  becaufc  the  Numcncor  and.  Denominati^r  dife  by  i.    And  this  flicws 

«s,  iliat  as  any  raixd  Ratio  maybe  exprefs'd  fo,    if  the  Stim  is  Multiple  of  th«^- 

,  .    .    ''      '''' 

firft  TeriTi,  the  loweft  Terms  of  the  Ratio  is  a  Fraflion  whafe  Numerator  and  Deuom  iua- 
tor  differ  only  by  i*;  and  therefore  no  otlier  kuid  of  mix'd  Ratio's  can  have  this  Effefl, 
fince  every  Ratio  havijig  this  Eft"e£t  is  of  that  kLid  whofc  iowcft  Terms  diftbr  by  I. 

PROBLEM    11. 


■s 


Having  5  and  r  to  ftid  /,       Rule.    I  ~  ?-^  *"  ~"  ^ 

^  r  

D £  M o N.     By  the laft,    S  =  ^—^  therefore  rl=SX  T^^i ,  and  /  =  ""^^  '  ~  ' 

Ej{a.     S  =  ?,  r  —  2,  then  is  i  —  2J^  =  6 

>  )  1      t,-i  !:.'  ^ 


1   '  :i->  hr.  3 

ScHOtJU^.     Ifthef  Ratio  is  y    then  is  J  =  ^ '^  "^  ^,  for  S  -  J^^  by  th-; 

laii ;  fo  that  S  X  -^"^^^  =  ^■>  h    a^  therefore /=    '^  "  ~ 

C  O  R  O  L  L  A  RJ[  E  &      -      .^ 

1.  If  r  is  an  Int^i^r,  1  is  fuch  a  propcrFraflion  6^  tfie  Sdm  ttfef^  >3iiilrtia-ator  is  /■— i, 
and  its -Denominator  is-> ;    thus,  ? —r  ^^ of  S;  for  -—  z=  — ^; —  of  /. 

"ii  If  the  Ratio  is  a  mix'd  Number^  as  -?-  then  is  L  fach  a  Fraaion  of  5,  whcfe  Nome- 
•         ^  *'»  -  

Tato*  is  a  —  ^,  and  its  Denominator  a ;  thus,  /  == of  S  :    For  /  =  '- '  0>f 

sihoi.y^- — -of  5. 

a  '  .  . 

Ohferve ;  1  is  an  aliquot  Part  of  S  only  when  t'ne  Ratio  is  2  ;    or  in  cafe  of  a  mix'd 
•Rla«io,  when  the  lowtfft  Tewns  of  it  differ  only  by.  x,    this  Ijeing  the;  fi«vflr£;  of  wliac  is  ■ 
above  deiBQuflratedcouceHUDgS  being  a  Multiple  of/.  .-, 

P  R  O  B  L  E  M    m. 

Having 5  and  /  to  fiiid  r.    Rvrt.    »'s=— — j 

And 
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And  a^siii  divilivcly,  5  —  / ;  ^  : :  r  —  r  —  i  C  =:  i)   tr.    Hence  r  ~— 'i^r 


Exa.    S  =  p,  I  —  6,  and  r=: 


PROBLEM    I\'. 

H.iving  /  and  r  to  find  s  —  I,  without  finding  firft  .f,  (as  tniolit  be  doncbY-^^abL  i).. . 
Rule.     S-  l=;r~  ■'    '  ,.^  :::  :-J:  .-^ 

D  F  M  o  N.     S— licnce  S  X  V  -  I  --  >-  /,  and  5  :  ? :  :  y  :  >•  —  i  ,    and' 

r  —  I 

I  ■ 

s  —  1:1  wr  -  r — 1  (  =0  :  »'  —  I-      VMierefore  S—  /=:    - 

Exa.      /  =  6,  »•  =r  3,  and  S  —  !:=-=:  ^ 

S  c  H  G  L .     If  ilw  Ratio  IS  ^-  -  then  is  S  --  /  =  /  -; -^—  = -3^  ^'''"  /  —  ^  -  J~ 

COROLLARIES. 

1.  If  the  Ratio  is  ?.,  tlieii  s  —  lz=zl;  but  in  all  other  Cafes  j— 7  iseither  greater 
orlefTer  than/.  Rcverfcly,  i^r  iv  Icfler  than  2,  or  if  r-i  is  leifer  than  i,  then  is 
/  ^  ,.:iri  (=  j_  ])  greater  tlian  /.  Again;  iF>-  is  greater  than  2,  »*  —  I  is  greater 
tlian  I ;  and  hence  /  _^V  —  i  {—s—lj  is  Icfs  than  /. 

2.  If  the  Ratio  n  a  whole  Number  greater  than  2,  ^  —  /is  fuch  an  aliquot  Part  of  /,  a? 

r  — 1  denominates;  i.e.  S  —  / ':='■  _     of  ^v 

But  Ohfarve  alfo,  that  j  — /can  never  be  an  aliquot  Part  of/,  except  when  »•  is  a  whole 
Number  "reater  than  2  :  It  muft  be  greater  than  2,  elfe  5-  —  /  is  not  lefs  than  /;  as  we  faw 
in  the  lalf  CoroZ/rt^j.     Again-;  it  mull  be  an  Integer :  Forfuppofe  it  a  mix'd  Number,  as 

2  A-tr- —  -t^  ("which  may  reprcfent  any  Number  greater  than  2,  according  as  we  tajce  -  1 

^^ 7t  ■  n    -  '    •  tih'ii.3  ::  »/ 

Thenls r  ^  r  =  ^^  -i  =^^    So  that  s-l  =  l^—.=l^'t±JL 

=  _I_  of  /.     Hut  if    T     is  an  aliquot  Part,  then  is  n  an  aliquot  Part  of  «H-  /z ;,  or  a 

meaflires  «  4--^,  and  becaufe  n  meafurcs  ;/  and  72  -j-  a,   therefore  alfo  it  meafures  a, ;  f> 

that-  is  an  Integer;  and  2  +—  [  the:  Ratio  which  make3^f  —  2  an  alinuoij  Part  of  7]  ' 

is  an  Integer  contrary  to  Suppofition :  Wherefore  no  riiix'J  Ratio'  can  itiakc  a  Series  in 
^vhich  J — /is  an  aliquot  part  of y,,  •  7   '>    u  '" 

^.  If  the  Ratio  is  a  mix'd  Number  —  whether  greater  or  Icffcr  than  2,  s  —  /is  fuch  a 

Frsaion  of  /  as  cxprefTes,  i.e.  S  —  I=  — ,  of/ ;  for,  by  the  preceeding  Scbo!. 

./?  —  />  ^  a-r-U 

S-t  =>  -^=  -^  of  T.'' Whence  again,  "i-./ is  a  Multiple  "of /only  in  fuch  C'afts 

wherein 
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wherein  the  lowcft  Terms  of  the  Ratio  differ  by  i.    For  fuppofe  that  is  — -—     then  ij 
s  —  I  zz  J—i  ^  i 

4.  Hence  again  we  lesrn  another  ^k/c  for  finding  j  by  /  andr;    vh.    firft  finding 
t  —  J— and  then  adding  /  to  it,  thus,  S  =  -^ — \- 1  (which  added  by  tlie  common 

Rules,  comes  to  the  former  Rule  S  =  ■ ^ 

»•  —  I  / 

Scholium.     Tim  Frohlem  maybe  cxprcfs'd  alfo   in  this  manner,  r/c.  of  any 

Quantity  /,  let  a  certain  Fra£lion,  as  —  be  taken;  then  the  fameFraflion  of  this  Fra- 

ftion,  and  fo  on,  coiuiniially  taking  the  fame  Fraflion  cF  the  preceeding;  Then  will  the 
Sum  cf  a  Series  cf  Quantities  equal  refpeftively  to  thefe  feveral  Fraflions  of  /,  be  equal  to 

7-  of  / ;  for  the  Scries  cf  the  Fraftions  is  —  of  / :  —  of  —  of  /,  &c.  or  thus,  — :  — j- 

~r  &c.  which  is  a  Geometrical  Series  decreafine  in  the  Ratio  -y  whofe  Sum  is  therefore 

h  hi 

by  the  preceedine  Rule,    >  of  /,  or 

°  '    a   —  b  '       a  —f. 

In  what  Cafes     _  ,  is  equal  to  /,  or  greater  or  lefTer,     alfo  when  it  is  Multiple,    or  an 

aliquot  Part  of  /,  has  been  already  explain'd. 

P  R  O  B  L  E  M     \'. 

Having  s  and  r  to  find  s  —  1  (without  finding  firft  /,  as  we  may  do  by  Prohlem  2.) 

Rule,      s  —  /=  — ■ 

r 

D  F.  M  o  N.     By  Prohl.  3d,  r  =  — ^,     Hence   r  X  T^t  =  j,  and  5  —  ?  =-^ 


s  —  l. 

Exa.     s-=  9,  >'  =  5,  and  s  —  /  =  —  =3 

3  , 

rt  CSV 

S  c  H  OLi  u  M.     If  we  exprefs  the  Ratio  thus,  -,    then  j  _  /  =  j  -^  -r~=-  -~. 


COROLLARIES. 

1.  If  r  is  an  Integer,  j  _/  is  an  aliquot  Part  of  j,  vl:{.  -  of  i  ;  but  in  all  other 
Cafes  s  —  /is  fuch  a  proper  Fraftion  of  s  as  the  Reciprocal  of  the  Ratio  exprefies.  So 
the  Ratio  beina -,  -  then  s  — /=:j-^-r-^=  —  ofj:  for  'tis  —  by  the  Scbol. 

2.  Hence  we  hare  another  Rule  for  finding  /  by  s  and  r  ;  vi:^.  Find  i  —  /  rr  — 
and  then  fubflraa  —  from  s,  for  s  —  717/=  /:  Wherefore  '  —  s  —  —which  fubflraft- 
cd,  by  the  Coftimon  Rules,  comes  to  the  fame  exprefiioa  as  before,  viz. 
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Having  r, ^  _  / to  find  s,  I,      Rule,     j  =  y  X  S— 7.     T lien  takej___  Z  ftcm 
s,  the  Remainder  is  / ;    or  find  /  inderendently  of  s,  thus,  /=:  s—1  Y,  r —  i. 

Demon.       By  the  laft  j  —  /  =  —     Hence  i  =  >■  X  7^^    Again,  by  Pro^.  4, 
*  —  /  =^ Hence  /  z=s  —I  X~ 


!• 


r — I. 


Exa.    r  =  -,  J  _  /  -  q  :    And  ^  =  3  X  3  =  9  =  ^^^^  ''=  3  X  2  =:  (5 

TIT/  X  rt 


r  •—  I 


Scholium.     If  the  Ratio  is  y  then  is  i= 
"-^    hence /=iHi4^'^ 


And,  becaufs- 


l', 


COROL,  If  the  Ratio  is  an  L)teger,  then  is  j  a  Multiple  of  s—  1;  but  the  Ratio  being 
amlx'dNumber^-  jisamix'd  Multiple  of  j — /,    exprefs'd  by  the  Ratio;    th^t  is, 

'  7 

^  =  ^-of.~/;   and/=i^of._/. 

As  for  the  diflferent  Cafes  in  which  /  is  equal  to  5  —  /,  or  an  aliquot  Part  or  Multiple 
thereof,  fee Cw-o/.  1,2,  3.  Prob.  a^.  where  it's  Ihcwn  iii  what  Cafes  j  — /  is  equal  to /,  oris 
a  Multiple,  or  aliquot  Part  thereof, 

Ta  b  l  e  of  the  freceedijig  Problems. 


(jivenJSoughti 


r,l 


hs 


J,r 


1,^ 


r.s-l 


s^l 


s,l 


r  I 


I  — 


i  X  »•— _t 


s 

s  —  i 


s-l- 


r-^1 


r 


Solutions. 


\/=^_/X'-— '  6    ^ 


o 

a  .-. 

<=  o 

.2  ci 

pi  .S 

■A  >. 

■"  -o 

on  <u 

o  "3 


^      a—l>  l—AI. 


i—trnLoi  s—  '  -M%s 


a  —  b 


of/  = 


_M  r 


._z=i-of.=.^4i 
^  _ 

b  M 


THEO- 


chap.  3.  of  In  finite  Series.  ^.^l 

THEOREM     V. 

A  Series  of  Numbers  may  cncreafe  continually,  yet  fo  that  no  Term  of  it  can  ever  be 
fj  great  as  a  certain  afligaable  Number. 

All'j  a  Stiifs  maydccreifc  continually,  yet  f:!  that  no  Tcmi  of  i:  can  ever  be  fo  finsl!  as 
a  certain  aliignable  Ni'inbor. 

D  E  M  ON.   I®"     'I'ake  an  Irfi'iiU  Series  tlecrcafi.ig  frjni  any  Number/     ii  an- 
1.1.!,  '     ■    ■    J 

-ConftaiU  Ratio  !■,  a?,  /:— ,     .i.*,-j      Then  take  the  Sums  of  this  Scries,  rcpcarcJ  .div.iys*. 

■fam  the  beginning,  thus,  1 : 1  A- —'.  I -\  ^  ^  — ,'  M- -;H- -- + -3 .'  &:c.       This  is 

fuch  ail  cncreafing  Series  as  was  propos'd  ;  for  the  Sum  of  the  dccreafing  Series  74-  ^  Scc 

r  I 
is  limitcJ  t:^ (TlTi'or.  4.)  therefore  no  Term  of  the  Series  of  its  Sums  can  eve.-  actual- 
ly reach  to 

r— I. 

2"'    Take  a  decreafing  Series  /  ;  —   &c.  and  fuppofe  it  fuch  tliat  all  the  Series  ^vant- 

ing  the  firft  Term  is  lefs  tlian  the  firft  Term;  as  it  will  be  iff  is  greater  than  2  :  {CoroJ.i 
Frol:  4.)  dien  fubftraa  tlie  fecond  Term  from  die  firfl,  and  the  durd  from  the  remainder' 

and  fo  on,  and  make  a  Series  of  thefe  remainders,  beginning  widj  /,  thus,    /  .-  / L' 

11-  r  ' 

1  —   — ~"~  &<^-  "  is  fuch  a  decreafing  Series  as  was  propos'd;  for  the  Sum  of  the  Series 

/  :  -  ;  are.  wanting  tlien  tlie  firft  term  /,  /.  e.  the  Sum  of  die  Series—*  -7- '~  '  &c  is—L^ 
^vhich  is  fuppos'd  lefs  than  I ;  but  fince  that  Series  can  never  be  exliaufted,  it's  plain,  That 
no  Term  in  the  other  Scries,  /  ;  /  —  —  &a  can  ever  be  fo  fmall  as  tlic  Difference  be- 
twixt I  and  — — -    becaufe  we  can  never  actually  fubflracl  fo  rhuch  from  /  as  ^^ .     ti,e 

Sum  of  the  Injin'ite  Series  of  Numbers  fubftrafled. 

SCHOLI  UMS. 

1 .  We  may  take  any  Number  A  to  begin  a  Stories,  and  add  to  it  fucceftively  the  Terms 

of  any  decreafing  Series,  /  : — \  — &c.  thus,  A  :  A -]-  I:  A-{-l-{-r,  &c.  and  this  will  be 

fuch  an  encreafing  Series  as  was  propos'd. 
Again ;  we  may  take    any  Number  A  greater  than  the  Sum  of  any  decreafing  Series 

I :  — &c.  and  fubftrafling  this  out  of  A,  make  this  Series  A:A—l:A  —  / -  8cz.  it 

will  be  fiich  a  decreafing  Series  as  was  propos'd.    But  to  begin  with  the  firft  Terra  of  the 

decreafing  Series  / :  ~  &c.  makes  a  more  regular  Series. 

2.  Thefe  Infinite  Series  encreafing  or  decreafing  limitedly,  are  not,  and  cannot  be,  in 
a  conftant  Ratio  ;  for  then  t.hey  could  not  be  limited,  by  Tbeor.  i  &  2-  And  far  Tefs  do 
the  Ratio's  of  each  Term  to  the  preceeding  encreafc;  for  then  they  would  fo  much  foondr 
than  with  an  equal  Ratio  outreach  any  propos'd  Limitation  :  Wherefore  'tis  plain,  that 
of  a  Series  encreafing  for  ever,  but  limitedly,  the  Series  of  its  Ratio's,  comparing  each 

M  m  m  2  Term 
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'I'tTQi  to  the  prcceeJiiis;,  is  a_Scries  cf  Numbers  which  do  continually  decreafe :  and  of  a 
Series  decrealing  for  ever,  but  limitedly  ;  the  Series  cf  its  Ratios,  ccmparing  each  Term 
to  the  pteceeding,  is  a  Series  cf  Numbers  which  do  continually  cncreafc.  But  olfcivi^ 
aoaiii,  that  tho' of  a  S^'JiVi  whofe  Terms  encreafe  continually,  but  limitedly,  the  Ratio's 
cf  each  Term  to  the  prececding  do  continually  decreafe,  yet  the  Reverfe  will  net  held; 
t/jnt  is,  tho'  a  Seiics  cf  encrealjng  Numbers  is  fuch  that  tlie  Ratio's  of  each  Term  to  the 
picceeding  continually  decieafe,  yet  it  dees  not  follow  that  the  Str/V;  encreafcs  under  a 
Limitation  ;  \vhich  cue  Example  deinonllrates  :  For  if  we  take  any  Encreafing  Arithmc- 
'tical  Frogiclfion,  as  i,  ?,  7,  4,  i3c.  its  Ratio's,  comparing  eaeli  Term  to  the  precceding, 
arei.  ..  i  •.  -t  B'"-  which  do  continually  decreafe,  and  will  do  fo  in  all  fuch  Cafes  (as  has 
been  Ihewn  Ccr.  Thior.  i7,Ch.  5,  B.  4.)  yet  we  can  find  a  Term  in  the  Series  greater  thaii 
any  afli"nablc  Number.  'J  he  like  is  alfo  true  as  to  a  dccrcafing  Series,  viz.  That  they 
may  decieafe  by  encreafing  Ratio's  cf  each  Term  to  thf  precceding,  and  yet  be  unlimited 
in  their  decreafe  ;  cf  which  we  have  Examples,  by  taking  the  reciprocal  Ratio's  of  any 
Ariih.neticd  Series,  and  making  a  Series  decreafmg  according  to  thefe  Ratio's  ;  as  in  this 
Example  i  :  -  :  —  s  -  •  T)  ^'^'  ^^^'^^^  ^'^^  Ratio's  of  each  Term  to  the  prececding 
are  i  :  2,   2  :  3,  3  :  4. 

COROL.  A  S.ri^s  may  decreafe  continually,  and  yet  have  a  Sura  mfiiutely  great :  For 
if  it  decresfes  Limitedly,  then  its  Sum  will  be  always  greater  than  as  many  1'erms  Cv-jual 
each  to  the  Limiting  Number,    fiiice  none  of  the  Terms   can  ever  be  fo  little  as  that 

Number. 

THEOREM    VL 

Take  any  Geometrical  Progreflion  enaeafing  from  i,  which  maybe  univerfally  reprc- 
fented,  thus,  1  :  r  :  r'  :  y'  :  &c.  then 

!*•  Take  tlie  Sums  of  this  Sif«Vj  continually  from  the  beginning,  thus,  i :  i  -|-  r  : 
J  -f.  r  4"  ;•* :  &c,  and  divide  each  of  thefe  Sums  by  the  laft  I'etm  added  in  each,  thus, 

I :  — — —  : &c.  and  this  is  a  Series  encreafing  limitedly,.  fo  as  no  Term  caii 

ever  reach  to  

#       2"'    Infiead  of  the  Sums,  fubflraft  from  each  Term  of  the  ^  /   ( that  is ,  from  each 
Power  of  r )  all  the  prececding  Terms,  and  make  this  Series  i  ; / • 

— I  Sec.    'Tis  a  Serif  Si  decreafing  limitedly,  ui  which  no  Term  can  ever 


reach  to 


r  —  2 


r  —1. 
a"'    Take  the  Series  of  the  Reciprocals  of  the  firft  Scries,  viz.  take  1  : 


i-j-r' 


r  —  I 


-  :  &c.   'tis  a  S^riis  decrcafing  limitedly,  in  Avhich  no  Term  can  evtr  reach  to 
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4°*  Take  the  Series  of  the  Reciprocals  of  the  fecond  Series,  viz.  take  i  :  • 

■  '•  Sec.  'tis  a  Series  encreafing  liiiiitedly,  in  which  no  Term  can  ever  reach  to 


r  —  1 


r  —  2. 

I  -f-  r     I  -4-  >•  4.  »• . 
Demon,  i°*     For  the  firft  Series,  i  : : f- —  :  &c,  'tis  no  other  thaa 

the  fums  of  this  decreafing  Series,  \:-  -.  i  &c.    added  by   the  Common   Rules,  thus, 

,  +  i-  =L±J:  and  L±l+  .i._  ^ji:  L^LZI  -.  But  the  fum  of  this  Scries  i  :-  ^.^^■ 

Qc.  is  — —     Therefore, 

2°'    For  the  fecond  Series,  i  :     ~-  :  -^ — ^^   :  &c,  it  is  no  other  than  the  Ef- 

feil  of  takii>g  every  Term  afcer  the  firft  of  this  Series,   i ;  i-J—  &c.    out  of  the  firft,  and 

out  of  the  fucceedins  Remainders :   for  i —     =:    "^      and r  "=  " 

&c.  and  the  Sum  of  the  Series  -I—  .  — ,  :  &c.  is  — i—     which  therefore   can  never 

r    r2   '     n  r —  i, 

be  all  taken  away  from  i  ;  whence  it's  plain,  that  no  Term  of  this  Series  of  Retmviders 

(AW  ever  reach  fo  low  as  i =  .    Aud  Ohferve,  that  we  have  in  this  Con- 

r  —  I         r —  1  -'         ' 

clufion   a   plain  Dcmoiiftration  that    the   Numerators  in  each   Term  of  the   SerieSi 

I  :  • *•• i3c.  are  pofitive  Numbers,  i.  e.  that  any  Power  of  r  (a  whole  or 

mix'd   Number )  is  greater  than  the  Sum  of  all  the  proceeding  Terras,  +  i  ;  for  the 

Sum  of  the  whole  Series, —;  - — gf.  is  — i — ,  which  is  lels  tlian  i ,  tand  therefore  eacli 
r      f  r 1  " 

Term  of  the  Series  i  :  — —  &c.  is  a  real  pofitive  Number ;  which  it  cannot  be,  uiilcfs 

the  Numerator  is  a  pofitive  Number,  i.  e.  unlefs  r  >  is  greater  than  all  the  prcceeding 
Terras.  But  this  Truth  may  be  alfo  deraonftrated  from  the  R  ules  cl  a  Geometrical  Pre- 
grcflion  i  .  r  .  r ' ,  &c. 


3"-  For  the  third  Series,  i:  ,-t— •;  — ,  ""  ,  ,  &c.  it  decrcafes.  limitedly,  fo  a? 
never  to  reach  to  —y~  ;  becaufe  if  it  did  reach  that  Number,  then  'tis  evident  that  the 
Reciprocal  Series  i  :  iJ^LT:  L±l±i:I   muft  reach  to  the  reciprocal  Number- 


>  —  1; 


which  it  can  never  do  by  Article  the  Firft.  .      ,  . 

~   t     "*"     'I 

4*".    For  the  fourth  Series,  i : -^  ;  ,^li &c.  becaufe-'tis  the  Reciprocal  of  tin: 

fecond,  which  can  never  decreafe  to  ^-^  ,  therefore  this  cncreafes  fo,  as  it  can  never 


/-ILL 
impoflible  in  Article  feccnd.  '      ''  Sci'O- 


reach  to —-^  J  for  if  i{  could,  the  other  would  decreafe  to*! — 3    which  is  fliewn  to  be 
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Scholiums. 

I.     If    wa    compare  th":  two    Encreafing    Series,     i  :  — 3I_  &c.  and  i 


^~ZB  C=  ^^4"^)""'^  A^AB  {-  T^b)  '  ^^h^'-^^y  ^"  ^^'^'  '^''^'^  '' 


r  r  ■—  I 

■fir.  c!;c;i cich  Term  lF tlie  fjfQ  (.ifcci-  i^  ii  ledci-  t'laii  the  CcrrefpoaJing  Term  cf  die 

\':;onl  ;    thus  — in_  js  lelFcr  dim. ;  and  fj  on.     'I'o  Dem'i"fti-^U  which  uiuvertilly,. 

r  r   ■■  I 

Ic:  .my  Wunbcr  J  be  Dciiomiiutor   of  a  rrJiVnii,  auJ  A -\~  B   die  Ni-mcrntT,  dius, 

- — J —  ;  alfo  make  A  NumeracGr,  and  A  —  B  die  DeiiomiiiiCorj  thus    -~ — -  ;  then  is 
•^  A  —  b  , 

A  -\-  B  A  . 

— — —  Icfi  tliaii  -T~~~Jj  '•  for  if  we   reduce  dieia  to  a  common  DeuomiPiator,  they  ar€ 

A- 

hCi  than  the  (econd,  bccaufe  A-  ~  B-  h  lefs  tiian  A'- :  But  A  may  reprcfent  any  Power 
■of  r,  as  r>',  and  B  the  Sum  of  all  the  prcoeeding  Terms  of  the  S^^'^f^,  (whicli  Sum  is  al- 
ways Icfs  tlian  r")-  (o  that -5 —  may  reprefcnt  any  Term  of  the  Series  i  : ■  J&c 

A  ''' 

snd  — ~  any  Term  of  the  Series  i  :  :  &c.  which  finilhes  tiie  Demonftration. 

yi  —  h  r  —   I 

Hence  tlie  Value  ofthe  firfi  Series  is  lefs  than  that  of  the  other,  ( :.  e.  the  Value  of  any 

ailignable  Number  of  Terras  of  the  one  ccmpar'd  to  as  many  of  the  ether.) 

2d.    Compare  the  two  Decreafin?  Series  i  :  — ; —  &c.  and  i : ■    Sec.    and    each 

Term  of  the  firft  (after  the  i;  is  greater  than  tlie  Correfponding  of  the  other,  vi^.  ^       ^ 

Y  —   T  I      if     «^ 

greater  than •  &c.  becaufe  the  Reciprocal  of  that  is  leffer  than  of  this ;  /".  e.  — -I-- 

Icfs  than (from  the  nature  of  Fra£lions).  Or  we  may  dcmonftrate  this  the  fame  Way 

A  A       B 

as  the  former ;  for    .  ,    „is  gttater  than  • — -— ,  becaufe  being  reduced  to  one  Deuomi- 

nator,  they  are  — ■ —-  =  -r and  - — ~  .  t  =  — ^^^ — :    Hence  the  Value 

'       ■'        A^  +  AB        A->rB  A^-i-AB  A 

■of  tlie  firft  is  greater  than  that  of  the  other. 

3d.    If  we  take  the  Ratios  of  thefe  feveral  Seria,  comparing  each  Temi  to  the  prececd- 

ing,   they  make  thefe  regular  Series  : 

-;"  •  -7T7~  *'  ~7+;^.-r&<=-  f°^  ^'^«  Series,  1  : -^  • —j-- tic 

f — I     r*  —  Y — I  .  r'  — r*— >•— I                ,     „    .           »"~i     »'^ — ^~^o 
:  — z •  — -. -. &c.  for  the  Series,  i : : «c. 

y  y  4.  r*      ^    Y-V  5-^-4-yJ  r  r^ 

7:^:7+7.  •  I^Ih^TZTI&c.  for  the  Series,  i  '•  7:^; :  -^l^^^-^ilto 


I  -r  y 

_!L_  :  -1 :  ~ ^— &c.  for  the  Series,  r  : ~— " :  ,.^,rV 


'&c 
Where 
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VVliere  you  fee  die  third  and  fourth  are  Reciprocals  of  the  firft  and  fecond,  becaufe  tlie 
Series  cf  whicli  tlicy  arc  the  Ratios,  are  {o. 

THEOREM    VU. 

Let  there  be  two  I'lfi'iiW  Series  of  Numbers  tt  / ;  And  kt  their  correffonding  Terms 
be  mukiphed  together,  i.  c.  the  firft  Term  of  the  one  by  the  firft  ot  tlie  other,  and  fj  on; 
The  prodiifls  make  an  J/Jjiite  Snh's,  -h-  /  whofe  Sum  is  in  f.ime  cafes  luhnitc,  in  otliers 
Finite.     7  lius, 

I'"  If  each  Series  confifts  of  Terms  equal  among  themfcives,  or  tlie  one  havint^  c- 
qual  Terms,  and  tlie  otlier  encrcafing  ;  or,  lifily,  both  encrcafing,  the  Sum  cf  the  Pro-- 
du-it  is  Infinite. 

2°'  If  both  Series  decreafe,  or  if  the  one  Series  has  equal  terras,  and  the  other  De. 
caieafes,  the  fnm  of  the  produtts  is  Finite  ;  notwithftanding  the  Sura  of  tlie  Series  of  e- 
qual  Terms  is  Infinite. 

5*^"  If  rhe  one  encreafes    and  the  other  decreafes,  the.  Sura  of  the  Produfls  is  in 
fome  cafes  Infinite,  and  in  fome  Finite,  notwithftanding  the  Sum  of  the  encreahng  one, 
be  always  Infinite  :  particularly,  if  the  Ratio  of  the  eucreafing  Series  is  equal  to  or  iciier 
than  the  Reciprocal  Ratio  cf  the  decreafing  one,  the  funi  of  the  produ£ls  is  Infinite  ;   but 
if  it's  greater,  the  Sum  is  Finite. 

Demon.  By  Theorem  T^.Cb.  4,  B  4.  The  Series  of  Products  isH-/  in  the  Ra- 
tio compounded  of  thofe  of  the  Scries  Multiplied.    So  the  Ratio  of  the  one  Scries  is 

A  T  AT 

A  :    E    :    C  :  D  :  &c  T     £'  ^"'^  °^  ^^'^  ^^^'^'^  "  ^^  M '  "^°^^  produft  is  ~  the 
L  :  M   :  N  :    0  .■  &c.  (      Ratio  of  the  Series  of  Produds ;   Aud  becaufe  that  Series 
A/^ :  B/\l :  CN' :  DO  ■  Scz  \     P"'^^"^  confifts  of  equal  terms,  or  it  cncreafes  or  decreafes 

— — — ; — '. ""^     in  a  conftant  Ratio,  therefore  it  will  accordingly  have  ei- 

,  ther  a  Finite  or  Infinite  Sum  :  So  tltat  what  remains  to 

be  ihewn  is  only  the  Correfpondcncc  of  the  fcveral  Cafes,  in  whicli  it  cncreafes  or  de- 
creafes or  is  equal,  to  the  I'heorem;  which  ivill  eafily  appear  thus,  i^'-  It  both  the 
Series  encreafe,  or  both  confift  of  equal  Terms,  or  the  one  equal,  and  the  other  en- 
crcafing,    it  s  evident   the  Sum  of  any  one  of  them  is  Infinite  (by  Th:^orem  3.  j  and 

much  more  is  the  Series  of  their  ProduSs  fo.    Or  thus,  the  two  Ratio's-, ,  -^  are  cither 

both  proper  Fraaions,  or  the  one  io,  and  the  other  equal  to   i,  or  both  e'qual  to  i  :  • 

VVIierefore-g-;j^  is  either  a  proper  FraSlion,  fo  that  the  Series  of  Produfls  encrcafcs  in 

that  conflant  Ratio,  and  the  Sum  is  Infinite  (Th.-orem  3.;  :  or  it  is  eqnal  to  i,  and  i^ 
the  Produfts  are  equal,  and  here  alfo  the  Sum  is  Infinite,  (Th.'orem  3.^ 

s"-  If  both  tlie  Series  decreafe,  cr  one  dcaca.'es,  and  the  other  equal ;  then  -and 

~  are  improper  Fraaions,  and  hence -^^  is  an   improper  Fraai^:    Therefore   the 

Series  of  Produ£ls  decreafes  in  that  conflant  Ratio,  and  fo  the  Sum  is  Finite  (Tb-orem  4  ) 
3  •  It  the  one  Series  cncreafes,  and  the  other  decreafes ;  We  Ihall  fuppofe  that  y^il 

M-.C:  encrcafes,  {0  that ^ is  a  proper  Fraftion  ;  and  that  L  :  AI :  N :  Sec.  decreafes,, 
fo  that  ^is  an  improper  Fraaion ;  Now  the  Ratio  of  the  compound  Scries  AL:  BM,  Sec. 


IS 


^ 
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I  —  is  lefs  than  -7- 


'^B7i?'  ^''^^^=''»^%J  is  a  proper  Fraaion  when  ^  is  lefs  than  7^,  but  is  an  improper 


Fraclioii  when  —  is  equal  to,  or  greater  than y-  j  for  tliefc  Fraaions  reduced  eo  one  De- 

nomin:itar,are  ^  [=_)  and  ^  C~t)  ^'^''^«^f<^f^''<=>  ^s  ^^^  is  equal  to,  greater 

A  I 
or  Iciler  than  /^/B,  confequently ^-^  (the  Ratio  of  the  Compound  Scries)    is  cither 

■    AM 
=  I ;  \k.  AL  -:=:  EM  (^i.e.  if  g-=  -j~)  and  in  tliisCafe  the  Compound  Series  confifts 

A  L   ■ 
^f  equal  Terms,  and  fo  the  Sum  is  Infinite :  Or  jy-j^  is  a  proper  Fra^ion,    vi  A  L  is  Icfs 

■  ■  A  .  /!/ 

than  B  M  (i.  e,  it  —  is  lefs  than  —  )  and  then  the  Series encreafes,  fo  that  the  Sum  is 

A  T 

here  alfo  Infinite :  Or,  laflly,  -^  is  an  improper  Fraflion,  \^  AL  is  greater  than  B  M, 

( i.  e.  —  greater  than  j-  )    and  fo  the  Zaiei  decreafes,  and  the  Sum  is  confequently 
Finite. 

S  r  H  o  L  I  f  M  s. 

f.  IF  we  fuppofe  each  Term  ot  theoneStrjVj  is  multiply 'd  into  each  Term  cf  the 
otiier,  the  Sum  of  the  Produ£ls  will  be  T>:fi>iHe  in  all  Cafes,  except  when  tlic  two  Sr;-;>j 
di)  both  decreafe :  for  the  Sum  ofallthefc  Products  is  the  Produftsofthe  Sur^isofthe  two 
Herie'S  ■■,  audit  but  any  oneoFthem  is  Encreafing,  or  F.qual,  its  Sum  is ///^v/f."  ;  Which 
therefore  multiply 'd  into  the  other  Sum,  whether  Fi lite  01  J?^fi'/ it l',  muft  make  an  hfi- 
?!tte  I'roducl :  but  both  xhz  Series  decreafing,  their  Sums  arc  Finite,  and  confequei<tly 
their  Produ&l  is  Fi'/ite. 

2.  1  ho'  we  have  only  fiippos'd  Series  encreafing  or  dccreafing  in  one  conrtant 
Ratio,  yet  we  may  confider  other  Kinds  cf  Series:  As,  fir/i,  wc  may  fuppofe  any  Kind 
of  Series  xvhofe  Terms  continually  F.ncreafe,  whether  in  one  conftant  Ratli,  or  nrt ;  and 
any  fuch  Series  being  put  inftead  of  one  ^vhich  is  •—■  I,  in  the  firft  Article  cf  the  Theorem, 
tlie  Conclulion  will  be  the  fame,  as  is  mod  evident,  tho'  the  Comfotnid Series  will  not  be 
—  1.  Again,  in  the  fecond  Article  of  the  Theorem,  wc  may  fuppofe  a  Series  decreafing 
limitedly,  infiead  afcne  in  -=r-  /  ;  and  if  two  fuch  be  multiply 'd  together,  or  one  fuch  with 
a  Series  of  equal  Terms,  the  Compound  Series  will  certainly  have  an  Infinite  Sum ;  becaufe 
each  Term  of  this  fuppos'd  Series  being  greater  than  the  Limiting  Number,  mufl  have  a 
;grcarer  Eftcft  than  a  Series  of  equal  Terras  equal  to  that  Number ;  but  fuch  a  limited 
Scries  multiply'd  into  a  Series  decreafing  in  one  Ratio,  will  have  a  Finite  Sum,  becaufe  the 
Series  decreafing  limitedly  will  have  a  Icffer  Eflfea  than  a  Series  of  equal  Terms  equal  to 
the  firft  Terra  ot  this  Scries,  which  would  make  a  Finite  Sum  in  the  Series  of  Prcdufls. 
AgiW),fuppofe  two  Scries  decreafing  in  Ratio's  that  do  alfo  decreafe,  (comparing  each  Term 
to"  the  precceding)  the  Sum  of  the  Froduils  is  Finite;  which  it  is  alfo  if  one  of  the  Series 
>J5fuch,  and  the  other  equal  or  decreafing  limitedly.  In  the  third  Article  of  the  Theorem 
let  us  fuppofe,  firft,  a  Scries  encreafing  fo,  that  the  Reciprocal  Ratio's  do  continually  en- 
crcafc,  {.iird  fo  the  Ratio's  themfelves  decreafe)  and  another  decreafing  by  a  Conftant  Ra- 
tio ;  tlien,  if  the  firft  Ratio  of  the  Encreafing  Scries  is  equal  to,  or  lefs  than  the  Reciprocal 
cf  the  decreafing  one,  the  Sum  of  the  Produfts  is  certainly  Infinite ;  for  they  will  make 
a  Series  encreafing,  and  whofc  reciprocal  Ratio's  will  alfo  encreafe,  becaufe  each  Ratio  of 
"  that 
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that  Series  will  be  gradually  Itfs  and  lefs  than  the  reciprocal  Ratio  of  the  other  :  But  tho' 
the  firft  Ratio  oF  the  encresfing  Scries  is  greater  than  the  reciprocal  Ratio  of  the  de- 
creafiug  one,  it  will  not  be  true  that  the  Sum  of  the  Produfts  is  Finite,  unlefs  all  the  fol- 
Ipwing  Ratios  of  the  encrcaling  Series  be  alfo  greater.  Again,yi'foW/y,  fuppnfe  a  Series 
eticreafing  in  a  Coitilant  Ratij,  and  another  decreafing,  fo  rhnt  the  reciprocal  Ratios  do 
decreafe,  (and  fo  the  Ratio's  themfelves  encrcafej  then  if  the  Ratio  cf  the  eiicreafiiig  Se- 
ries is  greater  than  the  Reciprocal  of  the  firft  Ratio  of  the  decreafing  one,  it  will  be  grea- 
ter than  all  the  following  ones ;  and  confequently  the  Series  of  ProduiSs  will  decrcife  in 
Ratios  whofe  Reciprocals  decreafe,  and  fo  the  Sum  will  be  Finite.  And  if  the  Ratio  of 
the  Encreafing  Series  be  equal  to  the  firft  Reciprocal  Ratio  of  the  other,  then  it  will  be 
greater  than  all  the  following  ones  (which  decreafe)  ;  and  here  again  the  Sum  of  the  Pro- 
dufts  will  be  Fuiite.  But  tho'  the  Ratio  of  the  Encreafing  Scries  be  lefs  than  the  firft 
reciprocal  Ratio  of  the  other,  the  fum  of  Products  is  not  Infinite,  unlefs  it  be  alfo  lefs  than 
each  of  the  reft  of  the  reciprocal  Ratios  of  the  other  Series  ;  for  it  may  become  equal 
to  fome  one  of  them,  or  greater,  and  then  the  Sum  of  the  Produil  will  be  Finite. 
Thirdly,  If  the  one  Series  encreafes  by  Ratios  that  decreafe  (or  whofe  Reciprocals  en- 
creafe)  and  the  ether  by  Ratios  whofe  Reciprocals  decreafe,  then  if  each  Ratio  of  the  firft 
Series  is  equal  to,  or  lefs  than,  the  reciprocal  Ratio  of  the  Correfpondent  Terms  of  the 
fecond  Series,  thefum  of  the  Produ£ls  is  Infinite;  but  if  greater,  the  Sum  is  Finite. 
Fourthly,  If  the  one  Series  encreafes  in  whatever  manner,  and  the  other  decreafes  limi- 
tedly,  the  Sum  of  the  Produfls  will  be  Infinite ;  becaufe  this  decreafing  Series  is  greater  than 
a  Series  of  equal  Tcinis,  equal  to  the  limiting  Number. 

THEOREM    VIII. 
If  from  any  quantity  A  we  take  away  any  proper  FraSion  of  it,  as  -,-;  and  then  of  what 

remains  take  away  rhe  fame  Fraflion,  and  fo  on  continually  ;  the  Sum  of  the  I?ifi'nte  Se- 
ries of  Parts  taken  will  be  equal  to  the  whole  A,  and  the  Sum  of  the   Infinite  Series  of 

the  Parts  left:  at  every  Subftra£lion  is  equal  to '—  o^  A, 


it 


-[Taken. 
^  Left. 


a  A 


h%b^ 

b. 

-a'  %A 

l^ 

b  h  '         by,b'  by,b 

T~a  %A       h  —  a   X  A 


b* 


De  MO  N.        The  Series  of  tlie  Parts  taken  and  left  are  evidently  thefe  exprefs'd 

above  ;  for  the  firft  Part  taken  being  foiA  (=  ±J^ )  what  remains  is  ~-2   of  A, 

b  —  ay  yi\    _      "  _i    ^  —  a       h  _,, 

—  ^ J  to'  J  "1 ^ — ■  ==  r-  -^  !•    Then  of  this  Remainder  we  take  again 

|Parts,  which  makes  |  of  ^-f  cH  a[^  "^^^""^^j  *"''  there  remains  plainly  the 

^^  Parts  oft— 1211,  which  is  ^-«'^%A  ,    ^Vhereby  it's  manifeft,  that- every 

Series  left  is  the  — ^  Parts  of  the  preceeding  ;  and  every  Term  of  die*  Series  taken  il» 

N  n  n  die 
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the-^  Parts  of  th?  preceding  Term  of  the  Series  kfr,  cr  alfo  the  — ^^  Parfs  of  the 
preceding  Term  of  the  fcnae  Series.  Novo  thefe  two  Series  proceed,  eacli  decre.ifiiig  in  a. 
coi^ant  Ratio,  which  is  the  fame  in  both,  viz.  ■   __    ;    for  every  Term  being  — ^—  pt' 

the  preceeding,  the  Ratio  of  that  preceeding  to  the  folio wing_  is  the  reciprocal  ^ and 

jpplyiiig  the  Rule  o'i  Prohl.  i,  the  Sum  of  the  Series  taken  is^;  thus,-— X  ,  —  =  -^^ 

And  this  divided  br i,  or  -. quotes  A.    Again;  tlieSum  of  the  Series  left  is 

'  b  -  n  ^      b  —  a 

*-J=_f  of ^;  for  LlA><J  X  r-^  =  ^>  ^vl"=h  divided  by    2. ^  ^  JL_  gives 

oi A- 

a 

Ohferve  alfo,  that  the  Seiies  of  Parts  left  being  demonflrated  to  be  an  InfitnU  Dc~ 
rreaji':g  Stri^'i,  the  other  may  be  deduced  from  it,  thus  :  Since  the  Series  of  I'arrs  Icf: 
may  be  carried  en  till  there  be  a  Term  lefs  than  any  affignable  Quantity,  lience  it  plainly, 
follows,  that  tlie  Sum  of  the  Parts  taken  away  Ihall  want  kis  cf  the  whole  A  than  any 
allignable  Difierejice  ■  wluch  is  all  that's  meant  by  fajing,  That  that  Sum.is  equal  to  A. 

Scholiums. 

1°'     If    the    Corrcfpondent    Terms   of  thefe   two    SeriiS    of    the  Parts    taken 
and  left  are  multiply'd  together,    the  Sum  of  the  Compound  Series   is  Fiiite,  and 

equal  to       "~  "  o^A' ;  which  is  eafily  prov'd  from  the  common  Rules,  thus :  The  com-> 
'■  Zl  —  A 

laon  Ratio  of  both  the  Series  is  ,      '■   ,  therefore  the  Ratio  of.the  Compound  Series  is 

ty  —  d 

. _ ;  but  the  firft  Term  of  the  one  Series  is  ,-  of  .4  and  cf  the  other 

h  —  /i'~  h'-.  zab-\-.a'  '  A     '    ' 

it  IS           ^  of  Ai     Hence  the  firA  Term  of  the  Compound  Series,  is  the  Produfliof 
b  

thefe    viz..  ^ -^  oi'A';  or    '— —  of/i'.     And^  according  to  Probl.i,  we  niuft 

>         '         b'  b 

multiply  this  by  the  Ratio  ^,_^^^^_^^r  '^^^  P^o^^oa  is  ^/ ,7^^^,  of  .4';    which 

If*  ^  /I  h  —  /2* 

again  divided  by  the  Ratio  lefs  Unity,  viz.  y_2ab^^'-  ~  '  ~/)'l  z^H'"'^  '^^'^ 

Quote  IS  r r  oi  A-  =  -r Oi  A  . 

^  2ab  —  a  2p  — a 

2"-  If  we  fuppofe  each  Term  of  the  one  Scries  multiply'd  into  each  of  tlie  oth^r,  the 
Sum  of  the  Produas  is  Finite,  and  it  is  particularly  eqoal  to-  ~      of  ^":    For  the 

Sum  of  Parts  taken  away  is  ^,  and.  the  Sum  cf  the  Faits  left  is  -^  of /^,  and  their  Pro. 

dua  IS  —J-  ot^.  n;i..,j.}  , 

3°'  Hence 
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:^*-  Hence  we  have  thefe  Proportions,  or  Ratios  of  the  total  Values  of  tliefe 
feveral  Series  viz.  (i^-)  the  Sum  of  the  parts  taken  is  to  the  Sum  of  the  remainders  viz. 

A :  ^-^^  of  A,  z%  a:  h—a.    (z^)  the  Sum  of  the  Series  taken,  to  the  Sum  of  the 

1  J.  It  ft 

ProduiSs  of  the  correfpondent  Terms  of  the  two  viz.  A :  -  .  _  ^  of  ^',  as  x  :      .  ^  ^ 

ci  A:    Or  2  ^  —  i» :  6—  /I  y.A.    (f-)  The  Sum  of  the  Series  taken,  is  fo  the 
Sum  of  the  Produfts  of  all  the  Terms  of  the  one  Series,  multiplied  into  all  the  Terms 

of  the  other,  iv^.  A:  — ^^^^^  of  A^,  as  i : of  A,  or  a  :  b  —  a  X  A. 

(4°)  The  Sum  of  the  Series  of  Parts  left,  is  to  the  Sum  of  the  firft  Produfts,  vi;^. 

^JZ£  of  A  :     ^-^  of  a;  as  t.^^-^ .-  J-Zl  of  A.    (  5"' )  The  Sum  of  the  Parts 

left,   is  to  the  Sum  of  the  fecond  Produfls,  viz.   -~  ~  of  A :  -"'-  of  ^'   as   1  :  /4 

(  6°- )  The  two  Sums  of  Produas,  viz.  ■      ~  ^  of  A^  :  -^~  of  A%  as  «  ;  2h-  a. 

THEOREM    IX. 

In  the  Arithmetical  Progrefiion  i,  2,  5,  4,  i^c.  The  Sum  is  to  the  Produa  of  tlie 
lift  Term  by  the  Number  of  Terms,  i.  e.  to  tlie  Square  of  the  laft  Term  ;  in  a  Ratio 
always  greater  than  that  of  i,  2.     But  approaching  infinitely  near  to  it. 

Demon.     The  Sum  of  the  Arithmetical  ProgrefiSon  is ^-  Prohl.  5.  Chap.  2. 

B.  ^,.)     And  the  Square  of  the  laft  Term  n  is  ?/',  therefore  the  Sum  is  to  that  Square  as 

lliliL--«.::,..  +  «..3«-:«-r-i:  2H.     ?,^t  ±±L1  =  JL  .^  J     ==  1  .^ 
fi  I  -  c  2  n  n  2         n  2  2    ^ 

-i-    And  as  the  Number  of  Terms,  or  laft  Term  n  encreafes,  fo  does —  decreafein* 
2  «  2  n 

finitely,  therefore  the  Ratio  approaches  infinitely  near  to  — 

OhfcTvi^  if  the  Arithmetical  Series  begins  witho,  thus,  o,  i,  2,  3,  then  the  Sum  is  to  the 
Pjodua  of  the  laft  Term  by  the  Number  of  Terms,  exaaiy  in  every  Step,  as  i  to  2,  for 

the  Sum  is  in  this  Cafe,  "   ~  '^    But  the  laft  Term  is  n  —  i,  and  its  Produa  by  the 
'2, 

Number  of  Terms «  is  «'  —  «,  therefore  the  Sum  is  to  the  Produfl  as ■: n' — ?i: : 

2 

«'  —  ?/ >•  2  «*  —  2n::  \  :  2. 

THEOREM    X. 

■  Take  the  natural  Progreftion  beginning  with  o,  thus,  o,  i,  2,  3,  ^c.  And  take  the 
Series  of  any  the  like  powers  of  the  former  Scries;  As  the  Squares,  0,  i,  4,  p,  Sc.  Or 
Cubes,  o,  1,8,  27,  i^c.  Then  again  take  the  fum  of  the  Series  of  Powers  to  any 
Number  of  Terms,  and  a!fo  multiply  the  laft  of  the  Terms  fummed  by  the  Number 
of  Terms,  (reckoning  always  0  for  the  firft  Term.)     The  Ratio  of  that  Sum  to  that  Pro- 

I  '  -  .!l 

dua  is  more  than {n  being  the  Index  of  the  Powers)  i.  c.  in  the  Series  of  Squares 

N  i)  n  2  h' 
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it  is  more  r1ian  -'■ ;  in  the  Cubes  mote  than  -|-  ;  and  fo  on :  But  the  Series  going 
on  in  infiiitum,  we  may  take  in  more  anl  more  Terms  without  end  into  the  Sum  ; 
and  the  more  we  take,  the  Ratio  of  the  Sum  to  the  ProduSl  menti^ued  grows  lefs 

and  lefs  j  yet  fo  as  it  can  never  aflually  be  equal  to  — —  but  approaches  infinitely 
near  to  it,  cr  withLi  lefs  than  any  affignatle  difTerence. 

Demon.  The  truth  of  this  Theorem  has  hitherto,  that  I  know  of,  been  demon-* 
flrated  only  by  an  induflion  ;  or  lliewing  that  it  is  true  in  Squares,  Cubes,  and  a  few 
more  where  an  ailual  examination  of  it  his  been  made ;  and  then  its  concluded  that 
lince  it  holds  true  in  every  Cafe  where  it  has  been  aftually  tried,  and  no  reifon  ap. 
pearing  againft  this  being  an  univerfal  Rule  or  Law  in  the  nature  oi  Numbers, 
therefore  it  is  true  in  all  other  Cafes.  It  muft  be  acknowledged  that  where  vJt  find 
t!)e  fame  general  Law  obferved  in  a  Variety  of  Cafes  of  different  Powers,  takeji  at  Pie:;- 
fure,  as  in  the  fecond,  third,  fourth,  the  eighth,  tlic  thirteenth,  the  twentieth,  and  nnny 
more  taken  up  and  down  among  the  infinite  Variety  of  Powers;  \ve  have  great  Rea- 
fvn  to  believe  that  it's  a  general  t.aw  in  all  Cafes,  tho'  we  don't  fee  a  uireil  auj 
j)ofitive  Rcafon  or  Dcmonftration  for  it;  yet  it's  as  certain  tint  this  is  but  an  imper- 
fect Proof,  or  a  probability  of  its  being  true.  Jgti'2,  as  to  the  DemonHrations  given 
of  the  particular  Cafes  whence  the  general  Theorenx  is  deduced,  they  are  alfo  of  the 
fame  nature,  i.  e.  they  are  taken  only  from  feeing  the  tiling  prop^fed,  to  be  true  in  as 
many  Cafes  as  have  been  aflually  tried,  /.  e.  the  Series  of  any  Power  being  fummed  to.  2 
Terms,  or  3,  or  4  it's  found  to  be  always  true,  that  the  Ratio  of  the  Sum  to  the  Produdt 

mentioned  is  more  tlian  - — ^—_   but  ftiU  dlminifhing  as  the  number  of  Terms  becomes 


?i  ^  1 


greater;  and  dlminifhing  alfo  in  fuch  a  certain,   confiant  Tejior,  as  fliews  that  if  it 


proceed  fo,  it  will  approach  infinitely  near 


fz-\-  1 


Now  after  having  premifed  this,  con-. 


cerning  the  Method  that  has  hitherto  iatisficd  for  the  Demonflration  of  tliis  Theorem,. 
I  Ihall  fhew  how  it  appears  in  a  few  particular  Cafes,  and  how  it  may  by  the  fame 
Method  be  invefligated  in  any  other  Cafes  at  pleafure. 


Example  in  Squares. 

Authmetical  Series.    0    .       1.2 
Squares.    0     »      1.4 


4.  &c. 
16.  8r. 


Sum  of  two  Terms,    o    +    i          i          i  l 
=:  = \ 

2/1              2             5  6 

I    +   4  _  ^  _  J_  ,  J_ 

3X4            12            3  12 

Produfls.     4    X    P         3^  ~~  3  '8 

?3             I  1. 
3 


Frodufts. 
Sum  of  three  Terms. 

Produfts. 
Sam  of  four  Terms.     5 

Produfls.     4     ,^    ^ 
Sum  of  five  Terms.     14+  16 

ProduiSls. 


80 


And  1^  for  a  Series  cf  Square  ft 
By  taking  the  Sums,  and 
the  Produa  of  the  lafi  Term 
fummed,  multiplied  by  the 
Number  of  Terms  5  the  Ra- 
tio is  in  all  Cafes  equal  to  — 

-1-  a  Certain  ahquot  Frafli- 
on,  which  goes  on  dccreafing 
by  a  conftant  addition  of  6 
(the  Denominator  of  the  firft 
of  thefe  Fradions;  to  the 
Denominator  of  the  preced- 
ing; which  Fraftions,  becaufe 


5X16        80  3  24 

this  Law  is  to  be  conftantly  obferved,  do  therefore  decreafe  infinitely ;  fo  that  the  Ra 


tjo  of  the  Sum  to  the  Produ£l  approaches  infinitely  near  to  —  by  the  Lifinite  decrcafing 

3 

of  the  Fraftion  whch  is  flill  aftuaily  joined  with  —  in  every  flep. 

^  Exa. 


chap.  ;. 

Arithm.  Progrell. 
Cubes. 

Sum  of  2  Terms. 

Prod. 

3  Terms. 

Prod. 

4  Terms. 

Prod. 


Ex3.  for  Cubes, 

.    2    . 

.  8  . 


0 

0 


of  Infinite  Series.  j^^^i 

"•  For  Cuifs.     The  Suras  and  Pro- 


4  &c. 

64.  &■<-. 


0  -f- 1  __  1   ^  4-  _i 

2X1  4~      4         4 

1  <"  8 9    _  2.  4-  _' 

8  2J.       4        8 


X 


$>  -1-27 
4  X   27' 


2+ 

fc8      4       12 


5  Terms.  36  -^  64 i03  __i_      _r 

Prod.    5x    64       320       4"'~jj 
&c         &c 


diifls  being  taken  and  compar  d,  as  in  ilie 
Margin,  the  Ratio  is  continually  ^  +  an 
aliquot  Fraaion,  which  goes  on  decrea- 
sing by  a  conftanr  addition  of  4  (the  De- 
nominator ofthefirft  of  thefe  Fraftions) 
to  the  Denominator  of  the  preceding  ; 
which  Law  being  confiantly  obfcrv'd, 
that  Fraftion  join'd  to  -L  becomes  infi- 
nitely little;  i.e.  the  Ratio  becomes  in- 
finitely near  to  JL, 


Scholiums. 
I.  If  we  exaraiiic  the  fuperior  Powers,  the  fame  General  Truth  will  be  found  in  them  • 
but  the  Fraaions  adhering  to  the  — ——  will  not  diminilli  in  the  fame  manner  as  they  have 

been  obferv'd  to  do  in  the  Squares  and  Cubes ;  i.  e.  by  a  conflant  addition  of  the  Denomi- 
nator of  the  firil  of  thefe  Fradions  to  the  preceding  Denominator  :  Yet  this  I  have 
found,  as  far  as  I  have  examin'd  them,  that  thefe  Fradlions  decreafe  fo,  rhat  their  Ratios 
ro  one  another,  comparing  each  to  the  preceding,  do  alfo  conftantly  decreafe  •  which  • 
makes  the  Fradlions  themfelves  decreafe  fo  much  quicker  than  if  they  decveas'd  in  onecon- 
ftant  Ratio  ;  Or  if  they  decreased  by  Encreafing  Ratios,  as  thefe  in  the  Squares  and  Cubes 
do  J  which  you'll  eafily  obferve  do  fo  decreafe,  that  their  Ratios  are  the  Series  of  the  Reci- 
procal Ratios    of  the    natural    Progrelfion     i :  2  :  3  :  4.      For  —  :  — 

b      12 

i  :  :^ :  :  3  :  2,  alfo 


:  2 :  I,  and 


1 

I 

12 

•   18 

I, 

I 

K- 

IJ. 

18 


I 

10 


—  :  :  4  :  3-  and  fo  alfo  in  the  Cubes,  -^  •  — 
24  ^  •  48 


and 


r1  :  —.:  :  3  :  2,  and    -  ;  --. :  :  4.:  3-     And  it's  cbfervable  here  too,  that  the  firft  of. 


thefe  Fractions,  in  the  Squares  being^,  and  in  the  Cubes  i,  they  decreafe  fafler  in  thofe 


tlian  in  thefe  :  i.  <-.  at  the  fame  difti;ice  from  the  beginning' the  Ratio  is  nearer  cqua 


to 


J-  in  t\\c-Squares,  than  it  is  to  i  in  the  Cubes.     Rut,  in  the  4th  and  ^tli  Powers,  and  others 
which  I  have  aSually  examin'd,  they  decreafe  fafter,  becaufe  of  their  decreafing  Ratios. 

Another  Wny  tf  firopoftug  Ihd  Theorem. 
II.    Some  Authors  ( particularly  Sturtr.ius)   have   propos'd   this  Theorem  in  anorlier 
View,  thus:  They  make  the  Arithmetical  Progreffion  begin  vnth  i,  and  allert  the  fame 
Truth  concerning  the  Ratios  of  the  Sums  and  Produfls,  i/z.  that  it  approaches  Infinitely 

near  to    — j —  :  But  any  I  have  met  with  give  us  no  other  kind  of  Demonftration  tliaii 
n  -y  I  ^ 

what  has  been  given  above,  /.  e.  by  InduSl'ion,  or  arguing  from  a  few  Particulars ;  And 

becaufe  their  Mtthod  rf  inveftigating  thefe  fauicular  Cafes  is  fomeuhat  different  frcm 

the  preceding  I  Jiali  here  expbin  it. 

i°-For 
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Book  V. 


i"-  For  Squares, 
I  .  2  .  :5  .     4. 
1  .  4  .  9  .  16. 

,  arc. 

Sums,  j  Produifls. 
For  3  Terms.     14     :     27       :  : 
For  6  Terms.     <;i     :  216       :  : 

I 
I 

1+4  +  ^:3 


In  the  Sqaares  take  the  firft 
5  Terms,  and  at  every  fucceeding 
Step  twice  as  many,  and  the  Ra- 
tio cf  the  Sum  to  the  Produci  is 
found  always  greater  than  1  :  3. 
But  fo  as  to  decreafe,  and  become 
infinitely  near  to  it  j  becaufe  the 
two  Fraflions  that  adhere  to  i 


(ill  the  lelTer  Term  of  the  Ratio)  are  found  to  decreafe  in  a  Content  Ratio,  which  is 
iin  the  firit  Fra£lion,  and  1.  in  the  fecond  Fraftion, 

Whence  Stunny  concludes  the  Argument  in  this  manner,  viz.  Shice  of  the  two  Fra£li- 
ons  adhering  to  i  at  every  Step,  the  firll  is  always  L  of  that  in  the  preceding  Step, 
and  the  fecond  is  ^  of  that  in  the  preceding  Step ;  therefore  thefe  two  Fraftions 
are  in  every  Step  the  Effe£t  of  fubftraiting  from  i.  J^  ^^^  which  belongs  to  the  firft  Step, 
tliis  Series,  i.  4-  „^_  :  ^  4"  ttt  >  ""'^"''g  3  ^he  Numerator  cf  the  fecond  Part,  be- 
caufe _JL  =  _1,  and  -1  —  _1  =  -L,  and  fo  of  the  reft  :  But  this  Scries  confiftin" 
•tif  two  Series,  take  their  Sums  feparately,  they  are  i  4-  .^  -^  _4. :  &c,  =  -f  :  and 
_1  u.  _'_&c.  =  T-  hyProhl.i.  that  Series  being  fuppos'd  to  be  Infinite  ;  whence, 
iVthe  laft  Cafe,  or  when  the  Series  of  Squares  is  infinite,  the  Fraaions  adhering  to  i  are 
evanilh'd,  becaufe  they  are  become  i.  4-  _^.  —  i,  —  -Ij.  =  o. 

As  to  the  lafl:  part  of  this  Demonftration,  lohferve,  that  it  is  fuperfluous  ;  for  the 
Argument  ouglu  to  be  concluded  immediately  from  this.  That  the  Fraflions  adhering  to  i 
decreafe  in  one  Conftant  Ratio :  For,  in  this  Cafe,  if  we  fuppofe  the  Series  i»finiTf, 
thefe  Fraftions  muft  decreafe  to  nothing,  this  being  the  very  Suppofition  upon  which  the 
Rule  is  founded,  by  which  we  fijid  the  Sum  of  an  L/fimte  decrnafi'tg  Series  :  And  this 
Rule  being  ufed  in  the  Argument  to  prove  that  thefe  FraiSlions  do  at  iaft  evanilh,  it's  ma- 
jTifeft  that  the  Thin"  to  be  concluded  is  already  fuppos'd. 


I'c.  Fcr  Cubes. 


2 
8 


4 
64 


&c. 
&c. 


For  4  Tenns. 
For  8  Terms. 


Sums. 

100 

I2p6 


I  Produfts. 
:     256 
:  40p6 


I  4-  i  4-  S-- 


Again  ;  in  the  Cuhes  take 
the  firft  4  Terms,  and  then  8 
Terms,  and  fo  on  doubling  the 
Number;  and  hereby  'tis  found 
that  tlie  Ratio  of  the  Sum  to 
theProdua  is  always  greater 
than  I  :  4.  but  approacliing 
Infinitely  near  to  it,    becaufe 


the  two  Fraftions  adhering  to  i  (in  the  leffer  Term  of  the  Ratio)  do  decreafe  in  a  con- 
ftant  Ratio,  t>/";^.  -,  in  the  iirft,  and  i  in  the  fecond  Fraftion. 

Sturmy  concludes  the  Argument  here  the  fame  Way  as  in  the  Cafe  of  Squares,  to 
which  the  fame  Obfervation  already  made  is  alfo  applicable. 

So  far  then  you  fee  an  Agreement  in  this  Form  of  the  Theorem,  and  the  preceeding 
viz.  that  in  the  Squares  the  Ratio  of  the  Sum  and  Produtl  decreafes  fafter,  becaofe 
_'  is  Icfs  than  _;  and  the  Ratios  of  thefe  decreafing  Fraflions  equal  in  both  ;  jnft  as  in 
th^  preceding  Form' the   Ratio  Mo  decxeas'd  ^.iiiet  in  t\\c Squares  r\m\Cubes,  and  by  the 

fame  Ratios.  '    .       ,      ,r,t  /  • 

UI.    But  again  ;  Tho'  1  have  found  no  better  Way  of  demonftratmgthe  Theotem^  (  m 

either  of  the  two  Views  of  it  cxphin'd  )  as  to  its  univcrfal  extenfion  to  all  tl^c  different 

Powers,  yetasto  the  Dcmonftrationofthe  firft  two  particular  Cafes  (which  arc  the  moft 

jifeful )'  viz.  Snuares  and  Cuhs,  l  being  the  firft  'I'erni,-  Ilhall  here  Ihew  you  a  new  and 

•*  eahc 


chap.  ^.  Of  I*i finite  Series.  4<$5 

e-ifie  Demonftrittionj  deduced  direflly  ^/Wor?  From  tlit  Canom  given  in  Ch.  2,  for  die 
fummiiig  the  Squares  and  Cuhcs  of  tlie  Aritljmctical  Progreflion. 

C.4  Dire5l  Demon ftration  of  tJje  frece^i^tg  ThQovcm  for Sci\izvcsa?!i 
Cubes,  jnffofing  the  Series  to  begin  vcith  i. 

Cl°)    For  Sqrtares.       The  Sum    of  the  Squares  of  an  Aritlimetical  Progreflioii 

1-  2.  3-  4,  fuppofijigthe  Number  of  Terras  to  be«,  is Jl.?"  ^^^^(.Prol>.j,C/j.2) 

and  in  the  Arithmetical  Progreflion  the  laft  Term  is  ahvays  the  Number  of  Terms,  there- 
fore the  lafiTerm  of  the  Series  cf  Squares  is  ;;' ;  which  multiply'd  by  the  Number  of 
Terms  «,    the  Prcduft  is  -^3 ;    Wherefore  th«  Ratio  of  the  Sum  to  the  Produdi  is 

^ p  '''  "r^  .  ;,3  : :  2«»  -f-  3«'-l-«  :  6^i^  :   :-  2«*-4-  j^-f  i;  !;«*  (by  dividing 

each  Member  by  ^)   but =  - — ,  4-  ^     4-  —    — r—  -J — 

'1-  7—,  (for  , —  =   -  aiid  ^—  ■=   —    \    Agahij  it's  obvious  that  the  ereatcr wis. 

die  lefs  will  ihefe  Fratlions  — — -  -7 —  be ;  and  that  they  will  dccreafe  fj,  as  to  become  in- 

finitly  little,  or  lefs  than  any  affignab'e  Quantity  :  Therefore  the  Ratio  of  the  Sum  to  the 
ProduiS,  tho'  it's  always  greater  than  -J-  (  being  for  the  firfi  two  Terms  A  -|-  i.  -^  -i.i 
yet  the  FraiTions  adlierin^q  to  i  dccreafiiig  (3^  now  demonHrated)  fo  as  to  become  infiuite- 
Jy  fmall,  the  Ratio  approaches  iiitinitely  near  to  4-. 

( 2°  )  For  CuUs.      The   Sum    of  tlje  Odi;s-  of  the    Arithmetical    Progreflion    is 
n'^  -f-  2  «>  -i-  »l  ^p^oi^j^  5^  Ch.  2.)  and  the  Produft  of  tlie  Jaft  Term  «3,  by  the  Num- 
ber of  Terms,   a  is  «^ :  So  that  the  Ratio  of  die  Sum  to  the  Prcdca:  is  ^^-XlfLiifL* 
•  ri  roiilv.'  .-^-  —  4 

n*  :  :  «*  4-  2*'  4-  «'  :  4^z*  :  :  «'  -h  2«  -f  i  :  4;j.\      And  " ''  "^  -^~^'  ^- 2l 

■^'^'  ~ -^ ''■''■ 

"i"  ■^+  77  -^  T  "t"  JJ  -I-    T^  •     And  becaufe  tie.  greater  that  7z  is,  the  IcCi 

mfl  ~  and — ^  be  ;  t!»erefor-e,  tlio"*  the  Ratio-  of  the  Sum  to  the  Produilis  always  grea- 
ter than  ^  (being  for  twoTe«Tis,i  +  -^  -f  vV)  J'^^  ^^^  Fraflions  adhering  to  the  .!. 
■decreafing  infinitely,  the  Ratio  approaches  iiifinitety  near  to  ~: 

THEOREM    XT. 

Take  the  Series  of  the  Squares  of  the  natural  Progreflion  1.2.3.  ^"<^-  "^''K-  ^-  4-  9-  n^-'S-'c, 
malciply  any  Term  of  this  Series  by  the  number  of  'lerms  from  1  ;  frcm  the  Produft  fub- 
firaa  the  fum  cf  all  the  prcceeding  lelier  Squorts  (which  Sum  will  always  be  a  leffer  Nimi- 
ter  thafi  tliat  Produft)  the  Ratio  of  the  Difference,  to  the  Produfl  is  ahvays  greater  tha:i 
2  :  3.     Rut  approaching  infinitely  near  to  it,  the  faidier  tlxe  Series  is  carded,  or  the  grca^ 

ilis  ^nB  nnb  iSoJ  oiuojid  oJ  zb  6i  11  .vbanHni  ,,,v 

*■  .      .. ..  ■..  _ '^  Ol'h'rvje.. 
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Ol-ferv?,  Since  the  Number  of  Terms  from  i  to  any  Term  in  the  Series  of  2^ua^es  i« 
the  Root  of  rh-.u  Fq'inre  :  therefore  the  Prodi^ft  of  the  Fqa.i'rt;  by  the  Number  of  Terins 
is  the  C«Je  of  the  fame  Root;  and  therefore  the  Tbjorem  may  be  propos'd  thus  :  I'he 
Rritio  of  the  Difference  betwixt  the  Cuie  of  any  Integral  Number  and  the  Sum  of  the 
l\''uares  of  all  Numbers  leis  than  that,  to  tlmtCuhe,  is  greater  than  2  :  3,  but  approach. 
ii)i»  infinitely  neir  to  it,  as  we  chufethat  Cubn  greater  and  greater. 

'Eia.  I.     The  C«^if  of  6  is  216,  and  the  Squares  of  i.  2.  3.  4.  5.  are  1.4.  9.  i6-,2<,, 

wfiofc  Sum  is  55,  then  is  216  —  55  =  161.   And  ~  —^  ^"«^'  ^^  ^""'^  ^^"^  ^' 

taking   -0"^  0^576. 

s.    The  GkJ^  of  7  is  343,  aiid  the  Squares  of  i,  2.  3.  4.  5.  6.  are  i.  4.  p.  j6.  25.  3^, 

ivhofe  Sum  is  ^i ;  tliea  3-^3  —  9  '=  25  2,  and  ~  =  |-  +  -||- ,   and    this  Fraaion 

-.22-    is  lefs  than  -^ 
lOip  04b 

Demon.      i°"    Let  any   Number  be  reprefented  by    «  4.  i,    its  Cuhe  will    be 

,1^  _f-  «»  -f*  3;?+  I  ;  and  if  we  take  all  the  Numbers  leller  than  fi  +  1,  they  make  the 

Arithmetical  Progreflion  i.  2.  3,  8ir.  whofe  laftTerm  (and  number  of  Terms)  is  n  ;  and 

the  Sum  of  their  Square  is  iLjili!f_±Lf  ^   which  is"  manifeflly  a  leffer  Number  than  the 

Cuhe  of  « 4-  I,  or  ^js  +  3«»  4-  3^  4-  i.  -  1_        ,     i 

z°-   Take  the  Difference  propos'd,  viz.  «'  4"  3«*  +  3«  +  I  — "4 

__6k^  4- 1 8^/^4-1 8^4- 6     2^/^  4-3g'-4-;z     6«^ -4-i8y>-l-  i8v-\-6  — 2«^  —  3g'  — >? 
_ _  ^         _  _ 

__  4^3  4-  I5«^^+  ^7'^  4-  6         j^^^^    ^^^p^^^  ^j^^  Difference  to  „  47-,!, 

or,   «3  4-    3W-   4-    3«  +  i>    the    Ratio  is  plainly  4«»  4"  I5«*  +  17«  4-  6: 

,    ,  4«'  -4-  I'^K*  -+-  I7«  -f-6       1  •  1   .  ,       2  . 

6«»  +  i8«^  -t-  i8«  +  6,   or,  ^^,  ^^8«'4-i8«-t-o'  "^''^  "  S'^^'"  ^^^"  ^^y 

this  Fraaion  18/^3+ 54^^4-^'54^ -t-  18  '  ^^  y°"'"  ^"'^  ^^  fubftraaingJ  out  of  it,  by 
the  common  Rules.  Now  fince  in  every  Step  the  Ratio  of  the  Difference  to  the  Cube  will 
be  the  fame  way  exprefs'd,  'tis  plain  it  will  always  be  greater  than  -  ,•  but  if  the  Fraaion 

9«^  -+-  I'^n  -t- adhering  to  it,  grows  infinitely  little,  or  lefs  than  any  afliBn- 

able  Fraaion,    then  the  Ratio  approaches  infinitely  near  to  — .    What  remains  then 

*  ^        •  2 

to  be  demonflrated,  is  only  this  Infinite  decreafe  of  the  Fraaion  adhering  to  the  —  which 

3>  .-  • 
is  thus  done  :  Were  the  adhering  Fraaion  ~-^  ,  its  infinite  decreafe  is  eafily  fheivii,  for 

it  is  equal  to  — ,  by  dividing  Numeaator  and  Denominator  equally  by  p«',  but  a  is  gra- 
dually laken  equal  to  i.  2.  5,  ^Bc.  and  therefore  — is  gradually  —  .  -  •  r-  •  jTj  S'"* 

which  manifeftly  decreafes  infinitely,  or  fo  as  to  become  lefs  than  any  aflignable  Fraaion. 

Again; 
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/isaiu;    -o— ■-t-~--V o  is  a  Frailion  lefs  tlun     2.  ,  or  — ,  as  is  eafily  fecn  . 

Ly  the  Comparl foil ;  wherefore  if  -  -  docs  dccreafc  infinitely  as  «  cncrcafcs,    the  other 

which  is  lefs  thail  —  muft  alfo  dccreafe  infinitely. 

COROLL.  The  Sum  of  the  Sgii.iresoi  the  Series  1.2.;.  &c.  carried  to  any  Num- 
ber of  Terms,  is  to  the  Difference  betwi.xt  the  Cube  of  the  Number  of  I'enus,  or  laft 
Term,  and  tlic  Sum  of  all  the  5^?<i7;vj,  except  the  lafl,  in  a  Ratio  approacliing  infinitely 
near  to  i  :  2.  but  flill  greater :  For  the  Ratio  cf  the  Sum  of  the  Squares  to  the  Cube  of 

the  Number  of  Terms  approaches  infinitely  near  to  — ,  but  ftill  greater  (by  Theorem  p.  ) 
And  by  the  prefent  Theorem  the  Ratio  of  the  Difference  mention'd,  to  that  Cube,  ap- 
proaches infinitely  near  to  — ;  therefore  the  Ratio  of  the  Sum  cf  the  Squares  to  the  Dift- 
3 

rence  approaches  uifinitely  near  to  — 

S  c  H  o  I.,  This  Theorem  is  propos'd  by  feme  Authors  (particularly  Sf?/m?«j)  in  a  very 
dift-erent  manner,  wiiich  IS  to  this  purpofe,  t'/^.IfanySeries(of  Integers)  begins  with  af]ua-c 
Number,  and  decreafes  by  growing  Dittercnccs,  wiiich  are  the  Series  oF  odd  Numbeis, 
I-  ^.  5»  S^-  t^l's  Sum  of  the  Series  carried  down  to  0  (  in  which  'twill  always  end)  is  to 
the  Produa  of  that  Sq^uare  (wliich  is  the  grcatei^  Terra)  by  the  Number  of  Terms,  in  a 

Ratio  always  greater  than  —  ,  but  approaching  infijiitely  near  to  it,  as  \ve  take  that  Zq^iarc 

greater. 

1  fnall  firR  (hew  the  Coincidence  of  this  and  the  preceding  Propofitionj  and  then  give 
you  Sturmius's   demonftration. 

For  the  firft,  take  the  odd  Series  i.  ■:^.  5,  8r,  the  Sum  of  it  to  any  Number  of  Terms  is 
the  Square  of  the  Number  of  Terms ;  or  the  Scries  of  its  Sums  taken  always  from  the  be- 
ginning, makes  the  Series  of  fquare  Num- 
bers. (Coroh^,  Prohl.  5,  Ch  2,  B.  4.) 
Wherefore  it  is  plain,  that  if  from  any 
f^inare  Number  we  take  fucceflively  as  ma", 
ny  Terms  of  the  Series  of  odd  Numbers 
from  I,  as  the  Root  ot  that  Square  cx- 
preffes,  ^vhen  the  laft  Subflrafiion  is  made,  there  remains  nothing  ;  and  that  Square,  with 
the  feveral  Remainders,  is  the  Series  propos'd  Thus,  beginning  with  9,  it  is  ^,8,  5  j 
beginning  with  25,  it  is  25,  24,  21,  16,5? :  Univerfally,  if  it  begin  with  fi'-  it  is  ^?'  j 
^z*  —  I  ;  «» —  I  —  3  ;  ^»  _  1  _  3  —  5  ;  gf.  which  again  is  the  fame  as  ul ;  k'—  i  ;  . 
11  =  —  4  ;  « '  —  p  ;  Qc.  the  Series  being  carried  to  as  many  Terms  as  the  Root ;/  expreffes  j 
And  the  Square  fubftradled  from  n^  in  the  laft  Term,  being  that  next  leder  than 
«',  beeaufe  'tis  the  Sum  of  a  Number  of  Terms  of  the  odd  Series  lefs  by  i  than  n. 

Whence  the  Coincidence  of  the  two  Propofitions  is  evident ;  for  the  Number  of  Terms 
being  n,  therefore  the  Sum  of  this  Series  is  equal  to  the  Difference  of«J  and  i  -J.  4  ^p 
6f.  carried  to  a  Number  of  Terms  equal  to  u —  i,  and  «'  multiply 'd  by  the  Num- 
ber of  Terms  //,  is  n\ 
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.  Sr.  fquare  Numbers. 
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5 

.  Qc.            Roots. 
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2^'  The  Dcmonnration  that  Sturmy  gives  us  of  this  Theorem  is  only  by  Liduflion,  in 
the  fame  manner  as  in  the  preceding  Ibtforems,  thus :  If"  there  are  three  Terras,  5?,  8,  5, 

whofe  Sum  is  22,  then  is  22  :  27  ["=  3  X  P)   :  :  2  +  —  :  3,  which  is  a  greater  Ratio 

tlian  that  0F2  :  3.    Again  ;  |  being  =-i L ,  he  expreffes  it  thus,  2  -f-  i  --^ :  3. 

If  there  arc  fix  Terms,  ^6;  55  :  52  :  27  :  20  :  11  ;  their  Sum  is  161  ;  and,  161  :  216 

{—  6  y,  :^6)  :  2  A :  -j  i  Or,  as,  2  -{-  -  —  —  :  5 .    So  he  goes  on  examining 

72  4        72 

more  Cafes,  taking  at  every  Step  double  tlie  number  of  Terms  of  the  laft  Step  ;  and  finds 
tliat  the  Fraflion  adhering  to  2  proceeds  in  a  continued  Geometrical  Progreilion  decrea- 

fing,  thus, g.,— ,g T7n'-  the  firft  part   decreafing  in  the  Ratio  of 

2  tT  1,  and  the  other  in  the  Ratio  of  410  i ;  whence  he  concludes  the  Argument  in  the 
lame  manner  as  in  Theorem  X ;  to  which  is  applicable  the  fame  Obfervation  I  made 
upon  that. 

Ohferve :  As  to  this  laft  Method  of  propofing  the  Theorem,  That  it  is  accommodated  to 
a  parcicular  Ufe  which  Sturmy  makes  of  it  in  Geometry  :  1  he  Reafon  1  chofe  the  ether 
Way  being,  That  in  this  Shape  I  found  the  dire£l  Demonflration  I  have  given  of  it. 


CHAP.     IV. 

Of  Infinite  Decimals. 

WH  A  T  a  Decimal  Fr^Rlon  is,  and  its  Notation ;  alfo  what  a  CircuJatirig  DecL 
mails,  with  the  whole  Operations  about  Determinate  Decimals-,  has  all  been  al- 
ready taught :  But,  that  the  whole  Doftrine  of  Infinite  Decimals  may  be  found 
here  together,  fome  of  thefe  Definitions  muft  be  repeated. 

DEFINITIONS. 

I.  A  Decimal  Fraflion  may  be  call'd  Finite  or  Detenninate,  when  it  has  certain  and 
determinate  Numbers   for  its  Numerator  and  Denominator  ;  i.  e.  when  the  Numerator 


=  -2. 
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and  Denominator  have  each  a  certain  limited  Number  of  Figures,   as,   •  3 
•046  = 


1000. 


1  UiJU' 

II.  A  Decimal  Fraftion  may  be  call'd  Infinite  or  Indeterminate  when  the  Number  of 
Places  is  Indeterminate,  and  encreafing  without  End  ;  whereby  the  Numerator  and  Deno- 
minator are  conceived  to  be  themfelves  infinitely  great.  So  in  this  Fxa,  .547  ^c.  if  we 
fuppofe  that  there  ought  to  be  more  and  more  Figures,  in  infi?iitum,  annex  d  to  the  right 
hand  of  thofe  here  fet  down,  thereby  encreafing  both  Numerator  and  Denominator  infi- 
nitely, or  without  end,  we  do  hereby  form  the  Idea  of  an  Infinite  and  Indeterminate  Deci- 
mal. 

III.  Infinite  Decimals  are  of  two  kinds,  which  we  may  diftingiiiih  by  the  General  Dc- 
nomiiutions  of  Certain  a.^d  Incertai'i^ 

A 
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A  Certnhz  Infinite  Decimal  is  fuch  whofe  Numerator  runs  iato  Infinity  by  a  continual 
rcpetitionof  one  or  more  Figures;  as  in  thefe Examples,  .44, &c.  .05:5, &c.  .455, &c. 
wherein  the  fame  Figures,  4,  3,  5  is  conftantly  repeated:  Alfo  .356556, &c.  where  356 
is  repeated  ;  and  .  C723  6464,  &c.  where  64  arc  conftantly  repeated.  Such  Decimals  are  alfo 
particularly  call'd  Repeating  or  Circulatiiyg  Decimals,  from  this  continual  repetition  or 
circulation  ot  the  fame  Figures  in  the  Numerator,  oiferve  nKo,  that  the  Figure  or  Fi- 
gures repeated  may  very  conveniently  and  properly  be  call'd  the  Repetend. 

IncerXain  Decimals  are  fuch  whofe  Numerator  goes  on  for  ever  without  a  conftant  cir- 
culation of  Figures. 

SCHOLI    UMS.' 

jji.  The  effential  Difference  betwixt  thefe  two  kinds  0^ Infinite  Decimals  is  this;  that  the 
Certain  have  a  determinate,  finite,  and  certain  Value  ;  i.  e.  that  there  is  a  certain  deter- 
minate Vulgar  Fraftion,  which  expreffes  the  true  and  compleat  Value  of  that  Infinite  De- 
cimal (as  (hall  be  demonftrated  )  whereas  the  Incertain  have  no  fuch  finite  and  aifignable 
Value  :  And  this  is  the  reafon  of  thefe  Names. 

Now  'tis  owing  to  this  Certain  finite  Value  of  a  Circulating  Decimal  that  they  occur 
in  Pra£lice  ;  for  they  are  no  other  thing  than  the  Refult  or  Effett  of  reducing  fome  Vulgar 
Fraflion  to  a  Decimal :  Or  if  they  are  brought  into  a  Queftion  by  meer  Suppofition,  yet 
they  are  reducible  to  a  Vulgar  finite  Fradion  ;  as  all  Vulgar  Fraftions  are  reducible  into  a 
Decimal,  either  Finite  or  Circulating  (as  will  be  explain'd  afterwards).  It  is  this  Proper- 
ty alfo  which  makes  thefe  Decimals,  tho'  they  cannot  be  limited  in  that  Decimal  firm, 
capable  of  fuch  management  in  Praflice,  as  that  no  Error  can  happen  from  the  impoflibi- 
lity  of  finitliing  and  determining  it  in  form. 

2</.  As  to  the  Incertain  Decimals,  oJ/crv^,  that  tho'  they  have  no  determinate  value,  yet 
their  value  is  not  Infinite  ;  for  not^vithftanding  it  encreafes  \vithout  end,  yet  (as  ihall  be 
(hewn)  they  are  fo  limited  in  general,  as  that  tho'  the  whole  Infinity  could  be  actually  ex- 
liaufled,  yet  the  value  of  the  Fraftion  cannot  exceed  fome  finite  affignable  Fraflion,  as  on 
the  other  hand  it  cannot  come  lliort  of  fome  fuch  Fra£Uon;  wherefore  we  may  jufily  fiy, 
they  have  a  finite,  tho'  not  an  aflignable  value  ;  for  if  their  value  were  aflignable,  they 
would  circulate  contrary  to  Suppofition.  But  then  alfo  oiferve,  that  becaufe  their  value  is 
not  aflignable,  there  is  no  poflibility  of  fupplying  their  Defers  perfectly,  fo  that  we  muft 
be  content  to  do  it  nearly,  or  byway  of  Approximation. 

Again  ohferve,  that  tho'  no  Incertain  Decimal  can  ever  arife  from  any  finite  affiun'd 
Fraction,  yet  they  are  not  all  fo  imaginary,  but  that  they  do  in  fome  manner,  and  in  fome 
Cafes,  neceffarily  occur  in  Praftice  oi Arithmetick ;  as  in  tlie  Extra£lion  of  Surd 
Roots. 

Alfo,  fometimes  where  we  might  have  a  Circulating  Decimal,  it  may  be  convenient  to 
take  it  imperfetl ;  as  when  in  the  reduflion  of  a  Vulgar  Fraftion  to  a  Decim:il,  the  Divi- 
lion  has  gone  far  on  without  coming  to  a  Circulation ;  then  we  may  chufe  to  take  it  with  a 
convenient  number  of  Places,  and  confider  it  as  Incertain. 

Thefoy?  Remark  I  make  here  is,  That  fome  Decimals  are  Incertain  as  to  their  value 
becaufe  they  do  not  circulate;  yet,  in  another  refpect,  they  maybe  faid  to  be  Certain  ;  for 
we  may  conceive  a  Numerator  confiding  of  certain  known  Figures,  fuccceding  one  another 
in  a  certain  order  for  ever,  yet  fo  as  there  be  no  Circulation.  Exa.  .34  344  344^, f^^. 
fuppofing  that  after  3  you  liave  4  repeated  once  more  than  in  the  preceding  Step ;  or  this, 
.  34  345  3456,  i§c.  beginning  ftill  at  3,  and  after  it  taking  the  natural  feries,  in  order  to 
one  puice  more  in  every  flep.  But  now,  tho'  fuch  Decimals  fhould  in  any  Cafe  occur 
(which  yet  feem  to  be  meerly  imaginary)  this  Certainty  of  the  Figures  of  the  Numerator 
d,ocs  not  make  the  Value  certain ;  and  fo  we  know  no  better  how  to  manage  tiiem  than  if 

O  0  o  2  there 
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t!iere  were  no  fe-li  CcrtaLity.     Agai?i ;  As  to  thefe  IncertaLu  Dccianls  which  csprels 

S'.irJ  Roors,  tho'tlicy  arc  inr  alv.-asi  ot  this  Juiid,  (audi  don't  know  if  any  cf  them  ^vas 
ever  found  to  be  fo,  or  if  they  can  be)  yet  they  h;ive  a  Certainty  of  another  kind,  wliich 

•  is,  that  ilic  l^rogrcfi  of  the  Fraflion  depends  iipoii  a  certain  Lav;  or  Rule,  whereby  tjie 
E>;tra6lion  is  f  erfjrm'd  (as  lias  been  explaiii'd  in  its  place)  ;  And,   becanfe  of  this,   they 

.  are  not  purely  imaginary  and  fuppoficitio'.is,  yet,  as  to  the  I'railice,  they  have  no  more  Ac- 
curacy than  the  relt,  e;,cept  in  the  Cafe  of  railing  them  to  the  Rcciproc.d  Power  exprcfbd 
by  the  Dencminator  of  the  Root,  when  'tis  known  of  what  Number  they  exprefs  tlie  Root, 
ind  in  fome  Comparifbns  cf  them  among  themfelves ,-  bet  the.i  tliefe  Compari.rDns  arc 
manao'd  net  by  means  of  the  Decimal  Expreflit.ns,  but  cf  the  Powers  themfelves  with 
their  Surd  or  Radical  Indexes ;  as  explaiii'd  in  Book  III. 

IV.  Circfiliiti'-g  DeeimaJs  {or  Cirailatcs,  as  tliey  may  be  conveniently  call  d)  are  di- 
fiinguilh'd  into /"-"wr^  and  Afv.v'i:/.  i''*  /^/^^f ,  when  there  are  no  figniticant  Figures  in  the 
Numerator,  but  what  belong  to  the  Repetend;  i,e.  when  there  are  no  Figures,  or 
none  bat  o's,  betwixt  the  Poii.it  and  the  Repetend  ;  as,  .3434  ^c,  .OC4.J.  8r, 
.0460468^,    .co3  03E^c. 

2*^*  Mix'd,  when  there  are  fignifieant  Figures  betwixt  the  Point  and  the  Rcpetend; 
as,  .  544  E^f,  ,  3048  48  ^c,  .0467272  iic.  Which  I  call /]fM-'(/ becaufe  they  confift.of 
two  parts,  a  Fi'.'ite  and  a  Circulite.  So  the  firfl  Exa.  is  plainly  the  Sum  cf  thefe, 
.  3  -1-  .  044  Sc-,  the  fecond  is  .  30  -V- . 0048  48  i3c,   the  third  is  . 046  +  00D72  72  ©r. 

And  here  alfo  Ohfervf,  that  as  Decimals  are  more  generally  diftinguiih'd  into  Simple 
and  Mix'd,  (o,  when  we  name  a  mix'd  Decimal,  it  fignifies  a  Decimal  with  an  Integer ; 
but  a  ot;,v'^  Circulate  more  ftriftly  regards  only  the  Decimal  part :  Yet,  to  avoid  too  many 
Diflinflicns,  when  a  whjle  Number  is  join'd  with  a  Circulate,  whether  pure  ct  mix'dj 
we  may  call  it  a.  fnixd Circulate.;  as  this,  46.33£^r.  or  this,  258.0044^^^.  And  as  any 
Integer  may  be  reduced  to  a  Fraflional  Expreflion  with  a  Decimal  Denominator,  fo  the 
linite  part  of  all  mix'd  Circulates  may  be  exprefs'd  fraflionally,  by  taking  for  Numerator  all 
the  Figures  as  they  fland,  from  the  highell  place  of  the  Integral  part  to  the  Repetcnd,  and 
for  the  Numerator,  i  with  as  many  o's  as  there  are  Places  betuixt  the  Point  and  theRepe- 

tend,thus,46.032  ^28c.=^-{-  .032  &c.  alfo,  374.2358  58  i3c.  ^^^^-^.OO'^S  Sc. 

v.liichin  the  proper  Decimal  form  are  374.23 -f. 0058  &.  for  tho' ^74.23  has,  in  this 
Form,  the  Integral  and  Fractional  Parts  diltinguilh'd,  yet  they  exprefs  decimally  an  Improper 
Fraftion,  wlien  all  the  Figures,  neglecling  the  Point,  are  made  Numerator ;  as  has  been  , 
explain'd  in  its  place. 

V.  Circulates  whofe  Repetends  confifl  oFthe  fame  mimber  of  Figures,  and  begin  alio 
at  the  fame  place  after  the  Point,  maybe  calld  Like  or  Siinilar  Circulates,  whether  they 
beboth/'?<rc  cr  mix'd,  or  one  pure,  and  the  other  n.ix'd ;  So  thefe  are  Similar,  .33  gr. 
and  .77©f.  and  thefe,  2.3456  56 Br.  .004242  8c. 

Scholium  s, 

I.  If  the  Repetend  be  twice  written  down  with  an  E^r.  after  it, this  will  clearly  fhew  that 
there  is  a  repetition,  and  what  the  Repetcnd  is  :  But  this  we  may  do  more  conveniently, 
by  fetting  a  Point  over  the  firft  and  laft  Figure  of  the  Repetend  once  written  down  : 
Thus  inftead  cf  .033  Sc.  write  .03  ;  And  for  .4  376  376  iic.  write  .4  376  j  and  fo  of 
"ith^rs. 

Again; 


■  Ckap*4'  •     0/  ^''fi'^''*^  Dc'chnaJs.  4<5p 

2c/.  Beciufejiji'.  tha  (litForci-.t  Views  in  which  a  Orculate  may  be  taken,  'twill'  be 
ccii-iventcnp  to  «H  fhe  Kcp?teixl  whidi  is  abfoliirely  the  firft  in  any  Circulate,  Th^  Cvcf 
litrpdti/id ;  fj  lierc  .54.34  feu".  :;4  is  tlic  Given  RepctenJ,  But  as  the  Urrx  FrailiOM 
.  nny  te  coiifiJcr'J  in  another  view,  vi:^.  as  a  inix'd  Circuhte  equal  to  .5  +  .C43  (as- 
you'll  find  prcfentK' cxphin'd  j  fi  the  Kepptend  ir  Ins  in  tiiis  viev/'may  be  call'd  for  di- 
\^'u''.S.\<^A^xhz  A^lVi  E:'p:ti:r.'d :  Alfb  the  Finire  P<irt  preceding  the  Given  Repetend  is  tlic 
Given  Finirc  I'art,  ani  that  prccediiig  the  New  Repetend  is  the  New  Finire  Part. 

^d.  The  Circulation  of  a  Decimal  iray  begin  in  the  Integral  Part ;  a?, :?.  ?  cr  1.  2\,  c^' 
j'ii'.csy  ;  Now  it'  there  are  no  FiiM  ics  but  what  belong  to  die  Repetend,  it's  in  that  refi.'err 
a  p:ire  Circulate  :  Sut  as  we  have  liniircd  that  Name  to  tlie  Fratiional  Fart  by  it  felf,  u-c 
lliai!  leave  this  other  kind  cf  Circul.ite  to  the  Clafs  of  inix'd  Circulates,  as  a  particular 
Species  of  it ;  fo  tint  we  uuirt  reckon  the  firft  Period  of  the  Repetend,  as  it  belongs  to  t'nc 
FracUonal  part,  to  be  that  which  begins  firft  after  the  Feint,  thus,  4'.  23  =  4.25423  ,. 
or  rather  4.2345  fee  Theor.  3. 

THEOREM     I. 

Any  Finite  Decimal  may  be  confider'd  as  Infinite,  by  annexing  o's  without  end  on  tlie 
right  hand  of  the  Numerator,  making  o  the  Rcpetendj  thus,.  34  —  .3400,  gr;  or 
.34-5. 

■  Df.  MCN,     The  Numerator  and  Denortiinator  of  the  Given  Frai51ion  being  equally 
multiply 'd  by  the  o's  join 'd  in  Infi-nitum,  the  value  of  the  Fiaitionis  flill  the  fame. 

T  H  E  O  RE  M    2. 

Any  Pure  Orculate  may  be  confider'd  as  Mix'd,  and  keep  fiill  the  fame  Repetend  j  by 
taking  tiic  given  Repetend  once  or  oftner  written  down  for  a  Finite  Part ;  and  con- 
lidering  the  fame  Repetend  as  circulatiivg  after  that  for  the  Infinite  Part  5  tliu? 
•  3-i  =  •  34  +  •0034  —  .  34  34  4- 00C034. 

Demo  n.  1  he  Reafon  h  obvious,  (ince  as  far  as  an  Infinite  Fra.5tion  is  continued, 
^o  far  the  \'alue  is  fi^iite  and  dcterir.inate;  and  the  remaining  part  is  ftill  infinite,  tho'  cf 
a  le!s  yalue  than  tlie  given  Infinite,  becaufe  of  what's  determin'd  and  taken  away. 

THEOREM     3. 

If  any  Circulatf  has  a  Repetend  of  more  than  one  Figure,  it  maybe  transform'd  into 
another  Circulate  having  a  Repetend  of  the  fame  number  of  Figures,  and  alfo  the  fame 
Figures,  but  in  another  order,  i.e.  by  beginning  anew  Repetend  from  any  Figure  after 
the  firft  of  the  given  Repetend  ;  ajid  that  taken  eitlier  in  the  firft  or  fccond,  or  any  other 
Period  of  the  given  Repetend,  leaving  all  the  Figures  on  the  left  of  this  new  Repetend 
to  the  Finite  part ;  whereby  if  the  givcnCitcuhte  was  pure,  it  will  in  fome  cafes  become 
wix'd  ;  or  ,if  it  was,»i/*y,  the  Finite  part  becomes  always  greater,  and  the  Infinite  lefs  ; 
thus,  .34.-=  1.345.  =  .5=1:34  ;  !.4567=::,4Jj675  =  .4567567'j6,..ob4i  —  .00420  = 
.0042C0.  , ,  ,     ,  '  ,  ,  .        : .    .       .,.;■. 

Demon.  .  Lvtte.firfi  Example,  fince  54  is  fuppos'd^o'be  repeated  for  eVer,  if,.  5  is 
taken  away,  there  muft  remain  .04  3  ;  or,  if  34.13  taken  away,  thcri''^'Tiains'.034  ; 
Since  3  fucceeds  4,  and4fucceed3  5  for  ever.  The  fame  Reafon  is  obvioLS  in  every 
Gafc  i  which  you'll  alfo  find  afterwards  further  confirm'd. 

-Q,iH  i 

GOROLL, 
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COROLL.  Any  Circulate  may  be  traiisform'd  into  another,  xvhofe  Repetend  begins 
at  any  diftance  afcer  the  given  Finite  Part. 

SCHOL.  If  the  Repetend  of  a  pure  Circulate  has  o's  in  the  firft  places,  on  the  left  hand ; 
then,  whether  it  begins  immediately  afcer  the  Point,  or  have  o's  betwixt  it  and  the  Point, 
it's  manifeft  that  the  changing  of  the  Repetend,  in  the  manner  here  explain 'd, will  not  make 
it  a  Mix'd  Circulate,  if  the  new  Repetend  begins  at  the  firft  fignificant  Figure,  or  at  any 
of  thefe  o's,  in  the  firft  Period  of  the  given  Repetend  ;  but  if  it  begin  at  any  Figure  after 
the  firft  fignificant  Figure  of  the  firft  Period,  or  at  any  Figulre  in  any  of  the  other  Periods, 

it  will  be  z  Mix'd  Circulate',  thus,  .  0046  r=  .  00460  (a  Pure  Circulate)  =.004600 

(2^  Pure  Circulate)  =  .004*6004  (z  Mix  d  Circulate). 

In  any  other  kind  of  pure  Circulates  a  new  Repetend  will  certainly  make  it  a  Mix'd 
Circulate. 

THEOREM    4. 

Any  Circulate  may  be  transform'd  into  another  having  a  greater  Repetend,  /.  e.  one 
having  more  Places ;  by  taking  the  given  Repetend,  or  any  of  equal  number  of  Places 
into  which  it  is  transform'd  by  the  laft,  as  oft  as  we  pleafe,  and  confidering  all  that  as  a 

New  Repetend,    thus,    .4  =.44  =  .444;    Alfo    .042    =    .  04242  j    And    .0364 

=  .0364364  rrr  .03643<5456 

The  Reafonofthisis  obvious. 
Ohferve ;  When  we  fpeak  of  the  Repetend  of  a  Circulate  without  diflinaisn,  it's  al- 
ways to  be  underftood  of  the  leaft  Repetend. 

THEOREM    5. 

Any  two  or  more  Circulates  may  be  made  Similar,  by  making  all  the  Repetends  begin 
where  that  one  of  them  begins  which  ftands  fartheft  from  the  Point  (  by  die  Method  ex- 
plain'd  in  r^f or.  3,  and  Coroll)  And,  to  make  them  end  together,  let  each  of  them 
have  as  many  Places  as  the  number  of  Units  exprefs'd  by  the  leaft  common  Multiple  of  the 
fcveral  Numbers  of  Places  in  all  the  given  Repetends  (  and,  to  find  that  leaft  common 
Multiple,  fee  Prohl.  5,  Ch.  I,  B.  5.)  So,  in  both  the  annex'd  Examples,  that  leaft  com- 
mon Multiple  is  6. 

Demon.   The  Reafon  of  that  Part  concern- 
Ex.  I.  .436    =  .4363636^  ing  the  Beginning  of  the  new  Repetends  is  plain 

from  Theor.  3.  And  as  to  their  ending  together, 
it's  plain,  that  if  they  are  all  repeated  fo  cfc  as  that 
the  number  of  Places  taken  in  each  is  a  common 
Multiple  of  the  feveral  numbers  of  Places  in  each 
Ex.2.       .4267=      .426777777      given  Repetend  ;  Then,  as  that  may  be  all  taken 

for  a  new  Repetend,  (by  Theor.  4.)  fo  it  will  niikc 
them  all  end  together,  and  be  confequemly  Similar. 
And,  laflly,  the  Reafon  why  we  take  their  leaft 
common  Multiple,  is  to  have  the  Exprcflion  as 
Ihort  and  neat  as  pofliblc. 

THEO- 


.436  = 

.  4363636:; 

.047  = 

.  04777777 

.29341= 

.  29541341" 

.4267  - 

=      .  0,267-17777 

4  '9V-  ' 

=  4.932323232 

26.328  = 

=  26.328328328 
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THEOREM    6. 
Every  Circulate  has  a  finite  aifigtiable  Value,  thus  : 
Part  ift.     If  it's  a  Pure  Circulate,  it's  equal  to  a  Vulgar  Friflion  whofe  Numerator  is 
the  Repetend,  and  its  Deiiomiiiitor  a  Number  exprefs'd  by  as  many  p's  as  there  are  I'lices 
in  the  Repetend,  with  as  many  o's  on  the  ri^ht  hand  as  there  are  o's  betwixt  the  Point  and 
Repetend. 

E.a.  (I)  .  3  =  |-      (:d)    .04  =  ^     Cjd)  .  +6  =  f^  C4^h)  .00^72  =  -^^5 

(5tW    .o046  =  ^^or3_ 

Univerfally.  Let  R  exprefs  the  Repetend,  and  a  the  number  of  o's  betwixt  the  Point 
R  R 

and  Repetend,  the  Sum  is — -^3-   or  —73 ( 1  o"  exprcITmCT  that  power  of  lo  whofc 

^  '  p,  iSf •       9,  <3c-  X  1 0''  ^ 

Index  is  a.) 

Fart  2d.  If  it's  a  Mix'd  Circulate^  find  the  Sum  of  the  Circulating  Part,  and  add  it 
to  the  Finite  Part :  which  total  Sum  being  exprefs 'd  all  together  as  a  hmple  Frai^tion,  will 
have  f:>r  Demminator  that  of  the  Finite  Value  of  the  Circulating  Part :  and  for  Numera- 
tor the  Sum  of  tliefe  two  Numbers,  vi\.  the  Repetend,  and  the  Prodi. £1  of  the  Numerator 
of  the  Finite  Part  (exprefs'd  fra£lionally)  by  the  fame  Denominator,  without  the  o's,  if  any 
belong  to  it ;  /.  e.  by  a  Number  of  p  s  as  many  as  there  are  Maces  in  the  Repetend. 

Uiiivfrfally.    Let  A  be  the  Numerator  of  the  Finite  Part,  and  lO"  its  Denominator^  the 

hni.Ohfdrve,  That  as  the  multiplying  by  9  8f,  is  a  very  eaTy  Operation,  [SeeC/j/i'tf, 
^  2^,Ch.  5,£l.]  fo  the  Multiplication,  and  Addition  of  7?  to  the  Produi>,may  be  done  all 
at  once  verj-  eafily,  thus :  Subtract  the  firft  right-hand  Figure  of  the  Numerator  A  from  the 
firft  of  the  Repetend  R  ;  andfo  on  in  Order  tlius  ;  In  the  preceding  Exn.  i,  tiic  Opera- 
tion is  6  from  3  I  cannot  lake,  but  from  15,  and  7  remains  j  thei^  5  from  6,  and  i  re- 
mains ;  laflly,  o  trom  4,  and  4 remains;  and  the  refult  is  417  zzr  46  X  5?  -I-  3.  In  Ex.  2d 
it  is  7  —  0=7.  12—6=6.  10  —  5=5-  ^  ~  .1  ■=  5-  4  —  O  :=  4.  the  re- 
fult  being  4=5567  =r  460  X  pp -f- 27.  In  £^a<2.  3d  it  is  11  _  7  tt- 4.  6—3=^3. 
4  —  3—1.  17  —  8  =  p.  2— I— I.  83 —  Orr  83.  the  refult  being  8319134  = 
=  8327  X  999  -H  •\oi.  In  Ex^m.  4th  it  is  6  —  3  =  3.  34  —  0  =  34.  making 
343  ::=:  3  X  9P  -H  46'  But  had  this  laft  Example  been  p.  46,  it  were  16  —  p  =r  7. 
P4  —  I  =  93,  making  0:57  —  p  X  P9  -^  46.  Thefe  Examples  fufficiently  illuftrate  the 
Praftice.  And,  to  make  it  clearer,  do  thefe  Examples  at  large  ;  firit  multiplying  by  p  Bf. 
by  the  Method  of  the  Rule  refer'd  to,  then  add  the  Repetend. 

Demo  n.  For  the  Firft  Part.  Every  Pure  Circulate  is,  from  the  nature  nfa De- 
cimal Fraflion,  a  Scries  of  Decreafing  Fraflions  whofe  Numerators  are  all  the  ("ame,  r/z. 
the  given  Rcpetcjid,  and  their  Denominators  are  a  Geometrical  Series  encreafing  in  the 
conftant  Ratio  exprefs'd  by  i,  with  as  many  o's  as  (?.  e.  whole  Ratio  is  a  Power  ot  10,  ha- 
ving for  its  Index)  the  number  of  Places  in  the  Repetend  (taking  here  the  Ratio  as  the 

n  T  *> 

Quote  of  the  greater  Term  divided  by  the  Icffer)  thus,  .  33  £^r.  r=  -^-  -1 — ^  -f-  —~ 

iic.  the  Ratio  of  tlie  Denominators  being  i  ;  10 ;  Alfo  .0004646,  ^c.  =     J^        -J- 

+  46 
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'Qc.    die  Ratio  cf  the    Deiioinin3tors":being  i  :-iO'.     Again; 


.0404er.=  — +  -J-   -2i~  Bf.  or  -4_  _^  _t_  q^.    But Fraaions liavLw  a com- 

^     '  100  lOODO  iCO        .       30000  ^ 

inon  Niimerator  are  in  the  Ratio  of  their  Den:minatni's  reciprocally:  wherefore  the 
feveral  Terms  or  Finite  Decimals,  of  wliicli  aCirculate  is  compoj'd,  makean  Infwice  ds- 
creafip.g  Geometrical  Series,  vAofe  common  Ratb  jls  theRatin  cf  their  Deiic>mi:ia:ors, 
v.'liich  may  be  cxprefs'd  uiiiverfiilly  IC",  fuf'pofing  as  many  o's  as  thS  Rcpcfcnd  has  t"i- 
;;iJres,  or  m  to  be  equal  to  the  number  of  I'laces  in  the  licperend.  Again;  Let  R  reprc- 
fenc  liie  Repetend  or  common  Numerator  of  this  Scries  of  Frafiions,  and  lo"  the  Deno- 
minator of  the  firft  Fra.Rion,  which  therefore  is  —  ;  then,  by  the  Rules  cf  Infiiute  Sc- 

'  10"  '  '      ■' 

lies,  the  Sum  is  —  -f-   izm  %  \on  —  \  [  for  /  being  the  greateft  /  X  ?S  and  rt]ie  Ratis, 

o 

UicSum  isr/ -^  ,•_  i].     Now  in  the  Dividend ——  X  IC'",    the   Mukiplier  lo™  being 

tlie  Ratio,  it's  manifert  it  cannot  have  more  Places  than  ic",  the  Denominator  of  the 
grearefl  Extreme  ;  but  it  may  have  fewer,   or  the  fame  Number.     If  it  have  the  fame, 

?'.  e,  if  «  nr  »/,  then  is  —  X    i"""  (c"^  ic",)  =/? ;  but  if  «  is  greater  than  w,  'tis  evident 

that  1 0"  muil  liave  as  many  raore  p's  as  the  nnrhbcr  of  o's  from  the  Poiiit  to, the  Repetend. 

Therefore  in  this  Cafe  tlie  Product : — -  +  i C"  may  be  Cmply  cxrrcfa'd        -  -  C  h—'m  cx- 

prelling  the  number  of  o's  from  the  Point  to  the  Repetend). .  And  if  we  take  a  ■=:  n  —  jh 

h  .  .  ' 

it  is  — .     Then  for  the  Divifor  lo"—  i,  it's  pl.unly  =  p  ^c.  taking  as  many  V&  as  there 

10"  ,1  . 

are  O's  in  lO"  (for  10  —  i  =p;   lOO  —  i  =:  f)p,  and  fo  on).     From  all  whicji   it  is 

clear,  that  the  Sum  is  univerCilly  ^  if  there  is  no  o  betwixt  the  Point  and  Rcpetcu/^;  • 

tut  if  there  is,  then  the  Number  of  them  being  =  a,  the  Sum  is  -  — - 

-  For  the  ad  Part;  Let  A  cxprefs  the  Numerator  of  the.  Finite  Parr,  and  lOJ  its  Deiio- 
minator,   which  Part  is  therefore— -;j  then  the  Circulating  Part  being  — -i>-__,    the 

Sum  IS  J33  +  p&c.xio-'' 

(taking  jB=:^x?&c.H-^-) 

COROLLARIES. 

I.    If   the    Repetend    of  any    Circulate    is    p,  the    Value    or   Sum  of  that  Se- 
ries is  an  U  lit  of  the  Place  next  that  Repetend  on  the  left  hand,  fo,  .9  =  1,  .09==,.i' 

9 

.009=. 01,  andfoon.     The  Reafon   is  plain  from  the  Theorem;  for.pz=--— i, 

•   9  _i_  •  9_  I 

*^^  ~"pb  ~  10'  ■  °^  ~<?oo  ~  100 

2.  If  a  Mix'd  Circulate  is  fuch  that  it  has  110  other  Figures  thin  what  belong  to  the 
Repetend,  which  therefore  begins  in  fomc  Integral  Place',  it's  turn'd  into  a  Vulgar 
Fraaion  by  making  the  Denominator  as  many  Places  of  p's  as  the  Repetend  has  Places ; 
and  the  Nunierator  is  thjt  Rereteiid  with  as  many  o's  on  the  right  as  there  are  Integral 


Cnm  iq  -^  -I- ,  which  by  due  reduition  is    j ■ —  =  — -— ~— 
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riaces  in  the  given  Circulate :  So,  3  .4  =  ?^  ;  34.  34  =    "^J  3+3 -4  =  ^^— ' 

and  fj  on.  The  Rcafon  is  plain;  for  if  in  any  of  tliefe  Examples  yon  fuppofe  the  Poii)t 
fct  on  tiie  I.cfc  of  all  tlic  Figures,  it  becomes  a  Fare  Circulate,  whofe  Finite  Value  has 
for  its  Numerator  tlie  Rcpctcnd,  and  as  many  9's  for  its  Denopiinator  :  Wherefore  if  the 
Point  is  fet  forward  ulicre  it  was  at  firfl,  that  removing  it  forward  is  in  eRccl:  multiplying 
it  by  I  with  as  many  c's  as  the  number  of  flares  on  ihc  I.eft  of  the  Point  in  the  given 
Pofitioa  ;  f)  tliatas  many  o's  muii  be  fct  on  the  Right  hand  of  the  Repetcnd,  to  make  the 
Numerator  of  the  Finite  Fraction  fought. 

qi/.  If  the  Denominator  of  a  \'ulgar  Fraclion  confifls  of  p's,  or  p's  with  c's  on  the 
rigirt  hand,  the  Numerator  not  having  more  Figures  than  tjie  p's  in  the  Denominator, 
(after  equal  o's  are  taken  away  from  Numerator  and  Denominator)  that  Fraclion  ref^lves 
into  a  Pwri' Circulate,  whofe  Reperend  is  the  Numerator,  witli  as  many  o's  on  the  left  as 
the  diftcrcncc  of  the  number  of  Places  in  the  Numerator,  and  p's  in  the  Den'^minator  ; 
betwixt  which  Repetend  and  the  Point  there  muil  be  fet  as  many  c's  as  Hand  after  the  9*3 
in  the  Denominator ;  fo  that  if  the  Detionuiiator  is  p  Sec.  without  o's,  the  Repetend  be- 
gins immediately  after  the  Point. 

:^4  ••  ,    .     26 


Ex.7.  (I.)    ^  =  -34  ;    C2.)  ~  =  .026;    (5.) 


(a.)    — — —  =.0006567;    C5-)-^  =  -^  =  .063; 
^      9999900  ^  9900         99D  ^ ' 

The  Truth  of  this  Corollary  appears  from  its  being  plainly  the  Reverfe  o?theThf<irfm  ; 
for  fuch  Circulates  being  f^rmd,  as  here  directed,  their  Finite  Value  will,  by  the  Th^'o- 
rem,  neceffarily  become  the  fuppos'd  Fraftion. 

4?/^.  Suppofe  a  Vulgar  Fraflion  as  in  the  lafl,  but  let  its  Numerator  have  more  Pla- 
ces than  the  p's  in  the  Denominator  ;  that  Fraflion  will  be  a  y!-/f\v'</ Circulate  :  More  par- 
ticularly if  the  Figures  which  the  Numerator  has  more  (on  tlic  right  iiand)  than  the  number 
of  9's  in  the  Denominator,  be  any  of  them  a  fignificant  Figure,  or  other  than  0,  the  Circulate 
muft  be  fought  by  a£tual  Divifion :  But  if  thefb  Figures  be  all  o's,  the  Circulate  has  no 
ether  Figures  but  what  belong  ro  the  Repetend,  wliich  begins  in  fomc  Integral  place  ; 
And,  to  find  this  Circulate,  fuppofe  thcfe  o's  hft  mention 'd  to  be  taken  away,  then  it  be- 
comes an  Example  of  CoroVl.  3  ;  by  which  find  its  Circulate,  and  multiply  tliis  by  i  with 
as  many  o's  as  were  taken  away,  i.  e.  remove  the  Point  as  many  places  to  the  right  hand. 


Exa.  (i.)     iL   =    ;5.  ^      (for  =A=.  .34;  and  this  multiply'd  by  10  is  3*. 4* 
^^•^        ^1^  =  ^-^-^    ^^"^"^  Ipf  ~  ■^■^°'  ^"vich  multiply'd  by  100, 

•^       /      X    24000  •      • 

gives  24.0)    (3.)  -^^  -  242.  4 


(i.)  If  the  Numerator  of  a  Vulgar  Fraaion  confiftof  thefame  Figures  compleatJy  re." 
peated,  the  Denominator  having  as  many  p's  as  the  Figures  in  the  Numerator, '  that 
Fra£tion  is  the  fame  as  if  it  had  but  one  Period  of  the  Figures  repeated,  for  its  Numera- 
tor, and  as  many  p's  for  its  Denominator,  (with  the  o's  belonging  to  the  given  Denomina- 
tor, if  there  were  any)  thus ;  ^i-2i  =r  i^;forbyror.3.Hi4jc:.  2424=  24  =  H£ 

99  99        99  ^        ^99  99        ^^        +         py 

Or  thus ;  24  :  9P  :  :  2400  :  9900 ;    therefore  24  :  ^9  :  -.  24  24  :  9999,    from  the 

Property  of  Proportionals.     Hence  |^  =  ^.     And'^^^  =  ^±-^.    This  is  plain 
from  the  other. 

P  P  P  Where- 
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Wlierefcre,  if  fi.ch  a  Fiafiion  occurs,  reduce  it  firft  to  the  Cafe  ciCoyoh  ^,  and  by  that 
fiijd  tlie  Circulate  fought. 

(2d.1  If  a  Vulgar  Fraction  has  a  Repcuing  Numerator,  the  Repcteiid  having  as  many 
Places  as  the  9's'iii  the  Dencmiiiator;  cr  with  fome  c's  after  fo  many  Haces  i;i  all  the 
Periods  of  the  Repetend  ;  or  in  tlieni  all  but  the  hft  on  the  right ;  that  FradHon  is  Equal 
to  the  Sum  of  two  or  mere  others,  each  of  which  will  turn  to  a  Circulate  by  the  Rules  of 
Corel!.  3d  and  4tli,  whofc  Sum  is  therefore  tiie  Circulate  fought.  Thu5, 
:?->   2->         220D     .     ^^-  "      I       •  ■       /c-  .2502^0^250000   ,250 

=  =5.,.i5,+-5 .  (ij i^  =  *^ (=f )  +ik=i-^'  +  ■°45 

5th.  From  this  Theorem  we  alfo  learn,  that  no  Surd  Root  can  poflibly  be  a  Circulate  ; 
f;r  Surds  have  no  finite  aflignable  Value,  as  has  been  demon/bated  in  its  place,  but  Circu- 
lates have  :  Wherefore  nil  Surds  are  necellarily  Lifiaire  Decimals  of  the  I'uert/ti/i 
Kind. 

THEOREM    7- 

Every  Vulgar  (  finite)  Fraftion  is  reducible  either  to  a  Determinate  DecLnal,  or  to  a 
Circulate. 

Demon.  In  the  redu£tion  of  a  Vulgar  to  a  Decimal  Fraflion,  after  a  Decimal 
Point  in  the  Quote,  we  fet  as  many  c's,  lefs  by  i,  as  are  neceffary  to  make  the  Numerator 
equal  afleaft  to  the  Denominator;  and  then  the  divifion  begin?,  by  which  the  Numerator 
of  the  Decimal  is  found  ;  the  Operation  being  continued  by  fetting  o's  to  the  Remainders 
fuccclfivcly,  and  at  every  Step  finding  a  new  Figure  in  the  Quote:  But  now  in  Divilion, 
how  great  foevcr  the  Dividend  be,  or  however  many  Figures  the  Quote  contains,  the  Re- 
mainder muft  always  be  lefs  than  theDivifor:  Therefore  we  can  never  make  fo  many 
Steps  in  this  Divifion  as  the  Divifor  exprefles,  till  either  wc  find  0  remahiing,  or  two  Re- 
mainders the  fame:  For  otherwife  it  would  follow,  that  there  areas  many  Numbers  lefs 
than  the  Divifor  as  the  Divifor  it  felf  exprelles ;  which  is  manifeftly  abfurd.  Now  in  the 
leduiUon  of  aX'ulgar  Fraflion,  if  the  Divifion  comes  to  o  Remainder,  the  Decimal  is 
plainly  determin'd  :  But  if  two  Remainders  in  the  Work  are  found  equal,  then  'tis  certain 
there  muft  be  a  Circulation  ;  for  the  Work  will  go  on  for  ever,  as  it  has  done  before  be- 
twixt thcfe  two  equal  Remainders,  becaufe  tlie  Figure  to  be  prefix'd  in  the  next  Step  is  c, 
which  was  alfo  prefix'd  to  that  preceding,  and  muft  be  to  all  the  fucceeding. 

Scholiums^ 

I,  If  it  happens  that  there  is  a  Remainder  equal  to  the  Given  Numerator ;  then  it's 
plain  that  all  the  Figures  already  fet  in  the  Quote  will  continually  circulate,  and  fo  be  the 
Repetend,  having  the  fame  number  of  Places  as  that  Repetend  would  have,  which  would 
be  found  by  carrying  on  the  Divifion  till  two  Remainders  are  found  equal ;  for  it's  plain 
rhat  this  would  happen  after  you  have  made  as  many  more  Steps  in  the  Work  as  the  num- 
ber cf  o's  which  make  the  Numerator  equal  to  the  Denominator ;  as  the  annex'd  Exam- 
ple iliews. 


I 
21 
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Again  ;  If  a  Remainder  occurs  equal  ti')  the  Niime- 

--   rz:  .047615?  (=.047615104^     rator  with  any  o's  on  the  right,  the.i  alfo  you  liave 

21                      .  already  the  Repetend,  whicli  is  all  the  Figures  fet  ill 

Operation.     ^  the  Quote  after  the  Point,  excluding  as  many  o's  next 

21)  IX>  (.047&IPO4  the  Point  as  arc  in  number  equal  to  thefe  o's  on  the 

°4  right  of  this  Remainder.    Tlie  Reafon  is  manifeft. 

160 

147  2d.    If  an  Improper  Fraflion  is  given,  it  will  alfo 

1 50  refolve  into  an  Improper  Decimal,  either  Determinate 

126  or  Circulate;  the  fra£lional  part  being  the  Refolution 

Tq  of  the  fractional  part  of  the  given  Improper  Fraftion, 

21  and  the  integral  part  the  fame  in  both. 


IQO 
189 


C  O  R  O  L  L.     The  Repetend  in  any  Circulate 

can  never  have  more  Places  of  Figures  than  the  Num- 

^^  berexprefs'd  by  the  Denominator,  lefs  by  i,  of  that 

°4  Vulgar  Fra£lion  in  its  leaft  Term;,  which  is  equal  in 

16  value  to  the  Circulate ;    /.£•.  which,   being  reduced, 

will  turn  into    it :  But  it  may  have  fewer,    as  one 

Example  fhews,  thus;-^  =  .558461;  And  this  is  limited  to  a  Vulgar  Fraftion  in  its 

15. 
leaft  Terms,  .becaufe  it's  plain  that  the  fame  Fraftion,  in  whatever  Terms,  being  the  fame 
or  equivalent  Quote,  muft  reduce  into  the  very  fame  Decimal,  and  confcquently  if  it's  a 
Circulate,  the  Repetend  muft  be  limited  by  the  Denominator  of  that  Frallion  in  its  Icift 
Terms, 

THEOREM      8; 

Part  I.  If  the  Denominator  of  a  A^ulgar  Fraflion,  in  its  loweft  Terms,  has  in  its  com- 
pofition  no  Primes  but  2  or  5,  that  Fra£lion  will  reduce  into  a  Determinate  Decimal, 
whofe  Denominator  is  t  mth  as  many  o's  as  are  exprefs'd  by  the  Index  of  the  higheft 
Power  of  2  or  5  (whichever  of  them  has  the  higheft)  in  the  compofition  of  the  given  De- 
nominator. 

EKa.    -^  =  .075,  whofe  Denominator  is  loco  ;  and  40  =  2X2X2X5;^  rfiat 

40 

2  has  the  higheft  Power  in  the  compofition  of  40,  its  Index  being  5,  the  number  of  o's 

in  iDoo. 

De  mo  n.  Let  the  Vulgar  Fraflion  be  _,  then  becaufe  D  has  in  it  no  Prime  but 
2  and  5,  it  maybe  thus  reprefented  ;  D=:  £"  x  5>»  («,«  being  either  equal  or  different) 
fo  that  the  Fraftion  is  --^  ^^ .  Now  fuppofe,  according  to  the  Rule  of  reducing  a  Vul- 
gar to  a  Decimal,  that  A'  is  multiply 'd  by  fome  Decimal  Denominator,  or  Power  of  ic, 
thus,  Ny.  IC  ;  if  this  Index  r  is  lefs  than  »  or  w,  then  2"  X  5'"  cannot  meafure 
iVX  '0'  (Th:or.  10,  Ch.  I.)  ;  But  if  »•  is  equal  to  7i  or  m,  whichever  of  them  is  the 
greater.  Then  2"  </«  muft  meafure  A^x  lO"" ;  for  lor  =  2r  X  5"  >    wherefore  icr  is  the 

Denominator  of  a  Decimal  equal  to  j  . 

P  P  P  2  .p<at 
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N 
Fart  II.    It  t!ic  Denominator  Z)   of  a  Vulgar  Frailion  — -,  in  its  leaft  Terms,  is  any 

other  Prime,  or  has  i:i  its  compofition  any  other  Prime  than  2  or  ^,  ftho'  it  has  tlicfe  alfij) 
thu  Fraction  muft  relulve  into  a  Circulate.  And,  the  number  ot  c's  neceifiry  to  tinilhtiic 
Reduction,  and  dilcover  the  firl'i  Period  of  the  Repetend,  is  equal  to  the  number  of  Places 
m  the  Denominator  cf  the  finite  Value  of  that  Circulate,  taken  iji  the  ilxprcllion  of 
Th^or.  6. 

Exa.    ~  =1.66  Br.  or  .6  ;   ~  =  .584(515 

Demo  n.  The  Dencminator  has  in  it  no  Prime  which  is  in  the  compofition  of 
the  Numerator  (becaufe  the  Fraction  is  in  lowed  Terms)  and  it  has  fome  Prime  other 
than  2  or  5,  which  is  therefore  in  no  Power  of  10,  wherefore  it  cannot  meafure  the  Pro- 
du£l  of  that  Numerator  by  any  Power  of  10  [  Theor.  10,  Ch.  i-]  and  fo  cannot  make  a 
Determinate  Decimal,  confequently  muft  turn  into  a  Circulate  \_Tbeor.j.'\ 
A/  /?  R 

Again  ;  -      r=  -—^  or  —f^ by  Thear.  6,  Part  id  ;  in  whicli  0  He.  hath  as 

many  Places  as  tlie  Repetend  of  the  Circulate,  and  iCas  many  as  (i.  e.  n  is  equal  ro) 
the  number  of  Places  betwixt  the  Point  and  Repetend  :  Wherefore  'tis  pl.dn  that  the 
Ftaces  of  this  Denominator  j?®-.  X  10"  are  precifely  as  many  as  the  o's  ufed  in  order  to 
finilh  the  firii  Repetend ;  Becaufe  for  every  fuch  0  there  is  fome  Figure  placed.in  the  Quote 
after  the  Poiiit. 

S  c  H  o  L.  If  a  Fra£lion  is  not  in  its  lead  Terras,  and  the  Denominator  have  in  it 
I'rimes  neither  2  nor  5  ;  yet  if  the  fame  Primes,  in  the  fame  or  a  greater  Power,  be  alfa 
in  the  Numerator ;  Then,  becaufe  thel'e  Primes  are  out  of  the  Denominator  when  the 
Fraftion  is  reduced  to  leaft  Terms,  the  Fraflion  becomes  a  finite  Decimal.  Alfo  if  any 
Prime  in  the  Denominator,  not  2  nor  5,  is  not,  or  is  in  a  lower  degree,  in  the  Nume- 
rator, that  Fraction  becomes  a  Circulate ;  becaufe,  being  in  loweft  Terms,  fuch  Primes 
are  all  out  ot  ihe  Nunieratoc 

L  E  M  M  A.. 

Let  D  be  any  Number  in  whofe  ccmpoficion  there  is  neither  2  nor  5  ;  I  fiy,  there  is 
fome  Number  exprefs'd  by  p's,  as,  9,  99,  ppp,  i3c.  which  is  a  Multiple  of  D  ;  i.  e.  take 
the  leafl  Number  of  9's,  which,  wiitten  one  after  another,  makes  a  Number  not  lefs  than 
Z)  (which  will  neceflarily  confift  of  as  many  Places  of  p's  as  there  are  Places  in  D);  divide 
tiiat  by  Z),  and  to  the  remainder  prefix  f?,  and  then  again  divide  ;  go  fo  on,  to  every  re- 
mainder prefixing  9,  and  dividing  by  D,  there  will  at  M  be  no  remainder;  i::i  that  thep's 
ufed,  written  one  after  another,  is  a  Multiple  of  D. 

Exa.     3X7=   21,  and  999999  -^  21  =  47619 

Demon.     ~j-   is  a  Fraflion  in  its  leaft  Terms  ;  and  Z)  having  neither  2  nor  5  \xi 

its  compofition,  this  Fraflion  muft  reduce  to  a  Circulate  [  r/j'.^o?'.  8.]  whofe  finite  value, 

R  B 

according  to  Theor.  6,  is  — -  or  —  ^      wherefore  thcfeare  :  :/,  l  :£: :  Z) :  9^^. 

or  9  i3i:  X  10'' ;  t""'  I  meafures  B,  therefore  Z)  muft  meafure  9  He.  or  9  fjc.  X  I0'».  If  it'i 
the  firft  Cafe,  the  thing  propos'd  is  prov'd ;  if  it's  the  other,  then,  becaufe  10"  lias  no 
Primes  but  2,  5,  D,  which  has  neither  2  nor  5,  is  Prime  to  lO",  and  confequently  it  muft 
meafure  9  Sc.     [  Theor.  6,  Cb.  i.J 

COROL- 
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COROLLARIES. 

ijf.  If  wc  take  a  Number  cFp's  written  fucceflivcly  one  after  another,  and  whofe  Num- 
ber ii  a  Multiple  cf  the  leall  Number  of  tliat  kind  which  D  n;eafures,  D  will  alfj  cieafur€ 
that  aiTnined  Number. 

Exii.     If  Z)  meafure  9p,  ir  will  alfo  meafurc  9999  or  pppppp. 

7d.  If  a  Number  D  has  neither  2  nor  ^  in  its  conipofition,  then  there  is  ferae  Number 
CKpicfs'd  by  a  Number  cf. Vs  written  fiiccelTively  one  after  another,  as,  5,  55,  53:5,  ^f. 
and  alfo  a  Number  cxprefsjby  I's,  as,  i,  11,  iii,gf.  which  is  a  Multiple  ofDj  For 
either  D  has  in  its  cjmpofition  f  )i;ie  Power  of  :5,  or  not  :  If  it  has  net,  thcii  take 
()<}  Sec.  zrr  9  X  1 1  &"•  a  Multiple  of  Z)  ;  and  bccaufe  D,  9,  are  Prime  to  one  another, 
but  D  meafures  cj^pScc.  —9/11  &c.  confequently  D  mcafures  11  &c.  And  hence  again 
it  niufl  meafure  5  3  &c.  =  :>  X  1 1  &>-"•  Again ;  If  L)  has  any  Power  of  5 ,  ietZ)  =:  3"  X  'J ; 
And  if  we  take  3"  +  -!  X  ",  this  meafures  fome  Number  995.-0.  =  3' x  n&c.  And  di- 
viding them  equally  by  3%  it  follows  that  3"  X  "^  meafures  11  &c.  and  therefore  alf^D  ic 
mull  meafure  3  X  1 1  ^'^-  ^^=33  ^'^' 

THEOREM    9. 

If  a  proper  Fraftion  in  its  leaft  Terms  has  a  Denominator  which  is  not  meafurable  by  2 
nor  5,  it  will  reduce  into  a  Flirt;  Circulate  whofe  Repetend  begins  immediately  after  the 
Point,  and  has  as  many  Places  as  the  leaft  Number  of  9's,  which  written  one  after  another 
is  a  Multiple  cf  the  Denominator  ;  wliich  is  alfli  the  number  of  o's  neceilary  to  be  ufed,  in 
order  to  find  or  bring  out  the  firA  Period  of  the  Repetend. 

Exa.    -^^  r=  .  238095  ;  and  999999  is  the  leafl  Number  of  9's  which  is  a  Multiple 

of  21. 
N 
Demon,     p- being  the  given  Vulgar  Fraflion,  Z)  meafures  fome  Number  9c)  Sec. 

{per  Lem.)  And,  fuppofing  99SCC.  the  leafl  Number  cf  this  kind  that  D  meafures,  take 
thefe  :  :  /,  D  :  99. kc.  :  :  N  :  Ji  i  then  lince  U  meafures  998CC.  N  muft  meafure  Zf, 
therefore^  is  an  Integer;  for  elfe  Ny,  q  {g  being  an  Integer,  the  Quote  of  i? -^A^  J 
would  be  a  Mix'd  Number,  i.  e.  the  Produft  of  two  Integers,  a  Mix' el  Number,  which  is 

XT  ^r) 

ijiipoflible.     Again  ;  D:  N:  :  99 &c. :  -R,  and  -p-  =    ^    ■       But  by  Corol.  5,  Thtor.  6, 

— ^^is  equal  to  a  Pure  Circulate  whofe  Repetend  begins  immediately  after  the  Point, 

and  is  J?  with  as  many  o's  on  the  left  as  the  difference  cf  the  number  of  Plices  in  /H  and 
998CC,  to  that  it  has  as  many  Places  as  this  99 &c.  whence  the  number  of  o's  ncccllary  in 
the  redudlion  to  finilh  the  firft  Period  of  the  Repetend  is  plainly  equal  to  that  number  of  9's. 
Nor  can  this  Repetend  polTibly  contain  in  it  a  lefl'er  Repetend  beginning  inuncdi.itcly  after 
die  Point ;  for  fuppofing  that  leffer  Repetend  to  be  A,  and  the  Denominator  9&C.  then  is 

D  — •  no  &c.  ^^  o^  (See5c^o/.  1,  T/ao;-.  6.;  and  A^,  D  being  incommenfurablc,  D 
meafures  9&c,  which  having  fewer  p's  than  the  other  9'p8i.c.  this  other  is  not  the  leaft 
which  Z)  meafures,  contrary  to  Svippclltioni  Wherefore  pip  Sec.  the  leali  number  of  9's 
that  is  a  Multiple  of  D,  is  the  number  of  Places  in  the  leaft  Repetend  of  a  Fure  Circulate 

to  which  _  refolves ;  which  is  alfo  the  leaf!  number  of  o's  necelTaiy  in  tJie  rcdi;aion  to 
fiiulh  the  fitfi  Pcriodof  tlw  Repetend. 

ScHOi. 
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S  c  no  r..  If  an  Improper  Vulgar  FraSion  is  given,  take  out  the  Integral  Part,  and 
tlic  Th-'orem  applies  to  the  remaining  Fra£lion:  Or  that  Improper  \'ulgar  becomes  an  Im- 
proper Decimal  or  Mixt  Circulate,  whofe  FraiRional  Part,  taken  by  it  felf,  is  a  Pure  Circu- 
].ite  :  So  that  every  Vulgar  Frafliin  (proper  or  improper)  whofe  Denominator  is  nor 
meafurable  by  2  nor  5,  becomes  a  Circulate  whofe  Repetend  begins  immediately  after  the 
Point. 

T  H  E  O  R  E  M     10. 

If  the  Denominator  of  a  \'^ulgar  Fra£llon  -yr ,  in  its  loweft  Term?,  has  in  its  compofitiin 

any  Powers  of  2  or  i^  with  other  Primes,  take  out  all  thefe  Powers  of  2  and  5,  and  take 
the  Refult  or  Product  of  all  the  remaining  Primes,  i.e.  divide  D  by  2  and  5  as  oft  as  pof^ 
fible  without  a  Remainder,  and  mark  the  laft  Quote  :  the  given  Fraflion  will  reduce  to  a 
Circulate,  Pure  or  Mixt,  whofe  Repetend  has  as  many  Places  as  the  leafl  number  of  p's, 
which  is  a  Multiple  of  that  lafl  Quote;  and  it  begins  after  fo  many  Decimal  Places  as  are 
cxprefs'd  by  the  Indexofthe  highefl  Power  of  2  or  5,  whichever  of  them  has  the  higheft 
Power  involv'd  in  D. 

■Exa.    -^  =  .030>?5238  ;  and  42D  =  2  X  2  X  5  X  3  X  7  J  o"f  of  which  all  the 

2's  and  5's  being  taken,  there  remains  3  x  7=  21,  and  the  leaft  number  of  p's,  which  is 
a  Multiple  of  this,  is  999999 
N 
Demon,     y-    refolves  into  a  Circulate,  becaufe  D  has  in  it  fome  other  Prime  than 

2  or  5,  [  Theor.  8.]  but  again  Z)  being  fuppos'd  to  have  in  it  fome  Power  of  2  or  "5,  or  of 

both,  may  be  reprefented  thus  ;  D-=z  Ay.  2",  or  ^  x  5",  or  y^  X  2"  X  5™    [  "'Irich  laft 

may  reprefent  all  the  Cafes ;  for  if  the  Index  71  or  m  is  0,  that  Faftor  is  expung'd  ]  fo  that 

A^  N 

^  is  a  Number  ^which  has  in  it  no  power  of  2  or  5  ;  Then  is  -j.    =1   -    .  ^^       „  = 

:=:  —  X  — I —  •  but  ^- —  being  a  Fra£tion  whofe  Denominator  has  no  Prime  but  2 

A      1"  X  5""  2"  A  5™  ° 

or  5,  it  is  (by  Th^or.  8.)  refolvable  into  a  Determinate  Decimal  \vhofe  Denominator  is 
iC  (r  being  =  u  or  m,  ^vhich  foever  of  them  is  the  greater)  and  may  therefore  be  ex- 

prefs'd  thus,  — ^ :    Hence  ^  —  ^  -^   Jl,  =  -^^10'.     Again  ;  ^  may  be 

an  Improper  Fraftion,  but  cannot  be  an  Integer  j  for,  if  it  is,  then — -^ '—  '0''(^=  75) 

is  neceflarily  an  Integer,  or  a  determinate  Decimal;  either  of  ^vhich  is  impofllble,  becaufe 
—  is  fuppos'd  to  be  fuch  that  it  refolves  into  a  Circulate  :  Wherefore  A  being  a  Number 

not  meafurable  either  by  2  or  5,  — t— ,  if  it's  a  proper  Fraftion,  refolves  into  a  Pure  Cir- 

A 

culate,   whofe  Repetend  begins  immediately  after  the  Point  (  by  Th?cr.  9  ).     And  if  it's 

an  improper  Fraftion,  it  refolves  into  a  Mixl  Circulate,   whofe   Finite  Part  is  an  Integer, 

and  the  other  Part  a  Pure  Circulate  ;  and  therefore  the  complete  Quote  is  a  AJixt  CirciUate 

whofe  Repetend  begins  immediately  after  the  Point.     Now  this  Decimal  Quote  being 

divided  by  lo'  (as  --^  -j-  lo'  dire£ls)  it's  plain  the  Figures  of  it  will  not  be  chang'd;  oi> 

ly  the  Decimal  Point  will  be  reraov'd  as  many  places  to  the  left  hand  as  there  are  Uoil? 

in 
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ill  r ;  the  Effect  of  winch  is  plainly  this,  that  whereas  the  Re^^etciiJ  began  immediately  ' 
•itccr  the  I'cint,  it  begins  now  atcer  lb  many  places  as  r  expr^fles  j  which  is  the  thing  to  be 

ihcwii.  Olfirvff  alfo,  that  as  — —  makes  a  Pure  or  /l^i*? Circulate,  fo  does  — ;  the  reg- 
ion of  which  is  manifeft ;  for  in  the  firft  Cafe  the  Point  is  remov'J  by  fetting  only  o's  on 
the  leh  hand  of  the  Repetend  ;  and  in  the  other  Cafe  the  Integral  part  fupplys  all  or  fomc 
of  thofe  places  of  o's  before  the  Repetend,  and  confequcntly  makes  a  Mixt  Circulate. 


Problem     i. 
71?  aiU  Circulates. 


peter 


the  Sum,  to  be  fet  under  the  Figures  ad^ed,  with  o's  on  the  left  hand  if  it  has  not  as  many 
Places  as  the  Repctends :  The  Quote  is  to  be  carried  to  the  rxxt  Column,  and  the  reft  of 
the  Addition  done  by  the  common  Rules. 


Exam.  I. 
.068 


P46 


1.790 


Ex.  2.  Ex.  2.  reduced. 

3-  cl^  5.  0444. 

8.  456  6.  4566 

23- 3S  25.3738 

,^  •  248  .  2484 

33-  12V4 

Ex.  4.  red-iced. 

267 .  34^600 

3P .  888888 

.672727 


307.oo72i6 


Ex. 

8  .  621 


345 


24 
8 


Ex.  ^. 

.47836 
.8725 
•  39 


Ex.  3.  reduced. 

^7  •  345454545 

p  .  621621621 

.  242424242 

■  888888888 

78  .  098389298 

Ex.  5.  leduced. 

.  478 3 600000 J 
.  87257257257 
•  19393939393 

1  .74487196651 


Exfla>!.ition  ofihe  Examples. 

_  h\Exa.i.  theRepetends  are  all  upon  one  figure  in  the  fame  place,  and  their  Sunr 
»s  24,  which  contains  two  9's,  and  6  remaining ;  and  fo  6  is  fct  in  that  Sum  as  the  Repe- 
tend, and  2  carried  to  the  next  Column.  In  Ex.  2d  reduced  to  Similar  Circul.ites  whofe 
Kepetends  have  two  Figures,  the  Sum  of  thefe  Repetends  is  232,  which  divided  by  99, 
tnei^uoreis2,  and  34  remains,  fb  that  34  is  the  Repetend  oftlie  Sum,  and  2  is  carried 
to  the  next  Crlumn.  In  Ex.  3d  reduced  to  Similars,  theSum  of  the  Repetends  is  2389296, 
winch  divided  by  9^,9999,  the  Quote  is  2,  and  389208  remains,  which  is  the  Repetend 
f  V  T'-  ^"'^  ^  earned  to  the  next  Column.  In  Ex.  4th  &  5th  there  is  a  finite  Deci- 
mal, ^vhich  IS  alfo  reduced  to  the  form  of  a  Circulate  by  o's  annex'd  to  it,  which,  obfave, 

'■  --  'i.nv  do  not  alter  the  Sum.    And  in  fuch  Example; 

the 
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'J'.c  Similar  RepetenJs  will  al'.\'nys  begin  after  the  laft  Figure  of  thatP'inits  Decimal  which 
lias  the  grcatoll  nunibct  of  Decimal  I'iaccs. 

01  Curve  alil-i,  That  if  the  RepetcnJ  cf  the  Sum  confifts  of  the  ftme  Figure  repcafcd,  ths 
true  RepctenJ  is  but  that  one  Figure  ;   as  in  the  following  Example,   the  Sum,  according 

t:>  the  preceding  Rule,  comes  out ,  822,  which  is  the  fame  tiling  as .  82 

E\-nmple.         '  3,4^ 
•  47V 

.  822  =  .  82 
D  E  M  ON.  By  Theorem  6,  the  Finite  Value  of  a  Pure  Circulate  is  a  Fraction  whofe 
Numerator  is  the  Repetend,  and  its  Denominator  a  Number  of  as  many  Places  cfp's, 
with  as  many  o's  on  the  right  as  there  are  o's  betwixt  the  Point  and  Repetend.  Now  let 
the  Similar  Repecends  of  feveral  Circulates  be  added,  their  Sum  is  a  Numerator  to  the 
common  Denominator,  and  this  Fraction  is  the  Value  of  the  Sum  of  thefe  Circulates.    Call 

the  Numerator,  or  Sum  of  tlie  Repctends,  s,  and  the  Sum  fought  is  - 


^pScc.x  lo&c. 


—  ;,.,  V  T  of  — — —  ,  fo  that  the  Sum  fought  is  the  Fraftion —  refer'd  to  an  Unit 

Pi)  dec.  10  dec.  ^  gg  HcC. 

of  the  Value  of  the  Place  next  the  Repetend  on  the  left  hand :  Confequemly  as  oft  as  the 
Denominator  pp  &c.  is  contain'd  in  tiie  Numerator  s,  that  Fraftion  is  equal  to  h  many 
Units  of  the  Value  of  that  next  place  ;  and  the  Remainder  is  the  Numerator  of  a  Fraciion 
liaving  the  fame  common  Denominator  pp  &c.  and  to  be  refer'd  to  an  Unit  of  the  fame 
Place  or  Value  :  Wherefore 'tis  evident  that  the  remainder  of  the  Divifion  (of  i  -^pp&c) 
being  placed  as  a  Repetend  in  the  fame  places  as  the  Repetend  added  (  fupplying  what  pla- 
ces it  wants  with  o's  on  the  left  hand;  and  the  Quote  being  carried  to  the  next  place,  the 
reft  of  the  places  added  in  common  form,  we  have  the  true  Sum  fought  in  all  Cafes,  wlie- 
tlier  of  Pure  or  Mix'd  Circulates. 

Problem    2. 
71?  [uhtraB  Circulates. 

Rule.  Make  the  Subtrahend  and  Subtraftor  Similar  Circuhtes,  and  fubtracl  as 
they  were  Finite  Decimals:  Then,  if  the  Repetend  of  the  Subtraflor  is  a  leller  Number 
than  that  of  the  Subtrahend,  the  Figures  in  the  remainder  that  ftand  under  the  given  Re- 
petends  (i.e.  that  are  their  Difference)  is  the  Repetend  of  the  Difference  fought  j  But 
if  the  Repetend  of  the  Subtraftor  is  greateft,  fubtradl  i  from  the  Repetend  of  the  remain- 
der, and  the  Figures  that  ftand,  after  this  i  is  fubtraded,  under  the  given  Repetends,  make 
the  Repetend  of  the  diffejence. 


\a.  I. 

Ex.  2. 

Ex. 

3- 

Ex./^ 

8.4(57^ 

24.384 

*  • 

.427 

A-V 

-.lIjI 

p.  072 

.054 

•  17 

7.732 

15  .312 

.3Px 

4.20 

Ex.  5. 
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Ex.-y.'  Ex.  6.  Ex.7.  Ek.B. 


3-53^ 

2.414 


8564       .  4637 
.0382       .3737 


I  .  122  .324  5.8181  .OPOO 

I  .12  .      or  3  .  8r  *°^ 

THefe  EKiVnphs  are  fo  eafi]y  compared  with  the  Rule,  I  fhall  not  infift  upon 
it. 

De  m  on.  If  two  pure  Circulates  are  Similar,  and  if  the  leffer  is  to  be  fub- 
trailed  from  the  greater,  the  Reafoii  of  the  Rule  is  manifeft.  But  in  inixt  Circulates 
the  Repeteiid  of  the  Subtrailor  may  be  greater  than  that  of  the  Subtrahend  ;  and  in  this 
Cafe  to  follow  common  Rules,  we  (hould  add  the  common  Denominator  of  the  Fi- 
nite Value  of  the.  Circulating  Parts,  with  relation  to  an  Unit  of  the  place  next  the 
Repetend,  the  common  Denominator  is  99,  8r.  confining  of  as  many  p's  as  the  places 
of  the  Repetend  (as  has  been  already  explained  ;  )  But  by  Subtraaing  in  the  common 
way,  'tis  plain  we  do  add  10,  Sc  the  o's  being  as  many  as  the  Places  of  ilie  Repetend  ; 
now  it's  evident,  .that  if  iuflead  of  99,  gr.  we  add  loo,  i3c.  (this  having  as  many  o's 
as  t'.ie  other  has  p's)  we  have  added  i  too  much  ;  and  therefore  i  is  to  be  taken  from 
the  remainder  accotdhig  to  the  Rule  ;  the  rell  is  obvious.    So  in  Ew  3.  the  Repetend 

having  two  Places,  the  Finite  Values  of  ttie  Circulate   Parts  are  —  of  .  i  and  51 

of  .  I  ;  but  34  cannot  be  taken  from  27,  therefore  I  Subtraft  in  common  Form,  whereby 
I  do  add  103  to  the  Repetend  27,  which  makes  the  remainder  93  :  But  becaufe  I  Ihould 
only  have,  added  99,  I  take  one  from  the  remainder  and  it  is  92  ;  then  becaufe  in  Sub- 
tracting the  Circulate  Parts,  i  v/as  borrowed  from  the  next  Place  (for  we  confidered  the 
Circulate  Parts  as  Fraflions  referred  to  an  Unit  of  that  next  Place)  therefore  1  is  addcJ 
to  the  next  Place  of  the  Subtradcr,  and  lb  the  VVor]^  is  carried  on. 

Problem    3. 
To  Multiply  Circulates. 

Rule.  Exprefs  Circulates  by  their  Finite  ^'alues,  and  then  Multiply  by  the  Rule 
of  Vulgar  Fraflions,  reducmg  and  compleatlng  tlie  Anfwer  as  the  Queftion  requires  • 
And  particularly,  carry  on  the  Divifion  of  the  Produft  of  the  Numerarors  by  that  of  the 
Denominators  till  0  remain  ;  or  till  you  come  at  a  Repetend.  But  if  this  dofs  not  foon 
happen,  then  it  may  be  left  off  at  any  place  you  pleafe  :  But  if  you  are  content  to  have 
the  Produa  in  a  Vulgar  Fraflion,  you  have  it  already  compleatly  in  the  Produa  of 
the  two  Finite  Values    of  the  given  Numbers. 

The  Renfon  of  this  Rule  is  manifei^  ;  becaufe  it's  reduced  to  that  of  Vulgar  Fraaions 
which  is  demonflrafed  in  its  place ;  fee  the  following  Examples.  ' 

E^am.  1.  To  Multiply  8.47"  by  .68,  having  reduced  the  firft  to  its  Finite  Value  it 
is^^,  ^vhich  Multiplied  by  .68  or  ||^  produces  ^^^  which  being  reduced  to  a 
'•■'••,      /Decimal    is    5.7648     as    in  .thg    Margin.""     For    the    Divifor    being 

Q  q  q  9C0O 
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''^^  o'oo'i  <i  8R1       ^^^'''  ^^^^  ^^^"^  off  three  phces  from  tlie  Dividend,  which  is 

(^  J7-0.-;  ^i.oOt       dividing  it  by  iooo,  tlieii  I  divide  this  by  9,    which  gives  for  a 

"~!„  5-7-^4o     quote  5.764  and  8  remains,  to  which  0  being  prefixt"  the  next 

g't-  Figure  in  the  quote  is  8,  and  8  again   remains,'  therefore 


51884 


8  is  repeated. 


are 


E<^!n.  2.     To  Multiply  7.684  by  .45.     Being  reduced  to  their  Finite  Values  they 
-^  and  —  whofe  Produft  is  ^^  .^    .'  which    bein"   reduced    to    a  Decimal    is 

3.50069135.8024    All  that  needs  be  faid  as  to  the 
"^^^     -   28^.556  Operation  is,    that  in   the  Divifion  of  51.5062   by 

^  .  •      then  to  every  fucceeding  Remainder  the  Repetend  2 

5.50069135802      is  prefixt;  and  fo  the  Work  is  carried  on,  till  there, 
is  a  CircftlatioH  as  marked  in  the  Example. 


41     ^ 

6916 

27664 


i8V^',6 


E<Mn.  ".     To  Multiply   65.723  by  4.6  ;    the   firft   reduced   to   its   Fiiiito  Value  is 
^2^  which  Multiplied  by  4,6  or    ^  produces    "^^y^''    equal   to  this  Decimal 

''02  3 ''68.  which  is  found  thus:  for  the  two  o's  in  the  Denominator  990x10  I  take 

^'    '   ~     '  '"  off  two  Places  in  the  Numejrator,  and  then  divide  by  99  • 

65C66     99      299lO.'!t6     which  gives  for   a  quote   302.32,  and  68   remains,  which 

jf  ^268     jjg-j^g  ^  of  jj,j  Unit  of  tlie  Value  of  the  hh  place  of 

^90390  302.3268    the  quote,  is  therefore  to  be  placed  after  it  as  a  Repe^ 

2_6o264_  tend. 

2993036 

Ohfcrve  ;  the  dividing  by  99  is  here  done  by  Cnfe  5.  ^2.  Cljrp  6.  Book  I.  with 
this  difference  only,  that  1  have  here  placed  the  Figures  of  the  Operation,  and 
alfo  the  quote  below  the  Dividend  ;  and  every  quote  Fjgure  under  tlie  firfl,  and  not 
the  lai\  Figure  of  the  Dividend,  as   is   there  done, 

Exm.  4.    To  Multiply  74-0367  ^y  4-75  5  t'^eir  Finite  Values  are  21^  and  ^ 

whofe  Produa  is  r^"^""^"    which  reduced  is  35.365961840628507295173 

For  having  taken  three  Places  from  the  Fro° 

duft  of  the  Numerators  for  the  three  o's  in 

73624  X  42b  =  31511072  jjj^  Denominator ;  I  proceed  to  divide  firft  by 

then  . 

9  31511.072.  9  wJiich  quotes  ^501-2502  and  th«n  I  divide 

09     3501.2302222222222222222222       by  09,  which  gives  the  quote  mentioned  ;  for 

365951830684079417395        it's  plain,    that  having  brought  the  Divifion 

64  5  5  fo  far  as  is  here  fet  down,  the  laft  remainder 

55.365961840628507295173  is  95,  the  fame  with  a   preceeding  remain- 

■'    '  der  belonging   to  tne  fifth  flep  of  the  Divi» 

fion  :  Wherefore  all  the  Figures  in  the  quote, 
from  the  fixth  which  is  9,  do  Circulate. 

S  c  u  o  x> 


chap.  4.  Of  Infinite  Decimals.  483 

Scholium.  As  this  Riik  is  univerfal,  fo  it  js  eafily  kept  in  mijid,  if  you  but 
remember  the  Rule  for  finding  the  Finite  \'alae  of  Circulates ;  nor  is  it  much  more 
tedious  th.m  the  Multiplication  of  Finite  Decimals,  confidering  how  eafily  the  Finite 
Value  of  .1  Circulate  is  found;  and  how  eafy  it  is  to  divide  by  their  Denominators, 
which  confift  all  of  p's,  or  with  o's  ;   as  the  preceding  Examples  llicw. 

There  are  other  Rules  for  this  Multiplication,  in  fome  things  different  from  the  gene- 
ral Rule,  but  little  or  notiiing  eaiier  or  fhorter  in  the  Operation  ;  and  therefore  1 
might  reafonably  pafs  them  over.  Yet  that  you  may  know  the  different  ways  of 
managing  Circulates,  and  chufe  as  you  like  beft,  I  IhiU  here  alfo  explain  the  Mul- 
tiplication of  Circulates  in  two  particular  Cafes,  in  order  to  which  ;  mind  that  we  call 
that  given  Number  the  Multiplier  which  has  fewefl  fignificant  Figures, 

Chp  I.  The  Multiplicand  being  a  Circulate,  and  the  Multiplier  an  Integer  or  Finite 
Decimal,  Simple  ox  Mixi. 

Rule.  Multiply  by  each  Figure  ot  the  Multiplier,  Thus  ;  take  firft  the  Produft  of 
thatRepetend  (of  the  Multiplicand)  and  divide  it  by  a  Number  confifting  all  of  p's,  as 
many  as  the  Number  of  Places  of  the  Repetend  :  Write  down  the  remainder  in  the 
Produft,  and  carry  the  quote  to  the  Produft  of  the  next  Place,  and  go  on  with  the  other 
Places  in  common  Form :  And  obferve  that  this  remainder  is  a  Repetend  in  every  par- 
tial Produfl-,  and  if  it  has  not  as  many  Places  as  the  Divifor,  or  Repetend  of  the  Mul- 
tiplicand, you  mufl  fupply  the  Defedt  with  o's  on  the  left ;  and  in  this  State  ^ct  it  in 
the  Produft  as  the  Repetend.  When  you  have  thus  got  all  the  partial  Produfts  for  every 
Figure  of  the  Multiplier  ;  make  all  rhe  Repetends  fimilar,  which  is  done  by  drawing 
them  all  out  as  far  as  the  firft  ;  then  add  them  by  Prohl.  i.  the  Sum  is  the  Ptoduft  fought, 
in  which  fet  the  Decimal  Point  according  to  the  common  Rule. 

EXt    I.  JEk    2" 

In  this  Ex.  2d.  23  X  6  =  158  which  divided  by 

8  •  47  ^'i-T^j     p9,  quotes  i  and  35*  remains ;  therefore   39  is  the 

•  68  4.6         Repetend  of  the  Product,  and  i  is  carried  to  the  next 

'      ' ,  "        7^     Place,  or  to  the  Produft  6  x  7,  and  io  that  Line  is  car- 

6702  3^4339  "^"^  °"' 

-  og^  ,  0  •  •  Again  23  >^  4  =  92  which  divided  by  op,  the  quote 

2 j^"-o92p  js  Q^  and  g2  remains ;  which  is  therefore  the  Repe- 

,  A  . .  tend  of  the  Produa,   the  reft  of  which  is  found  by  the 

5.7640  302.3268  common  Rule.    But  to  makfe  this  fimilar  to  the  other, 

_^  it's  reduced  to  29  ;   then  in  fumming  the  two  partial 

Produas,  39  4-  2P  ==  68  being  lefs  than  99,  is  the  Repetend  of  the  Sum,  and  o 

earned  to  the  next  Column.   • 

Here  678  x  3  =  2034;  and  this  divided  by  ppp  quotes  2,  and  36 

remains,  therefore  the  Repetend  of  the  ProdilH  is  0^6,  and  the  quote 
2  is  "carried  to  the  next  Place.     Again,  678  X  4  =  2712  which  divi- 
ded  by  ^^g  quotes  2,  and  714  remains,  which  is  the  Repetend  cf  the 
1583036    Produfl:   The  reft  of  the  Work  is  obvious,  "  ' 

21107147 
22.690*18*5 


9  q  q  ^  Cafe 
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CiiJl'  2.  The  Multiplier  being  a  Circubre,  wliatever  the  Miilriplicand  is.  Rule.  'I'ake 
the  Finite  Value  of  the  Multiplier,  and  by  its  Numerator  multiply  the  Multiplicand,- 
by  the  Method  of  Chfe  i .    then  divide  the  Produft  by  the  DenoiBiHatof i. 

.       ^     ,•  To  Multiply  7.68-i  by  .4!^  =  H  , 

M\-a       76R*  5°)  3^5-3^2                                                           .                  .     ?o 

'■     "'"  >         o     •        the  Produfl  is  q.'^0':66pi 3^3024   crm- 

__li  3-50o6pi358o2+  ^      p3re  this  with  the  JE:v.  2.  to  the  general 

•  '     Rule,   it  is  the  fain e  Example,  and  the 

7684  Aiifiv'cr  the  fame.     And  the  Reafon  and- 

,Q_,J_  Merh:id  of  Operati^ii  being  alfo  obvious, 

— I.lhall  infift  no  more  upon  it. 


31S-6: 


F  R  O  B  L  E  U.    4; 

To  divide  Circulates. 

R  u  t  E.     Exprefs  Circulates  by  their  Finite  Values,   and  then  apply  the  Rule  of 
.Vulgar  Fraflions. 

Examfle.    To  divide  22.690183  by  ^^-y^yS;  being  reduced  to  their  Finite  Values, 

diey  are  £i^^9J  and  12Zili .  and  the  firft  being  divided  by  the  other  quotes  5£^^Z495 
■^  PP9000  9^90   '  ,  5271 5100 

(for  the  two  Denominatvirs  having  999:>  as  a  common  Fa£lor,  the  quote  is  reduced  to 
iliis)  whofe  Value  in  a  Decimal  is  .43. 

Scholium.  As  Multiplication  was  explnned  in  two  particular  Cafes  differing 
from  the   general  Rule,   fo  may  Divifion  ;   thus. 

Cafe  I.  "Tlie  Dividend  being  Circulate,  but  not  the  Divifor ;  .^?</f .  Divide  as  they 
were  Finite  Decimals,  carrying  on  the  Operation  by  3pplyit>g  the  Repetend  fo  oft  till 
either  the  Quote  circulate  ;  or  till  you  have  a  fufficient  Number  of  Places  ;  But  becaufe 
in  many  Cafes  the  Circulation  of  the  Quote  will  not  happen  til!  after  a  very  long  Opera- 
tion, if  you  would  have  a  compleat  Quote,  you  mull  take  it  by  the  preceding  general 
8.ule  in  a  Vulgar.  Fraflion. 

Exa.-  E^a.      .  :      .  . 

/^8W,^,rVR^  8-)  46.5287  (5.816001 

.68;  5.7640  (a.47-  jr, 

5  44  -^ 

■- —  65 

324  .    64 

272  _I_ 


5^8  a 

476  _ 

-*-  48 

3-^  58 


0072 

Zl 

ocB 
8 

8 

o 


In 
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In  Exa.  I.  the  Repeteiid  is  8  ;  For  the  Quote  behig  brought  to  S47,  the  Remainder 
is  52,  which  is  the  fitne  as  the  preceding  Remainder :  to  which  tlie  fame  Reiietend  8 
bei:ig  prefix'd,  the  fame  Quote  7  niufl  contiiiuaUy  come  out. 

In  E\^-  2d,  after  one  Period  of  the  Repctend  is  employ 'd,  we  come  at  tills  Qjote 
158160  ;  but  tj  come  at  a  Circulation  in  the  Quote,  we  muii  proceed  two  Steps  farther,  by 
employing  again  the  fame  Figures  cf  the  Rcpetend  in  order  ;  and  after  the  two  firft,  ti^. 
2  and  8,  arc  ufed  a  fecond  time,  wc  have  the  fime  Remainder  c  which  was  upon  the 
third  preceding  Step,  and  therefore  the  fame  f  igures  will  repeat  again,  and  h  the  Quote 

is  -5 .816091 

Cr,fe  2A,  IftheDivifor  is  a  Circulate,  whatever  the  Dividend  is;  take  the  Finite  Va- 
lue rif  the  Divif'T  :  and  by  its  DcnDmi:iator  multiply  the  Dividend,  by  Frohl.  3d,  (cirher 
by  the  general  Rule  or  the  particular  Cafe  i^;  then  divide  the  Product  by  the  Numerator 
(.according  to  the  preceding  Cafe,  if  that  is  Circulate)  and  you  have  the  Quote  fought. 

Exa.  I.    To  divide  5  .7648  by  8.47  —  --^.     Firft  I  multiply  5.7648  by  00,  the 

Produftis  51.884,  which  divided  by  763  quotes  .68; 

Exa.  2.   To  divide  3.500*6^1358024  by  7.  684  =r  ^^,  I.multiply  2.5006P1358024 

by  poc,  the  Produdc  is  3 1 50 .  62,  which  divided  by  6916,  quotes  .  4*5 


CHAP.     V. 
Of  Logarithms.. 

4 

DEFINITION. 

T  Ogjrithifis  are  Numbers  fo'contriv'd  and  adapted  to  other  Numbers  that  the  Sums 
Z_/  and  Difterenccsof  the  former  correfpond  to,  and  fliew,  the  Produils  and  Quotes  of 
the  other,  and  alfo  their  Powers  and  Roots. 

SCHO  L.  I.     This  Definition  expreffes  in  general  the  Defign  andUfc  cf  the  Num- 
bers call'd  LcgarithiHs  ;  but,  for  tlie  more  ftri£l  and  ctymcbgical  Senfe  cf  tb.e  VVordZr p.z- 
rith./i,  and  otlier  Definitions  deduced  from  i:  more  immediately,  they  will  be   le;Lcr  un-- 
derftood  afcer  we.have  explaia'd  the  Foundation  c£  their  Contrivance  j  which  vc.'u  have 
in  this 

LEMMA. 

Take  any  Geometrical  Progrefllon  of- Numbers  beginning  with  i,  whofe  fecond  Term 
call  /7 ,  the  Series  is  i  ^  a'  :  n'  :  n'>  :  n'^:  8iC.  :  ^^",  whereof  every  Term  after  i  is 
fome  Power  of  the  fecond  Term  (7,  their  Indexes  being  a  Series  in  Arithmetical  Prcgref- 
fion,  which  exprefi  the  Diftances  of  the  feveral  Terms  after  i . 

From  the  nature  of  this  Geometrical  S'eriei,  and  what  has  been  explaiifd  in  Beck  ? 
2  hsor.  6,  7, 8,  thcfe  Confequeiices  are  manifeftj  viz.  ■* ' 

C  O  R  O  L  L  A-R  I  E  S. 

ly?.     The    Produa    or    Q.iote    of  any    two    Terms    is    alfo  a  Term  of  the   Se-> 
rics  whofe  ]ndex  (or  Diftance  after  i)  is  the  Sum  or  Difference  of  the  Indexes  of  tliefe 
two  Terms.     Exam,  a^  %a*  5=  a^.    a'^  ^  a^  —  aK     Unlverfally,  a"  y^a^  -—  ^a  +  m 
aad  tf'2 -|- /I'"  ;:;s/j'i-OT,  ' 

id.  Aiiy: 


486  ■        of  Logarithms.  Book  V. 

ncf.  Any  Por.-cr  of  any  ol:  thcfe  Terms  is  a  Term  of  the  Scries  whofe  Index  is  the 
Produel  of'  the  Index  of  that  Po^ver  by  the  index  or  Diftance  of  that  Term  t/om  i. 
Exam.  The  Square  of  ^73  is  rt'' ;  UniverftJly  ;  the // Power  of  i?"  is  (j"'",  Rrverfdy^Yi. 
rhe  Index  of  any  Term  is  Multiple  of  any  Number,  then,  being  divided  by  thac  Number, 
the  Quote  is  the  Index  cfa  Term  in  tlie  Series,  which  is  fuch  a  Root  of  the  Term  whole 
Index  is  divided  as  the  Divifor  denominates.  Exa.  The  Cube  Root  of  a^  is  r.-.  Uni- 
verially  ;  the  n  Root  of  ^m  is  rt™  -J-". 

y/.  If  from  the  double  of  any  Index,  or  the  Sum  of  any  two  Indexes,  be  fabtraciled 
the  Index  of  another  Term,  the  Difference  is  the  Index  of  a  Term  in  the  Series  which 
is  a  third  or  foiardi  :  :  /  to  the  2d  or  ^d  Terms  whole  Indexes  are  given,  '.  ; 
Exa.  ift,  a^  :  n^  :  :  nf  :  a^  ;  where  8  =■)  -1-  "5—2.  Ex.  2d,  /z*  ;  -.aS  :  :  n"^  :y!'?j 
where  10=  5  -f-  7 —  2.  Univerfally  ;  a"  :  a'"  :  a^-m-n  are  vf /;  for  by  common  Rules 
a  tliird  to  rt«  :  a"^  is  a"  x  am  -^a"  ;  but  /!'"  %  an  t=  a^m ,  and  <z2«  ^  ^  -—  aV"-  ". 
Again  ;  ^'  :  a'"  •  :  ^'"  :  a"'-i-'^-»  ;  for  a"'  x  ^<'  =  ^Mf  r,  and  aii-f  ~  n^  =:  ^■"-j-"  ^ 

S  c  H  o  L.  2.  Here  then  \^z\\zxe.'Cnc  Fundamental  Qxo\xyA%  oftlie  Inventio'i  of 
LogriYitbnis  :  For  'tis  obvious  that  the  Indexes  or  Diftances  of  the  feveral  'lerms  of  a 
Geometrical  Series  from  the  firft  Term  i,  are  Numbers  anfwering  to  the  preceding  De- 
finition of  Log.nithms,  for  thofe  Numbers  that  make  the  Geometrical  Series ;  which  I 
ihall  more  particularly  explain  and  apply  :  But  firfi  Ohferve,  that  from  this  Foundation  is 
deduced  the  commo.i  Definition  of  Logvithms,  viz.  Numhers  m  Arithmetical  Progrcf. 
fou  a'lfwerirgio  oibers  in  Geometrical  Progi'e£ioK.  Again,  ohferve,  that  in  the  more 
liriil  fenfe  of  the  Wordit  fignifies  (1  iVw-i2J^ro//('^f/oi;  And,  to  underfland  the  reafou 
of  its  application  here,  confider.  That  in  a  Geometrical  Series  the  Ratio  of  the  Extremes 
is  compos'd  of  as  many  equal  Ratios  as  the  number  of  Terms  lefs  i,  or  as  the  Number 
exprellino  the  Diftance  of  the  one  Extreme  after  the  other  j  which  Diilance  is  therefore 
jcall  d  the  Logarithm  of  the  Ratio  of  the  one  Extreme  to  the  other  ;  and  if  one  Extreme 
is  I,  it's  caird  fimpfythe  Logarithm  of  that  other;  but  it  flri£tly  fignifies  the  Logarithm  of 
the  Ratio  of  i  to  that  other. 

Let  us  now  fuppofe  a  to  be  any  Number,  as  2  ;  the  Geometrical  Series  from  i  :  2  is 
I  :  2'  :  2*  :  2'  :  &c.  or  i  :  2  :  4  :  8  :  16  ;  &c..  And  if  this  Series  is  carried  to 
any  length,  and  the  feveral  Terms  be  difpos'd  orderly  in  a  Table,  and  againft  them  be  fet 
their  Indexes  or  Diftanccs  from  i,  ivi:{.  their  Logarithms)  fetting  o  againft  i,becaufe  it's 
not  difiant  from  it  felf,  as  in  the  following  Table;  then  from  what's  explain'd  it  is  evident 
that  we  can,  by  means  of  thefc  Indexes  or  Logarithms,  find  the  Product  or  Quote  of  any 
two  Terms  of  the  Geometrical  Series,  without  a£lual  Multiplication  or  Divifion  ;  alfo  any 
l^ower  or  Rational  Root  of  any  Term  ;  and,  laftly,  a  third  or  fourth  Proportional  to  any 
two  or  three  of  them,  fuppofing  the  Table  carried  to  a  fufficient  extent,  as  in  the  tbllow- 
ing  Examples  ;  the  Rules  of  which  are  contain'd  in  the  Confequences  to  the  preceding 
Lemma,  and  which  'twill  be  ufeful  to  repeat  here  in  fomewhat  a  different  form,  with  a  di- 
re£l  Rc?ard  to  the  Pradlice  and  Ufe  of  Logarithmick  Tables,  ujidet  the  Title  of 

The  FundameKtal  General  Rules  for  the  Ufe  mid  TraBzce  of 

Lo  G  A  RITH  MS. 

I.  Add  the  Logarithms  of  any  two  Numbers,  the  Sum  is  a  Logarithm,  againft  which 
jn  the  Table  ftands  the  Produtt  of  thefe  t\vo  Numbers  : 

Exa.  8x32=:  256,  whofe  Logarithm  is  8  —  3  -{-  ^,  the  Logarithms  of  8  &  32. 

II.  Take  the  Difference  of  the  Logarithms  of  any  two  Numbers,  it  is  that  Logarit'hm 
againft  whi^h  ftands  the  Quote  of  the  greater  divided  by  the  leller  of  thefe  two  Num- 
bers. -  .  ^^^^ 


of  Log.viihnis. 


10, 


whole  Logaritlim 


vs 


z=  II 


tlie  Logarithms  ot 


Multiply  the  Logarithm  of  any  Number  by  any  Number,  the  Produft  is  a  Lo^a- 
111  agai;irt  which  ftands  that  Power  of  tlie  Number  \vl)orc  Logarithm  is  multi]^Iy'd  de- 
linated  by  the  Multiplier,  zv;j.  the  «  Power,  if  the  Multiplier'is  7/.  '       ' 

?«?.     1 0  3  =  4096,  whofe  Logarithm  is  12=4x3  j   the  Logarithm  of  t  6  f  t7>    a  1 


Cbap.  f. 

£v.7.     204S  -r  1 28  =: 

2048  &  1 28. 

HI 

rithm  sg; 
iicmi 

multiply'd  by  3,  the  Index  of  the  Power  fought. 

IV.  Divide  the  Logarithm  of  any  Number  by  any  Number,  and  if  there  is  no  Re- 
mainder rhe  Quote  is  a  Logarithm  againft  Avhich  liands  that  Root  of  the  Number  whofo 
Logarithm  is  divided,  denominated  by  the  Divifor,  viz.  the  u  Root  of  the  Divifor  is  a. 

E\a.  40P6T  —  10,  whnfe  Logaritlim  is  4:=i2-f  3,  the  Logarithm  of  4006 
(viz.  12)  divided  by  tlie  Divifor  5. 

V,  Fnm  the  Double  of  the  Logarithm  of  any  Number,  or  the  Sum  of  tlie  Logarithms 
ofany  two  Numbers,  fubtraa  the  Logarithm  of  any  Number,  the  Difference  is  a  Loga- 
rithm ag.iinft  which  flands  a  Number  that  is  a  third  or  fourth  Proportional  to  thefe  two  or 
tliree  given  Numbers. 

J?AV7.  i;     4  :  16  :  (;4-  are  -rr /,  whofe  Logarithms  are  2  .  4  .  (5  ("=  4  4-  4  __  2.) 
M>^n.  2)    8  :  32  : :  256  :  1024,  whofe  Logarithms  are  3  .  5  .  8  .  10  (=  5  f-  8  —  ->.) 

Ta  b  l  e  whence  thefe  Examples  are  takeu>^ 


NO. 

I 

Log^- 
0 

NO. 

Log-  1 

N".  ■ 

Log. 
12 

64;  6 

40516 

2 

I 

128 

7 

8ip2 

13 

4 

2 

2'56 

8 

16584 

14 

8 

0 
0 

512 

P 

32768 

15 

16 

4 

1024 

13 

6S536 

15 

32 

5 

2048 

II 

I3I072 

Ji. 

S  c  u  o  L.  3 .  Any  Arithmetical  Progreflion  beginning  \vith  0  n^ay  be  apply 'd  as 
Logarithms  to  any  Geometrical  one  from  i  :  For  tho*  they  will  not  be  Logaritlmis  ac. 
cording  to  the  flrifler  meaning  of  the  Word,  (?.  e.  the  number  of  Ratios  from  1)  yet 
they  will  anfwer  the  other  Definitions,  and  the   precedhjg  Fundamental  Rules  :    Which- 

will  be  nnnifeft  from  the  common  Pro- 
F  :  Sec. 


Geom.     1 

Arithm.  o 


A:  B  --C  :  D  :  E 

n.   .  h   ,  c   .  d   .  e 


f  •  Sec. 


perties  of  Arithmetical  and  Geometrical 
Progrelhons  :  For  any  three  or  more. 
Terms,  taken  in  either  Series,  are  conti- 
nuedly  proportional  in  their  kind  ;  and 
any  four  Terms  are  proportional,  whereof  the  firft  and  fecond  are  as  far  diftant  as  the 
third  and  fourth.  V\'hence  the  Correfpondence  of  rhe  Arithmetical,  as  Logarithms  to 
the  Geometrical,  according  to  the  preceding  Rules,  is  plain.  Thus,  B  X  (■'—  S  for 
I  :  B  :  :  C  :  E.  A\h  I; -\- c  —  e  (01  o  .  h  :  c  .  e.  Again,  F  -r  D  —  B  for 
i  :  B  :  :  D  :  F.    Mo  f  —  d  =  h  iat  o  .V  :  d  .  f. 

The  Rule  for  Powers  is  deduced  thus ;  £»  =  Z)  for  i  :  £  :  :  ^  :  /)  ;  alfo  2h  —  d 
^ot  o  .  h  :  h  .  d.  Again,  i^^  -  /",  for  i  :  £  :  D  :  /^  are  ~  / ;  then  -^%h-=f, 
for  o  .  ^  .  ^  .  /  are  TT /.  And  fo  it  goes  on  thro  all  the  reft  of  the  Powers ,  And  the 
Rule  for  Roots  is  but  thfe  Reverfe  of  this. 

For  the  finding  a  3d  or  4th  Proportional,  the  Rule  muft  alfo  flill  be  good,  becaufe  the 
Rules  for  Multiplication  and  Diviflon  ate  good. 

SCHOL. 
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S  c  n  o  L.  a..  Any  Arirhmctical  Progrc0ioii  whatever  may  be  apply 'd  as  Loga- 
rithmA  to  a  Ser'ies  geometrica.1  from  i  ;  but  if  the  Logarithm  of  i  be  any  ocha  than  o, 
'tiie  preceding  Rules  will  not  aiifwcr,  and  iiiftcaJ  cf  chem  we  muft  put  tliefe  : 

1°'  From  the  Sum  of  the  Logarithms  of  two  Numbers  take  the    Logarithm  of 
Unity,  the  difference  is  the  Logarithm  cf  the  ProJu£l. 

2°'   To  the  difference  of  the  Logarithm  of  two  Numbers  add  the  Logarithm  ofi, 
the  Sum  is  tlie  Logarithm  of  their  Quote. 

I'he  RenfoK  of  tliefe  Rules  is  plain  from  the  Proportionality  of  the  Terms  with  i  ; 
for  .1  is  to  the  Multiplier  as  the  Multiplicand  is  to  the  Prbdudt ;  or,  i  and  the  MuUipUer 
are  at  the  fame  diftance  as  the  Multiplicand  and  Produft  ;  So  alfo  the  Divifor  and  Divi- 
dend are  proportional  with,  or  at  the  fame  diftance  as  the  Quote  and  Unity  ;  but  the 
correfponding  Terms  in  the  Arithmetical  Series  are  alfo  arithmetically  proportional; 
whence  the  Rules  are  clear.  So,  in  the  preceding  Example,  fuppofc  the  Logarithm  of  i, 
(viz..  o)  to  reprefent  any  Number ;  then,  z%  B  y^C  =.  E,  fo  /» 4-  r  —  o  :=  e  ;  and  as 
F -^  Z)  =  5,  fo/— -^ -t- o  =  ^. 

-i"-  The  Rule  for  finding  a  3d  or  4th  Proportional  is  the  fame  in  all  Suppofitioiis, 
and  the  Reafon  the  fame. 

4°-  For  finding  the  Power  of  any  Number,  multiply  its  Logarithm  by  the  Index  of 
the  Power,  (viz.  n )  and  from  the  ProduvSl  take  the  Product  of  the  Logarithm  of  i,  mul- 
tiply'd  by  w  —  I  ;  rbus  B^  ^^  D,  whofe  Logarithm  isd  z=z  2l>  —  o  (becaufe  o  .  ^ :  J- .  d.) 
Again,  B^  —  F,  for  i  :  B  ;  :  D  (  ^  B'-  )  :  F;  then  o  .  h  :  d  .  f,?ilbd  =1  2l>—o; 
VVhence  0  .  ^  :  2^  —  c./and  3^—2X0  =/>  the  Logarithm  cf  F,  when  0  is  the  Lo- 
garithm of  I,  ar-dZ-  the  Logarithm  of  jB.  TheReafoning  will  proceed  in  this  maniien 
for  ever.  Or,  tlie  Demoiiflration  of  this  Rule  may  be  made  L/'/h't'r/"j/,j,  thus  ;  Let  any 
Number  ill  the  Geometrical  Series  be  ^,  then  i  :  A  :  :  At  :  A"-^'-  ;  And  if  the  Loga- 
rithm of  i  is  o,  and  that  of  ^  is  «,  then,  acoording  to  this  Rule,    the  Logarithm  of 

_^  „  is  ;j  rt n  —  t  a-     Now  if  this  Rule  is  good  in  one  Cafe  as  the  n  Power,  it's  good 

in  the  next  as  the;/-}-  1  Power;  For  i  :  A  and  y4"  ;  A"-\-'  flanding  at  the  fame 
diflance  in  the  Geometrical  Series,  fo  do  their  correfponding  Terms  in  the  other  Series: 
Call  /  the  Term  correfponding  to  A^  l-i,  then  is/  at  the  fmie  dlilance  from««  — -?;— i.j 
(the  fuppos'd  Logarithm  or  Term  ccrrefp.-inding  to  A")  as  a  is  frOm  o;  that  is, 
c,  •  a  :  n  a — n^'-^.  I  {r=zn -\-^.  c-  — kh,  by  the  common  Rules)  which  is  therefore 
the  Logarithm  of  y^'H- 1  according  to  this  Rule.  But  the  Rule  is  Ihewn  to  be  true  for 
the  Square  andCw^'i?,  and  confequently  'tis  true  for  all  above. 

e^"-  To  find  the  Root  of  any  Number;  to  the  Logarithm  of  the  Power  add  the  Pro- 
duft  of  the  Logarithm  of  Unity  by;/  —  i,  and  divide  the  Sum  by  v,  the  Quote  (being 
intefiral)  is  the  Logarithm  of  die  Root.  The  Reafon  of  this  is  contain'd  in  the  laft 
Rule  •  For  if  /  is  the  Logarithm  of  the  Root,  and  //  that  cf  the  Po^^^er  whofe  Index  is  v, 

^jjcii  is  //=:;//—  71  —  10.     Hence  //  \-  «  —  10  rz:  ?//,    and  -^t!^ '■ — — /,   which 

is  the  Rule. 

S  c  H  o  L .  5 .  A  Geometrical  Series  may  not  only  encrcafe  from  Unity,  bti't  alio 
decreafe,  thu?,  \-  :  ^  :   t  :  i  ;  2  :  4  :  8 ;  Univerfally,  ^  •' -  ••  -  ■•  — ,•  a -.^--.a^'.  a* Sec 

And  to  thefe  Terms  decreafing  from  Unity  their  Dilbnces  are  alfo  Logarithms,  ivith  this 
Variation  only  in  the  Prafiice,  That  we  muft  confider  them  as  negative  Numbers,  or 
Numbers  kfs  than  o,  becaufe  their  diftance  from  i  is  upon  the  oppoiite  fide  to  that  of 
the  Integral  Terms :  And  hence  we  muft  apply  the  Rules  with  a  Regard  to  this,  i.  a.  by 

obfiTving 
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obferving  the  Rules  of  the  Addition,  i^c-  of  negative  Numbers,  as  explalii'd  in  Bookl. 

Suppnfe  ij  :=r  2,  then  the  Series  decreafing  is  4  :  t  •  t>  S^-  which  reiuced  to 
Decimal  FraiSions,  are  .  5  :  .25  :  .125  :  062^,  6lf.  And  the  whole  Series  cacrcafiiig 
and  decreafing  with  their  Logaritlims,  fiand  as  in  tlie  following  Scheme. 

And  thefe  Logarithms  being  thus  taken  pofitive  upon  the  one  fide  of  0,  and  negative 
on  tlie  otlier,  make  fiill  a  Series  Arithmetical  ivherefoever  you  begin  it,  and  fo  mull 
a.n{\\cr  to  the  Rules. 

Exa.     16  X  -1 25  =  2  -000  =  2,  whofe  Logarithm  is  i  =  — 3+4  or  4  —  3, 

the  Sum  of  the  Logarithms  of  .125  and  16 
Ex.  2.     4  X  -o^as  -:: .  2500  =  .  2'5,  whofe  Logarithm  is  —  2  =  —  4  -f-  2,  the 
Sum  of  the  Logarithms  of  .0625  and  4 

But  Ohferve  tliat  the  Logarithms  of  fuch  a  mix'd  Series  may  be  made  all  pofitive  to 
any  Term  ut  the  Fradlional  part,  by  making  0  the  Logarithm  of  any  of  the  Fraflions, 
and  th.ii  the  Logaruhms  rf  all  above  are  pofitive  ;  or  by  applying  any  Series  of  pofitive 
Numb'.,  s  in  Arithmetical  Progreflion  as  Logarithms;  for  thefc  will  anfwer  according  to 
the  K.:!<-s  explained  \n  Scholium  j^,  and  for  the  Reafons  there  alfo  demonllrated.  Thus, 
Supp  fc  c  the  Logaritlim  of  .0625,  then  the  Logarithms  of  the  reft  above  it  are  as  in 

this  Scheme  :  And  16  X  -125  :=  2, 
.0625   :    .125  :   .25   :  .5  :  I  :  2  :  4  :  8  :  16     whofe  Logarithm  is  s  =  8 -}-l —4 

. -,    :— 2: I  :  0  ;  I  :  2  :  "•   :    4     according  to  Z??//^  ijSi'o/.  4;  8, 1,4 

.    "*■      *         ^    "  •   -      D        ^    being  here   the  Logarithms  of  1 6, 

.125,  1 
S  c  H  o  L.  (J.  Whatever  Arithmetical  Progreflion  we  apply  to  a  Geometrical  one, 
they  are  Logarithms  only  to  that  Series  to  which  we  apply  them,  and  anfiver  the  Ends 
propos'd  only  for  thefe  particular  Numbers  ;  fothat  if  we  have  Logarithms  adapted  only 
to  parricuhr  Geometrical  Series,  they  would  be  of  little  Ufe.  Tlie  great  End  and  De- 
sign of  Logarithms  is,  the  Eafe  and  Expedition  of  Calculations,  by  faving  the  Laborious 
Work  of  Muhipliaiiion,  l2ivifion^  and  Extraciiov  of  Roots :  But  this  End  could  ne- 
ver be  compleatly  reach'd,  unlels  Logarithms  conld  be  adapted  to  the  whole  Syflem  of 
Numbers,  1.2.3.4.  ^^-  ^'^^  ^^  ^^'"'^  ^^V  ^^^  Excellence  and  Merit  of  the  Contri- 
vance, fo  alfo  the  Difficulty  ;  for  the  Natural  Syftem  of  Numbers,  1.2.3.4.  ^^'  tieing 
an  Arithmetical,  and  not  a  Geometrical  Series,  feems  rather  fit  to  be  made  Logarithms, 
than  to  have  Logarithms  apply'd  to  it  :  Yet  this  Difficulty  the  Excellent  Genius  of  the 
Renown'd  Author,  and  Unrival'd  Inventor  of  them,  j^the  l^ord.  Ne-per]  conquer'd.  And 
in  order  to  underftand  his  Method  of  Conftrufting  thefe  Logarithms,  Confider ; 

Tho'  the  Whole  Natural  Syfiem  of  Numbers,  1.2.3.4.  ^'■'  niakes  not  One  Geo- 
metrical Series,  and  cannot  by  any  Means  be  brought  within  one  fuch  Series  of  Determi- 
nate Numbers,  yet  they  may  be  brought  near  to  it,  within  any  aflignable  degree  of  Ap- 
proximation ;  which  may  be  conceiv'd  in  general,  thus :  Suppofe  a  Fraftion  infinitely 
fmall  reprcfented  by  x,  and  a  Series  Geometrical  arifing  from  i  in  the  Ratio  of  i  to  i  -\-  x, 
this  Series  is  reprcfented  by  1 :  i^.^'  :  i-^-x'  :  1  -f-  x'  :  i  -\-  x^  :  &c.  fome  of  whofe 
7'erms  rauft  coincide,  infinitely  near,  with  the  natural  Numbers  2.  3.4-  iic.  becaulc 
among  Numbers  that  arife  by  infinitely-fmall  Increments  [as  it  is  in  this  Cafe,  fince  the 
common  Ratio  is  infinitely  near  to  a  Ratio  of  Equality  ]  fome  of  them  muft  exceed,  or 
come  fiiort  of,  any  determinate  Number  by  an  infinitely  little  Excefs  or  Defeat :  Where- 
fore if  in  the  places  of  the  Terms  of  this  Series,  that  do  approach  infinitely  near  to  any 
of  the  natural  Numbers,  we  fiippofe  thefe  natural  Numbers  themfelves,  then  die  Series 
ivill  be  a  Geomei  rical  Progreflion  to  an  exaflnefs,  which  I  call  hide  finite  (and  not  Per^ 
feSl)  becaufe  the  approximation  of  its  Terms  to  the  natural  Numbers  can  never  end,  but 
goes  on  in  infimtum. 

R  r  r  Now, 
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Now,  15  this  Iinngin\l  Geometrical  Scries  comprehends  infinitely  ne.ir'the  v/lioleSyllem. 
of  Numbers  1.2.  ; :  &c.  fj  their  Indexes  comprehend  a  coniplere  Syilem  et'Ltgirichms 
for  the  natural  Syfiem  of  Numbers,  extended  to  any  Iciigch  ue  pleafe;  and  do  nnfwer  to 
all  the  preceding  DeHnirions  and  Rules :  For,  tho'  the  natural  Syltem  make  not  by  thera- 
felves  a  Geometrical  Series,  yet  they  are  conceiv'd  as  a  part  of  fuch  a  Series  ;  and  fb  the 
Logaritlims  are  the  Indexes  of  their  Diflances  from  Unity  in  that  Series  ;  or,  more  gene-, 
rally,  they  are  the  correlponding  Numbers  of  an  Arithmetical  Series  apply'd  to  tliat  Gej- 
metrical  one. 

But  again  olferve^  thnt  fince  we  cannot  affigii  an  infinitely-little  Fraftion,  therefore  in 
the  aflual  conHriidlion  of  Logarithms  we  raujt  be  content  with  a  determinate  degree  of 
Approximation  :  Whence,'  according  as  v.e  take  .v,  fo  in  the  Series  i  :  i  -\-' x  :  v^x^ :  &c. 
the  Approximation  of  its  Terms  to  the  natural  Numbers  will  be  in  different  degrees  ;  for 
the  leffer  x  is,  the  nearer  will  trie  Approximation  be  ;  but  then  the  more  are  the  Involu- 
tions of  2  -{-  A-  neceffary  to  come  within  any  determinate  dcgtee  of  nearnels  to  any  of  the 
natural  Numbers, 

Thus  then  we  may  conceive  the  abflute  PofTibility  of  maiingLi^garithms  to  the  natu- 
ral Syfiem  1.2.5:  &c.  to  any  deternfinate  degree  of  exaftnefs,  r/';^.  by  alljgning  a  very 
fmall  Fraction  for  x,.  and  aflual'y  railing  a  Series  in  the  Rat'o  f  i  to  i  -J-  a-,  and  taki;ig 
for  the  natural  Numbers  fuch  I'erms  of  that  Series  as  are  nearcft  to  them,  and  their  In- 
dexes for  the  Logarithms.  But  o^/tTj;^' alio,  that  to  conftruft  Logarithms  in  tliis  man- 
jier,  to  fuel)  an  extent  of  Niimbens,  and  degree  of  Focaflnefs,  as  would  be  necefiary  to 
make  Logarithms  of  any  confideraWe  ufe,  is  next  to  Impoflible  tons,  becaufc  of  the  al- 
moft  infinite  Labour  and  Time  it  would  require :  This,  however,  is  an  Introdudion  for 
iindcrftanding  t!ie  Method  of  the  Nobh  Invevtor,  who,  as  he  (no  doubt)  took  tlie  Hint 
of  Logarithms  from  the  Confideration  of  the  Indexes  oi  a  Geometrical  Series,  fo,  tocom- 
plcat  the  Invciition,  he  behov'd  to  hy  before  him  the  Idea  of  a  Geometrical  ProgrelTioii 
comprehending,  infinitely  near,  all  the  Terms  of  the  Natural  Series  :  bur,  that  the  Labour 
of  conllrucling  thefe  Logarithms  might  not  be  infuperable,  he  went  to  work  another  Way : 
For, 

From  the  Foundation  already  laid  down  in  the  Confideration  of  an  Infinite  Progredion, 
this  Conclufion  was  obvious,  viz.  That  if  the  natural  Numbers  were  comprehended  iii 
tliis  Series  to  an  infinite  or  indefinite  degree  of  nearncfs,  there  mufl  alfo  be  an  infinite  or 
indefinite  number  of  Means  betwixt  any  two  of  the  natural  Numbers,  or  fuch  Terms  of 
the  Progredion  in  whofe  places  we  fubftiture  them  :  And  upon  this  Pn>/rip!t  he  conftruflej 
bis  Logaritjiijis :  the  Method  of  which  I  Iball  explain  in  the  following  Problems. 

Problem    i. 

Betwixt  any  two  given  Integral  Numbers,  an  indefinite  Number  of  Geometrical  Means 
Being  fuppDs'd,  'tis  rec-juir'd  to  find  one  of  them  fo  approximate  that  it  be  within  an  al- 
fign'd  difPerence  of  a  given  Number  v;hich  lies  in  the  natural  Syftem  betwixt  the  former 
two  given  Numbers. 

R  V  I.  P..  Let  the  given  Extremes  be  call'd  A  (the  leder)  and  .;&(rhe  greater)  and  tlie 
given  Mean  C ;  Then,  betwixt  A,  B  find  one  Geometrical  Mean  ;  and  if//,  B  admit  not 
a  rational  Mean,  find  the  Approximate  to  any  number  of  Decimal  1  lares :  Call  this  Mean 
D  ;  and,  if  D  is  M'i  than  C,  find  a  Mean  betwixt  D  and  B  ;  but  if  D  is  greater  than  C, 
find  a  Nlean  bct\t-ixr  B  and  A  :  Call  ihis  fecond  Mean  E;  then,  a^  E  is  lelier  or  greater 
than  C,  find  a  tiiird  Mean  bctwi-.t  E  and  the  fird  Mean  Z),  if  this  is  contrarily  greater  or 
■'lellcr  rlnnC;  or  betwixt  Kand  the  cppofite  Extreme  B  or  A,  if  D  is  of  the  fime  q'jality 
with  E  (i.  f.  greater  orleKer  tlian  C,  as  E  is  )  ;  Call  this  third  Mean  F ;  and,  as  it  is 
iclTct  or  greater  than  6j  find  a  fourth  Mean  betwixt  it  and  that  pue  of  the  preceding 

Means 
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Means  which  is  next  greater  than  C^  but  if  all  the  pscccdliig  Mcsns  arc  cf  the  fame 
qiiiUcy  with  F,  find  a  Mean  bctwi:(t  F  nni  the  cppofite  l-ixtrcnie  B  or  A.  In  this  man- 
ner p.o  ijii  fiiiding  Geometrical  Means  approaching  till  you  find  one  within  any  Difference 
J  on  plcafc. 

Ex.imp.    To  find  a  Mean  in  the  Infinite  Series  betwixt  i  and  i?,,  which  approaches  to 

o  within  a  Difference  of- 

Op^rr,tio!t.  Betwixt  i  and  id  there  is  not  a  Rational  Mean  (forao  is  not  a  Square 
Number,  aj^.d  thf  Mean  is  t!ie  Square  Root  of  i  X  I3  or  lo)  but  I  find  one  approjimate 
to  7  riaceS  of  Decimals  {viz.  the  Number  in  the  Denominator  of  the  Fraflional  Difie- 
rcnce)  which  is  15; .  1 62  2777  &c  which  being  Icfs  ihan  p,  betwixt  it  and  1 0  I  find  another 
approximaie  Mean,  which  is  5  .62341  52  &c.  v/liicli  being  alfo  Icfs  than  9,  1  find  be- 
twixt it  and  13  ancther,  which  is  7  .  4989421  &c.  and  tliis  being  alfo  lefs  than  9,  I  firid 
betwixt  it  and  ID  another,  8.6596432&C.  which  being  yet  Icfs  than  9,  I  find  another 
Mean  betwixt  it  and  10,  ''i;^.  9.3057204  &c.  wliich  is  greater  Than  9,  therefore  I  find 
a  Mean  betwixt  it  and  8.6'5p6432,  (the  next  leffcrMean)  which  is  8.9768713  &r. 
wliich  being  lefstlian  9,  betwixt  it  and  9 .  3057204  Sec.  (the  next  greater  Mean)  I  find  a 
Mean  9  .  1 30S170  &-C.  greater  than  9,  wherefore  betwixt  it  and  8  .  976871 3  &c.  (the  next 
lefler)   I  find  a  Mean  p  .0579777  &c.  greater  than  9.     Going  thus  on,  you'll  find  at  the 

25th  Step  this  Mean,  8 .  (>()9999^  Sec.  which  wants  of  9  this  Fraflion, 


;•  A^-hich  is  lefs  than  the  prcpos'd  Difference, 


5000000  '  '    I 000000 

So  much  of  the  Operation  as  is  here  explain'd  you  fee  placed  in  Order,  as  it  was 
wrought,  in  the  Example  of  the  following  ProViem  2,  which  will  give  a  clearer  view  of 
it ;  the  reft  of  the  Steps  are  eafily  imagin'd  by  thefe  :  But  Olferve,  that  the  Means  beiusr 
fill  Approximates  which  requit'd  Decimal  Places  in  the  cxtradlion,  therefore  the  given 
Numbers  i,  10  are  taken  in  the  Operation  with  as  many  o's  as  the  Approximate  Mean 
ought  to  have,  which  has  the  fame  Effect  in  the  Operation,  fiace  i  :  10  :  :  looooooo.; 
:  looqoocco ;  fo  that  a  Mean  bet  wixf  1,10  is  the  fame  as  betwixt  1 0000000  :  ngooooooa' 

De  mo  n.  Ail  tliat's  r.eceffary  to  be  faid  as  to  the  r^afon  of  this  Operation  is,  iii 
fliort,  this  ;  That  if  at  every  Step  of  the  preceding  Operation  we  conceive  the  Series  to 
be  fill'd  up  betwixt  die  given  Extremes,  in  the  Ratio  that  every  new  Mean  makes  with 
the  Terms  betwixt  w-hich  'tis  taken,  we  can  thus  carry  on  the  Number  of  Means  in  bifi- 
niUim  ;  fo  that  the  Means  thus  found  are  fiill  a  part  of  the  infinite  number  of  Meaiis  fup- 
pos'd  to  lie  betwixt  thefe  Extremes  :  Wherefore,  by  affuming  any  two  Numbers  of  tlie 
Natural  Syftcm,  we  can  thus,  find  Approximates  to  all  the  intermediate  ones  within  any 
"aJTign'd  Difference,  and  fuch  too  as  Ihall  make  a  Geometrical  Series  indefinitely  nea'r^  ' 

S  c  H  o  L .  7.  Let  us  now  fuppofe  any  Series  Geometrical  from  i,  as,  i  :  2  :  4 ;  &c.  or 
t:  10  :  100:  &c.  it  is  plain  how,  by  the  Method  of  this  Prohlem,  we  can  find  Meali 
'Terms  betwixt  each  of  thefe,  fo  nearly  approximate  as  to  make  of  the  whole  one  Geonie- 
'trical  Series,  to_ an  indefinite  degree  of  exaftnefs ;  and  among  which  we  can  find  Terms 
approaching  within  any  Difference  of  any  of  the  Intermediate  Natural  Numbers.  But 
O'hffrve  alfo.  That  if  the  Conftruftion  of  Logarithms  requir'd  the  finding  the  Approxi- 
mates to  every  one  of  thefe  Intermediate  Numbers,  the  Labour  would  ftilf  be  intolerably 
great :  which  is  prevented  by  the  Confideration  of  the  Fundamental  Principles  and  Rules 
dif^giritbms  ;  ,as  in  the  next  frohlen:. 

i  :■■  .     '■■■■;    ..."  .     :       .  '■.  '  '    .  .      . 

-       '  •       Rrir  2  fRO. 
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Problem    2. 

To  Conftruft  or  Find  Lo  g  a  r  i  t h  ms  /^i*  ^^f  Natural  Sy^em 
of  Numbers  1.2.3.4.  ^'-"'  carried  to  any  Extent. 

n  SOLUTION. 

1.  Take  the  Geometrical  Progreflion,  i  :  lo  :  lOO  :  &c.  to  which  apply  as  Loga- 
rithms tlie  Arithmetical  Series  0  .  I  .  2.3:  &c.  vi^.  o  the  Logarithm  of  I,  1  tlie 
Logarithm  of  lo,  and  fo  on;  then 

2.  For  the  Logarithms  of  the  IiUermediate  Ni;nibers,  the  General  Rule  is  tliis ; 
Find,  by  the  preceding  Problem,  a  Mean  betwixt  i  and  lo,  or  lo  and  lOO,  or  any  two 
adjacent  Terms  of  tlie  Series  betwixt  which  the  Number  propos'd  lies,  fb  approxLiiiue 
that  it  be  within  the   propos'd  Limit  of  the  N Limber  whofe  Logarithm  is  foi'ght ;  for 

example ,  fo  near  that  it  want  not  — ■ —   rwherebv,  if  it's  taken  lefs  than  that  Num- 

'  I000300    ^  •' 

ber,  'twill  neceflarily  have  in  the  Integra)  part  a  Number  wanting  i  of  it,  and  the  Deci- 
mal part  will  have  9  in  6  Places  immediately  after  the  Point  :  But  if  the  Denominators  of 
the  limiting  FradUon  ins  any  other  Number  of  o's,  die  approximate  Mean  muft  have  as 
many  51 's  immediately  after  the  Point.]  Then,  betwixt  the  Logarithm  of  i  and  10  (or 
other  two  Tejms  betwixt  which  the  Number  lies)  find  as  many  Aii<limetical  Mc:ins  in 
the  fame  order  as  you  fjund  Geometrical  Means  betwixt  i  and  10  ;  and  thus  you  find  gra- 
dually the  [.ogarithms  anfwering  to  each  ot  thefe  Geometrical  Means,  and  confequently 
the  Logarithm  c  f  the  Mean  a  pproximate  10  the  Number  propos'd,  which  we  tiieretore 
take  fDr  its  Logarithm. 

Demon.  That  Logarithms  thus  found  to  all  the  Intermediate  Numbers  betwixt 
the  Terms  cf  tlie  Series  I  :  10  :  100:  &c.  are  true,  and  muft  anfwer  to  the  preceding 
Rules,  is  clear,  becanfe  they  are  ff^undby  thofe  very  fundamental  Principles,  whereby  the 
Logarithm  of  aGeniietrical  Mean  betwixt  any  two  Numbers  is  neceilarily  an  Arithmeti- 
cal Mean  be-wixt  the  Logarithms  of  thcfe  two  Numbers :  And  as  all  the  Geometrical 
Means  thus  found  are  part  of  the  infinite  number  of  Means  fuppos'd  betw^ixt  any  two 
Terms  of  this  Seiies,  fo  the  Arithmetical  Means  thus  found  muft  likeways  be  their  Cor- 
lefpondents  among  the  infinite  number  of  Arithmetical  Means  lying  betwixt  the  Loga- 
rithms of  tliefe  two  Numbers ;  and  hence  the  Logarithms  are  truly  found,  according  to 
the  detennin'd  degree  of  approximation. 

Ohferve  alfo  in  the  following  Example,  thatbecaufe  in  halving  the  Sum  o£ two  Logs*, 
fithms  to  find  the  Arithmetical  Mean  there  will  be  Frailions,  Therefore,  either  to  pre* 
vent  this,  or  to  find  them  in  Decimals,  the  Logarithm  of  10  is  made  i.oooooo  (inflead 
ct  1)  ;  -thnt  is,  I  with  as  many  o's  as  are  in  the  Denominator  of  the  limiting  FradJion 
within  which  the  approximate  Mean  was  determin'd  ;  whence  all  the  other  Logarithms 
will  have  as  many  Decimal  flaces.  And  the  Logarithms  thus  found  may  be  conlider'd 
either  as  altogether  vcbole  Numbers,  or  as  mx'd,  for  the  Efteft  will  be  the  fame  ;  becaufc 
by  confidering  them  as  -a-bok  Numbers,  they  are  only  the  equal  Produtts  of  what  they  arc 
when coiifider'd the  other  way;  and  therefore,  either  way,  they  are  correfpondent  1  erras 
of  an  Infinite  Arithmetical  Irogrcfiion  ad  ptcd  to  an  Infinite  Geometrical  one  ;  for  if  they 
are  fo  when  confider'd  as  wz/vV  Numbers,  or  when  the  Logarithms  of  i  :  10  :  lOO,  &c. 
arc  0  .  I  .  2,  &c.  they  muft  be  fo  when  confider'd  as  Integral,  or  when  the  Logarithms 
of  I  :  10  :  100,  &c.  are  ocoooo  .  iococgo  .  20COC00,  &c.  fiiice  an  Arithmetical 
Progrcflioii,  equally  multiply 'd,  coijtijioes  flill  Arithmetical. 

Ih 
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In  the  following  Scheme  you  fee  the  Order  of  die  Operation,  wliereby  the  Logarithm 
of  9  is  found,  carried  to  the  8th  Step,  which  is  fufficient  to  illulirate  and  make  plain  the 
left  of  the  Work  for  this  or  any  other  Example. 

Order  of  the  Oferation  wherely  U  found  the  Logarithm  of  ^. 


Numbers.      jLogarithms  1 1             j     Numbers.    |  Logarithnas.  | 

Given 

A 

I . oooooob 

0 .0000000 

F 

8.65964321 

o-P375oob 

ift  Mean 

C 

3 . 1622777 

0 .  5000000 

5th  G 

p. 3057204 1 

0.9687500 

Given 

B 
I' 

10.0000000 

3.1622777 

I . 0000000 
0.5000000 

B 
G 

10 .  0000000 

r . oooocoo 

p. 3057204 

0.9087500 

2d 

D 

5.6234132 

0 .7500000 

ith  H 

8.P768713 

0.9531250 

B 
D 

I D . 0000000 

I  . 0000000 

F 
H 

8.659643: 
8.P70871:; 

o.p 375000 

5.6234132 

0.750000c 

.5.P531250 

3d 

E 

7.4?8p42i 

0.875000c 

7th  / 

p.  139817. 

o.p6op375. 

B 

'e 

10 . 0000000 

I .0000000 

0.875000c 

/ 

p.  3057204 

o.p687500. 
o.p6op375 

7. 498342 I 

9.1398170 

4th 

F 

8.65P6431 

0.9375000 

Sth  K 

9'057P777 

0.P570312 

\b 

10.0000000 

I . 0000000 

n 

8.P768713 

0.P531250 

VN'hicli  carried  on,  the  2  5th  Mean  is     8  .  9999PpS  |  0 .  9543425 , 


In  the  fame  manner  may  we  find  the  Logarithm  of  any  other  Number  betwixt  1  and  lo, 
or  becwixc  10  and  100,  &c.  Obftrvi'  alfo,  that  having  found  the  Logarithm  of  any  Mean 
betwixt  I  and  ic,&c.  we  may  eicher  ufe  the  fame  Extremes  i,  10  for  finduig  any  other 
Mean  and  its  Logarithm,  or  we  may  ufe  any  other  two  Extremes  whofe  Logarithms  are 
already  known.  Thus,  having  found  the  Logarithm  of  p.  To  find  that  of  8,  or  2,  or  any 
Other,  we  may  ufe  i,  ic,  or  i,p.  And  if  we  have  the  Logarithms  of  7  and  5,  we  may 
ufe  thefe  for  finding  that  of  6  ;  andfo  of  other  Cafes:  And  it  will  be  beft  to  chufe  the 
Extremes  as  near  to  one  another  as  we  can.  'l"he  Reafon  of  the  Work  is  .fliU  the  fame, 
becaufe  betwixt  any  two  Terms  of  the  natural  Syftem  we  fuppofe  an  indefinite  number  of 
Means. 

Again  Obferve,  That  tho'  this  General  Ruh  is  good,  yet  to  find  all  the  intermediate 
Numbers  betwixt  i  and  lo,  10  and  100,  &c.  in  this  raauiier  would  be  an  eiidlefs  Labour, 
which  ii>  fav'd  by  the  following 

T articular  Rules. 

I***  Having  by  the  General  Rule  Kiund  the  Logarithm  of  any  Number,  the  Logarithms 
©fall  the  fuperior  Powers  of  ic  are  found  by  fimply  multiplying  the  Logarithm  of  that 
Nuiribei  mto  tbe  Serits  of  Indexes  of  all  the  fuperior  Powers,  viz.  2.3  .  4  .  &c.  which 

produt^ ; 
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produces  tlie  Logaritlims  oFits  fqiiarcCubc,  £-?<•.  Tlw  Reafon  of  this  is.cojitaiii'd  in  rlie 
'J,'h.irdCi:'>/e>v^l  Jivie:  So  liaving  the  Log.imlira  of  2,:*ve,  Inv^c  tlic  Lcgarithms  of  its 
Powers/^  .  8  .  16  .  &c.  if  wc  mu]rip!y.,the  I^pgarithiiijpf  .2  by."?,!  5^,4;'.&c.  fuc«.(j' 

lively.  .  "    '        ""  ' '■"    '      '  '     .         ■  '  '  ' 

2°-  Having  found  by  tlie  General  Rule  the  Logarithm  of  any  Power,  divide  it  by  the 
Index  of  the  I  ower,  andthe  Rule  is  thiC  Logaritlini  of  the  Root :  The  Reafon  is  con- 
ta.'n'd  in  tlic  Fourth  General  Rule. '  Tims  having  found  the  Logarithm  of  <?,irs  half  is  the 

Logarithm  of  ^,  the  frjnare  Root  of  p.-  ---•  —        .        ^,- 

5°-  Havjog  found  the  Logaritluus..pfjx4^hv6-^"to3rc.NnTnb(^ffe',-  (  as  of  2  and  i  )  we 
Inve  the  LCj^aritimi  of  their  l'rpdu£t  (6)  by  adding  their  Logdritlim's  into  one  Sum  ;  as 
i'!  the  Firft  General  Ririe.  ■    ' 

4°'  Having  the  Logarithm  of  any^  Number,  and  of  another  which  nieafures  i^  we 
Inve,  by  the  Second  General  Rule,  the  Logarithm  of  the  Quote  or  Number  by  v;hich  the 
leffer  meafiiiej  the  greater :  Thiis,  from  the  Logi'-'ii^iifn  of  lO  take  that  of  2,  and  the  re- 
mainder .is  the  Logarithm  of  "5..       ■  •  '  .     ~     •'■   5   ■  ! 

From  thcic  Rules  tlieref-ire  it's  plaiji  how,  with  miKh  Icfs  Labbui;  tJnn  applyii:g  the 
Gencra-t  Rfile'tb  every  Nnmbcr,'  w6  can  gompleat  a'Syfrem  of  Logaritlliras :  And  to  go  on 
regularly  uith  the  Application,  the  natural  Method  is- obvioully  this,  -.iz. 

Apply  the  GcnerriJ  Rule  to  Prime  Numbers,  and  then  by  thefe  find  the  Logarithms  of 
■their  Powers  and  Produfls, 'thus ;  By  the  Logarithms  of  2  and  3  we  find  that  of  6, 12,  2|, 
and  all  in  tliat  Progrcflion  :  Alfo  of  iS,  .54,  162,  and  all  in  that  ProgreOion  :  And,  Ijfily, 
of  36,  216,  1295,  and  ail  in  that  Progreflim  :  Other  Applications  are  eafily  concciv'd 
'by  this;  Ohfa-veaKo,  that  tlie  Prime  Numbers,  2  and  5,  do  not  both  require  the  Ga/e- 
ral Eule,  becaufe  hc  jiave  the  Logaritlim  of  10  affuni'd,  and  ir  is  —  2X5-  Again j 
•it's  fomctimcs  as'  convenient,  or  rather  better,  to  find  the  Logarithm  of  the  Square  of  a  ■ 
Prime  Number  by  the  General  Rule,  and  then  the  Logarithm  of  the  Root  by  the  Pnni' 
c'dlr.r  Rules ;  lb  we  may  chufe  to  find  the  Logarithm  of  p  by  the  General  Rule,  and  then 
i:s  half  is  the  Logaritlini  of  5. 

S  CH  p  1. 1  u  M  8  •  Upon  the  Foundations,  and  by  the  Rules  nov/  explain'd",  ^vere 
the  Lo'giritbins  firfi  calculated,  which  we  iiavc  in  our  prefenc  Tables,  (tbo'  they  have 
been  conftruiSled  anew  by  Methods  incomparably  eafier).  It's  true  indeed,  that  in  the 
Firft  Logayithms  m^Ach)'  x\\c  lipoid.  A^eper,  the  Logarithms  of  i  :  10  :  lOO&c.  were 
•o  her  .Numbers  than  0.1.2.  &c.  but  afterwards  he  chang'd  them  into  thefe, 
ivhich  were,  after  his  Death,  further  oompleatcd  and  carried  on  upon  this  Foundation 
hy'- Mr.  Henry  Brings,  by  a  Method  alfo  fomcwhat  different  from  AV^t-Zs,  yet  equally 
Jabot'iol^s.  , '  •  '•  •      ' 

'  'Wherc'-ever  yoa  find  Tables  .6f  Logarithms,  you'll  find  alfo  Direflibns  for  the  Ufeof 
them;  And  thcreiore.fince  I  refer  yoii  to  otlitr  Books  fof  Tables -f  and  you  I  tare  Books 
■containing  nothing  but  Tables,  as  Oznnnm'^'  and  Shermin'i,  which  lift  are  the  beft  eytanr) 
I  (hall  add  nothing  to  the  general  Rules  already  delivered,  which  do-  fufficiently  ibew  the 
Praftice  and  Ufe  (\i- Logarithms  :  For  what  is  more  to  bfe  faid  as  to  the  Uft  of  Tables 
relates  only  to  the.  different  Methods  of  difpofing  tlie  Numbers  and  Logarithms  in  the  Ta*' 
bles,  which'  every  Book  of  Tables  explains  ;  bur  fiill  there  remaihs  a  few  Articles  to  be  €x- 
^ilaiiied,  concerning  tlie  finding- Z;«)5/?r7/^;?;j- '-for  N ambers  tliat  are  nof  contained  in  your 
Tables,  or  Numbers  correfponding  to  Z.o^jWf/^;Hj  ;  which  being  the  re(ult -of  an- Opera- 
tion with  Logarithms  found  in  the  Table,  are  not  themfelves  exactly  fnmd  in  the  Table  ; 
Thefe  things  I  ihall  explain  in  the  follovyipg  Problems ;  but  firft  PJl  difpatch  thefe  Obfer- 
vations. 

X.  That  there,  may  be  great;  Variety  in^  the  Syftepisof  Logaj'tthm^^,  which  depends 
I  '  ■    "  ...  «     .  • .  „ 

L 


in  general,  upon,  thefe  two  things,  wz.  The  fundan-ietual, Geometrical  progrdlion,  \vlictf9  « 

'%ar!thms  wc  afTume.^  Jor  that  ufiay ,be. j  ;  ^. i^  :,i8,i ^c,_Qi..\, : .3.  :.J^ f  27f,^i;.9hi hiS>i  M 


'',^tM~i        ■      ■  ■  ^°°-- 
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109  :  loco,  &r.  Then  the  different  Arithmctrical  Frogreflioiis  we  niay  nffHme  for  the 
I-o^tirithms  of  this  Geonietrical  one  :  For  thus  Leg,iyi1/j./iS  may  be  varieJ  infiiiircly  ;  yet 
they  will  not  be  all  alike  conveiiieiit.  '1  he  coiuideratioa  of  which  obliged  the  Iiiver.- 
ter  to  change  his  firil  Lc^arilb<ris  into  otiiers,  whofe  fuiiJaniental  Progteifion  is  x  :  ic: 
lop  :  Sr.    and  the  Lo^aritbms  O.I  .  2  .  Kr.  which  are  thofe  now  ufed. 

2.  '1  he  great  Advantage  and  Conveniency  of  the  Logarithms  now  in  Ufe  is  this, 
That  the  Inregral  part  in  eveiy  Lcgiiritbm  ihews  howm^ny  Figures  after  the  Place  of 
Units  the  correfponding  Number  contains,  wlience  that  Number  is  called  the /vi^t'>c  or 
i  hnraSlerrftick  of  the  Logirithm.  Thus  all  the  Numbers  from  1  to  10  exclulive^  con- 
fill  of  one  .Figure:  For  the  Logarithm  of  1  being  o,  and  that  of  10  being  i,  there- 
lore  the  Lo^arithins  of  all  the  intei-mediate  Numbers  inuft  be  Decimal  Fractions,  and 
fo  Juve  o  tor  tlie  Integral  part  or  Charaileriftick.  Again  :  the  Lognithm  of  10  be', 
ing  I,  and  of  loo  being  2;  ail  the  intermediate  Numbers  nuifi  have  i  for  their  Inte- 
gral part  or  Index  j  and  fo  on.  The  Benefit  of  this  is  remarkable  in  finding  the  Lcga. 
ritbms  of  Numbers  that  are  in  a  decuple  Progrellion,  having  the  Lcg.iritb-H  of  any  one 
cf  them,  (and  confequently  for  Decimal  Fraflions)  becaufe  the  Loguritbm  of  i  being  c, 
■that of  10  being  i,  and  thatof  loo  being  2,  and  fo  on ;  it  folbws  that  the  Lngnritbm  oFthe 
ProducEt  or  Quote  of  any  Number  by  i?,  is  had  by  adding  1  to,  or  fubilradting  i  from  the 
Logaritbm  of  the  given  Number  A  ;  becau'e  i  :  10  :  :  ^  :  lo  X  ^>  whofe  Lrgtrith.n 
is  therefore  the  Sjm  of  tiie  Lrgarhhms  of  A  and  lo  ;  and  I3  X\,4  -j-  10  =  ^  whofc 
Logariibm  is  the  difference  of  the  Lcg.^rithms  cf  10  X  ^'^j  and  of  10. 

From  this  it  is  plain  that  the  Logirithms  of  Num-  ■ 

Logarithms,     bers  in  a  decuple  Progreflion,  differ  only   in  their 

5.8291751       Indexes,   whicli  differ  gradually  by  i. 

4.8291751  A  further  Application  of  this  to    pure  Decimal; 

5.8251175 1       Fraclions,   you'i  find  in  the  following.  Frohl.  5. 


Numbers. 
Exa.    674800 
67483 

6748 

674-8 

67.48 

6.748 


2.8291751 
1.8291751 
0.8291751 


Problem    2. 


To  find  the  Lcg.T-itb'n  cf  an  Integral  Number  exceeding  tlie  Limits  of  any  Tabic: 
o^  Lcgnriihms ;  tor  Exa.  exceeding  ic,000  i  to  which  our  common  Tables  aie  car-- 
ried. 

Rule.  Take  as  many  Figures  on  the  left ,liand  of  the  given  Number  as  yon  can 
find  in  die  Table  [i.e.  4  of  the-m  if  the  Limit  of  the  Ta'ble  is  io,coo,-  or  5  if  it  is 
loo,COc]  and  in  place  of  the  Figures  cut  off  from  the  right  hand,  annex  o's^  fo  this  will 
exprefs  a  Number  Jefs  than  the  given  Nuniber  :  Again,  to  the  Number  e\prefs'd  by  the  Fi- 
gures taken  on  tlie  left  hand  add  i,  and  on  the'right  of  the  Sum  annex  as  many  o's  as 
the  Number  of  Figures  cut  ofi  the  right  hand  of  the  given  Number,  and  thij  will  be 
a  Number  greater  hm  it :  Then  take  the  difference  of  thefe  two  Numbers,  which  are  the 
one  lelfer,  and  the  other  g-eater  tlian  the  given  Number  j  alfo  the  difference  of  the  given 
Number,  and  the  Number  lelfer  than  it  (which  diffeicnce  eonlifts  of  the  Figure  cue  clf 
the  right  hand)  and  make  this  Proportion, 

As  the  difference  of  the  Numbers  greater  and  leffer  than  the  given  Number 

is  to  the  difference  of  the  icj;_w/Z'//7i  [which  can  be  found  by  the  Tables  ; 

and  the  preceding  fecond  Gbfervation.] 
So  is  the  difference  of  the  given  Number,   and  that  lefler  than  it 
I  T'  ih;  diflerenc;  cf  their  Z.''^7»';f//»j,  which  therefore  added  to  the  Zc^g?.  . 

ritbmoi  that  leffer  Number,  gives  tlie  Logiritbm  of  the  Number  propoied. . 
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jEvf?.  To  find  the  Lc^nrlthm  of  123459  from  a  Table  carried  only  to  loooc.  The 
two  Numbers  lelfer  and  greater  than  12345P,  taken  according  to  the  Rule  are  12^00, 
and  123500,  whofe  LtgarHhms  are  5.0913152,  and  5.091 6670,  tor  the  Logarithm ci 
1234  is  3OP13152;  towliich  add  2,  theZe^jr/V/?/;?  of  100  (becaufe  1234.00=:  1234X10^;) 
the  Sum  5.0913152  is  the  Logarithm  e.t"  123400.  Alio  the  Lcg^uiihrn  of  1255  is 
■^yOyi66ja,  and  fo  that  of  123500  is  5.0P16670  ;  and  the  proportion  is 

from  123500  5.0916(370  123459 

-take    123400  5.0913152  123400 


As  100,  is  to  .0003518,  fo  is  59  to  .CO020756  Bcc,  which  added 
to  5.0913152,  the  Logarithm  of  123400,  the  Sum  is  5.09152276  &c,  the  Logarithm 
of  123459  nearly.  But  if  we  ufed  a  Table  carried  to  looooo,  the  Logarithm  fought 
would  be  5  .09152278  nearly  :  And  flill  the  more  of  the  Figures  of  the  propos'd  Num- 
Jber  we  have  in  the  Table,  the  nearer  or  more  exa£t  will  the  Logarithm  be  found. 

Demon.  The  Reason  of  thi;  Rule  is  founded  upon  this ;  That  the  greater  any 
Numbers  are  in  refpefl  of  their  Differences,  the  nearer  thofe  Differences  are  to  being 
proportional  with  the  Differences  of  their  Logarithms,  To  underffand  which  clearly, 
Confider,  i  °-  That  if  we  take  the  natural  Syftem  1.2.3.4.  Jic.  the  farther  it   is 

continued,  the  Terras  are  the  nearer  to  a  Ratio  of  Equality  ;  for  -  is  greater  than  — ,and  2- 

2  T  .  ^  24 

greater  than  — ;  and  fo  on  :  Whence,  the  farther  from  the  begiiuiing  we  take  anytwo  ad- 

3 
jacent  Terms,  the  nearer  they  ftand  together  in  the  infinite  Scale  of  proportionals  from  1. 

Thus  fince  1 :  2  : :  3  :  6,  therefore  there  fill  as  many  Means  betwixt  1  and  2,  as  betwixt  5 

and  6,  and  confequently  more  than  bet\vixt  3  and  4  ;  and  fo  it  is  thro'  the  whole  natural 

Syflem,  confidered  now  as  a  part  of  the  infinite  Progreffion  from  i.     But  again,  2°,  the 

Logarithms  of  thefe  Numbers  are  their  diftances  from  1  in  the  infinite  Progreffion,  i,  e. 

the  number  of  the  intermediate  Ratio's ;  (or   they  are  in  proportion  to  one  another  as 

thefe   Numbers  ;)  fo  that  the  difference  of  the  Logarithms  of  any  two  Numbers,  is 

the  Number  of  intermediate  Ratios  in  the  infinite  i-'r-ogrefllon  betwixt  thefe  two  Num. 

bers ;  and  from  hence,   with  the  preceding  Article,  it  plainly  follows,  that  the  differences 

of  the  Logarithms  of  the  natural  Syftem  do  continually  decreafe.     3°'  T'iie  Ratios  of 

the  fevcral  Terms  of  the  natural  Syftem  do  fo  grow,  as  that  if  we  take  any  three  adjacent 

Terms  ;  the  farther  they  are  taken  from  the  beginning,  the  nearer  they  approach  to  being 

Geometrically  proportional :  Thus,  to  i,  2  a  tliird  proportional  is  4,  which  exceeds  3  by  i. 

To  2,  3  a  third  -jf/  is  4  —  ,  which  exceeds  4  by  — .  To  3  :  4  a  third  tt  Z  is  5  —  which 
22  3 

exceeds  5  by    — ,  and  fo  on,  the  third  ~./  to  any  two  Numbers  adjacent  in  the  Series 

exceeds  the  third  Term  in  the  Order  of  the  Series,  by  fuch  an  aliquot  part  of  U- 
nity  as  is  denominated  by  the  leafl  of  the  given  Numbers ;  confequently  thefe  eicelles 

become  lefs  and  le(s ;  for  this  Series  does  conftantly  decreafe  —  .  —  .  —  ,  &c.  i.  e.  e- 

.234. 
very  Term  ot  the  Series  wants  lefs  and  lefs  of  being  a  true  third  ^7  to  tlie  two  preceding 
Terms ;  and  what  they  want  being  certain  determinate  FraSions  which  grow  infinitely 
little,  or  lefs  than  any  affignable  FraSion,  therefore  the  Terms  grow  infinitely  neat  to 
fceingr-f-/.  From  whence  4<''  The  differences  of  the  Zlo^fJn'fZ'WJ  of  the  feveral  Terms 
of  the  natural  Syftem  decreafe  fo  as  to  approach  Lifinitely  near  to  being  equal.  And 
lince  the  differences  of  the  Terms  of  the  natural  Syftem  are  all  equal :  Hence  it  tollows, 
5°*  That  taking  any  three  Terms  in  the  natural  Syftem  (tho' not  immediately  adjacent) 

the 
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tlie  difference  of  the  Extremes  is  to  the  difFereiice  of  the  Mean  and  either  Extreme  in  a 
Ratio  uliich  approaches  nearer  and  neargr  to  the  Ratio  of  the  diftercr.ces  cF  the  I.oga- 
ritlims  of  tlie  fame  Terms,  the  farther  thefe  Terms  are  taken  from  the  beginning,  and  the 
nearer  they  fland  together  at  the  fame  time,  i.e.  the  greater  the  Numbers  are  with  rc- 
Ipeft  CO  their  Differences.  And  this  ahb  (hews  the  Reaf^n  why  the  Rule  is  more  ex«'£l 
and  true  in  finding  the  Lcgariihm  fought,  the  more  of  the  Figures  of  the  given  Number 
we  have  in  the  Table  ;  for,  by  this  means,  the  Numbers  are  the  greater,  and  their  Diffe- 
rences the  leffer. 

Obft'Vve  ;  If  the  Number  given  is  compos'd  of  two  or  more  Numbers  within  the  Table, 
then  the  Sum  of  their  Logarithms  is  that  fouglit :  But  if  it  is  a  Prime,  we  muft  either  ufe 
the  Method  of  this  Problem,  or  Problem  2d  :  But  this  Problem,  as  'tis  eafier,  Co  'tis  exact 
enough  for  any  Numbers  we  can  have  Ufe  for,  which  are  not  in  Tables,  thefe  being  car- 
ried to  icooo,  and  fome  to  1 00000. 

Problem   4. 

•  To  find  the  Number  correfponding  to  any  Logiriibm,  which  being  the  Refult  of  an 
Operation  with  Logarithms  found  in  the  Table,  is  not  it  felf  found  exactly  in  tlie  Table. 

i°-  If  the  Characterillick  and  firft  4  or  5  Figures  of  the  Fractional  Part  of  your  Loga- 
rithm is  found  in  the  Table,  that's  near  enough  for  common  ufe  ;  and  the  Number  found 
againft  fuch  a  Logarithm,  or  that  one  of  feveral  fuch  that  is  neareft  to  the  given  Loga- 
rithm, you  may  take  for  the  Number  fought.  But  if  you  would  have  it  exacter,  or  that 
you  cannot  find  a  Logarithm  having  fo  many  of  the  Figures  of  the  given  Logarithm  j 
Then, 

2°-    Take  the  two  Logarithms  in  the  Table  which  are  next  greater  and  leffer  than  the 
given  one,  and  alfo  their  correfponding  Numbers,  and  make  this  proportion : 
As  the  Differen.ce  of  the  greater  and  lefler  Logarithms 
is  to  the  Differeiice  of  their  correfijonding  Numbers, 
So  is  the  Difierence  of  the  given  and  next  leller  Logarithm 

to  the  Difference  of  their  correfponding  Numbers.  [Which  Difference 
added  to  the  Number  correfponding  to  that  leffer  Logarithm,  makes  the  Number  cor- 
refponding to  the  given  Logarithm  neatly.] 

Demon.     TheReafon  of  this  is  in  the  laft  Problem,  of  which  this  is  but  the 
Reverfe. 

Exa.  Given  this  Logarithm,  .4669347;  the  next  leffer  and  greater  ( in  Zherwins 
Tables)  are  .  3010500,  the  Logaridim  of  2,  and  .4771213,  the  Logarithm  of  3  j  and 
the  Proportion  is  thus  form'd  j 

from  .4771213  3  .4669347 

take    . 3010300  2  .  3010300 

As,    .1760195,  is  to  I,  fo  is.  1659047,  to  .94215  &c.      Which  added 
to  2, makes  2.94215  &c.  the  Number  fought  nearly. 

But  we  may  work  another  Way,  and  fomewhat  more  exaftly,  thus :  Seek  among  the 
Logarithms,  two  whofe  Fraflional  Parts  are  next  leffer  and  greater  than  the  given  Loga- 
rithm (which  is  a  Fraflion)  thefe  are  4.4669269,  the  Logarithm  of  29304;  and 
4.4669417  the  Logarithm  of  29305  :  But,  taking  away  the  Charaaerifticks,  the  Fraflio- 
nal  Parts  are  Logarithms  to  the(e  Numbers,  2.^304  and  2.930s  (according  to  what 
has  been  explain'd  in  the  Scholium  after  ProM.  2.  ;  Wherefore  the  Operation  is 

S  s  s  from 
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from  .465^417  2.P305  .466P347 

take   .4669269  2.P304  .4665326P 

As,  .00OC148  is  to  .0001,  fo  is  .0000078  to  .oooo<,2:  But  the  Re- 
mainder of  the  Divifion  is  fuch  as  makes  the  neareftaiifwer  ,000053;  which  added  to 
2.9304,  makes  the  Anfvver  or  Number  fought  2.930453  ;  which  is  lefs,  and  more 
exafl,  than  the  former  Anfwer. 

From  this  Example,  duly  confider'd,  there  will  be  no  Difficulty  to  folve  any  other  ; 
wherefire  I  Ihall  only  add  this  general  Direftion,  vi:^.  If  the  given  Logarithm  is  a  Mix'ii 
Number,  we.  may  find  a  Number  anfwering  the  Fraitional  Part  of  the  Logarithm,  by  this 
laft  Method,  and  then  multiply  this  Number  by  i  with  as  many  o's  as  there  are  Units  in 
the  Index  of  the  Logarithm ;  the  Produ£l  is  the  Number  fought.  The  Reason  is  obvious 
from  what  is  explain  d. 

3<^*  If  the  given  Logarithm  has  a  greater  Charafterifiick  than  any  in  your  Table,  feek 
a  Number  anfwering  the  greatefl  Index  in  your  Table  with  the  Fraftional  Part  of  your 
Logarithm,  by  the  Method  of  one  of  the  preceding  Articles  ;  Then  multiply  that  Num. 
ber  by  I  with  as  many  o's  as  the  Number  by  which  the  given  CharailerilUck  exceeds  the 
greateft  in  your  Table,  and  that  is  the  Number  fought. 

But,  in  fjme  Cafes,  we  can  find  the  Number  fought  more  exaflly,  thus  ;  Seek  a  Loga- 
rithm whole  Fraftional  Part  is  neareft  to  that  of  the  given  Logarithm,  without  regarding 
the  Index;  then  take  the  Number  correfponding  to  that  Logarithm,  and  divide  ir  by  i 
with  as  many  o's  as  the  number  of  Units  by  which  the  Index  of  that  Logarithm  exceeds 
die  given  Index.  See  aii  Example  of  this  iii  the  following  Rule  for  reducing  a  Vulgar  to 
a  Decimal  Fraftion.. 

P  R  O  B    L  E  M      5. 

to  find  the  L  o  g  a  r  i  t  h  m  0/  ^  F  r  a  c  t  i  o  n  *,  and  Reverfehy, 
a  Fraction  from  /Vj-  Lo  g  a  r i  t  h  m. 

There  are  various  Ways  of  finding  and  expreffing  the  Logarithms  of  Fraftt-^ns. 
ift  Method.  Subtraift  the  Logarithm  of  the  Denominator  out  of  that  of  the  Nume- 
Tator  the  Remainder  is  the  Logarithm  of  the  Fraflion  :  But,  Ohferve,  if  it  is  a.  proi>er 
Fraftion  then,  becaufe  the  Numerator  is  lefs  than  the  Denominator,  fo  is  its  Logarithm 
lefs  than  the  other's  Logarithm,  and  confequently  the  Subtradion  is  impollible  :  Where- 
fore we  muft  fubtraft  the  Logarithm  of  the  Numerator  out  of  that  of  the  Denominator,, 
and  the  Remaiuder,  taken  negatively,  is  tlie  Logarithm  fought. 

Exa.  I.    The  Logarithm  of  ^-^  i  =  19— j  is  i  .  2853698 ;    fbr  the  Logarithm 

24     V  24  /  U        k 

of  46''  is  2  .6655810;  aiid  that  of  24  is  i.  3802112,  which  exceeds  the   other   by 

1 . 2853698. 

Exa.  2.  The  Logarithm  of  ^  is -I.  0667791;  for  the  Logarithm  of  74  is 
1 .  8692317,  and  that  of  863  is  2  .'9360108  ;  and  their  Difference  is  1 .0667791 

Demon.  Let  I-  exprefs  any  Fradion,  tlien  is  £  :  J  :  :  1  :  -g  ,  whofe  Loga- 
rithms are  therefore  in  Arithmetical  Proportion  ;  ibai  is.  Leg.  .4— Log.  .6= Log.  -g— 

-.  Log.  1  ;  But  the  Log.  of  i  is  =  c,  therefore  Log.  A  —  Log.  B  ^  Log.  -^   ;  And 

there.; 
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A 
therefore ,  if  /i  is  lefs  than  B,  the  Log.  of  %,-  is  their  Difference  talccn  negatively :   By 

which  is  ihewn,  that  the  correfpondhig  Number  is  below  Unity  as  far  as  the  Reciprocal 
of  that  Number  is  above  Unity,  in  the  infinite  Series  of  Proportionals,  the  Logarithm  of 
that  Reciprocal  being  tlie  fame  Logarithm  taken  pofitively.     So,    the  Logarithm  of 

.—  being  —  i .  066775?!,  the  Logarithm  of  — 2.  is  i .  0667701  ;  For  as  —i  :  1 : — — 
0J3  74  063  74 

arerr/,  fo  —  i  .0667791  :  0  :  1 .0667791  are -J-/. 

For  the  Rtverfe  of  this  Problem,  iv"^.  If  a  Negative  Logarithm  is  given  to  find  its 
correfponding  Fraftion  ,  find  a  correfponding  Number  to  the  Logarithm,  confider'd  as 
pofitive,  and  by  that  Number  divide  i,  the  Quote  is  the  Fraftioii  fought.  The  Reafoit 
is  plain ;  for  if  two  Numbers  or  Logarithms  confift  of  the  fame  Figures,  but  the  one  Pofi- 
tive, and  the  other  Negative,  their  Sum  is  0 ;  Alfo  the  Product  of  two  reciprocal  Fraflions 
is  I  ;  or  I  divided  by  any  Number,  makes  a  Quote,  which  niultiply'd  by  that  Number 
produces  1  ;  wherefore  if  i  is  divided  by  the  Number  correfponding  to  any  Logarithm 
taken  pofitively,  the  Quote  is  the  Number  correfponding  to  the  fame  Logarithm  taken 
negatively. 

But  the  finding  the  FraSiiofi  from  the  Logarithm  is  not  fo  convenient  by  this  Method 
as  by  the  following. 

2d  Method.  Subtraa  the  Logarithm  of  the  Denominator  from  that  of  the  Numerator ; 
and  if  it's  a  proper  FradHon,  when  you  come  to  the  Charaaeriftick  or  Integral  part,  fub- 
traa  that  of  the  Numerator  from  that  of  the  Denominator  (after  adding  «a  it  the  1  bor- 
row'd  in  the  preceding  place,  if  there  was  i  'borrow'd  )  the  Fraaional  part  of  this  Re- 
mainder is  taken  pofitively,  and  the  Integral  part  negatively ;  and  the  negative  Sign  fet 
over  it,  to  Ihew  that  this  part  only  is  negative. 

Exa.    The  Logarithm  of  ^  is  £  .  P33220P  ;  as  below,  in  the  Margin. 

^     74   is    1 .  8692317  Demon.     This  is  in  Effea  the  fame  Locarithm  as 

|g  863    is   2.936oic«         was  found  by  the  former  Method  ;  for  we  may  take  it  thus, 
N    _74    .  ;  9332209  —  2,  which  being  refolv'd  by  Subtraflion,  is 

863    ^    2.933220?        —1. 0667791,  viz.  the  difference  of  2  and.  9332209 
_  ^    ^  taken  negatively.    That  the  Methods  muft  coincide  in  all 

Cafes,  I  ihall  demonflrate  Univerfalh,  thus : 

N 
Let  any  proper  FraSion  be  ^;  the  Logarithm  of  A?"  be  calfd  /f  +  B  (^  the  Cha- 

raaerillick,  and  £  the  Fraaion)  j  the  Logarithm  of /T/be  C-\- D  (Cthe  Charaae- 

riftick,  and  D  the  Fraaion)j 

Leg.  o^N—A  +  B^A^i  —  i^B  ^^^"^  ^^  *^  ^^  Method,  the 

of  M  =  £+£.  Log.  of ^  isA^B-  C-D, 

Log.  of  ^  =  4  +  £  _  C  -  Z).  by  ifl  Method.  ""^   ^."^  ^  "  ^  T  ^' /\'^5" 


=  -S  — Z)  — C_^—         7     jx,(.u  J     thod,  we  Ihall  firft  fuppofe  that 
=  £  +  I  -  Z)  -  C+7=^r  ^^  ^"^°'^-    D  does  not  exceed  E ,  then  the 

Log.  of  -jj.  is  by  that  Method 

^  —  •?  —  ^  -A  ;  for  we  firft  fubtrafl  D  from  B,  then  we  take  A  from  C,  and  take  this 
Remainder  negatively,  which  makes  h—D  -'C^~A  ~  B—  D—C^-A  —  A+B—C-  D 
as  before.    A^ai^  ;  If  Z)  is  greater  than  B,  in  this  cafe  1  muft  be  taken  from  A  and' 

S  5  s  2  "         added 
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•added  to  B  ;  h  that  h  is  A -\- B  =~T^  i  f  flf"^.  Noxv,  if  we  firft  fukrncl  Z)  fiom 
I  +  i?,  th;  Remainder  is  £  -H  i  —  Z)  •  and  fubrraifting  ^  —  i  (becaufe  i  was  before 
taken  from  it  and  added  to  ^;  fromf,  or  A  from  C  A-  i,  which  is  the  fame  thing,  the 
Remaiii  jcr  is  C  —  A  -j-  i  =^6'-f-  i  ^  A  ;  which  behig  taken  negatively,  or  fubtraaej 
horn  the  former  part,  (  vi^.  £^\-i  —D)  it  is  B -f-  i  -  D  —  C  -^  i  -  J  — 
=  £  +  I  —  D  ~  C  —  1  -^  y{  —  A  -\-  £  -  C  —  D,  zs  before. 

S  c  H  o  L.     As  the  preceding  J^uh-  is  General,  relating  to  all  Fraai.-iiis,fb  it  compre- 
liends  Decimal  Fraftions ;  and  becaufe  the  Denominator  cf  every  Decimal  is  in  this  Series 
10  .  100  .  1000  .  &c.  whofe  Logarithms  are  pure  Integers  in  this  Series  1.2.2  .  &c. 
Therefore  it's  evident,  that  to  find  the  Logarithm  of  a  Decimal  Fraflion,  having  found 
rlie  Logarithm  of  the  Numerator,  the  Fraftional  part  of  it  is  the  Fractional  part  of  the 
l-ogaritlim  fought ;  and  for  the  Index,  apply  witli  a  negative  Sign  the    Ditference  of  the 
Indexes  cf  the  Logarithm  of  the  Numerator,   and  the  Logaritl'm  of  the  Denominator  :  So 
the  Logarithm  of  64  being  i  .  8061  Soo,  the  Logarithm  of  ,064  muft  be  7.8doi8oo  j  for 
the  Denominator  is  looo  wliofe  Logarithm  is  9,  then  r  — i  ^"-rz.T :     Hence  again  it  is 
plain,  That  the  Index  of  the  Logarithm  of  a  Decimal  Fraaion  flicws  in  what  Place  after 
the  Point  the  firft  Figure  on  the  left  hand  of  the  Numerator  Hands ;    and  that  Dirtance, 
therefore,  does  ihew,  reciprocally,  what  the  Charaaerifiick  of  the  Logarithm  is.     And  if 
we  take  any  Decimal,  pure  or  mix'd,  i.  e.  a  Decimal  Fraflion,  proper  or  impropi^K,    the 
General  Rule  for  finding  the  Logarithm  is  plainly  this,  viz.    Find  the  Logaritiim  of  tlie 
Numerator  (  /.  e.  of  tlie  Number  exprefs'd  by  all  the  Figures,  in  order  as  they  ftand,  neg- 
Icfling  the  Point)  the  FraiUonal  part  of  that" Logarithm  is  the  Fraftional  part  of  the  Lo- 
garithm fought;  And  for  the  Index,  'tis  tlie  Number  v.hich  exprefles  the  Diliance  of  the 
Jaft  Figure  on  tiie  left  hand,  after  the  Place  of  Units  of  the  Integral  part,  if  it's  a  mx'd 
Decimal  j  or  the  DiHance  of  the  laA  Figure  on  the  left  haud  after  the  Decimal  Point,  if 
it's  a  purj  Fraflion. 

Oiprve  alfo.  That  if  we  take  the  fame  Number,  and  multiply  it  continually  by  10,  alio 
divide  it  continually  by  10,  whereby  we  form  a  Geometrical  Progreffion  in  the  Ratio  of 
I  to  10,  the  Logarithms  of  this  Series  Mill  have  all  the  fime  Fraflional  part,  and  differ 
only  in  their  Charaaeriflicks,  which  will  be  an  Arithmetical  Progreffion  diftecing  onjy 
by  I  :  So  that  when  in  the  defcending  Series  we  are  come  to  a  'I'erni  wbofe  Logarithm 
has  I  for  its  Index,  the  Index  of  the  next  muft  be  0 ;  and  all  after  that  are  the  preceding 
Indexes,  i,  2,  3,  &c.  taken  negatively,  as  in  the  prefix'd  Schema  : 
Logarithms  Which  is  all  but  the  apphcation  of  what  has  been  explain'd,  parti- 
4- 4048337  cularly  of  what  has  been  faid  in  the  Confequences  laft  deduced 
3  .4048337  from  this  Method  of  finding  the  Logarithm  of  a  Fraftion  cona- 
2.4048337  par'd  with  what  was  formerly  obfery'd  in  the  General  Zcho-^. 
1 .4048337  Viwn  8. 
0.4048337     _ 

.  .   1-4048337 
.02'54;  2-4048337 

.00254 1 3.4048537 


Numb. 


25400 
2540 

254 
£5.4 
2.54 
254 


For  the  Reverft:  of  this  Method,  (  viz.  finding  a  Fraftion  from  its  Logarithm  )  the- 
RjiU  is.  Take  the  Logarithm  as  altogether  pofitive,  and  find  the  correfponding  Number; 
to  which  apply  a  Decimal  Point  on  the  left  hand  of  it,  fo  that  it's  (irft  Figure  on  the  left 
fiand  in  fuch  a  place  from  the  Point  as  is  eyprefs'd  by  the  Index  of  the  Logarithm  ;  And 
this  is  the  Fiaaion  fought,  reduced  to  a  Decimal  Fraaion. 

Exavu 
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Exani,  The  given  Logarithm  2".  8:^0 1 8co  ;  the  correrp^ndii')g  Number  to  the  Log. 
2-836i8do  is  64c  ;  and,  to  aJjuft  it  to  the  negative  Index",  it  is.  0640  =.064  : 

Oh^ervt!  :  If  the  correfponding  Number  firft  found  he  a  mix'd  Decimal,  the  reft  of  the 
Work  is  the  fame  :  for  wc  negleiS  the  Point  in  that  firft  Decimal :  So,  if  the  given  I-o- 
girithm  is  ".6707006.  the  correfponding  Number  to  2.67070576  is  468.5  ;  and,  be- 
caiire  of  the  negative  Index,  it  is  .04685 

The  Reo^on  of  this  Rule  is  evident  from  what  has  been  explain'J  in  the  preceding 
Scholium. 

C  O  R  O  L  L.    From  this  we  have  learnt   the  following 

Rule  for  reducrng  a  Vulgar  to  a  Decimal  FraBion. 

Find  the  Logarithm  of  the  F?'/^'>"  Fraflion  by  this  Zfi^/Wt'f^o^/j  and  then  find  its  cor- 
refponding Decimal  Fradion  by  the  Reverfe. 

3«?  Mcihod.  Subtra£l  the  L'^gariihm  of  the  Denominator  fnm  that  of  the  Numerator, 
borrowing  (^-/r.  i  from  the  .icxc  (Ice)  wherever  the  Figure  of  the  Subtraftor  exceeds 
its  Correfponu'int  in  the  Subtrahend,  even  to  the  very  laft  place,  tho'  tlie  Subtraclor  be  a 
greater  Number  than  the  Subirahend.  The  Remainder,  or  Number  thus  found,  is  the  Lo- 
garitlim  fought,  and  is  all  pMitive. 

Exa.    The  Logarithm  of  jj-"|^  is  8.  93322OP,  as  in  the  Margin. 


Log.  of     74=1.8692317 
of  863  =  2. 9360108 


Numbers.  |  Logaritjims. 


Demon.  The  Foundation  of  this  Method,  (which' 
gives  the  Logarithm  in  a  Syftem  different  from  the  com- 
mon one)  is  this,  vit^^.  That  as  a  decuple  Progrefliou 
may  be  taken  both  alcending  and  defcending  from  i  ; 
thus,  .001,  .01,  .1,  I,  10,  100,  1000,  Qc,  So  we 
may  apply  O  as  the  Logarithm  of  any  of  thefe  Terms  we  pleafe,  whereby  the  Logarithms 
of  the  reft  will  be,  in  the  afccnding  S^erics,  1.2.3.  ^^-  ^"^  ^^"^  '^'^^  defcending  Scries, 
they  will  be  —  i,  —2,  —3,  &c.  Now  fuppofe  we  chule  1  in  the  icth  place  of  Deci- 
mals, VIZ.  .0000000001,  from  whence  to  begin  the  Logarithms  (  /.  e.  whofe Logarirjinr 
we  make  o_)  then  is  1  the  Logarithm  of  i  in  the  9tli  place,  or  .000000001  ;  and  fo 
on  till  we  come  to  i  whofe  Logarithm  is  1 0  ;  Whence  the  Logaritiim  of  ic  mUI  be  ri, 

the  Logarithm  of  100  is  12",  and  fo  on  j  So  tliat  the 
Logarithms  of  all  Numbers  above  .oooooooooi  are 
politive  ;  the  Indexes  of  all  from  .oooooooooi  to 
•ooooooooi  being  0;  from  .gocoooooi  to.ooooooci 
being  t ;  and  fo  on.  But  the  Logarithms  of  all 
Numbers  below  ►oooooooooiare  negative  ;  or  their 
Indexes  at  leaft,  according  as  they  are  taken  by  the 
preceding  \ft  or  2d  Method. 

Hence  again,  liie  Logarithm  of  i  being  lo, 
every  Index  from  10  upwards  belongs  to  the  Loga-- 
rithm  of  a  Number  integral  or  mix'd:  And  if  we 
take  10  from  any  Index  greater,  the  remainder  ihews 
in  what  Place  after  that  of  Units  (of  the  integral 
part)  the  firft  Figure  on  the  left  hand  of  the  cor- 
refponding Number  ftands;  But  if  the  Index  is  lefs 
than  10,  then,  as  it  belongs  to  a  Decimal  Fraftioj), 
fo,  if  it's  taken  from  10,  the  Remainder  ftjevvs  iu 

what- 


•000000000001 

—  2 

.00000000001 

—  I 

.OOOOOOOOOI 

0 

.OOOOOOOOI 

1 

.00000001 

2 

.0000001 

3 

.000001 

4 

. OOOOI 

5 

.0001 

6 

.001 

7 

.01 

8 

.1 

9 

1. 

10 

10. 

II 
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what  Place  after  tlie  Point  the  firR  Figure  on  the  left  of  the  Numerator  fiands.  And  Iiere 
'tis  ro  be  obferv'd,  that  all  pure  Decimals,  whofe  firft  Figure  on  the  left  of  the  Numerator 
flinds  in  any  given  Place  after  the  Point,  belong  all  to  the  fame  Oafs,  or  have  the  fame 
Index  in  their^Logarithm,  bccaule  whatever  number  of  Figures  follow  after  that  Place, 
they  cannot  make  the  whole  equal  to  an  Unit  in  the  preceding  Place  on  the  left.  So  all 
Decimals,  whofe  .firft  Figure  of  the  Numerator,  on  the  left,  {lands  in  the  firft  Ihce  after 
the  Point,'  (as  .  3,  or  .47,  or  •  5067)  are  Intermediates  betwixt  ,1  and  i,  and  fo  have 
9  for  the  Index  of  their  Logarithm.  All  whofe  firft  Figure  flands  in  the  fecond  Place  are 
intermediate  betwixt  .  01  and  .  I,  and  fo  the  Index  of  their  Logarithm  i^  S  f  and  fo  on  : 
And  this  is  to  be  underftood,  tho'  there  were  an  infinite  number  c  f  Figures,  from  any 
Place  after  the  Point,  unlefs  that  infinite  number  were  all  p,  for  then  the  Value  of  that 
Infinity  is  an  Unit  in  the  precedhig  Place  on  the  left,  and  ought  rather  to  be  written 
thus  .  C999  &c  rr: .  1  ;  Thus  then  we  have  a  new  Syflem  of  Logarithms,  differing  from 
rlie  common  ones  only  in  their  Indexes,  which  exceed  thefe,  in  every  Logarithm,  by  an 
equal  excefs  of  10  ;  and  confequently  the  Logarithms  of  Numbers  in  decuple  Ptogreflioii 
differ  as  in  the  common  Logarithms,  w^.  only  in  their  Indexes,  whicli  differ  gradually 

Now,  for  the  KL'/ifo>i  of  die  preceding  Rule,  confider,  that  to  find  the  logarithm  of  a 
Fraaion  (which  does  not  fall  below  .oooooooooi)  as  ^      we    muft    argue    thus  ; 

863  :  74  :  :  I   :  —  I  whete^ore  the  Log/ir it hm  q£  the  Fraaion  is  the  Remainder  af- 

"^  '  865 

tet  the  Logarithm  of  863  is  taken  from  the  Sum  of  the  Logarithm  of  74  and  i :  But, 
by  what's  now  explain'd,  the  Iridexes  of  thefe  Logarithms  muft,  in  this  new  Syftem,  be 
more  by  10  than  they  are  in  the  common  form  ;  and,  becaufe  the  Logarithm  of  i  (v/^.io) 
is  to  be  added  to  that  of  74,  therefore  the  Index  in  the  Subtrahend  will  be  21  (  for  1 1  is 
now  the  Index  of  the  Logarithm  of  74)  and  that  in  the  Subtraflor  will  be  12,  whence 
that  in  the  Remainder  is  8  :  But  becaufe  there  is  20  added  to  the  Index  of  the  common 
Logarithm  of  74,  (which  is  but  i)  and  10  to  that  of  863  (which  is  but  2)  'tis  the  fame 
thinf  in  Effeft  if  we  take  the  Index  of  the  common  Logarithm  of  863,  and  add  only  10 
to  that  of  74  ;  which  is  the  thing  the  Rule  prefcribes,  and  is  therefore  juft.  The  like 
Reafon  is  obvious  in  all  Cafes. 

Ohferve  again,  that  o  may  be  aifo  apply'd  as  die  Logarithm  of  a  Decimal  wjiofe  Nume- 
rator is  I  in  the  looth  Place  after  the  Point;  and  then  the  Logarithm  of  i  in  the  5?c?th 
Place  after  the  Point  will  be  i  ;  and  fo  on  to  x  Integral,  whofe  Logarithm  will  be  100, 
and  that  of  10  will  be  loi,  and  fo  on  upwards :  Wherefore  to  the  Indexes  found  in  the 
common  form  there  will  be  100  added;  and,  confequently,  if  the  common  Index  of  the 
Number  wants  more  than  10  of  the  Index  of  the  Denominator,  we  muft  add  100  ;  Or,  it 
is  the  fame  thing  if  we  add  10  gradually  from  one  Place  to  another,  according  as  the  Rule 

dlrefts. 

As  to  the  RevL'rfe  of  this  Metliod,  viz.  From  the  Logarithm  of  a  Fraflion  to  find  the 
Fraaion  ;  Confider,  that  as  the  Index  of  the  Logarithm  of  a  fure  Fraaion,  which  falls  not 
hdovj  1  in  the  icth  or  noth,  8r.  Place  of  Decmials,  is  fome  Number  below  10  or  ioo,i3c. 
So,  if  we  take  the  Difference  betwixt  the  Index  of  the  Logarithm  and  the  Logarithm  of  i, 
vii.  10,  or  100,  i^c.  and  apply  that  as  the  Index  to  the  traaional  part  of  the  Logarithm, 
then  find  the  correfponding  Number  to  that  Ldgarithm,  and  qualifie  it  again  by  letting  a 
Decimal  Point  on  the  left  hand  of  it,  fo  that  the  tirft  Figure  on  the  left  ftand  as  far  from 
the  Point  as  the  Lidex  exprelles,  we  iliall  have  thus  the  Decimal  Fraaioii  fought. 

Scftor.; 


« 
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Scholium.  For  tlie  further  application  of  tliis  MethoJ,  tlfave,  tluit  as  tlie 
Logarithms  ot  Fraaioiis  are  taken  in  a  Syftem  difterent  (.it  Icaft  in  their  Indexes) 
from  the  common  ones  ;  fo  in  all  Operations  with  fiich  Logarithms,  regard  mufl  be  had 
to  the  Logaridim  of  Unity,  which  is  now  lo,  or  lOO,  ^c.  For  E-<a.  If  two  Fraftions 
are  to  be  Mukiphed,  and  if  they  are  fuch  that  their  Logaiitiims  are  both  taken  out  of  the 
Syflem,  wherein  tlie  Logarithm  of  i  is  i  o,  then  take  the  difference  betwixt  i  o  (the  Loga- 
lithm  cf  LTnity)  and  the  Index  of  the  Sum  of  thefe  Logarithms  :  and  if  that  Sum  was 
greater  than  lo,  the  difference  ihcws  how  many  places  to  the  left  of  the  i  wlnfe  Lo- 
garithm  is  o  {viz.  .0000000001)  the  firft  fignificant  Figure  on  the  left  of  the  Decimal 
fought  muft  ftand ;  and  conlequently  taking  this  ditference  from  10,  the  new  differenca 
ihews  how  many  places  from  the  point  this  firil  Figure  {lands ;  but  if  10  is  greater  than 
the  Index  of  the  Sura,  the  difference  is  to  be  taken  negatively,  and  Ihews  that  the  firft 
Figure  en  the  left  of  the  Decimal  flands  fo  many  places  to  the  right  after  the  i  whofe 
Logarithm  is  o  ;  fo  that  adding  i  o  to  that  remainder,  the  Sum  Ihews  in  whar  place  after 
the  point  the  Decimal  begins.  Ohferve  alfo  in  this  laft  cafe,  that  you'll  find  the  fame 
Number  by  fubtrafling  the  firft  remainder  from  20.  Exam.  If  the  Lidex  of  the  Sum  of 
the  Logarithms  of  two  Fractions  (taken  out  this  way)  is  14,  then  the  correfponding 
Decimal  Fraction  begins  in  the  fourth  place  after  the  point ;  but  if  the  Index  is  8,  the 
Decimal  begins  in  the  I2ch  place. 

Again ;  tho'  it  is  a  certain  general  Rule,  that  the  Logarithms  of  two  Numbers  which 
are  to  be  Multiplied  together,  are  to  be  taken  out  of  the  fime  Syftem  cf  Logarithms ;  yet 
that  is  not  always  neccflary,  becaufe  other  Circumftances  fave  it  ;  as  an  Elxample  or  two 
will  explain. 

Suppofe  the  Logarithm  of  one  Fra£lion  is  3.5768340  (belonging  to  that  Syftem  where 
in  10  is  the  Logarithm  of  i,)  and  of  another  12.-3742067  (belonging  to  that  Syflem  where- 
in 100  is  the  Logarithm  of  1  ;)  if  we  reduce  them  to  one  Syflem,  the  firft  is  P5. 5708540, 
and  then  their  Sum  is  105.9510407  ;  from  which  take  ico  (the  Logarithm  of  i)  the  le- 
naainder  is  5.9510407,  whofe  Index  5  taken  from  loO,  the  difference  95  fhcv/s  at  what 
place  after  the  point  the  conefpondent  Decimal  beghis.  But  fuppofe  we  do  not  reduce 
the  firfl  Logarithms,  adding  them  as  they  are,  the  Sum  is  15.9510407,  from  which  if 
we  take  10  (the  Logarithm  of  1  in  the  one  Syflem)  the  remainder  is  5.95104C7  as  before  : 
The  RL'nfon  is  obvious ;  for  as  here  one  of  tlie  Indexes  is  90  lefs  than  in  the  other  Method 
fo  there  is  90  lefs  fubrrafted  from  the  Sum,  which  muft  give  the  fime  dii^renee. 

If  an  Integer  and  Fraftion  are  to  be  Multiplied,  then  if  we  confider  the  Integer  Fraftioa 
ways,  making  i  the  Denominator,  taking  its  Logarithms  out  of  any  Syflem,  it  will  be  the 
fame  as  when  we  take  it  out  of  tlie  common  Syftem  as  a  whole  Number ;  becaufe  ^vha: 
we  add  to  the  common  Index  is  taken  away  again  by  fubilrafling  the  Logarithm  of  the 
Denominator  i  5  and  therefore  from  the  Sum  of  the  Logarithms  cf  an  Integer,  taken  out:. 
of  the  common  Syilem,  and  the  Logarithm  of  a  Fraflion  taken  by  this^hird  Method, 
we  are  to  take  the  Log.irithm  of  1  (as  it  is  in  the  Syfiem  out  of  which  the  Logarithm  of 
thatFraftion  was  taken)  the  remainder  is  the  Logarithm  of  the  ProdLift;  the  difference • 
of  whofe  Index  and  10,  if  it's  greater  than  10,  or  their  Sum  if  its  lefs,  ihews  in  what  place 
from  the  Point  the  Decimal  begins. 

Ex<i.  Suppofe  the  Logarithm  of  any  Integer  is  4.3720679  (taken  out  of  the  common 
Syflem,  wherein  the  Logarithm  of  1  is  o)  and  the  Logarithm  of  fome  Fraflion  is 
3.2578006,  (taken  out  of  the  Syflem  \vhere  10  is  the  Logarithm  of  i)  the  Sum  of  thefe 
Logarithms  is  11.6298085  from  which  take  10  (the  Logarithm  of  i)  the  remainder  is 
1.6298J85  whofe  Index  taken  from  10  the  remahider  is  9,  fiiewing  that  the  correfpondin» 
Decimal  begins  in  the  ninth  place  after  the  Point.  ^ 

But  at  laft  ohferve  as  to  both  this  and  the  preceeding  Method,  that  if  Fraftions  are 
given  Terms  in  a  Queaicn  which  is  to  be  folved  by  Multiplication  or  Diyifion,  we  need 

not. 
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not, .  in  order  to  the  Operation  by  Logarithms,  take  out  the  Logarithms  cf  thefc  Fiaifdons 
feparately  ;  but,  confidering  the  Method  of  Working  witli  the  given  Numbers,  we  lliall 
•  need  only  to  take  out  tlie  Logarithms  cf  the  fevcral  Terms  as  whole  Numbers,  and  apply 
tliem  to  one  another  by  Addition,  fo  as  to  have  at  bft  but  one  Simple  fubRraaion;  and 
tlien  if  a  greater  Logarithm  is  to  be  taken  out  of  a  leffer  (which  gives  the  Logarithm  of  a 
Lrailion)  we  luay  do  it  either  by  the  preceding  fecond  or  third  Method,  and  then 
fn\'\  the  correrponding  Fradlion  in  the  manner  direfled  :  The  follov.-ing  Quefiions  will 
iiiuftrate  this :    For 

I  Ihall  finilh  this  Chapter  with  a  few  Examples  in  the  Practice  of  Logarithms 
fir  a  further  illuflration  of  the  Rules ;  where  you'l  alfo  find  feme  further  uleful  In- 
liru£iions 


Logarithms, 
cf  4685  =:  3  .6737096 

of  y?6j^  =  4 .  55)85063 
of  J  85870000  =  8  .  26p2i  56 


Logarithm. 
of  268  =:  2  .  4281948 
57  --  I  .  755874P 


Sum  4 
342  =  2 


of  34.2  = 


1840097 
5940261 


In  Mtdtiplicath?!. 

Exd.  I.  To  Multiply  39674by  4685,  I  find  the  Sum 
ot  their  Logarithms  j  which  iiaving  a  greater  Index  than 
any  in  the  Tables,  1  tind  the  neat'Cft  Logarithm  to 
8.2692156  which  is  4.2692093,  whofe  correfponding 
Number  is  18587  ;  and  becaufe  the  Index  of  the  Loga- 
rithm whofe  correfponding  Number  I  want  is  8,  I  multiply  the  Number  found  by  looco 
and  it  is  18587OCOO,  which  is  lefs  than  the  true  Produft,  this  being  185872620.  If  we 
we  had  Tables  carried  to  a  greater  extent  than  loiooo  (which  is  the  extent  of  Sherwins 
Tables)  then  we  lliould  find  the  Produ£l  true  to  more  Places. 

Exa.  2.     To  find  the  Produa  of  268  by  J2  I  add 

342 

tlie  Logarithm  of  268,  to  that  of  57  and  from  the 

Sum  take   the  Logaritlim  of    342,    and  the  Number 

correfponding  to  the  remainder  neareft  is  44.667 ;  the 

true  Product  being  44.666,  ilc.  having  6  circulating  in 

Ivfiuitum  :   fo  that  the  Produfl:  found  is  a  very  little 

more  than  true.     I  have  alfo  wrought  it  another  way, 

to  Ihew  the  correfpondence  of  both ;   thus,  I  take  the 

Logarithm  oP^^  by  the  fecond  Method  of  the  prece- 

34^ 
ding  Problem,   which  is  1.2218488  which  added  to  the 
Logarithm  of  268,  the  Sum  is  the  fame  Logarithm  as 
was  found  by  the  other  Method. 

Exa.  3.  To  Multiply  — i-  by  -^  I  add  the  Loga- 
rithms of  7  and  23,  alfo  thofe  of  59  and  478  ;  and  fub- 
tradling  this  Sum  from  that,  as  direfted  in  the  fecond 
Method  of  the  preceding  Problem;  the  remainder  is 
the  Logarithm  fought,  viz.  ~.  7565459  whofe  cor- 
refponding Number  I  find,  thus,  I  feek  a  Logarithm 
whofe  Fraftion  is  neareft  to  .7565459,  and  this  I  find 
to  be  .7565448,  and  the  correfponding  Number  is  57088, 
which  qualified  according  to  the  Index  3 ,  is  .00570S8 ; 
which  exceeds  by  a  little  the  true  Produft,  for  this  is 
-0057008,  fie. 


of  44  .  667  =  I  .  6499836 


of -52  = 

342 

of  268  =  2 


Sum 


1  .  2218488 
4281348 
6499836 


Logarithms, 
of  7  =  0  .  8450980 
23  3=  I  .  3617278 

7  X  23  c=  2  .  2068258 

59  =  I  .  7708520 
'478  =  2  .  6794279 


59  y  478  —  4 .  4502799 

whofe  Value    reduced    is 
this  Decijuai  .0057088. 
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lu  T^ivifiott. 

Ev4.  I.  To  Divide  4762  by  24,  I  fubftrafl  the  Lo: 
garitlim  of  this  from  the  Logarithm  of  that,  the  re- 
mainder is  2.2975782  to  which  the  neareft  Logarithm  ia 
the  Table  (fetting  afide  the  Index)  is  ,2975636  which  is 
the  Fradional  part  of  the  Logarithm  of  19841  ;  but 
applying  the  Index  2,  the  correfponding  Number  is 
198  .  41. 

Exa.  2.  To  Divide  74568  by  4.37 ;  having  found  the 
Logarithm  of  437,  whofe  Fraaional  part  is  .6404814, 
the  Index  due  to  make  it  the  Logarithm  of  4.37  is  0 ; 
therefore  taking  the  Logarithm  of  4.37  from  that  of  74568 
the  remainder  is  a  Logarithm,  whofe  neareft  in  the  Ta^ 


Logarithms, 
of  4762  =  3  .  6777894 
24  =  I  .  38021 1 2 

198,41  =:  2  .  2975782,  dLT. 


Logarithm, 
of  74568  =  4  .  8725525 
4.37  =  o  .  6404814 


of  5670  = 

456  = 

Sum 

of  37  = 

of  69879  = 


Logarithms. 


17103  =  4  .  23207H 

ble  has  for  its  correfponding  Number  17103,  which  exceeds  the  true  QuotCj  for  this  is 
17063.615,  Sf. 

Eva.  3.    To  divide  5670  by  ^~.  ;  becaufe  the  Quote 

is  equal  to  5670  X  45^  -^  37,  therefore  I  add  the  Loga- 
rithm  of  5670  to  that  of  456,  and  from  the  Sum  take  the 
Logaritlim  of  37  ;  the  Logarithm  in  the  Table  which  is 
neareft  to  the  remainder,  has  for  its  correfpondent  Num- 
ber 69879,  the  true  Quore  being  69878.918,  &c.  wanting 
very  little  of  the  former. 

To  Divide  a  Fra£lion  by  a  Fraflion  is  multiplying  the 
Dividend  by  the  Reciprocal  of  the  Divifor,  and  the  Operation  by  Logarithms  is  the 
fame  therefore  as  in  Multiplication. 


7  •  753583^ 
2  .  6589648 

6  .  4125479 
I  .  5682017 

4  .  8443462 


lu  fijidi'/ig  Proportionals. 


Exa.  I .  To  find  a  3d  in  Geometrical  Proportion  to 
thefe  14  :  359,  I  take  the  Logarithm  of  359,  and  from 
tlie  double  of  this  Logarithm  take  the  Logarithm  of 
14,  the  remainder  is  a  Logaritlim  whofe  neareft  in 
the  Table  has  for  its  corre^ondent  Number  9205.8, 
which  is  the  3d  Proportional  fought  nearly,  this  being 
9205.78,  ^c.         \,,  . 

Exa.  2.  To  find"  a  fourth  Proportional  to  thefe 
24  :  367  .  29  :  :  5348  .  6  from  the  Sum  of  the  Loga- 
rithms of  the  fecond  and  third  Terms,  i  take  the  Loga- 
ritlim of  the  firft  24  ;  tlie  neareft  Logarithm  to  the  re- 
mainder has  for  its  correfpondent  Number  81854,  which 
exceeds  the  true  fourtji  a  little,  this  being  81853.63,  i^c. 


Logarithms, 
of  359  =  2  .  555C944 
its  double  5  .  1101888 
of  14  =   I  .  1461280' 

of  9205.8=  3  ,  9640608  dii 

Logarithms, 
of  5348  .  6  =:  3  .  7282401 
of  367  .  29  =  2  .  5650091 

Sum  6  .  2932492 
of 24  =  I  .  3802112 


of  81854  =  4  .  9130380 


T  t  C 
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Exa.  3.    To    find  a  fourth   Proportijnal   to   thefe 

a  ;  ^  ;  ;  —  :  By  the  common  Rules  this  is  had  by 

14      57         i> 

this  Operation,   viz.  5  X  s")  X  14  -r  9  X  37  X  13, 

^vherefore  having  added  together  the  I,ogarithms  of 
5,  25,  14,  alio  the  Logarithms  of  9,  :j7,  13,  I  take  this 
Sum  from  the  other :  And  feekiug  a  Logarithm  in  tlie 
Table  whofe  FrsSional  part  is  neareJ^  to  6066504, 
its  corrcfponding  Number  is  40425,  and  becaufe  the 
Index  of  my  Logarithm  is  f^'therefore  the  Number 
fought  is  .40425,  which  is  the  true  foiuth  Proportional, 
true  in  all  thefe  Figures. 
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Logarithms, 
ot"  5=0.  6989700 
of  25  =  r  .  3979400 
of  14  —  I  .  146128s 

Sum  3  .  2430580 


of  9  —  0 
of  37  =  I 
of  13  —  I 

Sam  3 

of  .40425  =::T 


S?5424a5 
5682017 

6363876 

6066504  diK 


Ohftrve.     If  in  Muhiplicnt'ron,  Divifion,  or  finding  a  third  or  fourth  Proportional 
ary  of  tlie  Terms  is  a  rain  Number,  eiiher  reduce  it  to  aii  improper  Frailion,.  or  the 
Fraftional  part  to  a  Decimal,  and  then  proceed.  '•.  "■■ , 

For  Involution. 

This  bchig  no  other  tlian  Multiplication  •  the  pradice  of  it  by  Logarithms  is  the 
fame  alio  as  that  for  Multiplication. 

For  Extraction  of  Roots. 

Exn.  I  To  extraft  the  Square  Root  of  1156  :  I  find  it;  Logarithm  to  be  3.0629578, 
whofe  half  is  i. 5314789,  and  the  cotrcfpondent  Number  is  34,  which  is  exaftly  the  Square 
Root  of  1 1 56. 

Exa.  2.  To  find  the  fifth  Root  of  32768  ;  I  find  its  Logarithm  4.5154499,  and  the 
fifth  part  of  this  is  .9030897,  i^c.  the  neareft  Logarithm  to  which  in  the  Talsle  is 
.90:10900  wliofe  correfpondent  is  8,  the  true  fifth  Root  of  32768. 

Exa.  3.  To  find  the  Cube  Root  of  1 3839,  I  take  its  Logarithm  which  is  4.141 1047, 
whofe  third  part  is  i. 3803682,  Sr.  The  Logarithm  whole  Fradlional  part  is  neareft  to 
this  is  .3803741 ;  and  its  correfponding  Number  is  24007,  but  becaufe  of  the  Index  i,  it 
is  24.C09,  which  is  an  exceflive  Root,  for  the  Cube  of  this  is  13839.578,  ^r.  The  In- 
tegral part  of  which  Root  24,  is  the  Root  of  the  greateft  Integral  Cube,  which  is  contain- 
ediri  13839. 

Ol-ferve.  If  the  given  Number  whofe  Root  is  fought  is  greater  than  any  Number  in 
jour  Table,  ufe  this' Method  ;  take  a  Number  lefler,  which  is  a  Power  of  tliepropofed 
Order,  by  which  divide  the  given  Number  ;  if  the  Integral  Quote  is  a  Number  within 
your  Table  (and  if  it  is  not,  you  rauft  chule  another  Divifor  of  the  fame  kind  that  will 
bring  the  Quote  within  the  Table)  feek  the  propofed  Root  of  the  Quote,  and  multiply  it 
by  the  Root  of  the  Divifor,  the  Produdt  will  be  the  Root  fought,  or  near  to  it. 

Eya.  4.  To  find-  the  Cube  Root  of  262144  becaufe  it's  greater  than  can  be  found 
in  the  Table,  I  divide  it  by  8,  (the  Cube  of  2)  which  gives  for  a  Quote  precifely 
-'2768,  whofe  Logarithm  is  4.5154499?  a»d  the  third  part  of  this  is  1.5051499,  and 
tlie  Number  correfponding  to  that  Logarithm  which  is  the  neareft  to  this  m  the  Table,  is 
52  •   which  multiplied  by  2  (the  Cube  Roet  of  the  Divifor  8)  produces  64,  the  true  Cube 

Root  fought. 

The  Reafov  of  this  Rule  you  have  in  B  3,  Theor.  2d.  For  if  any  Number  is  a  Power, 
as  A"  and  if  it  is  divided  by  a  Similar  Power  B",  the  Quote  is  a  Similar  Power,  whofe 
Root  is  the  Quote  of  the  Roots  of  the  Dividend  and  Divifor.     So  ^'  -^  B"  =  -4   -  a" 

are  ^  —  J3  X  B  =  ^j  *1"^  *^>  '^  "■  ^°°^  °^  ^^  ^"°^^  '^^  •^"  "^  ^"  multiplied  by  B, 
•  the 
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the  Root  of  the  Divifor  B",  produces  J,  the  «  Root  of  the  Dividend  A\  If  the  Divi- 
dend is  not  a  Rational  Power,  or  the  Divifor  is  not  an  aliquot  part  of  it  ;  you  can  only 
expeft  to  find  a  Root  nearly  true :  But  as  Involution  is  eafier  than  Evolution,  having 
found  fuch  aRoot  as  your  Logarithms  will  give,  prove  it  by  aftual  Involution,  and  by  aii 
Allowance  for  what  it  errs,  and  one  or  two  I'rials,  you  may  bring  it  near  enough  for  com- 
mon Applications  ;  And  in  the  Extraftion  of  highRoots,  where  the  common  Rules  prove 
very  tedious,  Tbh  will  with  much  lefs  Trouble  bring  out  a  Root  fufficiently  near. 


Appendix,  fiewing  the  Rcafon  of  the  Rules  given  for  finding 
the  numltr  of  Terms  in  a  Geometrical  Trogrejfion. 

See  Vrohl.  4,  6,  9,  Chap.  Ill,  Baoli  IV. 

In  frolhm  4th  having  the  Extremes  a,  I,  and  Ratio  r,  to  find  the  number  of  Terms  n. 
The  Rule  given  by  Logarithms  is  this ;  «  —  1  =  -2S_=L._2S:_f.  the  Demofrftrattoa 

of  which  is  this,  /  =r  ar«~i  (Cor.  6,  Prohl.^,  Chap.  Ill, )  whence  rn-i  z=:-—  •     And 

confequently,  Log.rn-i  =  Log.  — .  Bat,by Prok-^.  preceding, Log.  i-  =::  Log./  _> 

_  Log.  a  ;    and  by  the  :;d  Fundamental  Rule  of  Logarithms,  Log.  m-i  -—.  „  _-    ^ 
X  Log.  r  ;  Wherefore  w  _  t  X  Log.  r  =  Log.Z  —  Log.  a ;    and,   laflly,    a  — .  1  = 

Log.  /  —  Log.  4 

—  Ebg.r 


Li  Problem  6th  the  Rule  is  »  _  i  =  j__2iL.__2|4^ ;  the  Reafon  of  which 

is  this ;  By  the  preceding  part  of  that  Problem  it  is  fliewn,  that  r  =   "^       ^  ;    Whence, 

Log.  r  =  Log.   ^  _  I  =  Log.  s  —  a  —  Log.  s  —  I,    which  being  put  in  the  pre- 
ceding Rule  for  Log.  r,  makes  the  prefent  Rule. 

In  ProMem  9  we  have  this  Rule  ;  n  —  x  —  Log-  /— Log,  w -f  /  -  »     ^^^  Vit^hn 

of  which  is  this;  'Tis  there  Ihewn,  that  /7  —  rl  -J-  j  _  rj  ;  fo  that  this  Rule  is  only  put- 
ting Log. ./ 4-  X  —  rs  for  Log.  A,  in  the  Rule  of  Problem  4. 

We  have  alfo  this  Rule,  «  _  i  =    Log,  rs  +^  —  .   —  Log.  ?  -  Log,  a  ;      .  ^ 

Log.  r 

Reafon  of  which  is,  that  /  =Ll.±±lzl^  vvhence  Log.  /=  Log.   ''^  + '^  —  -^  __ 

=r  Log.  77477377  —Log.  r;  which  is  put  in  place  of  Log.  7,  in  the    Rule  of 
Problem  4.  01 
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CHAP.     VI. 

Of  the  Combinations  of  Numhcrs. 

DEFINITIONS. 

I.  /^Ovibhiatntis  of  Things  are,  the  Various  Ways  a  number  of  Things  may  be  taken 

\^  and  join'd  togetlier,  either  in  refpeft  of  the  Order  of  the  Whole,  or  the  Choice 

of  a  number  of  Particulars  out  of  the  Whole.     But  this  will  be  more  clearly  un- 

^erftood  by  the  Species  into  which  Comhinatious  ar*  diftiiigiiilla'd,  viz..  Fermutatic^is, 

EltiSlious,  and  Compojitio'/s. 

II.  Pernmtations,  ot  Changes,  (or,  as  feme  call  them,  ^/ffy;7/7f/(5;/jJ  are  fuch  Com- 
binations of  any  number  of  Things  wherein  refpedl  is  had  to  the  Order  of  the  Whok, 
cither  as  to  Place  or  Sixceflion,  thus,  (i")  In  regard  of  Place  :  Any  number  of  Things 
being  propos'd,  the  number  of  dijTercnt  Ways  thefs  Things  may  be  diiposd  in  an  eiri'ial 
.number  of  deterrain'd  Places,  fo  that  they  fli all  never  be  all  in  the  fame  Places,  is  caD'd 
their  Charges  (in  refpefl  of  Place).  Exn.  Suppofc  6  Things  A,  B,  C,  D,  E,  R, 
are  to  be  dupos'd  in  6  Places :  This  may  be  done  various  Ways,  according  to  the  diftercnt 
Places  every  one  may  podefs,  Regard  being  flill  had  to  the  Wliole  ;  i.  e.  Ji"  any  two,  or 
more  of  them  change  Places,  that  makes  i  new  Alternation  or  Order  of  the  Whole,  tho* 
all  the  reft  remain  uiKhaug'd. 

(2")  In  rcgnd  of  5?^(Ttj/^b«  :  The  different  Ways  leveral  Things  miy  "be  taken  or 
e?der'd  in  Succeflion  one  after  anotli«r,  arc  alfo  call'd  Chmg-S-,  or  Alt  em  at  ions,  as  to  Or- 
der of  Succefiion,  depending  upon  the  taking  of  .1/,  or  i?,  or  anyone  of  them,  ift  or 
/fid,  j^c.  And  as  the  taking  ah>y  one  of  them  iftor  2d,  ^c.  may  be  cali'd  putting  thcni 
in' the  ift,  2d,  'Qc.  Place  of  the  Su'ccefiion,  this  ftews  the  Coincidence  of  thefe  tu-o 
Ways  of  ordering  Things,  as  to  the  Number  of  Ci>a^^^•s ;  For  they  are  both  reducible 
to  one  Notion  cf  Place,  either  as  it  relates  zo  Spare,  \vhich  is  more  firiftly  cilYd  F/,ice  ; 
or  to  Ti/iie  ^.ndSucceJJio^t ;  which,  as  to  the  Number  of  Changes,  is  the  fame  ;  kt  Places 
cannot  be  belter  diflinguifh'd  than  by  numbering  them  ift,  2d,  3d,  ^'''  ^^'^  the  Order  cf 
S'uccellion  of  'I'lungs  is  dUiinguilhable  no  other  Way,  than  bv  marking  which  Thing  is 
111,  2d,  sd,a-. 

HI.  Eleciio>!s  or  Choices  are  Combinations  which  regard  not  the  Order  of  tlie 
Whole,  but  die  Way  of  taking  a  particular  Number  out  of  the  Whole.  Thus,  Suppofe 
a  ielTer  number  of  Tilings  is  to  be  taken  out  of  a  greater,  and  we  are  dt  liberty  to  take 
.  them  out  ■  of  any  Fart  of  the  Whole  ;  the  number  of  V\' ays  this- lua^' be  done,  fo  that 
feme  (one  at  leaft)  fhall  be  different  in  every  Choice  or  Combination,  is  call'd  xheCboices 
of  that  number  of  Things  in  the  other.  E\a.  If  4  Men  are  to  be  drawn  oat  of  ico, 
the  number  of  Ways  this  can  be  done,  fj  as  fbme  one  of  them  Ihall  be  a  different  Man, 
is  the  Choices  of  4  Men  (or  any  other  Things)  in  100. 

COROLLARIES. 

1  j?.    The  Choices  of  1  in  any  Number  is  equal  to  that  Number ;  and  any  Number 
ran  be  taken  out  of  it  felf  but  Oa:e,  or  one  Way.  . 

2<J^If 
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-id.  If  any  Nirnvber  N"i%  eqoai  to  two  Numbers,  A  -^  B,  the  Chaices  o?  A  and  B  in 
N  are  equal :  For,  fince  the  one  being  taken,  the  other  is  Icti  ;  then  as  tmny  Choices  as 
you  can  take  away  of  the  one,  fo  many  you  leave  of  the  other. 

li^d.  If  two  Numbers  differ  by  i,  as  A  and  A  -\-  i,  the  Choices  of  ^  iny^  +  i  is 
equal  to  A  -\-  i  ;  becaufe  the  Choices  of  i  iii^  4"  i  '^  -^  H~  i;  ^'^'^  '1^^  Choices  ot 
A  and  t  are  equal.        <     .  .  .     . 

\    ::r'-( 

\Y.  Compofttiovs'  are  limited  Eleflions.  Thus,  conceive  two  or  more  different  Sett> 
(or  SyftcmsJ  of  Things,  containing  each  the  fame,  or  a  dift'eren:  number  of  Things ; 
then  fiippofe  we  are  to  chufe  out  of  the  whole  a  number  of  Things,  either  equal  or  un- 
equal to  the  number  of  Setts,  fo  that  we  take  feme  Part  out  of  every  Sett  [  if  poHib!e, 
7.  e.  if  the  number  of  Setts  be  not  greater  than  the  number  to  be  chofen  ;  for  then  we 
may  take  any  Choice  of  a  number  of  the  Setts  equal  to  the  number  to  be  elected  ^  tlie 
iwmber  of  Cboic^s.thus  limited  is  call'd  ihCjCoitipoftiovs  of  that  number  of  Tilings  ouc 
of  that  number  of  Setts,  fvr?.  Suppofe  i$  Com  games  of  Men,  1 6  Men  may  be  drawn 
out  of  thcfe  various  Ways,  taking  only  i  Man  out  of  each  Company,  and  the  number  of 
Choices  we  can  make  with  this  Limitation  of  i  out  of  each  Company,  is  thcCompoJiliorj 
of  1 6  in  the  i6  Companies. 

.,  T  H.E  0  RE  M    J. 

■'■■  ^'i  •  -  ,  ■•    ■■  ■  ,  •,  .:^.•■■^ -,■■!-  . 

If  any  Number  iVis  refolv'd  into  t^vo  Parts,  y^^"^,'fhe  Chj'?g^s  of  ^V  or  A  -Y  B 

are  equal  to  the  I'roduft  of  the  Cbiv.'ges  o^  A,  and  ofjBj  and  the  Ehclio'is  of  A    (or  B, 

whirh  are  equal  by  Con!.  2.  to  Jjcfin.  ad)  in  A  -V  B- 

E^n.     If  the  Changes  of  4  be  24,    and  of  6  he  jio,    and  the  Eleclions  of4iniD 

(  =  4  -f  6  )  be  210,  -then  the  Chajigcs  cf  lo  will.be  24X  720  X  210  =  2158800. 

•  :         De-mo,*;.  ..     Conceive  a  aiumber  of  risces  equal  to  y^  4-.fi  rcprcfentej 

':'  ■'     ■    "l'y'P'dii*s  fet  in  a  Row,  as  in  the  Margin;  V, herein  tljexe  arc 

A*^        '  ^^^  °  •  ■'■  diftingoilh-d  a  Number  equal  to  A  on  the  lefc,   ^iid  the  re- 

rv.A-0       r~S».A.^?^    'Hiiirrier  *qual  to  i)' ontlieright :  It's  certain  that  in  every 

■  •C-______  "    '    '    '..'':  "■"'<'■'»£  of  the  C7^^A;?f  5  of  y^  I"  iS    Things  in  all  thefe  Places, 

'  '">r  ' '        "^         Tome  one  paiticuJar  Electimi  ti'a  number  of  Th.iugscqual  t-« 

■    '  "^  A  muli  polTcfs  that  iudividuai- number  of  l-Ja^esequal-BO,'^, 

'■''  .  \'  .  ■'  '  ,  ■     '        Mhich  lieshrit  Dtvthe  left;  hsiil.    Suppofe  any  one  Eleflion 

"OT^'TJiiiigs  to'  poflfeS'-thefe  Places,  it's  jllrtiii  they  caJ  continue  there  fi  bng,   and  no 

"'longer,  riiahtiU  all  rbeir'iChat^gesiiJi  thcfe  tticcs  be  joia'd -with  aH  tlie -Changes  of  the 

■  'rctnoTniug  B  Tilings  in  -the  remainLiag'Pkdes.'on'tlTe.i!ight-li3nd  ;  and  tliefe  will  make  io 
many,  different  Changes  of  the  whole,  j7».  a  Numtdr  e^iualto  the  Produd  of  tl:e  Clin:?- 

'  ges  ef  ,^  into  the  Changes  G^'B'^'.  But  tfcen  evety  Elef^ioa  of  j4  'Ihijigs  out  of  the  ivh^le 
will  pofTels  thefe  A  Places,  that  lie  firii  on  the  left  hand,  as  often,  or  in  as  many  diScreiir: 
Changes  cf  the  whole,  as  the  firft  Eleflion  did  ;  and  when  every  Election  oiA  has  pj(- 
fels'd  thelc  A  Places  as  often  as-poflible,  i(  /;  e,  ijias'  many  different  Changes  of  the  wh^le 
as  the  Product  of  the  Changes  of  A  and  B)  then  all  the  Changes  of  the  whole  are  finilh'd. 
■CoinJe^a^isrly-  rhcy  are  the  cQntijiJJ»lPrQd«cl:Qf;the  Clunges  of  A,  and  of  B^  and  the 
Ele.Sl:ions  of  ,4  (  or  B)  in  A -\-  J3  :  Which  mny  be  exprefb'd'  in  Charackts,  thu;  ■ 
f  h  :  A^  B  ::^  c h  :  A,  %,c  h  :  B,%  Elecl.y^  in  .i  -f  }d. 

-idii  sib  u .  .  T  H  E  O  R  E  M.  2-i 

Let  any  Number  iVbc  equal  to  two  others  A-\-E,  the  numbs*  of  t'(«S:'di2erent  j,:\ire;- 
..natious  of  the  whole  N,  in  wluch  the  Paic  A  will  i'ollcfs  the  lame  number  ct  ccrtaui  dercr- 

miii'd 
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min'J  Places,  is  equal  to  the  Produft  of  the  number  of  Alternations  of  A  by  thofe 
of  fi. 

E^a.  If  the  Changes  of  6  are  720,  of  2  if  they  are  2,  and  of  4  they  are  24  ;  tlien  a 
certain  Choice  of  4 1  hings  will  poffefc  a  certain  Choice  of  4  Places,  48  (  =  24  X  2  ) 
times^  or  in  48  different  Changes  of  the  whole. 

Demon.  It's  plain  that  the  Number  A  may  poffefs  an  equal  number  of  determin'd 
ri.ices  as  long  as  while  all  their  Alternations  in  thefe  Places  be  joLn'd  with  all  the  Alterna- 
tions of  the  remaining  Things  JS  in  the  remaining  Places,  and  no  longer. 

Ohfcrve ;  If  you  aft  how  Ling  thefe  A  1  hings  will  keep  thefe  determin'd  Places  without 
changing  in  thera,  then  the  Number  is  that  of  the  Alternations  of  .6. 

THEOREM    3d. 

If  a  Number  k  {  •=  a -\- 1'')  is  to  be  elefte  J  out  of  a  greater  N,  the  Number  of  different 
Eieaions,  in  which  a  certain  Choice  of  d  Things  will  cart  up,  is  equal  to  the  number  of 
Eleaions  of  ^  in  A"  —  n. 

Exa.  If  the  Ekaions  of  6  in  lO  are  210  ;  and  of  4  in  8  (—  to  ■ —  2)  they  are  70  ; 
then  chufe  any  2  out  of  the  whole  i»,  and  that  Choice  will  come  up  with  70  different 
Choices  of  6  in  10. 

Demon.  Take  away  any  Choice  of  ^  from  JV,  the  Choices  of  i  in  the  Remain- 
der N  —  a  being  join'd  with  that  Choice  oia,  make  all  the  Choices  oin  -\-h  in  which 
this  particular  Choice  of  a  is  concern'd, 

THEOREM    4th. 

The  EleSlioJis  of  any  Number  A  in  another  greater  than  it,  N,  are  equal  to  the  Sum 
of  the  Ekaions  of  ^  and  of  ^^  —  1  in  iV—  i. 

1^  ^  Conceive  all  the  Units  of  the  Number  A^  to  be  difpos'd  in 

^  ^  '^     •  a  Row,  and  one  of  them  to  be  taken  off,    from  the  left  hand, 

A^  fo  that  there  remain  N  —  i  on  the  right :  It's  evident  that 

^ -A.. the  Choices  oi  A  in  N —  i  are  a  part  of  the  Choices  oi  A 

j^jc.  i'l  the  whole  N;  and  'tis  as  plain  that,   having   thefe,    we 

« -v~ '  want  none  of  the  Choices  fought  {viz.  of  A  in  N)  but  thofe 

N  —  I  in  which  the  Unit  taken  off  is  concern'd  (  or  makes  one  of 

the  Units  chofen).  And  it's  again  plain,  that  thefe  are  had 
by  joining  that  Unit  with  all  the  Choices  oi  A  —  i  in  A''—  i,  becaufe  that  Unit  being 
join'd  to  ^  _  I,  makes  the  Number  A  ;  and  being  join'd  to  all  the  Choices  of  ^  —  1  in 
A^ — I,  makes  all  the  Choices  of  ^  (inA^^  in  which  that  Unit  is  concern'd;  Which 
Number  therefore  being  added  to  the  Choices  of  ^4  in  A''—  i,  makes  the  whole  Choices 
of  A  in  A^. 

Pro  B  L  EM   i'^' 

To  find  how  many  Alternations  or  Changes  any  Number  of  different  Tilings  is  ca-] 
pable  of, 

Rule.  Take  the  Natural  Series  of  Numbers  from  i  (v/z.  i,  2,  3,  Sc)  up  to 
the  given  Number  ;  multiply  them  together,  the  lal^  Prodoa  is  the  Anfwer. 

Exa.  I.  The  Changes  of  3  Things  are  6  =  i  X  2  X  3?  reprefented  as  in  the  Mar- 
gin, by  3  Letters,  A,  B,  C. 

Exa.  2</. 
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A  B,f 

E,C,  A 

A,C,  E 

C,  A,  E 

E,  J,  C 

C,B,A 
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Ex^!.  oJ.  The  Changes  of  8  Tilings  are,  4092O  = 
—  1X2X5X4X5X^X7X8,  So  that  if  there  are  8 
Men  in  a  Company,  ihcy  may  cliaiige  Places  fb,  that  the  Ol- 
der cf  the  whole  ihall  be  varied  40,320  different  Ways, 

Demon.  If  the  Rule  is  true  in  any  one  Cafe,  (i.  e.  of  a  Number  N,  it's  true  of 
the  next  above  or  of  iV^-j-  i  Things  ;  and  eonfequently  of  all  above  :  But  'tis  true  cf  2 
Thinas,  A,  B,  whofe  Changes  are  only  2  =  i  X  2,  for  they  can  be  order'd  only  thus, 
A  E  cr  B  A:  therefore 'tis  true  of  all  Numbers.  What  remains  then  to  be  demonftra- 
ted  is  this  ;  That  if  the  Rule  is  true  of  N  Things,  it's  true  alfo  of  N-\-  1  Thing's, 
which  is  demonftrated  thus :  

By  Th^orein  i,  the  Changes  of  iV-f  i  are  =  ch:  AW„  ch:i,y.  eka:  A'in  N~\-\. 
But  the  Changes  of  i  are  only  i  ;  thnt  is,  one  1  hing  can  be  taken  but  one  Way  :  And 
the  F.leaions  of  iVin  N-{-  i  are  A^-f-  i  (Corel.  ?,  Defi^i.  2  )  therefore  the  Chaiigcs 
of  iV'-f-  T  are  =-  ch:N%.N^  i  .  But  the  Changes  of  N,  according  to  the  Rule,  are 
N%  A"  4^  X  ^—  '2  X  Sec.  X_j,  (or  i  X  ?  Xj  >^*'^-  ^)  5  ^"'^  '^  "^'^^^  ^^  "S^t,  then 
the  Changes  of  A'-r  i  are  N+  1  X  N%N-  i  &c.  /  i.  (or  i  X  2  X  5,5tc.  X  A^x  i.) 
which  being  alfo  according  to  the  Rule,  this  is  therefore  right. 

Or,  this" Article  may  be  demonftrated  indepeiidently  of  Th.or.  i,  from  the  nature  of 
Alternations  only,  Ihus  ;  In  every  Cbavgi  cf  N-\-  i  Things,  feme  one  Thing  muft 
poflefs  the  ift  Wace,  and  there  it  may  continue  till  the  remaining  A^  Things  change  Places 
as  oft  as  poilible  ;  each  ■  f  which  Changes  join'd  with  that  Oiie  in  the  lit  Place,  makes  fo 
many  dilferent  Clianges  of  the  Whole  :  And,  fincc  any  One  of  the  Whole  may  poilefs  the 
ift  Place  as  oft.  it  follows  that  the  Chaiiges  of  A^  Things  mukiply'd  by  the  Whole  num-- 
ber  of  1  lungs,  A''  -\-  I,  gives  all  the  different  Changes  of  A^  -f.  i.  _But  c  h :  Nz=  N  X 
X  A'-CTi  &c.  X  I.  Therefore  chxN-i- 1  =  A/^  j  X-^X  A^— *, &c.  %  1  ;  which 
is  the  Rule. 

S  C  H  o  i.  I.  We  have  learnt  how  to  find  the  Number  of  Changes  of  any  Number  of 
Things ;  but  if  it  fhould  alfo  be  requir'd  actually  to  take  them  all  out,  or  reprefent  them, 
for  Example,  by  Letters  ;  there  is  one  Certain  Method  of  proceeding,  by  which  ^ve  can 
go  thro'  the  whole  with  the  greateft  Eafe  and  Diftiii£lnefs,  fo  as  to  run  no  hazard  (or  the 
leaft  poflible)  of  omitting  any  Change,  or  taking  any  one  oftiier  than  once.  This  Me- 
thod will  be  made  clear  by  a  few  Examples. 

Exa.  I .    For  2  Things  A,  B,  the  Changes  are  tliefe  2,  A  E,  E  A. 

Exd.  2d.  For  3  Things,  A,  B,  C,  the  Changes  are  6,  ^vhich  you  fee  already  taken 
only,  to  fave  fuperfluous  writing,  they  may  be  order'd  as  in  the  Margin  j  where, 
becaufe  every  Letter  pofTeffes  the  ift  Place  twice,  viz.  till  the 
remaining  two  have  chang'd  twice,  therefore  I  write  that 
Letter  down  but  once  in  the  ift  Place,  fuppofing  it  to  belong 
to  the  ift  Place  of  the  next  Change,  which  is  left  not  fill'd  up. 

For  4  Things,    a,  h,  c,  d,  the  Changes  are  2^,  as  they  arc  here  re- 

prefenteJ ;  Vvhere  every  Letter  polfeffes  the 
ift  Place  6  times,  r/:j.  till  the  remaining  :• 
have  chang'd  6  times,  whole  Ch.vgi  are 
order'd  the  fiune  way  as  in  the  pteceding 
Example. 


out; 


E  C 
C  B 


B 


A  C 
C  A 


Cab 
B  A 
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a  h 


c  d 

d  c 

c  b  d 

d  h 

db  c 
c  b 


h- 

•n 

c 

d 

d 

c 

c 

a 

d 

d 

a 

d 

a 

c 

c 

a. 

c  a. 


b  d 

d  h 
bad 

da 
dab 

b  a 


a  b  c 

c   b 

h  a  c 
c  a 

cab 
b  0 
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E-(a.  ^tb.  For  5  Things,  n,b,  r,  d,  i',  their  Clianges  are  120  (=  24  X  %)  taken 
as  hcrfe  reprefented.  Where  o(ft-'>TL'^  that  becaufe  tlie  Changes 
of  4  are  24,  fo,,  in  taking  'oot  thefe  of  5,  every.  Letter  muft 
potleft  the  liVtkce  24  times,-?,  e.  till  the  remaining  4 Letters 
make  24  Changes  ;  which  are  taken  out  accordhig  to  the  Me- 
tlioi]  of  Bx'ih  4r/;.  '-     . 

]  have  carried  tlie  Work  no  farther  here  than  to  48  Changes, 
z'i:^.  while  the  two  firft  Letters, ;?,  J',  poffefs  the  lit  Place  each 
24  times  ;  the  reft  are  ealily  conceiv'd  by  thefe. 

■By  thefe  Examples  the  Method  t^t  any  other  Number  may. 
be  cafily  underftood,  one  depending  ahvaj's  upon  the  preceding  : 
So,  if  there  were  0  Things  whofe  Changes  arc  720  =:  120  X  (5 
each  of  them  muft  pollefs'the  ift  Place  120  times,  w';^.  till  the 
remaining  5  make  their  1 20  Changes.  And,  Ohferve,  that  as 
every  Letter  has  the  ift  Place  as  oft  as  the  Changes  of  the  re- 
maining Number,  fa,  tvhile  it  pcffeftes  the  ift  Place,  the  Letter 
liext  it  in  the  ift  Change  of  thofe  whcrehi  it  has  the  ift  Place 
piDfldTcs  that  next  (or  2d)  Place  as  oft  as  tlie  number  of  Chan- 
ge* of  the  remaining  Letters  after  this  one  ;  and  then  the  next 
^  Letter  is  advnnc'd  into  that  2d  Place  ;  and  fo  on,  till  they  arc 
all  fucccflively  in  the  2d  Place.  The  fame  is  to  be  obferv'd  of 
the  ^d  and  4th,  @r.  Places :  Then,  wlien  all  the  Letters  after 
'  the 'ift  have  pofl'efs'd  the  2d  Place,  a  new  Letter  is  advanc'd 
•  into  the  ift  Place,  and  fo  the  Changes  proceed  with  that  Letter 
in  the  ift  Place  as'  they  did  before. 

Or,  if  we  trace  the  Order  from  the  right  hand  to  the  left, 
then  ohferve  that  the  two  Letters  on  the  right  hand  ( in  the 
I  ft  Order  of  die  given  Letters)  having  chang'd  twice,  a  new 
Letter  is  advanc'd  into  the  3d  Place  (  counting  now  from  right 
to  left)  and  what  was  laft  in  the  gd  Plac?  is  put  in  the  2d  Place  ;  and  this  new  Letter  iii 
the  ^d  PlSce  is  there  till  the  2  on  its  right  hand  change  twice,  and  then  the  ift  Letter  (011 
the  right)  is  advanc'd  to  the  3d  Place  :  Then,  when  the  firft  3  Letters  have  thus  poffefs'J 
tlie  3d  Place,  each  of  them  twice,  i.  e.  as  oft  as  the  Changes  of  the  remaining  2,  a  new 
Letter  is  advanc'd  into  the  4th  Place  (  by  making  the  Letters  in  the  3d  and  4th  Places 
ciiange)  and  there  it  continues  till  the  remaining  3  Letters  make  all  their  Changes :  And 
fo  on  till  all  the  Letters  are  advanc'd  to  all  the  Placts  from  the  right  to  the  left  Hand. 
An  attentive  Confideration  of  the  preceding  Examples  will  malj;e  all  this  very  clear. 

But  Obfervezgmn,  that  the  Number  of  Changes  grow  fo  faft  upon  the  Series  of  Num- 
bers, that  the  f /^^v^i^J  of  a  fmall  number  of  Things  can  never  be  all  reprefented.  For 
Example:  The  Changi^of  10  are  3628806  ;  and  allowing  a  Man  to  take  out  300  oF 
tliem  every  Hour,  it  would  coft  liim  304  Days  to  finilh  them  all,  thd'  he  \vorks  at  ic 
Night  and  Day,  without  Interruption:  But  if  we  only  double  the  Number  of  Things, 
i.e.  take  20,  the  Changes  arc  187,146,308,321,280,000  ;-fo  great  a  Number,  that  if  a 
Man  could  take  out  -Jbo  of  them  every  Hour  (  which  yet  I  doubt  any  Man  could  do  ) 
it  would  take  him  upVvards  of  42  thou&nd  raillibn  6f  Years  to^finifli  theiH  ^11.  For,  di- 
vide the  Changes  by  500,  the  Quote  is  374292ai6542'>6o  Hours  ;  which  divided  by  24, 
quotes  15595525693440  Days,  which  makes  42,727,330,666  Years  70  Days; 


bide 

b  a  c  d  e 

ed 

'        ed 

d  c  e 

dee 

e  c 

e  r 

e  :  d 

e  c  d 

dc 

dc 

I  1 

c  h  d  e 

cade 

ed 

ed 

db  e 

d  a  e 

e  b 

e  a 

ebd 

end 

db 

da 

d  b  c  e 

■      diice 

e  c 

'      e  c 

c  be 

c  a  u 

e  c 

e  a 

e  b  c 

e  a  c 

cb 

c  a 

eb  c  d 

lie  d 

dc 

.■    de 

ibd 

.'        c  a  d 

db 

.  da 

dbc 

da  c 

c  b 

c  a 

In  this  Problem  the  Things  to  be  chnn£d  arc  fupijos'd  to  be  fo  many 
3;  which,  tho'  equal  or  alike  in'fotne'refpeitSjye't  are  diflinct  and  different 


ScHOl.    2. 

diflina  Individuals;  ,  „.,  _,j —  „. .  ...  .„...„  .-.j,^^..,^..  „.^  _ — - 

from  Oiig  another  in  that  rcfpect  upon  which  the  \'aiieCy  of  C  hangs  depends  j  and  fo  are 

capable 
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capable  of  a  teal  Difference,  and  Variety  of  Order  :  But  if  two,  or  more,  of  them  are  tlic 
fame,  or  like  in  that  refpeft  upon  which  the  Change  depends^  fo  that  they  admit  of  no 
Variety  among  themfelvcs ;  I'hcn  the  Number  found  by  the  former  Rule  muft  be  cor- 
refted.     I  ihall  firft  explain  this  Likenefs  and  Difference  of  Things. 

Whatever  Likenefi  we  fuppofe  among  Things,  while  \ve  conlider  them  as  only  numeri- 
ca!ly  different,  this  is  a  fufficient  Foundation  for  all  the  \^ariety  of  Order  or  Change  in 
the  preceding  Problem  :  But  if  we  make  the  Subje£l  of  the  Change  any  Thing  which 
they  have  all  in  common,  or  which  is  common  to  any  Number  of  them,  the  Cafe  is 
different.  For  Exmifle ;  Suppole  3  Letters,  whereof  2  of  them  are  the  fame  as  to 
Sound,  as  A^  A,  B,  thefe  are  not  capable  of  all  the  Variety,  in  refpeft  of  the  Order  and 
Succefiion  of  Sounds  that  3  different  Letters  have,  becaufe  the  two  A's  having  no  Variety 
of  Sound,  admit  of  no  Change  betwixt  themfelves,  as  two  different  Letters  do  ;  So  the 
Changes  here  are  only  ^,  viz.  A  A  B,  ABA,  BAA;  whereas  3  different  Letters 
have  6  Changes.  But  if  we  take  two  different  Charadlers,  as  A,  a,  and  make  the  Change 
regard  only  the  Places  of  different  Charafters,  without  regard  to  Sound,  then  it's  the 
fame  thing  ^vhat  Sounds  they  rcprefent,  they  arc  3  different  Things  as  to  Shape,  and  fo 
have  all  the  Variety  of  any  3  different  Things  as  to  Order  of  Place. 

Take  ^nothti  Example :  Suppofe  4  Bells,  whereof  2  of  them  have  the  fame  Note  or 
Tone  in  Mufick ;  tlien,  if  we  confider  the  Changes  thele  4  Bells  are  capable  of  in  the 
fucceflion  of  their  Sounds,  as  Notes  of  Mufick,  they  have  not  fo  many  as  ^vere  they  aJl 
different  Notes  ;  becaufe  the  two  that  have  the  ftme  Note  cannot  change  with  one  ano- 
ther, and  fo  it's  no  matter  which  of  them  is  firft  ftruck,  it  makes  the  fame  fuccedion  of 
Notes.  Indeed  if  we  confider  'em  only  as  4  Sounds, emitted  from  4  diffinft  Bodies,  they  are 
in  this  rsTpea  capable  of  all  the  Variety  of  any  4  different  Things,  tho'  they  had  all  one 
Note  ;  but  the  A'ariety  in  this  refpeil  is  not  to  be  perceiv'd  by  the  Ear,  unlefs  the  fpecifick 
difference  of  the  Sounds  be  all  different,  and  then  the  Changes  may  be  faid  to  turn  up&u 
that,  otherwife  the  Changes  of  them  can  only  be  mark'd  by  diflertnt  Names  to  the 
4  Bells.  ■  &t:i  .Th  :->o.iT     ■  , .  i. 

P  R  O  B   L  E  M     2<^- 

To  find  all  die  Changes  of  any  number  of  Things,  whereof  2  or  more  are  the  fame, 
ill  that  tefpe£l  upon  which  the  Change  depends : 

Rule.  Find  the  Changes  of  the  Given  Number,  and  alfo  the  Chanj^es  cf  that 
Number  of  them  which  are  die  fame,  or  like,  by  Probl.  i ;  divide  the  former  by  this,  the 
Quote  is  the  true  number  of  different  Changes.  But  if  there  are  more  than  One  Part  of! 
the  Given  Number  that  confift  of  Things  like  among  themfelves,  (  One  Part  being  flilf 
different  Things  from  another)  then  take  all  the  Parts ( i.e.nW  their  Numbers)  which  confift 
of  like  Things  among  themfelves;  find  the  Changes  of  each  of  thefe  Numbers  by  Prohl.  i. 
then  multiply  them  continually  together,  and  by  the  Produa  divide  the  Changes  of  die 
Given  Number  found  by  Probl.  1,  the  Quote  is  the  true  Number  fought. 

E>ca.  I.  Of  6  Things,  whereof  3  ate  the  fame,  the  Changes  are  120  :  For  the  Chan- 
ges of  6  different  Things  are  720,  thofe  cf  3  are  6  ;  then  720  —  6  =:  120. 
■  Exa.  2.  Suppofe  8  Notes  of  Mufick  whereof  3  are  the  fame,  and  2  are  the  fame, 
but  different  from  the  former  3,  and  both  different  from  the  remaining  3,  3iS,fa,fa,fa\ 
Jbl,  fol,  la,m,/a,  the  Variety  in  the  fucceflion  of  thefe  8  Notes,  is  3360;  thus,  the 
Changes  of  8  different  Notes  are  40320;  of  2  there  are  2,  and  of  3  there  are  6 ;  dien 
2  X  6  =  12,  and  40520 -~  12  =  3360.  j. 


'  W    .'S 
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Demo  n.  Snppnfe  any  number  of  Changes  ^rr  A  -\-  B,by  Theor.  i,  ch:  N'^z 
-=■  cb :  A  X  ^b-  B  X  FJeia.  J  (or  £J  in  iV";  therefore  if  any  Number,  as  A,  of  t]ie?c 
Things  has  but  one  Order,  (as  when  they  are  hke Things,  or  the  fame  in  that  refpect  up- 
on which  the  Variety  depeiids)  in  tliis  Cafe  ch:  JV  -  cb:  B  X  Eleft.  A  (or  B)  in  N :  that 
is,  the  Number  found  by  Frobl.  i.  is  to  be  divided  by  ch-A,  cwfider'd  as  diflcrent 
Thing'?.  Again ;  if  there  is  another  part  of  tlie  given  Number  all  like  Tiungs,  as,  fup- 
fofe  B  —  C-f-  Z),  and  thit  the  Number  Care  like  Things,  then,  by  what's  already  Ihcwn, 
the  rh:B,  taken  h^  Frobl.  i,  muft  be  divided  by  ch:C ;  Confequciitly,  the  lir.N  (by 
Frohl.  I.)  are  to  he  firft  divided  by  cb:  A-,  to  corrett  the  Error  ariiing  from  A  being  like 
Things ;  and  this  Quote  again  divided  by  cb:  C,  to  corrett  the  Error  ariiing  from  C  being 
like  1  hings :  and  fo  on,  however  many  Parts  are  like  Things :  Bur  it's  the  fame  to  divide 
r/i':  A' continually  by  any  Numbers  one  after  another,  or  all  at  once,  by  the  cjntinual  Pio- 
da£l  of  thefe  Numbers.     Wherefore  the  Rule  is  true. 

P  R  O  B  L  E  M     3d. 

To  find  tlie  EU'Siions  of  any  lefler  number  of  Things  out  of  a  greater  number  of 
Tilings  all  different. 

Rule.  Take  the  Series  i^  2,  :^,  &c.  up  to  the  Number  to  be  elc^'^ed,  and  multiply 
them  continually  togetiier  ;  then  take  a  Scries  of  as  many  TcriTi-;,  decrc.-tlitig  by  i^  from 
the  Number  out  of  which  the  Ele£lion  is  to  be  made,  and  multiply  them,  GoiuiiiUdlly,togej^ 
ther  :  Divide  this  Product  by  the  former,  the  Quote  is  the  Nuujber  fought. 

Exa.  1.    The  Choices  of  2  in  6  are  15  = -^^2  —  ^ 

'    £.,,.   TheChoicesof4inparex2^=..^5-f^-J^=-^^ 

U»iv£rfaIIy,  the   Choices  of  A   in  B  are  exprefs'd  thus  ; 

£  y.  B  =n  %  B  ^^^  yi  B::z~i .  &c.  X  B—  A-  I 
IA2         x3  X4      >i  .8cc.x  A 

Demon.  Suppofe  B  —  A -^  D,chcn,  by  Tb^oy.  i,  rlr.  B=ch:A  x  cb:  B  x  ETeit, 
A  (in  B)  ;  Hence  Eleftions  ^  (in  BJ  ^clr.B  -r  dr.  A  \  ch-  D.  Now,  by  Prb?^li  i, 
cb:  E  -  Bx  S  -^T  y  5  —  2  &c.  X  I ;  And  'tis  evident,  that  in  this  Series  there  mul>  be 
one  Term  e7ual  to  D  ( lincc  D  is  lefs  than  B)  And  therefore  this  Series  may  be  thus  ex- 
prefs'd, ch:B  —By  B  —  t,Scz.  %D  x  D—  i  &c.  y  r.  But  ^wKt  B  —  A -\- D  aJid' 
D  :=:  B  — -A,  therefore  the  Term  of  this  Series  next  above  Z)  ot  B-^A  is  B  _  ^-f-ls* 
z=:  B  —  A  ~i ;  therefore  the  Series  may  bp alfo  thus  exprefs'd,  r/^:B  =:  BxB  JT^  Stfe.  x 
yiS  —  A  -^  \  D  X  V  —  I  8cc.x  1  .  Now  the  cb:  D  —  DxP  —  r  86c.  x  r,  thevefortf 
ch:^  being  divided  by  cb:D,  the  Quote  is  r=.  B  x  B  —i 8cc.  xB  -^  A  —  i ;  ato 
ch.A  -T  I  V  2  X  3  &c.  X  A.  And,  the  M  Quote  being  divided  by  this,  the  Quote  is 
BxS—^&c.xP'-A~j      ^.^^  i,  -  cb:BJ.  d:Axch:B  -  Elea.  A  iuB. 

1^2    &C.    K   A  ' 

Which  being  according  to  the  Rtilc,  'tis  therefore  right. 

]jiit  we  may  alfo  demonfirate  this  Rule  independently  of  Tb'or.  i,  frorii  the  NatiJrc  of 
£7t'5??o*x only,  thus: 

If  the  Kuh'  is  true  in  any  one  Cafe,  (/.  e.  of  the  Elc£}i6ns  of  ^^  in  S)  it's"  therefore 
true  of  die  next  Cafe,  oto^A-{-  l  iiv  B.    But  the  Rule  is  true  of  the  Choices  ot  i  in  any 

Nlini- 
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Number  Bj    \vhich,  according  to  the  Rules,  are  -  —B,  wliich  is  the  true  Number,  (.is 

has  been  obferv' J  in  Carol,  i,  Difi'^it-^-)  Therefore  the  Rule  is  true  of  the  Choices  cf 
2  in  P,  and  confcqiieiitly  of  ^,  and  every  ctlier  Number  :  VN'liat  is  to  be  demcnftrated 
then  is  tliis  ;  Tliit  becaufc  the  Rule  is  true  of  aiiy  Number  Aiii-R,  it's  therefore  true  of 
.4 -V    linB;  which  I  thus  demonftrate.  - 

Take  :itiy  one  Chiice  oF^  out  of  P,  tliere  remain  B  —  /^things  •  and,  if  each  Unit  of 
thi;.  Uenainder  be  fevera  ly  combin'd  witli  that  Choice  of '-^j.^ve  ihall  hereby  have  as  inaiiy 
Choices  of  y^  JfT  as  the  Number  j6  —  ^  expreil'es.  Again';  If  we  take  every  ether 
Clioiceofy^,  and  ccmbine  them  with  every  Unit  of  their  feveral  Remainders,  for  every 
one  wc  ihall  have  as  many  Choices  of  >i  f  i  as  5  —  A  exTirclles  ;  /.  f..iii  the  while  a 
number  of  Combinations  of  .4  -{-  i,  equal  to  the  Produtl  cf  the  Choices  of  yf  (in  BJ  by 

B  —  A  \  which,  according  to  the  Rule,  is—- —  -  — — -   y.  B  —  A  := 

'  '  °      1      X      2&C.  x      A 

z= ====-=: — : but  now  thefe  Combinations  of  ^  -|-  i 

IX       2     Sec.   X       A 

that  we  have  thus  fuppos'd  are  not  all  different ;  and  to  find  how  many  of  them  are  fo, 
take  any  one  Eleclioji  o?  A  -\-  I,  and  call  it  the  firj];  then  conceive  all  the  Ele£Uonsofv4 
that  are  in  this  firft  Eleftion  of  .■i  \-  T  (which  are  fo  many  of  the  Eleflions  of  ^4  in  B)  to 
be  combin'd  with  each  Unit  of  their  Remainders  in  B,  thefe  make  fo  many  of  the  jne- 
ceding  Combinations  of  ^  -{-  i  ;  and  it's  plain,  that  with  each  of  thefe  Ekaions  of  A 
( in  tliis  firft  Ele£lion  of  yi  4-  l)  ^°  joiii'd  with  each  Unit  of  theit  Remainders  in  B, 
there  will  arife  one  Combhiation  of  y4  -\-  i,  Coincident  with  this  firft  Eleilion  of  ^  -f"  '  5 
for  each  Elcclion  of  A,  in  this  Eleflion  of  y/  -f-  I,  being  join'd  with  the  remaining  Unit 
ill  the  fame  Eleflionof  ^ -t- I,  coincides  with  it :  Wherefore  as  many  Elections  of  yi 
as  are  in  this  firft  Election  oi  A -\- \  (which  are  in  Number  A -y  i')  fo  many  of  the  pre- 
ceding Combinations  oi  A  -\-  i  are  coincident,  and  therefore  not  different  Eledlions  of 
AA-  I. 

But  the  fame  is,  for  the  like  reafon,  true  cf  every  other  really-different  Election  of 
y^  -f-  1  in  B  ;  fo  that  for  every  really-different  Eleflion  of  ^-j-  i  in  B,  there  are  y/ -f-r 
Combinations  of  y4  -I-  i  Things  taken  in  the  preceding  Work,  which  are  coincidenc 
Elections  of  y/  -f.  i  Things  j  wherefore  we  muft  divide  that  firft  Number  of  Combina- 
tions of  A  -\~  I  i'hings  by  ^  -h  i  (which  is  done  by  multiplying  the  Divifor  of  that 
Operation  by  y4  -j-  i)  the  Quote  is  the  true  Number  of  the  ditierent  Eleftions.of  A  ■\-  i 

in  B,  which  is  this,     '^   _ZL.L  E:Js,      •    . .  "~    JS — r"_-,  exaftly  according  to  the 

'ix         2  8cc.  X      A        x/4+l'  ^  ^ 

Rule. 

Ill  the  following  Scholium  you  fee  yet  another  Way  of  dcmonftrating  this  Rule. 

ScHOL.  I.  I'he  Elections  of  any  Number  in  any  greater  may  be  tound  and 
difpos'd  hi  a  Table  (where  they  may  be  afterwards  had  by  lufpeftion)  which  may  be  car- 
ried on  in  infinitrmr-,  whereof  you  have  here  a  Specimen :  the  Conftru£tion  of  which  is 
obvious,  every  Column  being  made  of  the  Sums  of  the  preceding  fo  far,  or  of  the  Sum 
cf  the  preceding  Terms  of  the  fame  and  the  preceding  Column  The  Numbers  to  be 
clefled  ftand  on  the  head  cf  the  Table,  the  firft  Column  being  the  Numbers  out  of  which 
the  Eleflions  are  to  be  made,  and  the  feveral  Numbers  of  thefe  Columns  ihew  the  Eiedions 
of  the  Number  on  the  head  in  the  correfponding  Number  of  the  firft  Column. 

E\.i.  The  Eleflions  of  ~  in  lo  are  120,  found  in  the  Column  under  7,  and  againft 
10  ill  the  firft  Column. 

Uuua  Tabie 
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T  A  E  L  E  /£»r  the  ElecJio?is  of  Numbers. 


o 

s 


(J 


r3 


•a  s 


3 
O 


1 

z 


Numbers  to  be  elefled. 


.1    2 

3 

4 

5 

6 

7 

8 

9 

I 

2 

I 

Numbers  of  Ele£lior-s. 

=5 

3 

I 

4 

6 

4 

1 

■> 

10 

10 

5 

I 

6 

IS 

20 

15 

6 

I 

7 

21 

35 

35 

21 

7 

I 

8 

28 

56 

70 

56 

28 

8 

I 

9 

q6 

84 

126 

126 

84 

36 

9 

I 

10 

45 

120 

210 

252 

210 

120 

45 

10 

11 

55 

165 

330 

462 

462 

330 

165 

55 

12 

66 

220 

495 

792 

924 

792 

495 

220 

n  :  K+i  :  «  -f-  2  :  «  -|-  3. 
i  :      a       I      h       :       c 


Tlie  Conflruaion  and  Ufe  of  this  Table  being  thus  explain'd,  I  fhall  next  demovflraie, 
that  it  contains  the  true  number  of  EleSions,  according  to  the  Rule  for  ufing  it,  thus  : 

If  1, /2,  i,  f,  t^f.  reprefent  the  numbers  of  Choices  of  any  Number  n,  in  the  feveraF 
Terms  of  the  progreffion  of  Numbers  from  n  upwards,  then  the  fum  of  this  Series  of 
Choi  ft;  Sy  VIZ.  I,  l-f-rt,   l+^  +  ^J  ^^*  ^^^  ^^^  feveral  Choices  of  ;/  -f-  1  in  the  feve- 

ralTermsof  theprogredion  of  Numbers  from 
«  4-  I  upwards.  This  is  plain  from  Theor.  2, 
Sec.  which  proves,  that  tlie  Choices  of  a  in  n 
are  the  fum  of  the  Choices  of «  and  a  —  lixi 
n  —  1 ;  I.  e.  tliat  the  Choices  of  ;^  -}-  i  in 
any  number  of  the  Series  from;?4'i  is  the  fum 
cf  the  Choices  of  «  -|-  i  and  n  in  the  preceding  leller  Number ;  But  the  Choices  of  ?^  are 
in  tlie  Series  i,  ^,b,c,&c.  and  the  Choices  of «  -\~  i  in  v  -\-  1  are  i  ;  Therefore  the 
Choices  of;/  f  iii'""  '"^^  ^^'^  Numbers  greater, are  in  the  Series  i,  1  -f-  rt,  1  -j-  <«  +  ^,&c. 
But  again  ;  The  Choices  of  1,  in  any  Number,  are  equal  to  that  Number;  i.  e.  are  the 
natural  Series  1,2,  3,  4,  'tie.  confequently  the  Choices  of  2  in  the  Series  of  Numbers 
from  2,  are  the  Sums  of  the  preceding  Series ;  and  the  Choices  of  3  in  the  Series  of  Num. 
fccrs  from  3,  are  the  Sums  of  the  laft  Series  of  Choices :  Which  makes  exadly  the  pre- 
ceding Table  of  Weciions. 

Olferve  now,  That  this  Table  of  Eleftions  is  the  fame  as  the  Table  of  Triangidnit 
Numbers  explaind  in  Chap.  2,  ^  2.  (only  differently  difpos'd^  where  it  is  (hewn,  that  the 
a  Triangular  of  the  h  Order,  (or  the  h  Triangular  of  the  a  Order)  taken  from  a  Series 

of  Units,  is  I  X  f  X  '^  X  '-^ &c.  X   -"^Jl]—  (  See    the    Schol.  after 

Prohl  I,  Ch.  2.)  Now,  in  this  Table  of  EleBioKs,  if  the  Numbers  to  be  elefted  are 
compir'd  with  the  Numbers  out  of  which  the  Ele£Uon  is  to  be  made,  the  difference  of 
them  is  always  1  lefs  than  the  Place  of  the  Number  of  Ele£tions  in  its  proper  Column  : 
Thus,  the  Difference  of  4  and  10  is  0,  and  the  Ele£lions  of  4  in  10  are  210,  the  7th 
Term  of  the  Series  of  Ele£lions  of  4  ;  But  the  Eleftions  of  any  Number  in  another  are 
the  fame  as  thofe  of  its  Differejice  from  that  other.    Alfo  the  feveral  Columns  of  this 

Table 
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T^ble  arc  the  feveral  Orders  of  Triangular  Numbers,  vr\\\ch  bccaufe  as  Triangular  Nlmh- 
bcrs  they  are  reckon'd  f  roni  a  Series  of  Units,  the  Number  cfthe  Order  is  i  more  tliin 
the  Number  on  the  head  of  the  Table  :  And,  becaufe  alfo  the  Place  of  the  Number  of 
Eleilions  in  its  priper  Column,  is  i  more  than  the  Difference  of  the  Number  on  the  head 
of  the  Table  and  the  Number  of  the  firft  Column  out  of  which  it  is  t:  be  elefledj 
Therefore  'tis  plain,  that  the  Elections  of  any  Number  a  —  i  out  of  n nether  ?t  (:=z  Ele- 
£lions  of  a  —  T^i  out  ai  n)  are  the  fame  Numbers  as  the  ?i  —  a  —2  (or  i)  Triangu- 
lar of  the  a  Order  ;  which,  by  the  Rule  c*  Triangulars,  is  1X7  X  ^-^  X  ^^^  X 
X  Sec.  X  "  ~  '^  ~  ^,  and  which,  according  to  the  Rule  of  Eledlions,  exprefles  the 
Ekaions  of  /i  —  1  in  «  ;  fo  that  the  Rule  being  good  for  Triangulars,  'tis  good  alfo  for 

Or  if  we  compare  this  Table  of  Eleflions  with  the  Table  of  Coefficients  of  the  Powers 
of  a  Binomial  Root,  (See  Book  3,  Ch-2,  ^  l.)  'tis  the  very  fame,  wanting  the  Column 

of  Units :  But  the  «  —  j  — 2,  Coefficient  of  the  «  Power,  is  i  X  7  X  — —  &c.  X- 
V  ^^J~"  '*  "  ',  the  fame  as  the  Eleflions  of «  —  a —  1  in  n  (—  Ele£lions  of  ^  —  1  in  ;/) 

which  therefore  are  7   X      ~       X  Sec.   X  ff  ~  "  —  ^  ^    according  to  the  Rule  of 

Ekaions. 

Now  at  laft  Ol'firvf,  That  as  the  Deraonftration  of  the  Rules  of  Triangular  Numbers 
or  Coefficients  is  a  Demoudration  of  the  Rule  of  Eleilions,  fo  the  fame  Rule  being  do- 
monftrateJ  for  Ekdions,  from  the  ConfiJeration  of  Elections  only,  is  alfo  a  DemonOra- 
tion  of  the  Rule  for  Triangulars  or  Coefficients  ;  becaufe  th«y  are  the  fame  Numbers  un- 
der all  thefe  different  Views. 

S  c  H  o  L.  2.  If  'tis  reqi>ir'd  to  take  out  all  the  Ekflions  of  any  Number  out  of  a 
greater,  the  Certain  and  Regular  Method  of  doijig  it  will  be  eafUy  underftood  by  die  fol- 
lowing Examples. 

Exa.  iji.  The  Eleflions  of  5  out  of  5  Things,  n,  h,  c,  d,  e,  are  10, 

a  h  c    •''  '^  ^\        ^^  ^"  '■'^^  Margin,  which  are  taken  out  thus  :  1  take  out  the  firft  7,  Let- 

a  h  d  bed         ^^"^^  ^^  ^'^^y  ^'^"'^  ^'^  order,  a  b  c  •■,  then  I  put  another  in  the  tirft  place 

a  b  e   bee  (°"  ^^^  '^'g^O  fuccellivcly  in  the  order  of  the  Letters,  till  there  is  not 

another  behind  ;  then  1  put  a  new  Letter  in  the  fecond  place  (  on  the 


.1  d  ^ 

bed 
bee 

b  d  e 

c  d  e 

a  c  d  b  d  e         right)  keeping  it  there  till  I  change  all  the  Letters  in  order  that  are  \\\ 

" !       ,  the  tirft  place ;  and  then  I  put  a  new  Letter  in  the  third  pkce,^  keeping 

^_£_f  ■  ^ 1         it  there  till  I  change  all  the  Letters  in  the  fecond  place  as  oft  as  pofllble^ 

i.  f.  fj  as  there  remain  enow  behind  to  make  out  the  Number ;  and 
with  each  of  thefe  in  the  fecond  place  I  change  all  thofe  in  the  firft  place  ;  and  fo  on, 
if  there  are  more  Things  elefled;  as  the  following  Example  will  further  clear. 

Exa.  2d.    The  Ekflions  of  4  in  7  Things:  «,  b,  c,  d,  e,  f,  g,  are  ^v,,  viz. 

\S   ^  "»^  <io  ^  ^  ac*^  BO  tkO  «i  "K,  OoV,  6<3  aoV^  ao  ao  'i^  ^  **»>  *o"*>^  ao  so"^  ^  ^  ^O^  ao  ^O  5^  5i/<  i 

The  Order  of  thefe,  careflilly  confider'd,  is  fufficient  Direflion  for  any  other  Cafe. 
1  fhall  only  add  this  Obfervation  in  the  lafl  E>i^mph' ;  That  when  g  comes  in  the  lirf^ 

place 
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pl:ice  (on  the  ry!it)  the  Letrer  in  the  fecond  phce  is  chang'c],  and  there  it  fttnds  till  ^ 
comes  again  in  tlic  firll  pi.i:e,  and  then  it  is  chang.d  again,  andfo  en  till/ conies  in  tlic 
ftcond  place  ;  and  then  the  Letter  in  the  third  pLiceis  chang'd,  and  fo  it  ftands  till  the 
f'.nie  Clianoes  as  before  fail  upDn  the  lirit  and  fecoiid  places,  i.e.  till/", ^  come  together  in 
the  firrt  and  fecond  places  ;  and  then  t!i£  Letter  in  the  third  place  is  agjiii  chang'd  ;  and 
io  it  goes  on  till  e  coines  in  tlie  third  place  ;  and  then  the  fourth  place  is  chang'd  ;  a:ij 
•i'o  on  til!  fuch  a  Letter  comes  in  the  iaft  place,  that  what  are  behind  in  the  Order  of  the 
Letters  d?  jufl  make  up  the  Number  eleiilcd. 

S  c  H  O  I.  J-  The  Things  out  of  wliich  an  KleEtiot  is  to  be  made  are  fuppos'd  to 
be  all  dirterent,  elle  the  Number  found  by  this  Prohlcm  mufi  be  correcicd.  For  example  ; 
If  \ve  fiippofe  that  out  of  a  Notes  of  Mnfick,  2  are  to  be  eletled  ;  and,  that  2  of  tiie  ^ 
are  equal,  or  in  the  fame  degree,  as  fa  fa,  /«/,  la,  then  it  is  plain  that  we  cannot  make 
as  many  Choices  of  2  Notes,  that  Ihall  be  all  different  Choices,  as  we  could  do  out  of  4 
different  Notes ;  for  in  4  different  Notes  we  have  6  Choices  of^  2  ;  but  here  we  have 
but  4,  viz.  fit,  fn  if  a,  fol;f^,  It;  fol,  la.  Now,  this  being  a  Limitation  upon  tlie 
Circumflances  of  the  JE'.leilion,  isa  knid  cf  r(;//,^!3/!i'/o;/ (  which  is  a  limited  Elfetion) 
-and  the  Rule  for  it  ^vill  be  better  underliood  after  tiie  General  liules  for  Compofitio/i ; 
.and,  till  tliefe  are  expiain'd,  1  refer  it. 

Problem   4*- 

To  find  the  Sum  of  all  the  Choices  of  every  Number  that  is  in  any  Given  Number  of 
Things  ail  diflercnt,  (/  e.  the  Sum  of  the  Choices  of  i,  and  of  2,  and  of  3,  Qc,  in  any 
Number  A"")  without  tindingthe  Choices  of  any  of  thefe  particular  Numbers. 

R  u  L  n.  Find  tli«  Sum  of  a  Geometrical  Progreflion  proceeding  from  i  in  the  Ra- 
tio I  to  r.,  as  I  .  2  .  4  .  &c.  whofe  Number  of  Terms  is  N,  the  Given  Number  out  of 
which  tiie  Eleflions  are  to  be  made  ;  'Ihat  Sum  is  the  Number  fought.  Or,  Find  fuch 
a  Power  of  2  whofe  Index  is  A';  fubtract  i  from  that  Power,  the  remainder  is  the  Sum 
or  Number  fought. 

Exn.  The  Sum  of  the  Fdeftions  of  every  Number  that  are  in  12,  is,  i  -J-  2  -I-  4  -f-  8 
-1  i6-f  52  H-  644-1284-  256  -}-  512  -|-  1024  -i-2048  =4Cp5=  2'»  —  I 

Demon.     Suppofe  only  2  Things  n,  h,  all  the  Choices  here  are  only  3,  vt\.  a  oth, 
oral>;  if  we  join  another  Thing,   to  make  the  whole    5,  a,  b,  r, 
h  .  c  .  d  then  'tis  plain,  that  the  preceding  Choices  in  n,  h,    are  fo  many  of 

Ab  .lie  ad  the  Ciioices  in  a,b,c,  and  we  want  no  more  of  them  but  thefe 
wherein  r  is  concern 'd,  which  are  only  it  felf,  and  its  Combinations 
with  .all  the  preceding  (fee  in  the  3d  Column).  Again  ;  jiin  ano- 
ther, making  of  the  whole  4  Things,  <7,^,  f,<^;  the  Combinations 
already  found  in  a,  b,  c  are  fo  many  of  thefe  fought,  and  we  want 
only  thefe  in  which  d  is  concern'd,  which  are  oidy  it  felf,  and  its 
Combinations,  with  all  the  preceding  (fet  in  the  4th  Column).  The 
fimeway  does  the  Work  go  on,  by  joining  one  Thing  more,  for  ever. 
But:  it  is  plain,  that  the  Number  of  Combinations  or  Choices  in  the  fevcral  Columns 
arc  in  Geometrical  progrefiion  from  I,  in  the  Ratio  i  to  2;  for  the  firli  Column  has  but 
one  and  every  following  Column  has  as  many  Terms  as  the  Sum  of  all  the  preceding,  and 
one  more ;  becaufe  the  Thing  on  the  head  of  the  Column  is  join'd  with  all  the  preceding 
Terms:  And  this  is  the  Property  of  a  Geometrical  Progrcffion  beginning  with  i  in  the 

Ratio  of  1 :  2  ;  for  the  Sum  of  fuch  a  Progrcffion  is  -^.  ~.'^  ;  r  being  the  Ratio,  /  the 

grcateR, 
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greateft,  and  a  the  kffer  ertreme  ;  but  ify  is  2,  and  a=i,  then  is ^^^  ==  2  /  —  i  fo 

that  every  Term  is  i  more  than  the  Sum  of  all  the  preceding-  Whcref  ire  t!ie  Sum 
of  all  theft  Columns,  /.  r.  of  a  GcomeEncal  pro^relhon,  as  in  tiie  Rule,  is  the  Nuinbec 
fought. 

Sc  11  o  L I  u  M  1  •  If  feveral  of  the  things  given  are  the  fame,  or  like  (as  explained 
upon  the  preceding  ProbU'in)  this  Rule  is  to  be  corrcded  5  and  how  to  do  it  you'll  find, 
afterwards. 

2d.  As  we  have  fhcwn  a  Correfpandence  betwixt  the  Coefficients  of  the  Po\ver3  of  a 
Binomial  Root,  and  the  Number  of  Eleflions  of  one  Number  out  of  another ;  fo  if"  we 
jiurfue  the  Coinparifon,  we  learn  that  the  Sum  of  all  the  CoefHcients  after  the  firft  of  any 
one  Power,  is  the  Sum  of  all  the  Elcflions  of  every  Number  given,  in  a  Number  equal 
to  the  Index  of  that  Power  ;  for  Exnmph',  I'hc  Coefficients  of  the  fourth  Power  are 
1,  4,  6,  4,  I  ;  and  the  El&Slions  of  i,  2,  3,  4.  feverally  in  4,  are  4,  6,  4,  1 ;  and 
fb  in  ajiy  other  Cafe,  as  is  clear  by  comparifon  of  the  Table  of  Coefficients  with  that 
of  Ele>.^Hons,  which  is  the  very  fame,  only  wanting  the  Column  of  Units,  which  are 
CoethcienES  of  the  firfi  T "erm  in  every  Power.  Wherefore  it  follows  th.it  the  Sum  cf 
all  the  Coefficients,  after  the  firft  of  any  Power  is  the  Sum  of  as  many  Terms  of  a  Geo- 
metrical progreifion  proceeding-  from  x,  in  -the  Ratio  1:2.  or  taking  in  the  firli  it  is 
the  Power  of  2,  whofe  Index  is  that  given  j  as  it  has  been  alPo  totmerly  lliewn  in  Book  5. 
Again,  taking  the  Rale  for  the  Sum  of  the  Cocllicienrs,  as  it  is  already  demonftratedy 
tlien  the  Riilefor  tlie  Eleftions  isdemonftrated  fiom  the  Corrcfpondcnce  ;  yet  it  was  fie 
to  demonftrate  it  alfo  from  tl:e  nature  of  Elections. 

Problem    5. 

To  find  the  Compofitio>:sQ^  any  Nuinbet  in  an  equal  Number  of  fets,  the  things  be- 
ting all  different. 

'•  Hale.  Multiply  the  Nutnber  bf  tHhigs  in  eWry  fet,  continually  into  one  another  :  the 
Produft  is  the  aiifwer.  ''■■•.; 

Ex^.  1.  Suppofe  four  Companies,  in.  esdh' of  which  there  are  nine  Men  ;  to  find 
how  many  ways  nine  Men  may  be  chofen,  one  out  cf  each  Company  ;  the  anfwet 
is  6561  r=  9  X  p  xp  V  9. 

Ocfirve.     In  all  Cafes  where  the  Number  in  each  fet  is  equ^,  the   anfwer  is  always 
fiich  a  Power  of  that  Number  whofe  Index  is  the  Number  cf  Sets,  or  of  other  things  to  be. 
chofen  ;  which  is  here  the  f^rne. 

Exa.  1.  Snppofc  four  Companies;  in  one  of' which  there  are  fix  Meji,  in  another 
eight,  and.  in  each  of  the  other  two,  nine  j  in  this  cafe  the  Choices  (by  compolition)  of 
four  Men  are  5888  =  6  <  8  ■<  9*  p. 

Demon.  Suppofe  oidy  two  fets,  it's  plain  that  cvory  Unit  of  the  one  fet  being 
combuied  with  every  tlhit  of  the  othdr,  malre  all  the  Compositions  -of  two  things  in* 
tiiefe  nvo  fets ;  and  the  Number  of  them'  is  plainly  the  Product  V^f  the  Number  in  the  one 
fet,  by  that  in  the  other.  Again,  if  there  are  tin ee  fets,  the  Compoiitioji  of  two  in  any 
two  of  them  being  Combmtd  with  each  Unit  Of  tlie  third  one,  makes  all  the  Compofitions 
of  three  :  That  is,  the  Compofirtons  of  twcK,  \\\  any  t\<-o  of  the  fees  bein?  inukiplted 
by  tlie  Number  of  the  remaining  ftt,  prodHces  theC-irapo&ions  of  three  in  tne  three  fersj 
which  is  pUinl^j'  the  .conrinnal  ProdtJ^l  of  all  the  three  Numbers  in  the  tj-.rce  fets  j  and 
becaufe  it's  ho  rn'dirteY irt 'what  order  ftver.'^rNDrtibeFS'a're  continuaiiy  mulciplied,  therefore 
it's  no  matter  wlucJl 'Hvo  fets  tve  had  f'iV*pofed'  to^ bi  M  taken.  ; For  the  lame  Reafon  the 
Rule  is  good  br  4,  ^,  &c.  ifeti.    Wherefo^t.  iSnlverfaliy,  if  a,  ^,  c,  Ikz.  icprcfent  the 
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Numbers  in  fo  many  fets  of  things ;  the  Cornpofitions  of  as  many  things  out  of  thefe 
Sets  are,  a  )ihxcy,&:c. 


Problem    6^^- 


hov/  to 
out  of 


To  find  the  Cornpofitions  of  any  Number  in  a  greater  Number  of  fets,  i.  e.  1 
•chufc  a  Number  of  Things  out  of  a  greater  Number  of  fets,  taking  but  i  Thing 
I  let  (the  things  being  all  different.) 

Rule.  Find  the  Eleftions  of  the  Number  to  be  chofen  (n)  in  the  Number  of  fets 
(N)  by  ProU.  3  ;  then  find  the  Cornpofitions  of  n,  in  each  of  thefe  Eleftions ;  by  the 
laft  Problem  ;  the  Sum  of  all  thefe  Cornpofitions  is  the  anfwer.  But  obferve,  that  as  the 
Number  of  Individuals  in  each  fet  arc  fuppofed  to  be  equal  or  not,  there  is  a  differejice  in 
applyuig  the  laft  part  of  the  Rule,  thus : 

(l°-)  If  the  Number  of  Individuals  is  equal  in  each  fet,-  call  it  m ;  then  the  Compo- 
fitions  in  every  Eki^ion  of  the  fets  are  equal  j  and  by  Probl.  <y  they  are  m"  ;  and  this 
being  multiplied  by  the  Eleftions  of  n  in  iV,  gives  the  Number  fought. 

Exa.  To  find  the  choices  of  5  Men  out  of  5  Companies,  which  have  each  4  Men,  fo 
as  to  take  out  1  Man  out  of  i  Company,  the  Eleftions  of  3  in  5  are  10,  and  the  3d  Power 
of  4  is  64,  then  64  X  10=  640  the  Number  fought.  But  as  there  are  20  Men  iii  the 
whole  5  Companies,  if  the  Choice  ^vere  unlimited,  the  Number  would  be  1140. 

(2°-)  If  the  Numbers  in  each  fet  are  not  equal,  we  muft  adtually  mark  out  all  the  E- 
leaions ;  and  take  the  compofitlons  of  each  feparately,  becaufe  they  cannot  be  all  equal  j 
their  Sum  is  the  Number  fought. 

Exa.  Suppofe  5  Companies  whofe  Numbers  are  a  =  2,  J  —  3,  r  =  4,  ^—5,  e  —6, 
out  of  which  are  to  be  chofen  by  Compofition  3  Men  :  The  Eleitions  of  3  in  5  are  10, 
which  being  marked  out,  with  the  Cornpofitions  of  3  in  each,  the  total  Sum  is  490,  as  here. 

rt,  ^,  f    =r  2,  3,  4  24  Demon.     The  Reafon  of  every  part  of 

^,  ^,  </  =  2,  3,  5    "^  30  this  Rule  is  obvious  from  the  nature  of  the  thing, 

^,  ^,  e  =  2,  3,  6  'o  ^-  36  and  the  preceding  Rules"  5  and  need  not  be  furtlier 

<j,  c,  ^  =  2,  4,  5   g^  40  infifted  upon. 

^,  f,  f  =  2,  4,  6  .2-5  48 

^,  <jf,  f  =  2,  5,  6  «  4>  60 

i',c,d=  3,  4,  5   1^.5  60 

h<:->^   =  3>  4.  '^  f'^         72 
c,  d,  e  =  4,  5  6,  ^       120 

4P0  total. 

Problem   7** 

To  find  the  Cornpofitions  of  any  Number  N  in  a  lefler  Numbef  of  Sets  ^,  of  things 
all  different,  fo  as  fome  part  be  taken  out  of  each  fet.  ,       /  o  s  A-a  » 

Rule.  Let  the  fets  be  reprefented  by  the  Numbers  in  each  ;  ^^^  A}  V  '^"^* 
bute  the  Number  N  into  as  many  parts  as  tkere  are  Units  m  «,  and  do  this  as  many 
ways  as  poffible  ;  after  which  (2°-)  make  out  all  the  Alternations  of  the  Terms  or 
Parts  in  every  diftribution,  and  (f-)  compare  each  Alternation  (taking  their  ierms  in 
one  order,  as  from  left  to  right)  mth  the  Numbers  of  the  feveral  fees  (taken  i"  the  fame 
order).  Thefe  Alternations  in  which  any  Term  is  greater  than  the  Number  ot  the  cot- 
refponding  fet  are  to  be  rejeded  ;  for  this  Ihews  that  thefe  parts  cannot  be  taken  out  ottm 
fets  in  that  order  j  and  for  every  otlier  Alternation,  you  are  to  do  thus.  (4  •)  rmu 
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the  Elcflions  (by  Prohl.  5.)  of  every  Term  of  the  Alcernation  out  oF  the  Number  of 
tlic  correfjionJonr  Set ;  whidi  mukiply  contlijually  together,  the  Produft  is  fo  many  of  the 
Choices  fought :  Then  hftiy,  the  Sum  cf  ail  thefe  Products,  made  for  every  Alternation  of 
every  Diftribution,  is  the  Number  fought. 

Exa.  I.  Suppofe  two  Companies,  the  one  of -j,  and  the  other  of  7  Men,  out  of  whic!^ 
are  to  be  chofen  4  Mei],  fo  as  a  part  be  taken  out  of  each  :  How  many  Choices  are 
there  ?    The  Anfwer  is  455  ;  found  thus, 

Ci*'-)  The  fets  are  5  and  7,  and  the  Number  4  has  two  dirtributions  into  parts, 
ziz.  1  -f-  :}  and  2  +  2.  {z'^-)  The  Alternations  of  thefe  2  diftributions  are  only  thefc, 
}  '\'o->  3  +  J>  2  +  2,  then  f^^*)  Comparing  thefe  Alternations  with  the  fets,  there 
is  none  of  them  to  be  rejciSed  ;  and  (4°*)  the  Eleflions  of  their  parts  in  the  Correfpon- 
dent  fets  being  taken  and  Multiplied,  and  the  Produfts  added  together,  as  you  fee  done  bc- 
lo»v,  the  total  Sum  is  4'5  5. 


Sets. 

5    ••    7 

Altern.  i  +  5 
Elea.  5  X  55  =  175' 


Altern. 
Elea. 


Sets. 
5    ••  7 

3  +  1 

10  X  7  =  73. 


Sets; 
5   ••    7 

Altern.  2  +  2 

Ele£l.  10  X  21 ; 


Prod.-J    70 

.C2IO 


210 


455  fi'm.: 


Exa.  2.    There  are  three  Companies  of  15,  <?,  7  Men ;  out  of  which  5  Men  are  ta 
be  chofen  by  Compofition ;  the  Anfwer  is  6055,  found  as  in  the  following  Work. 


2"- 
I, 


The  diftributions  of  s  into  2  Parts  are  only  ^  "|~  ^  +  3  —  5 

^  '14-2  +  2  =  5 


The  Alternations  of  the  diftribution  i  +  i  •-{-  3  are  thefe  i,  I,  3  :  i,  3,  i,  and 
5,  1,  I ;  of  the  diftribution  i  -f  2  +■  2,  they  are  i,  2,  2 :  2,  1,  2,  2,  2,  i,  each 
of  which  can  be  taken  in  order  out  of  the  fets,  5,  6,  7  :  and  the  Eledions  found,  mul- 
tiplied and  added,  make  in  all  (J055. 


Sets. 
'■  5  =  6  ;  7 

Akeni.  1+ 1  -{-3  =  5 
Elea.  5  X  6x35  ==  1050. 


Sets. 
5:6:7 
Akern.  i-|-3-j-i 
Elea.  5  X  20x7  =  700 


Sets. 
5  ••  <S  •  7 
Altern.  3-f-i-j- 1 
Elea.  10x6x7  =420: 


Sets. 
:   6  : 


Altern.  1+24-2 
Elea  5Xj  15^21=1575. 


5 


Sets. 
:  6  : 


Alt.  2+1 -)-2 

Ele.  10x6x21=1260. 


Sets. 
5:6:7 

Alt.  24-2  +  1 

Ele.  10x15x7=1059. 
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Exa.  ■}.    Simpofe  9  Men  are  to  be  chofen  by  Compofition  out  of  a  Coftipanies,  of  4, 
5,  6  Men.  ■>  y        ^r 

Sets.  4:5:6  4:5:6 


o   « 


-^     O 

Q      C5 


2 
3 

4 

2 

3 


If  each  of  thefe  Series  of  altenntions  (of  the  feveral  dinributions  of  the  Number  p)- 
is  compared  in  order  with  the  Numbers  of  the  Setts,  4,  5,  6  (in  order  to  which  I  have 
fet  thefe  over  the  Alternations)  then  we  find  that  none  of  the  ift  diftribution  are  iife- 
ful,  becaufe  7  is  greater  than  it's  Correfpondent  Sett;  of  the  2d  diftribution,  the  2d,  4th, 
5th,  6th  alternations  are  alfo  ufelefs,  becaufe  6  c  orrelponds  to  the  Sett  4  and  5,  out 
of  which  it  cannot  be  taken  ;  alfo  the  5th,  6th  alternation  of  the  third  diftribution  ;  and  the 
iijd  of  the  ^th,  are  ufelefs,  all  the  other  alternations  ferve  :  And  Ohferve,  That  the  diftribu- 
tion which  has  one  part  greater  than  the  Number  of  any  of  the  Setts,  is  ufelefi,  and 
therefore  we  need  not  take  out  it's  alternations ;  nor  the  alternations  of  any  other  diftribu- 
tion, wherein  any  part  is  greater  than  the  Correfpondent  Sett  out  of  which  it  iliould 
be  eleiled  ;  and  therefore  taking  only  the  ufeful  diftritbutions  and  alternations,  the  whole 
Work  is  as  folio^v3  ;  where  I  have  fee  the  Eleflions  not  under,  but  in  a  line  with  the 
the  Numbers  elefted  j  thus,  the  Eleaions  of  i,  2,  6  (in  4.5.6;  are  4, 10,  i. 


lift  I 


Setts. 
4.5.6 


I .  c  .  6 

2.1.6 


2d' 


5 


1 .3 
1.5.5 
5.1.5 
5.5.1 


Ele«Elions. 

4X10X1  =  4° 
6X  5X1  =  30 

4X10X6  =240 
4X  1X2^=  8^ 
4.x  5X6  =120 
4X  tX6  =  24 

54 


Ele<aions. 

4X  5X15=300 
IX  5X15=  75 
IX  5X  6=  30 

6XI0X  6=560 

6X  1X15=  PO 

5th  5.  3  .  }j  4X10X20=800 

1655 


4t'H2: 


Setts. 
4.5  . 


7th  ^ 

4' 
4' 


^' 
2 .4 
4.2 


51      Eleaions.- 

4;^Xioxr5=poo 

3!6X  5x20-600 
4X10X15=600 
4X  5X15  -300 
1X10X20=200 
1X10X15  =  150 


2750 


The  Snm  of  all  thefe  Produfls  is  534  4-  1655  -f-  2750  ='49?$?;  the  total  Eleitians 
of  p  in  the  3  Companies,  whereas  a  free  Choice  out  of  15,  the  Sum  of  the  3  Com- 
panies is  5005. 

Ohferve,  1  hat  tho'  this  Work  be  indeed  tedious  in  moft  Cafes,  yet  it's  vaftly  eafict 
than  the  adlual  marking  out  of  all  the  Choices  out  of  the  Setts  ;  which  ftill  would  require 
tlie  diftributing  the  Number  to  be  chofen,  and  then  eledling. 

Demo  n.. 
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D  E  M  c  N.  Some  Part  of  the  Number  to  be  clefleJ  muft  be  taken  out  of  each  Sett, 
\vhich  is  the  reafon  of  dillributing  tliat  Number  into  as  many  I'arts  as  tlicre  arc  Setts,  aiil 
doing  this  as  many  Ways  as  poffible  ;  But  then  the  Parts  of  tliefe  Diftributions  may  be  ap- 
ply'd  varioiifly  to  t!ie  Setts,  which  is  the  reafon  of  taking  all  their  Alternations  and  apply- 
ing them  to  the  Setts ;  for  'tis  manifeft  that  each  of  thefe  different  Applications  or  Ways 
oftaking  the  Parts  of  the  Number  to  be  ele£ted,  among  the  Setts,  muft  make  a  different 
Choice.  But  tJgr.'w,  In  each  of  thefe  we  are  alfo  to  conlider  in  what  Part  of  the  corrcfpon- 
ding  Sett  it  is  taken,  for  that  alio  muft  make  a  difference;  fo  that  the  £leitions  of  every 
Number  in  its  corrcCponding  Sett  being  found,  'tis  plain  that  wc  can  join  any  Choice  of 
the  Number  taken  out  of  one  Sett  with  the  Choice  of  the  Numbers  taken  out  of  the  other 
Setts  ;  and  confequently  the  Variety,  in  this  refpecl,  is  the  continual  ProduiS  of  tlie  Num- 
bers of  Choices  of  the  feveral  Parts  of  any  Diftribution  out  of  its  corrcfponding  Sett. 
Therefore,  hftly,  the  Sura  of  all  thefe  Produfts  is  the  Number  fought 

P  R  O  B  L  E  M      S'l'- 

To  find  the  EleSiions  of  any  Number  n  in  another  Number  N,  of  Things  which  are 
not  all  different,  in  that  refpeft  which  makes  the  Variety  of  Choice. 

Rule  i"'  Of  the  Number  TV  take  the  feveral  Parts  that  are  like  Things,  and 
reckon  each  of  thefe  Numbers  as  fo  many  Setts;  and  all  the  remaining  Things  in  A"  as 
another  Sett  :  Mark  each  Sett  by  its  Number,  and  alfo  by  forae  Letter,  (  bccaufe  different 
Setts  may  have  the  fame  Number,  but,  being  Setts  of  different  Things,  they  muft  have 
another  Diftinftion)  and  becaufe  all  the  Setts,  except  one,  are  fuppos'd  to  confift  each  of 
like  Things,  (rho"  different  Setts  conlift  of  different  Things)  diftinguifli  that  one  by  foine 
Mark.     Then, 

2°*  Find  all  the  Elections  of «  that  can  be  liad  in  that  Sett  ^vhich  confifts  of  Thing-; 
different,  and  for  each  of  the  other  Setts  reckon  but  one  Eleflion  :  But,  if  the  number  of 
Things  in  any  of  thefe  Setts  is  lefs  than  «,  there's  no  Elcftion.     Then, 

3°-  Find  and  mark  out  all  the  Eleflions  of  every  two  Setts,  of  every  rj,  4,  &c.  (as  fac 
as  the  Number  v)  by  their  Letters  and  Numbers  ;    And, 

4''"  Find  the  Compofitions  of  u  in  each  of  thefe  Choices  of  different  Setts,  by  Proll  5, 
6,  and  7. 

Li^ftly,  The  Snm  of  all  thefe  Compofitions,  and  of  the  Ele£lions  in  Article  2d,  is  the 
Number  fought. 

E\a.  1.  Suppofe  4tobe  elcfled  out  of  11,  ivhereof  5  are  like  Things,  and  6  diff^e- 
a  h  rent:  The  Choices  of  4  in  5  are  5  ;  but  the  ^  being  here  all  like  Things, 
a  c  there  is  but  one  Choice ;  then  in  the  6  different  Things  there  are  15,  both 
a  d  which  make  16.  Next  there  is  but  one  Combination  to  be  made  of  the 
a  e  Setts,  becaufe  there  are  but  two  of  them.  Now,  the  Diftributions  of  4  into 
a  f  2  Parts,  with  their  Alternations,  are  i  -J-  ^5,  3  -7"  i,  and  2  -i-  2 ;  and  the 
g_  Choices  of  thefe  out  of  two  Setts  make  in  all  41,  (as  in  the  annex'd  Opera- 
Setts*     5.6  .    •    .  tion)  where  the  Sett  5  being  of  like  Things, 

the  Choices  in  it  are  reckon'd  but  i  ;  And  to 
thefe  41  add  the  preceding  16,  the  Sum  is  57, 
the  Number  fought. 

But  if  each  of  the  Setts  contains  like  Things,  then  the  Anfwer  would  be  only  -J  ;  For 
there  is  i  Choice  in  each  Sett,  and  i  for  every  Alternation  of  the  Parts  of  4  ;  and  if  the 
Things  to  be  elefted  are  6,  then  the  Eledlions  are  6 ;  for  there  is  no  Eie£Uon  in  the  one 

X  X  X  2  Sett, 


I    . 
3    • 

3 

1 

I 

X 

X 

20 

6 

= 

20 
6 

2    . 

2 

s 

I 

X 

15 

= 

15 

A  .  E 
6    .  5 

4    •  4 
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Sect,  and  there  is  but  1  in  the  otiier  :  Then  rlie  Diilributions  of  6  are  1  4-  5,   2  -h  ^, 
'  -;  ~f-  5,  and  the  two  Former  have  2  Akeriiations,   but  each  of  tlieni  has.  but  1  ElccStioii 
in  the  two  Setts,  which  make  in  all  5  j  and  this,  with  the  former  1  in  the  Sett  6,    is 
in  all  6. 

Exr..  2d.  To  find  the  Choices  of  4  out  of  18,  whereof  6  are  like  Things,  and  5  alfo 
like,  and  7  different :  The  Anfwer  is  201,  vchich  is  found  as  in  the  following  Work  ;  for 
the  underfianding  whereof  nothing  needs  be  faid,  but  that  the  Sett  7,  which  confifts  of 
Things  all  diffejent,  is  difiinguiih'd  by  a  Crofs. 

-f- 
.C 


7 
4 


1  f  1+35  ==57,  the 
fum  of  the  Choices  of 
4.  in  the  feveral  Setts. 


3+1^  IX  7 


B 

5' 


C 

7 


1  +  1  +  2^1X1X21 
I  t-2+i^  iXiX  7 
afi-fi^ixiX   7 


Then  37  -\-  :}  +  65  +  63  4-  31  = 


201 


,  the  Number  fought. 


D  E  M  o  N.  The  Reafon  of  this  Rule  confiils  all  In  this ;  That  when  any  Number  n 
is  to  be  eleSed  out  of  any  Number  iV  without  limitation  ;  and  if  the  Number  N,  is  any 
how  diftributed  into  Parts  A  ■}■  B  -\-  C,  8cc.  then  it's  certain  that  every  Choice  of 
tz  out  of  the  wliole  Sum  muft  either  be  taken  out  of  forae  i  of  thefe  Parts,  or  out  of  fpme 
2,  or  ?,8f.  of  them  (  proceeding  to  a  Number  of  Parts  equal  to  n,  for  we  cannot  diftri- 
bute  it  into  more  Parts  than  fi  has  Units,  and  find  fome  Part  of  «  in  each  Part  of  N.') 
Then,  for  the  Manner  of  taking  «  out  of  thefe  Setts  or  Parts  of  N,  the  Reafon  is  cou- 
taiji'd  in  the  trohhms  refer'd  tc 


Problem    9 


tb. 


To  find  the  Sum  of  all  the  Eli^Slions  of  every  Number  in  any  Number  N,  which  are 
not  all  difterent  Things,  without  finding  the  Eleitions  of  any  particular  Number, 

R  u  L  F..  Separate  the  Number  N  into  Setts,  as  in  the  laft  Prohhm  ;  then  find  the 
Sum  of  a  Geometrical  Series  from  i  in  the  Ratio  of  1  :  2,  whofe  Number  of  Terms  is 
the  Number  of  Things  in  that  Sett  which  are  all  different  Things  :  Next  take  one  of  the 
Setts  which  confifts  of  Things  all  like,  and  by  its  Number  multiply  the  preceding  Sura, 
and  to  the  Product  add  that  preceding  Sum,  and  alfo  the  Multiplier  :  This  laft  Sum  mul- 
tiply by  the  Number  of  another  Sett  of  like  Things,  and  to  the  Produft  add  the  laft  Sum, 
and  alfo  the  Multiplier  :  and  thus  go  on,  multiplying  the  laft  Sum  by  the  Number  of  ano- 
ther Sett  of  like  Things,  adding  the  laft  Sum  and  Multiplier  to  the  Produfl  till  you  have 
gone  thro'  all  die  Setts :  The  Sum  of  all  thefe  Sums  is  the  Anfwer  of  the  Queftion. 

Exn..  To  ek£l  every  Number  out  of  p  Things  whereof  2  are  like,  and  3  are  like,  and 
4diti"erent,  tlie  Anfwer  is  2'53.  For,  the  whole  Elediions  in  the  4  different  Things 
are(byPj'oW.4.)i-i-2  +4  +  8=  15;  Then  15X2  =30.and30-f  I5'l- 2=47. 
then  47  X  3  =:^.»4: .  and  141  4-  47  -f-  3  =  191.  Laftly,  15  +  47  -h  1^1  =  253, 
the  Number  fouglis. 


P'E  M  0  N. 
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D  K  M  o  N  s  T  R  A  II  o  N.  However  many  different  Things  there  are   in  the 

.  ,., ift  Set:,  tiie  Eleftions  fought  in  that  Number  are  ac- 

*T^^      r^l  ■  r  FF-  fTf    '^°f^'"g  fo  the  Rule  ;  which  is  demoiiflrated  in  Iro- 

*  I,''  'I       '  rl  F.  Jff  /fff^^^"*"^^^-    '1^'^'='''  ''^"«"  t'^e  tbllowintj  Things  were 

nb.^c.^j.a....e  fa.aff.^^^^^^^^  Operation  would  go  on;   but 

bc.hd  h.M^.fb.lff.hfff  if  2  or  more  of  them  are  the  fame,  the  combining 

*■  •  f  ^  tJiefe  witii  each  of  the.  preceding,    will  produce  only 

1  0,^  tliefame  Eieftions:  Burthentaking  i,or  2,  or  :5,gr. 

f^j  of  rhcfe  like  Things  (to  the  greateft  Number  of  them; 

y    ,  'vhat  you  take  confidcr'd  by  it  fcif,  and  alfo  join'd 

with  each  of  the  preceding  Ekaions,  makes  fo  many 
new  Eieflions  :  And  tluis  going  thro"  them  all,  ws 
have  the  whole  Eleflion  fought;  according  to  the  Rule, 
as  the  annex'd  Scheme  will  eafil^;  Ihew. 

Problem  io^'^- 

To  fi^nd  the  Compofiihns  of  a  Number  out  of  an  equal  number  of  Sects ;  When  th& 
Things  in  the  feveral  Setts  are  different  (  i.  e.  tliere  is  nothing  in  one  Sett  wliich  is  in., 
any  other)  but  the  Individuals  of  the  fime  Sett  fuch,  that  2  or  more  of  tlieni  are  the  fame- 
or  like  Things,  which  may  obtain  in  any  one  or  more  Setts. 

R  u  i-  E.  Each  Sett,  whofe  Individuals  are  all  die  fame  Things,  are  to  be  reckon'd 
as  if  there  were  but  one  Thing  in  it :  And  if  in  any  Sett  there  is  any  Part  conliiHng  of 
the  fame  Things,  reckon  all- that  Part  as  it  were  but  one  Thing ;  then  apply  the  Rule  oi^ 
ProlUm  5th. 

E\a.  Suppofe  5  Setts  of  Things^  one  of  6  Things)  all  different ;  another  of  4,  but 
which  are  all  the  fame  Things  ;  another  of  8  Things,  whereof  5  arc  like,  and  3  are  like. 
To  find  the  Compofitions  of  3  in  thefe  three  Setts,  we  muft  reckon  the  2d  Sett  as  havin-^ 
but  I  Thing,  and  the  3d  as  having  2,  and  then  the  Number  fought  is6  X'  I  /^  2  =  1 2. 

The  RenfoK  of  this  Rule  is  obvious.  So,  in  the  preceding  Example,  we 
can  join  each  Thing  in  the  firft  Sett  with  h-,  and  ^vith  ?»,  or  with  n  ;  nor  liave' 
we  any  more  Choice,  fince  every  h,  m,  and  n  are  the  fame. 


a 

h 

m 

h 

h 

m 

c 

h 

m 

d 

h 

m 

t 

n 

f 

n 
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Problem    iitl'- 

To  find  the  Cb^??/»oy?h'o;;£  of  any  Number  in  a  greater  number  of  Setts,  Circumflances. 
being  as  in  the  lalt  problem, 

R  u  t  E.     Reckon  all  the  Things  that  are  the  fame,,  or  like,  in  any  Sett,  as.  but-  one. 
Thing,  and  proceed  by  ProhL6. 

Problem    i  z^^- 

Tofind  the-CW/»o///ovj  of  any  Number  iV^in  a  leffer  Number  u  of  Setts,  Circura- 
ftances  being  as  in  Probh  10. 

Rule.  Apply  the  firft  3  Steps  of  the  Rule  of  Proll.j  ;  and  for  tlie  third  Step 
{i.e.  taking  .the- Elections  of  the  Farts  of  A^  out  of  the  correfponding  Setts)  we  muft 
diflinguifh  thui  .-   i',  If  any  Setth^s  alj  its  Individuals  lUie,  there  is  but  one  Eleflion,. 

.  But,: 
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B'lt,  2°,  if  tbijy  are  ncidiet  all  like,  nor  all  dilTerent,  find  the  EleclioHs  of  the  corref^on* 
(Jing  Pare  of  A"  ill  fhat  Sect  by  froJ>l.S. 

The  Kt'afoii  is  obvious,  •  '     >  ,  - 

S  c  H  o  L.  In  the  Matter  of  Comfofitions  we  have  hitherto  fuppos'd,  that  there  is 
no  Tiling  ill  one  Sett  which  is  the  fiinc,  or  like  to  what  is  in  any  other  Sett :  But  now, 
if  we  fuppolc  it  otherwife,  i.  e.  that  there  are  feveral  Things  the  fame,  or  like,  hi  feveral 
Setts,  this  is  a  new  Limitation,  and  more  difScuk  than  the  former,  and  indeed  is  fuch  as 
]  have  not  fjniid  'how.  to  brmg  under  any  General  Rules  :  Some  particular  Cafts  have 
Tiieir  proper  Rules,  that  will  be  cafily  difcover'd  when  they  occur,  but  what  has  been  al- 
ready done  being  the  principal  Part  of  this  Doctrine,  and  the  Foundation  of  what  elfe 
relates  :o  it,  I  ihall  not  inlill  much  further  on  thefe  Things,  only  add  one  Problem  more, 

Problem     t.  ^™- 

The  Individuals  of  feveral  Setts  of  Things  being  the  fame  or  like  Things,  i.  e.  the 
Things  that  are  in  any  one  Sett,  (  however  like  or  unlike  among  themfelvesj  being  the 
fame,  and  the  fame  in  Number,  as  are  hi  all  the  other  Setts ;  To  find  the  different  Com- 
paiirionsof  a  number  of  thefe  Things  equal  to  the  number  of  Setrs,,  •    .  .   ;  ..fjfj'j' 

R  tr  L  E  1°'  If  any  of  the  Things  is  oftner  than  once  in  the  fame  Sett,  reckon  as 
it  were  but  once  ;  Then,  2°,  take  the  Arithmetical  Progreffioii  1,2,  3,  i3c.  to  fuch  3 
number  of  Terras  as  the  number  of  .different  Things  in  each  Sett ;  take  the  Series  of  their 
Sums  continually  from  the  beginning,  the  laft  of  them  is  the  number  of  Compofitions 
fought  in  two  Setts.  Again  ;  Take  the  Sums  of  their  Series  continually  from  the  begin- 
jiing,  the  laft  of  them  is  the  number  of  Compofitions  in  three  Setts.  Go  on  thus  taking 
the  Suras  of  every  fucceeding  Series  of  Suras,  and  the  laft  Term  is  the  Number  for  a 
number  of  Setts  equal  to  the  number  of  Series  from  the  beginning  of  the  Work, 

Thus:  If  there  are  2  Setts,  and  4  Things  in  each,  the  Compdlitions  of  2 

1.2.3.4        are  lO;  if  there  are  3  Setts,  the  Compofitions  of  jarfnSO.i  and 
I  ,  3  .  6  .  10       fo  on.  1    -     ,   •    ,  ', 

I  .  4  .  10  .  20  Demon.     Suppofe  only  2  Setts  ;  then  the  firft  Letter  a  of  the 

&c- fecondSett  may  be  join"d  with  each  of  the  firft  Sett;  but  the  fecond 

^     ^     "^  Letter  b  is  not  to  bejoin'd  with  the  a  of  the  firft  Sett,  becaufe  that 

y     u     I,  coincides  with  the  Combination  of  the  a  of  the  fecond,  and  ^  of  the 

^.  &c.     firft  Sett ;  and  f  j  the  h  of  the  fecond  Sect  is  combin'd  only  with  the  h  of 

d  d    ^  the  firft  Sett,  and  with  all  below.     For  the  fame  Reafon  the  c  of  the 

fecond  Sett  is  johi'd  only  with  the  c  of  the  firft  Sett,  and  with  all  below, 
and  fo  on  thro"  the  other  Letters.  All  which  joinings,  taking  the  wliole  Combinations 
of  each  Letter  of  the  fecond  Sett  with  all  from  tlie  fame  Letter  downwards  in  the  firft  Sett, 
as  one  Term,  makes  an  Arithmetical  Series  I,  2,  3,  Sr.  to  a  number  of  Terms  equal  to 
tlie  number  of  Things  in  the  Sett :  and  it's  plain,  that  the  Sum  of  them  is  the  total  Com- 
pofitions of  2  in  the  nvo  Setts.  Again  ;  For  the  ftine  Reafon  the  a  of  the  third  Sett 
will  join  with  each  Compofition  of  2  in  the  preceding  two  Setts ;  but  the  h  muft  begin 
only  to  be  join'd  with  ^'^  of  the  preceding  Compofitions,  and  with  none  in  which  a  is; 
i.  e.  it  will  be  in  as  many  Compofitions  of  2  as  are  in  two  Setts  which  have  one  Thing 
fewer,  \vhich  muft  be  the  next  \e&^t  Term  of  the  fecond  Series :  And  the  c  of  the  third 
Sett  will  in  like  manner  be  johi'd  with  cc,  and  all  the  Compofitions  of  2  in  the  preceding 
two  Setts  which  have  neither  h  nor  a,  ( i.  e.  as  many  as  the  Compofitions  of  2  in  two 
Setts  which  have  two  Things  fewer  than  the  laft  )  which  muft  be  the  next  leffer  Term 
of  the  fecond  Series ;  and  fo  on  thro'  all  the  Letters  of  the  third  Sett :  Sq  that  the  total 
Compofitions  of  3  in  the  three  Setts  is  the  Sum  of  all  the  Terras  of  the  fecond  Series. 
The  fame  ^m/o«' is  maniteft,  however  many  Setts  there  are. 

A  R  I  T  H' 
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The  Application  of  the  DoBrine  of  Proportion, 
iii^the  Common  Affairs  of  Life  and  Commerce. 


IN  Books  I,  and  II,  the  Fundamental  Operations  of  y4nV>?JAHff/f A  are  fully  cxplain'd 
ill  their  Abftradl  Praflice  j  and  for  the  Application,  all  is  done  with  refpeft  to 
Addition  and  SubtraSUon  that  can  be  reduced  to  General  Rules  ;  alfo  for  the  more 
limple  Applications  of  Multiplication  and  Divifwn  :  But  the  Great  and  Univerfal 
Rule  for  the  application  of  Multiplication  ajid  Divifwn  is  founded  in  the  Doftriiie  cf 
Proportion  Geometrical,  and  contain'd  chiefly  in  Probl.  i,  Chap. :;,  £00*^4.  vvhofe  Ufc, 
in  the  Common  Aifairs  of  Life  and  Commerce,  is  of  the  Greateft  Importance,  and  fjr 
the  explaining  of  whidi  this  Book  is  defign'd. 


CHAP.     I. 

T/;p  ^itf^i^f  Ttij?ee,  Goltlen  Rule,  or  ^ik  of  Proportion, 

D  EF  I  NITTO  N. 

THIS  Rnle  (which  is  the  Foundation  of  moft  of  what  foil  owr)  is  the  Application 
of  Prohl  I,  Ch.  5,  E.  4,  cail'd  The  Rule  of  Three  from  havis:g  three  Num- 
bers given  to  find  a  fourth  ;  but  more  properly  The  Bjile  of  Proportion,  becaufe 
by  it  we  find  a  4th  Number  proportional  to  :^  given  Numbers,  ( i.  e.  which  has  the  fame 
Ratio  or  Proportion  to  one  of  3  give«i  Numbers  as  another  of  them  has  to  the  remaining 
one).  And  becaufe  of  tiie  neceffary  and  cxteiifive  Ufa  of  it,  tis^  cail'd  The  Golden 
Rjiie,. 

But, 


5. 
if 
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But,  to  define  it  with  regard  to  Applicate  Numbers,  or  Numbers  of  particular  and 
det.eniiiime  Thini;s,  it  is,  "Tlie  Rule  by  which  we  fijid  a  Number  of  any  kind  of 
"  Tiling  (,u  Money,  Weight,  ^c.)  fo  proportion'd  to  a  Given  Number  of  the  fame 
'*  lliings,  as  another  Number  of  the  fame,  or  different  Things,  is  to  a  thirdNumber  of 
"  the  ];ift  kind  of  Tl.'in".  For  the  four  Numbers  that  are  proportional  muft  either  be 
all  apply'd  to  one  kind  of  Things  ;  or  t\vo  of  them  muft  be  of  one  kind,  and  the  remain- 
ing two  of  another;  bccaufe  there  can  be  no  Proportion,  and  confequently  no  Compari- 
1o;i  of  Quantities,iof  different  Species :  As  for  example,  0^5  Shillings-  and  4  Days;  ot 
of  6  Meu  nnd  4  Yards.     But  of  this  more  fully  afterwards."  '      ' 

All  Qaellions  that  fall  under  this  Rule  may  be  diftinguilh'd  into  two  kinds:  The  firft 
contains  thcfe  wherein  'tis  fimply  and  direflly  propos'd  to  find  a  4th  Proportional  to  3  Gi- 
vCTi  Numbers  taken  in  a  certain  Order  :  As,  if  it  w6re'  propos'd  to  find  a  Sum  of  Money  fo 
proportion'd  to  lOO  /.  as  64  /.  10  s.  is  to  18  I.  6  s.8  d.  or  as  40  lb.  8  ounces  is  to  6  hun- 
dred weight.  The  fecond  kind  contains  all  fuch  Queflions  wherein  we  are  left  to  difcover, 
from  the  Nature  andCircunifiaiices  of  theQueftion,.  Tliat'a  4th  Proportional  is  fought; 
and,  confequently,  how  the  State-of  the  Proportion  Cor  Comparifon  of  the  Terms)  is  to 
•be  made  ;  which  depends  upon  a  clear  underftanding  of  the  Nature  of  the  Queflion,  and 
ot  Proportion.  And  rfter  the  Given  Terms  are  duly  order'd,  as  the  Proportion  ought  to 
win,  what  remains  to  be  done  is,  to  apply  froU.  i,  Ch.  3,  B.  4.  But,  becaufe  there  is 
fomething  further  in  the-Application,  and,  to  remove  all  Difficulty  as  much  as  poffible, 
rhe  whale  Soludoji  is  reduced,  to  the  foUowiiig  General  Rule,  which  coutains  what  further 
■DiEC-tion  is  iiecefiaiy  tor  folving  fiich  Queflions  wherein  the  State  of  the  Proportion  is 
given  ;  ill  order  to  which,  'tis  neceifary  to  premifethefe  Obfervations. 

i'"'  In  all  Queflions  that  fall  under  the  following  Rule  there  is  a  Suppofition  and  a 
Demand  :  I'wo  of  the  Given  Numbers  contain  a  Suppofition,  upon  the  Conditions  where- 
'sf  a  Demand  is  made,  to  which  the  other  Given  lerm  belongs  ;  and  it  is  therefore  faiJ 
TO  rnife  the  Quefiion,  bi;caufe  the  Number  fought  has  fuch  a  Connexion  with  it  as  onepf 
ihefe  ia  the  Suppofition  has  to  the  other.  For  example  ;  If  3  Yards  of  Cloth  coft  4  /.  10  j. 
('  here  is  the  Suppofition)  what  are  7  "Y'ards  3  quarters  worth  }  (here  is  the  Demand  op- 
Queflion  rais'd  upon  7  Yards  3  quarters,  and  the  former  Suppofition.  ■  •  '■"■"■  '•■■■-■.■'  '  -'  \ 
2°*  In  the  Queflion  there  will  fometimes  be  a  fuperfluous  Term  ;  ?.  ^.  which,  tho'  it 
makes  a  Circumftance  in  the  Queflion,  yet  is  not  concern'd  in  the  Proportion,  becaufe  it 
is  equally  {0  in  both  the  Suppofition  and  Demand.  This  fuperfluous  Term  is  always 
known  by  being  twice  metuion'd,  either  direflly,  or  by  fome  Word  that -refers  to 
Jr.  E.\a.  If  3  Men  fpend  20/.  in  10  Days,  how  much  at  that  rate  will  they  fpend 
in  25  Days?  Here  the  3  Men  is  a  fuperfluous  'I'erm,  the  Proportion  being  among  the 
other  3  given  Terms,  with  the  Number  fought ;  fd  that  any  number  of  Men  may  be  as 
well  fuppos'd  as  3. 

Rule.  i°"  The  fuperfluous  Term  (if  .there  is  one")  being  caft  .out,  ftate  the 
other  3  Tcxais,  thus :  Of  the  two  Terms  in  the  Suppofition,  one  is  like  'the  T^hing 
fought  (?'.  ^.  of  the  fame  kind  of  Thing  the  fame  way  apply'd)  ;  fetthat  one  in  the  2d 
or  middle  place  ;  the  other  Term  of  the  Suppofition  fetiivthe  ifl  place  (or  on  the  left 
hand  of  the  middle)  ;  and  the  Term  that  raifes  the  Queflion,  or  with  which  the  Anfwer 
i£  conhefted,  fct  iu  the  3d  place  (or  on  the  right  hand);  and  thus  the  Exdteraes  ate  like 
other,  and  the  middle  Term  like  the  Thing  fought.  Alfo  the  jft  and  2d  I'erms  contain 
the  Suppofition,  and  the  3d  raifes  the  Queflion ;  fo  that  the.jd  and  4th-  haye  the  fame 
Dcpendance  or  ConnecHon  as  the  ift  aiid  2d.  This  done,  ,  ,j .'...!. a  n!|.  ;..'.:•-'  ■■■a  i 
2*.  Make  all  the  3  Terms  fimple  Numbers^of  theiioivgil  Denominations '  *xpraf»'d^  'fii 
that  the  Extremes  be  of  one. Natne.'.- Then,  i:.  ,. ;;  ■j3.-,-  r.lj  .j  ,.;.;.^ji  .>.-i:  ..»'n 
3°-  Repeat  the  Queflion  from  the  Numbers  thus  dated  and  reduced,  (arguing  firoiia 
the  Suppofition  to  the  Demand  )    and  obferve  whether  the  Number  fought  ought  to  be 

greater 
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greater  or  Icffer  than  the  middle  Term  (which  the  nature  of  the  Qiiefllon  rightly  coiiceiv'd 
will  determine)  and  accordingly  multiply  the  middle  Term  by  the  greater  or  Icfl'er  Ex- 
treme, and  divide  the  Produit  by  the  other,  the  Quote  is  like  the  middle  I'erm,  and  is  the 
compleat  Anfwer  if  there  is  no  Remainder:  Bur  if  there  is,  then, 

4"*.  Reduce  the  Remainder  to  the  Denomination  next  below  that  of  the  middle  Term, 
and  divide  by  the  fame  Divifor,  the  Quote  is  another  part  of  the  Anfwer  in  this  new  De- 
nomination. And  if  there  is  here  alfo  a  Reniahider,  reduce  it  to  the  next  Denomination, 
and  then  divide.  Go  on  thus  to  the  lovvefl:  Denomination ;  where,  if  there  is  a  Remain- 
der, it  muft  be  apply'd  fraflionwife  to  the  Divifor :  And  thus  you  will  have  the  compleat 
Anfwer  in  a  Simple  or  Mix'd  Number. 

Ohfcrve,  If  any  of  the  Dividends  is  lefs  than  the  Divifor,  reduce  it  to  the  next  Deno- 
mination, and  to  the  next  again,  and  fo  on,  till  it  be  equal  to  the  Divifor. 

EXAMPLES. 


^)      120  (40  J. 


Queft.  I.  If  3  Yards  of  Cloth  coft  8  s. 
what  is  the  Value  of  1 5  Yards  ?  Aufw.  40 .5. 
or  2/. 

Work.  Exfhnation. 

y.        s.        y.  5  yards  and  8  s. 

3  —  18  —  15     contain  the  Suppofi- 
15  tion  ;  and  8  s.  is  like 

the  Thing  fought  ; 
therefore  8 J.  is  the 
middle  term, and  ^y. 
on  the  left  :  Then  the  Demand  arifes  on 
15  y.  and  therefore  it  is  on  the  right.  A- 
gain  ;  from  the  nature  of  the  Queftion  it  is  ^ 
plain,  that  15^^.  requires  more  than  3  y 
i.  e.  the  Anfwer  mufl  be  greater  than  the 
middle  term  ;  wherefore  I  multiply  8  s.  by 
15,  the  Produd  is  120  s.  which  divided  by 
5,  quotes  40  s.  without  a  Remainder  j  So 
40  s.  or  2  I.  is  the  Number  fought. 

Cln.  2d.  \^ i^lh.  of  Sugar  coft  2  s.S>d. 
what  is  the  Value  of  \^lb  r  Auf.  12  j 
^d.2f. 


n.   s. 

4—2 

12 

iS 

4)  ')?4^- 
Rem.  2 

4)8/ 


(148^. 


(2/. 


Work.  Esplafiatio?i. 

d.       Ih.  The  Suppofition  is 

9  —  18  in  4/^.  and  2  J.  ^d. 
this  being  like  the 
Thing  fought,  which 
is  connetted  with 
\Zlb.  wherefore  the 
Terms  are  ftated  ac- 
cording to  the  Rule  : 
then  the  middleTerm 
being  mix'd,  I  reduce 
it  to  d,  and  then  1 
argue  thus:  If  u^lh.  coft  3:5^.  \%]h.  muft 
coft  more  ;  therefore  I  multiply  53  y.  by  18, 


and  divide  the  Produft  '^9\d.  by  4 ;  the 
Quote  is  148^/,  and  2  remains,  which  I  re- 
duce to/,  and  divide  theProduft  8/ by  4 
the  Quote  is  2/;  fo  the  Anfwer  is  148  </:  2/ 
or  \^s.  i\d.  2/.  becaufe  148  d.  is  by  re- 
duftion  12  J.  4^. 

Qu.  ^d.  What  is  the  Price  of  "50  lb. 
weight  of  Tobacco,  when  32  /^ :  12  oz.  coft 
4 /.  10 s  .^    Avf.  61.  17 s.^d.:^/. 


lb. 
32 
16 


Work. 


12  —  4:  10  —  50 
20  16 


5  24  0;^.  —  po  J.  —  800  Oi 
800 
524)   72000  (137  J. 

i960 
1572 

3880 
3668 

Remainder  212 
12 

524;       2544^(4^. 
2C96 
Remainder  448 

4 

524)     1792/(3/.^ 
1572  ^^4 

Rem.  220 

■~  Yyy 


Explanation. 

The  Suppofition 
being  contain'd 
in  32/^  :  120Z. 
and  4  7.  10  s. 
which  is  like  the 
thing  fought,and 
the  Queftion  ari- 
fing  upon  50  lb, 
therefore  the 
Terms  are  duly 
ftated  Then,  to 
make  tliem  all 
fimple  Numbers, 
and  tlieExtremea 
like,I  reduce  both 
Extremes  to  oun- 
ces, and  the  mid- 
dle Term  to  Jh. 
Then,  I  fiy,  if 
52402.  coft  90  J. 
8oo  0^.  muft  coft 
more  :  VV  here- 
fore  I  multiply 
90  J.  by  800,  and 
divide 


of  the  (^le  of  Three. 


550 

diviJe  the  Produfl  72000  by  524,  the  Quote 
is.  137  s.  and  the  Remainder  is  212;  which 
reduced  to  ^.  and  divided,  gives  41/.  with 
448  remaining ;  and  tliis  reduced  and  divi- 
ded, gives  3/1  and  220  remaining :   So  the 

Anfwer  is  1^7 JIi.  ^d:  9™  f.ot6Lij  s. 

4  a'.  5/,  &c. 

({2{.  4fth.    What  are  5  yards  of  Ribbon 
worth,  whereof  63  yards  and  2  quarters  coft 

5/.'      Arzf.  7jJ}.  lod. 

Work. 


Book  VI. 


25 


yd.  qy.     I     yd. 
^3  ••  2  —  5  -  5 

4  1       4 

254   — 


5  —  20  qr. 

20 


254) 


rem. 


2000  s. 
1778 

222 
12 


Cjs. 


254) 


rem. 


254;! 


266^d.{iod, 
254 
124 
4 

496/  (1/ 

254 


254 

Expan, 

The  Terms  fla- 
ted,  and  reduced 
according  to  the 
Rule,  1  find  the 
Anfwer  ought  to 
be  greater  than  the 
middle  term,  there- 
fore I  multiply  5  /. 
by  20,  but  the  Pro- 
di d  is  left  than  the 
Divifor ;  and  fo  I 
reduce  it  to  Jh. 
which  makes  2030; 
and  this  divided  by 
21^4,  quotes  7  J\i. 
The  reft  of  the 
Work  is  plain. 


boarded  6  Months  ( for  25  /.  or  any  Sum) 
7  Men  will  be  boarded  for  the  ftme  a  ih  ir- 
tcr  Time  :  Therefore  I  multiply  o  Months 
by  5,  and  divide  the  Produd  18  by  7  j 
whereby  I  find  the  Anfwer  2  Months  16 
Days. 

Giu.  bih.  If  the  Carriage  of  3  hundred 
weight  cof}  I  oJJ;.  for  40  Miles,  how  much 
ought  to  be  carried  lor  the  fame  Price 
Miles  and  3  quarters  ? 

An^.    4  Cw  :  2  qr 

Work. 

M.      Cw. 

40  — 3  - 

_4 

160  —  3- 

160 


AI.  qr. 
25:3 
4 


103)  480 
412 


rem. 


103) 


68 
4 


rem. 


242 

Qu.  <^tk.  What  Time  will  7  Men  be 
boarded  for  2')  /.  when  3  Men  paid  25  /.  for 
6  Monrhs  ? 

Jk/.  2  Months  16  Days  (reckoning  28 
Days  to  a  Month.) 


Work. 

Men. 

Mo.  Men- 

3- 

-6-7 

7) 

'J 
0 

18    iiMo. 

14 

rem 

■\ 

7) 

Il2da.(i6da 

Exfla?taUon. 
The  25  /.  is  a 


fu. 


perfluous  Number; 
then  the  Suppofi- 
tioais  in  the  3  Men 
and  6  Months,  and 
the  Demand  re- 
gards the  7  Men: 
The  Terms  being 
all  fimple,  I  argue 
thus:   if  3  Men  are 


272 

206 

rem.  66 

28 


(^.Cto 


2qr. 


103)  1848 /^.  iijlb. 

iil 

818 

22} 

rem.  ^7 


i7lh.21. 
103 

Explanation. 

The  fipeifluous 
Number  is  here  10  J. 
and  the  other^  terms 
flated  and  reduced, 
I  argue  thus  :  If 
3  Cw,  is  carried 
i6oqrs.  of  a  Mile 
(for  ICJ?J.)  then  a 
greater  weight  will 
be  carried  for  the 
fame  Piice  103  qrs. 
cf  a  Mile  :  I'herc- 
fore  I  multiply  3  by 
160,  and  divide  the 
Produa48obyio3,. 
the  Anfwer  is,  4  Cw 
2qr  -.iflh. 


Ohprve.  The  firft 
Four  Queftions  are 
what  we  call  The 
Rule  of  Three  di- 
reSi;  i.?.  where  the 
3d  Terra,  being  greater  or  lefFer  than  the  ift, 
requires  that  the  Anfwer  be  alfo  greater  or 
lefler  than  the  2d  Term.  And  the  2  hft 
Queftions  are  of  the  Rule  of  Three  hidireEi 
ox  Reverfe ;  wher<  the  3d  Term  being  grea- 
ter or  lefler  than  the  ift,  requires  the  4th 
contrarily  lefler  or  greater  than  the  2d  :  But 
I  have  comprehended  both  in  one  General 
Rule.  And  from  this  Obfervation  you  leara 
how  to  know  what  Queflions  are  of  either 
kind. 

In  the  following  Collection  of  Queftions  I 
ihall  only  flatc  the  Proportion,  fet  down  the 
Anfwer,  and  leave  the  reft  of  the  Work  to 

your 
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your  own  Exercife  ;  and,  by  comparing  theAnfwer  which  you  find,  with  u'hat  is  here, 
you  11  know  whether  it  is  right. 

C/r/.  -jth.  What  is  the  Value  of  SChalder  :  ^  quarters,  and  5  Bufliels  of  Corn  [Eng/Jh 
Meafiire)  at  the  rate  of  1  /.  ^5^.  the  Chalder  ? 

Atif.  i'^. 1 :  11  s:8d  7fi.  State  i  Ch.  —  i  /  :  15  j.  —  8  Ch.  3  qrs:  5  Bufh. 

Qu.  Sth.    W'hcn  I  bought  40  Gallons  of  Brandy  for  6  / :  8^  :  3  d.  what  is  the  Rate 

/>fr  Gallon?  G.       I    s.   d.     Q. 

Answer.     3  J :  2  «^:  I  rl/-  State  40  —  6:8:3  —  1. 

Qu.c/h.    In  what  Time  will  13  Men  fiiiifli  a  Work  which  5  fuch  Men  couladoin 

3  Days :  8  Hours  ?  m.    d.    h.     m. 

Anfwer.     i  da  :  6  ho  :  46  min  :  &tt  State.     5—3:8  — 13. 

Qu.  iclh.  If  3  Men  are  boarded  p  Months  and  20  Days  for  30  /.  how  many  Men  will 
the  fame  Money  pay  for  at  that  rate  for  4  Months  ?  Mo.    d.     Mm       Mo. 

An^-joer.     y-'iror'  9  :  20  —  3    —    4 

Qu.  wih.  \  Man  is  boarded  3  Months  for  5 1,  what  will  he  be  owing  if  he  remains  at 
Board  8  Months  and  7  Days  ?  mo.      /.      mo.  da. 

Ajifwjr.     13  /  :  I')  J.  State,.     3  —   5—8:7 

Qu.  i2ib.  If  I  rode  60  Miles  in  3  Days,  when  the  Day  was  14  Hours  long  (counting 
from  Sun  rifing  to  fetting)  how  long  muft  the  Day  be,  that  I  may  ride  100  Miles  in  the 
fame  Time  ?  Ali.    b.      m. 

Anf-wer.     23  ho  :  20  min.  State,     6o  — 14  —  100 

Qu.  I  -^ih.  In  what  Time  could  I  travel  50  Miles,  the  Day  being  1 2  Hours  long,  at  the 
rate  of  50  Miles  in  5  Days,  when  the  Day  is  16  Hours.  Ho.      Dr..      Ho. 

Avfwer.    3  Days :  1 2  Hours.  State,  12  —  5  —  16 

Ohft;rve :   If  in  this  Queftion  we  put  5  Days :  7  Hours,  inftead  of  5  Days,  the  State 

of  the  Queflion,  according  to  the  General  Rule,  is  ^°^ ^\  ^'_   J    But  then  take  care 

that  the  middle  Term  be  reduced  to  Hours  by  12,  this  being  the  fuppos'd  Number  of 
Hours  in  thefe  Days  :  And  this  being  done,  tliere's  no  other  Multiplication  ;  and  what 
remains  to  be  done  is,  to  divide  the  Hours  produced  by  the  Reduction,  viz.  i6j  by  16, 
whereby  they  are  rcduce'd  to  Days  of  16  Hours  long,  the  Anfwer  being  4  Days  3  Hours  : 
So  that  the  Qucflion  is  in  efFeft  two  Qucftions  of  Redu£lion,  vi:{.  ift,  of  5  d  :  7  li.  to  Hours 
by  1 2,  and  thefe  Hours  again  to  Days  by  16.     Nor  are  the  4  Terms  truly  proportional  j 

for  their  State,  according  to  the  Operation,  is  this,  '^°-    ^"^  ''"'•    ^'°-    '^''-  ^'°' :  But  to 
'  °  ^  '  '12—5:7  ^Jf6  — 4  :  3 

compare  them  as  to  Proportion,  we  mud  rediice  the  mix'd  Number  ;  Ah  't  is,  5  Days 

7  Hours,  to  Hours  by    12;  and   4  Days  5   Hours   by   16  ;  and  fo-the  4  Terms  arc 

_,  6 '—  *_^''' '  '"  ^^'"'^'^  ^^^°  Terms  being  equal,  and  the  otlier  two  not  fj,  the  4 
cmnat  be  proportional  in  any  Order  they  can  be  taken. 

The  fame  will  be  alfo  true  tho"  the  middle  Term  be  a  fimple  Number,  provided  the 
4th  Term  fought  be  not  alfo  a  frniple  Number ;  but  if  'tis,    then  there   is  Proportion. 
Tbiis,  if  for  16  we  put  15,  the  Anfwer  of  Qu.  i^tb  is  fimply  4  Days.     And  thefe  Num- 
bers are  proportional  Indire£llv,  viz.  ;  or  thefe  direclly, 
^>                              "          12:  5 :  :15  .-4' 

But  as  the  given  Numbers  are  ;  ,    the  Afffwtr  is  3  da 

^  12—  5   —  16  '  ■'  ^ 

4  Terms  are  ^^'  ^-  '^;  ^-  '■'•  •  and  if  we  redusce  the  2d  and  4th  Terms  to  one 
T  12  —  5  —  16  —  3  ;  12 '  ^ 

Y  y  y  2  Name 


b.    .br 

\d.    d. 

15  :''i2: 

:5  :4 

:  T2  ho. 

and  the 

y^  Of  the  (^k   of  Three.  Book  Vf. 

Name  Cthe  one  by  12,  the  other  by  16;  the  4  are  12  _  fi'o—  16  -  60  '  ^^^^*  ^''*=  P'^°- 
portional  in  no  Order, 

Oil.  jAtb.    If"  a  Piece  of  Cloth  is  20  Yards  in  length,  and  ^  in  breadth,  how  broad  is 
another  Piece  which  is  1 2  Yards  length,  and  contains  as  much  Cloth  as  the  other  ? 

A^wei'.     I  Yard  :  i  quarter.  S^^j^^    ^^  __  ^^' ^.{^ 

du.  I'^ih.  How  much  Shalloun  of  i  Yard  :  r  quarter  breadth,  will  ferve  to  line  a 
Cloak'ofs  Yards  Cloth,  3  quarters  broad?  ^  '?''•    ■>'*'•    >     'i'   . 

Anfwer.     q  Yards  .  ^  c  n       f ^'^'' ,  ^  ""  ^  7  '  Ir. 

Qu  ibth.  If  the  Rate  of  Carnage  is  i  Fenny  for  i  Pound  weight  earned  50  Miles, 
how  far  oiiRht  i  Pound  to  be  carried  for  15  Shillings?  d.    m.   Jh. 

Anfwer.     37i  Miles  State      1-50-15 

Gu  17th      When  Wheat  is  at    12/?.  per  Bifliel,  the  6d.  Loaf  of  Bread    weighs 
I  ll  1  oL  (Troy  weight)  what  ought  it  to  weigh,  the  Wheat  being  pjh.  6  d.  the  Bulliel  ? 
'  ^       ^     •>  s.      Ih.     0;^.     s .     d. 

Anfwer.     16  0!(^:  l^;\dw.  State,     I2~  i  :  4—  p  :  6 

Note,  There  are  here  two  fuperfiuous  Numbers,  viz.  1  Buflicl,  and  6d. 
du.  iBfb.    What  was  the  Price  of  Wheat  when  the  Penny-Loaf  of  Bread  weigh'd 
8  Ounces   the  Statute  being,  that  it  muft  weigh  10  Ounces,  the  Wheat  at  ix/;.  the 

^"'^1^^?  State,  10-12— 8 

Anj-wer.     i^j-^^  ^^^  ^^^  ^^^^  fuperfluous  Numbers,  viz.  i  Bufliel  and  1  Pcnnjr. 

Gu  lotb.  Three  Pound  weight  of  Bread  cofls  2J},.  6d  the  Wheat  at  14JS:  the 
Bufhei  -What  is  Wheat  worth  if  I  pay  2Jh.  for  the  fame  weight  of  Bread  ?^^       ^       ^^ 

Anjwer.     lis  :2d:iif.  State,     2:6  —  14—2 

Qu.  7Cih.  What  is  the  Litercft  of  64 /•  for  i  Year,  the  Rate  of  Interdl  being  5  /.  jo,. 
to  loo/.for  1  Year  ?  ^^^ _  '.  ^;  _  ^' 

Qu.  ^t'l. ^!^^:M(^  I.  yield  40  /.  Interefl,  when  Ul  does  it^n  4  Years 
8  Months  ?  g^^^       86  -  4  :  8  -  500 

e«.  22^/1;-  6  r?.S:  per  Annum,  what  Principal  Sum  muH  be  employd  to  yield 
6/.in2Year:6Momhs?  State,     1-100-2  :  6 

Qu    £t'^^^^^^^^^^  20/.Litereflarife   in  1  Year,  at  the^  rate  of 

0^/....  :  In  this,  and  Qu.  ^cih,  and  all  Queftions  -^^^^^^^ ^er^^s  repr^^^^^^^^^^ 
Itind  of  Things,  there  is  in  the  nature  of  the  Q«./^^o«  feme  °j;^f  .^f^'^^^^^^^ 
dSiimuiih  them,  which  muft  be  carefully  obferv\l,  m  order  to  make  ^^^fjffj 
2d  ani  4th  in  all  refpefls  of  one  Application  :  So,  in  the  ««^^;«    ^o//.  and  2^^^^^ 
the  Diftinaion  is  cf  Principal  and  Intereft  ;  in  Qui^th  ^fy^^^' ''  length  and 
Breadth ;  and  in  Qu.  iptb  :tis  Price  of  Bread,  and  Price  of  \\  heat. 

Demon- 
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Dbmonstratxon  of  the  p-eceding  Rule. 

To  this  Demo-iJ}ratlo72  I  mufl  preraife  thefc  two  tilings  : 

jC.  When  Numbets  arc  coufider'd  complexly  with  the  Tiungs  (or  Quantities)  they  re- 
prefent,  or  of  which  they  are  the  Numbers  (whence  they  are  aiWd  Applicate  Numhirs) 
'i'hcn  it's  plain  there  can  be  noCotrparifon,  or  no  Proportion,  betwixt  two  fuch  Numtcr;, 
iinlefs  they  be  cf  Things  of  the  fame  kind,  whofe  Quantities  can  in  a  proper  fenfe  be 
contain'd  in  one  another.  For  example  ;  There  can  be  no  Comparifon  or  Proportion  of 
rj/;.  to  4  yards,  or  5  Men  to  4  Days  :  But  of  any  Quantity  of  Money  to  another ;  or  of 
any  kind  of  VVciglu  or  Meafure  to  another  ;  or  of  a  Number  of  Men  to  Men,  there  is  a 
proper  Comparifon  :  But  Ohjerve,  that  in  this  lafi  Cafe  the  Number  only  is  the  Sul-jcift 
of  Comparifon. 

a*"-  Of  thefe  Things  wherein  there  is  SubJlvifion  with  different  Species  and  Dencmi«- 
nations  ;  Tha"  two  Numbers,  either  of  the  fame-  or  different  Denominations,  have  a  real 
Proportion,  yet  it  is  not  the  fame  as  betwixt  the  two  Numbers  taken  abflraflly,  or  purely 
as  Numbers,  except  when  the  Denominations  are  the  fame  .  Thus,  4//'.  and  7/^.  have  a 
real  Proportion,  which  is  the  fame  as  that  of  the  Numbers  4  and  7,  taken  abiiratlly  ;  for 

as  4  is   •  of  7,  fo  is  4  /^  -  of  7  /^.     Rut  tlio'  3  Ounces  have  alio  a  real  Proportion  to  jU' 

'tis  not  the  Proportion  of  the  Number  4  to  7,  becaufe  402.  are  not  —  of  -jlb ;   And   the 

real  Proportion   of  4  oz.  to  7  lb,    reduced  to  that  of  abfiraiTt  Numbers,  is  the  Proportion 
of  4  to  1 1 2  ;  7.  f.   4  o;{.  to  1 1 2  o:{.  equal  to  7  Ih.         Univerfallf, 

Of  two  Numbers,  fimple  or  mix'd,  of  the  fame  kind  oflliings,  (Money,  Weight, 
Meafure,  ^c.)  the  Proportion  reduced  to  that  of  pure  Numbers,  is  the  Proportion  of  thcfe 
two  Numbers  of  the  fame  Denomination  to  which  the  Given  Numbers  are  refpcitively 
equal.  Exn.  The  Proportion  of  :^J1}.  to  8  d.  is  that  of  36  to  8  {viz.  ~6d.  to  8  d.)  Of 
4  /.  6JJ.K  to  15/;.  'tis  80  to  15,  (viz.  86/.  to  15  J.)  O^pll;.  to  3 11-.  5  cz.  "tis  144  to  5?, 
(viz,   144  0^.  to  5  3  o;{.)   and  fo  of  otheis. 


Follo-i£)s  the  Demonftration 


1*^'  The  three  Given  Numbers  being  flated  according  to  tlie  Rule,  whereby  the  mid- 
dle Term  is  like  the  Thing  fought,  and  the  Extremes  like  other,  it  fellai,v,s  frcm  the  firrt 
Fremiff.,  that  the  Extremes  are  the  Terms  to  be  compar'd,  which  cojuain'thc  Proportion 
lequir  d  to  be  betwixt  the  middle  Term  and  tliat  fought :  For,  iho'  the  ifi  and  ;d  Terms 
contain  the  Suppofition  upon  which  the  Quefhon  aiifes,  yet  the  given  Proportion  is  cripi- 
nally  betwixt  the  Extremes  ;  and  the  Qucfiion  exprefs'd  according  to  that  Proportionis, 
to  find  a  Number  of  Things  like  the  middle  Term,  bearing  the  fame  Propcition  to  it  as 
tlie  3d  Term  does  to  the  ifi.  Thus ;  In  Q%ieftio>i  \ft  the  mix'd  Propcfition  is,  to  find  the 
Value  of  15  yards  of  Cloth  fuch,  that  3  yards  be  %vorth  8y/j.  But,  the  nrture  of  the 
Queftion  corriider'd,  it  refolves  plainly  into  tliis,  viz.  finding  a  quantity  of  Money  fo  pro- 
portion'd  to  ^Jh.  as  15  yards  are  to  3  yards ;  And  therefore  the  Terms  may  be  fiated  alfo 

thus :  ■^'_  ] ^  _  s  ;  ^^hereby  the  ifi  and  2d',  3d  and  4th,  are  the  compar'd  Terms.     But 

the  other  Way  of  ftating  them  is  more  agreeable  to  the  fimple  and  obvious  fenfe  of  the 
Queilion,  and  the  Way  of  Reafoning  with  it  upon  which  the  Rule  for  multiplying  and 
dividing  is  founded  ;  which  gives  the  true  Anfwer  according  to  the  Proportion,  as  will  be 

Ihewn 
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flieui)  ill  the  next  Article  :  And  I  conclude  tbh  with  obferviiig,  that  as  the  Extremes 
contain  the  Proportion  which  the  4th  ought  to  have  to  the  2d,  fo,  if  they  are  not  of  one 
Name,  (  by  being  niix'J  Numbers,  or  otherways)  they  ought, by  Premife  2d,  to  be  reduced 
to  one  Name,  and  then  the  Proportion  is  reduced  to  pure  Numbers.  And,  for  the  re- 
duflion  of  the  middle  Term,  'tis  chiefly  done  for  Convenience  in  the  folJowing  Multipli- 
cation and  LivifiO'i ;  and  not  to  produce  an  abftraft  Number,  for  its  Application  muii  al- 
ways go  along  with  it  in  the  Produift  and  Quote  made  by  the  Extremes  ( now  become  ab- 
flratl  Numbers).     Thus  you  fee  the  Reason  of  the  ift  and  2d  Articles  of  the  Rule. 

2*'*  The  Cluc-fiion  being  refolv'd  into  this,  viz,  finding  a  Number  hke  the  middle 
Term,  and  in  fucli  Proportion  to  it  as  the  jd  to  the  ift,  in  fome  Cafes  (which  is  Direct 
Proportion)  or  as  the  ift  to  the  3d  in  others  ^  (which  is  Indirect,  with  regard  to  the  Or- 
der in  which  the  Terms  fland,  for  this  is  all  the  Meaning  of  the  diftinclion).  And,  the 
Extremes  being  now  Abftrafl  Numbers,  it's  manifeli  from  Prohl.  i,  Cb.  3,  B-  J,,  that  the 
4th  is  truly  found  by  multiplying  the  middle  Term  by  one  Extreme,  and  dividing  the 
Produft  by  the  other,  according  to  the  Rule:  For  the  3d  Term  being  greater  or  lefler 
than  the  ift,  and  the  Quefuon  requiring  the  4th  I'erm  alfo  greater  or  leilcr  than  the  2d, 
that  Proportion  is  Direft,  and  the  gd  Term  is  the  Multiplier  by  the  Rule,  as  it  ought  to 
be  by  Prohl.  i,  Ch.  .3,  B-  4.  But  if  the  4th  ought  to  be  contrarily  lefler  or  greater  than 
the  2d,  then  the  ift  Term  is  the  Multiplier,  by  the  Rule,  as  it  ought  to  be,  fince  the  real 
Proportion  is  in  the  reverfe  order  of  the  Terms.  And  here  alfo  o^/fynf,  that  tho'  theTerms 
were  feted  in  the  plain  Order  of  the  Proportion  ,•  i.  e.  the  ift  and  2d  Terms  made  like 
other  (as  above  Ihewn)  yet  the  Operation  would  prove  the  very  fame ;  therefore  the  other 
Way  is  chofen  for  another  Reafon,  already  mention'd. 

3°'    The  Reafon  for  Reduction  of  the  Remainders  to  lower  Denominations  is  obvious. 

Wherefore  the  Whole  Rule  is  Complcatly  demonftrated. 

But,  for  their  fake  who  have  pafs'd  over  all  the  Theory  of  Proportion  (which  will  cer- 
tainly hinder  their  being  in  any  tolerable  degree  Mafters  of  the  Application  ,•  for,  at  leaft, 
a  few  of  the  more  funtlamental  Notions  and  'I'heorems  ought  to  be  well  underftood,  even 
fDr  the  fake  of  common  Affairs  )  I  fhall  here  add  another  ealy  and  limple  Demonftratioiz 
of  that  part  of  this  Rule  which  depends  upon  Prohl.  i,  Ch.  g,  £.4.     Thus, 

Take  the  Firft  Queftion  ftated,  viz.  If  g  yards  coft  8  s.  what  will  i  '^  yards  coft  ?  I  fup- 
po'e  (1°)  that  it  is  afk'd,  Ifl  yard  coftS.'.  what  will  15  yards?  Here  it's  plain  the 
Anfwcr  is  15  times  8  -f.  or  1 20  s.  Again,  (2°)  Let  it  be  alli'd,  If  3  yards  coft  8  s.  what 
will  I  yard  ?  Here  it's  as  plain,  thst  the  Anfwcr  is  the  gd  part  of  8  s.  Now,  fince  1 20  s. 
(or  1 5  times  8  i  )  is  the  Value  of  15  yards,  only  upon  Suppofition  that  i  yard  coft  8  s. 
If,  infteadofthis,  one  yard  coft  but  the  gd  part  of  8  s.  (as  'tis  when  3  yards  coft  8  s.) 
then  it  follows  that  15  yards  coft  but  the  gd  part  of  120  s.  And  fo  you  fee  the  Reafon 
bothof  the  Multiplication  and  Divifion  ;  and  the  fame  way  of  reafoning  will  anfwer  in  all 
Cafes  of  tlie  Ride  of  Three  bireSi  (?.  e.  where  the  gd  Term  is  Multiplier). 

Again ;  'lake  the  5th  Queftion,  If  3  Men  take  6  Months  to  do  any  thing  in,  how  long 
will 7 Men  take  ?  i**  fay,  If  3  Men  take  6  Months,  what  will  i  Man  take?  It's  plain  he 
muft  take  g  times  as  much  Time,  or  g  times  6  Months  C=:  18  Months).  2°  fay,  if  i  Man 
take  18  Months,  how  ir.uch  will  7  Men  take  ?  Here  it's  as  plain  they  take  but  the  7th 
part  of  1 8  Months  ;  whence  the  Reafon  of  both  parts  is  maiiifeft :  And  tlie  fame  Reafo- 
ning will  hold  in  all  Queftions  of  the /?;<fi?-^f? /??<;/<?  o/r/.?;Tf,  (?.  e.,  where  the  ift  Term 
is  the  Multiplier). 

Oeserva- 
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Observations  relati;!g  to  the  J[pfUcatio?t  of  the  ^recedi?ig 
Rule,  and  ofSimfle  Multiplication  and  i3ivifion. 

T.  It  has  been  nlready  obfervcd,  and  I  Ihall  repeat  it,  that  all  Simple  Queflions  in  Aluiti- 
J>lication  and  Lhifton  are  really  Queftions  of  Proportion,  and  it"  the  Numbers  are  ap- 
I'Jic^tc,  they  are  C^aeflions  of  the  Rule  of  Three.  Thus,  to  multiply  5  by  4,  is  to  find 
a  4th  Proportional  to  i  :  3  :  :  4  ;  and  to  divide  1 2  by  3  is  to  find  a  4th  Proporaonal  to 
:j  :  12  :  :  I.  To  Apply  this;  fappofe  i  Yard  cofts  3  j.  to  find  the  Value  of  4  Yards  is 
finding  a  Number  ot  Money  proportioned  to  3  j.  as  4  Yards  to  i  Yard,  that  is,  as  the 
Number  4  to  1  :  whicli  is  fimply  multiplying  ;;  s.  by  4.  Again,  fuppofe  3  Yards  coft  12  s. 
to  find  the  Value  of  i  Yard  is  finding  a  Number  of  Money  proportioned  to  12  s.  as 
1  Yard  to  3  Yards,  or  the  Number  i  to  3,  which  is  fimply  dividing  12  J.  by  3  to  find  a 
3d  part  of  it.  And  thus  it  is  plainly  in  all  Cafes  of  the  Rule  cf  Three  where  the 
Extremes  being  of  one  Name,  one  of  them  is  Unity.  In  all  other  Cafes  it  is  a  mixt  appli- 
cation of  Multiplicaticn  and  Pivifion  ;  Where  obferve,  that  tho'  the  Multiplier  and  Divi- 
for  are,  in  the  Queftion,  applied  to  things  of  diifetent  kind  from  the  number  multiplied  or 
divided,  which  in  Simple  Multiplication  and  Divifijn  I  have  filly  Ihewn,  in  ^  4,  and  5. 
Ch-  7.  B.  I.  to  be  abfurd,  yet  here  that  abfirJity  is  removed  by  the  extremes  tcccming, 
or  being  conlidered  as  abfiraft  Numbers.     Hence  again, 

2.  V\'e  are  further  coi  firmed  in  the  abfurdity  of  all  thefe  Queftions,  propofed  as  Simple 
Queftions  of  Multiplication,  wherein  both  Terms  are  applicate,  as  the  multiplying 
3/.  10  s.  by  4/.  or  by  4/  6  s.  and  fuch  like;  For  if  the  QLieftion  belongs  to  jMulcipli- 
eation  Simply,  then  it  muft  refblve  into  a  Qieftioii  cf  the  Rule  of  '1  hrce,  wherein 
the  Terms  that  contain  the  proportion  (which  m  fuch  Cafes  are  the  irt  and  2d)  being  i 
the  fame  Name,  the  i  ft  Term  or  Divifor  is  Unity,  which  leaves  the  Solution  upon  the 
Multiplicaticn.  But  the  only  Senfe  the  Qucftion  can  receive  is,  to  find  a  Number  like  the 
9d  Term  (or  propofed  Multiplicand)  fo  proportioned  to  it  as  the  2d  Term  (or  propofed 
Multiplier)  reduced  to  its  loueft  Name,  is  to  an  Unit  of  that  Name  :  It  follows  that  the 
true  Ge72eraJ  Rule  for  fuch  Queftions  is,  to  reduce  the  propofed  Multiplier  to  its  lowcft 
Name,  and  then  multiply  by  it  as  an  Abtiraft  Number. 

But  if  the  Unit  that  regulates  the  Proportion  is  taken  not  of  the  loweft  Name  in  the 
propofed  Multiplier  ;  then,  the  Queftion  is  not  in  any  fcnfe  Simple  Multiplication  ;  for 
Divifion  alfo  is  nectffasy  to  folve  it.  For  £\v2.  If  by  multiplying  3/.  los.  by  4/.  6s. ^ 
be  meant  finding  a  Number  of  Money  fo  proportioned  to  3  /.  10s.  as  4Z.  6  j.  is  to  1  /. 
then  the  Proportion  is  as  86  s.  to  20  s.  and  the  Solution  is  by  multiplying  3/.  10/.  by  86, 
and  dividing  the  Produfi:  by  20,  according  to  the  Rule  cf  Three  ;  and  as  many  diflerenc 
Units  as  yon  can  fupp'.fe  for  the  ift  Term,  fi  many  diiicrent  Q  ;e(}ioiis,  and  confequently 
dificrcjit  Anfwers  there  muft  be.  To  fum  up  all;  if  no  qualification  is  exprelicd,  then 
the  folving  cf  the  Queftion  by  the  Generd  Rule  laft  mentioned,  is  the  only  true  Solu- 
tion anfwering  to  the  Notion  of  Simple  M7iltipHcatio>! :  And  if  any  other  Unit  than  of 
the  loweft  Name  in  the  Multiplier  is  fuppofed,  it  is  a  Queftion  of  the  Rule  of  Three,  re- 
quirinc'  both  Multiplication  and  Divifion.  And,  at  laft  I  muft  obferve,  that  the  generality, 
who  propofe  fuch  Queftions,  expeft  the  anfwer  as  if  the  Unit  were  of  tlie  higkeft  N  muc 
ill  that  kind  to  which  the  Multiplier  belongs  (tho'  perhaps  they  arc  ignorant  of  the 
meaning  cf  it)  wherefore,  to  fatisfy  their  Ignorance,  ftate  the  proportion  lb,  and  w^rk  it 
accordingly.  So  the  preceding  Queftion  flands  thus,  as  i /.  to  4/.  6s.  ft  is  3/.  loj.  t:>  the- 
Number  fought;  And  working  by  the  Rule  cf  Three,  the  prepared  State  and  x\nf.ver  o£^ 
the  Queftion  is,  as  20  ^.  to86j.  fois  (3 /.  icj.  or)  70  j.  to  301  i.  (15/.!^.)' 

Several  of  our  Writers  on  Arkhmetick  differ  about  the  Solution  of  fuch  Q  :efti"'ns,, 
without  feeming  to  underftaiid,  at  lealt  hoc  explaining  the  true  meaning  of  tljem  (th)'  0- 

theis. 
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thers  have  declared  the  Abfurdity)  and  their  Ignorance  appears  further,  by  fuppofin" 
that  the  MultipHer  ought  ahvays  to  be  of  the  fame  kind  of  thing  as  the  Multiplicand  j 
but  if  we  confidcr  the  real  meaning  and  import  of  fuch  Quefiions,  it  appeai^  plainly  that 
tiie  propofed  Multiplier  may  be  ot  any  ochec  kind  of  thing  ;  fo,  if  multiplying  3  /.  1 3  j. 
by  4  Yards  5  Qrs.  can  have  no  other  Senfe  than  finding  a  number  of  Money  proportioned  to 
^5  /.  JO  J.  as  4  Yards  3  Qrs.  is  to  i  Qr.  (or  i  Yard  or  i  Nail,  for  we  may  fuppofe  any  of 
t!iem)  the  Queflion  is  as  good  Senfe  as  if  the  Multiplier  were  4/.  3  j.  And  in  fad,  fuch 
Queftions  happen  in  all  proportions  of  Money,  and  other  things  valued  by  Monej', 

Again,  tho'  they  make  no  fuch  abfurd  Queftions  in  Divilion  as  dividing  one  kind  of 
tiling  by  a  quite  clifFerent  kind  (as  18/.  by  3  Yards)  yet  thcfe  are  equally  reafonable 
with  thofe  in  Multiplication,  when  the  neceffiry  qualification  is  applied  ;  That  is,  when 
the  meaning  is  to  find  a  number  of  one  kind  of  thing  fo  proportioned  to  another  Number 
of  the  fame  kind,  as  an  Unit  of  any  other  kiiid  of  thing  is  to  any  Number  of  this  kijid. 
For  the  Unit  and  that  other  Number  being  of  one  Name,  they  are  as  abftraft  Numbers^ 
and  the  Queflion  refolves  into  a  Simple  Divifion.  So  dividing  18/.  by  3  Yards  in  this 
Senfe  is  only  dividing  18'.  by  3,  as  happens  in  this  Queflion.  If  3  Yards  cofl  18/.  what 
will  I  Yard  cofl.  But  if  the  tJnit  is  of  another  denomination,  then  the  loweft  in  the 
divifor  after  reduftion ;  both  muft  be  reduced,  and  the  Solution  takes  in  both  Multipli- 
cation and  Divifion;  as  in  this  Queflion,  lif  3  Qrs.  cofl  18/.  what  will  i  Yard?  that 
is,  If  3  Qrs.  cofl  18  /.  what  will  4  Qrs  ? 

2.  This  Rule  of  Three  is  the  great  Rule  of  Calculation  in  all  kind  of  Affairs ;  but 
to  give  particular  Directions  for  its  Application  in  all  the  ^'ariety  of  circumftances, 
where  proportions  arife  is  impoflible ;  for  Queflions  may  be  lefs  or  more  complex  ;  com- 
prehending various  Queflions  of  proportion  connc£led  in  their  circumflances,  either  to 
bring  out  (everal  Numbers  required,  or  as  fo  many  neceffary  Steps  towards  the  finding  of 
one  Number  required  ;  and  befides  the  proportions  contained  in  a  Queflion,  there  may  be 
other  Operations  of  Addition  and  Subflraflion,  Simple  Multiplication  or  Divifion,  necelfary 
either  to  make  out  the  Terms  of  a  Proportion,  or  after  the  Proportions  are  folved  to  find 
iomz  Number  fought,  or  a  Number  to  be  further  applied  towards  finding  Numbers  fought  j 
ii\  Ihort  to  fatisfy  fome  condition  of  the  Queflion  in  the  progrefs  of  the  Work. 

The  manageing  of  fuch  Queflions  depends  upon  the  Arithmetician's  Judgment  in  diftin- 
guifliing  all  the  parts  of  the  Queflion,  and  knowing  what  each  requires  according  to  the 
true  Senfe  and  Import  of  it,  and  of  the  feveral  Operations  of  Arithmetick,  and  par- 
ticularly of  Proportion  ;  of  all  which  he  muft  have  a  clear  and  ready  Idea ;  and  as 
there  is  no  other  general  dire£lion  that  can  reach  all  Cafes,  the  only  thing  more  that 
can  be  done  to  help  one  to  acquire  the  necefiary  Capacity  for  all  ufeful  Queflions,  is  to 
.make  the  application  particularly  to  fuch  Variety  in  all  the  common  Subjefts  and  Branches 
of  Bufinefs,  that  who  underftands  thefe  may  be  fuppofed  capable  to  do  any  other  of  tlie 
fame,  or  any  other  ufeful  kind.  To  this  purpofe  are  all  the  other  common  Rules  that 
are  brought  in  after  the  Rule  of  Three  :  which  are  applications  of  it  chiefly  ;  of  which 
you  have  a  large  courfe  in  the  following  Chapters ;  and  I  iliall  add  to  this  a  few  more 
complex  Queflions  upon  fome  of  the  former  Heads,  which  come  not  fo  well  under  any  of 
the  fallowing  ;  but  firft  I  make  this  other  general  Obfervation. 

4.  If  Fractions  sre  among  the  given  Numbers  of  a  QucQion  of  the  Rule  of  Three  ; 
The  procedure  is  in  all  refpefts  the  fame,  having  due  regard  to  the  nature  and  operations 
of  FraiSlions  ;  for  if  the  extremes  are  (or  be  made  by  rediflion)  Simple  Numbers,  Inte- 
gral or  Fraftional,  of  the  fume  denomination,  and  the  middle  1  erm  a  Simple  Integer  or 
Fraftion  ;  the  Multiplication  and  Divifion  is  to  be  performed  by  the  Rules  of  FraiSions, 
where  Fraflions  are  concerned  :   A  few  Examples  are  fufficient  to  cxpUia  this. 

Exa. 
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'    Eku.  I.    If  I  of  a  Yard  coft  45.  6—  d.  What  is  the  Value  of  24  -5-  Yard  ?  State 

i  Yard  —  4  ,.  6  -  ^.  —  24  1  Yard.  By  reduft.  'tis  i-  Yard  _  ^  J+  Yard  _  HI  Yd. 
5  3  /  5  3  7 

the  Produa  of  i^  and  ^^^5  is  £^IZi    ^vhich    divided    by  ^  the   Quote    comes   ouC 

3  7  21  ^  "^ 

141860  ,  ,  47   .  ,  J      Ol   J. 

_2 d,  equal  to  22',  i?--  ^.  or  9/.  1  i.  -i d.  z  — /. 

.03  «3  ^3 

•  \Ex^'<T.  2.    If  4—  Ounces  coft  8  J.  what  coft  30 i Pounds  ?  the  Extremes  being  redu- 
ced firft  to  Simple  Fraflions,  it  is  —  Ounces  _  8  J.  —  —  Pound,  and  the  Extremes  be- 

'  S*  7 

ing  aaain  reduced  to  one  Name,  it  is  f-  -  Ounces  —  8  j.  —  ^ —  Ounces,  then  8  Mul- 
cn  ?  -■:■,,;!'  I^.,/.  ■  .  .7 

figljj-  %^24£§p,oduc^i^7264^^^i^^j,^,^c^^^  q^^^^3  2^S.  equal  to  854^^. 

or  42/:  14J  :  il</.  i-o-/' 

,  Exa.  g.    If  5  hundred  weight:   2  qrs.  142-  /i'.  coft  68/:  10  J.  What  cofl  \-  hund* 

4  o 

weight?  Firft  it  is,  406-/^.  —  137OJ.  —  "cf  Cw,  then  i^/i-.— 1370 j — "^C"'* 

tiieik  — — -/i-.  —  1370  J.   —    -=^lb.  and  in  this  State  the  Queftion  is  compleatly  redu- 

r ,    -   4  o 

'  I  2"^  2 

ced  and  prepared,  and  the  Anfwer  found  by  multiplying  1370J.  by  -  ^    and  dividing 

the  Produa  by  ll^Z 
4 
Ohferve.  Tliat  tlio' we  cannot  eafily,  in  every  Cafe,  know  which  of  the  Extremes  is 
gre^teli,  nnlels  they  are  reduced  to  one  Denominator  ;  yet  without  this  it  is  eafy  to  know 
which  Extreme  is  the  Multiplier  ;  becaufe,  fuppofe  that  upon  the  right  hand  to  be  either 
the  greater  or  leller,  that  will  determine  wliich  ot  them  is  the  Multiplier.  Yet  after 
all,  if  you  reduce  the  extremes  to  one  Denominator  ;  you'll  have  no  more  trouble,  becaufe 
the  common  Denominator  may  be  neglecled,  and  tlie  Operation  performed  with  the  Nu- 
merators'; fince  that  Denominator  would  be  a  Multiplier  both  in  the  Numerator  and  De- 
ucniiiiator  of  the  Quote,  as  it  comes  out  firll  in  Fradional  form  ;  and  therefore  both  be- 
ing divided  by  it  (or  wliich  is  the  fame,  negka  it  in  the  Operation)  the  Quote  will  ftill 

be  the  fame.    So  to  Multiply  by  ^-  and  Divide  the  Produa  by  ^  is  the  fame  as  Multiply- 
ing by   5,  and  Dividing  by    3. 

Mixt  Qv  E  s  T I  o  N  s  for  the  Rule  of  Three. 

.1.    If  I  Yard  of  Clotli  coft  \<,s.  at  firft  buying,  and  upon  540  Yards,  there  was  of 
Charges  (as  Packing,  Carriage,  Sc.)    5/.  I3J.   VV  hat  is  the  total  coft  ?     Anfwer.  410/. 
10  J.  fjr  if  I  coft  1 5  J.  540  c-ift  40^^'   to  which  add  5/.   10  s.  the  Sum  is  41:/.  ICJ. 
2.     A  Gentleman  has  a  Yearly  Rent  of  .;=;!">/.  if  he  lays  up  Yearly  8:/.  ^vhat  has 

he  to   fpend  upon  Living  every  Mwth?     A'lf,  14/,  :^s.^d,.    For  250 80=  170. 

then  if  12  Months  have  170^.  1  Mondi  has  14/  ••  i.q  i  :  j\.^.      ;. 
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5.  Having  bought  40  Yards  of  Cloth  at  8  s.  per  Yard ;  and  70  Yards  at  1 2  f.  What  is 
the  Value  of  both  Pieces?  Anf.  58/.  for  if  i  Yard  colt  8f»  40  coft  16/.  then  if  1  Yard 
coft  12  J.  70coft42/.  and  16/.  -I-  42/.  =  ^8/. 

4.    I  beftowed  80 /.  upon  2  Pieces  of  Cloth ;  one  of  them  at  i:^s.  fer  Yard^  the  0- 
ther  at  16 s.  whofe  total  Value  is  48/.  What  quantity  was  in  each? 
_  Take  48  from  80  remains  32,  the  total  Value  of  the  firft  Piece  j  then  find  the  Quan- 
tities by  the  total  Value,  and  Value  of  1  Yard. 

■).  Five  Perfons  were  boarded  together  at  4/.  fer  Quarter  ;  they  paid  atentry  i /. 
10  J.  a  Piece  ;  and  having  continued  2  Year  3  Quarters ;  How  much  do  they  owe  ?  The 
Solution  is  thus  made  5X4  =  20/,  due  for  every  Quarter ;  then  if  1  Quarter  coft  20I. 
what  2  Year  3  quarters  ?  From  the  Anfwer  of  this,  Subflraft  5  times  iL  10  s.  paid  at 
entry,  the  remainder  is  the  Anfwer. 

6.  Two  Pofts  travel  the  one  dire£lly  Norih  and  the  other  South,  from  the  fame 
Place;  the  one  Travels  3  Miles  for  every  2  the  other  Travels,  who  Travels  at  the  rate  of 
^6  Miles  a  Day  :  How  far  aie  they  afunder  at  the  3d  Days  end  ?  '  i°-  3X36^  ic8 
Miles  the  laft  Port  has  Travelled  ;  then  fay,  as  2  to  2  fo  is  ic8  to  the  Miles  the  other 
Travels ;  the  Sura  of  the  Miles  ttavelled  by  both  is  the  Anfwer ;  But  if  they  had  Tra^. 
veiled  the  fame  way,  then  it  is  the  difference  of  what  each  Travels.  Or  fuppofe  the  laft 
named  is  30  Miles  before  the  other  ;  to  find  in  what  time  that  other  comes  up  with  him 
%,  As  2  to  3,  '^o  is  36  to  the  Miles  the  other  Travels  in  a  Day  ;  the  difference  is  what 
of  the  diftance  is  taken  away  every  Day;  whence  find  the  time  in  which  the  whole  will  be 
taken  away., 

7.  In  what  time  will  two  Perfons  do  a  Work  which  one  of  them  can  do  in  8  Days, 
and  the  other  in  5  Days  ?  Find  by  the  given  proportion  how  much  of  the  wliole  Work 
each  could  do  in  1  Day  :  Add  thefe  Anfwers  together ;  and  fay,  if  both  together  can  do 
fo  much  as  that  Sum  in  i  Day  ;  in  what  time  will  they  do  the  fuppofed  Wock.  Li  all 
which  Operations  that  fuppofed  Work  is  reprefented  by  i* 

8.  Four  Men  Drink  at  Table  1 6  Pennyworth  of  Wine :  How  many  Men,  each  of  whom. 
Diinks  but  half  of  what  each  of  the  other  does,  will  22  Penny  worth  ferve  ?  Four  of 
thefe  laft  Men  will  Drink  but  8  Pence  worth ;  therefore  fay,  ir8  d.  ferves  4,  what  will  22d: 

2.     Having  bought  146  Yards  of  Cliith  at  a  certain  Price,  the  leller  afterwards  dif- 
ccmpted  3  /.  10  j.  fer.  Cent,  and  had  in  full  Payment  248  /.  What  was  the  i  ft  Price  of  i 
Yard?  Say,as96/.  10  J.  is  to  ico/.  fo  is  248/..to  the  &ft  Price  of  the  whole,  By  which. 
find  1  Yard.. 

10.  I  laid  out  10/.  upon  a  Parcel  of  Serges  and  Shallouns ;  the  total  Value  of  the 
Shallonns  60/.  and  the  total  quantity  of  Serges  236  Yards;  alfo  for  every  2  Yards  of 
Serge,  I  had  3  of  Shalloun :  How  muchSballoun  was  there  ?  and,  what  .was  the  Value  of 
I  Yard  of  each  kind  ? 


CHAP.     II 

ContraUiom  in  the  Rule  of  Three  5  called  '^les  of  Pra<5lice. 

CASE  !•  T  T|  7Hen  a  Queftion  in  the  Rule  of  Three  being  duly  ftated,  and  the  Ex- 
V  y  tremes  firaple  Numbers  of  one  Name  ;  whether  the  middle  Term  be 
Simple  or  mixt ;  if  the  Extreme  which  by  the  general  Rule  is  the 
Divifor,  be  i,  and  the  middle  Term  an  Aliquot  pirt  of  fomc  fliperior  Species  j  then  di. 
vide  the  other  extreme  by  the  Denominator  of  that  aliquot  part,  the  Quote  is  the  Anfwot 
ui  that  fuperior  Species ;  and  if  there  is  a  reniaindec  reduce,  and  find  its  Value. 

Ta« 
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Ta  b  le 


of  the  Aliquot  Parts  o/Mon 


EY. 


s.      d. 

:    6        4otn 

'^  =  ^            th.     - 

V 

:  10         24 
I  :          1    20    .^ 

1  :    8    °    12     g 

2  :          §    10    (2 

1:22      8    ^  < 
2:      1     6    ^( 

3  =       S^     4j  tJ  • 

►  X/.  is 
) 

i  part  of  \d 

2  :     6  ■§      8    j^ 

4  :      .»      3^   S. 

3:4s*     6     0 

6  :             2d 

4  :        •-      5      « 

5  •               4, 
6:8           a'i 

10  :                 2 

Examflet. 

1.  Wliat  is  the  Price  of  6j  yards  of  Cloth  at  5  s.  fer  yard  ?    ^«/w.  i57: 15  j.  found 

thus  ;  The  State  of  the  Proportion  is-^  ]_  '' -^  *;  And  becaufe  the  Divifor  is  i,  and' 

the  middle  Term  5  s.  which  is  a  4th  part  of  i  /.  therefore  I  divide  67  by  4,  the  Quote  is 
16/.  and  :;  remains,  which  reduced  to  Shillings,  aud  divided  by  4,  quotes  15  j. 

The  RaafoK  of  this  Praftice  is  obvious  ;  for  if  i  yard  coft  ;  of  i  /.   67  yards  muft  coft- 
67  4th  parts,  or,  which  is  the  fame  thing,  the  4th  part  of  67  /. 

;      As  the  Manner  of  Application,  and  Reafon,  in  all  other  Examples,  may  be  eafily  un- 
derftood  from  this  one,  I  Ihall  only  ftate  a  few,  with  their  Anfwers. 

2-  The  Value  of  54  Stone  weight,  at  10  s.  (i  of  i  /.)  per  Stone,  is  27  /.  ( '  of  54.) 
'  3.  The  Value  of  3$:}  Yards,  at  3  j  :  4<f.  (4-of  i  /.)  f;r  Yard,    is    58  /:  16  nid. 

(4,  of  35?  «  '•''" 

4.  The  \'alue  of  36$  lb  weight,  at  3  <f  (;  of  i  s.)  per  Ik  is  pi  *  :  3  </,  or  4? :  1 1  j :  5  «f.' 

(;!  of  :;65  5.) 

■5.  If  48  Men  do  a  piece  of  Work  in  8  Hours,  in  what  Time  will  i  Man  do  the  fame? 

jinfv}.    1 6  Days,  which  is  the  3d  part  of  48,  becaufe  8  Hours  is  the  3d  part  of  24  Hours 

or  I  Day.  ■   ' 

'CASE  id-  If  the  Price  of  an  Unit  is  an  even  number  of  Shillings,  multiply  the 
other  Extreme  (of  the  fame  Name  with  the  Unit)  by  rhe  half  of  that  Number  ;  double 
the  firft  Figure  of  the  Produd  for  Shillings,  and  the  remaining  Figures  to  the  left  are 
Pounds  in  the  Anfwer, 

E^a,  \.  What  is  the  Value  of  324  Yards  at  6  j.  pL-;- Yard  ?  A>t(.  97/:  4  j.  thus; 
multiplying  324 by  3  (the  J  of  6  )  the  Produft  is  972,  which,  according  to  the  Rule,  is 
97  :  4  f.  And  ohferve,  that  it  is  very  eafy  to  fee  down  the  Sliilliiigs  and  Pounds  feparate-. 
ly,  without  writing  firft  down  the  total  Produ£l  and  then  feparating  them. 

The  Reafon  of  this  Praaice  is,  that  if  we  mulriply  the   whole  even  Number  of  Shil- 
lings, the  Produift  is  the  Anfiver  in  Shillings ;  which  divided  by  23,  reduces  it  to  Pounds 
the  remainder  being  Shillings  :  But  if  we'mnlriply  only  the  half  of  thefe  Shillings,  the 
Produft  is  only  the  half  of  the  Value  in  Shillings.     New  fuppofe  we  multiply  thisProduft 
iy  2,  to  give  the  whole  number  of  Shillijigs,  and  divide  this  laft  Produ6l  by  20  to  reduce 
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them  to  Pounds ;  Then,  bccaufe  20  is  two  times  10,  it's  plain  that  the  Prodiifl  made  by 
the  half  of  the  given  Price,  being  firft  multiply'd  by  2,  and  this  Produft  divided  by  20 
(or,  which  is  the  fame  thing,  firft  by  2Jand  the  Quote  by  lo)  the  laft  Quo'e  will  be  the 
fame  as  if  that  firft  Produft  were  only  divided  by  10 ;  becaufe,  to  multiply  by  2,  and  rlieii 
divide  the  Produit  by  2,  brings  back  the  Hune  Number  that  was  mukiply'd  :  Wherefore 
it's  plain,  that  if  the  firfl  Prodiitt  is  divided  by  lo,  the  Qiioreis  the  Anfwer  in  Poundf  and 
loth  parts ;  and,beca'ife  the  Divifor  is  i^,  theref  le  the  Integral  Quote,  or  Pounds,  are 
cxprcfs'd  by^  the  Dividend,  excludii^g  the  firft  Figure  on  tlie  right  hand  ;  and,  becaufe  that 
Figure  is  the. number  of  i.:th  parts,  therefore  double  of  it  is  the  number  of;  20ch  parts 
».  ^.  of  Shillings  ;  and  thus  everj' Part  of  the  Rule  is  clear. 

Ohferve  ;  If  the  Price  of  an  Unit  coufills  of  Pounds  and  Shillings,,  whofe  half  reduced 
to  Shi!lings,isaNnniberby  which  we  can  eafily  multiply, -fo  as  to  l3ring  out  the  Produdl 
in  one  Line  nt  the  firll  atep,  as  we  may  if  that  half  d'oth  not  exceed  2^,  then  we  may  alio- 
life  this  Method.    ,  ii  "       !  .'       ' 

E'<a.  What  is  tne  Price  of  467  Yards  at  i  / :  14  j.  per  Yard  ?  Here    i7 :  r^.  s.  is  154  s. 
whofe  hair  is  17,  by  vvJiidi  multiplying  467,    according   to  the   i^ule,  ;h4  Anfwer  is 
■79^1:  18  s.  -.■.:::* 

CASE   :</.     If  the  middle  Term  is  not  an-  aliquot  part  of  f^me  fuperior  Integer,-, 
(the  Divif  r  bein'2;  always  i)  yet  it  may  be  equal  to  the  Sura  of  feveral- aliquiE  parts-;  and 
then  if  yon  divide  by  the  Denominators  'if  each  of  thefe  feparately,  and  add  all  the  Quotes 
the  Si  m  is  the  Thing  fought.     The  Renfon  is  plain  :    but  I  muft  obferve,   that  in  moflv 
Caf:s  where  the  middle  I'etm  is  not  an  aliquot  part,  the  common  Rule  by  Reduction  is 
eafierWork;  ■     '.      '     '  '"  vf^  ^'j'- ':t',,"r  '" 

Esa.  I.  If  I  yard  cofl  15  j.  what  coft  451  yards'?  Anf^  o^^T:  1'5  i.  found  tlius  ;  15  j. 
is  ic  s.  and  5  s.  vi:{.  the  i  and  \  of  i  /.  So  I  take  the  ^  of  45?  h  which  is  24  /.  10  s.  and 
~ ,  which  is  I  ?  /.  '5  J.  whofe  Sum  is  36/.  i  "5  s. 

JS"\72.  2.  if  I  yard  coft  i2S.6d.  what  coft  268.  yards  ?  Avf.  167/.  10  s.  tlius  ; 
12S.  6d.is  10  s-  and  2  s.-.6d..:^.  .-»  and  j  of  i  /.  Then  i^  and  jl  of  268  /.  make  together 
j6yl.  ics.  ,    "  '  *  "        .  .        ■      ^  ,... 

Exa.  3.  If  I  yard  cofl  4J.  j//.  what  is  the  Value  of  140  yards?  A^zfi^.JzpV.  I'^s. 
thus ;  for  4  s.  it  is  28  (viz.  the  '^tli  part  of  14c)-  and  for  3  d.  it  is  5 "5  s.  (or  i  /.  '15  J.). 
the  4th  part  of  140  s.  becaufe  3  d.  is  ith  of  i  s.  and  the  Sum  is  29  /.  15^. 

Ohferve;  If  the  middle  Term  is  equal  to  the  fime  aliquot  part  repeated,  7.  e.  if  it's  any 
fimple  Fraflion  (mt  an  aliquot  Part)  you  may.  either  divide  by  the  Denc'ininator,  and 
then  multiply  the  Qiore  by  the  Num'eratorj, 'or  ratHbr -firft  rtiultiply  by  the  Numerator,  and. 
then  divide  by  the  Denominator.  -  \-  -'         l.  .s.     d.  '  ■ 

^vrt.  4.  If  I  yard  coft  1 3  i.  4  ^.  the  Value  of  =^6  is  37  :  6  :  8  ;  for  1 3  j,  413^.  make  f  of ' 
1/.  therefore  I  multiply  56  by  2,  and  divide  thf  Product  iia  by  3  ;  the  Quote  is   37/. 

Again  Ohferve,  that  if  the  middle  Term  is  refolvable  into  Parts  that  are  aliquot  one  of 
another^  then  it  may  often  prove  a  convenient  Pra6tice,  firft  to  find  the  Anfwer  for  the 
greater  Number,  and  then  for  the  other  which  is  its  aliquot  Part,  by  taking  the  like  Part 
of  the  Anfwer  for  (he  former."  Ev«.  If  i  yard  coft  i5^..what  34oYar^ls  ?  Take  tiie 
half  of  340  for  los.  and  the  hajfof  this  half  for  ^  j;  ydut  Siim  is- the  Anfwerc.  °''''J''l''-  "■ 

CA  S  E  4.  If  the  middle  Term  is  lb  mix'd  as  to  have  in  itany  Number  of  the  higheft 
Species,  firft  multiply  that  Number,  aiid  then  the  other  Parts  by  fome  of  the  former  Cafes, 
itpoflihle  ;  and  if  this  cannot  be  done,  or  not  without  much  Operation,  then  we  muft: 
take  the  common  Merhod'by  ReduSion: 

■     I  :■'.■'■  J        ,  .  ■       ' 

:  iidi  sL/ivil)  liiic  jZgiuilido  ioisdmuii  awuv/atu  avij  u^j^^.; 
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244 
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Exa.  I.     IFi  yard  cofi  4/.  6  x.  8^.  what  coft  7:54  yards  ?    yivfv^ 
:5i8o/.  i:;  s.  Ad.     For  4/.  multii^v'd  by  734,  produces  2P36/.  and' 
fir  6  s  8d.  I  take  i  cf734,    ^^'liicli  is  244/.  1 5  J-  4<^.  and  theSum^ 
of  both  is  3180  /.  13  s.  4</. 


n»5 


28  by  5  is  —  140  /. 
Fcr   6  s.        8 
For  \od.        I 


Sum,   14P    ; II    :  4 


J.      d.  Exa.  2.    If  I  yard  coft  5  /.  6  j.  10^.  what  coft  28' 

8  yards  ?     ^;//".  149/.  iij.  4^.  thus-;    For    5/,  it  is 

3    :  4  140  /.  for  6  i.  I  ufe  C/jfe  2d,  and  for  10  d.  I  take  the 

24tii  part  cf  28,  by  C/ip  }Jt. 


Fori  /.  =  38  :  1.  :  d. 
For  6/  8^—12  •■  i^:  0. 
For  2/;  6^—  4:15  :'^J 


£'\7T  3-     If  I  yard  coft  il.  (>s-  2d.  what  coft  38 yards ?• 

■-    yivpK).   55  /  8  ^.  4^.  thus ;  For  the  i  /.  'tis  38,  f'T  ^s.  2d. 

.'iA  which  iseqiui  to  6  s.  Sdi    (j-  of  a  Pound)    and  2  s.  6d. 

c       77". Tr~-  (  »  ^^^  Pound)  I  take  ^  and  {-  of  38  /.  as  in  the  Margin, 

■}■>  r        oUni,55 '^Co  •  4        ••        ' 

"•  Stippofe  the  1  rice  of  i  yard  3  / :  7  j :  9 «f.  then  no  Method  by  aliquot  parts  is  fo  cily  as 
tfte'conimon  Me;hDd  by  Reduction  :  And  I  Ihall  here  olferve,  tliat  as  there  may  be  diS'e-, 
rent  Ways  of  doing  tlie  &me  Qneltion  by  aliquot  parts,  fo  the  chufing  cf  the  beft  Way! 
depends  upon  Experience.  E\n.  It  i  coit  15  j  ;  8  a',  it  may  be  djjie  by  confidering  i  ^^  j. 
as'  {-  of  a  /.  ot-  as  \  Sc  -|  ;  and  8  d  as  {  of  a  s.  But  more  eafily  by.  refolving  1-5^:80'. 
into  i4&ij:8<^.  Then,  for  the  14  j.  work  by  T^yf  2<^,  and  for  i  j;  S(/.  by  Ctifej/i: 
Alfo  in  E^a.  3</we  Riay  work  firft  by  i  /:  8  J.  byC^/c-  i  ;  then  for  i  ^.  and  for  2d;  but  die 
former  Method  is  eafier,  after  you  perceive-  that  ^s:  2d.  is  equal   to  6  s :  8  d.    aiid- 

2  J ;  6  d. 

,1  > 

C  A  S  E  '^.  If  the  Extreme  wliich  is  the  Multiplier  is  an  aliquot  pirt,  or  the  Sum  of 
certain  aliquot  parts,  cf  the  Unit  which  is  Divifor,  then  take  by  Divilion  fuch  part  or 
parts  of  the  middle  Temi  (whether  this  be  a  fimple  or  raix'd  Number)  :  And  if  the  Mul- 
tiplier has  alfo  fome  Number  of  the  fame  Species  with  the  Unit,  you  muft  work  for  that 
Number  feparately  by  fome  of  the  former  Cafes, '  or  the  common  Rule,  then  add  all  die- 
Parts  of  the  Anfwer. 

E:va.  I.  It  I  Pound  weight  coft  32 /k  what  coft  4  Ounces  ?  Af/f.  8 /.  t/z.  "^  of  3  2 /, 
becanfe  40^.  are  ^  of  i  lb. 

Exa.2.     If  I  yard  coft  3/:  10  J.  what  coft   2  qr  :  i  nail  ?     A>iJ.     iliiy  s.:  ^d:  2/. 


thus  ;  Fcr  2  qr.  1  take   ;.  of  3  /  ;  to  j-  tv^.  1:15, 

45:4^:2/.     Total,  il:  igs'  xd :  2f. 
-       ,.     ir  .  7    K. 


and  for  i  nail  1  take  -V  •>    ^viiich- 


is 
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Ct. 

qr.    lb. 

=J 

:  1  :  7 

28 

84 

7 

I 

0.3 

92  :  03 


If  I  /.  buy   3  Ct  weight  :  iqr:y  lb,  how  much    will    287:5^:6  d.  buy  > 
Avfw.     93^:2  qr  :  iSIb  -.t-oz.  which  I  find  thns'i, 
i°-  For  the  28/.  I  multiply    ^Ct  hy  it,.   w!iic;h  giV^s..- 
84f"f ;  then  fut   i  ^r.  1  take  '^  of  28,  is  7Q  ;  ai>d 
tor  J  lb.  I  take  ~'^-  of  28,  is  I  r?  :  3  qr,  or,;  wliich  is  , 
the  fame, I  take  \  of  7O,  becanfc  j!b  is  ^df^i^r.'^^'io' 
the  Total  for  28/.  is  92CV-:  ^qr.    2^'  For  5/.  which  '* 
is  i  of  I  /.  I  take  -^  oi  :^  Ct :  J  qr  :  7  lb,  it  is  3  qr  ;  Sib' ;  • 
,:i2o^.  andfur6^,  which  is -'- of  5  f,  I  take  ,4  of" 
35^-:  8lb:  i2o^.,itii,9l!':  4i*_oz.^^,So.th^^  total  ^r^ 
•^s:6d.is   2qr:  i8lb:  '-i-  oz.     A  ud,  t.^  thi  5  a  J  Jing 
piCf-l  qr,  the  Sam  li  Q^jCt:  2  qrM'Q lb:  .:^.- oz. 

Ohf.rvi: 


4 

Ct      qr. 
3  :     I 

Ih. 
•■    7 

•J 

3   .-8 

0 

M;r 

3.:i8- 

034W 
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;  Ohfdi-ve  :  l[  the  Multiplier  and  the  middle  Term  are  both  of  the  fame  kind  of  Thuigs, 
t;he(i'we  may  coiifider  either  as  the  Multiplier,  as  fhall  be  moft  convenient  for  the  Ope- 
tation. 

Exa.  4.    If  I /.  gain  j^s'.6d.   how    much  is  thereby    gain'd  upon    34/:  loj? 
A'ifw.  f  I :  i<^.s :  iii.       Which   is  found  either  of  two  Ways,   viz.    i®-   MultiplyinR 

g Aj  >,W)  ^rt)  .V...  ,  4  J  ••  6 «'■  by  34/ ••  10 -j-  thus ; 

s  .  oa.  i«  :54/ :  10  J.    *^  j^  4j.  by  34,  makes  6/:  los. 

->    -oo"      «'^-  anddiaf   by  54  makes  17  f; 

2    ■.o6-  •>-§  o  ^"^•°'-'-  then4j:6./.  by  io</.  or  i, 

i    ■       ■  ^  P  "  2 J :  d«?.  or '  makes  2^:3^;  and  the  To- 


lb  >ibs^.  *  ■       , 
•.    —       -a  4  J.  by  ^4 

,,  '    ^  2  6<5r. by  34 

"    — ;-'^  4J--6^.byi       7:15:3^-^.     .       •     tal   is  7/:ioj:3«/.     Or,. 

7  r  15 1 3-5  ^  «^  2",   Multiplying    34/:  lOj. 

by  4  J  :  6d,  thus ;    4  j :  6  </. 

-IS  2 J   aud2j:6</;    Therefore  I  multiply  34/:  ioj. ty2J.    or  -L.^    the   Produft  is 

^  /  :  op  J.    Then,    by  2  /  :  6  ^.  or  ^^  it  is  4  /:  6  j  :  3  </j  And  the  Total  is,  as  before, 

Thfff  are  the  Chief  and  Fundamental  Praflices  by  Aliquot  Parts,  which  whoever 
underftands  will  eafily  find  many  particular  Abridgments  depending  upon  the  fame  Princi- 
ples :  But  what  I  have  done  is  fufficient  here ;  Judgment  and  Experience  will  fupply  the 

reft  better  tlian  a  confus'd  heap  of  Particular  Rjeles. 

CASE  6.  When  a  Quefiion  of  the  ^«/?  o/r£»>'i?f  is  duiy  fiated  and  reduced,  ac- 
cording to  the  General  Rule,  'twill  often  happen  that  you  can  eafily  difcover  a  Numbet 
which  will  exaftly  divide  the  Extreme  which  is  the  Divifor,  and  fome  one  of  the  other 
?Mo  Terms ;  fubftitute  the  Quotes  of  thefe  Divifions  in  placeof  the  Numbers  divided,  and 
ivork  with  them  inftcad  of  thefe  others ;  by  this  Means  you'll  have  .he  Divifor  and  ano- 
ther Term  reduced  to  fmaller  Numbers,  and  fometimes  one  of  them  will  become  1, 
which  leaves  no  more  Operation  but  a  fimple  Multiplication  or  Dirifion. 

■E\n.  I.  If  7  yards  coft  =56  Z.  what  coft  35  yards  ?  The  Queftion  ftated  is ,  7  yards  — 
—  567.  —  315  yards  ;  where  it's  eafily  petceiv'd  that  7  divides  both  the  Extremes,  and 
theTQuetes  are  i  &  5  :  So  that  this  Quefiiou  \  yd  —  pi  —  '^yd  will  have  the  fame  Ai>. 
fwer  as  the  former,  and  is  found  fimply  by  multiplying  56  /.  by  5,  which  makes  280/. 

Eva.  2.  If  250 /.  buy  548  yards,  what  will  5 /."buy  ?  The  Extremes  being  both 
divided  by  5,  the  Quotes  are  50  and  i,  and  the  Qnefiion  will  ^lave  the  fame  Anfwer  as 
this,  so/— 548ja?.f  —  i/.  which  is  folv'd  by  dividing  '548_y^J  by  50;  the  Quote  is 
JOyds :  3  qi^  :  3  «/t/  .•  and  :^i. . 

Eta.  3.  If  27  yards  00(^45/,  what  coft  63  yards  ?  Here  the  Extremes  27&63 
being  divided  by  9,  the  Quotes  are?  &  7  ;  and  fo  the  Queftion  has  the  fame  Anfwer  as 
this,  3  ^i/j  —  45  /  _  7  yifs.  Again  ;  3  &  45  being  both  divided  by  3,  the  Quotes 
are  I  &  15  ;  and  fo  the  Queftion  is  reduced  to  this,  lyd  —  15/  —  7jds,  and  the  An- 
fwer 7  times  15,  or  105 /. 

You'll  in  many  Queftions  difcover  at  fight,  or  with  a  fmall  attention,  the  Divifors  that 
make  this  Abridgment,  and  alfo  the  Quotes  •  and  in  fuch  Cafes  only  is  this  Praflice  of 
any  Value. 

The  Reafon  of  this  Praflice  is  plain ;  for  fhe  two  Numbers,  equally  divided,  contain 
betwixt  'em  the  Proportion  that  ought  to  be  betwixt  the  other  given  Number  and  that 
fouglit :  But  if  two  Numbers  are  equally  divided,  the  Quotes  (which  are  like  aliquot  Parts 
tjf  them;  are  in  the  fame  Proportioji. 

From 
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From  the  fame  Principle  it  follows,  that  if  the  Divifor,  and  any  oF  the  other  twg 
Terms,  are  Fraftions ;  or  one  of  them  a  Fraaion,  and  the  other  a  whole  Number  ;  if 
riiefe  two  Terms  are  reduced  to  Fraflions  having  the  fame  Denominator,  you  may  negleft 
the  common  Denominator,  and  work  with  the  Numerators ;  becaufe  FraiUons,  having  a 
common  Denominator,  are  in  the  fame  Proportion  to  one  another  as  the'ir  Nume- 
rator. 

E^n.  If  I  of  a  Yard  coft  16  7.  what  coft  4  of  a  Yard  ?  This  will  have  the  fame  An- 
fiver  as  this,  3^(/j  —  16  /  —  "^y^s. 

Eva.  2.  it  4?  Ounces  coft  28  /.  what  coft  18/^.  or  4608  Ounces  ?  The  firft  Term 
reduced  is  V,  and  you  may  turn  either  28  or  4608  into  the  form  of  a  Fraftion  whofe 
Denominator  is  5,  and  then  work  with  die  Numerators;  and  fo  it  will  be  either 
230?.— T40/  —  4608 <??.  or  25  oz  _  28/—  230400Z.  The  Anfwer  is,  280481^'  /• 
Li  many  Cafes  tills  may  be  ufeful.  ^  » j  »• 


CHAP.     II  I. 
The  (^k  of  Five, 

THIS  /?ule  is  (b  call'd  from  having  5  Numbers  given  to  find  a  6th;  of  which  c 
Given  Numbers,  3  are  conjpin'd  in  the  form  of  a  Suppofition,  and  upon  that  a. 
Queftion  is  rais'd  from  the  other  2,  which  with  the  Number  fought  are  relpe£live- 
ly  like  in  their  Application  to  the  former  3,  and  have  the  fame  Connection  of  Senfe;  by 
which  'tis  tafy  to  know,  at  fight,  a  Quefiion  belonging  to  this  Rule.  Again  ,•  All  Que- 
flions  of  this  Rule  are  fuch  as  include  two  Queftions  of  the  Rule  of  Three,  fo  dependent 
upon  one  another,  that  the  Anfwer  of  the  firft  being  made  the  middle  Term  of  the  fecond 
the  Anfwers  of  both  have  the  fame  Signification,  and  the  laft  is  the  final  Anfwer  of  the 
Queftion.  An6.  Obferve,  that  tho"  many  Queftions  include  two  Queftions  of  the  Rule  o( 
Three,  yet  they  /lave  not  the  Conditions  here  defcrib'd  (of  which  you'll  meet  with  Exam-  - 
pies  afterwards);  anc/,  for  the  Solution  of  fuch  as  have,  take  this : 

Rule. 

!"•  Of  the  3  Terms  of  Suppofition  fet  that  one  firft  down  which  is  like  the  Thing 
fought ;  towaads  the  left  hand  of  it  fet  down  the  other  two  (  it's  no  matter  hi  what  Or- 
der);  then  fet  the  two  Terms  that  raife  the  Queftion  towards  the  right  hand  of  the  far- 
mer 3,  in  fuch  Order  that  of  the  ^  given  Terms  the  ift  (counting  from  the  left  to  the 
right)  be  like  the  4th,'  and  the  2d  like  the  5th  :  Then, 

0?-  Take  the  ift,  3d,  and  4th  Terms  in  Order,  of  which  make  a  Queftion  of  the  Rule- 
of  Three  (affuming  the  2d  Term  for  a  fuperfluous  one,  to  com  pleat  the  Senfe)  and  find  • 
the  Anfwer :  Then, 

3°'  Take  the  2d  (of  the  <;)  the  Number  now  found,  and  the  5th  (  of  the  5  )  in  Or- 
der, and  of  them  make  another  Queftion  of  the  Rule  of  Three,  (affuming  the  4th  Term  ' 
of  the  5  for  a  fuperfluous  Number)  the  Anfwer  of  this  is-  the  final  Anfwer  fought.  -; 
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Qu.  ift.  If  the  Carriage  of  25  Stone 
weight,  tor  16  Miles,  coft  15/:  10  J.  what 
»vill  40  Stone  coft  f  jr  9  Miles  ? 

Anf-w.    j^l:  ip  s. 

The  State  of  the  5  Terms  is, 

Sf.    Miles    1.      s.       St.    A^ila. 
25  —  16  —  1 5  :  10  —  40  —  p 

The  firft  Qixftioii  of 
the  Rule  of  Three  is, 

St.        1.  sr-  St. 

25  —  15  :  10—40 

by  ReJuflion, 


2d  Queftion. 

m,        s.        m. 
\6  —  496  —  9 
9 


Qu.  2d.    What  Weight  mufl  be  carrieJ . 
12  Miles  for  5/  :  4 J.  when  18  Stone  jo/k 
coft  15  J  for  7  Miles? 


State  of  the  5  Terms. 

/^-       /.       J.       »T. 
10-5  :  4_j, 

2d  Operation. 


St.        s.      St. 

16 

I4464  (279  or 

25  —310-40 

32      ^I-.ips 

40      s. 

126 

25|i2400-<45?6. 

112 

JOO  . 

.T4. 

,"i  24-3 

144' • 

V  225 

s,        m.      St. 
15  —  7  —  18 

I  ft  Operation. 

J.      ft.     lb.       1.   s.     m.      lb.    o:(ifr.    m. 

15—18  :  10—5:4    7—2066:2:2—12 

by  Reduflion,  by  Redu£lion, 

s.        lb.  s. 

15  —  298  —  104 


150 
•       ill" 

From  the  Senfe  anJ  Conneflion  of  thefe 
tnno  QLieflioiis  it's  plain,  that  we  liave  tlie 
Aiifwer  of  the  QoelUoii  propos'd;  for,  by 
the  firft  we  find  ^vhat  40  Stone  cofts  for 
36  Miles,  when  25  Stone  coft  \o  s.  for  the 
fime  Way.  Tlieii,  by  tlie  fecond,  we  find 
what  40  Stone  muft  coft  for  9  Miles,  when 
they  coft  496  s.  ( the  Anfiver  of  the  -prece- 
ding) for  1 6  Miles.  I 


704 


15 


'  20 


Ih. 
(.2066 


m.         dr. 
7  —  528930- 

7 


•  12 


099 
90 


9^ 
90 

2  remainder 
16 

15 1  32  (20^.     ^ 

30 
2  rem. 

16 


151  32  (2 


Jr 


2  remain. 


12  I  3702510 

Quote,  3c8542-\ir 

which  being  re-  ' 
duced,  is  equal  to 

ft.     Ik.  0;j.      flV. 

75:5:3:i4tV 

Here,  by  the  ift 
Operation,  is  found  . 
how  much  muft  be ' 
carried  7  Miles  foe  - 
5  / :  4  .f.    Then,  by 
the    2d   Operation, 
how  much  muft  be 
carried  1 2  Miles  foe 
5/:  4  J. 


As  to  the  AVork  of  thefe  two  Queftions,  I  have  done  it  at  length,  according  to  the  moft 
General  Rules  ;  but  fuch  as  underftand  the  Contraiiions,  alreidy  cxplun'd  in  Multiplica- 
tion and  Divifoi,  a.nd  the  Rtile  of  Three,  may  do  theai  eifer  thus  :       ri.ji,.}  •  ;-(-,"i    i 

In  the  ift  Queltinn,  the  ift  Operation  reduces  at  light  to  this  57?  —  15/:  lO-j  — *  87?. 
by  dividing  25  and  40,  bcth  by  5  j  then  we  may  eafily  multiply  15/:  10  i  by  8,  without 
reducing  it ;  the  Prodnd  is  i  24/.  which  divided  by  5,  quotes  24/ :  16  i.  For  the  2d  O- 
perati'^n  it  ftands  thus,  16  w  —  24/:  i6s  --  9m.  And  here  the  nuddleTerm  is  eafily 
iniilriply'd  by  9  without  Reduftion  ;  the  Produit  is  223  /:  4  jj  which  divided  by  16, (or 
firft  by  2,  and  the  Quote  by  8^  the  Anfwer  is  13  /  :  19  s. 

In  the  2dQueflioi],  the  2d  Operation  may  be  done  eafier ;  for,  without  reducing  the 
Biiddlc  Terra,  it  may  be  eafily  multiply 'd  by  7  ;  the  Produil  is,  14462/^ :  1402. ;  iJ^dr; 

ivhich 


chap.  5-  •       The  ^ile  of  Fi\>cl  5^45^ 

which  divided  by  12  ("or  ift  by  2,  ai:d  this  Quote  7251/^  :  joz  :  jdr.  by  d,  the  Quote  is 
502.   i^dr.  which  is  ■j^,Ji.  '^Ih.  gez.  ij^dr.  as  before. 

Ohftfrve.  That  as  die  firll  Operation  ouglit  to  be  carried  down  to  the  lowcfl  Species, 
while  there  is  any  remainder ;  fo  tlie  Fraflion  which  that  remainder  makes  ought  to  be  ta- 
ken iiiti  tlic  fccond  Operation,  elfe  the  final  Anfwer  will  be  thereby  deficient,  either  in 
forae  Integral  p.irt,  or  in  the  Fraflional  part  cf  the  loweft  Species.  So  in  the  preceding 
Queftion  2d,  the  V  of  a  drop  in  the  Anfwer  of  the  firll  Operation,  being  neglected  in  the 
2d,  mikes  the  Anfwer  of  this  deficient,  tho'  it  is  only  by  a  fmall  Fraflion  of  a  drop ;  yet 
in  other  Cafes  the  lots  may  be  more  confiderable,  and  therefote  it  ouglit  never  to  be  neg- 
leiled ;  But  btcaufe  the  taking  in  tliis  Fraction  into  the  2d  Operation  will  often  make  the 
Work  tedious  and  hard,  for  them  that  are  not  familiar  with  the  praflice  of  Fractions, 
I  Ihall  give  yon  another  Rule,  whereby  the  Anfwer  is  found  by  one  Divifion ;  and  be- 
caufe  this  Rule  depends  upon  the  preceding,  you  muft  have  a  clear  underAanding  of  that, 
in  order  to  be  malter  of  this  ;  and  therefore  I  would  have  you  firfl  apply  the  preceding 
Rule  to  ail  the  following  Qaeliions,  and  then  apply  the  other  Rule  which  is  this. 

How  to  JoJve  Qneftions  of  the  Rule  of  Five  ly  one  Divifion, 

R  rL  E  I*'  State  the  5  given  Terms  as  before  direfied,  and  then  make  the  cor- 
refponding  Terms  (si-z..  ift  and  4th,  2d  and  5th)  Ample  Numbers  cf  one  Name,  and 
the  middle  Term  a  limple  Number  if  its  mixt. 

7?-  Form  a  Queftion  of  the  Rule  of  Three  with  the  ift,  2d  and  4th  Cof  the  5)  as 
before  ;  and  m.irk  which  of  the  extremes  (ift  or  4th)  would  be  the  Divifor :  Again,  form 
a  Qjeftion  of  the  Rule  of  Three  with  the  2d,  3d  and  5th  (of  the  5)  and  mark  which 
•would  be  the  Divifor, 

3°.  Let  thefe  two  Terms,  which  you  find  would  be  the  Divifors  in  thefe  ITmpIe 
Queilions  of  the  Rule  of  Three,  be  multiplied  together,  and  of  the  Produit  make  a  Divi- 
for ;  and  for  a  Dividend,  take  the  continual  Produft  of  the  other  three  Terms  (of  the  5) 
and  this  Divifion  being  finiffied  (in  which  the  Quote  is  like  the  middle  Term)  gives  the 
final  Anf\ver  of  the  Queftion  propofed. 

Ohferve.  If  the  Numbers  by  which  the  middle  Term  is  multiplied,  are  fuch  that  it  may 
be  eafily  multiplied  without  reduftion  when  it's  a  mixt  Number,  then  it's  better  not  to 
reduce. 

Cizieft.  I.  Done  by  one  Operation.    The  Queflion  beuig  dated  and  reduced  according 

as  the  ift  and  2d  Articles  require,  I  make 
St.  M.  L.  Sb.  St.  M.  a  Queftion  of  the  Rule  of  I'hree  with  the 
25  —  16  —  15  :  10  —  40  —  p.  ift,  3d  and  4th  Terms,  and  find  tha:  25 

Or  thus  is  the  Divifor:    For  if  2'^fi.    coft  ^ics. 

St.       M.  St.  St.       M.  (for  16  Miles)  4oy?.  will  coft  more  (forth* 

25—16—      ^10      — 40—9  ftme  16  Miles)  cherefore  40  is  the  Multi- 

plier, and  25  the  Divifor.  Again,  I  make 
a  Queftion  upon  the  2d,  pl^d^,  and  ^th,  and  find  r6  the  Divifor  ;  for  if  16  Miles  carri- 
age (of  4-yr.)  coft  310  J.  then  9  Miles  muft  coft  lefs ;  and  fo  9  is  Mulciier,  and- ij 'Divifor. 

S;.  M.  Sh.  ,1  ,5^  M.  .  The  reft  of  the  \york  is  manifeft,  as  in  the  Margin ; 
2>  ■ —  16  —  310  —.40  —  p  and  becaule  the  ift  liiiglc  Operation  had  no  remainder 
'<^  4^   ■  ^'1  ^^^  loweft  Species,  the  final  Anfwer  is  the  fame  by 

.  9  iio  .SI.-:!  jjg^^f.. 

400)11100;)  Aaaa  Oh^trve 

Quote  27pJlj.ot11J.1ps. 
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orvfnhont  rediichg  th?  Ohferve  that  I  alTLimc  the  middle  Term  for  the  Aiifwer 

middh  Tfrm-  thus  cif  the  ifl  fingie  Queflion,  becaife  its  no  matter  what  be 

/_     '  J.      '  fuppofed  in  order  to  difeover  the  Divifor. 


15  :  10 

AP 

^         /620  : 

£ 

400)5580(15  I  19  s.  Here  I  fay,  ift,  if  i  5  5/;.  pay  for  (7  Miles 

carriage  of)  298  Ih,  then  104  pays  for  more  y 
Queftion  2d.    By  one  Operation.         and  fo  1.04  is  the  MultipHer,  and  15  the  Di- 

vifor.     Again  it   298  lb.  was  carried  7  Miles 
5/&.       M.       St.     Ik       L.     S&.       M.    for   104/.  a  lels^weight  muft  be  taken    12 
15  —  7  —  18:  10  —  5:    4  —  12     Miles  (for  the  fame  Price)  fo  7  is  tlie  Multi- 
plier, and  1 2  the  Divifor  ;  The  reft  of  the 
Work  is  plain,  as  ui  the  Margin.    And  here 
S,  M.  lb'  S.  ^-     the  final  Anfwer  differs  from  that  found  by 

15  —  7.  —      298      —  104  —    12     the  preceding  Method  (in  which  the  Fraflion 
12  7  of  the  ift  part   was  negle£led)  only  in  the 

— -  •    -  '  FraSion  of  the  loweft  Species,  which  is  here 

^°>^  ~°°°  a  little  greater  than  the  other. 

^^4  The  following  Queftions  I  leave  wholly  to 

l8o)2io944(  1 205  IP'  y^i^j.  gjjgfcife,  and  only  fet  down  the  Anfwers, 

^"  as  they  are  found  by  both  the  preceding  Rules,  • 

-•d  or  75  St. :  '^Ib.  that   you  may  compare  theai  with  your  own 

;,5  Anfwers.   Andobfetve,  that  in  doing  by  r^vo 

. Operations  I  have  always  negle£led  the  Fra- 

094  ftion  in  the  loweft  Species  of  the  ift  Opera- 

90  tion. 

44  remain.  ^'^^fi-  3-  How  far  ought  3  Ct.  and  2  qr. 

j5  to  be   carried  for    14  j.    at  the  rate  of  2/. 

Q  . ■,  10  s.  for   14  Ct.   carried    18    Miles  ?     A>i- 

ioo;704Cp  2.  j-^^^^  20  MUes  ^\  of  a  Mile,  by  both  the 

ii  Rules. 

164  remains^  dttejt.  ^.    If  246/.    board  p   Men    i8 

16  Months,  how  long  will  48/.  board  5  Men  ? 

tSo)l6^)i4iU  dr.  Anfwer,  6  Months. 8  Days  and  |    by  two  O- 

jg^^  perytions  ;    and    6   Month  p  Days    -^-f-- 

or  _^^  by  one  Operation.    Obferve,  I  have 

^24  taken  28  Days  to  i  Month. 

72Q  diteji.  5.  How  much  will  pay  8  Months 

104  remain  toard  of  3  Men,  when  24./.  s  s.  paid  for  2 

>  Year  4  Months  of  7  Men?  Anfwer,    2/. 

T$  j;  5<^.  -1L  or  Jij.  by  two  Operations :  And  2/.  151.  5</.  li-  ^"^  t  ^^  '^"^  Opsra- 

tion.  . 

Clue  ft.  7.  How  many  Men  will  cut  down.  7  Acres  of  Wheat  in  4  Days,  when  6  Men 
cut  down  12  Acres  in  8  Days  and  4  Hours  ?  Anfwer.  4  Men  with  a  Fradion  equal  to 
JL.  by  two  Operations ;  and  by  one  Operation  it  is  5  Men  with  a  Fraftion  equal  to  ^  »^ 
•  °(2Kf/?.  7.  !f  I  get  80Z.  weight  of  Bread  for  6d.  the  Wheat  at  15 1.  per  Boll ;  what 
ought  the  BoU  of  Wheat  to  be,  that  I  may  get  12  oz.  of  Bread  for  4  d.    Anfwer.  6s.M. 

hy  both  Methods.  ^     a  a 

Hut'Jt.  o. 
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Qk.  8.    When  Wheat  is  at  12  J.  10  ^/.pt-f  Boll,  7  Ounces  oF  Bread  cofl^^.    how 
much  ought  to  be  got  ioiQd,  the  Wheat   being  15  j  ?    A'lfw.   ^o:^:  iidw.ijLgr.* 
by  two  Operations ;  and  po;^  :  1 1  tfiu  ;  i4^''.^f  by  one  Operation. 

Q«.  p.  What  ought  to  be  the  Price  of  4  il> :  1 0  oz.  of  Bread,  the  Wheat  being  1 6  j  r  5  </. 
the  Boll,  fuppofing  that  when  the  Wheat  is  at  1 2  j.  I  get  8  oz.  for  4  </ .''  Ak/.  -«  j  ;  2  '  J 
by  two  Operations  ;  but  by  one  Operation 'tis  3  J  :  3^;  2-|Li°y;  ^   •      =    • 

Qk.  10.  If  ico/.  Principal  Sum  give  <^l :  lOs.in  i  Year,  what  is  the  Intereftof72/ 
for  5  Year  8  Months  ?  Jnfw.  By  two  Operations,  9/ . -4  j:j>«f:  i/_«^  or'  And 
by  one  Operation,  p/ :  4  j  :  9^ :  2/-|.. 

Olfcrve,   I  have  in  this  duejtion  taken  1 2  Months  to  i  Year. 

dti.  II.  At  the  rate  0^6 1,  per  Gnt. per  Amk.  what  Principal  Sum  will  raife  48/. 
in  2  Year  4  Months  (fuppofing  1 2  Months  to  a  Year)  ?  Anfw.  By  both  Methods  is 
^342/:  17.S  :  K^- 2/4. 

<?K.  12.  In  what  Time  will  146/:  10  s.  Principal  Sum  raife  50/.  of  Intereft  at  the 
rate  of  >5  per  Cent,  per  Annum  ?  Anf-w.  6  Year :  10  Months  ;  16  Days,  by  two  Opera- 
tions ;  and  by  one  it  is  6  Year :  10  Months :  20  Days  lAj., 

Ohferve,  I  have  here  reckon'd  13  Months  to  a  Year,  and  28  Days  to  a  Month ;'  but, 
in  Calculations  of  Intereft,  the  mofl  exa£l  Way  is,  to  take  in  no  Denominations, 
but  Years  and  Days  (365  Days  to  i  Year)  and  let  the  Time  of  a  Queftion  which 
is  lefs  than  i  Year,  or  that  Part  of  it  which  exceeds  a  certain  number  of  Years, 
be  reckon'd  in  Days. 

Tbe  Reafon  of  this  Rule,  by  one  Divifion,  will  be  eafily  underflood  by  one  Example. 
Thus, 

Suppofe  40  /.  pay  7  Months  board  of  6  Men  ;  to  find  how  much  8  Men  muft  pay  for 
5  Months.  The  State  of  the  5  given  Terms  is,  6  Men  —  7  Mo —  40  /.  —  8  Men  —  5  Mo. 
The  ift  fingle  Queftion  of  tlie  Rule  of  Three  is,  If  6  Men  pay  40  /.  \vhat  muft  8  Men  iii 
the  fame  Time  ?  The  Anfwer  is  found  by  multiplying  40  /.  by  8,  and  dividing  the  Pro- 
duct by  6  ;  thiit  is,  we  take  the  6th  part  of  8  times  40,  which  may  be  exprefs'd  in  a  gene- 
ral fraaional  form  thus,  ^  ^-  Then  the  2d  Cngle  Queftion  is,  If  7  Months  coft  i£X_8 
what  will  <f  Months  coft  ?  And  the  Anfwer  of  this  is  found  by  multiplying  the  middle 
Term  "^^^  by  5,  and  dividing  the  Produ£l  by  7:  But  a  Fra£iion  is  multiply 'd  by  mul- 
tiplying its  Numerator,  and  divided  by  dividing  its  Denominator;  therefore  the  Anfwer  is 
exprefs'd  thus,  '^   ^    ^  ^  ;  which  is  the  Quote  of  the  continual  Produft  of  40,  8,  &  5, 

divided  by  the  Produft  of  6  &  7,  the  Divifors  of  the  two  firaple  Queftions :  All  which  is 
according  to  the  Rule.  And,  whatever  the  Queftion  be,  'tis  manifeft  that  there  will  be 
always  the  fame  Reafon ;  for,  by  exprefling  the  Anfwer  of  the  i  ft  fimple  Queftion  in  this 
general  fraaional  Way,  the  Anfwer  of  the  2d  will  neceflarily  be  exprefs'd  by  a  Quote  made 
of  a  Divifor  which  is  the  Produft  of  the  Divifors  of  the  two  fimple  Queftions,  and  a  Divi- 
dend which  is  the  Produ£t  of  the  other  3  given  Terms. 

Observation  relating  to  the  preceJi^ig  Rule. 

_  As  I  made  no  Diftinftion  of  a  Rule  of  Three  BireB  and  IndheSl,  fo  neither  have  I 
in  the  Rule  of  Five,  as  is  commonly  done,  to  no  purpofe  but  to  make  a  needlefs  Difficul- 
Vj ;  fince  DireSi  and  IndireSl  can  be  here  underflood  no  otherwife  than  as  they  relate  to 

A  a  a  a  2  "the 
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the  two  fimpleQucflions  of  the /?»/£•  o/r^A-^i?  contaln'din  it.'  But  I  had  this  further 
Reafon  to  make  no  fuch'Diftir.clion  ;  1  liat  all  the  Qneliirns  rh.tr  crnie  under  this  Rule 
may  be  folv'd  by  two  Apphcatii^ns  of  tlie  M,iih  ofThyce  that  arc  citlu:r  b,  th  Direci,  or 
one  7)/V£'(5?  and  the  other  hdirt;cl.  Thus,  the  5  1  erms  being  dated,  and  the  two  Quc- 
fiioiis  oi  i\\cRuU  of  Three  confider'd  according  to  the  abive  Ri  le,  if  they  are  bf^th  Z);* 
rcSi,  then  it  nny  be  other  Ways  f  Jv'd,  (•->  as  to  make  one  r.inSi,  aijd  am  thet  I>idirt£l  : 
Or,  if  one  is  DireSi,  and  the  other  IndlreR,  by  the  above  R.  le,  it  my  be  folv'd  fo,  as 
to  make  both  Dir^^ ;  which  is  done,  in  both  Cafes,  by  mikiug  the  id,  2d,  aiid^th 
Terms  (ofthC))  the  :;  Terms  of  the  irt  Operatioji ;  then  making  tlie  Anfwer  of  this. 
wih  the  3d  and  "^th  (of  the  5)  the  3  Terms  of  the  2d  Operation.  ■     '  ' 

Exa.  ift.  IfyMenin  3  Months  fpend  100/.  how  much  will  12  Men  fpend  in  ^ 
Months  }  Here  both  the  Operations,  according  to  the  preceding  Rule,  are  L  m  61  ;  ^ut 
it  may  be  done  thus  :  (1°)  If  7  Men  fake  3  Months  (to  fpend  iro/.)  how  long  will 
12  Men  take  (to  do  the  fame)  -  They  murt  take  lefsTime;  therefore- this  is  WzVriS.- 
Then,  whatever  time  12  Men  fake  to  fpend  ico/.  they  will  fpend  more  orlefs'in  5  Months, 
according  as  5  is  more  or  lefs  than  the  Anfwer  of  the  ift  Queftion  ;  therefore  tliis  is 
DireSt. 

Exa.  id.  If  7  Men  fpend  ico  /.  in  3  Months,  in  what  Time  will  1 2  Men  fpend  48  /.  ? 
Ey  the  preceding  Rule  the  ifl  Operation  is /;/ia?i>f<5?,  and  the  other  Direct;  but,  do  it 
the  other  Way, "and  they  will  be  both  DireSl.  Thus  ,•  if  7  Men  fpend  loc/.  (in  ^  Mo.) 
12  Men  will  fpend  more  (in  the  fame  Time)  ;  therefore  this  is  Z>i>fi?.  Again;  If 
12  Men  fpend  the  Sura  fcvind  by  the  ift  QuelUon  in  3  Months,  they'll  take  more  or  left 
Time  to  fpend  40  /.  according  as  this  is  more  or  lefs  than  the  Anfwer  of  the  ill  Queftion  j 
therefore  this  is  alfo  l)ireSi. 

That  the  final  Anfwer,  or  Anfwer  of  the  2d  Operation,  xvill  be  the  fame  in  both  thefe 
Methods,  will  appear  from  the  Nature  of  the  Thing ;  becaufe  both  Ways  there  is  a  rea- 
fonable  and  natural  Connexion  betwixt  the  two  Operations,  which  take  in  all  the  Ciri 
cumflances  of  the  Queflion  ;  Therefore  1  Ihall  not  trouble  you  with  any  farther  Demon- 
ftration  of  it ;  and  ihall  only  add,  1  hat  I  chufe  the  firfl  Method,  becaufe  it  leads,  in  a 
more  eafy  and  plain  Way,  to  the  j^ctliod,  of  reducing  bofk  th,e  Operations  to  one  Di? 
vifioii.  '  '■  ■■''■"'^'  "'-      "-  ""-' '""  ^  "T^'-  t«wiJ'frioi'l€fioiftirii  {;•, 

Observation  relating  to  other  Complex  Queftions. 

All  Complex  Qtufuons  that  are  folvable  by  two  Operations  of  the  Rule,  of  Three^  fo 
that  the  Anfwer  of  the  il^  is  a  Term  of  the  2d,  tho'  they  have  not  all  Circumflances  like 
thofe  belonging  to  the  Rule  of  Fivn,  yet  if  we  confider  and  perceive  what  are  the 
Terms  of  thefe  two  Operations,  'twill  be  eafy  to  reduce  thera  to  one  Divifion,as  we  have 
done  thofe  of  the  Rtile  of  Five;  for,  by  exprefiing  the  Anl^.ver  of  the  ift  Queflion 
Fradion-wife  (as  above)  and  placing  that  Expreifion  where  it  Ihould  be  in  the  2d  Que- 
f.ioii  we  lliatl  eafily  perceive  which  of  the  given  Numbers  are  to  be  multiply 'd  for  3 
Divifor     and  which  f  "'r  a  Dividend.     1  Ihall  illullrate   this  by  an   Example  :    Suppofe- 


tiie' Divifors ;    but  then,  becaufe  the    32  is  </,  make  8j.  =  i?6rf.  and  the  5  Numbers 
that  produce  the  Dividend  are  f?6,  14,  5. 

'   '  'C  H  A  P,- 
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CHAP.     IV. 

(^ile   of  Felloipjhip. 

DEFINITION. 

THIS  Rule  fhews  how,  by   t\vo  or  more  Independent  Operations  of  the  Zlulf  of 
Three,  to  divide  any  given  Number   into  unequal  Parts,    proportional  to  certain 
other  given  Numbers.     '1  is  cali'd  the  ^h  of  Fellowjliip,  becaufe  the  more  com- 
mon and  ufeful  Application  is  in  the  Divifion  of  Gauis,  Lclles,  or  ether  things  among 
Farmers  in  Company  :   But,  as  there  are  alfo  other  Applications  ot  it,  I  have   made  the 
Defiiiition  U.'/herfal ;  and,  for  the  .Solution,  this  is  the 

Rule.  Add  the  given  Numbers  (to  which  thefe  Sought  are  Proportional)  into  one 
Sum,  whirh  make  the  ift  lerm;  make  the  Number  to  be  divided  the  2d  or  middle  Term  5 
and  the  given  Nmnbers  ( or  parts  of  the  illTerm)  make  them  feverally  the  rjd  lerms  of  la 
many  diftiiiQ  Qi  ^eftions  of  the  Kule  of  Three  j  and  the  Numbers  thus  found  are  the  An- 
fwers  r-TheReafon  of  which  is  manifeft. 

To  prove  the  Anfwer  to  be  right,  add  them  all  into  one  Sum  ;  and  this  ought  to  be 
equal  to  the  middle  lerm,  becaufe  the  Numbers  found  are  the  feveral  Parts  of  the  middle: 
Term,  and  the  Parts  mull  be  all  together  equal  to  the  Whole.  But  Ohferve,  that  if 
there  are  Remainders  (tho' of  the loweft  Species)  in  this  Divifioii  by  which  the  Anfwers 
are  found,  thefe  make  Fraftions,  which  are  alfo  to  be  added  :  In  order  to  which,  let  the 
Remainders  be  all  of  the  loweft  Species,  then  add  them,  and  divide  their  Sum  by  the 
common  Divifir,  (which  is  the  common  Denominator  ;  and  here  there  muft  be  no  Re- 
mainder) the  Qaote  added  to  the  Sum  of  the  Integral  parts  of  the  Anfvrer,  will  make  it 
equal  to  tlie  middle  Term,  if  the  Work  is  right. 

§».  lyf.  Two  Men  {A,  B)  make  a  Common  Stock,  whereof  ^'s  Part  is  240  /.  and 
Bs  360/.  After  a  certain  time  they  mike  80/.  Gaiix  or  Lofs;  What  is  each  of  theis 
Shares?    Aftftn.   ^^832/.  and  £'s  ^8/. 

Stocks  Operatiofi 

I         1.  I  I  7.  1. 

A     240  /./     If  600  —  8o    —  240        600  —  80  —  360        Cnht  or 


240/./ 
B    560    r  240  360  Lofs. 

600  j  19200)  j^^oojo ;  ^    -i^ 

Quote,  :32/.  48/. 


B.  48 

87 


Qu.  id.  A,  B,  C  make  a  Common  Stock,  whereof  ^  has  246/.  B  392/:  18  ■? 
C278I.  They  gain  or  lofe  64/.  What  is  each  Partner's  Share  of  it?  See  the  ^«- 
fweri  following. 

Stocks 


550 


a^.      246  /.  I  /. 

B.  392    :  iSs.  (,  pi6 

C.  278    :  I 

J  J 


Foi  A. 


IK 


Book  VL 


7. 


916    :  18 


ForC. 

J.  I.  J. 

18338  —  64  —  5560 

5560 

18338)    3S5840  Cip^- 

18338 

172460 
165042 

7418  rem. 

iO 


J.    /. 
18—64—246 

Or, 

7.     ^. 
38  —  64  —  4920 
4920 

18338)314880(17/. 
18338 


For^. 

s.  ?.      S.  I,      S. 

18338  — 64  —  7858  (Wz.  392:18) 

7858 

18338)  502912(27/. 
36676 


148360  {8s. 
146704 

1656  rem. 
12 


19872 
18338 


131500 
128366 


rem. 


62680  (3  J. 
55014 

7666.  rem. 
12  - 

9i9p2(5^ 

fi6po 

302  rem 

4 


1208/. 


136152 
128366 

7786  rem.' 
20 


*^ 


00   ThsO     00 


155720  (8 J.  <§'|  og;^)- 


fc     "I    O  VO       00 


146704  hJ     ^-  „ 

poi6rem.   °        I    |    I    = 

12      -i 

108192  (5 «?. ««  TT  ..  ..  " 
91690 


>Xj     1^  v^  (-» 


16502  rem.  I  ^  ;;^;; 

4  

66008  (3/. 
55014 

10992  rem. 


^   W  w 


Ohferve :  Since  the  ift  and  2d  Terms  are  the  fame  in  all  the  Operations,  if  there  are 
many  Shares,  'twill  be  convenient  to  make  a  Table  for  the  Divifor  or  firft  Term,  efpecial-. 
Jy  if  it's  a  great  Number,  and  perform  the  Divifion  as  direiled  in  ^  2d  o^Ch.  6,  Book  \ft. 
And,  for  the  fame  Reafon,  you  may  make  a  Table  for  the  middle  Term,  as  a  common 
Multiplicand,  and  do  the  Multiplications  as  in  kj  id  oiCh.  5,  Book  i ;  which  will  be  con- 
venient, efpecially  if  the  middle  Term  confifts  of  more,  and  a  greater  variety  of  fignificant 
Figures  than  the  Extremes  by  which  'tis  to  be  multiply 'd.  Remember  ahb,  that  this 
Method  can  te  foUow'd  only  when  you  are  to  do  the  Work  of  the  Rule  of  Three  by  the 
General  Rule:  But,  infome  particular  Cafes,  you'll  find  other  Contra£tions  more  con- 
"venient. 

Again  5  where  there  are  many  Shares,  'twill  be  a  ufeful  Method  to  reduce  the  firft  two 
Terms  to  two  others  in  the  fame  proportion,  but  whereof  the  firft  is  i  ;  which  is  done 
ihus :  The  given  ift  and  2d  Terms  being  Simple  Numbers  (or  made  fo)  find  a  4th  Pro- 
portional to  thefe  t^vo  and  i  ;  then  fay,  As  tlie  ift  to  the  2d,  fo  1  ro  a  4th  ;  wliich  \vill 
be  like  the  middle  Terra.  And  in  compleating  this  4th,  inftead  of  the  common  Mcrhod 
of  Reduflion,  carry  it  on  decimally  to  more  or  fewer  places,  according  as  the  gn-en 
I'arts  of  the  ift  Term  are  greater  or  lefftt  Numbers:  Then  take  this  4th  Term  for  the 

2d  or 
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2d  or  middle  Term,  and  i  fjr  tfic  ift,  in  all  the  Operations  by  which  you  find  the  Numbers 
fought.  And  (o  tliey  are  all  found  hy  Aiultiplication,  bccaufc  i  is  the  Divif)r.  Ant!,  i;i 
thefe  Multiplications,  you  may  ufefuliy  apply  the  Tabular  Method  explaiu'd  in  Ch.  <,,  B-  I, 
obferving  always  that  whatever  Dcnomiiiatioii  the  i  has,  the  :;d  I'erm  luth  the  fame. 

Thus,  in  Eva.  zd,  lay  by  \\\e.  Ride  of  Thi-fe,  as  916/;  1 8  J.  is  to  64/.  fo  is  1  /.  to  a 
4th  Terra,  which  you'll  find  to  be  this  Decimal  of  a  Pound,  vi:(.  .o6^jS  &c.  And  in  find- 
ing this,  I  either  reduce  916  /:  tS  J.  to  18538  i.  and  fo  the  Proportion  is  as  18338  s.  to 
64/.  So  is  20  J.  (equal  to  I /._)  to  .0698  &c.  Or,  more  eafily,  by  expreliing  the  18/. 
Decimally  ic  is,  as  916  .9  /.  to  64/.  (o  is  i  /.  to  .0698  Sec  I.  Then  the  ift  and  2d  Terms, 
in  all  the  Operations  for  the  Anf^vers  are  j  /.  and  .0698/.  And  then  the  3d  Terms  be- 
ing all  in  the  Denomination  of  roLiiidi,  like  the  1  ft  Term  (by  expreliing  the  18/.  deci- 
mally) the  Anfwers  are  found  by  multiplying  the  feveral  3d  'i'erms  by  .0698,  as  below, 
which  produce  the  fame  Integral  AnAvers  as  the  preceding  Method. 

Ohft^rve  :  In  the  ill  and  2d  Parts  1  have  made  but  two  Steps  in  the  Multiplication,  by 
multiplying  with  24  and  27  at  once. 

Jgiin  Oiprve,  that  we  may  aFfi 

find    the    nexv    middle    Term    by 

expreliing  the  mix'd  Numbers,  not 

decimally,  but  by  Rcduflion,  faying. 

As  i8  48 s.  to  64/.  fo  is  IS.   to  a 

4th,    which    will    be .  00349  &c  /, 

which  is  different  from  the  other: 

Bur,  in  ufing  this,  we  muft  alfo  er- 

prels  the  3d  Term  in  Shillings,  and 

then  we  IhaH  have  the  fame  An- 

fwers;  but  the   former  Method  is 

eafieft. 

As  the  Shares  of  Gain  or  Lofs  are,  in  thefe  Queftions,  found  by  the  total  Gain  or  Lofi 

and  the  particular  Stocks  :  to,  after  the  fame  manner,  we  may  find  the  particular  Stocks, 

from  the  totil  Stock  and  the  Shares   i'  Gain  or  Lofs. 

The  following  (lui'jiions,  done  after  the  fame  manner,  fhew  the  Application  of  this 
Rule  to  other  Subjedh. 

<5«.  r^d.  -r^,  2),  C  buy  together  658  yards  of  Cloth,  of  the  Value  whereof  A  paij 
20/.  B  260I.  and  6' 480/.  How  much  of  the  Cloth  miift  each  of  them  have  ?  Add 
200/.  260/.  480/.  into  one  Sum  940,  and  then  divide  638  yards  in  proportion  to  the 
given  Parts  of  940. 

Q_u.  4^th.  There  are  3  Horfes  A,  B,  C ;  in  the  lame  Time  that  A  cjn  eat  5  Rolls  of 
Oats,  B  can  eat  7,  and  r  9,  How  muft  25  Bolls  be  parted  among  them,  that  they  may 
begin  and  end  ac  the  ftme  time  ?  Add  5,  7,  and  9,  the  Sum  is  21  ;  then  divide  25  in 
proportion  to  the  given  Parts  cf  21. 

Qtt.  <^Xh.  There  was  a  Mixture  made  of  3  different  kinds  of  Wine,  in  which  for 
every  j  Gallons  of  one  kind  there  were  4  of  another,  and  7  of  the  third  ;  How  miKrh  of 
each  kind  is  in  a  Mixture  of  1 46  Gallons  ?     Add  3,  4, 7,  Be 

Qu.  6th.  Three  Butchers  pay  among  them  40  /.  for  a  Grafs-Inclofure,  into  which  they 
put  200  Cows,  whereof  y^  had  80,  B  100,  and  Cizo  ;  H'nw  much  ought  eacii  t-  piy  ? 
Or,  what  they  pay  being  given  with  the  total  Number  of  Cattle,  we  may  find  how  many 
belongs  to  each. 

Clu.  lib.  A  Father  left  his  Eftate  of  loco/.  among  3  Sons,  in  fuch  manner  that  for 
every  2  /,  that  A  gets,  JS  Ihall  have  3,  and  6' 5  ;  How  is  the  Eftate  to  be  divided.? 

Cf 
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0/ Fellowfliip  with  Time. 

When  Stocks  continue  unequal  Time  in  Company,  fo  that  a  Confideration  muft  be 
made  of  the  Time,  as  well  as  ot  the  Stock,  this  is  call'd  Fdlovjhip  -with  Time ;  for  which 
this  is  the 

Rule.  Let  all  the  Stocks  be  of  one  Denomination,  and  alfo  the  Times ;  then 
multiply  each  Partner's  Stock  by  his  Time,  and  divide  the  Gain  or  Loft  in  proportion  to 
ihefe  Produds. 

(?«.  ^th.  A  had  in  Company  45/.  for  :;  Months ;  jB  58/.  for  5  Months ;  and  CqiI, 
for  7  Months ;  at  the  end  of  which  they  find  48  /.  gain'd  j  What  is  each  Partner's 
Share  ? 

The Produfts  are, for  ^  45X3=13$  ;  for  B  58X5=  2po;  and  for (7572X7=^44; 
vhofe  Sum  is  15$  -+-  290  -h  644  =  1069.  Then  the  Proportions  are,  as  io6p  /.  to 
48/.  fo  is  ig",,  29D,  644feverally  to  the  proportional  Shares  of  48/. 

The  Reafon  of  this  Rule  can  be  no  other  than  an  Agreement  of  Parties,  that  their 
Shares  of  Gain  or  Lofs  IhiU  be  fo  proportion  d  to  one  another,  as  thofe  Sums  of  Intereft 
»vhich,  at  any  rate  f>er  Cunt,  fer  Annum,  might  be  gain'd  by  the  particular  Stocks,  in  the 
time  of  their  continuance  in  the  Common  Stock.  Novo,  that  the  Rule  is  agreeable  to 
this  Suppolition,  I  thus  Ihew  :  By  multiplying  the  Particular  Stocks  and  Times,  we  reduce 
ihe  Quellion  to  another  State,  w'^.  wherein  the  Particular  Stocks  are  equal  to  thofe  Pro- 
dufls,  and  in  which  therefore  the  Shares  of  Gain  muft  be  proportion'd  to  thofe  Produfts  ; 
and  tlie  Times  all  equal  to  an  Unit  of  the  Denomination  of  Time  multiply'd  :  So  45/. 
bearing  Intereft  for  3  Months  is  equivalent  to  3  times  45,  or  135,  for  i  Month,  at  any 
Rate  of  Intereft  :  And  fo  of  the  reft.  Confequently  the  48  /.  gain'd  in  7  Months  is  truly 
Jiroportion'd  to  thofe  Produfts. 

Q_7i.  c)th.  Suppofe  A  put  in  40?.  and  at  4  Months  end  took  out  10  7.  and  at  i  Months 
thereafter  put  in  30/.  j5  put  in  50/.  and  at  3  Months  put  in  20/.  At  8  Months  end 
they  balance  their  Accounts,  and  find  18/.  gain'd;  What  is  the  Share  of  each  ? 

In  fuch  Queftions ,  where  each  Partner's  Stock  varies  by  Addition  and  Subtra£lion,  we 
inuft  confider  how  long  each  Part  of  the  varying  Stocks  continued  in  Company,  and  mul- 
tiplying them  by  their  Pimes,  the  Sums  of  thefe  Products  are  the  Numbers  by  which  the 
Divifion  is  to  be  made  5  as  here. 

y4  had40/.    then  30/.    then  60  7.     "y     £  had  -50/.        then  70/. 
for  4  Afo.         2 /^/o.  iMo.   >        for     :^Mo.  <)Mo. 

160  60  120  -*  150  350 

TheSumof  y^'sfeveral  Produasis  i6o-f  60  +  120—340.  Of  £'s  is  150 -4- 350= 
=  "joo.  Then  340  4-  50  =840.  And  as  840  to  18/.  fo  340,  &  500  feverally  to  the 
Shares  of  18  fought. 

There  are  other  Q^utfftions  of  a  kind  with  thefe,  and  wrought  the  feme  Way ; 

as,  the  following. 

Qu.  ictb.    Three   Perfons,  A,  B,  C,  hire  together  certain  Pafture-Ground  for  24/.  ; 
in  which  A  keeps  40  Cows  f 'r  4  Months  :  B  keeps  30  Cows  for  2  Months  ;  andCkeeps 
36  Cows  for  ■■,  Mouths :  How  much  of  the  Rent  ought  each  of  them  to  pay  ? 

Multiply  each  Perfon's  Number  of  Cows  by  the  Time  they  were  keptj  and  by  thefe 
Produfls  proportion  the  Rent. 

And 
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And  if  the  Partners  take  out  and  put  in  Cattle  at  different  Times,  then  work  as  in 
Ciuefi.  (>tb. 

To  the  preceding  Queftions  I  fliall  add  the  following  CoUeftion,  in  which  the 
Student  will  find  an  Ufeful  Exercife. 

Qu.  wib.  ^,  5,  and C make  a  Stock,  whereof  ^  has  20/.  B  ^ol  They  gain  36/. 
whereof  C  got  \61.    What  was  C's  Stock,  and  the  Gain  oi  A  and  £  P 

Take  16  from  36,  and  the  Remainder  20  is  the  Sum  of  the  Gain  of  ^  and  JS  ;  which 
being  divided  in  proportion  to  their  Stocks,  gives  their  Shares :  Then  find  C's  Stock  in 
fucli  proportion  to  his  Gain,  as  yi  or  jB's  Stock  to  his  Gain. 

Q.tt.  12th.  A  put  into  a  Common  Stock  20 1.  and  B  144. Ducats  ;  they  gain'd  60I  of 
which  A  got  38  /.     What  was  the  Ducat  valued  at  ? 

Take  58  from  60,  the  Remainder  2 2  is  £'s  Gain :  Then  fay,  As  38  /.  C^'sGain)  to  20/. 
^his  Stock)  fo  is  22/.  to  a  4th  Term,  which  is  £'s  Stock  :  Then,  if  144  Ducats  give 
that  Stock,  what's  i  Ducat  worth  ? 

<?«.  1 1th.     A,  B,  and  C  make  a  Common  Stock  of  468 1  widi  which  they  trade,  and 
gain  a  certain  Sum,  whereof  the  Shares  of  ^  and  B  together  make  64/.  of  B  and  C  58/: ' 
o^A  and  C  70  /.     What  is  the  particular  Stock  and  Gain  of  each  Partner  ? 

Add  64,  58,  and  70,  the  Sum  192/.  is  double  the  total  Gain,  becaufe  each  Partner's 
Share  is  twice  contain'd  in  it ;  therefore  the  half  of  it  p6  /.  is  the  total  Gain  :  From 
which  take  64/.  (^  and  £'s  Share)  the  Remainder  52  is  C's  Share;  which  taken  from 
58/.  (Band  C's  Shares)  leaves  26/.  fork's  Share;  which  taken  from  64/.  (yiand£'s 
Share)  leaves  38  /.  for  A\  Share :  Then  having  the  particular  Gains,  divide  the  total 
Stock  proportionally. 

Qu.  i^th.  A  has  in  Stock  35  /.  and  B  20 1.  They  agreed,  that  the  Gain  be  divided 
fo  as  A  have  10  per  Cent,  and  B  only  8  ;  How  is  40  /.  to  be  divided  betwixt  them  ? 

Find  what's  due  to  35/.  at  the  rate  of  10  per  Cent,    and  to  20/.    at  the  rate  of 
8  per  Cent:  then  divide  tne  total  Gain  40 1.  in  proportion  to  thofe  Sums  j    for,  the  only 
Meaning  fuch  a  Queftion  can  have  is,  that  the  Gain  be  proportion'd  to  what  35  would' 
diiv/ oi  10  per  Cent,  znd  20  oi  8  per  Cent,  and  not,  that  A  has  really  10  per  Cent,  and 
£  8,  for  their  Stocks  ;  for  they  will  have  more  or  lefs,  according  as  the  total  Gain  hap- 
pens  to  be. 

Ohferve.  Mr.  Hill,  without  expreffing  any  particular  Stocks,  fuppofes  1 20  /.  Gain, 
and  A  to  gain  10  per  Cent.  B  8  ;  and,  to  folve  the  Queftion,  he  bids  us  fuppofe  tlieic 
Rates  of  Gain  «f>-Ce?jf.  to  be  their  Stocks,  and  in  that  Proportion  to  divide  120/.  buc 
he  has  neglefted  to  explain  fomething  neceffarily  fuppos'd  in  this  Solution,  viz.  That 
their  real  Stocks  were  equal :  In  which  Cafe,  be  thefe  Stocks  what  you  will,  the  Gains 
are  proportional  to  the  feveral  Rates  per  Cent.  But,  if  10  /.  and  8/.  are  their  real  Stocks, 
then  the  Solution  is  wrong,  and  we  ought  to  find  what's  due  to  10/.  at  10 per  Cent,  and 
to  8/.  at  8  per  Cefit.  and  by  thefe  Sums  proportion  the  Gain. 

Qte.  I'^th.  A  and  B  were  in  Company  thus :  A  had  50  /.  in  Stock  for  10  Months,  and 
jB  had  his  Stock  in  for  8  Months,  and  receiv'd  equal  Share  of  the  Gain ;  What  was  B's 
Stock  ? 

Since  their  Gain  was  equal,  fo  muft  the  Produils  of  their  Stocks  and  Times  ;  where- 
fore multiply  A's  Stock  and  Time,  vi:^.  %oI.  by  10,  the  Produft  is  i^oo ;  which  divide 
by  B's  Time  8,  the  Quote  62I :  10  s.  is  B's  Stock.  Or,  which  is  the  fame,  make  this 
Proportion ;  as  B's  Time  8  Months  to  A's  Time  10  Months,  fo  reciprocally  A's  Stock 
50/-  to  B's  62I:  10  J, 

Ohferve  :  If  we  fuppofe  A's  Gain  is  to  B's  in  any  other  Proportion,  as  2  to  3,  then,  be- 
caufe the  Gains  are  proportional  to  the  Produds  of  Stock  and  Time,  fay,  As  2  to  3,  fo  is 
5007.  <the  Pfodua  of  ^'s  Stock  and  Time)  to  a  4th,  vix-  I'yOl  (the  Produ6t  of  jS  s  Stock 

Bbbb  and 
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:wid  'i'icnQ)r;    vvbich  therefore  divkle4  by  8.  (B'i  Time)  the  Qactc  is  93/:  15  j.  for 
£'s  Stock. 

t{«.  lit/j.  A  recelvescf  Gain  20/.  for  S  Months,  £  ai^ /.  for  7  Months,  anJC^6/.' 
ffir  <5  Months;  the  fum  of  the  ProduiSts  of  their  Stocks  and  limes  is  520/.  What  were 
rheir  Stocks  ? 

-  Divide  520/.  ill  ^  pirts  proportion  d  to  20  /.   25  /.  and  ^56/.  tlien  divide  each  of  theie 
parts  by  the  refpeflive  Times,  8  Mo.  7  &;  ^,  the  Quotes  are  the  Stocks  fought. 

Ol'fertw  :  If  iaiicad  of  tlic  paiticnlar  Times  the  Stocks  \vere_  given,  and  tlie  Titpes  re- 
quir'd,  the  Operation  is  tlie  fame  ;  for  520  being  rcfolv'd  into  3  parts  proportioaUto  the 
Gains,  divide  chefe  parts  by  the  Stocks,  and  the  Quotes  are  thcl'imes. 

Qit.  x-th.  A  gains  20/.  and  liis  Stock  is  15 /.  more  than  B'^,  wliofe  Gain  is  12/. 
What  are  the  particular  Stocks  ? 

Say,  As  the  difference  of  the  Gains  is  to  the  difference  of  the  Stocks,  fo  is  each  of  the 
particular  Gains  to  the  correfpondent  Stocks. 

For,  fince  the  fum  of  the  Gains  is  to  the  fum  of  the  Stocks  as  each  Gain  to  its  Stock, 
then,  from  the  nature  of  Proportion,  the  difference  of  Gain  is  to  the  difference  of  Stock  ' 
as  each  Gain  to  its  Stock. 

Qu.  \Zth.  A  gains  20  /.  in  6  Months,  E  18  /.  in  "5  Months,  and  C  28  /.  in  p  Months, 
whofe  Stock  is  72  /.    What  are  the  Stocks  of  A  and  B  ? 

Multiply  C%  S:ock  and  Time,  the  Produfl  is  648/.  Then,  as  28/.  (C's.  Gain) 
to  648  /.  fo  are  20  /.  and  18  /•  to  the  Produfts  of  A  and  5*s  Stock  and  Time ;  which  being 
found,  divide  them  by  their  Times,  and  the  Quotes  are  the  Stocks. 

If,  inliead  of  the  real  Suras  of  Gains,  there  were  given  3  Numbers  in  the  fame  Propor- 
tion as  the  real  Gains,  the  Work  is  the  fime.  Or  fuppcfe,  inftead  of  the  Particular  Gains, 
that  A  has  _'.  of  the  whole  Gain,  and£  -i,  tlren  we  muft  add  thefe  Fraflions,  and  take  the 
Sum  from  i ,  the  Remainder  is  the  Fradion  of  the  total  Gain  which  C  has ;  and  theii  ufe 
thefe  FradHons  as  the  Particular  Gains. 

Again;  It  their  particular  Gains  and  Stocks  are  given,  with  the  Tipie  of  one  Partner, 
to  find  the  Times  oi  the  reft,  the  Work  is  alfo  the  fame. 

(?«.  \<)ib.  yi,  jB,  C  have  a  Common  Stock  of  looo/.  ^  gains  ico/.  for  p  Months, 
£  80  /.  for  1 2  Months,  and  C 1 20  /.  for  8  Months ;  What  were  the  Particular  Stocks  ? 

Divide  each  Partner's  Gain  by  his  Time,  and  then  divide  icco/.  into  3  parts  propor- 
tion'd  to  thofe  Quotes.  The  ^eafoa  cf  this  is,  that  if  the  Times  are  equal,  the  Stocks 
are  in  proportion  to  the  Gains ;  and  if  the  Gains  are  equal,  the  Stocks  muii  be  recipro- 
cally as  the  Times ;  and  confequently  neither  being  Equal,  the  Stocks  are  as  the  Gains 
diredlly,  and  as  the  Times  reciprocally  ;  Ibnt  is,  as  the  Quotes  of  the  Gains  divided  by. 
tlie  Times.  Or,  it  may  be  Ihcwn  this  Way  :  Lete;,  s,  t  reprefent  the  G/7i'/,  5?of*,  an^' 
Time  of  one  Partner,  and  G,  S,  T  thofe  of  another  ;  then,  becaufe  the  Gains  are  in  pro- 
portion to  the  Produfls  of  Stock  and  I'ime  (as  already  dempnffrated)  and  thefe  Produfts 
being  reprefented  by  ft.  S  T,  it  h  g  :ft:  :G  :S  T;  but  by  equally  dividing  the  relative 
Terms,  viz.  g  and}?  by  t,  and  G  and  S  J  by  T,  the  Quotes  arc  ffill  proportional;  that  is, 

Ohferve  :  If  inffead  of  the  total  Stock  and  particular  Times  (as  above)  were  given  the 
particular  Stocks  and  total  Time  to  find  the  particular  Times,  the  Solution  is  after  the 
fame  Way,  and  for  the  fame  Reafon,  vi\.  dividing  the  particular  Gains  by  their  Stocks, 
and  proportioning  the  Times  to  thofe  Quotes. 

Qu.  lotb.  ^  hath  200/.  more  Stock  than  jB,  but  A  continued  his  only  5  Months, 
and  B  p,  and  drew  equal  Gains :  What  are  the  Stocks  ? 

Say,  As  the  Difference  of  Times  to  the  Difference  of  Stocks,  fo  is  A's  Time  to  B's 
Stock,  and  B's  Time  to^'s  Stock;  or,  having  one  Stock,  by  that  aud  the  Difference  find^ 

the 
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the  other.  Tlie  Reajo'z  of  tliis  is,  that  wlien  the  Gains  are  equal,  die  Stocks  are  recipro- 
cally as  the  Times  ;  and  therefore,  from  the  Nature  of  Proportion,  the  Difference  of  the 
I'imes  is  to  the  Difference  of  the  Stocks,  reciprocally  as  the  particularTimes  to  the  Stocks; 
i.  e.  as  As  Time  to  B's  Stock,  or  as  B's  Time  to  ^'s  Stock. 

Q^u.  lift.  A,  B,  and  C  have  loo^.  to  be  divided  among  them,  in  fuch  manner  that 
2  times  A's  Share  be  equal  to  3  times  B's,  and  4  times  B's  be  equal  to  5  times  C's ;  What 
-are  their  Shares  ? 

'Tis  plain  by  the  Conditions,  that  as  oft  as  J  gets  3,  B  muft  have  2  ;  alfo  as  oft  as  B 
■gets  5,  fo  oft  muft  Cget  4  :  Then  I  fay.  As  5  to  4,  fo  is  2  to  1 1,  fo  that  as  ofr  as  B  gees 
2,  fo  oft  C  gets  1 1 ;  but  fo  oft  alfo  A  gets  3 ;  therefore  the  Proportions  of  the  Shares 
fought  are  3  .  2  .  if,  or  15  .  10.8,  according  to  which  100/.  is  to  be  divided. 

Sup^ofe  the  Conditions  thus  ;  4.  oi  A's  Share  is  equal  to  ^  of  B's,  and  f  of  B's  equal 
to  J  ot  C's  ;  we  may  find  the  Proportions  of  theic  Shares  the  fame  Way  as  before. 

Qii.  lid.  A  Father,  ignorant  of  Arithmetick,  orders  his  Eftate  of  "500  /•  to  be  divided 
among  three  Sons,  fo  as  the  eldeft  get  •-,  the  fecond  » ,  and  the  third  f ;  What  is  each 
Son's  Part  ? 

Here  'tis  impoifible  to  give  them  thefe  Shares,  becaufe  t  >  '  »  ^"^^  y  exceed  the  whole-; 
and  therefore  the  Meaning  of  the  Queftion  muft  be  underftood  to  be,  the  dividing  ■500/. 
into  3  Parts  that  bear  fuch  Proportion  to  one  another  as  thefe  Fra£lions :  And  the  like  is 
to  be  underftood  of  all  Divifions  propos'd  in  this  manner,  whether  the  Parts  propos'd  ex- 
ceed, or  come  Ihort  of,  the  Thing  to  be  divided. 

Qk.  23</.  'Tis  propos'd  to  divide  300/.  among  3  Perfons,  fo  that  ^  get  6 /.more  than 
^,  jB  1 2  /.  more  than  i,  C  8  /.  lefs  than  i ;  What  gets  each  ? 

According  to  the  moft  obvious  fenfe  of  this  Queftion,  the  Meaning  of  it  is,  that  the 
Shares  be  in  proportion  to  the  Sum  of  6Z.  and  i.  of  300 /.  for^^j  1 2 /.  and  A  of  300  7»,foc 
B  ;  and  A  of  300/.  wanting  8/.  forC-  But  Jeakc  (from  whom  I  take  it)  underliands 
it  in  another  Senfe,  which  indeed  I  think  no  Body  could  ever  find  in  it,  as  'tis  propos'd  • 
viz.  that  the  Shares  be  fuch,  as  if  6  /.  be  taken  from  A's,  12/.  from  B's,  and  8  /.  added  to 
C's,  the  Remainders  in  the  former,  and  the  Sums  in  this,  be  to  one  another  as 
4 J  tj  ^""^  f>  ^'"^  ^°  ^^  Solution  is  made  thus :  Take  <5  and  12  from  300,  and  to  the 
Remainder  add  8,  then  divide  this  Sum  in  3  Parts  proportional  to  -i,  4-,  and  i,  and 
to  thefe  Shares  add  and  fubtraft  the  Sums  propos'd.  The  B^a^on  of  the  Work  is 
plain,  according  to  the  Senfe  he  puts  upon  it. 

Qu.  2^^ih.  Three  Perfons,  A,  B,  and  C,  buy  a  Ship,  of  the  Price  whereof  ^4  paid 
4-,  B  -i,  and  C 140  /.  How  much  Money  paid  A  and  B  .•?  and,  What  Part  of  the  Ship 
hadC.^  , 

■  Add  the  Fraaions  4-  and  -f ,  and  take  the  Sum  from  i ,  the  remainder  is  the  Part  of  the 
Ship  belonging  toC;  then  fay,  If  C's  Part  coft  140Z.  what  coft  the  Sum  of  A  and  B's 
Parts  ?     And  having  found  that,  divide  it  into  2  Parts,  proportion'd  to  one  another  as 

T    to    1. 

<?K.  2'^th.  There  were  at  a  Feaft  20  Men,  30  Women,  and  15  Servants ;  for  every 
10  s.  that  a  Man  paid,  a  Woman  paid  6,  and  a  Servant  2  ;  How  much  did-  every  Man, 
Woman,  and  Servant  pay  of  24/?  . 

Multiply  20  by  10,  30  by  6,  and  15  by  2  ;  then  divide  247,  in  3  parts  proportion'd  to 
thefe  Produfls  {viz.  20c,  180,  and  30)  and  you  have  the  Total  paid  by  the  20  Men^ 
30  Women,  and  15  Servants :  Each  of  which  Sums  being  divided  by  their  refpeclive  num- 
bers of  Perfons, gives  the  Payment  made  by  each  Individual. 

Suppoje  the  Conditions  fuch,  that  a  Man  pays  3  times  as  much  as  a  Woman,  .and  2  j. 
more  ;  that  a  Woman  pays  double  of  a  Servant,  and  i  s.  more  ;  To  find  their  Shares,  mul- 
ttj),y  2  by  20,  and  i  by  30,  the  Produas  40  and   30  equal  to  70  s.  take  from  24  /,  the 

B  b  b  b  2  Remaiiv 
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RemainJer  is  20  7  :  10  s.  Then,  becaufe  a  Man  pays  triple  of  a  Woman,  fuppofe  a  Man 
pays  :5,  a  Woman  pays  i  ;  and  becaufe  a  Woman  pays  double  of  a  Servant,  if  a  Womaji 
pays  I,  a  Servant  pays  J.  J  Co  their  Proportions  are  3  :  i  :  i.^  or,  in  whole  Numbers, 
6.2.1;  tb/it  is,  6  for  a  Man,  2  for  a  Woman,  and  i  for  a  Servant.  Multiply  thcfe 
by  their  refpedlive  Numbers  of  Perfons,  tlie  Products  are  1 20  for  20  Men,  60  for  150 
Women,  and  15  for  15  Servants  :  Then  divide  20/ :  105.  in  3  parts,  in  proportion  to 
one  another  as  are  120,  60,  and  15,  and  divide  thcfe  parts  by  their  refpe£live  numbers  cf 
Men,  Wcmen,  and  Servants,  the  Quotes  are  what  each  Man,  Woman,  and  Servant  pays 
of  the  20/ :  10  5.  Lafily,  to  a  Man's  Share  of  tliis  add  2  j.  to  a  Woman's  i,  and  you 
have  their  compleat  Payments  of  the  whole  ^4  /. 

OHerve  :  If,  inftead  of  adding,  it'had  been  propos'd  to  fubtraft,  as  if  a  Woman  pays 
IS.  Jefs  than  the  double  of  a  Servant,  then  add  :50j.  to  24/.  (fubtrafting  whataMan  pays 
more  than  triple  of  a  Woman);  and,  in  the  laft  Part,  inftead  of  addijig,  fubtracl  i  from 
the  Woman's  Part  of  the  Sum  divided. 

Q_ii,  26th.  A  Father  dying,  left  his  Wife  with  Child,  to  %vhom  he  bequeath'd,  if  fhe 
had  a  Son,  i  of  his  Eftate,  and  i  to  the  Son  :  But,  if  ihe  had  a  Daughter,  i  to  her,  andi 
to  her  Mother.  It  happen  d  that  flie  had  both  a  Son  and  a  Daughter  ;'How  fliall  the 
Eftate  be  divided  to  anfwer  the  Father's  Intention  ? 

As  the  Father  plainly  defign'd  the  Son  to  have  double  of  the  Mother's  Part,  and  the 
Mother  double  of  the  Daughter  s  Part,  therefore  for  every  i  the  Daughter  got  the  Mother 
irttrft  have  2,  and  the  Son  4  ;  and  in  proportion  to  thefc Numbers  1.2.4  ra"*^  t'^^  Eflate 
be  divided. 

[This  is  a  Queftion  propos'd  by  a  Roman  Lawyer,  in  the  28th  Book  of  the 
Di^efii,  whicii  he  thinks  is  juflly  folv'd  after  this  manner.]         Again, 

Suppoftf  that  the  Mother  had  a  Son  and  Daughter  who  liv'd,  but  her  felf  dy'd  in  tlie 
Birth  ;  How  is  the  Eftate  to  be  divided  betwixt  the  Son  and  Daughter  ?  Nicholas  Tar- 
1,'pJia  makes  this  Suppofition  in  his  Ariihmetick,  and  folves  the  QUeftion  thus ;  fays  he, 
•'  Had  the  Mother  hv'd,  the  Proportions  are  i  .  2  .  4,  as  above,  therefore  the  Eftate 
"  muft  be  divided  in  proportion  of  i  for  the  Daughter  to  4  for  the  Son.  But  I  doubt  the 
Juftice  of  this  Solution ;  for  tho'  this  Proportion  bet\vixt  the  Son  and  Daughter's  Parts,  in 
cafe  of  the  Mother's  Life,  is  aConfequence  of  the  Father's  plain  Intentions,  with  refpeft 
to  the  Mother  and  Son  or  Daughter,  yet  never  having  a  Son  and  Daughter  both  together  in 
his  view,  this  Solution  feems  to  have  no  Foundation.  And  I  rather  think  the  Solution 
ought  to  be  thus  :  Find  the  Parts  belonging  to  Mother,  Son,  and  Daughter,  then  divide 
the  Mother's  Part  betwixt  the  Children,  according  to  the  Rule  of  Heirlhip  in  the  Coun- 
try where  the  Queftion  arifcs. 

Under  this  Head  of  Fellowflnp  are  alfo  comprehended  the  Calculation  of  Gains  or 
Stocks  betwixt  a  Merchant  and  Fador. 

Queftions  cf  Factorship. 

'    ditefiion  I.    A  Merchant  delivers  to  his  Faftor  100  h  allowing  him  to  join  to  it  30/, 
and  values  his  Service  worth  40/.  what  fhare  of  the  gain  ought  the  Failor  to  have  ? 

There  are  two  ways  offolving  this  Queftion  :  7"he  generality  ot  Authors  do  it  thus, 
Add  -"O  /.  to  40  /.  the  Sum  is  70  /.  then  divide  the  Gain  in  two  Parts,  in  proportion  as 

loc/.  to  70/. 

Another  Method  is  this;  Subtract  40  from  100  which  leaves  60,  and  proportion  the 
Sl^es  of  Gain  to  60  (for  the  Merchant)  aiid  70  (i.  e.  40  and  30)  for  the  Faflor. 
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•  If  the  Macii.int  and  TFaflor  determine  the  mcaniiu;  of  their  Agreement  to  either  rX 
thefc  ways  of  listing  the  Proportion,  there  is  no  more  Quciuon ;  but  without  tliis  the 
Isll  Metiiod  feems  the  more  reafonable,  becaufc  tlic  Ciain  is  made  upon  the  real  Stock 
150/.  and  not  upon  the  imaginary  one  173/.  And  the  more  obvious  fcnfe  of  valuing 
the  Faftors  Service  at] 4c/.  feenis  to  be,  the  allowing  him  the  Gain  of  .yol.  of  the  real 
Stock  more  than  wliat  he  aftiially  puts  in,  which  muit  confequeiuly  be  dedufled  lirom  the 
Merchants  Stock,  and  added  to  his. 

Ciueji.  1.  A  Merchant's  real  Stock  being  100 7.  and  the  FadlOrs  go/,  who  received  j 
of  the  Gain :  What  %vas  his  Service  vaJucd  at  ? 

To  proceed  upon  an  imaginary  Stock,  fay  as-|  to  -\,  or  as  2  to  i,  fois  lODto  50, 
From  which  take  •:;o,  the  remainder  20  is  the  Aiifwer. 

But  upon  t'lc  real  Stock,  find  the  3d  part  of  130,  from  which  take  30,  the  remainder 
is  the  Anfvver. 

(■{ueft.  3.  A  Merch.int's  real  Stock  being  loo/.  and  the  Fa(Ek)rs  Service  valued  at  20/. 
who  received  \  of  the  Gain  ;  What  was  the  Faflor's  real  Stock? 

To  proceed  upon  an  imaginary  Stock,  it  is  80/.  bccaufe  20  and  8d  makes  icc  equal  to 
the  Merchant's.  By  the  other  Method  it  is  only  60,  becaufe  20  and  63  make  80,  the 
half  of  160,  the  total  real  Stock. 

Q.ueft,  4.  The  Merchant's  real  Stock  being  100 7.  and  theFaflor  being  allowed  i^  of 
the  Gaiji  for  his  Service,  what  real  Stock  mull  he  join  to  have  \  of  the  Gain  ? 

When  the  Faftor  gets  \  (without  any  real  Stock)  his  Service  is  there  valued  at  25/.  the 
.^th  of  the  real  Stock  1 00 7.  or  3  3  /.  6  s.  8  d.  the  ^  of  the  imaginary  Stock  1 3  3  /.  6  j.  8  ^. 
found  by  adding  the  y  of  100 /•  to  roo/.  Then  with  this  Value  of  his  Service,  proceed 
to  find  the  real  Stock  that  he  muft  have  to  get  \  Gains  by  the  Methods  of  Queftion  gd. 

Ohfervi,  that  in  all  the  preceding  Queflions  ^ve  may  fuppofe  2  or  more  Merchants  with 
the  Failor;  it  will  he  eafy  to  apply  the  fame  Rules,  by  adding  the  Stocks  of  all  the  Mer- 
chants into  one  Sum,  and  confidering  that  as  one  Stock  ;  and  then,  bcfides  wh.its  aheacly 
demanded,  it  may  alfo  be  demanded  to' find  the  Gain  of  each  Merchant ;  thus,  by  the  firit 
Method  of  an  imaginary  Stock,  what  remains  to  the  Merchants  after  the  Faflor's  part  is 
deduced,  muft  be  divided  in  Proportion  to  their  real  Stocks. 

By  the  real  Stocks  we  muft  divide  the  Faftor's  eftimation  into  parts  proportioned  to  the 
Merchants  real  Stocks,  and  take  the  parts  anfwering  to  each  from  itfelf,  the  remahidera 
are  the  Numbers  by  which  the  Merchants  fiiares  are  to  be  proportioned. 

Q^ueft.  5.  A  Merchants  real  Stock  being  120/.  and  the  Fnftors  6c,  they  agreed,  that 
at  a  Years  end  the  Faftor  IhoulJ  have  |  of  both  the  Stocks  and  Gain,  but  they  broke  upar 
8  Months  end,  having  gained  1 50  /.    Ho^v  much  ought  the  Factor  to  have } 

Here  '-tis  plain  the  Faflor  for  1 2  Months  Service  was  to  have  not  only  the  Gain  of'  30  /. 
of  the  Merchants  Stock,  but  alfo  30  of  the  Stock  itfelf;  fo  that  his  Service  was  valued  at 
30/.  real  Stock  ;  but  tire  Society  lafting  only  8  Months,  'tis  plain  he  ought  only  to  have" 
20  7.  Pound  (which  is  to  30/.  as  8  Months  to  12)  and  this  added  to  his  own  6c .,  makes  80/. 
which  he  receives  of  the  real  Stock;  and  the  Merchants  part  being  ico  /.  then  it  is  as  phia 
the  1507.  Gain  muft  be  divided  into  2  parts,  proportion'd  to  thefe  Stocks  8c  and  loc- 

Obferve,  Bnieo,  from  whom  I  take  this  Queftion,  finds  fault  with  this  Method  of 
fdving  it  (which  he  fays  both  hucm  and  Stej>ha?2us  have  followed)  and  docs  it  himfclf  thii:;. 

He  fays,  that  fince  upon  fuppofition  of  the  Society  continuing  12  Months,  the  Fadlor ' 
was  to  have  the  half,  therefore  his  Service  was  valued  at  60,  to  make  his  real  Stock  of  60, 
equal  to  the  Merchants  120  ;  fo  that  the  Society  continuing  only  8  Months,  his  eftimation' 
is  only  40,  which  added  to  his  real  Stock  60,  makes  100  ;  and  the  Merchants  being  120;'' 
Therefore  the  Sum  of  the  real  Stocks  (viz.  120  and  60)  andthe  Gain  (150,  which  makes 
330)  ought  to  be  divided  into  2  Parts,  proportional  to  100  for  the  Eador,  and  120  fcfif 
the  Merchant. 

Now 
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Now  all  the  fault  thit  Euteo  finds  with  the  other  Method,  is,  that  he  fees  noReafoii  why 
the  Merchants  Stock  of  120  Ihould  be  diminilheJ  ;  but  tome  theReafon  is  obvious,  be. 
caufc,  tho'  he  puts  in  120,  yet  part  of  it  belongs  to  the  Fadlor  for  his  Service  ;  and  if 
the  Society  had  continued  12  Months  according  to  the  Conditions,  50/.  of  the  Merchants 
1 20  would  have  been  given  to  the  Fa£lor  ;  and  for  the  fame  Reafon  the  Society  continu- 
ing 8  Months,  20  of  the  Merchants  muft  be  given  to  the  Fatlor,  and  Gain  proportio 
iially. 

But,  in  his  way  of  folving  the  Queflion,  he  eftimates  the  Favor's  fervice  otherwife  than 
the  plain  Conditions  of  the  Queflion  ;  and  fo  brings  in  an  imaginary  Stock,  aiid  by  Con- 
fequence  a  falfe  Proportion. 


CHAP.    V. 

Qu  E  s  T  I Q  N  s  concerJiing  Lofs  and  Gain. 

'0,1/ EST.  I.   \     Parcel  of  Goods  being  bought  for  60 1,  and  fold  for  75/.  what  was 
jCx,    the  rate  of  Gain  pt^r  Ce?it  ?  I  fay  if  60/.  gain  15/.  What  will 
100/'.  Gain,  the  anfweris  5/. 

(lueji.  2.  Having  bought  18  Gallons  of  Brandy  for  12/.  how  may  I  fell  i  Gallon,  and 
Gain  at  the  rate  of  8  pi^r  Cent  ?  I  find  what  i  Gallon  coft,  it  is  1 3  j.  4  d.  Then  1  lay- 
if  100  give  108,  what  will  135.  A^d.  give  ?  it  is  14  j.  \d.  3/.  ^\, 

Q_ueft.  3.  Having  fold  11  Yards  of  Cloth  for  4/,  \6s.  and  thereby  Gain'd  at  the 
-rate  of  10  fer  Cent.  What  was  the  prime  Coft  of  i  Yard  ?  Firft  I  find  i  Yard  is  fold 
!for  ^  s.  6d.  then  if  1 10  comes  of  100  (prime  coft)  To  what  prime  coft,  at  that  rate,  does. 
pj,  6^.  belong?  Anfwer.  8j.  yd.  2  .V/". 

§^.  4.  Having  fold  2  Yards  of  Cloth  for  11^.  6  d.  I  gained  at  the  rate  of  i  ■>  per  Cent; 
but  had  I  fold  it  for  1 2  s.  what  is  the  rate  of  Gain  per  Cent  ?  I  fay  as  1 1  ^  .  6  a^-  is  in  pro- 
portion to  115/.  fo  is  12  i.  to  a  4th  Term,  which  1  find  to  be  120/.  and  fo  20/.  is 
the  Anfwcr  of  the  Queflion. 

Oh  feme.  This  Queflion  is  inSubflance,  and  Numbers,  the  fame  with  Mr.  fi7/'s  8th 
Queflion  of  Lois  and  Gain  ;  but  neither  his  Operation  nor  Anfiver  are  the  fame.  He 
flates  it  thus  ;  As  1 1  j,  6d.  is  to  15/.  fo  is  1 2  J.  to  15/.  1 3  j.  with  a  very  fmall  Fra- 
-flion.  But  this  flate  of  the  Proportion  is  quite  wrong  ;  becaufe  11  s.  6d.  and  15/.  are 
Jiot  iimilar  Terms  ;  the  ifl  being  a  Sum  of  prime  Coft  and  Gain  put  together,  and  the 
other  only  an  Article  of  Gain  ;  which  Ihews  that  the  2d  Term  ought  to  be  115/.  which  is 
the  fum  of  the  prime  Coft  100  /.  and  is  the  Gain  made  upon  it  at  the  fame  rate  with  the  . 
Gain  included  in  lis.  6d.  Whoever  underflands  the  nature  of  Proportion,  will  find  no 
difficulty  to  perceive  the  Reafon  of  this ;  yet  for  the  fake  of  others,  I'll  lliew,  by  ano- 
ther way  of  Solving  the  Queflion,  that  the  firft  is  the  true  Anfwer.  Thus,  from  the  ift 
5ale  and  rate  of  Gain  find  the  prime  Coft  of  i  Yard,  it  is  10 .5.  (for  as  15  to  100,  id 
■is  Hi.  6d.  to  10  s.)  then  the  2d  Sale  being  1 2  .r.  the  Gain  is  2  s.  therefore  fay,  If  10 
>^ain  2,  what  will  100  Gain  ?     It  is  20. 

In  the  following  Queflions  I  confider  the  Forbearance  of  Money ;    or  Time 
allowed  for  Payment. 

mceft  5. 


chap.  6.  ■  Queftions  of  'Barter'mg.  559 

Qic^.  Having- bought  a  parcel  of  Goeds  for  i8/.  aiid'  (c]i  the  fame  immcJijtely 
For  25 /.  witli  4  Months  Credit,  What  is  gaiii'd  perCe!;t.  pir  Annum?  Say  by  the 
Rule  of  Five,    If  l8/.  in  4  Months  gain  7/.  wliat  \vil]  120L  gain  hi  1  Year  ? 

Olfervd  1°'  If  the  Gain  psrCent.  per  Ann.  is  given  (fuppofc  i?.  per  Cent.)  to  find  the 
Time  that  ought  to  be  allowed.,  then  fay.  If  100/.  gain  \il.  in  i  Year,  in  what  Time^' 
nuift  18/.  gain  7/  ? 

(2°)  Or,  if  the  Rate  of  Gain  is  given,  with  the  prime  CoA  and  Time,  to  find  the 
felUng  Price,  fry,  Ifl3o/.  in  i  Year  gain  12/.  what  nuift  18/.  gain  in  4  Months? 
Which  is  to  be  added  to  the  prime  Coft. 

(:5°)  If  the  Rate  of  Gain,  Time,  aiid  felUng  Price  are  given  to  find  the  prime  Co(i, 
as,  fuppofc  4  Months  allow'd  for  payment  of  25^.  by  wliar  was  gain'd  at  the  rate  of  12/. 
ferCent.  per  Annum,  to  folve  this,  you  muft  firft  find  4  Months  Intereft  of  ico/.  at  the 
propos'd  Rate,  which  add  to  100,  then  fay,  As  that  Sum  is  to  100,  fo  is  25 /.  to  a  4di 
Term  ;  whicli  is  the  Sum  fought. 

§m.  6.  Having  bought  40  Gallons  of  Brandy  at  3  s.  per  Gallon,  by  an  Accident  there 
wasloft  of  it  6  G:ilions,  at  what  rate  per  Gallon  may  1  fell  the  reft,  with  8  Months  CreJir, 
and  gain  upon  the  whole  prime  Coft  at  the  rate  of  10  per  Ce?it.  per  Annum  ?  Find  tlic 
Value  of  40  Gallons  at  5  s.  'tis  61;  then  ft)',  If  loo/.  in  i  Year  gain  lo/.  what  will  6/. 
gain  in  8  Months  ?  Add  that  Gain  to  6  /,  the  Sum  is  the  Value  at  which  the  v.'hole  remain- 
ing 34  Gallons  are  to  be  fold  with  8  Months  Credit :  From  which  find  the  Price  of 
I  Gallon. 

G^i.  7.  Having  paid  14  5.  for  each  of  100  yards  of  Cloth,  I  propofe  to  gain  25  perCenU 
ready  Money  ;  and  if  I  fell  i:  upon  Time,  to  have  moreover  1 0  per  Ce?it.  per  Annum  for 
the  Forbearance  :  What  muflbe  the  Price  of  i  yard  with  6  Months  Credit,  to  make  b,uh 
thefe  Gains  ?  Firft  find  the  ready  Money  Price  of  the  whole  a.t  2s  per  Cent.  Gain  ;  then 
find  what  Gain  or  Intereil  that  will  give  in  6  Months  at  the  rate  of  10  per  Cent,  per  Ann. 
which  being  added  to  it,  the  Sum  is  the  Price  of  the  whole  fytborn  6  Montlis ;  by  which 
find  the  Price  of  i  yard. 


CHAP.     VI. 

Qiiejlions-  of  (Bartering. 

Qu.  ifl.     A  Gives  4  Hogiheads  of  Wine,  at  <)l.per  Hogdiead,  to  B,for  Raifins  at  7</ 
jfi.     per  Pound  ;  How  much  weight  of  Raifins  ought  A  to  receive  ? 

Say,  If  I  Hoglhead  give  9/.  v/iiat  will  4  ?  The  Anfvver  is,  36/.  Then, 
if  "jd.  buy  I  lb.  what  will  56  /.  buy  ?     Anfw.    102^  U\ 

Obferve  this  Fra&on  4>  if  it  cannot  be  given  in  real  Quantity  by  reducing  to  lower  fj:e- 
cies,  then  A  muft  give  102  lb.  Raifins  and  6  d.  in  Money,  becaufe  '  of  1  lb  weight  is  6/. 
And,  in  all  Cafes,  when  any  Fradion  of  a  Quantity  cannot  be  given,  its  Value  in  Money 
muli  be  given. 

guf.  2d.  If  I  get  1 20  Gallons  of  Brandy,  at  4  J.  the  Gallon,  for  28  Bolls  of  Wheat, 
how  is  I  Boll  f  :ld  ? 

Say,  If  I  Gallon  coft  4  j.  what  128  Gallons  ?  'J\v&Afif-mer  is,  480  i.  Then,  if  ;8o 
Bolls  coil  480  s.  what  I  Boll  ? 

p^«.  ■^d.  A  and  B  barter  thus  :  A  gives  1 20  yards  of  Cloth,  fuch  that  3  yards  \  coft 
I  "5  i  :  p  (s'l  E  gives  part  Stockings  at  7  s.  the  pair,  part  Hats  at  6  j.  6  «'.  a  piece,  and  gives 
aa  equal  number  of  Hats  and  pairs  of  Stockings  5  How  many  were  of  each  ? 

Find 
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Find  the  total  Value  o^  A's  120  yards  of  Clotli,  then  add  the  Value  of  1  Hat  and 
1  pair  of  Stockings  ;  and  by  the  Sum  divide  the  Value  of  the  Cloth,  the  Quote  is  the 
Anfwer :  And  if  there  is  a  Remainder,  it  fhews  that  the  Value  of  the  12c  yards  cannot 
be  exa£lly  given,  according  to  the  propos'd  Conditions ;  and  therefore,  befides  the  Num- 
ber exprefs'd  by  the  Quote,  B  muft  give  A  fo  much  Money  as  that  Remainder  exprefs'd 
in  the  denomination  of  the  Dividend  ;  /.  e,  fo  many  /.  or  s.  or  d.  as  the  Dividend  is, 
becaufe  that  is  the  Value  of  fuch  a  Fraflion  of  one  Hat  and  one  Pair  taken  together. 

Ohftrz't; ;  If  the  proportion  of  the  Number  of  Hats  and  Pairs  of  Stockings  is  fuppos'd 
to  be  any  other  than  that  of  Equality  j  E>:n.  as,  2  Hats  for  5  pair  of  Stockings,  then 
^vc  mufl  add  the  Value  of  2  Hats  to  the  Value  of  5  pair  of  Stackings,  and  make  that 
Sum  the  Divifor  :  Then  the  Quote  beins^  multiply'd  by  2,  gives  the  number  of  Hats, 
and  by  5,  gives  the  number  of  pairs  of  Stockings ;  the  Remainder  is  to  be  taken  the 
Tame  way  as  before. 

Qji.  i^h.  A  and  B  barter  thus :  A  has  27  yards  Silk-ftufF  worth  2  J.  ready  Money,  but 
ill  Barter  he  Avill  have  is.  ^d.  B  has  Hats  worth  7  j.  a  piece  ready  Money  ;  How  ma- 
ny of  them  rauft  he  give  to  A  for  his  27  yards  of  Stuff  ?  and,  What  is  the  Price  of  a 
Hat  in  Barter  to  equal  the  advancement  of  A's  Price  ? 

Find  the  Number  of  Hats  by  the  ready  Money  Prices,  and  for  the  rais'd  Price  of  the 
Hats  fay.  As  2  J.  to  2  -f :  3  </.  fo  is  7  s.  to  the  Anfwer. 

Olft'rvi  :  When  the  Prices  of  each  Party  are  rais'd  proportionally,  then  it's  manifeftly 
indifferent  to  find  the  Quantity  fought,  either  by  the  ready  Money  Prices  or  the  advanc'd  ■ 
Prices ;  and  therefore  the  finding  B's  advanc'd  Price  in  order  to  find  the  Quantity,  is  no 
ways  neceffary ;   as  moft  of  our  Authors  feem  to  think,  by  their  taking  this  Method  ; 
\vhich  has  led  them  into  Miftakes,    as  you'll  find  below. 

Q,u.  '^th.  A  hath  100  yards  Camblet  at  i6d.per  yard  ready  Money,  which  he  puts 
away  in  Barter  at  18^.  to  B,  taking  of  him  Stockings  at  5  s.  the  pair,  which  are  worth 
but  a^  s:  6d.  ready  Money:  How  many  pairs  muft  he  give  ?  and,  Which  of  them  gains, 
alfo  how  much,  by  the  Bargain  ? 

If  the  Ready-money  and  Barter  Prices  were  proportional,  neither  Party  could  gain;  but 
the  afking  inho  gains  fuppofes  it's  otherwife,  or  at  leaft  uncertain  :  And  therefore  we 
muft  find  the  number  of  Stockings  by  the  advanc'd  Prices  at  which  the  Barter  was  aflual- 
ly  made.  Then  find  the  total  Value  of  the  1 00  yards  at  \6d.  and  of  the  number  of  Pairs 
(found)  at  4^  :  6^,  the  Comparifon  of thefe  Values  fliews  who  gains,  and  how  much. 
And  oiferve  alfo,  tliat  if  there  is  a  Remainder  in  finding  the  number  of  Pairs,  as  that  is 
fo  many  Pence  to  be  given  by  B  to  A,  fo,  in  comparing  the  real  Values,  it  muff  be 
added  to  the  Value  of  £'s  Stockings.  But  if  there  is  no  Remainder,  you  may  find  the  Gains 
thus;  yl  gets  2  «?.  a  yard  advance,  which  is  200  «f.  upon  the  whole:  £  gets  6d.  z  pair 
advance,  which  multiply  by  his  number  of  Pairs,  and  compare  that  Produft  with  200  d. 
Or  you  may  take  another  Method,  thus;  fay,  \t  i6d.  is  advanc'd  tO'  iQd.  what  ought 
a^s.6d.  to  be  advanc'd  to  ?  Aafua.  5^:3/.  whereby  it's  plain  B  is  the  Lofer,  who  puts 
his  Stockings  away  at^  j.  whereas  he  ought  to  have  5  j  :  3/".  fo  be  lofes  3/".  on  every 
Pair ;  which  multiply'd  by  the  number  of  Pairs,  the  Produ£l  is  what  lie  lofes  on  the 
%vhole. 

Q_u.  6th.  Two  Merchants  have  various  kinds  of  Goods  to  barter ;  A  has  735  yards 
Indian  Silk  at  8  J  :  bdfer  yard  ready  Money,  and  in  Barter  \o  s.  alfo  532  Cane?  at  3  j. 
a  piece  ready  Money,  and  in  Barter  3  s  :  /\d.  alfo  16  Pieces  of  Muilin  at  4/.  the  Piece 
ready  Money, and  in  Barter  \\:  \o  s.  E  has  fcarlet  Cloth  at  i  I. per  yard  ready  Money, 
Glafs  Manufaflure  at  i  i  :  8  </.  per  Pound-weight  ready  Money,  and  a  finer  kind  at 
2j ;  4</. 

How 
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How  many  yaidsoF  Cloth,  and  poinds  of  each  kind  of  Glafs,  oF  each  a  like  number, 
(/.  e.  of  yards,  and  pounds  of  each  Glafs)  muft  Bgive  to  A,  advancing  his  Goods  propor- 
tionally alfo  in  Barter  ? 

This  Queflion  I  take  from  Mr.  Jiation-,  who  folves  it  in  this  manner,  vi:^.  He  finds  A's 
tvhole  Goods  to  be  worth,  at  the  Barter  Price,  528  /  :  ^  J  :  ^d.  then  he  takes  the  fum  of 
the  Prices  of  I  of  each  of  ^'s  Things  (z;/^.  i  yard  Silk,  i  Cane,  and  i  Piece  of  Mufiin) 
ar  the  Ready-Money  Price,  wliich  make  4/:  iis:6d;  and  alfo  at  the  Barter  Price, 
\vhix:h  make  5  /  :  2  s  :  4^.  the  DiSerence  of  thofe  Sums  is  11  s  :  lod.  He  takes  alfq 
the  Value  of  an  Unit  of  each  of  B's  Things,  which  make  i  /  :  4  j.  Then  he  fays, 
If  4/  :  MS  :  6d.  advance  11  j  :  10  d,  what  ought  i  /  :  4J.  to  advance  ?  The  An- 
fwer  is,  3J  :  \d.  and -p|^^,  which  makes  the  Sum  of  the  Barter  Price  of  a  Unit  of  each 
of  the  Things  to  be  i  / 17^  :  i  t-ttt  ;  And,  laftly,  by  this  dividing  A's  total  Value  at 
the  Barter  Price,  the  Quote  is  58i?y444f  ;  and  fo  many  Units  of  each  of  his  Things 
ought  B  to  give. 

But  this  Solution  is  falfe ;  which  probably  I  had  taken  little  Notice  of,  had  nof 
the  Author  made  it  very  remarkable,  by  complaining  how  little  fuch  Quefiions  are  under- 
{tood  ;  and,  that  as  he  feems  to  think  this  a  Curious  and  Ufeful  one,  fo  he  tells  us  plainly 
he  expects  the  Thanks  and  Applaufe  of  the  Publick  for  it ;  and,  that  we  may  fce  he  dc- 
ferves  it,  makes  what  he  calls  a  Demonjiration  of  the  Truth  of  his  Solution  :  But  I  Ihall 
ealily  fhew  rhe  Error  of  it  ;  in  order  to  which,  I  Ihall  firft  propofe 

A>!otlKr  Solution.  Find  the  total  Value  of  ^'s  Things  at  the  Ready-money  Price",  it  li 
pi  251.  s.  which  divide  by  24  s.  the  Sum  of  i  of  each  of  £'s  Things  at  the  Ready-money 
Price,  the  Quote  is  58o.i4'58&c,  and  fo  many  of  each  of  his  Things  ought  B  to  give 
to  A,  which  is  confiderably  iefs  than  the  other  AnAver. 

Now,  fince  it  be  an  undoubted  Truth,  that  if  the  Price  of  each  Party's  Goods  are  ad- 
vanc'd  proportionally,  the  fame  quantity  muft  come  out,  whether  we  calculate  by  the 
Ready-money  or  the  Barter  Prices  ;  and  the  Ready-money  Prices  being  given,  there  can 
be  no  Error  in  this  Method ;  Therefore  the  laft  Anfwer  muft  be  the  true  one. 

This  is  fufticient  toihew,  tliat  Mr.  H/J/fo'/s  Anfwer  is  wrong  :    And  it  fliews  us  alfo- 
that  the  Error  muft  lie  in  his  Way  of  calculating  the  Advancement  upon  £'s  Things 
(for,  if  that  were  right,  liis  Solution   and  mine  would  bring  out   the  fame  Quantity). 
But  I  Ihalj  more  particularly  explain  the  Error  of  his  Way  of  finding  B's  Advancement 
and  then  Ihew  the  True  Way. 

In  the  firft  place,  it  can't  be  deny'd  that  fince  the  Barter  ought  to  be  equal,  therefore 
the  total  N'alue  of  all  that  A  and  B  deliver  ought  to  be.equal,  both  in  the  Ready-money 
and  the  Barter  Prices,  and  confequently  the  Advance  on  the  wholes  (or  what  the  N'aluc 
of  the  Barter  Prices  exceeds  that  of  the  Ready-money  Prices)  ought  alfo  to  be  equal. 

Again;  If  the  number  ofyi's  Things  were  equal,  then  every  4  /  :  11  s  :  6  d.  (the 
Value  of  one  of  each)  which  is  contain'd  in  the  total  Value,  would  advance  11  s  :  xod. 
and  then  of  confequence  every  i  /  :  4  j.  (the  Value  of  one  of  each  of  B's  Thing's  •  that 
are  equal  in  Number)  would  advance  in  the  fame  proportio-n  :  But  A's  Things  not  beino- 
equal  in  Number,  every  4  /  :  11  s  :  6d.  does  not  advanceii  s:  10  d ;  for,  by  taking  i 
of  each,  we  can  only  make  16  fetts  in  each  of  which  there  are  3  Things  whofe  total  Value 
is  4/  :  II  i  :  6<f.  becaufe  there  are  but  16  Pieces  of  Muflin ;  then  there  remains  t;i6 
Canes,  and  yip  yards  Silk,  of  which  we  can  make  '^16  fetts  of  2  Things,  each  cf  which 
fetts  advance  i  s  :  lad.  (the  Difference  of  the  Ready-money  and  Barter  Prices  cf  i  yard 
Silk  and  i  Cane) ;  and,  laftly,  there  remain  205  yards  Silk,  each  of  which  advances 
1  s  :  6d.  Therefore  the  Advance  of  i  of  each  of  B's  Things  can't  be  truly  found  by 
any  of  thefe  Advances. 

Cccc    •  Ri^ 
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'  But  tliis.wili  be  uuther  clear  by  another  Unqueftioiiablc  Method  of  finding  the  Ad- 
Vance  on  a  (ett  of  i  of  each  of  B's  T'hings,  which  is  this  ;  Since  the  total  Value  of 
•A  avd  B's  Things  niuft  be  equal,  both  at  the  Ready-money  and  Barter  Prices,  and  con- 
fequqntly  the  total  Advance  equal,  therefore  I  find  the  total  Value  of  As  Things  at  the 
Ready-money  Price,  which  is  91231  f.  and  alfo  at  the  Barter  Price,  which  is  10563-^,1.  the 
•Difference  is  i-lppi  s-  the  total  Advance.  Again  ;  Since  £\  Things  are  equal  in  Num- 
ber, therefore  'tis  plain  that  the  Value  of  every  (ett  of  i  of  each  makes  the  lame  Advance, 
and  which  muft  be  a  proportional  part  of  the  total  Advance  to  the  totar  Value,  bec-Hife  i  oF 
each  is  an  Aliquot  of  the  whole;  and  therefore,  I  fay,  if  the  total  Value  at  the  Ready- 
money  Price  pi  2  ^i'-,  Advance  1499-^,  what  will  the  Value  of  i  of  each  of  £"s  Things 
(v/;(  24  J.)  advance?  And  I  find  3  s  :  p  d.  ^^.tl^  which  makes  the  advanc'd  Value 
'of  a  fett  of  T  of  each  of  B's  Things  to  be  ly  s  :  p  d^±^.Ll.  inftead  of  27  j  :  i-;4^-l  </. 
as  "MxTJation  makes  it.  And,  to  conclude,  if  \7€  faek  B's  Quantity  by  the  Barter  Price  now 
found  for  1  of  each,  'tis  the  fame  as  already  found  by  the  Ready-money  Prices ;  for  the 
total  Value  at  the  Barter  Price  {yi:^.  105631)  being  divided  by  27  s  :  pd-^-±lll  the 
Quote  13  .J 83. 1458  &C.  as  before.  And  thus  the  two  Methods,  by  the  Ready-money  and 
Barter  Pnces,confirm  one  another,  when  the  Barter  Price  is  truly  found  j  and  finilh  the  De? 
Kionflration  of  Mr.  Haitons  Error. 

Olferve  ngaifz,  That  if  it  be  demanded  what  is  the  Advance  upon  a  fingle  one  of  each 
Cif  Bs  Tilings,  this  has  no  determinate  A^ifvjer;  becaufe  it  may  be  any  Thing  u-e  pleafe,. 
ib  tint  the  Sum  of  the  Advances  upon  a  fingle  one  of  each  kind  be  equal  to  the  Advance 
fiiund  for  one  of  each  taken  together. 

Olfirve  alfo,  that  if  inflead  of  an  equal  number  of  each  of  B's  Things  we  fuppofe  their 
Numbers  to  be  in  any  other  proportion,  as  2  .  3  •  and  4 ;  tlien  take  the  Value  of  2  of  the. 
one  kind,  3  of  the  other,  and  4  of  the  other;  add  all  thefe  into  one  Sum,  and  find  the 
Advance  upon  that  Sum  by  the  Advance  of  the  whole ;  ihus  you  get  tlie  Baiter  Price  for 
2  of  one  kind,  3  of  another,  and  4  of  another,  taken  all  together :  And  by  this  dividing 
the  total  of  y4"s  Goods,  the  Quote  fhews  how  many  times  we  are  to  take  2  of  one,  3  of  ano- 
ther, and  4  of  another,  and  confequently  how  many  of  each. 

Qu.  -jth.  A  and  B.  barter  thus ;  A  hath  lOD  yards  Cloth  at  1 2  f.  a  yard  Ready-moneyj 
but  in  Barter  he  will  have  13^:6^,  and  will  have  alfo  \  of  the  Barter-value  in  Ready, 
money.  B  hath  Sugar  at  8  <a^.  a  pound  ;  How  much  Sugar  ought  B  to  deliver  ?  and.  How 
h  it  to  be  rais'd  to  equal  the  Barter  ? 

Find  the  total  Value  of  1 00  yards  Clodi  zt  i->  s  :  6  d:  then  take  -^  of  it ;  which  being 
the  Moneys  is  to  pay,  find  how  muchCbth  at  12  i.  that  will  buy,  and  fubtraft  it  from 
100  yards.  Then  find  how  much  Sugar  at  8  d.  ought  to  be  given  for  that  Remainder  of 
Cloth  at  12  J.  For  raifing  the  Price  of  the  Sugar,  'tis  plainly  in  proportion  as  the  Cloth 
is  rais'd,  /.  f.  As  12  j.  to  1 3  ^ :  6  d.  fo  is  %d.  to  the  advanc'd  Price  of  the  Sugar. 

Ohftfrve  :  If  in  this  Queftion  the  quantity  of  >4's  Goods  is  not  given,  there  can  nothuig 
be  requir'd  but  to  find  how  5  is  to  advance  his  Price  to  equal  the  Barter.       '  '■'    '' 

Such  a  Queftion  1  find  in  feveral  Authors,  but  they  all  ibhc  it  after  aricither  manner, 
which  is  this  ;  They  take  the  propos'd  part-  as  t  (  which  is  to  be  paid  in  Money  )  of 
As  Barter  Price,  and  fubtraif  it  both  from  that  Price  and  the  Ready-money  Price;  thea 
fay.  As  the  Remainder  of  the  Ready-money  Price  to  that  of  the  Barter  Price,  ,fo  is  B[s 
Ready-money  Price  to  his  Barter  Price  fought.  But  this  Solution  is  without  Foundation; 
Jfor  there  appears  no  Reafon  for  advancing  S's  Price  in  any  other  proportion  than  A's; 
as  by  this  Method  it  is  rais'd  in  a  greater  proportion.  But  if  this  Method  is  reafonable 
at  all,  it  will  be  fo  alfo  when  the  quantity  of  A's  Goods  is  given  to  find  what  B  muft  deli- 
ver. In  which  Queflions  thefe  Authors  always  ufe  the  Barter  Price  to  find  the  Quantity 
fcught.  Let  us  then  apply  this  Suppojitioi,  with  their  Method,  to  the  preceding  Que- 
fiion.    It's  plain,  in  the  firft  place,  that  as  much  Ready-money  as  B  pays  t«  A^  he  ought 

to 
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to  have  Clorii  for  it  at  the  Ready-money  Price,  becaufe  fo  much  is  not  barter'd,  but  bonght 
for  Ready-money  :  And  then,  for  the  remainder  of  the  Cloth  we  are  to  find  how  much 
Sugar  muft  be  given  for  it ;  and  if  we  do  tliia  by  a  Barter  Price  greater  in  proportion  to 
the  Ready-money  Price  than  A's  is,  there's  a  luanifcft  Injuflice  done  to  A-  I  Ihall  obferve 
in'the  laft  place,  that  if  for  the  Ready-money  which  B  pays  he  gets  Cloth  from  A  a:  the 
Barter  Price,  then  indeed  the  Barter  Price  of  B'i  Goods  muft  be  f  jund,  according  to  thu 
other  Method,  in  a  greater  proportion  than  As  ;  which  will  make  the  Barter  equal,  by 
correfting  the  Injuflice  done  to  B,  in  giving  him  Goods  at  a  greater  than  the  Ready-money 
Price,  even  when  he  pays  Money  for  'em  :  But  this  Method  is  a  ridiculous  going  round 
about  to  no  purpofe,  and  committing  two  Errors,  or  doing  two  pieces  of  Injuftice,  that 
one  may  correft  the  other,  when  there  is  a  more  fimple  and  natural  Way  of  doing. 

Qti.  d.ihi  A  has  40  pair  of  Stockings  at  3  s.  Ready-money,  or  5  j:  8V.  in  Barter  ; 
but  he  J3  willing  to  difcompt  3 />*">■  C'fwf.  of  his  Barter  Price,  to  have  -^  of  it  paid  in 
Ready^nKJicy.  B  has  CJoth  at  10  s.  peyyard  Ready-money ;  .  How  many  yards  liiuft  hp 
deliver,  with, the  Money  that  A  requires?  and,  What  is  the  Rate  o^"  his  Cloth  to  equal 
the  Bartfer  ? 

Take  3  from  100,  and  fay,  As  lOO  to  P7,  lb  is  3  j  :  8  </.  to  a  4th  Number  which  is  ta 
be  taken  for  the  Barter  Price  ;  then  do  the  relt  of  the  Work  as  in  the  preceding  Queftion. 
But  if  ^  will,  befides  his  Ready-money,  gain  3  ffr  Cent,  fay,  As  100  is  103,  fo  is  3  j r  8. 
to  a  4th  Number  which  is  to  be  taken  for  liis  Barter  Price.  .  '  '  ' , 

Qu.  c^tb.  A  barters  with  5  40/^.  of  Cloves  at  6  s.  the  pound  Ready-monej',  aftfl 
7  J  :  6(/.  in  Barter,  but  is  willing  to  lofe  10  fer  Cent,  to  have  \  Ready-money:  'Whtrt 
is  the  Ready-money  Price  of  1  yard  of  Velvet  dclivcr'd  by  E  at  21 .'.  to  equal  the  Bartet"? 
and.  How  much  was  deliver'd  ?  '  ,.^ 

Say,  As  loo  to  po,  fo  is  7  j  :  dc/.  to  6  s.  Qd.  which  is  tjie  true  Barter  Price  after  thfe 
Difcompt  of  10  per  Cefit.  Then  find  how  much  N'elvet  Cat  21  s.)  is  equal  in  Value  tb 
40  lb.  of  Cloves  at  6  J.  p  d.  And  for  the  Ready-money  Price  of  the  Velvet  fay,As6  s  ip'd. 
to  6  s.  fois2lJ.  to  the  Thing  fought.  "        '    '  "  ,7 

I  take  this  Queflion  from  Mr.  Hill,  with  this  difference  ;  that  I  fuppofe  A's  Quantity  to 
be  given,  and  B's  fought,  which  he  does  not ;  his  Demand  being  only  to  know  the  Ready"- 
Money  Price  of  the  Velvet ;  which  he  finds  thus :  Having  found  the  6  s  :pd.  as  before, 
he  takes  ^j  o£ys:6d.  (viz.  2s :  6 d)  from  it ftlf,  and  alfo  from 6s:  9 d.  the  Remiiii- 
^iix%  are  "5  s.  and  4^:3^.  then  fays.  As  5  j.  to  4  j  :  3  ^.  fo  is  21  j.  to  the  fhing  fought. 
This  Method  is  in  general  hke  that  cenfur'd  above,  in  Qucftion  -jih-.,  but  it's  jxc  fardiet 
v.TOng,  and  can  be  brought  to  no  fenfe ;  for  the  -!  Ready-money  wliich  /i  demands  can  be 
underftood  no  other  way  than  as  -f  of  that  Price  at  which  he  is  willing  a£lually  to  put  avi'ay 
his  Cloves,  which  is  6s:  9 d.  (viz.  j s  :  6 ^.deducing  10 par  Cent.)  and  therefore  we 
are  to  take  j  of  6  j  :  9d.  and  not  of  7^  :  6d.  Again  ;  by  taking  that  1,  (whether  it  be 
oi  J  s  :  6d.  or  6  s  :  pd.)  from  each  of  them,  he  does  not  bring  in  A's  Ready-money 
Price  at  all  into  the  Calculation,  and  fo  it  may  be  fuppos'd  to  be  any  thing  we  plcafe  j 
whereby  the  fame  Anfwer  will  be  found  in  all  Suppofitions,  %vhich  is  abfLird,  Tlie  Me- 
thod upon  his  General  Principle  ought  to  have  been  this,  viz.  Take  .\  0^  6s  :  pd;  frorai 
it  felf,  and  from  6s.  then,  as  a5  :  6d.  to^s:pd.Co  21  j.  to  the  Thing  fought, 

I  was  the  more  furpriz'd  at  nis  Method  ot  folving  this  Queflion,  that  in  another  C^ne- 
flion,  wherein  A  propofes  to  gain  loperCent.  and  have  j  Ready-money,  he  proceeds- jft 
the  Way  lafl  dire£led,  thus  ;  Having  found  the  Price  at  which  A's  Goods  are  pur  awivf 
(with  the  10  per  Cent,  included)  he  takes  {  of  that  from  irfclf  and  the  Ready- money 
Price,  and  by  thefe  -Remainders  finds,  jB's  (Batter  Price,  which  is  the  Thing  fought  iii 
thatQucftion.  '      ~  ■  '■'■ 


i  ,9.    .-  VV'-'  ■!«  (Jj"-»^  ui.j;_  Jt  Ji<  J. 
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^^\  *  of  Tare  and  Tret.  Book  VI. 

/Pjf.  ici/j.  y^  has  100  yards  Cloth  at  8  J.  Ready- money,  and  in  Barter  lo  j.  J5  has 
Raifins  at  6  if. per  pound  Ready-money,  and  he  will  have  ;  of  what  he  puts  awav  paid  in 
Money  ;  Hov/  much  Raifins  rauft  he  deliver  ?  and,  What  Rate  do  they  bear  in  the  Barter  ? 
alfo.  How  much  Money  muft  A  give  E  ? 

\°-  100  yards  at  8  s-  is  worth  40  /.  Then  find  ho%v  much  Raifins  at  6  d.  muft  be 
given  for  40  /.  Add  the  3d  part  of  that  quantity  to  it,  the  Sum  is  the  total  weight  that 
B  muft  deliver  ;  and  the  Value  of  that  gd  part  added  (  which  is  plainly  the  4th  part  of 
the  whole  Sum )  Ihews  the  Money  that  ^  has  to  pay.  Fork's  Barter  Price,  find  it  ui 
proportion  to  the  Ready-money  Price  as  A^  Price  to  his  Ready-money  Price. 


CHAP.    vir. 

0/  Tare  and  Tree, 

BY  Tare  is  commonly  meant  the  lVe-,ght  of  theCaft,  Cheft,  or  Bag  in  which  Goods 
arc  put  up,  and  whTe  Weight  can  be  known  feparately  from  that  of  the  Goods  ; 
and  which  being  fubrrailed  from  the^rq/i  Weight  (or  that  of  the  Cafk,  ^r.  aitd 
Goods  together)  the  remainder  is  the  Weight  of  the  Goods  alone,  and  is  call'd  The  Neit 
Weight. 

But  if  the  Tare  is  not  known  feparately,  and  an  Allowance  made  for  it  at  fo  much 
^^'j- Hundred  weight,  or  Hundred  yards,  gr  then  the  Dedudion  ofthe???^^  is  by  the 
^ulf  of  Three  ;  which  the  f  llowing  Examples  will  (hew. 

There  is  another  All  ^wance  made  for  Duft,  Wafte,  Refufe,  or  in  lack  of  Goods,  caU'J 
Tret,  which  is  allow'd  and  calculated  after  the  fame  VVay. 

Exa.  ift.  At  -J lb.  Tnre  or  Tret  to  iiilb.  grofs,  what  is  the  Tare,  and  alfo  the  Nett 
Weight,  when  746 //j.  grofs  was  receiv'd  ?  Say,  As  112  Ih.  to  jlh.  fo  is  746/^.  to  the 
3^r-'  fuight ;  which  fubcra£led  from  746  lb.  the  Remainder  is  the  Nett  weight. 

Exn.  2d.  At<)lb.  tret  to  112 /A.  grofs,  what  grofs  Weight  muft  be  recciv'd,  when 
84 /^.  Nett  was  paid  for  ?  and.  How  much  is  allow'd  ?  SubtraiSt  5  from  112,  the  Re- 
mainder is  107 :  Then  fay.  As  107  to  112,  fo  84  to  the  Grofs  Weight  fought ;  the 
Difference  of  which  and  84  is  the  Allowance.  Or  thus ;  As  107  to  5,  fo  is  84  to  thc^Al- 
iDwance  fought ;  which  add  to  84,  the  Sum  is  the  Grofs  Weight  fought. 

Thus  from  the  Grofs  weight,  Nett  weight,  and  Allowance,  or  any  two  of  thefe  in 
one  Cafe  given,  with  any  one  of  them  in  another  Cafe,  we  may  find  the  other 
two  in  that  other  Cafe. 

Ohftrve.  There  are  fjmetimes  two  Allowances  dedufled  out  of  the  fame  Quantify,  firft 
Tire^Tiwdi  then  Tret :  After  the  Tiire  is  dcdu£led,  the  Remainder  is  call'd  particularly  Subtle 
Weight,  out  of  which  the  Tret  is  dedufled,  and  the  laft  Remainder  is  call'd  NettWeigbt. 

Exa.  -i^d.  r^irt' being  allow'd  at  4  to  112,  andj/c"/  at  5  to  112,  what  is  the  Nett 
■Weight  \\\%ilb.  Grofs? 

Say,  As  112  to  ic8  (r?,?.  112  lefs  4)  fo  is  87  U\  to  x!aR^ibt]e :  Then, as  112  to  107 
(yix.  112  lefs  5)  fo  is  the  StiHle  to  the  Nett. 
,     And  here  Ohferve,  that  if  you  niuhiply  ic8,  107,  and  87  continually,  aHb  Il2by  U2, 
•and  divide  that  Produdt  by  this,  the  Quote  is  the  Netc  Weight  fought. 

CHAP. 
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Jlligation, 

D  E  F  J  N  It  J  0  N. 

yj  L  LIGATION  is  the  Rule  of  mixino  feveral  Simples  of  the  fame  kind, 
yi     but  ot  ditferent  Prices  or  Qualities,  fo  as  the  Compound  may  be  of  a  middle  Price 
or  Quality  :  In  which  there  ate  two  principal  Cafes,  call'd    Alligatiea  Medial 
and  Alternate. 

Case  i.  Midi  ah 

Having  the  Rates  (/'.  e.  tht  Price  of  any  quantity  of  each  of  feveral  Simples, 
or  any  other  Quality  by  which  they  are  diftinguilhd )  undCl^iMitities  to  be  mix'd,  To  find 
the  Rate  of  the  Mixture, 

'  R  u  t  f  •  Find,  according  to  the  given  Rates,  the  Value  of  each  given  Quantity ; 
tlien  taking  the  fum  of  thefe  Quantities,  and  the  fum  of  their  Values,  fay,  If  that  fum  of 
Quantities  give  that  fum  of  Values,  what  will  any  other  Quantity  give  ?  And  you  11  find 
the  Rate  of  the  Mixture. 

Examples  in  which  Regard  is  lad  to  the  differenfPrices  of  Things. 

]/?.  A  Merchant  has  13  Gallons  of  Wine  at  17  s.  J>erG3\.  11  Gallons  at  15  j.  and 
ip  Gallons  at  14  J.    If  thefe  are  mix'd,  what's  the  Price  of  1  Gallon  of  the  Mixture  ? 

If  I  Gal.  gives  17  j.     15  Gal.  give  221  s. 
1 15—11       —       165 

If  4:5      —       652—  1  Gal.  gives  15:01  :  3!^ 

If  we  fuppofe  6  Gallons  of  Water  (whofe  Value  is  nothing)  mix'd  with  thefe  the 
Proportion  is  this  J  If  49  Gallons  coft  652  J.   what  1  Gallon? 

id.  A  Farmer  mixes  7  Bolls  of  Wheat  at  I'^h  -per  Boll  with  9  B<-\h  .-3  Hulhcls  at 
10/.  />f>'Bol],  and  6  Bolls  at  12  /  :  14  j.  per  Boll  ;  What  is  a  Peck  of  the  Mixtufs 
worth? 

If  iBollcofl  15J.  7B-olls   coftio57. 

1       —       10    9:3Bulh — py:ios. 

I      I —       12 :  14  J.    6 :  _  76 :  04  .  /•  - 

If  22  :  5    —      278  :  14  —  1  Peck  gives  15  :  3  -.■^■-t-  ■ 

OJ/fr»f  :  I  fuppofe  here  that  4  Fecks  make  I.  Bjiftlj&T^yiidi^ 

■\    .    ,  -    ,■'    <.  -r-  i   .^    ;i.r 
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"*"  Examples  invohich  Regard  is  had  not  only  to  the  Price,  lut 

to  the  Qiiality. 

I.    of  mixing'  M  E  7'  A  L  S. 

Ohf^rvi' :  An  Ounce  o^  Pure  Gold  being  I'educed  into  2a  equal  Parts,  thefe  Parts  are 
c:i\\''<lCara£is  \  but  Gold  is  often  mix"d.ivith  forac  bafer  Metal,  which  in  the  Mixture  is 
call'd  the  Alloy)  and  according  to  the  proportion  oF  pure  Gold  which  is  in  every  Ounce, 
fJo  die  mixture  is  fiid  to  be  fo  many  Catafts  fine;  Thus;  if  only  22  Caradts  of  pure 
Gold,  and  2  of  Alloy,  it's  22  Caraasfin^  :  If:  20  Carafts  of  pure  Gold,  and  4  of  Alloy, 
itiis'zoCaraasfine:  If  there  i?  no  AlliJiyyit's^  24.  Carafls  fine,  or  pure  Gold.  ^^ 

Exa.  -n^d.  A  Goldfn-iith  mixes  7  Ounces  of  Gold  23  Carafe  fine,  with  13  Ounces 
jj7  Carafts  fine;  What's  the  Quality  of  the  Mixture  ?    Anfv}.    20^  Caradts. 

If  I  Oz.  has  25  Gir.oFpure  Gold,  -j  0;^.  have  161  Car. 
I      _      ip  —  13      —         247 

, .,  .  ,  If  20    have      408  —  I  Cz.  has  2of  Qr/Z(f?j,j , 

•Siippofe  there  is  to  be  mix'd  with  thefe  4  oz,  of  Brafs  or  other  Alloy,  then  add  4  to  20, 
and  the  Proportion  is,  If  24  Os.  have  408  Car,  what  1  Oz.  ? 

Ol'ftrve  :  Silver  is  valued  by  the  Ounces  of  pure  Silver  in  a  Pound,  and  12  Ounces 
(  Troy  weight)  being  a  Pound,  therefore  it's  call'd  11  or  10,  Be  Ounces  fine,  which  has 
ji  I  or  lOj  iic.  Ounces  pure  Silver  in  the  Pound. 


2.    Of  mixing  MED  1  C  I  N  E  S  according  to  their  different  Degres  of 
Heat  aud  Cold,  or  Drynefs  and  Moii^ure. 

Heat  and  Cold,  alfo  Drynefs  and  Moijiure,  m  Medicines,  are  diflinguifh'd  by  different 
Degrees,  thus ;  There  is  luppos'd  a  certain  Quality  call'd  Temperate,  differing  from  which 
there  are  fuppos'd  to  be  4  degrees  oSfJeat,  and  4  oiCold ;  alfo  4  degrees  of  Dryiefs,  and 
4  of  Moiftiire  ;  all  which  make  <)  degrees  of  that  Quality  which  regards  Heat  and  Cold, 
and  as  many  regarding Z);'^^/^/j  and  Moiflure,  which  we  may  call  the  Common  Quality ;  fo 
that  the  4th  degree  of  ColdotMoiJi  iscall'd  the  ift  degree  of  the  Common  Quality  ;the  7^d 
degree  of  Coldot  Mo'rft  is  the  2d  degree  of  the  Common  Quality ;    and  fo  on,  as  in  this 

Table. 

Now,  if  Medicines  are  to  be  mix'd  with  Regard  to  theft 
Qualities,  then  the  Degrees  of  the  particular  Qualities  being  given, 
they  muft  be  reduced  to  the  Common  Quality,  and  the  Opera-» 
tion  made  with  the  Numbers  of  that ;  as  in  thb  Example.       .nv. 

Exa.  ^th.  An  Apothecary  mixes  feveral  Simples,  ihys ;  4  ouiv. 
ces  cold  in  die  3d  degree,  7  ounces  cold  in  the  ift  degree :  5  oun-,; 
ces  temperate,  and  8  ounces  hot  in  the  4th  degree  j  What  isjBhe; 
Quahty  of  the  Mixture  ?  :,  .  ,,  .•.■ijiivi 

The  Qualities  given  reduced  to  th«, common. one,  are,  ad^^^tb^ 
5th,  pth;  then  muldplying  each  Quantity"  by  its  degree  of  the  conujiou  Quality,  tlie  Piro- 
GuSs  are  4X2=s8.7X4=:28.5X5  =  2'5'8X9  =  72-    ThcSum  of  thefe.  Pro- ^ 
dufts  ij  8  -f-  28  Hh  25  4-  72  =:  1 33 ;  which  being  divided  by  the  Sura  oFthc  Quanti- 
ties, 
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ties,  (v;;{.  4  -+-  7  +  5  4-  8  =  24  )  the  Quote  is  5^.^  :  Which  fhcws  tlie  Qaality  of 
the  Mixture  to  be  betwixt  the  ^^th  and  6th  degree ;  i.  f.  betwixt  Temperate  and  lUe  firft 
degree  of  Heat. 

Case  2.  Aliermte. 

Having  the  jRates  of  feveral  Simples  to  be  mix'd,  aiid-the  J?nttf  of  the  Mixture ;  Ta 
find  fuch  quantities  of  the  Simples  as,bcing  mix'd  together,  fhall  bear  that  common  Rate, 

Obferve  :  The  Mixture  Rate  muft  be  taken  betwixr  the  highefl  and  loweft  Rate  of  the 
Simples ;  elfc,  'tis  plain,  the  Mixture  will  not  bear  that  Rate,  but  will  be  either  of  a 
greater  or  IcfierRate,  r.s  the  Simples  are  either  all  of  a  greater  or  lefTer  Rate. 

R  u  I-  F.  i°i  The  Rates  being  all  of  (or  reduced  to)'  one  denomination,  and  refer'd 
to  Quantities  of  one  denomination,  ^°■,  fet  the  Rates  of  the  Simples  in  a  Column  under 
one  another,  and  the  Mixture  Rate  upon  the  left  hand  of  thefc.  Then,  3°,  connect  or 
link  together  the  feveral  Simple  Rates,  fo  that  every  one  lefs  than  the  Mixture  be  link'd 
with  fome  one  greater,  01  with  as  many  as  you  pleafe  that  are  greater;  aiid  every  one 
greater  with  one  lefs,  or  with  as  many  leffer  as  you  pleafe.  4*'"  Take  the  Difference  be- 
twixt  the  Mixture  Rate  and  that  of  the  feveral  Simples,  and  write  it  againft  all  the  Sim- 
ples with  which  that  one  (whofe  Difference  it  is)  is  link'd ;  then,  the  Sums  of  the  Num. 
bers  (of  Differences)  (landing  againft  every  Simple  Rate,  are  fuch  quantities  of  the  fevcrai 
Simples,  againft  which  they  ftaiid,  as  anfwer  the  Queftion. 

Qii.  I.  A  Merchant  v/ould  mix  Wines  at  14  j.  ip  J,  15  s,  and  22  i.  per  Gallon, 
fo  as  the  Mixture  may  be  worth  i8  s.    What  quantity  of  each  may  be  taken.' 


M^ 

.  -^'1 

s. 

i5^)4il 

18 

19^ 

> 

22-^ 

'^5 

M-^4 

or  18  ipjys 


14-^1:4 
or  18  '5My 

22.-^  4 


or  i8' 


I  - 


oriB 


''^--N 
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Here  the  Simples  are  link'd  all  the  Ways  poflible,  by  each  of  which  there  is  a  different 
Solution,  ihus  ;  In  the   firft  Method  14  and  19  are  link'd,  and  15  with  22  :    Then  the 
difference  betwixt  18  and  14  is  4,  which  I  fet  againft  ip ;  and  the  difference  of  18  and  1 5 
is  3  fet  againft  22  :  The  difference  of  i8and  ip  is  i  fet  againft  14  ;  and  the  difference  of 
l8_arMi22is4fet  againft'1'5:  .And  thefe  differences  are  the  Anfwers,   viz.  iGaLof  145^ 
WinC',  4  Gal.  of  15  s.-  Wine,  4  Gal.  of  19  j.   and  3  Gal.  of  22  j  j  which  being  iyii)('d;to*= 
gether,  each  Gallon  is  worth  x8  s.-    The  fame  Way  underftand  the^  2d  Method  "of  linktii^r 
the  Simples.    For  the  3d  Metlwd,  14  s.  is  link'd  both  with  ip  and  22,  and  19  both  wirl^. 
14  and  15:  Therefore  the  difference  ofi8andi4,  which  is  4,  is  fet  againft  both 'jpt. 
and  22;  and  the  difference  of  i& and  19  {viz.  j)  fet  againft  both  i4,and  15;    and  thuj-^ 
there  come  two  differences  againft  14  and  19,  which  being  fumm'd,  the  Anfwers  in  this  ' 
Method  are,  5,  i,  7,  4  Gal.  of  the  Simples  againft  which  thefc  Numbers  .ftand.     From  tl.is 
'tis  eafy  to  underftand  the  other  Methods. 

Thc&me  J^k  is  applicable  to  mixing /J/<?/^/j  or  Medicines,  as  in  tbe  fdlOwiae^; 
Queftion.  j  .  .:Tj: 
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2.    To  mix  Gold-iS  Carafts  fine,  with  Gold  of  i  ^  Cafa£is,  of  14  Carafts,  oF  2 
;,  fo  as  the  Mixture  may  be  15  Carails  fine  j  What  Quantities  may  be  taken  c 
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each  ? 


and  23 


I 

of 


I 

I 
15.   I 
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or,  15 


or.  15 


or.  15 


Thefe  are  a  Part  only  of  the  yariop§  Ways,  of  linking  the  Simples  in  this  Qaeflion, 


1' 
•fold 


18 


The  Reafon  of  the  frecedi/tg  Rule. 

To  demon firaie  that  the  preceding  Ride  produces  true  Anfwers,  I  fliall, 
',  Suppofe  only  two  Simples,  as,  Wine  of  I",  j.  a  Gallon,  and  of  22  j.  to  be 
18  J.  the  Given  Rates  ftand,  according  to  the  Rule,  as  here;  and  the  Quan- 
tities fought  are  4  Gallons  of  the  1 5  s.  Wine,  and  ^5  Gallons  of  the 
72  s.  Wine,  which  being  fold  in  a  mixture  at  18  s.  I  fay,  there  is  precife- 
ly  as  much  gain'd  by  the  one  Quantity  as  is  loft  by  the  other  ;    for,  each 


at 


1 

22/ 


Gallon  at  I  ■)  s.  gains  3  s. 
Ions  gain  4  times  5  s 


the  difference  of  15  and  18,  and  therefore  4Gal- 
Again  ;  each  Gallon  at  22  s-  lofes  4  j.  the  diffe- 


rence of  18  and  22,  therefore  5  Gallons  lofe  3  times  4  s  ;  but  4  times  q  $.  is  equal  to 
g  times  4  s.  therefore  the  Gain  and  Lois  are  equal,  and  confequently  the  Quantities  mix'd 
do  juftly  tear  the  propos'd  Rate. 

The  fame  Reafon  is  manifefily  good  in  all  Cafes  of  two  Simples  mix'd  according  to  this 
Rule,  from  the  Way  of  placing  the  Differences  alternately  againft  the  Simple  Rates. 
Again, 

However  many  Simples  there  are,  and  with  however  many  others  every  one  is 


i'^- 


link'd,  fince  'tis  always  a  lelter  vath  a  greater  than  the  Mixture  price,  therefore  there  is  3 
balance  of  Gain  or  Lofs  upon  the  Quantities  taken  from  every  linking  cf  two  Simples ; 
and  confequently  there  muft  be  a  balance  on  the  whole ;  So  that  the  Rule  is  good  in  all 
■Cafes. 


PraOiical  Obfcrvations  relating  to  the  preceding  Cafe. 

jji  01  f.  Thefe  Queflions  of  AVigntiofi  Alternate  are  of  the  kind  which  the  Algebrai/ls 
call  Indeterminnle  Problems  ;  i.  e.  which  have  an  infinite  number  of  different  Ai;fwers  ; 
■ibr  finding  which,  their  Art  gives  an  univerfal  Rule  :  But,  for  the  Rule  here  given,  it  is 
limited  in  its  immediate  Efl'ccl,  to  the  different  Anfwers  found  by  the  various  Methods  of 
linking  the  Simples  ;  which  can  be  done  only  a  certain  limited  number  of  Ways  :  Yet 
from  this  Rule  we  can  find  an  infinite  number  of  other  Solutions.     Thus; 

(i°-)  Take  any  Method  of  linking  the  Simples  ;  then  take  the  Quantities  arifing  from 
that  Method ;  and  if  you  encreafe  or  diminilh  each  f  them  in  the  fame  proportion 
{i.e.  by  equal  Mnhiplicaliov.  or  r)ivif707z  J  ;  thefe  new  Quantities  are  alio  true  Anfwers, 
for  that  very  Reafon  tliar  thev  are  proportional  to  thofe  arifing  immediately  frim  the 
Linking  and  Dift'crences ;  becaufe,  if  two  Quantities  of  two  Simples  make  a  balance  of 
Gain  or  Lofs,  with  rcfpeft  to  the  Mixture  price,  fo  muft  double  or  triple,  or  the  hail:  or 
ihird  part,  or  any  other  proportion  of  thefe  Quantities.    And,  becaufe  thefe  Quautitiea 

may 


I 


chap.  8. 


Jlli^ation. 


5^9 


may  be  encreas'd  or  dimiiiifli'd  in  an  infinite  variety  of  Proportions,  therefore  'tis  phin 
that  we  may  proceed  to  an  infinite  variety  of  Solutions. 

2°*  Or,  if  we  only  encreafe  or  diminilh  the  alternate  or  correfpondent  Differences  of 
any  pair  of  Simples  that  are  link'd  together,  or  of  any  two  or  m  ire  pairs,  leaving  the  veil 
as  they  are,  we  may  thus  alfo  proceed  to  an  infinite  number  of  Solutions. 

II  Ol:f.  Befjdes  the  Rates  of  the  Simples  and  Mixture  given,_the  Quellion  mayLe 
limited  either  to  a  certain  total  quantity  of  the  Mixture,  or  to  a  certain  quantity  of  feme 
one  or  more  of  the  Simples.  -» 

(l°-)  If  the  Limitation  is  to  a  certain  total  Quantity,  then,  if  the  f  m  of  the  Quantities 
found  by  any  one  Way  of  linking  the  Simples  is  the  given  Total,  the  Q  cftiou  is  f  '  ':'  • 
Otherwife  Cor  without  trying  all  the  Ways  of  linking)   take  any  one  Meciiod,   and 
or  diminilh  the  quantity  of  each  Simple  found  by  that  linking,  in  proportion  as  the  i^.      i 
Total  is  greater  or  lefs  than  that  Total  found  by  the  linking. 

(?a.  3^.  A  Merchant  mixes  Wines  at  14 /7;,  I2^j,  I'^fi,  18 JJ},  3.ni  22  Jli-  the  Gal- 
bn,  to  be  fold  at  17  Jh.  and  would  make  in  the  whole  100  Gallons ;  What  Quantity  may 
he  take  of  each  ?  1 


I 

5;^ 

I 

%'f 

5 

29t't 

3 

8 

47t-^ 

2 

iiH 

_ 
1  J 

7 

100 

5 

6 

5 

5 

5 

3:2 

10 

Sum  31 

fo  is  2  to  11-^ 


If  the   Given  Total 

were  17  or  :5i,theQue- 
Jiion  is  folv'd :  But,  ta 
make  100  gallons,  I  take 
either  of  thefe  Ways  of 
linking,  as  the  firft,  and 
fay,  As  17  Gal.  to  100, 
fo  is  I  to  54^  ;    fo  is  5 

to29TT.^ois8t0  47-V, 


fo  is  5  to  10,  and 
and  alfo  of  i^  /. 


which  being  fet  againft  the  Correfpondent  Simples,  the  Sum  makes  up 
100  Gallons. 

After  this  manner,  if  you  know  the  Total,  and  alfo  the  Particulars,  of  any  Mixture, 
you  may  find  how  much  of  each  fpecies  is  in  any  quantity  of  the  Mixture. 

(2^-)  If  the  Limitation  is  to  a  certain  Quantity  of  one  of  the  Simples,  then,  if  tlie 
fame  Quantity  happen  upon  that  Simple  in  any  one  Way  of  Unking,  the  Queftion  is  folv'd ; 
otherwife  you  muft  raife  or  diminifh  the  reft,  in  proportion  as  the  limited  Quantity  of  that 
Simple  is  greater  or  lelTer  than  the  Quantity  of  it  found  by  the  linking. 

Thus,  in  (?«.  ^d,  fuppofe  the  Mixture  ought  to  have  2  Gallons  of  the   22  s.  Wine  ; 
then  the  firft  Way  of  linking  folves  the  Queftion.     And  if  it    ought   to  be  4  Gallons  of 
22  s.  fay,  As  2  Gallons  (ftanding  againft  22  s.)  is  to  4,  fo  is 
fo  is  8  to  16  :  And  fo  the  Quantities  ftught  are  2  Gallons 
10  Gallons  of  1 5  J.  and  16  Gallons  of  18  s. 

If  the  Simple  whofe  Quantity  is  limited  is  only  once  link'd,  xve  need  do  no 
more  than  raife  or  diminilh  the  Quantity  of  that  one  Simple  with  which  it  is  link'd,  and 
leave  the  reft  as  they  are.  So,  in  the  preceding  Suppofition,  22  s.  is  onlj  link'd  with  1 5  s. 
and  therefore  raifuig  s  Gallons  againft  15  j.  to  lO  Gall  ns  (which  is  as  4  to  2)  we  may 
take  the  reft  as  they  Hand  :  For  thus  there  is  ftill  a  Balance  preferv'd  in  the  Gain  and 
Lofs. 

But  if  the  Simple  whofe  Quantity  is  limited  is  link'd  with  more  than  one,  ^ve  may  take 
this  Method  :  Take  that  part  of  the  Quantity  ftandi,,g  againft  each  of  thefe  Simples  (with 
which  the  hmited  one  is  link'd  )  which  is  the  difference  of  the  Mixture  Rate  and  the 
limited  Simple,  and  raife  or  diminilh  it  propDrti^nally  :  The  Quantities  thus  found  muft 
be  added  to  the  other  parts  oF  the  Quantities  againft  thefe  other  Simples.    Tbuj,  in  Qti.  :^d, 
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fuppofe  'tis  requir'd  to  have  8  Gallons  of  the  12  s.  Wine  ;  if  the  2d  way  of  linking  is 
chofen,  then  12  being  join'd  \vith  18,  which  has  but  one  Difference  ag;iinft  it,  vi:^.  5^ 
(  the  Difference  of  17  and  12)  I  fay,  As  6  to  8,  fo  is  5  to  6i,  the  Quantity  to  be  taken 
of  the  18  J.  Wine.  Agiin  ;  12  being  join'd  with  22,  and  the  Difference  of  17  and  12 
being  5,  (one  of  the  "Differences  againft  22)  I  fay  as  before,  As  6  to  8,  fo  is  5  to  62-- 
which  being  taken  iiiflcad  of  5  againft  22  s.  makes  the  Total  of  that  Simple  i  li.  Gall. 

(■  3''*)  If  the  Limitation  is  to  a  certain  Quantity  of  more  than  one  Simple,  v^ork  thus  ; 
Take  thefe  finiple  Rates,  with  their  given  Quantities,  and  find  by  Cafe  i.  what  Rare  the 
Mixture  of  thefe  by  themfelves  would  bear  ;  then  take  the  fum  of  their  Quantities  given, 
witli  their  Mixture-Rate  now  found,  and  place  that  Rate  in  the  Queflion,  inflead  of  the 
Rates  of  thefe  Simples  ;  and  then  the  Queftion  is  the  fame  as  a  Limitation  to  one  Simple 
which  is  the  Total  of  the  Given  Quantities  now  reduced  to  one  Mix'd  Rate ;  by  which 
therefore  find  the  Quantities  of  the  reft,  as  in  the  preceding  Article,  Thus  ;  Suppofe  in 
Qzi.  T^d,  that  there  ought  to  be  3  Gallons  of  12  s.  Wine,  and  7  of  14J.  the  Mixture 
Price  at  which  thefe  may  he  fold  is  13  j  :  4^/:  and  ^  ;  and  this  being  reduced  to  "^th  pjrts 
of  a  penny,  is  804:  Therefore  the  Rates  of  the  other  Simples,  and  alfo  the  Mixture, 
miifl  be  reduced  to  5th  parts  of  a  Penny,  and  the  Queftion  will  ftand  as  below  ;  in  which, 

according  to  the  way  of  Linking  chofen,  the  Quantities 

are  60  .  300.  216   and    120;  but   of  the  Wijies  wiiofe 

Quantities  are  limited,  and  whofe  Mixture  Price  is  804, 

(^thsofa  Penny)  the  Quantity  ought  only  to  be   10 

{vi\.  3  of  the  one,  and  7  of  the  other)  ;  and  therefore 

the  reft  are  diminiih'd   accordingly   to   50  ,  36  •  and  20  j 

which  are  true  Anfwers  to  the  Queftion. 

Take  Kot'ice,  That  if  the  Mixture  Rate  of  the  Simples  limited  is  fuch  that  the  Given 

Mixture  Rate  is  not  a  Medium,  when  that  other  Mixture  Rate  is  placed  as  a  Simple,  then 

the  Limitation  makes  the  Queftion  impjflible. 

ill  01  f.  If  a  Mixture  is  made  of  feveral  Simples  whofe  R  ates  are  known ;  with  the 
Rate  of  tlie  Mixture,  and  total  Quantity  mix'd,  we  may  find  how  fuch  a  total  Quantity 
might  be  mix'd  of  thefe  Simples  to  bear  the  Given  Rare,  by  the  ift  Article  of  the  2d  Oh- 
Ji  rraiio:-i.  But  it  is  to  be  obferv'd,  that  the  Mixture  has  perhaps  been  made  after  another 
manner.  So,  m  S^u-  i,tlie  ift  and  2d  Ways  of  Linking  make  the  fame  total  Quan- 
tity. 

IV  Ohf.  When  the  Quantity  of  one  Simple  is  limited,  if  that  Simple  is  an  exadt 
illedhrm  betwixt  feme  other  two  (exceeding  the  one  as  much  as  it  wants  of  the  other) 
then,  having  link'd  the  Simples  any  one  way,  if  the  limited  Quantity  is  lefs  than  what  is 
found  by  the  linking,  take  the  half  of  what  it  is  lefs,  and  add  fo  much  to  each  of  thefe 
two  Smiples  betwixt  which  it  is  an  exaft  Medium  ;  for  thus  the  total  Quantity  found  by 
the  linking  is  preferv'd,  fince  wliat  is  taken  lefs  in  one,  is  made  up  out  of  others ;  and 
what  is  fo  taken  lefs  and  more  than  the  Quantities  found  by  the  linking,  are  of  equal  Va- 
lue, becaufe  the  middle  Price  is  an  exaft  Medium  betwixt  the  other  two  5  Therefore  the 
Rate  of  the  Mixture  is  never  alter'd. 

Again  ;  If  the  Limitation  is  greater  than  what  is  foutid  by  the  linking,  take  the  half 
of  what  it  exceeds  from  the  Quantities  of  each  of  thofe  betwixt  which  the  Price  whofe 
-Quantity  is  given  is  an  exail  Medium  ;   but  if  this  half  is  greater  than  thefe  Quantities, 
you  muft  take  another  Method, 

Thus,  in  <?«.  3d,  let  the  Limitation  be  to  2  Gallons  of  the  i^^  j.Wine,  then  take  the 
firft  way  of  linking,  in  which  the  Quantity  cf  that  Whie  is  5  Gallons;  then, becaufe  i<^s. 
is  an  exait  Medium  to  12  and  18,  1  take  the  Difference  of  2  and  5,  which  is  3,   and  its 

'  '  half 
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half  I-!-  I  add  to  i  and  8  the  Quantities  againft  i2andi8,  the  Sums  are  2|  and  9^  : 
The  reft  of  the  Quantities  iiand  as  they  are 

But  if  the  Limitation  is  to  8  Gallons  of  the  15  J.  Wine,  which  exceeds  ^  by  5,  then, 
becaufe  i  i  is  greater  than  i  againft  12,  therefore  I  cannot  take  the  Method  prefciib'd, 
wich  this  Way  of  Linking,  but  with  the  fecond  Way  it  can  be  done.  And  if  it  could 
not  be  done  with  either  of  thefe  Linkings,  we  mufl  either  find  one  in  which  it  can  be 
done,  or  folve  the  Queftion  by  the  General  Rule  in  Article  (a^-)  Ohf.  II. 

V  Ohf.  From  the  Method  explain'd  in  the  preceding  Ohfervation,  it's  plain  how  we 
may,  in  fome  Circumftances,  limit  both  the  total  Quantity  and  fome  one  of  the  Simples, 
thus;  if  the  Simple  which  is  limited  is  an  exa£l  Medium  betwixt  other  two,  then  take 
any  one  Linking,  and  proportion  the  Quantities  to  the  Total  limited  j  then  apply  the  Me- 
thod of  the  laft  Ohfervation,  if  poffible. 

VI  Ohf.  In  Mixtures  one  Ingredient  may  be  fuch,  as  to  bear  no  Value  in  the  Mix- 
ture, but  only  to  encreafe  the  Quantity,  and  diminilh  the  Value  ;  Therefore  let  its  Rate 
be  reprefented  by  o,  as  Water  mix'd  with  Wine  ;  Brafs,  or  other  Alloy,  mix'd  with  Gold 
and  Silver. 

Exa.i.  If  8  Gal.  of  Wine  at  9  j.  /J^r  Gallon,  12  Gal.  at  8  j.  are  mix'd  together; 
How  much  Water  muft  be  added  to  make  the  Mixture  worth  only  6  s.  pt^r  Gallon  ? 
I  find  the  Mixture  Rate  of  the  8  Gal.  and  12  Gal.  then  I  take  20  Gal.  at  that  Rate  to  mix 
with  Water  whofe  Rate  is  o  :  Which  is  done  by  the  Method  of  Article  2d,  Olf.  II. 

Exa.i.  A  Goldfmith  would  mix  Gold,  18  Cara£ls  fine,  20  Carafts  fine,  24  Carafe, 
and  a  quantity  of  Alloy  to  make  the  Mixture  19  Carafts  fine  ;  How  much  may  be  taken  of 
each  }  Reprefent  the  Rate  of  the  Alloy  by  0,  and  proceed  as  in  Cafe  id. 

VII  Ohf.  Befides  the  mixture  of  Liquors,  or  any  other  kind  of  Things,  the  fame  Rules 
are  applicable  where  Perfons  are  the  Subjefts,  thui  : 

Exn.  I.  8  Men  being  boarded  at  the  rate  of  6/.  a  Quarter  for  every  Man,  6  Women 
at  5  /.  for  each  Woman,  and  4  Children  at  2 1.  for  each  Child  ;  How  much  does  each 
Perfon  pay  a  Quarter,  taking  them  at  an  equal  rate,  one  with  another  }  This  is  plainly 
a  Queflion  of  Cafe  i,  and  to  be  folv'd  after  that  manner. 

Exa.  2.  If  the  Quarter's  Board  for  a  Man  is  5  /,  for  a  Woman  4  /,  for  a  Child  ^  /, 
and  for  a  Servant  i  /.  how  many  Men,  Women,  Children,  and  Servants  may  be  taken  to 
board,  fo  as  their  Board,  at  an  equal  Rate,  may  come  to  3  / :  5  j.  for  each  Perfon  }  This 
is  a  plain  Queflion  ofCafe  id. 

I  add  the  following  QLieftions/i)r  a  ftirther  Exercife. 

Qu.  a^th.  There  is  a  Mixture  of  40  Gallons  of  Wine  worth  10  s.  a  Gallon,  part  of 
which  is  at  8  j,  part  at  9  j,  at  12  s,  and  14  j.  VVhat  IhaJl  be  added  to  it,  to  make  the 
Mixture  worth  only  i\  s  .'' 

To  folve  this  Queflion,  The  Simple  to  be  added  muft  be  of  fuch  a  Price  that  the  new 
Mixture  Price  lie  betwixt  it  and  the  former  ;  therefore,  if  there  is  not  fuch  a  Simple 
among  thefe  which  are  already  in  the  Mixture,  another  to  anfwer  the  Queflion  muft  be 
brought  in,  and  the  Solution  is  thus  made:  Take  the  40  Gallons  at  icj,  and  find  how 
much  of  any  Simple  of  greater  value  than  11  j.  (becaufe  this  is  greater  than  \os)  muft 
be  mix'd  with  thefe  40  Gallons  to  bear  11  s.  in  Mixture  :  Which  isdoue  by  the  Method' 
of  Article  2d,  Ohf.  II.  preceding. 
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Qje.  '^ih  A  Mixture  betiig  male  thus ;  14  //'.  weight  of  Sugar  at  7  d.  />.-'>•  lb,  lolb.  at 
5)  d,  and  50  Ih.  at  10  </.  How  much,  and  of  wliat  kind,  may  be  added,  that  in  every  li>. 
of  the  Mixture  there  be  6  02.  of  the  Sugar  at  10^,  without  changing  the  quantity  of 
the  other  kinds  in  every  lb  ?  and,  What  Rate  will  the  Mixture  bear  ? 
.  Firft,  find  how  much  of  the  10  d.  Sugar  is  in  i  lb.  of  the  Mixture,  as  it  ftands  already ; 
then  f !_)  if  that  is  more  than  6  0%.  (as  iji  this  cafe  'tis  8  oz.)  fubrracl  6  oz.  from  it,  and 
miilaply  the  difference  (2)  by  the  tf>tal  number  of /^'s  (60),  the  Prcducl:  is  12302;. 
No^v,  i/  we  co'jld  take  cut  120  o;^.  of  the  10  d.  Sugar,  and  iu  its  place  put  in  120  0^. 
of  any  other  kind  than  what  is  already  in  the  Mixture,  it's  plain  the  Condi/ions  of  the 
Queflion  would  be  anfwer'd  :  Therefore,  in  the  firft  place,  we  Ihall  add  1  20  oz.  of  fomc 
ether  kind,  as  if  as  much  of  the  10  d.  Sugar  were  aflually  taken  out  ;  but  becaufc  it  is 
rot  fi5,  we  muft  add  to  it  as  much  of  all  the  other  kinds  (including  that  new  kind  fup- 
ros'd  to  be  alrc.idy  added  )  as  Ihall  make  each  Ih  (of  this  fum)  have  as  much  )f  each  kind 
as  arc  in  each  lb  of  the  other  6olb  ;  wdiich  is  done  ihus  :  Find  how  many  times  6  0:^. 
are  contain'd  in  120,  [and  if  there  were  a  Remainder,  as  here  there  is  none,  I  add  that 
RemaindtT  of  the  10  c?.  Sugar  to  the  Mixture,  (/.  e.  to  the  120)  whereby  tliere  will  be 

00  Remainder,  and  the  Quote  wiil  be  i  more  than  it  was  with  the  Remainder]  this 
Quote  ihe\vs  how  many  lb.  are  to  be  added  to  tlie  given  total  Mixture  (60  lb.)  rliat  each 
may  have  6  o:{.  of  10  (f.  Sugar;  which  arc  to  be  made  up  ihus:  Firft,  there  is  tlie 
120  0^.  of  the  10  d.  Sugar  fuppos'd  at  iirft  to  be  taken  out  (  for  as  much  of  a  new  kind 
put  in)  and  now  as  'twere  put  back  again,  together  with  the  Remainder  laft  mention'd 
(where  there  is  any^  then  you  muft  find  how  much  of  each  of  the  other  Simples  [including 
that  new  kind  whereof  there  is  fuppos'd  to  be  already  added  120  0^.  for  as  much  of  io</. 
Sugar  fuppos'd  to  be  taken  out]  there  is  in  each  of  the  preceding  60  lb.  Thefe  Quan- 
tities muft  be  multiply 'd  by  the  Difference  of  60  lb.  and  the  new  total  Quantity  or  Mix- 
ture ;  the  Produfts  are  what  muft  be  taken  of  each  of  thefe  other  Simples  (  befides  the 
1 20  oz.  already  fuppos'd  to  be  added  of  the  new  kind)  and  thus  the  Conditions  of  the 
Queftion  are  anfwerd. 

For  the  Bntc^  of  this  New  Mixture,  it's  fr.tind  by  C^f'  i. 
But^  Secondly,  if  there  is  in  the  Mixture  Icfs  than  6  oz.  oi'iod.  Sugar  to  every  lb.  (as 
fuppofe  there  be  only  40Z.)  then  the  diffevence  is  2  0;^.  which  multiply'd  by  60,  makes 
120  oz.  or  7  lb  :8o^.  lake  double  of  this,  with  as  much  as  is  already  in  the  Mixture 
cfiCi/.  Sugar  ('j;;j.  go/^.)  ^^^  ^""'^  1545//'.  to  be  added  of  10^.  Sugar.  Then  1  con- 
fider  how  much  of  each  of  the  other  kinds  is  in  the  Mixture,  and  from  the  total  of  thefe 

1  take  1 20  cz.  (or  7/^:8  cz.)  in  any  manner,  i.  e,  all  out  of  one  kind,  if  poflible,  or 
part  of  one  and  part  of  another,  till  the  whole  is  fubtrafled,  marking  what  hereby  remains 
m  each  kind  ;  then  as  much  of  each  kind  as  thefe  Remainders  being  alfo  added  to  the 
Mixture,  will  !)ring  the  Total  (which  is  now  120  o:{.  more  than  double  of  what  it  was 
before)  to  fach  a  Mixture  as  Ihall  have  6  ez.  of  10 1:^.  Sugar  to  everyii^,  and  the  lime  quan- 
tities of  eacii  of  the  reft  as  were  at  firft  to  every  lb. 

Q_u.  6th.    There  is  a  Mixture  made  of  Wheat  6  s,  j  s,  and  8  s.  the  Bufhel ;  the  total 

Quantity  ia  worth  100/.  and  the  proportion  of  the  particular  Quantities  are  thus  ;  For 

every  2  Bulh.   of  6  s.  there  are  r^  of  75  ;    and  for  every  :}  of  6  i.  there  are  4  of  8  j. 

How  fnuch  of  each  kind  is  in  the  Mixture  ?  and,  What  is  the  Rate  of  the  Mixture  } 

Firft,  I  reduce  the  Proportions  of  the  Quantities  to  a  Series  of  three  Numbers,    thus: 

As  2  buili.  (of  6  s.)  to  3  bufh.  (of  6  s.)  fo  is  3  bulb,  (of  7  j.)  to  a  4th, 

6\      which  is  4^  bufti.  (of  7^.)  fo  that  for  every  3  buih.  oibs.  there  are 

9       / ;  of  7  J.  and  4  buih.  of  8  s.    And  multiplying  all  by  2,  to  make  'ein 

8l      Integers,  the  .proportional  Quantities  of  each  are   6.9.8.     Next  I 

find  the  Mixture  Price  from  thefe  Quantities ;  and  then,  by  that  Rate, 

Ifind 
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I  iiiiJ  how  much  the  lOO  /,  will  buy  ;  and  then  I  divide  that  Quantity  into  three  parts 
proportional  to  6 .  p .  8. 

Qii.  -]ih.  A  Mixture  is  to  be  made  of  Wine  at  iR  j.  f;;r  Gallon,  at  \6  s-  and  57  s. 
How  much  may   be  taken  of  each  to  make  48  Gallons  that  ihall  be  wortli  in  all 

28/:  16  s  } 

Find  what  i  Gallon  of  the  Mixture  is  worth,  vij^.  12  s.  then  find  what  Quantities 
may  be  taken  of  the  feveral  Simples,  to  make  a  Mixture  at  iij.  and  tlie  total 
48  Gallons. 

Ohftrve  :  By  this  Method  you  can  always  have  at  le.aft  one  Solution  to  all  Queftions  of 
this  kind  {viz.  wherein  the  Rate  of  each  Simple,  the  total  Mixture,  and  total  V  alue  are 
given )  provided  the  Queftion  is  poflible  ;  as  'tis  not  if  the  Mixture  Rare  found  be  not 
betwixt  the  higheft  and  lowed  of  the  Simples  :  and  provided  alio  that  the  Nature  of  the 
Sjbjeft  does  not  limit  the  Anfwcr  to  Integra!  Numbers,  as  when  the  Numbers  fought 
are  Animals,  (  fee  the  following  Example)  for  then,  tho'  the  Queftion  be  pollible,  and 
hath  feveral  Solutions,  yet  none  of  them  may  be  found  by  this  Method,  bccaufe  of  Fra- 
£lions  brought  by  it  into  the  Anfv.-ers:  And  this  Method  will  have  the  fame  Defed  in 
any  Subjeft,  if  we  hmit  tlie  Anfwer  to  Integers. 

For  Exmnpls  ;  Apply  the  Numbers  of  the  preceding  Qneflion  to  another  Subjeft,  rAa  j  .- 
48  Perfons,  Men,  Women,  and  Children,  pay  all  together  at  a  Feaft  28  /  :  16  j.  where- 
of every  Man  pays  18  f.  every  Woman  16  j  and  every  Child  9  s.  How  many  were  of 
each  ?  15y  the  preceding  Method  we  ihall  find  p  Men,  p  Women,  and  30  Children  ; 
which  fatibfic  tlie  Queflion  :  Tho"  it  has  alfo  another  Solution  (which  cannot  be  fjund 
by  this  Method)  viz.  2  Men,  18  Women,  and  28  Children. 

Ex  a.  2d.  15  Birds  coft  in  all  5  j.  whereof  there  were  Partridges  aty^/.  Quails  at  5  d. 
and  Larks  at  2  d.  How  many  were  of  each  ?  Ifwe  try  this  by  the  preceding  Rule,  we 
can  find  no  Anfwer,  becaufe  of  Fraftions ;  and  indeed  it  has  but  one  Solution  in  Integers- 
which  is  found  to  be  3  Partridges,  5  Quails,  and  7  Larks. 

Qa.  ^ih.  A  Mixture  was  made  of  10  Gal.  Wine,  4  Gal.  Brandy,  and  1 2  Gal.  Water. 
Out  of  the  whole  was  drawn  8  Gal.  and  as  much  Water  put  in  to  fill  it  up  :  Then  was- 
drawn  out  10  Gal.  after  which  was  put  in  6  Gal.  of  Wine  :  Again  tljcrc  was  drawn  out 
"5  Gal.  and  3  Gal.  of  Brandy  put  in.  How  much  Wine,  Brandy,  and  Water  is  at  laft  in 
the  Mixture  ? 

Find  how  much  of  each  Species  is  in  the  8  Gallons  firft  drawn  out,  by  which  you'll 
know  what  semains  of  each  :  To  which  is  added  a  Gallon  of  Water;  then  find  how 
much  of  each  is  contain'd  in  the  10  Gall,  next  drawn  out,  whereby  you  11  know  what  re- 
mains of  each  :  To  which  is  added  6  Gall.  Wine  ;  then  find  how  much  of  each  is  in 
the  5  Gall,  drawn  out,  and  you'll  know  how  much  remains  of  each  j  to  which  3  Gall,  of 
Brandy  is  to  be  added. 


CHAP. 


574  Book  VI. 


C  H  A  P.     IX. 

Of  Exchange. 

TH  E  RedtiSlioK  of  different  Coins,  or  any  Denominations  of  Money  Cwhether 
they  have  Re;il  Coins  anfwering  to  them,  or  not )  from  one  to  another,  i.  e, 
finding  liow  many  of  one  Species  or  Denomination  are  equal  in  Value  to  a  given 
Number  of  another ;  with  other  Queflions  relating  to  the  fame  Subjed  ,  is  what  I  here 
call  Exchange. 

Olferve  I.  If  the  Queflion  is  about  the  Redu£lion  of  fuch  Species  as  are  aliquot  Parts 
one  of  another,  as  Pounds,  Shillings,  and  Pence,  the  Work  is  only  iim^\t  Multiplica- 
tion or  Dh'iJioK  ;  as  has  been  ihewn  in  Book  i,  Ch.  7,  §4^53  but,  in  all  other  Cafes, 
there  is  a  variety  of  Applications  of  the  Rule  of  Three, 

II.  To  reduce  any  number  of  one  Species  to  another,  there  muft  always  be  known  the 
Proportion  betwixt  the  two  Species,  either  immediately,  or  by  the  immediate  Proportions 
betwixt  each  of  them  and  one  or  more  other  Species. 

in.  When  we  know  any  two  Numbers  of  different  Species  that  are  of  equal  Value, 
tTlefe  two  Numbers  exprefs  the  Proportions,  or  Rate  oi  Exchange,  of  thefe  Species,  whe-  ■ 
ther  they  belong  both  to  one  Country,  or  to  different  Countries,  [  as,  if  we  fuppofe 
3  Guineas  of  Britni?2  equal  to  :;  / :  3  i.  or  5  j.  Sterling  equal  to  3  Guilders  Amjierdam.'] 
But,  in  Common  Acceptation,  when  we  {pezk  oi  Exchange,  it's  underftood  of  the  Spe- 
cies of  different  Ccnntries  ;  and  the  Rate  of  Exch^^nge  is  exprefs 'd  by  fo  much  of  the 
one  Place  equal  to  an  JJiiit  of  a  certain  Species  of  another  :  So,  if  5  s.  Sterling  are 
equal  to  3  Guild.  Awjierdmn,  tho'  this  does  really  exprefs  the  Proportion,  yet  more  com- 
monly we  fay,  The  t{ate  of  Exchange  is  at  i  /.Sterl.  to  12  Guild,  (found  by  the  given 
Proportion ;  thus,  if  5  f.  give  3  Guild,  in  what  20  s.)  or  as  iGu.tQis:8d.  Ster- 
ling. 

IV.  The  Values  of  the  Coins  and  Monies  of  different  Countries ;  in  what  Specie's 
Denominations  they  exchange  with  one  another,  with  the  Limits  of  the  Common  Rotes 
of  Exchange,  (for  they  vary  often  )  are  Matters  of  Faft  which  belong  to  another  pro- 
vince :  My  Bufinefs  here  is,  to  teach  the  Calculation,  or  Ihew  how  the  Rules  oiAaiih' 
metick  are  apply  "d  to  this  Ufeful  Subjetl :  And,  to  do  this  to  the  beft  advantage,  I  Ihall 
give  more  fuitable  Numbers  of  Queflions,  and  diflinguilh  them  under  fuch  Heads  as 
comprehend  Things  of  rooft  ordinary  Occurrence  ;  and  then  add  a  few  other  Queflions, 
that  are  lefs  common,  that  from  the  Whole  yon  may  be  Mafler  of  what  can  happeji  upon 
this  Subject,  that  depends  upon  Commm  ArUhmetick. 

§1. 
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§  I.  Qu  E  s  T I  o  N  s  reUtirigfmfly  to  the  Par  <?/ Exchange,  or  fin  d- 
ifig  the  Numher  of  one  Species  equal  to  a  Given  NtirnheY  of 
a'riother\  the  Proportion  being  given  diretlly^  or  hy  the  media' 
tion  of  other  Species. 

Ci^)  If  the  Proportion  is  given  betwixt  two  Species  direaly,  the  Solution 
is  by  one  Operation  of  the  Rule  of  Three. 

Que  ft.  I.  A  Merchant  at  Amfierdam  paid  150  Guilders  for  i::;/:  115  j.  Sterling,  re- 
ceiv'd  by  his  Correfpnndent  at  Z,o«i/o'/ ;  What  \%x\\t  Rate  of  E^ichnvge  ?  or,  What  is 
I  Guilder  valued  at  in  EnglilTi  Money  ?  Say,  If  I'^o  Guild,  give  13/:  1=;^.  what  will 
I  Guilder  ?  Av^w.  22  d.  Or,  if  it's  aflcd  what  1  /.  Sterling  is  valued  at  in  Dutch 
Money,  fay,  If  13  /  :  15  i.  give  150  Guild,    what  1  /  ? 

Qu.  2d.  A  Mercliant  at  Loudon  receiv'd  1 00  /.  Sterling,  for  the  value  paid  by  his  Cor- 
refpondent  at  Pnrh  at  the  rate  diii^  s  :  6  d.  Sterl.  fer  Crown  ;  How  many  Cro\Vii<;  ivcre 
paid  at  Paris  ?     Say,  If  3  j  :  6  «?.  give  1  Cr.    what  400  /  ? 

(2°)  When  the  Proportion  is  given  between  each  of  the  two  Species  in 
queflion,  and  a  third  Species,  the  Solution  is  by  two  Operations 
of  the  B^le  of  Three. 

Qu,  ^d.  If  I  would  exchange  20c  Ducats,  worth  js,  a.  piece,  for  Dollars  at  4^:8^. 
a  piece,  how  many  Dollars  ought  I  to  have  ?  Say,  If  i  Ducat  give  jj .  what  200  ? 
Anfw.    1400  s.     Then,  if  4  j  :  8^.  give  i  Dollar,  how  many  will  14CO  s  ? 

Or  thus  :  If  4  J  :  8  ^.  give  i  Dol.  how  many  will  7  j  ?  Affw.  i ;-  ;  fo  that  i  Ducat  is 
worth  1 1  Doll.     Then  fay,  I£  i  Due.  give  i4-  Dol.  how  many  will  200  give  ? 

Obfrve  :  Had  it  only  been  requir'd  to  find  the  dire£t  Proportion  betwixt  Crowns  and 
Dollars,  then  fay,  If  7  j.  give  i  Ducat,  how  many  will  4^:8'^.^  Anjw.  i  of  a  Ducat. 
Or  fay,  If  4  ^  :  8  «/.  give  i  Dol.  how  many  will  7  j  ?     Anfw.  il.  Doll. 

Qu.  i[tb.     Exchange  from  Zo;7</o«  to  ^w_/?tT^rtW  being  at  I /.  Sterling  for   34J.  Flcm.^ 
and  from  Amfierdam  to  Paris  at  5  s.  Fleniilh  for  i  Crown,  what  is  the   Exchahge  be- 
twixt l.ondo7i  and  Paris,   according  to  that  Courfe  ?     Anf-uj. 
Lond.     Amft.       Par.  6i  Crowns  for  1  /.  Sterling,  or  zs  :  11  ,\  d.  for    i    Crown  j 

found  thus  :    If  ^  j.  give  1  Cr.  what   ^4  i  ?     It  is  6y  Cro. 

I/.         54  J.  which  is  the  Value  of  I /.  becaufe   54  j.  is  equal  to  i /.     Or 

5  i.=  1  Cr.         %,  If  34  s.  give  i  /.  what  5^?     Iti32i:i  i-i_  d, 

Olferve  :  If  'tis  demanded  to  find  the  Value  of  500  Cr.  in  Fnglilh  Money,  according 
to  that  Courfe  of  Exchange  ;  tlien,  having  found  the  Rate  of  Exchange,  fay,  If  i  Cro. 
give  2  i.  1 17  5  ^.  what  500  Crowns  ?     or,  If  0^  Cr.  give  i  /.    what  tjoc  Crowns  ? 

If  a  Sum  Englilh  (as  100  /.)  is  given  to  find  its  Value  in  Crowns,  'tis  only  Hating  tlie 
Terms  otherwife,  according  to  the  Rule  of  Three,  thus;  If  i/.  give  6j  Cr.  how  many 
will    100  /.give  ? 

Cs")  When  the  Proportion  is  given  betwixt  one  Specie  and  another,  be- 
twixt this  other  and  a  third,  betwixt  this  thinl  and  a  fourth,  and 
fb  on  as  far  as  you  pleafc,  to  find  the  Exchange  betwixt  the  firil 
and  laft  Species  ;  the  Solution  is  by  one  fewer  Operations  cf  the 
Rule  of  Three  than  there  arc  different  Species,  in  the  maimer  cf" 
the  following  Queftion. 
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Qu.-^tb.  Exchange  betwixt  LoJtdon  c.nd.  Am  ft  erd am  htm^  at  i /.  Sterling  for  g  8  j. 
Fle'miih  :  betwixt  Amfterdcrm  and  Frankfort  at  o  J.  Flemilh  for  65  Cruitzers  ;  betwixt 
/■V.ivA/orf  and/^/;m  ac^o  Cruitzersfor  1  Crown;  what  is  the  Exchange,  according  to 
that  Courfe,  betwixt  London  and  Paris  ?     Mfw.    i  /.  for  yi.^.  Crowns ;  found  thus : 

Set  down  the  Given  Terms  as  in  the  Mar- 
lo'id.         Ai/ifl.         Frank/.       Fares  gin,  and  work  from  the  left  Hand  to  the 

right,  ihiis;  fay,  l{ 6 s.  give  66 Cm.   what' 

l/.    =    ;8j.  will  ijSi' .•?  The  Anfwer  is  418  Criiit.  which 

6  s.     =  66Cru.  is  fet  under  Frfl^*/.     Then  fiy,  If  54  Cru. 

54Ctu.  —  iL-r.  g-^g  J  Crown,  what  418  Cru.  ?     The  An- 

-- — — — :o  ,     _—  4.iSCru.=7iiCr  ^''^^'^  ^^  '^^  ^'^"  ^^'^^"^^   ^^   ^'^^   """^^"^  Faris. 

^      •  '^  '        '  7     r.         _^,|j  j.]^||j  j[^g  Exchange  betwixt  London  and* 

f^r/j  is  found  to  be  at  i  /.for  7,  °-  CtDwns. 

Ol'ferve,  (1°)  However  many  different  Places  are  propcs'd,  you  go  thro'  them  all  in 
the  fame  manner. 

(2")  The  undermoft  Line  fhews  not  only  the  Exchange  betwixt  the  firft  and  laJl 
Places,  but  alfo  betwixt  any  two  of  them  ;  the  Quantities  in  that  Liiie  being  evidently  all 
equal  in  Value,  from  the  Nature  of  the  Operation. 

(3°)  If  there  are  two  different  given  Species  fjr  one  Place,  they  mufl  be  reduced  to 
one  Species  :  So,  if  the  Exchange  betwixt  Amfterdam  zni  Fra^ikfort  were  exprefs'd  by 
go  Stivers  for  66  Cruitzers,  then  we  muft  firii  reduce  the  g8  .J.  to  Stivers,  or  the  g6  Sti- 
vers to  Shillings,  by  the  known  relation  of  Stivers  and  Shillings  ;  which  is  6  Stivers  to 
I  Shilhng.  Or,  if  it  were  go  Stivers  for  1  Florin,  then  you  mult  alfo  reduce  the  i  Florin 
to  Cruitzers,  or  the  54  Cruitzers  to  Florins.  And  if  this  Reduftion  cannot  be  done,  i.  e. 
if  the  relation  of  thefe  Species  is  not  known,  theQaeHion  cannot  be  folv'd. 

(4°)  If  there's  another  Given  Quantity  of  the  firft  andlafl  Place,  to  find  a  Quantityof 
equal  Value  in  the  other,  it's  a  plain  Application  of  the  Rule  of  Three,  from  the  Raie  of 
Exchange  found  (as  was  obferv'd  upon  the  preceding  Quellion). 

So7ne  ContraBions  of  the  -preceding  Rule  ex'^lain'd. 

(5°)  All  thefe  Operations  of  the  Rule  of  Theee  may  be  reduced  to  one  Divifion,  ihris ; 
Multiply  the  Confequents  of  all  the  Froportions  [?.  e,  the  Numbers  upon  the  right  hand, 
or  the  firft  Number  under  every  Place]  continually  into  one  another  ;  alfo  all  the  Afitece- 
denis  except  the  firft,  [7.  e.  the  Numbers  upon  the  left  hand,  or  fecond  Number  under 
every  Plice  ]  make  the  firft  Produ£t  Dividend,  and  the  fecond  Divifor,  and  the  (^aote  is 
the  Number  fought  of  the  Species  of  the  laft  Place,  equal  to  the  Number  under  the  firft 
Place  ;  thus,  in  the  preceding  Example,  gS  multiply'd  by  66,  produces  2508,  (the  num- 
ber of  Crowns  being  i,  does  not  multiply)  then  54  by  6,  produces  324;  and  2508  divi- 
ded by  324,  FO^iucesyi.^. 

The  Reafofi  of  this  will  be  manifeft,  by  confidering  how  the  feveral  Operations  of  the 
Rule  of  Three  are  made  j  for  the  Anfwer  of  the  firft  Operation  is  the  Quote  of  38  mul- 
tiply'd by  66,  and  the  Produ£t  divided  by  6;  which  we  may  exprefs  thus,  - — ;  then 

for  the  fecond  Operation  it  is,  the  laft  Anfwer  multiply'd  by  1,    ( which   is  flill  only 

SL.^>L£^^  and  the  Produa  divided  by  ^4,  which  is  i--^ ;    according  to  the    Di- 

6        /  "  A  54 

reaion  now  given  :    And  how  many  Places  foever  there  be,  the  Reafon  is  manifefily  the 

fame.  .    . 

Again; 
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/igain  ;  If  any  Divifor  and  Dividend  can  be  divided  by  any  Number  withost  a  Re^ 
mainder,  then  if  we  take  the  two  Quotes,  and  divide  the  one  of  them  by  the  other,  there 
will  arife  the  fame  Quote  as  from  the  given  Dividend  and  Divifor ;  therefore  this 
Work  may  be  much  contracted,  f/7Kj ;  If  among  the  Numbers  that  produce  the  Divifor 
there  are  any  the  fame  with  what  are  among  thofe  that  produce  the  Dividend ,  caft 
them  out  of  both  (/.  e.  do  not  ufe  them  in  the  Multiplication) :  And  if  any  two  Num- 
bers, one  belonging  to  the  Divifor,  and  one  to  the  Dividend,  can  each  be  divided  with- 
out a  Remainder  by  any  the  fame  Number  ;  Take  thefe  Qiiotes  in  place  of  thofe  given 
Numbers,  in  forming  your  Divifor  and  Dividend.  So,  fuppofe  in  the  preceding  Exam- 
ple it  were  i  /.  Englilh  for  154  j.  Flemilli,  then  this  54  (which  belongs  to  the  Numbers 
that  form  the  Dividend)  and  the  54  Cruitzers  (which  belong  to  the  Numbers  that  form 
the  Divifor )  may  both  be  caft  out.  And,  as  the  Qiieftion  is  already  put,  tho'  there  is 
no  Number  the  fame,  yet  for  6  and  66  we  may  take  i  and  11,  the  Quotes  of  6  and  66 
divided  by  6  ;  alfo  for  58  and  54  we  may  take  ip,  27,  the  halfs  of  the  former,  and  fo 
the  Dividend  isipy,ii  =  20?,    the  Divifor  is  27,  and  the  Quote  7i.^. 

§  II.  Qu  E  s  T  I  o  N  s  wherein  Gain  a?id  Lofs,  and  the  oAJlowances 
to  Faftors,  are  confiderd. 

Q«,  6th-  A  oiLofidon  draws  upon  B  0^  Amjierdam  500  Guilders  at  22  d.fer  Guild, 
for  which  £  redraws  upon  ^  at  2\  d.  -per  Guilder,  with  Provision  at  \fer  Cent,  and 
10  Guilders  of  Brokerage  ;  How  much  will  A  pay  ?  and,  Whether  has  he  gain'dor  loft? 
Anf.  He  pays  \io\%\d.  and  lofes  18*;  found  thus  ;  As  1  Guil.  to  22d.  fo  is  500  Guil. 
to  iioooi/. receiv'dbyy^  for  the  Draught;  then,  as  100  to  {.,  fo  500  to  2i.,  the  Provi- 
fion  due  to  B  ;  which,  with  10  Guild.  Brokerage,  added  to  500,  makes  5i2'j5  for  which 
he  draws  on  A  ;  therefore  fay,  As  i  Guild,  to  2ii  d.  fo  512^  to  11018^  d.  which  A  pays 
for  the  redraught ;  fo  that  he  lofes  i8|  d. 

Olferve,  (1°)  If  y4. had  remitted  to  B,  with  Orders  to  remit  the  Value  back  again; 
then  having  found  what  B  receives  by  /i's  Remittance,  from  that  fubtraft  B's  Provifion 
and  Brokerage,  the  Remainder  is  what  he  remits  to  A  ;  whofe  Value  being  found,  the 
comparifon  of  that  and  what  A  paid  for  the  Remittance  lliews  what  he  gains  or  lofes. 

(2*")  If  ^  draws  upon  B,  and  afterwards  remits  the  Value  to  him,  he  muft  add  the 
Provifion  due  to  B,  to  the  Sum  which  B  paid,  and  remit  the  Total. 

(  3°)  If  B  by  A's  Order  draw  upon  him,  and  afterwards  remits  him  the  Value,  then 
£  deduifls  his  Provifion  and  double  Brokerage  from  what  he  teceiv'd  by  the  Draught,  and 
remits  the  Remainder. 

(4®)  In  all  the  Cafes  where  A  draws  or  remits,  you  muft  alfo  confider  what  Brokerage 
it  may  have  coft  him,  in  order  to  know  his  Gain  or  Lofs. 

Q«.  Jtb.  If  Exchange  from  London  to  Amfterdam  is  at  i  j  ;  \od.  for  i  Guilder,  and 
to  Paris  at  3  j :  8  </.  for  i  Crown  ;  alfo  from  Amfterdam  to  Paris  at  40  Stivers  for 
I  Crown  ;  whether  is  it  moft  profitable  that  London  remit  direaly  to  Paris,  or  by  way 
of  Amfterdam  [i.  e.  remit  to  Amfterdam,  to  be  remitted  from  that  to  Paris']  >  Find 
what  I  /.  Sterling  is  worth  at  Paris,  according  to  the  Courfe  with  Amfterdam  (  by  Que- 
■ftion4th)  zndiMozzcotding  to  tht  Exchange  direflly  with'  Paris;  the  Comparifon  of 
thefe  Values  of  1  /.  gives  the  Anfwcc 
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Obftrve,  r,  what  Allowance  is  due  to  the  Faflor  at  Amflerdam  is  tc  be  deduced  from  the 
Money  he  receives  ( i.  e.  the  value  of  1 /.  Sterling  in  Guilders)  and  the  Remainder  is 
ivhac  lie  remits  to  Paris. 

2.  If  there  are  more  than  3  Places  in  the  Queftion,  and  the  Exchange  is  given  betwixt 
one  and  another  in  a  feries,  as  in  Qtufi.  •^th,  and  alfo  betwixt  thefirrt  andlallj  to  find 
xvhich  is  mon  profitable,  to  Rerai:  from  the  firft  to  the  kft  Place  diteftly,  or  thro"  all 
thcfc  Places ;  then  you  muft  find  what  is  the  Exchange  betwixt  the  firft  and  laft  Place  ac- 
.cordiii"  to  the  Courfcs  thro'  all  die  other  Places,  and  compare  tlmt  with  the  given  Ex- 
change betwixt  the  firft  and  laft  Place. 

Q«.  ^th.  hyicrc\iint^t  London  remits  to  Artifterdnm,  at  the  rate  of  18  £^.  Sterling 
/"t'r  Guilder :  His  Correfpondent  at  ^;?;_/?tT^j;/i  remits  the  fame  by  Order  to  £o?Wc'^«.v^ 
at  3  Guilders  ^t')' Crown,  rebating  -j  per  Cent,  for  his  Provifion  :  How  much  will  be 
recciv'd  at  Bourdcmts  for  10/.  Sterling  paid  at  London  .<°  An\w.  44-L  Crowns,  tJms , 
As  18  d.  to  1  Guilder,  fo  is  i  o /.  to  i  ^3f  Guilders  :  Then,  as  i oo  to  \ ,  fo  is  1 3 3  J  to  \-, 
the  Provifion;  which  taken  from  133^,  there  remain  I'^il.  Then,  as  3  Guild,  to 
1  Crown  fois  132^  to  44^.  T   'X/- 

Again  ;  Suppofe  'twere  afk'd  what  was  paid'' at  Loudon  when  500  Crowns  were  re- 
ceiv  d  at  Paris  ?  To  find  this  fay,  As  i  Cro.  to  3  Guild,  fo  500  Cro.  to  1500  Guild. 
xvhich  were  paid  at  Awflerdam  for  the  Remittance  to  Paris :  I'hen,  .f  from  ico,  there 
remain  <)9\  ;  and  as  99"  to  ico,  fo  is  1500  to  15055??,  rhe  Guilders  receiv'd  at.  Am- 
■  fterdnmh^  the  Remittance  from  Zo'/fs'o;/.  Laftly,  As  i  Guild,  to  18^.  fo  is  1505 --l^ 
Guild,  to  210904-— d.  die  Engl,  Money  fought.  Or  thus,  As  c,<)\  to  100,  fo  is  50c  Cr.  to 
501, 'i  J,  the  Crowns  diat  would  have  been  got  it  Paris  had  no  Allowance  been  deduced 

at  Ainfterdnm  :  Therefore  fay,  As  i  Cro.  to  3  Guild,  fo  501  !fi-  to  1505^15,  rhe  Guild. 

receiv  d  at  Awfterdmu.     By  which  find  the  Englilh  Money ;  as  before. 

Again,  let  us  fuppofe  the  French  and  Englilh  Money  are  both  known,  as,  430  Cro. 

and  100  /,  Sterling  ;  I'o  find  the  Allowance ;>t'r  Cent,  which  the  FaSor  3t  Amfierd.im  has; 

fiy.  As  18  ^.  to   I  Guild,  fo  iCO/.  to  13337  Guild,  which  was  receiv'd  at  Amjierdam. 

Th'en  find  how  many  Cro\vns  this  is  worth  at  3  Guild,  -per  Crown  ;    if  tlie  number  were 

4-10,  then  there  was  no  Allowance  deduced  at  Amjierdam,  but  it  13444^  ;  from  which 

tale  430,  the  Remainder  is  14J  :  Then  fay,  As  444?-  to  14^,  fo  is  100  to  the  Allowance 

upon  100. 

Qii.  gth.  Suppofe  all  as  in  the  preceding  Queftion,  with  this  further,  That  the  Mtr- 
chant  at  London  draws  upon  Bourdeaux  for  the  Crowns  receiv'd  there  at  50  d.  per  Crown, 
paying  5  s.  Brokerage  ;  allowing  alfo  I  per  Cent,  to  his  Correfpondent  at  Pnris  ;  What 
does  he  gain  or  lofe  by  this  Negotiation  ?  Anfw.  He  lofes  1  /  :  i  j  :  4  _',  ^.  \vhich  is 
difcover'd  thus  ;  As  lOO  to  ^,  fo  is  44,%  Crowns  (  recciv'd  at  Paris)  to  f  (/-,  the  Al- 
lowance;  which  taken  from  44/^5- ,  leaves  44,  ;H;  which  being  drawn  upon  Pans  at 
Kod.perCtomr,  there  is  receiv'd  at  London  for  it  2203;°^.  or  51/:  3j:7'iy«;  "'^m 
which  fubtraa  the  Brokerage  5  s.  the  Remainder  is  8/ :  i8i  :  y'l'^-  which  the  Merchant 
at  London  had  clear  for  the  Draught  upon  Paris :  But  he  paid  10  /.  for  the  Remittance ; 
therefore  he  has  M  i  /  :  01  5 :  ^J^d. 

OHerve:  If  the  Correfpondent  Tit  Bourdeaux  remits  the  Value  in  his  hands  to^o*" 
don,  then,  from  the  Sum  receiv'd  by  the  Remittance  from  Amfterdm^  he  deduces  his  Prot 
vilion  and  Brokerage,  and  remits  the  Remainder  to  London. 

Qu,  loib. 
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Qu.  loth.  A  Rlx-dollar  is  worth  at  /mfterJam  50  Sols,  and  at  Coniv^slerg  00  Gros  ; 
the  Exchange  betwixt  Coniagsba-g  and  Amfterdarn  is  at  230  Gros  For  6  1-  loriiis  (equal  to 
120  Sols)  ;  whether  is  it  molt  profitable  that  Amfterdarn  remit  to  Conivgiherg  in  Specie, 
or  by  Exchange  ?  Anpwcr.  'lis  Left  to  remit  by  Exchange  :  Which  is  difcovei'J 
thus  ;  As  50  J.  to  93  Gro?,  fo  1205.  to  216  Gros,  which  muft  be  remitted  in 
Specie,  (/'.  e.  its  Value  in  Rix-dollars)  but  by  the  Exchange  there  will  be  230  Gros  fot 
120  J.  therefore 'tis  beft  to  remit  by  Exchange;  the  Diftcrence  is,  14  Gros  will  be  had 
more  for  every  6  Florins. 

Ohfi'Tve  :  Vi  Amfta-dnm  vHoKTCAttQCotiingsberg  lOOD  Gros,  and  you  would  know 
which  to  chufe,  and  what  is  fav'd  upon  the  whole;  find  what  lOOO  Gros  will  coft,  both  in 
Specie  and  by  Exchange,  and  then  you'll  have  the  Difference,  ibtis;  As  po  Gros  to  50  s. 
fo  1000  to  55'^  ■».  which  muft  be  paid  in  Specie.  Agtibi;  As  230  Gros  to  120  J.  fo 
1000  GrOS  to  521^1  s.  to  be  paid  by  Excliangc, 

<?K.  wth.  Amfterdarn  draws  apon  Rouan  400  Crowns  at  87  d.  Flemifh  fer  Crown, 
for  which  Rovnn  redraws  upon  Amfterdarn  at  po  d.  with  \  fer  Cent,  for  Provifion  ;  what 
has  Amfterdarn  gain'd  or  loft  ?  Say,  As  i  Crown  to  87  d.  fo  400  Crowns  to  34800  d. 
receiv'd  by  Draught.  Agaifz,  adding  2  for  Provifion  to  400  Crowns,  fay,  As  1  Crown 
to  po  d.  fo  402  to  36180  paid  for  the  Redtaught ;  fo  that  Amfterdatn  has  loft  i58ofif. 

•••Qa.  nib.  Amfterdarn  remits  to  Paris  1000  Crowns  at  78  d.  perCrown,  paying  for 
Brokerage  "^40  d.  which  faris  remits  to  Amfterdarn  at  80  d.  per  Crown,  rebating 
:^  per  Cent,  for  Provifion  ;  What  is  gain'd  or  loft  ?  Say,  As  i  Crown  to  jBd.  fo  1000 
Crowns  to  78000  ;  to  which  add  540,  the  Sum  is  78540  d.  given  out.  Again,  fubtraft 
5,  the  Provilion,  from  1000  Crowns,  remains  pp5  ;  then,  As  i  Crown  to  80  rf.  fo  pp<  to 
7p6oo  d.  receiv'd  :  So  there  is  gain'd  1 060  d, 

Qu.  i^th.  If  Exchange  betwixt  Midlehurg  and  London  is  at  3 "5  Sols  for  i  /.  Sterling, 
alfo  betwixt  Midlehurg  and  Amfterdarn  at  i  a.  per  Ce fit.  of  Advance  for  AiidJehurg^  (i.  e! 
101;  s.  M  Amfterdarn,  wotth  100  s.  ^l  Midlehurg)  at  what  Rate  ought  Amfterdarn  to 
remit  to  London,  to  receive  the  Return  by  Midlebnrg  at  the  'forefaid  Courfe,  and  gain 
•^  per  Cent.  ?  Find  the  Courfe  betwixt  London  ^vA  Amfterdarn,  after  the  manner  of 
Queftion  a^ih,  it  is  i  /.  for  35^- j.  Then,  to  remit  to  London  with  <,  per  Cent.  Gain,  he 
muft  pay  lefs  than  the  Courfe,  in  proportion  as  100  is  lefs  than  105  ;  therefore  fay.  As  105 
to  100,  fo  35  J  ■  to  33?,- J ,  which  is  the  Rate  at  which  he  ought  to  remit  to  London.  Or. 
you  may  find  this  Anfwer  at  once,  thus  ;  As  105  to  loii. ,  fo  35  to  334r ;  the  Reafon 
of  which  you'll  find  eafily, by  comparing  the  two  former  Proportions,  vi^.  100  :  I01~: ; 
—  35  :  35^^  ai'l  ^^"i  ■  100  :  :  35,'-'  :  33tT  5  ^^here  the  two  middle  Terms  of  the  one 
being  the  two  Extremes  of  the  other,  and  the  Produfls  of  Extremes  and  Means  being 
•equal  from  the  nature  of  Proportion,   it  follows  that  tqi-  X  3?  =  10?  X  Jsi-J.  - 
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^  ni.     Q_u  E  s  T I  o  N  s  relating  to  what  is  caJPd  The  Arbitration 

of  Exchange. 

Qii.  l^th.     A  of  RocheT.  orders  £  oi  Amfterdam  to  draw  upon  him  at  97 1-  Sols  for 

1  Crown,  and  to  remit  the  fame  to  Hamburg  at  54  Sols  for 

Rsch.    Amfl.     Hamb.     1  Dollar.    B  cannot  draw,  but  at  97  Sols  for  i  Crown  ;  How 

Q  ggjj  ought  he  to  remit  to  follow  his  Order  ?    Anfw.    At  3342.  Sols 

,'  _        ,'        £Jq]]^     for  1  Dollar :    Found  thus;  As  97^  to  97,  fo  34  to  33^1  , 

■,^'*  _.     J    '    for  the  Courfe  being  below  the  Order  in  the  Draught  to  Rochd, 

• ?— .     it  ought  to  be  fo  proportionally  in  the  Remittance  to  Hamh7irg. 

^     =  P7  Or,  the  Reafon  of  the  Work  may  be  conceiv'd  ihus  ;   If  tor 

1  Cro.  which  A  pays  at  Rpchel  he  gets  only  97  Sols  at  Amfier- 
dam  by  the  Courfe,  infiead  of  97^-  which  was  his  Order,  then  for  i  Dollar  he  receives 
at  Hnmhurg  he  ought  to  pay  proportionally  fewer  Sols  than  34,  which  was  his  Order. 

Qu.  l<)th.  A  <ii  Amfterdam  orders  B  of  Paris  to  draw  upon  him  at  99-j-  Den.  for 
I  Crown,  and  to  remit  the  fame  to  London  at  ^9\d.  Sterling 
for  I  Crown.  £can  remit  at  e^c^d.  for  i  Crown  ;  How  ought 
he  to  draw  to  follow  his  Order  ?  Anfiu.  At  loi  Den.  for 
I  Cro.  Found  thus  ;  As  494  to  50^,  io  is  gy^  to  loi  ;  for 
A  receiving  more  than  his  Order  at  London,  for  i  Crown  paid 
I  =  ^0-7  at  Paris,  he  ought  to  pay  proportionally  more  than  his  Order  ac 
Amjierdam,  for  i  Crown  receiv'd  at  Paris. 

Qu,  \6ih.  A  of  Coningsierg  orders  B  0^ Amflerdnm  to  remit  to  Rouan  at  lo^f  </, 
FJemilh  for  i  Crown,  and  to  draw  the  fame  on  him  at  225  Grofs 
for  1  /.  Flemilh,  B  cannot  draw  under  230  Grofs ;  How  ought 
he  to  remit  to  follow  his  Order?  An^-w.  At  \q\\  d.  Flem. 
for  I  Cro.  Found  thus  :  As  230  to  225,  fo  is  10:57  to  loi-^:. 
For  if  y^  pays  atCowwgi^er^  more  Gros  than  Order  (for  i/. 

receiv'd  at  Amsterdam)  he  ought  to  receive  proportionally  more 

230  =    1  /.  Crowns  than  Order  at  Rouan  ( for  1037  ^-  P^i*^  ^t  Amjierdam) 

or,  which  is  the  fame  thing,  he  ought  to  pay  proportionally 
lefs  than  Order  at  Amfterdam,  for  i  Crown  receiv'd  at  Rouan. 

€iu.\jtb.    Aof  Cohgn  orders  B  oi  Amfierdofn  to  remit  to  DaKtzick  at  i /.  Flemilh 

for  230  Gros,  and  to  draw  upon  him  at  100  for  102-j-  to  be 

Col.      Amft.      Dant.        paid  at  Cologn  ;  but  B  remits  at  i  /.  for  228  Gros,  and  draws 

at  1 00  for  102 ;  Has  he  follow'dhis  Order  ?  and,  if  not,  is  A 

, ^  '•    =  230  gr.     Qaiuer  or  Lofer  ?     Anfw.    He  has  not  foljow'd  his  Order, 

I02v  — 100 gj^j  J  ^3  Lofer :  Which  is  difcover'd  thus  ;  As  230  Grofs  to 

1/,=  228  gr.     228,  fo  is  102-1- to  101^^,  which  is  the  Number  to  be 
102  =    100  paid  at  Cologn  (or  100  receiv'd  at  Amjierdam,  to  make  the 

Courfe  and  Order  proportional  in  Drawing  and  Remitting  ;  for  if  A  gets  lefs  than  Order 
at  Dantzick,  he  ought  to  pay  lefs  than  Order  at  Cohg'z,  but  by  the  Courfe  Jhe  pays  102, 
thetefoj;e  is  a  Lofer. 
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Qu.  iStb.    A  di.  Amfterdam  orders  E  c^ London  to  draw  upon  Rounn  at  35  <P.  Sterling 

fer  Crown,  and  to  remit  the  liime  to  him  at  1  /.  Sterling  For 

Amfi.        Laid.     Rou.       5  5  Sols.    But  B  draws  at  34-7  d.  fer  Crown,  and  remits  the 

^       lame  at  i  /.  for  36-5-  Sols :  Has  he  follow'd  the  Order  ?  and, 

3*5  y* —  ^  ^^*    if  not,  is  ^  Gainer  or  Lofer  ?    Anpw.    He  has  not  fellow 'd 

oSSols  —  "i-l-  his  Order,  andyi  is  Gainer:  Which  is  difcover'd  ihus\  As 

24- <^.  =  I  Cr.     36f  Sols  to  35,  fo  is  -y^  d.  to  33  l-f ,  the  Number  to  be  re- 

5^-j    rrr     i  /.  ceiv'd  at  London  for   i  Crown  paid  at  Rouan,   to  make  the 

Courfe  and  Order  proportional  in  Drawing  and  Remitting  ; 
for  it's  plain,  that  if  ^  receives  at  Amjierdam  more  Sols  than  Order,  for   i /.  paid  at 
London,  he  ought  to  pay  at  Rouan  proportionally  more  Crowns  than  Order  (  for  35  d. 
receiv'd  at  Londo" ) ;  or,  which  is  the  fame  thing,  to  receive  proportionally  lefs  at  Lon^  . 
don,  for  1  Crown  paid  at  Rouan ;  but  he  receives  347  </•  and  therefore  is  Gainer. 

Q».  l^th.    A  oi  Rouan  orders  5  o^  Amfisr dam  to  draw  upon  him   at  97  Den.  for 

I  Crown,    or  upon  London  at  35  Skilings  for  i  /,  Sterling. 

J^OK.  Amji.     Land.    According  to  the  Courfe,  £  can  draw  upon  ^o/^aw  at  98  Den. 

,, ,  for  I  Crown  ;  and  upon  io^/a'o^  at  351.  Sk.  fori/.   Sterling: 

'     ^  '      ^^  ^y.     __  J  /     Which  of  them  ought  B  to  chufe  to  ferve  his  Employer  beft.^ 

. ^^  ' '.     Anfw.    He  ought  to  draw  upon  Zo;^i5fo« ;  Which  is  thusdif^ 

1  Cro.  =  i,8  d.  cover'd  ;    If  /<  is  willing  to  pay  i  Crown  at  Rouan  for  py  d. 

357  Sk.  =  1 7.  rectiv'd  3.t  Am/terdam,  or  to  pay  i  /.  at  London  for  35  Sk. 
receiv'd  at  Arnfierdam ;  then  'tis  plain,  that  to  follow  his  Or- 
der, if  B  receives  ^Zd.  infiead  of  py  (for  i  Crown)  he  ought  to  receive  proportio- 
nally more  than  35  Sk.  (  for  i  /.)  And  that  proportional  Number  is  35-I4- ;  (for.  As  py 
to  98,  fo  is  2,'^  to  35^4  )  which  is  lefs  than  35-5-  receiv'd  by  the  Courfe, fo  that  tiie  Courfe 
from  Amfterdam  to  London  exceeds  the  Order  more  in  proportion  than  from  Amfterdam 
to  Rouan  ;  and  A  will  have  more  Money  in  proportioia  lying  at  Atn/terdaitiy  for  the  fame 
Sum  paid  at  London,  than  if  the  Draught  were  upon  Rouan. 

Q_u,  2Ctb.    A  of  Dantzick  Orders  B  of  Amfterdam  to  remit  to  him,  at  1  7.  Flemifli 

for  220  Gros;  or  to  Hamhurg  at  33;  Skilings  for  i  Dol- 
Dnntz.        Atnft.        Ham.      lar;  but  the  Courfe  is  at  1 7.  for  218  Gros  at  Dantzn-k, 

.  and  34  Skilings  for  1  Dollar  at  Dantzick  ;  Which  ought 

220 gr.         ^/ojf  .Jq)     jB  to  chufe  to  ferve  his  Employer  beft  ?     Avjw.   He  ought 

J ^^'      ' !     to  remit  to   Lafitzkk  :  Which  is  difcoverd  thus;  Since 

2l8gr.   =  I  7.  A  i'i  willing   to   pay  i /,  zt  Amfterdam  for  220  Gros  at 

34  Sk.  ==  I  dol.  lJa?itz,ick,  ox  to  pay  33-^  Sk.  at  Amfterdam  for  1  Dollar 
at  Hamburgh  ;  therefore  if  he  can  get  only  218  Gros  for 
1  7.  he  ought  to  have  proportionally  more  than  i  Dollar  at  Hamlurgh  for  34  Skil.  at 
Amfterdam ;  or,  which  is  the  fame  thing,  he  ought  to  pay  lefs  than  34  ^k.  tor  i  Dollar  : 
Therefore  fay,  As  220  Gros  to  218,  fois  33-j-Sh.to  33-ti^,  which  would  be  paid  at 
Amfterdam  foj  1  Dollar  at  Ha'mhurgh,  if  the  Courfe  and  Order  were  proportional  to  both 
Places  ;  but  by  the  Courfe  A  muft  pay  34  Sk.  which  is  more  than  he  would  pay  in  pro- 
portion of  the  Order  and  Courfe  to  Dantzick ;  Therefore  it's  bell  that  B  remit  to 
Ihntzick. 
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Obfcrvation  relating  to  the  laft  7  Oiieftxons. 

Tlierc's  one  Genera!  Method  may  be  taken  with  a51  thefe  Queftions,  which  is  this  : 
Reduce  all  tlie  Given  Proportions  to  fiich  Numbers,  as  that  tliofe  under  themiddie  Place 
be  the  fame  in  all  (as  nsiii  Q-ueft.  I'^t/}  );  and  you  may  alio  chufe  that  Number  what 
you^pleafe  ;  and  then,  from  the  Numbers  under  the  firft  and  laft  Place,  you  will  cafily  find 
theAnfwer.  T/^z/j,  in  (?k^^'?,  14/Z;  fay.  As  py-;- is  to  i,  fo  is  154  to -li^.  So  that  the 
Exchange  betwixt  jRocheJ and  Amfi^^rdnm  is  reduced  to  34  Sols  for  -[i-i  cVo'wns.  Again 
.  ;  fay,As5?7  to  i,fois34to>^;  theQueftiOiiwillftanda'sia 

Koch.       ,,4f»Jt.  . ,    tiamb.      the  Margin.     Tlten  fay,  As  i  ^_^«_,  to  ^t.  ^'^  '^  ^°^-  ^^  3t  '  . 

136^    Dollars ;  So  the  Remittance  to  Z?i7?»^Kr^Z'  ought  to  bVa^t  , 

o.yi ^4  -f*  ^4  Sols  tor  ly4T  Dollars ;  which  is  the  fame  Proportion  as 

' — — fDund  the  other   Way,  only  in  different  Numbers.     The 

34    =    1  DoJ.      Reafon  of  the  Work  will  be  in  feme  Cafes  clearer  by  this 

y  _  ,.  Method;  but  the  Work  often  more  tedious.  s    - 

5,7-34 

^  IV.    Coritabiing  a  fevo  Queftlons  of  another  kind  than  a7ij  of 
the  p-e  ceding,  for  a  farther  Exercife  ufou  this  Sulje^. 

<Qze.  21ft.  A  Merchant  would  exchange  200 /.  Sterling  for  Dollars  or  Crowns;  He 
is  offer'd  Dollars  at  ^  1:  6(f.  which  are  worth  but  ^s  :  ^d.  or  Crowns  at  5  s.  worth  but 
i^s  :8ti.  Which  ot  them  fhall  he  take  to  lofe  leaft  ?  and,  How  many  will  he  receive  ? 
Find  how  many  Dollars  at  4  ^  :  6  d.  and  Crowns  at  5  s.  he  would  get  for  2C0  /.  then 
find  the  Value  of  that  number  of  Dollars  at  4  j  :  3  a',  and  that  number  of  Crowns  at' 
4^:81^.  the  Comparifon  of  thefe  Values  will  ilicw  which  is  of  grea-teft  Value  ;  and  the  ; 
Va'lue  of  tliat  which  is  die  greatefl,  con^ar'd  with  200/,  Ibews  what  he  lofes. 

IT    .  -v  ;.  ,,v,   „  "  .  .C.i.'i:  .^v) 

6l7z.  22(1.  A  Metch^nt  31  Am/terddm  drew  Bill  upon  hofidon  for  300/.  Sterling, 
receiving  the  Value  in  Crowns  at  4^  :  6^,  and  Dollars  at  4  j^.  and  got  an  equal  num-^ 
feer  of  each  ;  What  is  that  number  ?  Add  4  j  ;  6  ^.  to  4  j.  and  fay.  If  the  Sum  8  j  :  6<s?. 
buy  I  of  each  Species,  how  many  times  i  of  each  Species  will  300  /.  buy  ?  The  An-- 
fvoer  is,  jo<^J^_^  (fo"^,  dividing  300/.  by  8  i  :  6</.  the  whole  is  705,  and  po remains^ 
fb  he  receiv'd  705  Dollars,  and  as  many  Crowns,  with  _?_°_  parts  of  i  of  each.  And 
becaufe  there  is  a  Remainder  in  the  Divifion,  therefore  this  (hews  that  the  Exchange  can- 
not be  made  cxaiflly,  by  a  certain  number  of  Crowns  and  Dollars  ;  fo  that  po  d.  re- 
maining, the  300  /.  is  po  d.  better  than  the  Sum  of  705  Dollars,  and  765  Crowns : 
Wherefore  he  who  receives  only  705  Dollars  and  705  Crowns,  rauft  give  pod.  lefs  than 
300  /. 

Again;  If  the  Proportion  of  the  number  of  Crowns  and  Dollars  is  fuppos'd  to  be 
any  other  than  Equality  (for  example,  2  Dollars  for  every  3  CrownsJ  then  add  the  Value 
of  2  Dollars  and  3  Crowns,  and  divide  by  that  Sum  :  The  Quote  ihews  hovv  many  times 
2  Dollars  and  :^  Cro%vns  are  to  be  receiv'd  ;  and  if  there  is  a  Remainder,  'tis  to  he  con- 
fider'd  as  fo  many  Units  of  the  Denominator  of  the  Divifor  ;'  and  fo  mpch  theDividend 
ii  gf  more  Value  than  the  number  of  Crowns  and  Dollars  found. 

If 
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If  there  are  more  tlian  two  different  Species,  as,  Crowns,  DcUnrs,  Ducals,  Piftohs, 
tl'.e  mmncr  oF  working  is  the  fame  ;  for,  ifau  cqLial  number  of  each  ii  I'uppos'd,  then 
add  the  value  of  an  Unit  of  each,  and  by  that  Sum  divide  :  If  their  numbers  are  not 
ecjua),  then  cither  (1°)  the  cortefpondent  Numbers  of  each  tiiat  arc  equal  Numbers  of 
7  lines  taken  is  given,  as,  for  every  2  Dollars  3  Ducats,  <5  Crowns,  and  i  Piftole  :  And 
here  we  add  the  valueof  2  Dollars,  3  Ducats,  5  Crowns,  and  i  Piftole,  and  by  that  Sum 
divide.  (2")  If  the  Proportion  of  the  Numbers  are  given,  but  not  in  one  Series,  as, 
fiippofe  for  3  Dollars  2  Ducats,  for  3  Ducats  4  Crowns,  and  for  7  Crowns  i  Piftole  ; 
then  we  niuft  reduce  thefe  Proportions  to  one  Series  of  correfpondent  Numbers  of  each, 
Ihui  ;  Keep  the  firft  two  Numbers,  vi^.  3  Dollars  2  Ducats,  then  find  how  many  Crowns 
for  2  Ducaas  (ac  3  Ducars  for  4  Crowns)  and  how  many  Pifloles  for  that  number  of 
Crowns  hft  found  (at  the  rate  of  i  Piftole  to  7  Crowns)  then  proceed  as  before,  by  ad- 
ding the  Values  of  thefe  correfpondent  Numbers  of  the  different  Species  ;  and,  to  go 
thro' the  reduclion  of  the  Proportions  more  orderly,  fet  the  Species  and  their  propottio- 
nal  Numbers  down  as  here : 

Doll.  :  Due.  :  Crowns  :  Pifloles. 

3      :     2 

3     ••       4 

7        :        r 

Qh.  23^.  If  I  receive  11  Crowns  and  7  Dollars  for  4/  :  10  s  :  icd.  or  4  Crowns- 
and  3  Dollars  for  i  /  :  1 5  j.  the  Value  of  i  Crown  and  1  Dollar  being  the  fame  in  both, 
What  is  that  Value  ? 

This  Queflion  maybe  folv'dtwo  Ways ;  (i'^)  Reduce  the  Money  all  to  Pence  •  then, 
to  make  the  fame  number  of  Dollars  in  both  Cafes,  multiply  the  lopc  d.  and  its  equiva- 
lent number  of  Crowns  and  Dollars  by  3, 
alfo  the  420  d.  and  its  equivalent  number  of 
Croivns  and  Dollars  by  7,  the  Produfls  muft 
fiill  be   of  equal  value  :    And  if  the   one 

, 7; —         Line  of  Produfls  be  taken  from  the  other, 

Vq  cd  —    8  X  "*         "'^  manifefi  that  the  Remainders  will  alfo  be 

94  O-t-21         gq^jjj  .  21^^  becaufe  the  Dollars  are  equal  in 

33C(/.  =^  5  Cro.  both,  therefore  there  are  none  in  the  Re- 

'  mainders ;    and    fo    we    have    found  that 

5  Crowns  are  equal  to  330^.  confequcntly 

1  Crown  h-^s  :  6d.    Then,  to  find  the  Value  of  i  Dollar,  multiply  5  j  :  6 rf.  by  4,  the 

Produft  is  22  s.  the  Value  of  4  Crowns  j  which  taken  from  35  j.  the  Value  of  4  Crowns 

and  3  Dollars,  there  remains  13  s.  the  Value  of  3  Dollars  j  wherefore  4^:4^.  is  the 

yalue  of  I  Dollar, 

'  •  U°)  We  may  alfo  folve  it  thus;  fay,  If  ropo  d.  buy  18  Pieces  (W^.  n  Crowns  anJ 
7  Dollars)  how?  many  wiU  420  d.  buy  ?  The  Anfwer  is,  6— :  Then  I  divide  this  Num. 
ber  into  Crowns  and  Dollars,  in  the  fame  proportion  as  18  is  to  ir  Crowns  and  7  Dol- 
lars, thus ;  As  18  to  1 1  Crowns,  fo  6^^  to  4—  Crowns :  And  this  taken  from  6^21 
,  76  ^'^9       ^109  100 

there  remains  2—-  Dollars.    Aiid,  becaufe  the  fame  420^.  buy  4 Crowns  and  3  Duliirs, 

nierefore 


Cr.    Dol. 

4?:  ros  : 

10  d.  or  1090  d.  t=:  II  -V-  7 

il:  l-^s. 

or    420  d.  -^    4  -f-  ^ 
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,  ,  therefore  4-^  Crowns  and  2-^    Dolljfs 

^loy         '     lopi  ^  '  are  of  equal  Value  with  4  Cro^vns  and 

26  p,   _  ^:^  rj-i  OP  9/^rr  —  ?•>  Dnl       5  Dollars  :  And  if  we  caft  equal  numbers 

V09  ^'-  -  iBp  ^■^-  -  33  ^01-      of  the  fame  Species  out  of  both  fides,  the 

Remainders  will  ftill  be  equal :   So  caft  out 

4.  Crowns  and  2—  Dollars,  the  Remainders  are  — -  Crowns,  equal  to   2i    Dollars  : 
^  109  '  109  ^  109  ' 

and  confequently  26  Crowns  equal  to  33  Dollars.     Then  fay,  If  33  Dollars  are  worth 

26  Crowns,  how  many  Crowns  are  3  Dollars  worth?    It  is  2-^  5   then,  Confequentjy, 

4 Crowns  and  2— Crowns  (which   are  worth  3  Dollars^    are  worth  420*^.  becaufe 

4  Crowns  and  3  Dollars  are  worth  420  d.    Laflly,  If  6-^  Crowns   are   worth   420  d, 

I  Crown  is  worth  66  rfL  or  5  J  :  6<^.     By  which  find  the  Value  of  the  Dollar  j  as  be- 
fore. 


Of  the  Redudion  of  Weights  and  Meafures. 

The  RedtiSlion  of  Weights  and  Meafures  of  different  Places  is  done  afrer  the  fame 
manner  as  Money  and  Coins.  The  Proportions  being  known  either  immediately  01 
mediately,  thro'  feveral  different  Places,  tlierefore  I  IhaU  give  only  two  Examples. 

Qu.  \Ji.    If  1  Eln  oi  Amfterdam  is  equal  to  i^  of  London,  how  many  Elns  of  Aw' 
fterdam  are   in    1000   Englijh   Elns  }    Say,  If  if  give  i,    what  will  1000  }    It  is 

Q«.  id.  Jf  3  Ih  weight  at  A  arc  equal  to  2  Ih  at  B,  and  "5  /^  at  5  equal  to  2  tb 
at  C,  and  7  Ih  at  C equal  to  8  /^  at  Z) ;  What  is  the  Proportion  betwixt  A  and  D  ? 

Set  down  the  Names  and  Numbers  given,  as  in  the  Margin  ; 
A  '.  B  '.  C  ',   D        and  work  as  directed  in    ^«.  <)th,  whereby    you  will    find   not 
only  the  Proportion  of  the  firft  and  laft  Places,  but  of  all  the  Pla- 
ces to  one  another :  fo  here  3  /^  at  /i  is  equal  to  2  Ih  at  B, 

7  =  8       |-at  C,  and^atZ). 


3  =  2 
5  =  2 


;2=1-^ 

5      35 
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CHAP.     X. 

Of  Intereft  a7id  Annuities. 


$,  \.     Of  Incerefl. 

I 


Defin.  I.  "INTEREST  is  the  PrDemium  or  Money  paid  for  the  Loan  or  Ufe 
of  Money  ;  and  is  diftinguiih'd  into  two  Kinds,  Si7nfle  and  Compound. 
2.  Simple  Jntercfl  is  that  which  is  paid  for  the  Prhicipal,  or  Sum  lent, 
a;  ^  certain  Rate  or  AUpwanqe  mpde  by  JL,aWj  ;(or  Agreement  of  Parties)  whereby  fo  much 
as  5  /.  or  6  i.  or  any  other  Sum.>  is  paid  for  lop/.  lent  out  for  one  Year  j  and  more  or  left 
proportionally  for  greater  or  leffer  Sums  j  and  for  more  or  left  time.  For  Example :  If  it's 
tS/.  to  100  for  oneYf'ar,  it's  3/.  for  half  a  Year,  and  12/.  for  two  Years.  Alfo  12/.  for 
one  Year  of  roo/.  and  6/.  for  half  a  Year  ^  and  fo  on  for  ocher  Sums  and  Times. 

1  Coiijpound  Intereji  is  that  which  is  paid  for  any  principal  Sum,  and  the  fimple  Intereft 
due  upon  it  for  any  time,  accumulated  into  one  principal  Sum.  Example:  If  100/.  is 
leht  out  [or  one  Year  at  61.  and  if  at  the  End  of  that  Year  the  61.  due  of  Intereft  be  ad- 
ded :o  che  Principal  i  and  the  Sum  106?.  confidei'd  as  a  new'  Principal  bearing  Intereft  for 
the  nex;  Year,  (or  whatever  lefs  time  it  remains  unpaid)  this  is  called  Compound  Intereft, 
beca  ife  there  is  Intereft  upon  Intereft ,  which  may  go  on,  by  adding  this  fecond  Year's 
Inroreft  of  106/.  to  the  Principal  106/.  and  making  the  Vyhole  a  Principal  for  the  next 
Year. 

'ScHo-tiUM.  Our.  Law  allows  only  Simph  Intereft:  But  abftrafting  from  the  Reafon 
of  the  Livv,  [which  may  be  the  encouraging  of  Tr^ide,  by  employing  Money  that  way 
rather  (han  upon  Intereft]  if  taking  Intereft  be  at  all  juft.  Compound  hitereft  cannot  be  un- 
reaforable.  For  if  I  can  demand  my  Intereft  when  it  is  due,  I  may  take  that  Intereft 
Money,  and  lend  it  out  again  upon  Intereft  to  any  other  Perfon;  why  then  may  I  nor  lend 
it  but  alfo  to  the  Perfon  who  has  my  principal  Sum  ?  And,  in  point  of  Right  and  Juftice» 
it  i?  che  fame  tiling  if  I  continue  or  leave  that  Intereft  in  his  Hands:  there  is  the  fame  Rea- 
fon that  it  fhould  bear  Intereft  after  it  becomes  due,  as  that  the  original  Sum  fliould  do  fo. 

P,4.RTi  I.     0/ Simple  Intereft, 

We  have  already  feen  in  the  Rule  of  Five,  how,  from  any  fuppofed  principal  Sum, 
with  the  fiypofcd  Inrereft  of  it  for  any  fuppofed  time,  we  can  ilnd  at  that  rate,  or  upon 
that  Suppofition,  the  Intereft  of  any  other  principal  Sum  for  any  time  •,  or  the  Principal 
eorrefponding  to  any  Sum  ot  Inrereft  and  Timej  or  laftly,  the  Time  in  which  any  Prin- 
cipal gives  any  Int€|r^.       :  .^  .    ■       \ 

We  fliall  now  conGdfer  the  [Application  of  that  Rule  more  particularly  j  by  limiting  the 
Q^ieftions  to  tjie  snore  :(loi\itnQn  Circumftances  of  Bufmeis.  Thus:  As  the  Law,  or  A- 
greemer't  of  i'artics,  fixes  a  certain  Ratio,  or,  as  we  call  ir.  Rate  of  Intereft,  uhich  is  fo 
much  on  the  ico/.  for  one  Year;  from  this  we  can  eafily  find  the  proportional  Intereft  on 
1  /.  for  one  Year,  being  plainly  the  t-^  Part  of  the  Intereft  of  100  /  ;  ib  if  this  is  5  /.  that 
is  .c5/.i  if  thu  !3  61.  that  is  .0(5/.;  and  if  this  is  ?/.  lo^.  or  'j.s/.  that  is  .o;^ /.   Whcie- 

Ffff«'  '^  fore 
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fore  if  we  underftand  the  Rate  of  Intereft  to  be  thelntercft  of  i  /.  for  one  Year,  the  more 
common  Qyeftions  about  iimple  Intereft  wiU  relate  to  thefe  four  things,  viz.  any  princi- 
pal Sum,  i:s  Intereft,  the  7'ime  in  which  it  gives  that  Intereft,  and  the  Rate  (or  Intereft: 
of  1 /.  for  one  Yearj  according  to  which  that  Principal,  Intereft  and  Time  are  adjufted  to- 
one  another. 

From  which  we  have  four  Problems :  In  the  Rules  whereof,  Tfuppofe  the  Principal  and 
Intereft  exprefied  in  the  Denomination  of  Pounds,  by  reducing  what  is  Jefs  than  i  /.  to  a 
Decimal  of  i  /.  and  the  Time  to  be  exprefled  in  Years,  and  decimal  Parts  of  one  Year,    ^ 

Problem  i.  Having  any  principal  Sum,  and  Time,  with  the  Rate  of  Intereft  gi- 
ven, to  find  the  Intereft  of  that  Sura  for  that  Time  and  Rate. 

"Rule.  Multiply  the  Principal,  Rate,  and  Time  continually  into  one  another,  cheProdud 
is  the  Tnrerc-rt  fought. 

Obferve ;  If  we  exprefs  the  Principal  by  p,  the  Intereft;-  by  »,  the  Time  by  t,  and  the 
Rate  by  r;  then  this  Rule  is  thus  reprefented,  n=ftr. 

"Example.  The  Rate  of  Intereft  being  05  /.  what  is  the  Intereft  of  8y/.  for  4  Years 
and  3  quarcers,  or  4.75  Years?  Anfwer,  20I.  3  j.  ^d.  =20.1875 /.  =  85  X4.75X;05. 

D  E  M  o  N  s  T  R  If  we  ftate  this  Queftion  by  the  Rule  of  Five,  it  ftands  thus :  If  i  /.  in 
I  y'  gives  .05  /.  what  8"5  /.  in  4.75  y',  and  the  two  firft  Terras  are  the  Divifors  in  the  two  fimple 
Propoicion;,,  bur  thefe  being  both  Units,  the  Aniwer  is  the  Produdl  of  the  other  three. 
The  Re-ifon  is  the  fame  in  all  Cafes,  by  putting  r,  /,  and  t  in  place  of  thefe  particular 
Numbers  Or  we  fliall  repeat  the  Reafoning  thus:  If  i /.  give  r,  p  will  give  ^r  in  the 
fame  time.     Again ;  if  p  in  one  Year  give  rp,  in  t  Years  icmuft  give  txrp  ox  t  rp. 

Pro  b.  2.    Having  the  Rate,  Principal  and  Intereft  to  find  the  Time. 

T.ule.   Divide  the  Intereft  by  the  Produd:  of  the  Rate  and  PrincipaL  the  Quote  is  the 

Time:  thus,  *  =  — • 
rp 

Example.    The  Rate  .05/.  Principal   85/.    Intereft  20/.    3  r .    9^.   or  20.1875/.    The 

r^.       .  XT  vr  J  «      T-u  20.1875        201875 

Time  IS  4.75  Years,  or  4  Years  and  i     Thus ;  475  =  8r^^  °^  ~T7r^- 

05  .X  .05  4-25- 

Demonstr.  This  Rule  is  deduced  from  the  former;  thus.  Since  »=srr^j  then 
dividing  both  Sides  by  rp,  it  is  —  =  /.  Or  it  may  be  deduced,  from  the  Rule  of  Five, 
as  the  former. 

Pro  B.  3.     Having  the  Principal,  Intereft,  and  Time,  to  find  the  Rate. 

JLuk.    Divide  the  Intereft  by  the  Produiil  of  Principal  and  Time,  the  Quote  is  the  Rate. 

Thus— =r. 
tp 

^  I  o       J    ..  r  o     ;     1.       •  /         20.1875        20.1875 

Example.    n  =  io.i%-]%l.  t^^.jfy'.  p^%<jl.  then  is  »•  =  .05/.  =  ^-^^-^  or -^^^. 

71 

D  E  M  o  N  s  T  R.     Since  n  =  t  rp,  divide  both  by  tp;  it  is  71  =  '"• 

Prob.  4.    HaviiJg  the  Rate,  Time  and  Intereft,  to  find  the  Principal. 
Jtuk.    Divide  the  Intereft  by  the  Produd  of  Rate  and  Time,  the  Quote  is  the  Princi- 
pal ^  thus,  ^=^ 

Exam. 


chap.  lO.  0/  I  N  T  E  R  E  S  T.  587 

Exam.  »=20.i875^.  /=4-75y'-  '•  =  .05/.;  then  is />  =  85 /.  =  ^^^-^^  or  ^^^"l 

D  E  M  o  N  s  T  R.    Since  n  =  trf,  divide  both  by  tr,  the  Quotes  are  -  =p. 

Scholium.  If  the  Intereft  of  any  Sum  for  any  time  is  added  to  the  Principal,  this 
Total  or  Sum  is  called  the  Amount,  {viz.  of  the  Principal  and  its  Intereft  for  that  timej 
And  then  from  thefe  four  things,  -viz.  the  Amount,  (which  we  fhall  call  a)  the  Principal. 
the  Time  and  Rate,  arife  other  four  Problems y  for  each  of  thefe  may  be  found  from  the 
other  three.    Thus: 

P  R  o  B.  5.    Having  the  Principal,  Time  and  Rate,  to  find  the  Amount. 

"Rule.  Find  the  Intereft  by  Trob.  i.  Add  it  to  the  Principal,  the  Sum  is  the  Amount. 
Thus,  bjf  Proh.  I.  the  Intereft  \s  rtf,  therefore  the  Amount  is  a=.rtp-\-p.  ThcRea- 
fon  is  evident. 

And  obferve,  Becaufe  Ttp  =  rtxp,  and  p=ixp;  therefore  rtp~\-p  =  rt-\~  1  x/>  = 
a.  And  fo  the  Rule  may  be  expreffed  thus:  To  the  Produdt  of  the  Rate  and  Time  add 
Unity;  and  multiply  the  Sum  by  the  Principal,  the  Produdl  is  the  Amount. 

Example.  What  is  the  Amount  of  246/.  Principal  in  2  Years  and  4-,  or  i.y  y,  the 
Rate  of  Intereft  being  .05  /?  Anfwer,  246/.  -f.  50.75/.  =276/.  15  y.  for  the  Intereft 
is  =  245  X  .05  X  2.5  =  30.75  /.  Or  thusj  .05  x  2.5  =  .125/.  to  which  add  i,  it  is  i  -j- 
.125/.  which  multiplied  by  246,  produces  276.75/. 

P  R  o  B.  6.    Given  the  Principal,  Amount  and  Time,  to  find  the  Rate. 

Hule.    Take  the  Difference  betwiJtt  the  Principal  and  Amount,  and  divide  it  by  the 

Produdt  of  the  Time  and  Principal,  the  Quote  is  the  Rate.    Thus,  r  =  ''     ^. 

tp 

Exam.    Suppofe  a  =  276.75 1.  p  =  2^6,  t  =s  2.5  y' ;  then  is  r  =  .05  /.  =  ^7  ■75'— 24^ 

615  • 

D  E  M  o  N  s  T  R.    Since  by  Proh.  %.  a=itrp -^p ;  take  p  from  both  Sides,  it  is  a  —f 

s=trp;  then  divide  both  by  tp,  it  is^^^  =  r. 

Or  we  may  deduce  it  thus;  a—p  is  the  Intereft  of  ^  for  the  Time  t,  and  Rate  r; 
then  by  the  Rule  of  Five,  find  what  is  the  Intereft  of  it  for  one  Year,  when  the  Principal 
p  gives  a  —p  in  t  Years ;  the  State  of  which  is  thus,  p.t.  7^ . .  i .  i.    By  that  Rule  it 

is  — —  i  for  the  4th  and  5th  Terms  are  Units,  and  the  middle  Term  is  to  be  multiplied 
into  thefe  two,  whofe  Produd  is  nothing  but  a — />. 

PaoB.  7.    Given  the  Amount,  Principal  and  Rate,  to  find  the  Time. 

Eule.    Take  the  Difference  of  the  Amount  and  Principal,  and  divide  it  by  the  Produd  of 

the  Principal  and  Rate,  the  Qiiote  is  the  Time,    Thus,  t—^^^. 

rp 

Exam.  Suppofe  «  =  275.75  /.  p=^2^6.  r  =  .05i  then  is  f  =  3.;  y^=^'^'^U~^^-^=; 

"  ^ '  346 X. 05. 

J2.3  ■ 

F  f  f  f  i  Demon-' 
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D  E  M  o  N  s  T  R.    In  tlie  laft  we  faw  a  — p-=:trf.    Divide  both  by  rp,  it  is 


r^ 

t.  Or  by  the  Rule  of  Five,  thus.  If  i  /.  give  »•  in  i  y'.  in  what  Time  will  p  give  a  — p,  follow- 
ing the  common  Rule,  the  Time  fought  is  — : —  as  before. 

P  R  o  B.  8.    Given  the  Amount,  Rate  and  Time,  to  find  the  Principal. 
"Rule.    Add  1  to  the  Produdt  of  the  Rate  and  Time,  and  by  that  Sum  divide  the  A- 
mount,  the  Quote  is  the  Principal  j  thus,  />=       \    -. 

Bxaih.  a  =ian6.Ti  I.  r=sz  .oy  A  /  =J3 2.5  y.i  then  is  /> as  246  =:  — ^J  '"^^  \  "'  =  '^^^  '71° 
DEMONsm.     By  ProJ.  5.  it  is  <?  =  rf>-|-i  x^;    divide  both  by  r  f-^  i,   it   i$ 
— n7-=/'-    Of  from  the  Rules  of  Proportioiij  thus.  Find  the  Intereft  of  i /.  for  the 
Time  given,  at  the  given  Rate,  it  i*  r  /  for  i  yr. :  r : :  / ;  r  * ;  then  find  a  Principal  fo  pro- 
portioned to  «,  as  I /.  is  to  I -f- r * ;  thus,  i-^rt-.iy.a-.r' 


rt 


Scholium.     Concerning  the  Rebate  er  Dlfcompc  fo  be  altowed  for  paying  of 

Money  before  it  falls  due. 

In  the  laft  Pyohhin,  we  have  the  Foundation  of  the  Rule  fbr  Dfcompt,  or  the  Allow- 
ance to  be  made  for  the  paying  of  Money  before  it  falls  due,-  and  which  is  fuppofed  to 
bear  no  Incereft  till  after  it  is  due:  for  in  that  Cafe  there  is  no  Reafon  for  Difcompt,  as 
there  is  in  the  other;  which  is  this.  That  the.Debtor  can  employ  liis  Money  upon  Intereft, 
(or  as  he  pleafe's)  tHl  the  time  of  Paymeht  corries;  and  to  pay  it  before  it  is  due,  is  to 
communicate  that  Benefit  to  the  Creditor,  who  ought  therefore  to  pay  for  itj  and  the 
Queftion  is.  What  Difcompt  or  Allowance  is  to  be  made?  The  Debtor  will  be  apt  to  ar- 
gue in  this  manner :  By  paying  the  Debt  before  it  falls  due,  I  lofe  the  Intereft  I  could  make 
of  it  till  then,  and  therefore  all  that  Intereft  muft  be  difcompted.  But  this  Argument  is 
falfe:  For  tho'  it  be  true,  that  from  this  time  to  the  time  the  Debt  falis  d.ie,  he  would 
make  fo  much  Intereft;  yet  it  is  not  true',  that  by  paying  the  whole  Debt  without  Dif- 
compt, he  lofes  fo  much  at  this  time  as  that  Intereft ybecaufe -he  can't  be  laid  to  have  loft 
it,  till  the  time  come  at  which  he  fhould' receive  it;  therelore  he  can  be  faid  to  lofe  no 
more  at  this  time  than  fuch  a  Sum,  as  being  laid  out  upon  Intereft  from  this  time,  till  the 
time  of  Payment  of  the  Debt  would  amount  to  the  Intereft  of  the  Debt  for  the  fame  time; 
therefore  fuch  a  Sum  being  found  by  Prob.  8  is  the  Difcompt.  In  order  to  which,  find 
the  Amount  of  i/.  for  the  given  time;  then  fay.  If  that  Amount  give  lA  what  will  the 
Intereft  of  the  Debt  for  the  time  give.' 

This  I  fhall  alfp  confirm  by  another- R;ul^  for  landing,  the  Difcompt;  which  is  this:  Find 
by  Prob.  8.  a  Principal,  which  being  laid  out  at  a  certain  Rate  of  Intereft,  for  fo  long  as  a 
Debt  is  paid  before  it  was  really  due,  will  then  amouhf  ro  that  Debt ;  that  Sum  is  the  thing 
which  truly  fatisfies  or  clears  the  Debt,  and  fo  is  called  the  prefent  Worth  of  it ;  the  Diffe-* 
rence  betwixt  this  and  the  Debt  being  the  true  Dfompt.  The  Reafon  is  this;  If  the  Mo- 
ney paid  is  fuch,  that  being  hid  put  at  Intereft  from  the  time  it  is  paid  to  the  time  the  Debt 
falls  due,  would  amount  to  the 'Debti'  theh  neither  Party  is  wronged;  for  if  he  who  re- 
ceives it,  or  he  who  pays  it,  Favs  it  but  upon  Intereft  fo  long,  he  will  have  then  as  rhuch 
to  receive  as  the  Debt.    For  Exapjpk:  If  Intereft  is  at  5  per  Cent,  tool,  laid  out  for  one 

Year 
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Year  is  worth  i©5  /.  at  the  Yea:'<!  End;  cherefore  105  /.  due  at  a  Year's  End  is  worth  only 
100 /.  prefently  paid,  and  the  Dilcompt  is  5/.  which  is  one  Year's  Intereft  of  100/.  not  of 
105  /. 

Now  I  fliall  demonftrate,  that  both  the  Rules  given  for  finding  of  Difcompt  are  in  effed 
the  fame.  Thus:  The  Intereft  of  i  /.  for  the  time  t  (viz.  the  time  of  the  Difcompt j  at 
the  Rate  r  is  r  t,  therefore  the  Amount  of  i  /.  for  that  time  is  1  4-'"';  and  the  Princi- 
pal correfponding  to  rpt  (the  Intereft  of/)  for  the  fame  time)  in  the  fame  Proportion  as 

rpf  rpt 

I  to  I  +  »•  ^  IS  jTp77  f""^  i+rt-i-.-.rpt:  Yzp^  i  which  is  the  Difcompt  of  the  Debt 

by  the  firft  Rule.  Again;  the  Principal  correfponding  10 p  (the  Debt)  in  the  fame  Pro- 
portion as  I  -fr?  to  I,  is  T^TTr  ^^^   i+rt:i::p:  --^^^  which  is  the  true  Payment 

to  be  made;  which  fubrraded  from  p,  the  Remainder  is  p-—' — r —  =  -^-r — ,    the   Did 
'  r  r        i-j-rt       l-j-r/  ^" 

compt  by  ihc  former  H  ule. 

To  fum  up  this,  let  p  be  any  Debt  payable  after  the  time  t,  and  r  the  Rate  of  Intereft  • 
ihen 

7l}e  Rules  for  Prefent  Worth  and  Difcompt  are 

•  i ,  I.  Prefent-JForth  =  — ■ — -  Difcompt  =.  -^ — 

i-  J  I  ~\.rt  J      ^  i~\-re 

i.e.  Divide  the  Debt  by  the  Sum  of  i.e.   Divide  the  continual  Produd  of 

1,  and  iheProdud:  of  the  Rate  and  the  Debt,   Rate  and  Time,   by  the 

Time.  Sum  of  i,  and  the  Produft  of  Rate 

and  Time. 

Ohferve,  The  Difcompt  upon  jny  Debt  for  one  Year  being  found,   (which  will  be 

^''j^"  .'for  ^'be'fhg  hefe'one,  has  no  Effedtj.     Dr.  Harris  teaches  to  find  the  Difcompt  of 

the  i-itafie  Debt  for  any  Part  of  one  Year,  in  proportion  to  the  Time;  fo  the  Difcompt 
for  i  1  Year  is  j-  of  the  Difcompt  for  one  Year.    But  the  Error  of  this  Rule  will  appear 

by  comparing  it  with  the    preceding  general  one,  thus;  One  Year's  Difcompt  is  '^^    ; 

i-j-r 
Let  /  be  any  Time  lefs  than  i  Year,   exprefied  fractionally,  then  the  Dodor's  Rnle 

is  I  :  ^^  ::/:  ^~  =  the  Difcompt  fought :  Whereas  by  the  Rule  above  demonftra- 

ted,  it  is  ^^pjTf  '•  Which  will  be  greater  than  the  other  if  #  is  a  Fradion ;   becaufc  then 
*-j-r:f  is  lefs  than  i-^-r;  but  if  /•  is  a  Whole  or  mixt  Number,  i-f-r/  is  greater  than, 
i  +  r;   whence  't^i^^iis:  lefs  than -A^' 

.V  -  rr^-f 

Part  II.     0/ Compound  Intereft. 
<  .  < 

.The  Calculation  of  Compound  hitereft  fuppofes  a  certain  ftated  Time  for  which  Inte- 
reft is  at  a  certain  determinate  Rate;  alter  which  that  Intereft  becomes  a  Principal  bear- 
ing Intereft.  .For  Example:  Ir  Simple  Intereft  is  payable  yearly,  fo  is  the  Compound- 
and  if  Simple  Intereft  is  payable  Quarterly  and  IVlonthly,  fo  is  the  Compound :  But  then 
for  the  Intereft  of  any  Time  lefs  than  thar  to  which  ifae  Rate  is  determined,  there  are 
different  Opinions  about  the  Way  of  calculating  ir,  which  !  fliall  explain  in  the  following 
Vnblem;  where  1  Qiall  firft  conlider  the  Rate  of  Intereft  as  determined  to  one  Year,  and 

the 
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the  Time  of  the  Queftion  limited  co  whole  Years,  and  afterwards  confider  other  Suppofi- 
tions  about  the  Rpte  and  Time. 

Objerve,  again  ^  That  the  finding  of  the  whole  Improvement  of  Corripound  Incerefl:  de- 
pends upon  the  Rale  for  finding  the  Amojnt  j  therefore  the  Queftions  in  which  the  A- 
mount  is  concerned  muit  be  -xplained  before  thele  in  which  the  Intereft  alone  is  con- 
cernedj  contrary  co  what  we  did  in  Simple  Inrereft. 

In  the  following  Problems,  by  the  R^rte  i^  underilood  the  Amount  of  i  /.  and  i  Year's 
Simple  InrTeft.  So  Interell:  being  at  f  per  Cent,  the  Rate  or  Amount  of  it  is  1.05/. 
which  I  lliall  mark  R,  the  1  ime  /  being  whole  Years. 

Probl.  I.    Given  the  Principal,  Rate,  and  Time,  to  find  the  Amount. 

Hule.  Find  fuch  a  Power  of  the  Rate  whofe  Index  is  the  Time  (i.e.  multiply  the  Rate 
by  it  felf,  and  this  Produft  b)  the  Rate,  and  fo  on,  multiplying  the  lad  Produd  by  the 
Rate,  till  the  Number  of  Multiplications  be  equal  to  the  Time  le(s  i;  fo  for  2  Years  multi- 
ply once;  for  3  Years  multiply  twice,  dfc)  This  Power  of  the  Rate  is  the  Amount  of 
I  /.  for  the  Time  and  Rate  given;  which,  multipUed  by  the  given  Principal,  the  Produdt 
is  the  Amount  fought. 

Vniverfally ;  A  =  f  X  R' :  And  obferve,  that  the  Logarithms  will  be  convenient  for  find- 
ing R',  if  /  is  a  great  Number. 

Example:  What  is  the  Amount  of  160/  at  Compound  Intereft  for  4  Years,  the  Rate 
being  1.06I.  [i.e.  6. per  Cent.)?  Anjiuer :  201.9963136/;  which  is  201 /.:  197,6.  ii</.  and 
a  Fratftion  leis  than  i  Parching.     Found  thus: 

R  =  1.06.  and  R'=  1  06  ,  or  1.06  X  1.06x1.06x1.  06=  1.26247696,  then  ^ 
X  R'=  160X1.  26247696  =  201.9963136. 

Demonstr.  If  I /.  amount  in  i  Year  to  R,  then  all  this  forborn  another  Year, 
the  Amount  is  R  X  R  or  R^ ;  for  all  principal  Sums  have  neceflarily  the  fame  Proportion 
to  their  Amounts  for  the  fame  Time  and  Rate,  and  i :  R : :  R :  R-,  which  is  therefore  the 
Amount  of  R  for  i  Year ;  R  being  the  Amount  of  i.  For  the  fame  Reafon  R^  forbora 
another  Year  will  amount  to  R  X  R  X  R,  or  Rs ;  for  i  :  R  : :  R^:  Rh  and  fo  on,  to  any 
Number  of  Years,  which  being  called  t,  the  Amount  of  i  /  for  *  Years,  is  R' :  confe- 
quently  the  Amount  of  any  other  Principal  R  for  t  Years,  is  ;>  X  R';  for  i :  R':  :/>  :/>x  R'. 
Or  thus:  R  being  the  Amount  of  i /.  for  i  Year,  ^  R  is  that  of  p.  for  i:R::p:pR. 
Again;  i  ;R;  :/>R:^R',  the  Amount  of  p  for  2  Years,  andfoon;  i.e.  Univerlally  it  is 

SCHOLIUMS. 

1.  The  fucceflive  Amounts  of  any  Principal  for  i,  2,  3,  &c.  Years,  make  a  Geo-' 
metrical  Progreflion,  whofe  Ratio  is  the  Amount  of  1  /.  for  i  Year.  Thus:  The 
Series  of  the  Amounts  of  i /.  is  R:R^:R=:  R*:  &c.  and  of  any  other  Principal  />,  it 
is/>R:/>R^:/>R3:/)  R*,  c^c.  And  if  we  make  the  Principal  the  lit  Term,  the  whole  is 
a  Geometrical  Progreflion,  -viz.  i :  R :R- :  Rs,  &(.  or  p:pK:pR.'':p  R',  &c. 

2.  If  the  Rate  of  Interefl  is  determined  to  any  other  Time  than  a  Year,  as  i,  or  ^  of  a 
Year,  the  Rule  is  the  fame ;  and  then  t  reprefents  that  ftated  Time. 

But  whaiever  the  ftaced  Time  is,  it  remains  to  be  explained,  how  the  Intereft  or  A- 
mount  ot  any  Sam  is  to  be  calculated  for  a  lefler  time;  I  ihall  fuppofe  i  Year  the  flated 
Time,  becaule  it  is  fo  in  Law ;  and  whatever  the  Rules  are  for  the  Parts  of  a  Year,  they 
are  equally  applicable  to  rhe  Parts  of  any  other  Time,  to  which  the  Rate  of  intereft  may 
be  fuppofed  CO  be  determined. 

Of 
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Of  the  Compound  Intcrefl:  or  Amount  of  any  Sum  for  the  Parts  of  a  3W; 
the  Rate  of  Intereft  being  determined  to  i  Tear. 

Method  \.  Some  will  have  it  d-ine  in  Simple  Proportion  to  the  Time,  or,  as  fimple  In- 
tereft; becaufe,  (ay  they.  Compound  Intereft  muft  fuppofe  a  cerrain  Time  for  which  In- 
tereft i?  ar  a  iimple  ftated  Rate,  and  after  that  becomes  a  Principal  bearing  Intereft;  fo 
that  this  Time  being  i  Year,  there  can  be  no  fuch  thing  as  Compound  Intereft  for  any 
Part  of  a  Year. 

Wherefore,  fo'lowing  this  Rule,  If  the  Time' of  a  Qiieftion  is  lefs  than  i  Year,  tlie  A- 
mounc  is  foand  by  the  Rule  of  Simple  Intereft;  and  if  there  are  whole  Years,  and  pare 
of  a  Year,  then,  having  found  the  Amount  fjr  the  whole  Years  (which  is  only  Simple  In- 
tereft if  there  is  but  i  Year),  take  that  Amount,  and  find  what  it  amounts  to  at  Simple 
Intereit  for  the  remaining  Time  lefs  than  i  Year. 

Methoil  2  Others  proceed  upon  this  P'inciple,  viz.  Tliat  fince  the  Rate  of  Intereft  is 
determined  to  i  Year,  this,  fay  they,  fuppofes  that  all  the  Improvement  that  can  be  made 
of  any  Sum  by  Intereft  in  i  Year,  is  the  ftated  Rate  of  5  or  6,  <^c.  per  Cent.  But  if  Mo- 
ney is  Lent  for  any  Time  lefs  than  i  Year,  and  Intereft  received  for  it  in  fimple  Propor- 
tion to  the  Time,  then,  by  lending  out  the  Whole  again,  more  will  be  made  by  it  than 
5  or  6  per  Cent,  in  i  Year.  Therefore  they  would  have  the  Amount  for  any  Part  of  a 
Year  calculated  fo,  that  if  this  is  again  confidered  as  a  Principal  bearing  Intereft,  it  iliall, 
after  fo  much  Time  as  the  former  vants  of  i  Year,  amount,  at  the  fame  Rate,  only  to 
the  Sam  of  the  Pri  icipal  and  its  Simple  Intereft  for  1  Year.  For  Example:  The  Amount 
for  jf  of  a  Year  is  fuch,  that  being  put  out  to  Intereft  for  the  remaining  i,  and  fuppofed  to 
bear  Com,)ound  Intereft  from  Quarter  to  Quarter,  at  the  Rate  of  Simple  Intereft  allowed 
for  the  ift  Quarter,  the  Amount  at  the  End  of  the  ^  fhall  only  be  the  Sum  of  the  Prin- 
cipal and  I  Year's  Simple  Intereft,  at  the  allowed  Kate  of  ^  or  6,  SiCC.  per  Cent. 

How  this  may  be  done,  I  fhall  prefently  explain,  after  this  general  Refledion.TOz.  That 
as  the  Law  determines  the  Intereft  of  Money  lying  in  the  hands  of  the  fame  Perfon  to  be 
at  Simple  In:ereft,  fo  any  Perfon  who  puts  out  Money  at  Intereft,  and  calling  it  in  as  oft  as 
poflible,  puti  out  the  Whole  again,  improves  the  Money  by  Compound  Intereft  with- 
out Breach  of  Law:  Therefore  the  fame  Rcafon  that  juftifies  Compound  Intereft  from 
Year  to  Year,  feems  equally  to  juftify  it  from  Quarter  to  Quarter,  or  from  Day  to  Day ; 
Ani  fince  the  Lavy  allows  Intereft  for  Parts  of  a  Year  in  Proportion  to  the  time,  it  would 
feem  alfo  by  this  that  the  ftated  Intereft  for  i  Quarter  or  i  Day,  ought  to  be  the  propor- 
tional Part  of  one  Year's  Luereft,  and  then  the  Compound  Intereft  to  be  calculated  ac- 
cordingly from  D.iy  to  Day.  The  only  Objection  to  this  is,  that  it  is  impoftible  for  one 
to  lend  Money,  and  be  paid  from  Day  to  Day,  or  even  by  Months  or  Quarters ;  and  there- 
fore that  Foundation  is  unreafonable,  and  confequently  one  of  the  other  two  Methods 
muft  be  taken ;  but  which  of  them  is  to  be  chofen  for  the  Parts  of  a  Year,  let  every  one 
determine  for  themfelves;  [for  it  feems  to  me  to  depend  all  upon  a  Suppofition]  this  only 
1  ihall  further  obfervc-  that  as  the  Simple  Intereft  for  the  Parts  of  i  Year  is  greater  than 
that  found  by  the  ad  Methad,  it  feems  reafonable  that  he  who  receives  only  Simple  Inte- 
reft for  whole  Years,  fhould  have  the  Advantage  of  the  proportional  Part  for  a  lefler 
Time ;  and  he  who  has  compound  Intereft  for  whole  Years  fliould  have  Intereft  for  the 
Parts  of  a  Year  at  a  lefler  Rate,  by  the  2d  Method. 

Now  if  Intereft  for  the  Parts  of  a  Year  is  taken  by  the  ift  Method,  the  Rule  is  already 
given;  but  if  it's  taken  upon  the  other  Foundation,  then  to  make  the  Rule  more  clear,  I 
fhall  firft  fuppofe  i  /.  Principal,  and  then  apply  it  to  other  Cafes.  Alfo,  we  muft  diftinguiih 
according  as  the  Time  is  or  is  not  an  aliquot  Part  of  a  Year. 

X  IRklt 
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Hule  I."    If  the  Time  is  an  aliquot  Part  of  a  Year,  as  J,  f,  or,  univerfally,  -  Part,  take 

the  Amount  of  i  /•  for  i  Year,  and  from  it  extrad  the  »th  Root  (/.  e.  the  Square  Root  if 
it's  A  a  Year,  the  Cube  Root  if  it'*^  f,  the  Biquadrate.  or  4th  Root  if  it's  ^) ;  that  Root  is 
the  Amount  fought.  ■ 

Example.  At  5  per  Cent,  the  Amount  of  i  /.  for  i  a  Year,  is  i.  02469,  &c,  this  being 
nearly  the  Square  Root  Of  1.05 

Demonstr.  i:  1^05":  :  lo,"^:  1.05,  therefore  1.05'  fpr  1.0*469)  put  out 
at  Intereft  for  \  a  Year  amounts  to  i.  05,  according  to  the  Rate  allowed  for  the  ilt  Half 
Year,  which  is  i  02169,  the  Principal  tor  the  2d  Half  Year. 

If  the  Time  it  7  of  a  Year,  then,  if  we  fuppofe  two  Geometrical  Mean  Proportionals 
betwixt  1  and  R,  thus,  i  :a:^:R,  then  mult  a  be  the  Cube  Root  of  R,  from  the  Nature 
of  Geometrical  Progreflions ;  for  whatever  a  is,,  h  is  equal  to  a^,  for  \:a\:a:  a^,  but  it 
is  fuppofed  that  1 -.a-.-.a-.h,  therefore  a^  =  h.  Again  ^  R  is  =  ^5,  for  i:a::b:R,  that  is 
i:a::a^  (  =  ^  J  :  R,    but  aUo  i:a: :  a'^-.a^'Aa^^  a',   confequendy,   R  =  a~>,   and  hence 

<z=:  R7.  The  fame  Reafon  is  good  in  all  Cafes,  that  is,  however  many,  as  »,  Terms  ^here 
be  in  a  Geometrical  ProgrefTion  trom  i  to  R,  as  \:a:h:c,  &c.  : R,  or'i:a:  a- :a3,  &c. 
:  R,  the  firft  of  them,  a,  is  fuch  a  Root  of  R  whofe  Denominator  is  the  Number  of 

Terms,  as  R~.  Again;  According  to  the  fuppofed  Foundation,  a,  for  R')  is  a  Princi- 
pal, which  bearing  Compound  Liiereft.  at  the  Rate  of  <» —  1  Interelt  lor  tiie  wth  Part  of 
1  Year,  will  amount  to  R  at  the  Year's  End. 

2.  If  the  Time  is  not  an  aliquot  Part  of  a  Year,  reduce  it  to  Days,  and  the  365th  Root 
of  R  is  the  Amount  tor  one  Day  j  which  Amount-  raife  to  that  Power  whofe  Index  is  the 
Number  oif  Days  in  the  Qucilion,  and  it  is  the  Amount  fought.  The  Reafin  is  plain  from 
the  preceding  Cafe;  but  thePradtice  difficult,  btcaule  of  the  Difficulty  of  finding  the  Root 
required. 

Now  for  all  other  principal  Sums,  their  Amount  is  found  from  that  of  i/.  thus;  As 
I  /.  to  its  Amount,  fo  is  any  other  Principal  to  its  Amount ;  which  will  be  the  Produd  of 
its  Principal,  and  the  Amount  of  i  /. 

Before  I  leave  this  Subjed,  I  muft  obferve.  That  the  Extraiftion  required  for  any  ali- 
quot Part  of  a  Year  more  than  s-  or  f  will  be  tedious  by  the  common  Rules,  and  next  to 
impoffible  for  one  Day,  which  requires  the  365th  Root.  The  Algebraic  Art  furniflies  ea- 
iier  Rules  for  thefe  Extradions;  but  they  go  beyond  my  Limits.  The  Method  of  Loga- 
rithms will  be  tolerable  exad,  which  is  this,  viz.  Take  the  Logarithm  of  the  Rare  R,  di- 
vide it  by  the  Denominator  oF  the  given  aliquot  Part  of  a  Year,  the  Qtiotc  is  the  Loga- 
rithm of  the  Root  fought;  which  therefore  is  found  in  the  Table  againft  that  Logarithm.  ■ 
I  fhall  only  add.  That  if  the  Time  is  ^.  it  may  be  done  at  two  Extractions  of  tbcS(;uare 
Root,  viz.  Take  the  Squjre  Root  of  R,  and  then  the  Square  Root  of  the  former  Root ; 
becaufe  the  Square  Root  of  the  Square  Root  is  the  4th  Root,  fince  2x2  =  4  Again, 
from  the  4;h  Root  extrad  the  Square  Root,  it  is  the  8th  Root,  and  is  the  Amount  for  -f  of 
a  Year,  and  going  fo  on,  we  may  find  by  the  Square  Root  the  Amount  tor  .^V'  or  4-r, 
or  -rf  &c.  Part  of  a  Year :  But  yet  tbcic  will  be  tedious  above  two  Ex;radions.  Again , 
fo,  -L.  Part,  or  one  Month,  extrad  the  Cube  Root  of  R,  then  of  this  the  Square  Root, 
and  ot  this  again  the  Squate  Root,  and  this  laft  is  the  12th  -Root,  or  the  Amount  for  one 
Monh,  becaufe  3  X  2  X  2:=  12 

And  this  I  prefume   will  be  going  near  enough  for  Compound  Intereft ;  fo  thar  what 

Time  there  islets  tham  one  Month,  or  over  any  Number  of  Months,  take  the  Inteveft  of 

the  laft  Amount  for  that  Time  at  Simple  Intereft,   the  Difference  will  be  inconliderablo 

in  any  Cafe  that  can  occur  in  eonimon- Affairs.;  But,  laftly,  I  muft  obierve.  That  the  great 

^  and 
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and  allowed  Ufe  of  Compound  Inrereft  being  in  thePurchafe  of  Annuities^  which  feldotn. 
if  ever,  go  lower  than  Quarters ;  It  is  enough  that  we  have  a  Rule  eaiy  enough  for  that» 
viz.  by  two  Extradlioiis  of  the  Square  Root. 

Probl.  2.    Having  the  Amount,  Rate,  and  Time,  to  find  the  Principal. 

Hule.  Divide  the  given  Amount  by  the  Amount  of  i  /.  for  the  given  Time  and  Rate» 
i.e.  by  fuch  a  Power  of  the  Rate  whofe  Index  is  the  Number  of  Years;  the  Quote  is  the 
Principal  fought.  ' 

Unive  eU  ,  d  =/>• 

Exam;>le.  What  principal  Sum  will  amount  to  201. 99(^3 1 36 /.  (oxioil.  i^Pj.  iid. 
nearly)  in  4  Years,  at  the  Rare  of  6 />erC?w^.  Compound  Incercft  ?   Anf'user :  160 1.  Thus; 

The  Rare  is    1.06.    and    1.06    =  i.  2624.76^6 :.  then  - — •99-'^  .■>    -_ 

^'  ^   '  1.26247696 

D  E  M  o  N  s T  R.     By  Frohl.  i.  A=f  x  R',  hence,  dividing  both  by  R'  it  is  ^=p 

Or  thus,  by  Proportion ;  R« :  i : :  A :  -^  =/>,  becaufe  of  the  Proportion  of  Principals 

and  their  Amounts. 

SCHOLIUMS. 

1.  This  Trobhm  is  the  fame  thing  as  finding  the  prefent  Worth  of  a  Debt  due  at  the 
End  of  a  certain  Number  of  Years,  difcompting  Compound  Intereft:  For  that  prefent 
Worth  muft  be  a  Sum,  v/hich,  confidered  as  a  Principal,  will,  at  the  End  of  the  given 
Number  of  Years,  amount  to  the  Debt ;  therefore  the  Difference  of  the  Principal  and 
Amount  is  the  DifioiTipt. 

2.  To  divide  by  R',  is  the  fame  thing  in  efFedt  as  to  divide  firft  by  R,  and  this  Quote 

again  by  R,  and  fo  on,  ftill  dividing  by  R,  till  the  Number  of  Divifions  be  equal  to  ?  ; 

and  from  thii,  (or  alfo  from  the  Narure  of  Compound  Intereft,  which  is  again  a  Proof  of 

this)  it  follows,  that  any  Debt  or  Sum  due  after  a  certain  Number  of  Years,   wsth  the 

prefent  Worths  of  it    for  i,  2,  3,  ^c.  Yearts  before  it  falls  due,    make  a    Goometrical 

ProgrefTion  decreafing  from  the  given  Sum  in  the  Ratio  of  R  to  i.     Thus,  in  the  Series 

AAA  A 

A  :  •jT-  :  -jt;  :  gr>  &(•  if  A  is  a  Debt  payable  after  i,  or  2,  &c.  Years,  then  is  „   the 

prefent  Worth  of  it,  difcompting  for  i  Year,  -^  the  prefent  Worth,  difcompting  for  2 

Years,  and  fo  on ;  and  this  is  alfo  another  Demonfiration  of  the  Rule. 

V  If  the  Time  given  is  lefs  than  i  Year,  the  prefen:  Worth  is  to  be  found  either  by 
the  Rule  of  Simple  Intereft ;  or  f:f  it's  fo  agreed  upon,  or  thought  more  reafonablc)  upon  the 
fime  Principle  witli  the  other  Method  of  finding  the  Amount  for  Time  lefs  than  i  Year, 
thus;  Find  the  Amount  of  i  /.  for  the  given  Time  ;  then  as  that  Amount  is  to  i  /.  fo  is 
the  given  Amount  to  the  prefent  Worth  fought ;  which  is  plainly  the  Quote  of  the  given 
Sum  by  the  Amount  of  i  /. 

Probl.  3.    Having  the  Principal,  Amount,  and  Rate,  to  find  the  Time. 

"Rule.  Divide  the  Amount  by  the  Principal,  then  multiply  the  Rate  by  itfelf  continually 
till  the  Produdt  is  equal  to  the  preceding  Quote;  the  Index  of  that  Power  of  the  Rate  thus 
produced,  or  the  Number  of  Multiplications  more  i,  is  the  Time. 

Example :  At  5  per  Cent.  Compound  Intereft,  in  what  Time  will  50  /.  amount  19  60  /. 

i5/"5^i.  or  60.  775 3 125/..?   ^Hfiver:  4  Years:    For  l2_I7iiiii  =  i. 21550625  = 

1.05   or  1.05X  i.ojx  i.cj  X  1.05. 

Gggg  Demon. 


594  (yiNTE&fisT.  Book  VI. 

Demonstr.  By  Prohl.  i.  A=pxR' ;  divide  both  by  p,  and  it  is --  =  R'; whence 

the  reft  oF  the  Rule  is  manifeft.  ^ 

Scholium.    If  none  of  the  Powers  of  R  is  found  exadly  equal  to  -^,  this  fliews 

that  the  given  Principal  cannot  make  the  given  Amount  in  any  whole  Number  of  Years; 

bur  that  befides  the  Number  of  Years  expreffed  by  the  Index  of  that  Power  of  R,  which 

A 
is  next  lefs  than  — ,  there  muft  be  allowed  moreover  fome  Part  of  a  Year ;   and  to  find 

whit  that  iS:,  multiply  that  Power  of  R,  fuppofe  R':,  by  the  Principal  p,  the  Produft  p  R' 
is  the  Amount  of  p  for  t  Years  Cby  Prohl.  i);  wherefore  take  the  Difference  of  />R',and 
the  given  Amount  A,  viz.  A — p  R' ;  find  in  what  Time  p  R'  will  amount  to  A,  reckon- 
in"  by  Simple  Intereft,  /.  e.  in  what  Time  it  will  give  A' — /)R'  of  Intereft  at  the  given 
Rate,  and  that  is  the  additional  Time  fought.  Or  if  you  chufe  the  other  Method,  then,  to 
do  it  to  the  greateft  Exaftnels,  we  muft  know  the  365th  Root  of  R;  and  having  found  a 

4th  Proportional  to  thefe,  viz.  pK' :  A  : :  i,  which  is  — ^j  i  take  the  365th  Root  of  R, 
and  multiply  it  by  it  felf  continually  till  the  Produil  is  equal  to  — w-pornext  lefs,  the  Num- 
ber of  Multiplications  more  i  is  the  Number  of  Days  fought.  But  we  may  more  eafily 
do  it  within  10  or  11  Days  by  two  Extradions  of  the  Square  Root,  and  two  of  the  Cube 
Roo",  thus ;  Take  the  Square  Root  of  the  Square  Root  of  R ;  then  of  this  take  the  Cube 
•Root  of  the  Cube  Root,  and  you  have  the  36th  Root,  (for  2X2x3X3  =  36);  multiply 

this  by  it  felf  continually  till  the  Produd  is  equal  to  or  next  lefs  than  —rt,  the  Number  of 

Multiplications  more  i,  fhew  nearly  how  many  times  10  Days  are  contained  in  the 
Time  fought,  becaufe  36  x  10=360,  which  is  nearly  a  Year.  Or  I  Ihall  propofe  another 
Method :   Find  the  8th  Root  of  R,   ( /.  e.  the  Square  Root  of  the  Square  Root  of   the 

Square  Root )  j   involve  it  till  it  be  equal  to  rrrr'  or  next  lefs:  If  you  find  a  Produft 

equal,  then  the  Number  of  Multiplications,  which  cahndt  exceed  7,  fliew  how  many 
times  45  ^  Days  is  in  ihe  Time  fought  ( for  365  -^-  8  =  45 1- ) :  But  it  there  is  none  of  the 

A  " 

Produfts  equal  to  —nT>  take  the  next  lefs,  and  let  us  reprefent  it  by  R'*"  ( it  is  the  A- 
mount  of  I  /.  for  lb  many  times  45  ■§•  Days  as  the  Number  of  Multiplications ) ;  take  the 
Difference  of  this  Produdt  and  -^,  viz.  —gj  —  K^ ;  then  find  by  Simple  Intereft  in 

A 
what  Time  R^  will  amount  to  ~tij>  that  is,  in  what  Time  it  will  yield  a  Sum  of  Inte- 
reft equal  to  -^7  —  R'^.    The  Anfvjer  of  this  will  give   a  Number  of  Days,  which, 
added  to  the  Number  of  Days  in  as  many  Times  45  {  as  the  Number  of  Multiplications 

that  produced  R  ("which  are  n  —  i)  gives  the  whole  Number  of  Days  nearly;  for  tho' 
the  laft  Part  of  the  Work  is  by  fimnle  Intereft,  yet  being  within  45  Days  it  can  make  no 
eondderable  Difference  unlefs  the  Principal  were  very  large.  Or,  to  add  no  more.  If  we 
•find  the  izth  Root,  and  ufe  it  as  above  ilireded  for  the  8th,  we  fliall  find  the  Time  by 
Compound  Intereft  within  30T?Days,  and  then  find  the  reft  by  Simple  Intereft. 

In  all  thefe  Methods  the  Lojarithms  will  be  very  convenient  for  the  Extraftions  of  the 
Roots  of  R,  and  again  involving  this  Root  into  it  lelf,  as  the  Rules  prefcribe. 

Probl.  4.    Having  the  Principa^,  Amount,  and  Time,  to  find  the  Rate. 

Huk. 
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Rule.  Take  the  Quote  of  the  Amount  divided  by  the  Principal,  and  extrad  a  Root  of 
it  whofe  Denominator  is  the  Number  of  Years  i  that  is  the  Race. 

Example:  At  what  Rate  of  Compound  Intereft  will  50/.  amount  to  (Jo. 7753125/.  in 
4  Years?    Anfwer:  y  per  Cent,  for  —    ,^q         =  i-  21550625.  whofe  4th  Root  is  1.05, 

the  Rare  or  Amount  of  i  /.  for  i  Year. 

A 
D  E  Mo  N  s  T  R.    Since  —  =i  R'  by  the  laft,  and  the  t  Root  of  R'  is  R,  tliercfore  the 

A  ^ 

lame  Root  of  —  is  R. 
p 
Ohferve,  As  the  firft  two  Froblems  are  the  moft  ufeful,  fo  their  Anfwers  are  more  eafily 
found,  and  alfo  more  determinate. 

ScHOL  lUM.  As  the  Amount  of  any  Principal  is  the  Sum  of  the  Principal  and  In- 
teaeft,  fo  if  in  any  of  the  preceding  Troblems  the  Intereft  is  fought  or  given  inftead  of  the 
Amount,  the  Anfujtr  is  eaGly  found  from  the  preceding  ^  which  I  fliall  briefly  explain, 
thus: 

Probl.  5.    Having  the  Principal,  Rate,  and  Time,  to  find  the  Intereft. 

'Rule.  Find  the  Amount  by  Trobl.  i.  the  Difference  of  this  and  the  Principal  is  the  In- 
tereft. 

Probl.  6.    Having  the  Intereft,  Time,  and  Rate,  to  find  the  Principal. 

Rnle.  Find  the  Amount  of  i  /.  for  the  given  Time  and  Rate,  then  the  Difference  of 
il.  and  that  A-nount  being  the  Intereft  of  xl.  fay  as  that  Intereft  is  to  i/.  fo  is  the  given 
Intereft  to  its  Principal  ibught. 

P  R  o  B  L.  7.    Having  the  Principal,  Intereft,  and  Rate,  to  find  the  Time. 

Rule.  The  Sum  of  Principal  and  Intereft  is  the  Amount  j  by  which,  with  the  Rate  and 
Principal,  find  the  Time  by  Frohl.  3. 

Probl.  8.    Having  the  Principal,  Intereft,  and  Time,  to  find  the  Rate. 
Rule.    Find  the  Amount,  as  in  the  laft,  and  then  apply  Trobl.  4. 

^.  a.     Of  Annuities. 

Defin.  1.     AN  Annuity  is  a  Sum  of  Money  payable  every  Year  for  a  certain  Num- 
■^  ber  of  Years,  or  for  ever.     And  tho'  it  be  divided  into  half  Years  qr 
quarters  Payments,   it  ftill  goes  under  the  general  Name  of  Annuity,   becaufe  the  whole 
Payments  make  fo  much  in  a  Year. 

I  ihall  firft  confider  the  Suppofition  of  yearly  Payments,  and  then  other  Cafes  j  and  alfo 
firft  confider  Annuities  to  continue  for  a  certain  determined  Number  of  Years. 

2.  An  Annuity  is  faid  to  be  in  Arrears,  when  the  Debtor  keeps  it  in  his  hands  for  a  cer- 
tain Number  of  Years,  paying  the  whole  at  laft  with  Intereft  for  every  Year  after  it  Ms 
due ;  and  the  Total  of  the  feveral  Years  with  the  Intereft  due  upon  each,  is  called  the  A- 
mount  of  the  Annuity  forborn  for  that  time.  Again;  If  an  Annuity  is  to  be  bought  06F, 
or  paid  all  at  once,  at  the  very  Beginning  of  the  firft  Year,  the  Price  which  ought  to  be 
paid  for  it,  difcompting  for  the  Advancement,  is  called  the  prefent  Worth  of  it  for  fo  many 
Years. 
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But  thenj  as  either  Simple  or  Compound  Intereft  may  be  made  a  fuppofed  Condition  in 
tbe  Queftion,  we  muft  accordingly  diftinguifli ;  tho'  Simple  Intereft,  efpeciaUy  in  the  pur- 
chaiing  of  Annuities,  is  very  unjuft,  as  ihall  be  fully  demonftratcd. 

Part.  I.     Of  Annuities  at  Simple  Intereft. 
1.    Of  Annuities  in  Arrears  at  Simple  Intereft. 

P  R  o  B.  I.  Having  the  Annuity,  Time,  and  Rate  of  Intereft  {i.  e.  the  Intereft  of  i  /. 
for  one  Year)  to  find  the  Amount. 

Rule.  Take  thr  natural  Series  of  Numbers  i,  2,  3,  ^f.  to  the  Number  of  Years  iefs  i. 
Multiply  the  Sum  of  this  Series  by  one  Year's  Intereft  of  the  Annuity,  fwhich  is  the  Rate, 
if  the  Annuity  is  1/.;  but  it  is  the  Product  of  the  Rate  and  Annuity,  if  the  Annuity  is 
.not  1/.)  this  Produd:  is  the  whole  Intereft  due  upon  the  Annuity.  To  which  add  the  whole 
Annuities,  (;.  e.  the  Produft  of  the  Annuity  and  Timej  the  Sum  is  the  Amount  fought. 
And  ohferve.  That  as  the  Series  i..  2,  3,  iS'c.  k  an  Arithmetical  Progreffion,  if  you  find  its 
Sum  by  the  Rule  of  Trob.  5.  Chap.  2.  'Book  IV.  (which  is  this,  multiply  the  Sum  of  the 
Extremes  by  the  Number  of  Terms,  the  half  of  the  Product  is  the  Sum)  the  Work  is 
thereby  eafier. 

Example.  What  is  the  Amount  of  50/.  Annuity  for  7  Years,  allowing  Simple  Inte- 
reft at  5/.  percent  for  every  Year  after  it  falls  due.'  Anfwer,  402/.  10/.  Found  thus: 
i-}-?-f-3-f-4  +  5~f~<^^^-'^3  then  .05  x  50  =  2.5,  and  2.5  X  21  =52.5.  Again,  50X  7 
=  350,  and  350 -f- 52-5  =  402.5,  or  402/.  joy.  the  Amount  fought. 

Demonstr.  Whatever  the  Time  is,  there  is  due  upon  the  firft  Year's  Annuity  as 
many  Years  Intereft  as  the  whole  Number  of  Years  le(s  i;  and  gradually  i  left  upon  every 
fucceeding  Year,  to  the  laft  but  one;  upon  which  there  isdue  one  Year's  Intereft,  and  none 
upon  the  laftj  wherefore  in  whole  there  is  due  as  many  Years  Intereft  of  the  Annuity,  as 
the  Sjm  of  the  Series  i,  2,  3,  &c.  to  the  Number  of  Years  Iefs  i.  Confequently  one 
Year's  Intereft  multiplied  by  this  Sum  muft  be  the  whole  Intereft  due.  To  which  the 
whole  Annuities  added,  the  Sum  ,is  plainly  the  Amount. 

S  c  H  o  L.  This  Problem  may  be  folved  alfo  in  this  manner,  viz.  Take  an  Year's  Intereft 
of  the  Annuity  for  the  leaft  7'erm,  and  alfo  the  common  Difference  of  an  Arithmetical  Pro- 
greftion  carried  to  as  manyTertHs  as  the  Number  of  Years  Iefs  i,  (i.e.  take  one  Year's  Inte- 
reft of  the  Annuity,  then  double. itj  then  take  it  three  time.-;,  and  fo  on,  till  you  take  it  as 
oft  as  the  Number  of  Years  iefs  i)  its  Sum  is  the  whole  Intereft  due,  as  is  plain  by  v/hat's 
already  fhewn;  or  appears  by  this,  that  it  is  the  fime  thing  to  multiply  by  the  Sum  of  the 
•'Series  i,  2,  3,  dye.  as  in  the  ift  Method,  or  by  each  of  tlic Terms  feparately;  and  then  add 
'  the  Prodtii-'b,  which  is  the  other  Method.  Again ;  It  will  come  to  the  fame  thing,  if  we 
take  an  Arithmeticsl  Progreflion,  whofe  leaft  Term,  and  alfo  the  common  Difference,  is* 
the  Rate,  and  carry  it  to  the  fame  Number  of  Terms  as  before;  the  Sum  of  this  Series  is 
the  whole  Intereft  due  upon  i /.  Annuity,  (ss  appears  by  the  laft  Method);  wherefore  if  we 
multiply  this  Sum  by  any  other  given  Annuity,  the  Produd  is  the  whole  Intereft  due  upon 
this  other  Annuity.  Or  take  tlx:  ReaJoa  of  it  thus :  Since  one  Year's  Intereft  of  the  An- 
nuity is  the  Produd  of  the  Rate  and  Annuity,  (as  is  plain  by  the  common  Rules)  it  is  the 
fame  thing  to  multiply  each  Term  of  the  Series  i,  2,  3,  &e.  by  that  Produd;  and  then 
add  all  the  Produds,  which  is  the  2d  Method;  or  to  multiply  them  firft  by  the  Rate,  and 
then  each  of  thefe  Produds,  or  their  Sum,  by  the  Annuity;  which  is  the  laft  Method. 

2.  But  I  fhall  again  more  briefly  ihev/  the  Coincidence  of  all  thefe  three  Methods  by  the 
univerfil  Method  of  Expreffion,    (which  is  necefTary  for   the  fake  of  the  following  Fro- 

.  biems)  and  alfo  bring  them  all  into  on?  geqcral  Rule.     Thus : 

. .  a  o  ■  Let 
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Let  f  b9  the  Rate,  »  the  Annuity,  /  the  Time,  and  A  the  Amount  j  then  is  r»  one 
Year's  In  ■'clt  oF  the  Annuity,  ffor  \:r::n:rn)  ami  fo  the  ift  Rule  may  be  exprelled 
thus;  ■  4- a  '-  '  ^'"'"  -"-^  —  i  'I'.rn-^-t n^ k.  Again;  The  2d  Rule  is  r»-f-2r«-f- 
3r»,  C"^  -f"  —  L  X  /  » -[- f  ;< ;=  A,  which  coincides  with  the  firft,  becaufe  rn-\-^rn 
+  3  r  w,  d"f-  -\-t —  I  Xr»=i-|-2-f-3'  ^''-  4-^ — I  ^ ''  »•)  Laftly,  the  3d  Rule  is, 
r  •■{-  2  r  -}-  3  r,  <irc    ~\~t  —  t  x  r  x  w  -f"  '  *  ^==  A,    (which  coincides  with  the  2d,   be. 

caufe  r»-|-2r»-(-3''"'  C?*^-  -f-^  —  iXr»  =  r4-2>'-!-'^'',  C^-i^-  4-^  — ^iXyXw.) 
In' the  lad  place,  to  bring  all  the(c  into  one  general  Ruie.     i.  The  Sum  ot  the  Series 

i-f-2  +  3'  '^''-  +^ — ^'  's  by  the  Rules  of  Progreffion  t — i-\-\  (=t)  x  -^    = 

— ;; — •' ;   and  this  multiplied  by  rn,  is — —  the  Sum  of  the  Intereft   due.     2.  In 

the  2d  Ru  c,  the  Sum  of  the  Series  rn~\-2rn-\~ir»,  <^c.  -\-t —  iXrwis  t —  i  x  r  w 

J^r  n{^=.trn)  x  — - — = —  the  Sum  of  the  Intereft  as  before.     3.  In  the  3d 

Pn'*?,'  the  Sum  of  the  Series  r  -}-  2,  ?■  -f-  3  »",  <^<'-  -|-  ? —  i  x  »•  is  / —  i  X  >*  -f- *■  (=^ ''')  ^ 

If— 1        V  r  —  .'*■  f^r  n  —  tr  n 

— ; —  = ; ;  which  multiplied  by  n  produces the  whole  Intereft  as 

before.     If  now  to  this  Sum  of  the  Intereft  we  add  the  whole  Annuities,  the  Sum  ij 
— -—  -f-  ^  w  =:  A ;  which  is  the  univerfal  R.ule.     In  Words  thus : 

Multiply  the  llrne.  Rate  and  Annuity  continually.  Then  multiply  this  Produd  by  the 
Time;  fubtradi  the  firft  Prodaft  from  the  id,  and  take  the  half  of  the  Difference;  to 
which  add  the  Produdt  of  the  Time  and  Annuity,  the  Sum  is  the  Amount. 

P  R  o  B    2.    Havinr;  the  Amount,  Rate  and  Time,  to  find  the  Annuity. 

'Rule.  Take  any  Annuity  at  pleafure,  and,  by  Vrob.  i.  find  its  Amount;  then,  by  the 
Rule  of  3,  as  this  Amount  is  to  its  Annuity,  fo  is  the  given  Amount  to  its  Annuity.  So 
th.in  if  you  t:}ke  i  /.  Annuity,  by  its  Amount  divide  the  gi\ren  Amount,  the  Qiiotc  is  the 
Annuity  fought. 

'Example.  What  Annuity  will  in  7  Years  amount  to  402 /.  10/.  allowing  5  per  Cent 
Simple  Intereft?  Anfvvcr,  50/.-  Found  thus:  The  Amount  of  i /.  Annuity  is  8.05/.  for' 
by  ?Tob.  I.  i-f-2  +  3+4+5  +  <5  =  2i,  and  21  x  .05  =  1.05;  then  1.05  -(-7=8.05' 

the  Amount  of  i  /.  Annuity.    Laftly,  As  8  05  :  i : :  402. 5  :      "     =  50  the  Annuity  fought. 

D  E  M  o  N  s  T  R.  The  Reafon  of  this  Rule  is  plain,  fince  to  every  Part  of  an  Annuity 
there  muft  necelTarily  correfpond  a  proportional  Part  of  the  Amount. 

S  c  H  o  L  I  u  .\i.  The  Vrohhm  may  be  alfo  folved  thus :  Take  the  Sum  of  the  Series  i, 
2,  3,  &c.  to  the  Number  of  Year';  leG  i  ;  this  Sum  multiply  by  the  Rate,  and  to  the  Pro- 
dudt add  tha  Years;  and  by  this  Sum  divide  the  Am.ount,  "the  Quote  is  the  Annuity. 

For,  by  Trobltm  i.  A  =  i  -f-  2  4-  3^  c^£;  -f-  "  —  ^  ^  >•«  +  /»;  which  is  = 
i-}-2~h3'  ^^-  ^ —  vKr-\-tx.n;  and  dividing  both  by  i-f-2  4-3'  <&'c-~\-t —  ix >•-}-<■, 


It  IS 


1-4-2  +  3'  •^''-  '•—IX T-\~t 

Again; 


598  0/*  A  N  NUiT  lES.  Book  VI. 

Again ;  Becaufe  i  +  i+'i.  &c.  -j.t—i=  — j-  ;  this  multiplied  by  r  is —  ; 

to  which  add  t>  the  Sum  is ^I- — .      By    which    dividing    A,    the    Quote    is 

' ? ; =  w,  which  is  another  R«/?i  and  this  mayalfo  be  immediately  deduced  from 

the  general  Rule  of  Vrob.  i.  vix,.  from  this  hquation  A= :; — ■  -f-  /  «,  or  — — — — ' • 

For  mulciplying  both  by  2,  it  is  2A  =  /*r»  —  trn-\-2.tnj  and  dividing  by /'r — tr-{-xt, 

.    .  2A 

P  R  o  B.  3.    Having  the  Annuity,  Amount,  and  Time,  to  find  the  Rate. 

'Rule.  Take  the  Difference  betwixt  the  Amount,  and  the  Produft  of  the  Annuity  and 
Time;  the  Difference  divide  by  the  Produdt  of  the  Annuity  multiplied  into  the  Sum  of  this 
Series  i,  2,  3,  <itc.  to  the  Number  of  Years  lefs  i,  the  Quote  is  the  Rate. 

lExamfle.     At  what  Rate  of  Intereft  will  an  Annuity  of  50/.  amount  to  402/.    \os.  in 
7  Years?  Anfwer,  5  per  Cent,  or  .05  to  i  /.     Thus,  50  X  7=^  350,  then  402.5  —  350  = 
52.5.     Again,   i -f-2  +  3  +  4  +  5  +  <>  =  21,  and  21  x  50  =  1050.    Then,  laftly, 
«f2:5  ___ 
1050       '   ^'  

Demon.  By  Trob.  i.  A=i-}-2-4-3'  ^^-  4-? — ixrg-f-^"-  Take  tn  from 
both,  and  it  is  A — /»=i-f-2-}-3»  &c-  -\-t — ixrn.  Divide  both  by  i  -\-2-\-T,,<it'c.  -f-r— iX7», 

and  it  is  i_^^4..,  j^.4.^__tx»  — >•-  'which  is  the  Rule. 


Scholium,     i  -f-  2  +  5'  '^'<^-  4" '  —  '  = '■>  ^""^  ^'^'^  multiplied  by  w is  ^— — ~. 

By  which  divide  K—tn,  the  Quote  is  ^  .,   ~\   "  =  >•,  which  is  another  Rule;  and  this 
'  t^yi  —  tn  ^j^^ ^^^ 

maybe  deduced  from  the  general  Rule  of  Prob.  i.thus,  A= f-  r  w.    Hence 

f-rn  —  tr»        ,       .  ,  ,  ^,      2  A  —  ? /» 

A  —  t»  =  — — ,  and  2  A  — 2/w  =  /*r»  — /r»;  and  laftly,    ^^ ^ _ ^ ~  =r. 

P  K.  o  B.  4.    Having  the  Annuity,  Amount  and  Rate,  to  find  the  Time. 

Bale.  Take  the  Produd  of  the  Annuity  and  Rate,  as  the  firft  Term  of  a  Progreffion, 
whereof  the  fame  Produit  is  the  common  Difference;  at  every  Step  from  the  very  firft 
Term,  take  the  Sum  of  the  Series,  and  to  it  add  the  Produdt  of  the  Annuity  multiplied 
into  a  Number  more  by  i  than  the  Number  of  Terms  fummcd.  Go  on  in  this  manner 
till  you  find  a  Sum  equal  to  the  given  Amount,  and  the  Number  multiplied  into  the  An- 
nuity in  that  laft  Step  is  the  time  fought. 

Exarr.-ple.  In  what  time  will  50/.  Annuity  amount  to  402/.  10s.  at  5  per  Cent.?  An- 
fwer, 7  Years.     Found  thus: 

50  X  .05  =2.5  :  then  for  the  reft  of  the  Operation,  fee  it  in  the  Margin. 


r «        2r»     T,r7i     ^rn     t^rn      6rn. 
a-5.+_.5  +  7-5  +.'o+ i?..5+JTj: 


Sums,  7.5      15     25     37.5     52.5. 

Produdls of5o,  150     200  2^0  -^oo     350  (=50x7  j 
2d  Sums,      157.5  215  275   337.5  402.5. 


Demon  sTR.  By  Troh.  i. 
we  have  A  =  r«-f-2r»-f-3r», 
&c.  4-  '  —  1  X  r  »  -f  /  » ;  and  if 
the  Time  is  but  i  Year,  then  is 
A  =  ».  If  it  is  2  Year.'!,  then  is 
A  =  rw-{-2»;  if  3 Years,  theni; 


;r»-}-2ra-(-3»j  and  fo  on j  which  makes  the  Rule  raaniicit.  £> CHO 
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SCHOLIUMS. 

1.  If  you  never  find  a  Sum  equal  to  the  Amount,  then  the  Pr»i/?w  is  impoffible  in  whole 
Years. 

i    The  preceding  Problem  will  be  tedious  if  there  are  many  Years. 

There  is  another  Rule  ealier  in  Pradicc,  tho'  not  fo  fimple  in  its  Demonftration.     It  is 

_,,                .            .         rnt^-\-2tn  —  trn      ,  ,  , 

deduced  from    TrahUm   i.   thus,    A= ■ — ; ,  whencea  A  =  r  wr»-{-2  r» 


..  -zA  ,7»  —  rn 


trn=rnf-  -f-  2»  —  rnXt;  divide  by  r  n,  and  it  is =  /=•  -I x  t :  Call 

35=11^=  d.  then  it  is  ^-^  —  t^  +  dt.  and  by  Probl.S.Ch.x.Booklll.  t  =1^43' 
rn  rn  ^  '  rn~  4) 


2.  Of  the  Furchafe  of  Annuities  at  Simple  Intereft. 


In  the  following  Problems,  the  Things  concerned  are  the  Annuity,  it's  prefent  Worth, 
the  Time  of  Continuance,  and  Rate  of  Intereft  allowed  to  the  Purchafer  for  the  Ad- 
vancement of  his  Money. 

As  before,  we  fliall  exprefs  the  Annuity  by  w,  the  Time  /,  Rate  r,  and  the  prefent 
Worth  p. 

Probl.  5.    Having  the  Annuity,  Rate,  and  Time,  to  find  the'prefent  Worth. 

For  the  Solution  of  this  Problem,  there  are  two  different  Rules  given  by  difiFerent  Au- 
thors; but  as  they  give  different  Anfwers,  they  cannot  be  both  right.  I  (hall  firfl  lay 
down  the  Rules,  and  then  examine  wh'ch  is  the  right  one. 

Ritle  I.  Find  the  prefent  Worth  of  each  Year  by  it  felf,  difcompting  from  the  Time 
it  falls  dje  fby  Probl.  8.  Part  i.§.  i.);  the  Sum  of  all  thefe  is  the  prefent  Worth  fought. 

Example:  What  is  the  prefent  Worth  of  an  Annuity  of  100/.  to  continue  5  Years,  dif- 
compting at  the  Rate  of  6  per  Cent,  or  .06  to  1/..^  Anfwer  :  425/.  i8x.  ^d.  2/  near- 
eft;  in  Decimals  425.93932,  &c.  Found  thus: 

as       to 

The  Amount  of  i  /.  for  i  Year,    i .  oiS  :  i 

2  Years,  1.12:1 

3  Years,  1.18  :   i  ::   100  :  84.7457(5     ^f^, 

4  Years,  1.24:1        —      "      ^-^ 

5  Years,  i .   3:1 

425.93932 

Ohferve,  The  Work  will  be  a  little  eafier,  if  you  find  the  prefent  Worth  of  i  /.  Annu- 
ity for  the  given  Time,  and  then  multiply  that  by  the  given  Annuity,  the  Produtfb  is  the 
prefent  Worth  of  it,  becaufe  of  the  Proportionality  of  Annuities  and  their  prefent  Worths. 

P.ule  2.  Find  what  each  Year's  Annuity  would  amount  to,  being  forborn  to  the  End 
of  the  lift  Year,  allowing  Simple  Intereft  from  the  time  it  falls  due;  that  is,  find  the  A- 
mount  01  the  Annuity  as  forborn  the  whole  Time  fby  Trobl.  i.  of  this  §.;  theo  find  the  j,re- 
fcnc  Worth  of  that  Amount  as  a  Sum  due  at  the  End  of  the  given  Time. 

la 


fo  is 

to 

100  : 

94.33962 

100  : 

;  89.28571 

100  : 

:  84.7457(5 

100  ; 

:  80.64516 

100  ; 

;  76.92307 
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In  the  preceding  Example  the  Amount  of  loo/.  Annuity  for  5  Years  at  6  per  Cent,  is 
5^0/.  viz.  the  5  Years  Annuities  500/.  and  60 1,  which  is  10  Years  Interelt  of  100/. 
Then  the  Amount  of  i/.  forborn  5  Years  is  1.3;  and  as  1.3  is  to  i,  (o  is  560  to 
430.  7^)933,  &c.  or  430/.  I ^yZi.  4 </.  2/.  ncareft  the  prefent  Worth  by  ihis  Rule. 

Scholium.  The  firft  Rule  is  Mr.  Kerfe/s  in  his  Appendix  to  WingatcV  Arithmetirk : 
The  Second  has  for  its  Author  or  Defender  Sir  Samuel  Morelaijci,  v^  his  DoHriae  of  Inte- 
fi-ff,  who  wonders  how  fuch  grofs  Miftakes,  as  he  calls  Kerfefs  Rule,  could  pr.fs  thro'  the 
Hands  of  fo  many  learned  and  ingenious  Artifts.  Afier  him^  others  have  taken  the  fame 
Method,  and  p.irticularly  Mr.  Ward,  who  makes  this  Remark,  Th/tt  Sir  Samuel  Moreland 
h.is  deleted  [evcral  material  'Errors  in  Keifey  ajid  others  in  the  Bufinefs  of  Intereji :  But  to 
my  Apprchenfion  the  Error  lies  all  upon  Sir  SamueFs  Side. 

Before  I  enter  upon  the  Eramination  of  the  Ilealbns  of  thefe  Rules,  I  mufl:  firft  obferve. 
That  by  fayins;,  Knfe/s  Rule  gives  ihe  tr.ie  Price  of  the  Annuity,  I  mean  only.  That  it 
is  true  1n  confidence  with  the  fuppofed  Condition  or  Agreement  of  allowing  Simple  Inte- 
reft',  and  not  abfolutely  fo :  For  if  we  enquire  vvhnr,  in  ftricl  Equity  and  Juftice.  ought 
to  be  paid  for  the  Annuity,  then  neither  of  thefe  Rules  fhcw  it  j  for  they  both  give  too 
much,  and  the  true  Price  mufl:  be  found  by  difcompting  Compound  Intereft  fas  Moreland 
acknowledges),  and  then  both  the  Methods  give  the  fame  Anfwer.  Nor  is  this  co;itrary  to 
Law :  For  tho'  when  an  Annuity  is  in  A.rrears  the  Law  forbids  takiiig  Compound  Intereft, 
yet  in  the  Purchafc  of  an  Annuity,  if  the  Buyer  ofTers  fuch  a  Price  as  allows  him  Com- 
pound Intereft  for  the  Advancernent  of  his  Money,  he  does  nothing  contrary  to  Lawj 
becaufc  in  Buying  one  may  offsr  what  Price  he  thinks  fit :  And  he  has  this  good  Rcafon 
for  it,  that  by  putting  out  his  Money,  and  Ifting  it  at  every  Year's  End,  he  can  improve 
it  by  Compound  Intereft. 

But  to  fhevv  further  how  unjuft  Simple  Intereft  is  in  the  Purchifc  of  Annuities,  take  this 
Example:  An  Annuity  of  50/.  is  to  be  bought  for  40  Years,  difcompting  Simple  Inteicft 
at  5  per  Cent:  The  Price  according  to  ^forcl!I!!c^'li  Kulc  is  1316/.  iiJ/J.  J^d.  a  Suin  of  which 
one  Year's  Intereft  exceeds  the  Annuity  :  Would  not  then  one  think  he  had  made  a  prcuy 
Bargain,  to  give  for  an  Annuity  to  continue  only  40  Years,  a  Sum  which  would  yield  him 
a  greater  Yearly  Intereft  for  ever.'  If  it's  alfo  calculated  by  the  other  Rule,  the  fame  will 
happen,  as  I  have  actually  found  ^  tho'  it  is  much  lefs  than  the  other,  for  it  does  not  ex- 
ceed ITOO  /. 

This  Example  may,  I  think,  be  iufficient  to  fhew  the  Abfurdity  of  difcompting  for  An- 
nuities at  Simple  Intereft,  and  confeqtiently  to  put  that  Pra6tice  quite  out.  And  this  too 
might  perhaps  be  a  ^ood  enough  Reafon  for  not  troubling  you  any  further  with  the  Com- 
parifon  of  the  preceding  Rw/cf,  and  fo  to  pafs  on  to  Compound  Intereft.  But  as  it  is  a 
Qiieftion  that  belongs  to  Arithmetick,  to  find  the  Price  of  an  Annuity  upon  the  SuppoG- 
tion  of  Simple  IntereiL  v.'hich  is  to  be  f.)und  in  every  Book  upon  this  Subjed,  and  fince 
thele  two  Rules  are  become  Matter  of  Difpute  among  Authors,  I  thought  I  could  not  rei- 
fonably  omit  the  Examination  of  thefe,  and  fhcwing  v/hy  I  prefer  Kerfefs. 

The  KeiCons  of  ihe  p'recedi,ig  Rules  examined. 

Mr.  Kerjej  tak?s  th:  Reafon  of  his  Rule  for  a  thing  of  it  felf  manifeft  from  the  Nature 
and  Rules  of  Difccmpt;  for  if  that  is  right,  he  confiders  every  Year  by  it  lelK,  as  fo  many 
fingle  and  independent  Debts,  due  after  i,  2,  3,  &c.  Years,  (o  that  the  prefent  Worth  of 
each  being  found,  the  Sum  of  thefe  muft  be  the  prefent  Worth  of  the  Whole  i  which 
feems  to  be  the  plain  llate  of  the^Qtteftion. 

Sir.S.rviuel  Moreland. t.\)s  this  Rule  is  grofly  wrong,  bccaufe  there  is  no  Confideracion. 
had  -of  the  Forbearance  9/  Intereft,  (».  e.  of  the  Annuity) ;  and  therefore  he  propofes  the 
confideang  what  the  Annuity  will  amount  to,  being  forborn  for  the  whole  1  ime  of  the 
Q_ieftion ;  and  then  he  fuppol'es  that  ail  tnuft  agree,  I'hat  whatever  be  the  prelcnt  Worth 
of  the  Annuity,  it  muft  be  fuch  a  Sum,  as,  put  out  to  Intereft  for  the.  1^-umber  of  Yesrs.* 
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the  Annuiry  continues^  will  amount  :o  the  fimc  Sum  the  Anniifty  doe:;  becaufe  the  S'eiler 
ought  CO  have  a  Price  by  which  he  can  make  as  much  at  Jiimpie  Interell:  djring  the  Con- 
tinuance of  the  Annuity,  as  he  could  have  m.ide  by  lifting  every  Year  of  his  Annuity  as** 
it  fills  due,  and  putting  it  out  to  Interell:  for  the  remaining  Years  of  the  Qiieftion. 

This  is  the  firfc  and  chief  Argument  which  Sir  Samuel  ufes  ;  he  adds  fomething  further 
concerning  the  prefent  Worth  of  the  (l-veral  Years,  which  I  ("hall  conlidcr  afterwards:  But 
as  to  this  lirft  Argument,  I  am  fo  fir  from  agreeing  to  his  Suppoiition,  that  I  think  the 
very  contrary  of  what  he  objeds  to  Kerfe/s  Rule  is  a  juft  Objection  to  his  own;  becaufe 
I  think  the  Conlideration  of  the  Forbearance  of  the  Annuity  is  a  thing  altogether  out  of 
the  Queftion  :  For  in  purchafing  an  Annuity,  does  the  Purchiicr  any  o:her  thing  than  buy 
fcvcral  Sums  of  Money  to  be  paid  to  him  at  feveral  Times,  for  which  he  advances  reaay 
Money  all  at  once?  And  this  being  plainly  the  Cafe,  what  has  he  to  do  wvM  the  Conlide- 
ration of  the  Forbearance  of  the  Annuity  ?  Does  he  not  fairly  pay  for  the  Whole  when  he 
fays  for  each  Sum  fepararcly,  difcompting  from  the  Time  it  falls  due,  or  payable  to  him  ? 
'or  thus  he  pays  for  each  Year  fuch  a  Sum  as  will  amount  to  that  Year  when  it  falls  due; 
And  each  Year's  Price  being  conlidered  as  a  Principal  Sum  bearing  Intereft  in  the  Seller's 
Hands,  will  make  him  as  much  Debtor  to  the  Buyer  at  each  Year's  End,  as  the  Annuity 
then  due  and  received  by  the  Buyer  makes  him  in  the  Seller's  Debt;  and  confequently 
the  Buyer  is  never  in  Arrears  with  the  Seller,  and  (b  has  no  Bufmds  with  the  Conlideration 
of  Forbearance  or  Amount  of  the  Annuity  :  The  Seller  being  thus  cleared  at  every  Year's 
End,  let  him  make  the  beft  be  can  of  it. 

Again ;  The  Argument  from  the  Amount  of  the  Annuity  would  be  juft  as  good  if  you 
extend  it  to  7  or  any  Number  of  Years  after  the  lall  Year  in  the  Q^iellion:  For  the 
Who'e  being  in  Arreus  7  Years  longer,  would  have  a  greater  Amount ;  and  this  conlide- 
red as  a  Debt  payable  after  lb  many  Years,  will  have  a  grea'cr  prefent  Worth :  And  fince 
the  Annuiry  in  the  Qi_ieftion  will  make  fuch  an  Amount,  being  forborn  fo  long  after  the 
Time  of  the  Annu.ty,  why  fh  !uid  not  the  Seller  iniift  upon  a  Price  that  will  Amount  to 
the  lam-  Sum  in  the  fameTime?  Bjt  if  this  would  be  ridiculous,  the  other  is  equally  (b; 
for  I  hav"  no  more  to  do  with  the  Conlideration  of  any  Year  being  in  Arrears  af  er  it  is 
pavabie  (and  i-idecd  adlually  raid;  to  the  End  of  the  laft  Yrar,  than  with  that  Year,  or  all 
the  Years  being  forborn  after  the  lall  Year  in  the  Q^i  ition. 

I  ihall  in  the  nex;  pl;ce  fliew  the  Fallacy  of  Mortland's  Argument  from  his  own  Con- 
ceflTions.  He  owns  that  the  Prefent  Worth  of  a  iingle  100/.  due  at  ore  Year's  End,  of 
another  fmgle  100/.  due  after  2  Years,  and  another  100/.  due  after  3  Years,  and  fo  on, 
are  all  juftly  found  according  to  Kerfe/s  Rule:  And  if  fo,  pray  where  is  the  Difference 
betwixt  an  Annuity  of  100  /.  and  fo  many  Iingle  100  l.'s  due  after  1,2,  3,  d^c.  Years  ?  I:  is 
beyond  Queftion,  the  Cafes  are  the  fame  if  thefe  leveral  Debts  are  all  owing  by  one  Per- 
fon.  But  perhaps  it  will  be  faid,  that  the  ConcefTion  is  made  only  upon  Suppofnion  that 
thefe  fe. eral  100 /.'s  are  due  by  different  Perfons;  which  feems  to  be  Morelatid's  Meaning 
by  calling  it  a  fingle  too/,  (i.  e.  as  I  now  take  it,  100  /.  in  one  Man's  Hands,  and  another  100  /. 
in  another  Man's  Hands  ^c.)  Now  to  fliew  that  this  can  make  no  Alteration  of  the 
Cafe:  Suppofe  <;  Men  owe  you  each  100/.  payable  one  at  i  Year's  End,  another  at  2 
Years  End,  <d>'e.  the  Prefent  Worths  to  be  paid  by  the  feveral  Debtors  for  their  feveral 
Debts,  are,  it  is  own'd,  according  to  Kerfe/s  Rule:  Suppofe  next,  that  I  would  buy  the 
Right  of  thefe  Debts,  paying  them  per  Advance,  can  there  be  any  more  juftly  asked  of 
me  than  of  the  feveral  Debtors  ?  And  is  there  any  manner  of  Difference,  either  as  to  the 
Buyer  or  Seller,  betwixt  this  Cafe,  and  an  Annuity  of  10c/. .?  For  in  either  Cafe  I  buy 
100  /.  to  be  paid  me  after  i  Year,  another  100  /.  to  be  paid  after  2  Years,  and  fo  on. 
Arid  on  the  other  hand,  the  Seller  has  the  fame  Argument  with  me  from  the  Amount  of 
thefe  Debts  forborn  till  the  Time  the  laft  is  payable,  as  from  the  Amount  of  an  Annuity 
payable  by  one  Debtor;  and  yet  it  is  deftroyed  in  this  Cafe,  by  acknowledging  that  the  fe- 
veral Debtors  ought  to  pay  by  Kerfe/s  Rule.     Again;  Take  this  other  Example:  Suppofe 
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I  owe  to  each  of  5  different  Perfons  100/.  payable  at  i,  2,  3.  4.  5  Years  End;  if  I  were 
to  pay  off  cbefe  Debts  per  Advaiice,  the  Prefent  Worths  are  acknowledged  to  be  accord- 
ing to  Kerfefs  Rule:  Now  if  one  Perfon  gets  a  Right  to  all  thefe  Debts,  it  is  plain  I  be- 
cotne  Debtor  to  him  in  an  Annuity  of  iso/.  to  continue  5  Years;  and  if  I  propofe  to 
pay  them  off  at  once,  by  what  Reafon  ought  I  to  pay  him  more  than  would  have  juftly 
fatisfied  his  Conftituents  ? 

It  remains  that  I  confider  Morelanis  Argument  from  the  Prefent  Worths  of  the  feveral 
Years,  from  whence  he  thought  the  Demonftration  perfeded  \  tho'  his  way  of  calculating 
thefe  Prefent  Worths,  affords,  I  think,  another  ftrong  Argument  againil  the  Truth  of  his 
Rule. 

He  fuppofes  an  Annuity  of  100/.  The  Prefent  Worth  of  the  ift  Year  he  allows  to  be 
according  to  Kerfey's  Rule :  For  the  2d  Year  he  takes  the  Amount  of  the  firft  2  Years, 
viz.  206  /.  (  fuppoluig  6  fer  Cent.  )  then  finds  the  Prefent  Worth  of  206  /  due  after  x 
Years,  which  he  confiders  as  the  Prefent  Worth  of  the  firll  2  Years  together;  from  that 
he  takes  the  Prefent  Worth  of  the  firft  Year,  and  calls  the  Difference  the  Prefent  W  )rth 
of  the  2d  Year;  becaufe  the  prefent  Worth  of  the  ift  Year  taken  from  the  Pieicnt  Worth 
of  the  firft  two  Years,  muft  leave  the  Prefent  Worth  of  the  zJ  Year  alone.  Then  for 
the  3d  Year,  he  takes  the  Amount  of  the  firft  3  Years,  viz..  318/.  and  finding  its  Prefent 
Worth  as  a  Debt  due  after  3  Years,  from  this  he  takes  the  Prefent  Worth  of  the  fitft  2 
Years,  for  of  2  id  /.  due  after  2  Years)  and  the  Difference  he  calls  the  Prefent  Worth  of 
the  3d  Year  alone ;  and  in  this  Manner  he  goes  on ;  then  concludes,  that  becaufe  what 
he  calls  the  Prefent  Worths  of  the  feveral  Years  make  up  his  total  prefent  Worth,  there- 
fore his  (jenera!  Rule  is  right. 

For  Aapwer  to  this,  I  do  acknowledge  that  the  Prefent  Worth  of  all  the  Years  together, 
is  exaftly  equal  to  the  Sum  of  the  Prefent  Worths  of  the  feveral  Years  coniidered  fepa- 
rately :  But  then  to  flrew  that  his  Prefnt  Worth  of  the  Whole  is  right,  he  ought  firft  to 
have  proved,  that  his  Prefent  Worths  of  the  feveral  Years  are  right ;  which  I  deny,  and 
fliall  prove  to  be  falfe. 

In  order  to  which,^  Obfcrve,  That  by  thefe  Prefent  Worths  his  Argument  requires  that 
he  mean  the  Prices  the  feveral  Purchalers  of  the  feveral  Years  ought  to  pay  for  them  :  For 
yo  1  give  the  Buyer  of  the  Whole  no  Reafon  why  he  ought  to  pay  the  Sum  of  all  thefe 
Prefent  Worths  unlefs  you  Qrcw  him  that  thefe  are  the  Prices  to  be  paid  by  feveral  Pur- 
ehafers  of  the  feveral  Years;  and  as  he  muft  be  fatisfied  that  he  ought  to  pay  no  le(s,  fo 
there  is  no  manner  of  Reafon  why  he  fhould  pay  more.  Let  us  then  examine  the  juftice 
of  thefe  feveral  Prefent  Worths. 

The  firft  Year  is  the  fame  as  by  Kerfe/s  Rule.  But  he  who  buys  the  2d  Year  pays  the 
DifP-rence  berwixt  the  Price  of  the  firft  Year  and  the  Prefent  Worth  of  206/.  due  after 
2  Years;  and  this  6 1,  is  one  Year's  Intcreft  of  the  ift  Year's  Annuity,  coniidered  as  fotr 
born  I  Year ;  fo  that  the  Purchafer  of  the  2d  Year  pays  moft  unreafonably  for  the  Coo- 
fideration  of  the  Forbearance  of  the  ift  Year,  with  which  he,  has  no  Concern;  and  the 
further  from  the  ift  Year,  thefe  Prefent  Worths  are  the  further  wrong,  it  had  been  more 
agreeable  to  his  fundamental  Suppofition  of  Forbearance,  to  make  the  Price  of  every  Year 
the  Prefent  Worth  of  its  Amo.nit,  confidered  as  forborn  to  the  End  of  the  whole- Y^arS-; 
for  the  Sura  of  thefe  is  alfo  equal  to  his  Prefent  Worth  of  the  Whole:  But  this  feemed 
too  grofs  when  applied  to  fingle  Purchalers  of  the  feveral  Years ;  And  is  it  not  rather  mor? 
abfurd  to  make  them  pay  for  tlie  Forbearance  of  what  they  have  not  purchafed  ? 

Tho'  this  Argument  is  tedious  enough  already,  yet  I  muft  take  notice  of  one  Cafe  where- 
in Alore.'jnd's  Rule  would  take  place ;  that  is, 'if  we  fuppofe  the  Debtor  of  an  Annuity  is 
obligrd  to  keep  it  in  his  Hands,  paying  Intcreft  to  thej  Er.d  of  the  whole  Time;  tbeq 
it  he  would  pay  it  off,  the  Creditor  has  Reafon  to  infift  on  the  Confideration  of  the 
Amount  of  the  Annuity  as  a  Debt  payable  at  the  End  of  the  ■  Years  of  the  Annuity ;  but 
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if  the  'Annuity  ij  payable  as  it  falls  due,  he  esrinot  juftly  infift  on  that  Confideration  j  and 
in  this  Cafe  the  Price  ought  to  be  by  7<f (•,%'/ kule'.  So  that  where  the  Condition  of  pay- 
ing the  Annuity  is  the  eafiell  (as  it  is  certainly 'more  advantageous  for  the  Debtor' to  keep 
it  in  Arrears  at  Simple  Intereii,  than  pay  it  every  Year),  the  Purchafc  of  it  is  the  dearer j 
And  where  the  Condition  of  paying  it  is  the  hardcll,  ( i':z.  paying  it  as  it  fills  dae)  he 
Purchafe  is  the  eaiicft ;  which  is  fomething  ablurd  and  contradictory :  But  then  this  proves 
neither  of  the  Rules  to  be  wrong;  and  it  arifes  from  the  Injui^ice  of  Simple  Inteveft,  for 
if  Compound  Intercft:  is  allowed,  then  to  pr.y  the  Annuity  as  it  falls  due,  or  keep  it  in  Ar- 
Doars  at  Compound  Intereft,  are  the  faniei.hiwg^  and  fo  alfo  the  Prefent  Worths  by  br.,h 
Methods  arc  the  fame.  Again;  If  we  fuppofe  either  the  Creditor  or  Debtor  has  it  in  his 
Qiciice,  that  the  Annuity  be  pa:d  as  it  lalis  due,  or  kept  in  Arrears  at  Simple  Intereft,  tKn 
the  Advantage  is  upon  rhe  fame  Side  both  in  Paying  and  Buying:  For  as  the  Ci-edi'oc 
would  certainly  chufe  to  have  it  paid  Yearly,  fo  in  lellmg  it  he  would  have  Rcalbn  to  inlifl: 
on  the  other  fide  of  the  Choice,  and  demand  a  Price  agreeable  to  that  ObligitirJn  on  the 
Debtor  to  keep  it  in  Arrears;  Again,  As  the  Debtor  would  certainly  chufe'ifo  kfrp^ip.  in 
Arrears,  fo  in  buying  it  off  he  would  rcafonably  inlift  on  the  other  fide  of  rhe  Choice,  t«. 
paying  it  Yearly,  becauie  cfie  Creditor  cannot  oblige  him  to  keep  it  in  Arrears:  Yet  with 
Compound  Intefell  there  would  be  no  Advantage  in  having  the  Choice. 

Obferve,  in  the  laft  place.  That  if  another  than  the  Debtor  of  an  Annuity  propofes  to 
buy  iti  then,  if  the  Debtor  can  keep  it  in  Arrears  at  Simple  Intereft,  ( or  is  obliged  to 
do  fo)  as  this  is  a  real  Difadvanrage  to  the  Purchaf^r,  fo  the  Seller  cannot  rcafonably  infill: 
on  that  Confideration  with  him  in  calculating  the  Price  of  it,  as  he  might  do  if  the  Debtor 
buys  it;  which  is  another  Contradiclion,  viz.  that  the  Price  lliould  be  different  to  different 
Buyers.     But  this  alfo  arifes  from  iimple  Intereft. 

Scholium  2.  Tho'I  think  it's  made  evident  that  K^rye/s  Rule  is  the  right  one,  yet 
I  fliall  give  the  Solution  of  the  following  three  ProbUw  upon  both  Suppofitions;  and  in  or- 
der to  It,  I  fhall  here  give  you  the  univerfal  Exprellions  of  both  thefe  Rules. 

The  I  ft  Rule  isp:=  — ■, f-  .— , ^-1 ,   — ,  &c.  to  — ■, , 

The  Reafin  is  this :.  r  being  i  Year's  Intereft  of  i  /,   i  -{-  r  is  the  Amount  of  i  /.  for  i 

Year;  and  therefore  the  Prefent  Worth  of  the  ift  Year's  Annuity,  »,  is  —7—;  for  1  4- r 

_-  „  I     j~  T 

!  I  : :  »:  r— j— .     For  the  like  Reafon  -— r- —  is  the  Prefent  Worth  of  the  2d  Year;  for 

I  -f-  T  I  -^  2  r  ' 

i-f-i'*  Js  the  Amount  of  1  /.  for  a  Years;  and  fo  o[  the  refti  wl^ch.  are  the  Prefent 
Worths  of  the  fcveral  Years  of  the  Annuity.  ,','. 

■  .  The2d  Rule  is  ^  == '-TZ+AllZllIf .         ,x..5  •^'. 

The  Reafon  is  this:  By  Frobl.  i.  the  Amount  of  the  Annuity  is f-/» equal 

to  — '"*" :  Then  the  Prefent  Worth  of  this,  as  a  Debt  payable  after  t  Years, 

is  a  4th  Proportional  to  i  -f-  /  ;•  fchc  Amount  of  i  /.  for  t  Years)  i  /.  and  the  Amount  of 

the  Annuity,  which  is  according  to  the  Rule:  For  i-\-tr:i::  r'""  +  ~*"  ~  ^^"  : 
t^rn-\-ztn  —  t  rn  - 

a  -{-It r  ■ 

P  R  o  B  L.  6.    Having  the  Prefent  Worth,  Rate,  and  Time,  to  find  the  Annuity. 
Rule.     Take  any  Annuity  at  pleafure,  and  find  its  Prefent  Worth  by  either  of  the  pre- 
ceding Rules  you  pleafe;  then,  as  that  prefent  Worth  is  to  its  Annuity,  fo  is  the  given  Pre- 
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Tent  Worth  to  its  Annuity :  So  that  if  you  take  i  /  Annuity,  then  the  given  Prcfent  Worth 
divided  by  the  Prefent  Worth  of  i  /.  Annuity,  quotes  the  Annuity  fought.  ' 

,  I.xample:  What  Annuity,  to  continue  5  Years,  is  worth  220/  Prtfent  Worth,  allowing 
Simple  Intereft  at  5  per  Cent.  ?  Anpwer :  50  /.  t,jh.  nearly,  by  Kerfey's  Rule,  and  by  More- 
land's  Rule  it  is  precifely  50/. 

Thus,  the  Prefent  Worth  of  i  /.  Annuity  for  5  Years,  at  ^  per  Cent,  is,  by  Kerfi/s 
Rule,  4.  3^41/.  nearly^  then,  as  4.  •5641  to  i,  fo  is  220  to  50.  399/  neaily,  which  is  near- 
ly 50/.  Sy/:-.  ,^ 

The  Prefent  Worth  of  1  /.  Annuity  by  MorelatuPsKule  is  4. 4  /;  and  as  4. 4 :  i : :  220: 50 
precifely.  .  "S 

The  Reafin  of  this  Rule  is  manifeft,  becaufe  all  Annuities  and  their  Pref^liWofths  are' 
proportional. 

P  R  o  B.  7.    Having  the  Annuity,  prefent  Worth,  and  Rate,  to  find  the  Ijrap, 

Kuk  I.  If  the  prefent  Worth  is  according  to  Ker/e/s  Rule,  then  take  therSeries  of  the' 
Amounts  of  1/.  Principal  for  1,2,  3,  &c.  Years.  J  divide  the  given  Annuity  iby  each  Term 
of  that  Scries  fuccelTively ;  and  at  every  Step  take  the  Sum  of  all  thefe  Quotes,  (i.  e.  add 
the  ift  Qiiote  to  the  2d,  and  this  Sum  to  the  3d,  and  fo  on)"  goiii^  on  thsfctill  you  find  a 
Sum  equal  to  the  given  prefejit  Worth ^  and  the  Number  of  Quqte^s  added  istheNiimber 
of  Years  foughr  •  'J'heReifon  of  which  is  maniteft  from  FroB."^.  Sch'il.  x.  '" 

(  Example.  What  time  mull  an  Annuity  of  50/.  &s.  continue,  to  be.  worth  220/.  rcaqy, 
Money  at  the  Rate  of  5  per  Cent.  ?  Anlwer,  5  Years. 

For  dividing  50/.  8f.  or  50.4/.  fucccfllvely  by  thefe  5  Divift(rs,_a.o^,  ?.ij  115,  12, 
1.25,  (the  Amounts  of  i /.  for  1,2,  3.  4,  5  Years)  the  Sum  of  the  Q^iotes  make  219/. 
19^.  3^.  nearly  i  which  is  near  to  220/.  The  Reafon  why  it  makes  not  precii'eiy  iiol. 
is  that  50/.  Si.  is  not  precifely  the  Annuity  which  has  2:0/.  for  its  prefent  Wor[ii  for  5 
Years,  as  we  faw  in  the  lad  Probtetn;  and  befidcs,  the  Quotes  are  here  determined  oniy  to 
a  certain  Degree;  but  as  three  of  them  are  compleat,  fo  the  other  two  don't  want  i  Far- 
thing each.  bv^i»*>'.'fe  »•'■ 

Ruh  2.  If  the  prefent  Worth  is  according  to  Morelavd's  Rule,  then  the  Time  is  to  be 
found  thus;  Divide  2  by  the  Ratio ;  alio  divide  the  Sum  of  th?  Ai,iouity,  and  twice- the 
prefent  Worth  by  the  Annuity.  Then  take  the  Difference  betwixt  thefe  twn  Quotes;  and 
next,  to  the  4th  Part  of  the  Square  of  that  DitFerence,  add  the  Qimie  bf^x\4\ct  the  pre* 
fent  Worth  divided  by  the  Produ<a:  of  the  Rate  and  Annuity.  Of  this  Sjm  extradl 
the  Square  Root:  From  which  Root  take  half  of  the  fiifl  mention'd  Difference,  in  calis 
the  Q^iore  of  2  divided  by  the  Ratio  be  greater  than  :he  other  Quote;  but  if  it's  leflcr,  add 
the  half  of  that  Difference  to  the  Rooti  this  laft  Diflcrer.ce  or  Sum  is  the  Nuoibcr  of 
Years.  !,>,t'i  ;^f!  .S-j-^-k-  •>■ 

■^Example.    What  Time  muft  an  Annuity  of  50/.  contintie  to  Hfe 'Wonhf^iJib'*  afi*/'^ 
Cear..?  Anf.vep,  <r- Years.     Thus:  -..^i  n,    i..  ■  f^     ,    , m..-.'-1  Evji 

a -r- .05  =  4.0 :.  then  2x220  =  440,50-1-440  =  490.  49d^4-<fO'±=«9'^^''^'^'^ '^o'*^*!^ 
=  302,  and  the  Square  of  3012  =  912.04,  ofwhich-^is  22801.  Next  05X^0  =  25,  and 
440-7-2  5=  176;, then  228  oi-f-i76=^404.oi,  wln)fe  bquare  Root  is  ^^  20  i;  then  3  .i 
-7-2=15.1  ;  and  laltly,  201 — •15.1  =  5,  the  Years  fought.  ■  ■' 

':''D  EM  o-^  S  T']t\ ..  By.  Frohlem  5.  (fee  Schol.  2.  Rk/c  2  )  it  is  p  =■ "■T-lIyyK"''"'^' 

Whence  ^p-\-^trp■=t^rn-\-■xtn' — trn:,  and  again,  aj>=;f^r  »-'r2rK  —  tm — 2/r;>; 

and.,  dividing  by  r  n,  'tis  ^-^  =1;^  -j ^  ^ ,  or  /-  -J — X  t. 

^'''  But 
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Zm^ir  '"  ^^'^  -^/'l^*  j  T-^  (==0i  therefore  ^-^  = 
**^l-^  —  I  X'  =  ^^+;— ^^''.?^''^i\,9nd"'if'for  brevity 'we  call  i  —  lt~hjt 
==/;  then  i3^  =  *^4-«fr,  and  t  =  -^  ^  ^—f'  '(^T  ^^"^  ^  ^^"P  2-  Boo*  III.) 
Batifl  is  lefs  than  ^^^  let  ^\ia.U^-ylht  called  </,  and  then  is  ^  =  t^-dtl 
•5>ft  -^iTT  ^+^i'  +  ?  by  tlxe  fams^Pf;?^4!5fe^.,j  ^^.^,^, ,  ^j^jj  ^^  „,.^,^  ^^-^  '' 

PROB.  8.    Having  the  Annuity,  prefent  Worth  and  Time,  to  find  the  Rate.     ^     ^ 

1.  If  the  prefcnt  Worth  is  raken  accotding  to  ICfry^'s  Rule,  there  is  r\a  Methfid  witnin 
my  Limits  thit  will  folve  the  Trohlrm,  e^■c^pt  for  that  one  Cafe  where  die-: Time  isitWo 
Years.    The  Rule  for  which  may  be  eafily  deduced  from  Froh.  f.viz.  fuom  this, />=5 

jzffr^ir'--  Hehce/>-f  3r/>-f-2^r».=:f  a»4-'3'"»'  an<l  2i>r^-f?ri>=i»+3''»— /> 
and-2/>r»-f.3r«  — 5r»  =  2»— />,  and  r'4- ^^~^"x  r=— ""^^i  and  callino  ?^"^li^ 

=  d,  it  is  r^ -|- ''''  ^^  ~7« — •     Whence   (by   Troblem  6.   Chapter  2.   Book  III.)    r  = 

2/)      '    4.  '        2' 

2.  It   the  prefent  Worth  is  according  to  Moreland's  Rule,   then  the  Solution  of  thi 

Trohltm  is  deduced  fiom  his  Rule  for  Frob.  5.  viz.  p  = —.      Whence 

2p-\- iptr  =  nrt''-\-^f»  —  tr»,  and  iptr — ■  7irf^  ~\~  tr  ?i=^xtn  —  zf>,  and  r= 
^t-A-tn—nt'-''  ^^^  isj'take  double  of  the  Difference  betwixt  the  prefent  Worth  and 
the  Rrodu(2  of  Time  and  Anniiiry;.  divide  this  by  the  DifferetKC  bet.wi:rti^ie  Product  oi 
Annuity  into  the  Square' of  the  Time,  and  the  Sum  of  il\e  Produd.'df.^Titncand  Annui- 
Igf,  and  twice  the  Product  of  prefent  Worth  indTirae  i.  the  Quotejs  *e  Ratfi, 

■^o  TO:  ■  F'"'  Annuhies  jfyajaUe  in  half  y^^^lj;^  ^luaftfrly  p.aymentfj 

In  the  preceding  Problems,  let  /  reprefsnt  the  Number  of  Iralf  Years  or  oiMrtcrs  that  an- 
AnI^uity  continu-s,  r  the  Intereft  of  i./.,  for.  ^-^x  '^  sf  a  Year;  md  n  thf*  4-' Years  or  quar- 
ters Payment :  Then  all  the  preceding  Rules  ai-e  applicable  to  half  yearly  or  quarterly  paid. 
Annuities  the  fame  way  as  to  yeariy  Payroenis. 


Part  II 


..  <)f  A.r\^\.\xi\cs  at  CompGund.IiitcieJl. 


Obforvci  Ik  the  jl!loi:;ivg  Probkms,  ihs  Amcunt  of  I  /.  ar.i  i  Test')  Inurc^  h  cgUed  the 
Rate.     Ttr  Exa'/i^le :   10;,  if  I.tteref  ii  at  5   pit  Ccni'. 

I.  Of  Annuities  /»' Arrears  at  Compomid  Intercff:  ,  ., 

Pros.  i.    Having  ih?  Annuity,  Rate  and  Time  (In  whole  Yearsj  to  find  the  A^ 
mount.  Sn/, 
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Rale.  Make  .1  the  leaft  Term  of  a  Geometrical  Progreflion,  the  Rate  the  ad  Term, 
("which  coflfequently  is  the  Ratio  of  the  ProgreiTion  by  which  every  Term  is  to  be  multi- 
plied to  produce  the  next)  carry  it  to  as  many  Terms  as  the  Number  of  Years;  its  Sum  is 
the  Amount  of  i/.  Annuity  for  the  given  Time,  [and  to  find  the  Sum  moft  cafily,  mul- 
tiply the  laft  Term  by  the  Rate,  or  Ratio,  which  produces  a  Power  of  the  Rate  whofe  In- 
dex is  theTime^  and  from  the  Product  take  i  the  lit  Terra ;  then  divide  the  Remainder 
by  the  Rate  lefs  i;  the  Quote  is  the  Sum]  which  Sum  multiplied  by  the  given  Annuity, 
the  Produd:  is  the  Amount  fought. 

Exa7t!ple.  ■  What  is  the  Amount  of  an  Annuity  of  40  /.  to  continue  5  Years,  allowing 
Compound  Intereft  at  5  ffr  CerJ.l  Anfvver,  22.102515/.  which  is  221/  or  C-oGd. 
Tbm :  Of  a  Geometrical  ProgrclTion  beginning  with  i,  whofe  Ratio  is  1.05,  the  5th  Term 

is  1,05    =;  1.21550625-   and   the  Sum  of  the  Series  is   5.52563125.      For  1.05    = 

1.2762815625,  and  1.05  — I  =.27^2815625;  which  divided  by  1.05 — ii,'at  .0^,  the 
Quote  is  5.52563125,  the  Amount  of  i /.  Annuity  for  5  Years.  Which  m'ukiplied  by 
40,  the  Produd:  is  221.02525  =  7.21  /.  os.  6.<$6d.  the  Amount  of  40/.  Ariyiuty. 

Demonstr.  It  is  plain  that  upon  the  ift Year's  Annuity  there  will  b8':due  9s  tnany 
Years  Compound  Intereft,  as  the  given  Number  of  Years  Icfs"  i';  and  graiiwliy  one  Year 
lefs  upon  every  fuccecding  Year  to  that  preceding  the  laft,  which  has  but  .one  Year's  Intf- 
reft,  the  laft  having  no  Intereft  due;  But  the  Amount  of  iV.'for  i  Year  being  1.05,  the 
Amounts  of  it  for  2,  3,-^c.  Years  are  (by  Prob.  j.  Part  2.  ^.  i.)  the  feveral  Powers  or 

ProdcKSs  of  1.05  multiplied  continually  by  itfelf  2,  3,  &c  times;   confequeritly  T05  > 

1. 05  >  1 .05  ,  1.05, 1  are  the  Amounts  of  the  ift,  2d,  3d,  4th  and  5thVears  Annuity  of 
I /.  whofe  Sum  is  therefore  the  v.'hole  Amount  of  the  Annuity  of  i /;  for  5  Years,  But 
i/.  is  to  the  Amount  of  i  /.  as  any  other  Annuity  to  its  Amount.  Wherefore  the  Amount  of 
il.Attn.  multiplied  by  another  Ann.  gives  its  Amount. 

Univerjally.  Let  R  be  the  Rate,  or  Amount  of  i /.  with  i  Year's  Tnt'^'-eft;  then  the 
Series  of  Amounts  of  feveral  Years  of  i  /.  Annuity  from  the  laft  to  the  firft  is  i,  R,  R», 
R^,  ^c.  R'~'.     And  the  Sum  of  this,  according  to  the  Ruie  of  a  Progieffion  Geome- 

trjcalj  is   „^_   ,  the  Amount  of  \l.  Annuity  for  t  Years.    And  this  multiplied  by  any 

^      .   ■  r  ,        A  .      R'  — I  »R'  — »      ,  . 

other  Annuity  «  gives  the  Amount  of  that  Annuity,  f/z.  j^ ^  x»,  or  -j^ ^  ,    (the 

univerfal  ExpreflTion  of  the  Rule)    becaufe  all  Annuities  are  proportional  with  their  A- 

.  mounts, and  i :  -^i : :  7t :  ~^Z~[  ^  "■ 

Scholium.  As  i  :  R  :  R=j  CT-f .  R'^~'  is  the  Series  of  Amounts  of  i  /.  Annuity  for- 
born  for  f  Years ;  fo  is  w :  w  R :  w  R*,  &c.  »  Rt  — '  the  Amounts  of  the  Annuity  n.  Where- 
fore the  Amount  of  any  Annuity  for  ?  Years  is  the  Sum  of  a  Geometrical  ProereflTion, 
whofe  leaft  Term  is  the  Annuity,  and  Number  of  Terms  equal  to  the  Years,  the  Ratio  be- 
in"  the  Sum  of  i  /.  and  one  Year's  Intereft  expreffed   here   by  R.     And  by  the  Rule  06 

Geometrical  Progreffions,  the  Sum  of  this  Series  is    p^__^    as  before. 

Another  Euk.  Find  a  principal  Sum,  of  which  i  Year's  Intereft  is  equal  to  the  given 
Annuity;  then  find  the  Amount  of  that  Principal  for  the  given  Time  and  Rate,  ^byProi.  i.. 
Pars  2.  §.  I .)  from  which  Amount  fubtradt  the  Principal,  the  Remainder  is  the  Amount 
of  the  Annuity. 

The  Reafen  is  plain;  For  the  Amount  of  the  Principal  is  the  Sum  of  the  Principal,  and 
every  Year's  Simple  Intereft,  (which  make  the  feveral  Years  Annuities)  with  all  the  Com- 
pound Intereft  arifuig  from  thefe;  fo  that  the  Principal  taken  from  the  Amount,  leaves  the 

I  Sum 
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Sum  of  the  feveral  Years  Simple  Iritereft  with  all  their  Compound  Intereftj  which  is  plain- 
ly the  whole  Amount  of  the  Annuity. 

In  the  preceding  Exatitple;  I  fay,  as  .05  to  i,  fo  is  40  to  800  a  Principal,  which  gives 
40/.  Intereft  in  i  Year  at  <y  per  Cent..,  then  the  Amount  of  this  Principal  forborn  5  Years 
at  Compound  Intereft  is  1021. 02525 ^  from  which  take  800,  the  Remainder  is  221.02525 
as  before. 

Scholium.  This  R«/i?  may  be  proved  from  its  Coincidence  with  the  former, 
thusi    R  being  the  Sum  of   i /.   and  i    Year's    Intereft  j    then  is   R —  i    the  Year's 

Intereft,  and  R —  i :  i : : » :  i^__-  the  Principal,  whofe  Year's  Intereft  is  w.    Then  the  A- 

mount  of  this  Principal  for  /Years  is  „ (by  Prob.  i.  Fart  z.  §.  i.)  from  which  take 

the  Principal  p >  the  Remainder  is  -p -  the  Amount  by  the  former  B-ule. 

Prob,  2.    Having  the  Amount,  Rate  and  Time,  to  find  the  Annuity. 

Rule.  Take  any  Annuity  at  pleafure,  and  find  its  Amount  by  the  laft.  Then  as  thatA- 
mount  is  to  ics  Annuity,  fo  is  the  given  Amount  to  ks  Annuity.  And  ohjerve,  Ifyouchufe 
i  /.  Annuity,  you  have  nothing  to  do  but  divide  the  given  Amount  by  the  Amount  of  i  /. 
Annuity. 

Example.  What  Annuity  will  amount  to  221  /.  oy.  6  d.  in  5  Years  at  the  Rate  of  ^  per 
Cent.'!  Anfwer,  40/.  For  the  Amount  of  i/.  Annuity  in  5  Years  is  5.52553125  j  by  which 
dividing  the  given  Amount  2210253  the  Quote  is  39999=39/-  19^-  11  d.  3/^  ^c.  or 
40/.  nearly;  which  it  would  have  been  precifely,  had  we  taken  221/.  o^.  6.c6d.  (or 
221.C2525  j  for  the  Amount,  as  in  the  ift  Problem. 

D  E  M  o  M  s  T  R.  The  Reafon  of  this  Rule  is  plain:  For  all  Annuities  and  their  Amounts 
muft  be  proportional.  ' 

Scholium.    The  Amount  of  lA  Annuity  is,  by  Trcb.  i.  expre/Ted  77— — —  i    and 

calling  the  given  Amount  A,  then  this  Rule  is  «=  Ah-  » —  =     ^,  ;   that  is, 

multiply  the  Rate  by  the  Amount,  and  from  the  Produd  take  the  Amount ;  the  D-ifFe- 
rence  divide  by  the  Difference  i)f  i,  and  the  /  Power  of  the  Rate.  The  Ufe  of  tto  Ex- 
preflion.of  .the  Rule  you'll  find  in  the  following  Problems.    And  we  may  a!fo  deduce  it 

thus,  by  Prob.  i.  A=  "]''"";  hence  AR  — A=.:»R'— w,  and  ^-.^zA  —  r, 

•-•PR.OBL.  %.■    Hanng  the  Annuity,  Pvats.  and  Amount,  to  find  the  Time. 

nuh.  .  Find  a  correfponditjg  Principal  (as  in  the  2d  Rule  of  Probl.  i.),  the  Sum  of  this- 
and  the  given  Amount,  is  tfte'Amdunt  of  that  Principal  for  the  given  Rate  and  Time 
fought>  Wherefore  find  the  Time  (by  Probl.  1.  Partz.'§.  i )  thus;  divide  tliat  Amount  by 
ks  Principal  th-m  mukiply  the  Rate  cdntinually  by  it:  felf  till  the  Prpduft  or  Vowti  pro- 
duced be  equal  to  the  former  Quote,  the  Index  of  that  Power,  or  Number  of  MuitipUca- 
tions  more  I,  is  the  Number  of  Years  fought.  '' 

ExtmpU.  In  what  Ti,me  will  40/.  Annuity  anaount  to  221.02535^  at  the  Rate  of  « 
per  Cent  1  Anfwer,  5  Years.  Thus,  .05  :  i  : ;  40  :  800  the  cdrrcrDonding  Principal,  then 
890-4-221.02525  =  iQ2l.p>525  j  which  divided  iby  •gdoi  't Be  Quote  is  1.2762S15625, 
equal  to  the  5th  Power  of  1.05,  orT^-;  fc}haV^$^i?,tHy^^i9,l?et:oi;'i>^^^  .     ; 
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Demonstr.  By  what's  fhewn  ia  Prob.  i.  Rule  2.  the  Difference  of  the  Principal 
found  and  its  Amounr,  is  the  Amount  of  the  Annuity  j  wheretbre  that  Principal  added  to 
the  Amount  of  the  Annuity  gives  ihe  Atncunc  of  the  Principal:  The  reft  of  the  Rule  is 
demonftrated  in  the  Problem  referred  to. 

Scholium.    The  correfponding  Principal  is  exprellcd  „ (as  in Schol.  to  Proi.i.) 

and  tills  added  to  the  given  Amotiju  A,  the  Sum  is  A  -|-  ttzzt  ^^  — -tv—  j  which 

divided  by  the  Principal  - -^    .  the  Quote  is  ^-i ^^^^^  =  Pv'  by  the  Rule,  and  is 

another  Etpreffion  of  it;  which  may  alfo  be  deduced  thus,  by  Prob.  2.  -),-f,-^—    =  »; 

hence  AR  — A  =  »R'  — »,  and  w-f  AR  — A  =  »R%  and  laftly,  2+^- ^-=L^  =  p^c. 

n 

Prob.  4.     Having  the  Annuity,  Atnount  and  Time,  to  find  the  Rate. 

There  is  no  Rule  within  my  Limits  that  will  folve  this  Problem,  except  for  that  one  Cafe 
where  the  Time  is  a  Years.  And  to  come  at  that  Rule,  I  mutt  deduce  the  general  Rule 
from  what  precedes,  and  fo  leave  ic  wjth  the  Application  to  this  Cafe. 

In  the  laft  Problem  we  faw  A R  — A  =  »R'— ».     Whence  AR=:wR'~»-f- A;  and 

again,  AR  — »R'  =  A  — »i  and  dividing  by  w,  it  is  -  x  R  — R'=  —^^^.     Now  if 
t  is  above  2,  we  can  make  nothing  of  ic  by  coitimon  Methods:  But  if  /  is  =2,  then  itV 
-  X  R  —  R^  =  ^—J'.    And  calling  -=J.  then  (by  Prob.  6.  Chap.  2.  Book  III)  R  =  -  +, 
A  —  »       ddi 

or--^ 4|- 

2.  0/  the  Pp.rchafe  of  Annuities  at  Compound  Intereft. 

Probl.  5.    Having  the  Annuity,  Rate,  and  Time,  to  find  the  Prefcnt  Worth. 

Pule  I.  Find  the  Prefent  Worth  of  each  Year  by  i'.felt  (by  Probl.  2.  Part  2  §.  i.); 
the  Sum  of  all  thefe  is  the  Prefent  Worth  fought. 

P-uk  2.  Find  the  Amount  of  the  Annuity  ( by  Probl.  i  )  then  find  the  Prefent  Worth 
of  this  Amount  as  a  Sum  due  at  the  End  of  the  whole  Time  ( by  Probl.  2.  Part  z.  §•  i.)  i 
it  is  the  Prefent  Worth  fought. 

Kule  3.  Find  a  Principal  Sum  whereof  the  Annuity  is  i  Years  Intereft;  and  find  the 
Prefent  Worth  of  it  as  a  Sum  due  at  the  End  of  the  Time ;  fubtradt  this  Prefent  Worth 
from  its  Principal ;  the  Remainder  is  the  Prefent  Worth  of  the  Annuity. 

.  Obferve,  The  laft  Pule  is  the  eafieft,  and  therefore  I  apply  it  in  the  following  Example -^ 
but  there  was  a  Neceffity  to  deliver  them  all,  becaule  the  ift  is  the  fundament^  Rule, 
which  has  a  Reafon  in  it  felf ;  the  2d  having  its  Rcafon  only  in  its  Coincidence  with  the 

ift,  as  to  the  Anfa'er ;  and  the  3d  depends  upon  the  2d. 

Example.  What  is  the  Prefent  Worth  of  an  Annuity  of  40/.  to  continue  5  Years,  di(- 
compting  at  5  per  Cent. 'i  Anfwer  :  173/.  3 /A.  yd.  Found  thus;  as  .05  to  i,  fo  is  40  to 
800.  a  Principal  Sum  whereof  the  Prefent  Worth,  difcompting  Compound  Intereft  for  5 

Years,  at  5  per  Cent,  is  6x6 1.  16  /&.  5  </.  [  for  the  Amount  of  i  /.  in  5  Years  is  i.  05  = 
1. 276281.  &c.  and  800 -H  1.276281  =  626.8212,  6-c.  =  62Gl.i6jh.'jd.  nearly]  then 
from  80Q  take  ^26/.  i.6fl}.  $  J.  the  Remainder  is  173/.  3A  yd. 

Demon- 
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Demonstr.  I.  That  the  ift  Rule  gives  the  true  Anp^er  agreeable  to  the  plain 
Meaning  of  the  ^leflien,  is  manifeft,  and  is  aifo  confirm'd  by  what  has  been  faid  upon 
the  like  Queftion  with  Simple  Intereftj  fo  that  every  other  Rule  muft  coincide  with  this 
in  the  Anfiver,  clfc  it  cannot  be  true^  and  that  the  other  two  lluki  give  the  fame  An- 
foxr;  I  fliall  alfo  detnonftrate. 

2.  For  the  2d  Rule.  The  Prefent  Worth  of  any  fingle  Year  amounts  to  the  Annuity 
when  it  becomes  payable.  [  For  Example  ■  the  Prefent  Worth  of  the  3d  Year  is  a  Princi- 
pal, which  in  3  Years  Time  will  make  an-  Amount  equal  to  the  Annuity  ]  and  therefore 
the  Amount  of  that  Year  from  the  Time  it  falls  due  to  the  End  of  the  given  Time,  is  the 
fame  as  the  Amount  of  the  Prefent  Worth  of  it  from  the  Time  of  the  Parchafe  to  the 
End  of  the  Annuity.  Confcquently,  the  Prefent  Worth  of  any  Year,  difcoropcing  from 
the  Time  it  falls  due,  is  the  fame  as  the  Prefent  Worth  of  the  Amount  of  that  Year,  fum- 
med  up  60  the  End  of  the  Annuity,  and  then  difcompted  to  the  Time  of  the  Purchafe. 
But  the  Atnounc  of  the  Annuity  at  the  End  of  the  whole  Years  is  the  Sum  pf  the  Amounts 
of  the  feveral  Years;  and  confequently  the  Prefent  Worth  of  this  Sum  is  t^e  Sum  of^the 
Prefent  Worths  of  thefe  particular  Amounts;  which  being  equal  to  the  Ptefcnt  Worths  of 
the  feveral  Years  difcompted  from  the  Times  they  fall  due :  Therefore  boji  Rules  give  ^hq 
fame  Aufwer. 

3.  For  the  3d  Rule,  It  follows  from  the  2d  thus.  The  Principal  found  by  the  Rule, 
will  make  an  Amount  from  the  Time  of  the  Purchafe  to  the  End  of  the  Annuity,  equal 
to  the  Sum  of  it  felf,  and  the  Amount  of  the  Annuity  fas  we  faw  in  the  laft  Problem); 
but  the  Prefent  Worth  of  any  Sum  is  equal  to  the  Sum  of  the  Prefent  Worths  of  any  two 
(or  morej  Parts  of  that  total  Prefent  Worth ;  confequently,  the  Prefent  Worth  of  one  Part 
taken  from  the  Prefent  Worth  of  the  Whole,  leaves  the  Prefent  Worth  of  the  other  Part ; 
that  is,  in  the  prefent  Cafe,  The  Prefent  Worth  of  the  Principal  found  (  which  is  a  Pare 
of  its  own  Amount)  taken  from  the  fame  Principal  (which  is  the  total  Prefent  Wonh  of 
its  total  Amount),  leaves  the  Prefent  Worth  of  the  Annuity  (which  is  the  other  Part  of 
the  Amount  of  that  Principal). 

Scholium.   By  Prol>l.  1 .  the  Amount  of  the  Annuity  is  exprefled  thus,  A  =    ^ — 

and  (by  Frohl.i.  Parti.^.i.)  the  Prefent  Worth  of  this  is  p  =  uZ-iTZTu't'    which     is 

therefore  the  Expreffion  of  the  2d  R«/f .-  And  that  the  iHRule  refolves  into  the  fame  E.vcpreffion, 
may  be  thus  Qiewn :  The  Prefent  Worths  of  the  feveral  Years  arc  (by  Probl.i.  Part  2.  §'  i .)  thus 

exprefled,  it  :  -p-^  :  ttj^   &^-  to  -5^ ,  which  is  a  Geometrical  Progreflion,  in  the  Ratio 

of  R  to  1,  whofe  Suni  is,  by  the  Rule  of  a  Geometrical  Progreflion,  j,  ,  _:_  nr'  as  be- 
fore. The  Coincidence"  of  the  3d  Ks/e  with  this  may  nlfo  be  eafily  fliewn  after  the  fame 
Manner;  wherefore,  inftead  of  the  preceding  three  Rules,  we  may  take  it  according  to  thi* 
univerfal  EspreHion,  thus ; 

Take  two  Powers  of  the  Rate  whofe  Indexes  are  the  Time,  and  the  Time  more  i ; 
multiply  the  ill  of  theie  Powers  by  the  Annuity,  and  take  the  Annuity  from  the  Product; 
then  divide  this  Difference  by  the  Difference. of  thele  two  Powers;  the  Quote  is  the  Pre- 
fent Worth.  _  ...^ 

Or  thus:  Take  the  Difference  of  1  and  the  leffcr  Power,  whicii divide  by  th; Difference* 

of  the  Powers,  and  then  multiply  the  Quote  by  the  Annuity; bcCaufc^  ^,       "  =  — — ^- 

K.f+' — ^'     K'+"-R' 

I  i  i  i  CaRoLL. 
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Co  ROLL.     Hence,  knowing  the  Time  any  Annuity  continues,  and  the  Rate  allowed 
in  the  Purchafe,  we  can  find  how  many  Years  and  Parts  of  a  Year's  Purchafe  it  is  worth, 

without  knowing  the  Annuity :  For  fince  the  Price  is      ^, p^  x  71,  therefore,  whatever  n 

is^  oT+i Rt  '^°^^  univerfally  exprefs  the  Number  of  Times  the  Annuity  is  contained  ia 

the  Price. 

Probl.  6.    Having  the  Prefent  Worth,  Rate,  and  Time,  to  find  the  Annuity. 

'Rule.  Take  any  Annuity  at  pleafure,  and  find  its  Prefent  Worth  by  the  laftj  then, 
as  that  Prefent  Worth  is  to  its  Annuity,  fo  is  tbe  given  Prefent  Worth  to  the  Annuity 
fought.  Obfrve,  If  you  take  i  /.  Annuity,  then  there  is  no  more  to  be  done  but  divide 
the  "iven  Prefent  Worth  by  that  of  i  /.  Annuity. 

Example:  What  Annuity,  to  continue  5  Years  will  be  purchafcd  for  173/.  3/j.  j d.  al- 
lowin(j  Compound  Intereft  at  5  per  Cent.  1    Anfwer :  40  /.  Found  thus : 

The  Prefent  Worth  of  i /.  Annuity  to  continue  5  Years  is  4.329.  and  173/.  t,JJ}.  -j  d. 
or  173. 1788.-  &c.  -H  4.  329  =  40.004,  &c.  which  is  40/.  nearly,  for  the  Decimal  is  lefs 
than  a  Farthing. 

D  E  M  o  N  s  T  R.  The  Reafon  of  this  'Rule  is  plain :  For  all  Annuities  are  proportional 
with  their  Prefent  Worths  for  the  fame  Time  and  Rate. 

Scholium.     By  Schol.  to  the  preceding  Trohkvi,  the  Prefent  Worth  of  i  /.  Annuity 

O    t    T 

is  e.Kpreffcd    p  5+, i  wherefore  the  Annuity  anfwering  to  any  Prefent  Worth  />  (for  the 

]^t J  R'^' I 

fame  Time  and  Rate)  is  p  ^  ^,,,_  ^  =  />  X  -^nrr^  ^^''^'^  '^  *.°  "niverfal  Rule.  We 

^     "p      t      I  MM 

may  alfo  deduce  it  from  the  preceding  Trohk?n>  thus^  p  =  ^,. , — .  v^hence^R^*"!— /> 

=  7;R'— »,  and  dividing  by  R'— i,  it  is  »  =  — gTZ~r"'  or /> X   ^t ^  ^  . 

Probl.  7.    Having  the  Annuity,  Prefent  Worth,  and  Rate,  to  find  the  Time. 

Rule.  Find  a  Principal  whereof  i  Year's  Interefl:  is  the  Annuity,  from  which  fubrrad  the 
given  Prefent  Worth ;  the  Remainder  is  the  Prefent  Worth  of  that  Principal  confidered  ss 
a  Sum  due  at  the  End  of  the  Annuity:  Therefore,  by  Frobl.  3.  Tart  2.  §.  i.  find  in  what 
Time  this  Prefent  Worth  will  amount  to  the  Principal  found  j  it  is  the  Time  fought. 

Example:  What  Time  muft  an  Annuity  of  40/.  continue,  to  be  worth  of  ready  Mo- 
ney 173^.  IJh-  1  d.  allowing  <,  per  Cent.  Compound  Intereft.     ylnf-vaer :  5  Years. 

For  o<r  :  I : :  40 :  800  the  Principal  fought  j  from  v/nich  take  173  /.  3//!'.  -j  d.  the'  Remain- 
der is  626/.  \(>fh.  5  d.  or  626.  82  /.  neariy,  the  Prefent  Worth  of  800  due  at  the  End  of  the 

Time  fought  i  then  800  —  626.  82=  1.27678,  c^f.  =  1.  05   neariy, (for  this  is  1.27628 1) 
fo  the  Time  Ibught  is  5  Years. 

DfeMONSTR.  It  wsa^fliewn  in  'ProU.  5.  that  the  Difference  of  the  Principal  found 
and  its  Prefent  Worth,  ii  the  Prefent  Worth  of  the  Annuity ;  confequently  the  DifFcrence 

of 
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of  the  Prafent  Worth  of  the  Annuity,  and  the  fame  Principal,  muft  be  the  Prefent  Worth 
of  that  Principal.   The  reft  of  the  Jiule  is  demonftraied  in  the  Problem  referred  to. 

Scholium.     The  correfponding  Principal  being  expreffod  g^ir^  (  for  R  —  i ;  i 

)K  ^  "4"  P  "^  P  ^ 

and  the  given  Ptefent  Worth /i,then  by  this  Rule  ^__\  ""/'  = — r_  i 

«                                                      .   .        »          "-\-P — P^ 
is  the  prefent  Worth  of  ^—^  ■  And  by  Prohl.  3 .  Part  2.  §.  i  •  it  is  'ji^_  ^ i^_i 

C=  — ; — ,7"^  =  R',  which  is  the  univerfal  Exprefllon  of  the  Rule^  to  be  de- 

duced  alfo  from  Prohl.  5 .  thus,  />  =  ^^^.'~^,  ;  hence  ^  R^t '  —  /,  R^  =  «  R'  —  « ,  and 
pRtf  =kR'  — »+^R',  then/>R'+'  +  w  =  wR'+pR';  alfo»=:wR'4-f  R'— />R'*' 
=  «+/.-/)RxR-  andlaftly,  ;jqipr^  =  R'- 

P  R  o  B  L.  8.    Having  the  Annuity,  Prefent  Worth,  and  Time,  to  find  the  Rate. 

This  Prohkm  can  be  folved  by  no  Method  within  my  Limits,  except  for  that  Cafe 
where  the  Time  is  i  Year ;  which  I  (liall  fhew  by  deducing  the  general  Rule  from  the 
■preceding;   thus,  in  the  Scholium  to  the  laft  Problem  we  fee  w  =  ?<  R' -)-/' R' — ^  R't'  = 

^^X~^xR'— ^Rf+',  and  2=  l+iJx  R'— R'+' ;  now  if  ^  is  any  Number  greater  than 

I,  to  find  R  we  have  an adfefted Root,  above  the  Square,  to  extraft;  for  which  we  have 

no  Rules  in  this  Work  :  But  if  the  Time  is  i  Year,  then  the  Rule  is     =     "T    X  R  — 
-  />  t 

R..   call  ^^^  =  ^,  and  then,  by  Probl.6.  Ch.2.  Booklll.  R=  -  +  or  —  'EZTilt 
P  _  2  />         4- 

Of  Annuities  payable  Half-yearly  or  ^larterly^  and  other  ^eflions^  ivhere- 
.    in  the  "time  is  fome  Part  of  a  Tear,  or  whole  Tears  ivitb  Fart  of  a  Tear. 

Pjrt  I.  If  Annuities  are  payable  in  Half-years  or  Quarters  (the  Half-year  or  Quarter's 
Payment  being  the  i  or  ^  of  the  whole  Years  Payment  j,  then  if  in  the  preceding  Pro- 
blems t  exprefs  the  Number  of  Half- Years  or  Quarters,  and  n  the  Half-Year's  or  Quarter's 
Payment,  alfo  R  the  Sum  of  i  /.  with  i  or  i  of  a  Year's  Intereft  of  it,  taken  according 
to  any  Suppofition  (i.e.  By  either  of  i\\z Methods  explained  in  Schol.i.Probl.  i.  Partz.^.  i. 
and  here  the  ad  Method  fccms  to  be  the  faireft  ),  then  all  the  preceding  liules  are  applicable 
to  Half-yearly  and  Qiiarterly  Payments  the  fame  way  as  for  Years ;  yet  the  Labour  of  the 
Calculation  is  hereby  incrcafed. 

Part  II.  But  whether  Annuities  are  payable  Yeaijy  or  Quarterly,  tlie  Time  fought  may 
perhaps  not  come  out  in  whole  Years  or  Quarters  precifely ;  which  is  a  Sign  that  the  Qie- 
ftion  is  ir.ipoflible  in  whole  Years  or  Quarters:  So  that  if  what  is  wanting  in  the  Number 
found,  to  make  it  whole  Years  or  Qi:arters,be  very  little,  ic'may  be  ncgleded;  but  if  it  is 
^reat,  then  we  may  find  fome  Part  of  the  Year  or  Quarter's  Payment  correfponding  to  it,  as 

I  i  i  i  2  I  fliall 
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I  fhall  briefly  explain  with  refpedi  to  Annual  Payments ;  and,,  to  make  this  Part  compleat, 
I  fliall  alfo  confider  thofe  Qiieftions  wherein  the  Time  is  given  in  Years  and  Parts  of  a 
Year.  And  ohferve  too.  That  tho'  the  Payments  ard  by  Half-years  or  QLiarters,  the  Cal- 
culations may  juftly  be  made  as  if  they  were  by  Years. 

I.  In  ?robl.  I.  If  there  is  any  Part  of  a  Year,  then,  having  found  the  Amount  for  the 
whole  Years,  find  the  Interelt  of  that  Amount  for  the  Parts  of  a  Year  in  the  Queftion,  by 
any  of  the  Methods  explained  in  Schol.  2.  Frohl.  i.  Part  2.  §.  i.  as  you  think  fit,  and  add 
that  to  the  Amount  for  the  whole  Years. 

3.  In  Frobl.  2.  If  the  Time  is  whole  Years  and  Parts  of  a  Year,  the  Solution  depends 
upon  the  laft- 

3.  Tn  Frohl.  3.  Where  the  Time  is  fought,  the  laft  Part  of  the  Solution  depends  upon 
Trohl.T,.  Parti.  §.  1.'  And  for  the  Parts  of  a  Year  in  the  Time  fought,  fee  the  Schol. 
to  that  Problem. 

4.  Foe  Frobl.  4.  we  can  make  nothing  of  it;  and  it  is  indeed  of  litrie  UCe. 

5.  In  Frobl.  5.  if  the  Time  is  whole  Years  and  Parts  of  a  Year,  the  Solution  will  be 
different  according  as  you  fuppofe  Intereft  for  the  Parts  of  a  Year  to  be  taken.  But  how- 
ever that  be,  this  is  firft  to  be  done,  'viz.  to  find  the  Prefent  Worth,  difcompting  for  the 
Whole  Y'ears  in  the  Queftion ;  then  find  the  Prefent  Worth  of  this  Prefent  Worth,  dil- 
compting  for  the  Parts  of  a  Year  in  the  Queftion.     See  Schol.  3.  to  Frobl.  2.  Part  3.  §,  i, 

6.  For  Probl.  6.  the  Solution  depends  upon  the  laft. 

7.  For  Probl.  7.  the  laft  Part  of  the  Solution  depends  upon  Probl.  3.  Part  2.  §.  i.  See 
the  Schol.  to  that  Problem. 
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8.   For  the  8.  Frobl.  vve  can  make  nothing  of  it;  and  it's  of  as  little  Ufe  as  the  4th. 

Si.  III.  of  the  Purchafe  of  Freehold  Eftates,  or  Annuities  to  con- 
tinue for  ever.,  aUowing  Compound  Intereji. 

Probl.  '"T'O  find  the  Price  or  Prefent  Worth  of  a  Freehold  Eftate  or  Annuity  to 
A    continue  for  ever,  difcompting  Compound  Intereft. 

Ka/f.  Find  a  Principal  Sum  of  which  one  Year's  Intereft  is  the  Rent  or  Annuity  given ; 
it  is  the  Price  fought. 

'Example :  What  is  the  Price  of  a  perpetual  Annuity  oF  40  /,  difcompting  at  5  fcr  Cent. 
Compound  Inrcreft  ?  Anfwer  :  800  /.  for  .05  :  i : :  40  :  800  /. 

D  E  M  o  N  s  T  R.  The  P.?afo7i  of  this  Rule  feems  of  it  felf  obvious  j  for  it's  plain,  that 
iince  a  Year's  Intereft  of  the 'Price  is  the  Annuity/therefore  there  can  neither  more  nor 
lefs  be  made  of  that  Price  than  of  the  Annuity,  whether  we  employ  it  by  Simple  or  Com- 
pound Intereft- 

S  C  H  O- 
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SCHOLIUMS. 

1.  But  left  any  body  (Tiould  doubt  whether  the  Difftompt  is  here  made  at  Simple  or 
Compound  Intereft,  let  thetn  confidsr  the  Rule  of  Frohl.  2.  Parti,  ^1.  for  the  Prefcnc 

Worth  of  an  Annuity,  which  is  thus  exprefTed,  ^=  -jr-  -f-  yj  j-  -pj'  &(■  {»  being  the 

yearly  Rent  or  Annuity).    Now  if  the  Annuity  continues  for  even  then  this  Geometrical 
Progreffion  goes  on,  decreafing  for  ever  j  and  the  Sum  of  it,  by  Probl.  i.  Ch.  3.  Boak  V. 

is    „  ^    ,  which  is  a  Principal  Sum  of  which  one  Year's  Intereft  is  the  Annuity  w  i  for 

T>  " 

R  —  I  :  I  : :  »  :  ■= • 

■Is. —  I 

2.  Again :  Of  thefe  three  things,  the  Annuity  to  continue  for  evef,  the  Price,  and  Rate 
of  Intereft,  any  two  of  them  being  given,  the  third  may  be  found  eafily,  from  the  prece- 

ding  Rule,  which  being  exprefled  thus,  viz.  p=  tt-;^ — ,  hence  it  follows  that  »=^R — />, 
and  R  —  i  =  -,   or  R  =-4-1. 

3.  The  Unreafonablenefs  of  purchafing  Annuities  at  Simple  Intereft  is  further  confirmed 
by  this  Problem :  For  the  Price  of  a  perpetual  Annuity,  difcompting  Simple  Intereft,  as  it 
would  be  greater  than  when  Compound  Intereft  is  difcompted,  it  would  therefore  be  a  Prin- 
cipal Sum  of  which  i  Year's  Intereft  is  greater  than  the  Annuity :  And  indeed  the  Price 
would  be  infinitely  great,  or  greater  than  any  affignable  Number. 

§.  IV.  Of  Annuities,  or  Leafes  /«  Reverfion. 

Hitherto  I  have  confidered  Annuities  as  immediately  entered  upon,  i.  c.  That  the  ift 
Year  commences  prefenrly  or  at  payment  of  the  Money:  But  if  it  is  in  Revcrfim, 
then  we  muft  confider  the  Time  betwixt  payment  of  the  Money  and  the  beginning  of 
the  ift  Year  of  the  Annuity  j  and  therefore, 

1.  In  Trobl.  5.  §.  3.  having  found  the  Prefent  Worth  as  if  the  Annuity  ware  imme- 
diately entrcd  upon,  find  again  the  Prefent  Worth  of  that  Prefent  Wortli,  rebatin<T  for 
the  Time  betwixt  the  Purchafe  and  Commencement  of  the  Annuity  ^  and  this  is  theAn- 
fwer. 

2.  In  Problems  6.  and  7.  take  the  given  Prefent  Worth,  and  find  its  Amount  for  the 
Time  of  Reverfi07>,  and  take  this  Amount  as  the  Prefent  Worth  paid  at  the  Com- 
mencement of  the  Annuity,  and  proceed  with  it. 

Obferve,  Annuities,  and  Rents  of  Houfes  or  Lands,  arc  of  the  fame  Nature,  wherein 
the  fame  Q'leftions  occur  £s  to  their  being  in  Arrears  or  being  purchafed  :  But  with  refpetS 
to  Leafes  there  arife  Queftion';  with  fome  different  Circumftances,  owing  to  the  Praftice 
of  taking  what  they  call  Fims,  which  is  a  Sum  of  Money  paid  at  the  Beginning  of  the 
Leafe,  befides  the  Yearly  Rent.  I  fhall  give  you  a  few  of  thefe  Queftioiis,  with  a  gCy 
neral  Direftion  for  the  Solution  j    which  will  be  fufEcienc  upon  this  SubjeiSt. 

§^ieftion  I.  There  is  a  Piece  cf  Land  worth  20/.  yearly  Renr,  and  100/.  ot  Fine  f(ir 
a  Leafe  of  21  Years:   The  Maiier  is  v.'illing  to  quit  the  Fine,  and  increafe  the  Rent; 

Wlia't 
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What  ought  the  Rent  to  be?  Eule.  Find  what  Rent  or  Annuity,  to  continue  ai  Years, 
loo/,  will  purchafe,  difcompting  at  the  agreed  Race  of  Intereft  ;  the  Sum  of  that  and  the 
former  Rent  is  the  Rent  fought.  Ohfirvc,  If  the  whole  Fine  is  not  to  be  taken  away, 
find  the  Annuity -aufwaing  to, the  Part  taken  away.   .        ,  • 

^lefl.  2.  A  Piece  of  Land  is  worth  izl.  Yearly  Rent,  and  a  f^ine  of  30/.  for  19 
Years:  The  Farmer  is  willing  to  pay  more  Fine,  and  reduce  the  Rent  to  20/.  What 
ought  the  Fine  to  be?  Rule.  Take  the  Difference  of  the  two  Rents  (30  and  20J,  and 
find  the  Prefent  Worth  of  an  Annuity  equal  to  the  Difference  for  the  feme  Time  (19 
Years) ;  that  is  the  additional  Fine  to  be  paid.  Ohferve,  The  fame  way  the  whole  Rent 
may  be  taken  away.  ,.       ' .     . 

^left.  3.  There  is  a  Farm  to  be  let  for  2t  Years,  at  10/.  Yearly  Rent  and  20/.  of 
Fine^;  if  the  fame  be  letc  for  30  Years  at  the  fame  Rent,  What  ought  the  Fine  to  be? 
Rule.  Find  what  Annuity  20/.  will  purchafe  for  21  Years,  at  the  agreed  Rate  (chat  added 
to  the  Rent  10/.  is  the  true  Rent  with  no  Finej,  therefore  find  the  Prefent  Worth  of  than 
Annuity  to  continue  30  Years  j  it  is  the  Fine  fought. 

G)iie(l.  4.  A  Perfon  has  7  Years'  to  nin  of  a  Leafe  of  2 1  Years,  for  which  he  paid  40  /. 
Fine"and  15/.  Yearly  Rent:  He  would  renew  the  Leafe  to  16  Years  from  this  Time  (/.  y. 
for  12  Years  after  the  firft  Leafe  expires) :  What  Fine  ought  he  to  pay  ?  Rule.  Find  what 
Rent  for  21  Years  the  given  Sum  40/.  will  purchafe  j  then  find  the  Prefent  Worth  of  this 
Yearly  Rent  to  continue  12  Years ;,  laftly,  find  the  Prefent  Worth  of  this  laft  Prefent 
Worth,  rebating  for  7  -Years,  the  Time  that  remains  of  the  old  Leafe ;  this  is  the  Fine  to 
be  paid. 

General  SCHOLIUM,   -with  an  Abftraft  of  the  preceding  Problems  ivhere 

Cornpowid  hiterefi  is  concerned. 

It  is  thought  the  mofl  convenieut  Method  for  the  Calculation   of  Annuities,  to  have 
Talks  rcidy  made,  extending  to  the  greateft  Number  of  Years  that  ordinarily  occur  ia- 
that  Bufinefs,  and  for  feveral  Rates  of  Interefl  that  are  moft  likely  to  occur  j  by  Means  of 
which  the  Anf.vers  of  the  more  ufeful  of  the  preceding  Problems  may  be  eafily  found. 

The  Tables  which  are  common  upon- this  Subjed  are  limited  to  i /.  Thus,  we  have 
I.  A  Table  of  the  7\.mount3  of  i  /.  for  30  or  50  Years,  at  feveral  Rates  Compound  In- 
terefl. 2.  Of  the  Prefent  Worths  of  i  /.  due  after  any  Number  of  Years  from  i  to  30 
or  50.  3.  The  Amounts  cf  i  /.  Annuity.  4.  The  Prefent  Worths  of  1 1.  Annuity.  5.  The 
Annuity  to  be  purchafed  for  i  /.  13y  Means  of  which  the  Anfwer  to  any  of  the  preceding 
Troblems  may  be  eafily  got  for  any  other  Sum  than  i/.  by  one  Multiplication  or  Divifion. 

But  here  I  mufl  ohferve.  That  thofe  who  are  employed  in  fuch  Calculatbns  ought  to  lur 
derfland  the  Rules  at  large,  and  fo  be  able  to  examine  and  make  Tables  for  themfeivcs : 
And  in  n:y  Opinion,  it  is  not  fit  in  Qiiefiions  of  Confequence  to  trufl  to  any  Tables  but 
what  one  has  examined,  or  made  for  himfelf.  Now  all  that  is  propofed  by  tiis  Tables  is 
the  Eafe  and  Expedicioufne(s  of  the  Calculation;  and  the  greatell  Burden  of  the  Work  is 
the  finding  the  Power  orProdud  of  the  Rate,  (or  Sum  of  i/.  and  i  Year's.  Intereft)  mul- 
tiplied continually  into  itfelf,  as  the  Rules  diredt ;  which,  if  the  Number  of  Years  in  rha 
Qieflion  is  great,  becomes  very  tedious;  for  this  being  found,  the  Red  of  the  Work,  m 
the  more  ufeful  of  the  preceding  Trohlems,  is  no  more  than  one  or  two  Operations  of 
Multiplication  or  Divifion;  with  a  fimple  Addition  or  Subtradicn  in  fome  Cafes:  And 
therefore,  whoever  can  re.'.dilv  do  Multiplication  or  Divifion  with  Integers  or  Decimals 
(and  no  other  can  perform  thcfc  Calculations,  even  with  the  common  Tables,  which  re- 
>quire  at  leail  one  Multiplication  or  Divifion)  needs  no  more  than  a  Table  of  the  Powers 
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of  feveral  Rates  of  Intcreft  carried  to  a  convenient  Lengtli;  which  are  the  Amounts  of  i  /. 
Principal  for  i,  2,  &c.  Years  at  Compound  Intercft  (fori  fpeak  of  no  other  here),  ad* 
cord'.nf  to  the  Rule  of  Frohl.  i.  §.  i.  Pari  2.  i  he  following  Table  at  5  ptr  Cfnt.  to  31 
Years  is  an  Example  which  may  b^  cxtcnd-^d  to  more  Years,  and  the  Uke  made  for  other 
I^ates  of  Intereft.  Whoever  underllands  the  preceding  HuUs  will  know  the  Ufes  to  be 
made  of  this  Table;  yet  it  will  be  convenient  along  with  this  T.tble  to  point  out  the  Ufe  ot 
it  (for  it  will  be  needlefs  to  make  Exampks,  fince  the  preceding  aie  fjfficiemj,  by  which 
you'il  have  th:  preceding  Rules  drawn  togetlicr  in  one  ihorc  and  clear  View. 


TABLE  of  th 
<»/i.o5,  or  the 
of  1 1.  <J^  5  per 

Yis. 

1.05/.  = 
1. 1025      = 

1.157525  = 
1.215506  = 
1. 276281  = 
I.  340096  = 
1. 407100  = 

1-477455  = 

11.551328  = 

1.628895  = 

1.  710339:: 

1.795856  : 

1.885649: 

1.979932: 

2.078928  : 

2.182874: 

2  292018 

2.406919 

2.  <i  26950 
2.653298 
2.  785962 
2.925261 
3.071524 

24  3  225100 
5.386355 

V 555673 

3  733456 

3. 920129 

29J4. 116135 

30!  4.  321942 

31I4.538039 


1 

2 
3 
4 
5 
6 

7 
8 

9 

10 
II 
12 

14 
15 
16 

18 

19 

20 

2T 

22 


'e  Poivert 
Amounts 
Cent. 

=  RtheRate 
=  R* 

=  R5 

=  R* 

=  1^6 

=  R« 

=  R- 
=  R" 
=  R'  + 

=:R'^ 

=  R'« 

=  r" 

=  R^'9 
=  R" 
=  R" 
=  R" 
=  R*' 

=:R'* 

=  R*' 
=  R'' 


1.   To  find  the  Amount 
Number  of  Years  take  i, 

Q^iote  by  the  Annuity ;  the 

in  Prohl.  i,  §.  2.  Fart  2. 


The  Ufe  of  this  Table  in  the  Solution  »/  the  f  receding 
Problems. 

I.  0/  Inrereft. 

1.  To  find  the  Amount  of  any  Principal  for  any  Time, 
at  5  per  Cent.  Compound  Intereft.  Rule.  Take  the  tabular 
Number  againft  the  Number  of  Years,  its  Product  by  the 
Principal  gives  the  Amount,  which,  in  Prohl.  i.  §.  i.  Part  2. 
is  e.xpreffed  thus.  A=p  x  R^ 

2.  To  find  the  Principal  for  Prefent  Worth)  anfwering 
to  any  Amount  (or  Debt  payable)  after  certain  Years. 
Rule.  Divide  the  Amount  by  the  tabylar  Number  againft 
the  Number  of  Years;  the  Quote  is  the  Principal ;  exprefled 

A 

thus,  p  =  -rr-^,  as  in  Trobl.  2.  §1.  Part  2. 


3.  To  find  in  what  Time  any  Principal  will  mate  a  cer- 
tain Amount.  Rule.  Divide  the  Amount  by  the  Principal, 
and  feek  the  Qiioce,  or  the  next  lelkr  Number  in  the  Table, 

and  againft  it  is  the  Number  of  Years  fought.    Bccaufe  — 

=  RS  as  in  Probl  3.  §■  i.  Part 2. 

Ohferve,  For  finding  the  Rate  from  the  Principal  A- 
mount  and  Time,  we  iliould  have  Tables  at  different  Rate."; 
of  Intereft  i  then  taking  the  Quote  of  the  Amount,  divided 
by  the  Principal,  feek  it  againft  the  Number  of  Years  in  the 
Tables:  The  Rate  of  that  Table  v/here  it  is  found  is  the 
Rate  fought.  Butifitis  not  exaftly  found,  take  the  next  Num- 
ber lefler  and  alfo  the  next  greater  ( if  both  a  greater  and 
leffer  canbe  found  among  the  Tables )  and  the  Rates  or 
thele  tvjoTables  are  Limits  bet wi.xt  which  the  Rate  fought  lies. 


2.  0/ Annuities. 

of  an  Annuity.    F.ule.  From  the  tabular  Number  againft  the 
and  divide  the  Remainder  by  the  Rate  Icfs  i ;  multiply  the 

ProduvS  is  the  Amount  j  exprefled  thus,  .. xn  =  A,  as 

2.  To 
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a.  To  find  the  Annuity  which  makes  a  certain  Amount.  Rule.  Take  the  Quote  di- 
redted  in  the  laft  Rule,  und  by  i:  divide  the  Amount;  this  Quote  is  the  Annuity  fought. 

thus,  A  -: — jT =w,  as  in  Frobl.z.  §.2.  Part  2. 

R —  I  ^ 

3.  To  find  in  what  Time  any  Annuity  will  make  a  certain  Amount.  Rule.  Divide  the 
Annuity  by  the  Rate  Icfs  i,  to  the  Quote  add  the  Amount,  and  divide  the  Sum  by  the  firfl: 
Quote  i  feek  this  laft  Quote,  or  the  next  leflcr  Number  in  the  T^ble ;  againft  it  ftands  the 

Number  of  Years.     Thus-   |.  '__ f-  A-^-v^-— —  =  R',  as  in  Prohl.  3.  §.  2.  Part  2. 

4.  To  find  the  Prefent  Worth  of  an  Annuity.  Ruls.  Divide  the  Annuity  by  the  Rare 
lefs  I ;  this  Quote  divide  by  the  tabular  Number  againft  the  Years,  and  fubtraft  this  laft 

Quote  from  the  firft  Quote ;  the  Remainder  is  the  Prefent  Worth  fought.    Thus>  ^  ^~- 

' —  ■J—— — hR'=/>,  asinR»/f3.  Probl.'y.  §  2.  Part  2. 

5.  To  find  what  Annuity  a  given  Sum  will  purchafe  for  certain  Ye.irs.  K.vk  Take  i 
from  the  tabular  Number  againft  the  Years;  divide  it  by  the  DifFrfrence  betwixt  that  tabu- 
lar Number  and  the  next  greater,  and  by  this  Quote  divide  the  Prefent  Worth;  this  laft 
Quote  is  the   Annuity    fought,   as   in   Scbol.  to  Problem  6.  §.  2.  P^rt  2.    thus  exprefled, 

.      R'  —  I 

»-/>--    RFt'^R'* 

6.  To  find  what  Time  an  Annuity  muft  continue  to  be  worth  a  certain  Price.  Rule.  Di- 
vide the  Annuity  by  the  Rate  lefs  i,  and  from  the  Quote  take  the  Price;  by  this  Remain- 
der divide  the  firft  Quote,  and  feek  this  laft  Quote  in  the  Tahle ;  againft  it  is  the  Number 

of  Years.     Thus,  „  "      —  ^ —  —  6  =  R',  as  in  Schol.  to  Problj.  §.2.  Parti. 
R  —  I  ts.  "—  I 

Obferve,  That  the  preceding  Table  was  made  by  compleating  the  Multiph'cation  at  every 
Step,  and  then  taking  only  the  firft  6  decimal  Places.  Alfo,  when  the  Figure  in  the  7th 
Place  exceeded  5,  i  was  added  to  the  6th  Place,  which  makes  the  Error  lefs,  only  it  makes 
.it  Exceffiv*  inftead  of  Defedive. 

§.  V.     of  the  Equation   of  Payments. 

Defin.  ''STT'HEN  feverr.l  Debts  are  payable  at  feveral  Terms  (bearing  nolntereft  till 
'  '    afrer  the  Term  of  Paytiient ),  to  find  a  Term  at  which  if  they  are  all  paid 
neither  Debtor  or  Creditor  lofes  any  thing,    is  called.  Equating  the  Teims  of  Payment, 
i.  e.  reducing  them  to  one. 

P  R  o  B  L.  To  find  the  equated  Term  at  which  feveral  Debts  payable  at  difTbrent  Terms, 
may  be  paid  at  once,  without  Lofs  to  Debror  or  Creditor,  allowing  Simple  Intereft. 

For  the  Solution  of  this  Problem  there  are  difieren:  Me:hods,  which  I  fliall  explain  and 
compare. 

Methoi  I.  The  Debts  belnj;  exprefled  in  Periods  and  decimal  Parts,  the  Time-  in  Years 
and  Decimals,  or  Months  and  Decimal,'^,  if  there  are  no  Years,  multiply  each  Debt  by  its 
Time;  add  all  thefe  Products  into  one  Sum,  and  divide  it  by  the  Sum  of  the  Debw;  the 
Quote  i-:  the  Time  fought  [reckoned  from  the  Day  of  this  Calculation,  as  the  other  Times 
ace  alfo  luppofedto  be].  m  Exam- 
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"Example :  If  40  /.  is  due  after  G  Months,  70  /.  after  4  Months,  the  equated  Time  is  4 
Months 21  Days:  Found  thusj  40X6  =  240.  70x4  =  280.  4© -|- 70=  no.  240-1-280 
=  520.  then  520-^110  =  4.72,  &(.  which  is  4  Months  21  Days  nearly,  allowing  30 
Days  to  a  Month. 

This  "Rule  has  Mr.  Cocker  and  Mr.  lUttm  (  atnong  others )  for  its  Defenders ;  who  en- 
deavour, each  in  his  own  way,  to  demonftrate  the  Truth  and  Juftice  of  it.  How  they 
have  fucceeded,  I'll  here  examine. 

Mr.  Hatton  fuppofes  that  the  Intereft  of  the  Sum  of  the  Debts  fi-om  the  Time  of  th^ 
Queftion  to  the  equated  Time,  ought  to  be  equal  to  the  Sum  of  the  Interefts  of  the  feve- 
ral  Debts  from  the  Time  of  the  Queftion  to  their  feveral  Terms  of  Payment ;  and  then, 
by  an  Example,  fhews  that  the  Rule  agrees  to  this  Suppolition.  But  thi?,  inftcad  of  being 
a  Demonfiration,  is  a  plain  begging  of  the  Queition ;  for  the  Equity  of  that  Suppolition 
ought  to  have  been  firft  proved  j  againft  which  there  lies  this  obvious  Reafon,  that  the 
Debts  bearing  no  Intereft  till  after  their  Terms  of  Payments,  the  Confideration  of  theie 
Interefts  feems  to  be  out  of  the  Queftion  j  and  therefore  this  Suppolition  cannot  be  granted 
without  Demonftration.  I  ftiall  prefently  (hew  you  other  Reafons  againft  itj  and  in  the 
mean  time  otjerve,  that  tho'  it  were  right,  yet  Mr.  Hatton  has  not  demonftrated  his  Rul«i 
becaufe  it  is  not  enough  to  fhew  that  a  Rule  gives  a  true  Anfwer  in  one  particular  Caie ; 
a  Demonftration  mult  comprehend  all  Cafes;  and  that  the  Rule  is  univerfally  agreeable  to 
the  Suppolition,  I  thus  demonftrate. 

Take  A  for  a  Debt  payable  at  the  End  of  the  Time  t,  and  B  for  a  Debt  payable  after 
the  Time  u:    The  equated  Time  muft    lie  betwixt  the  two,  and,  by  this  Rule,  it  is 

.  T  A-.  Now  the  Intereft  of  A  for  the  Time  t>  is,  ( by  Frobl.  i.  §.  i.  Part  i.)  A  t  r 
(  r  being  the  Rate  of  Intereft  for  i  /.  in  i  Year,  or  N!onth,  as  the  given  Time  /is).  The 
Intereft  of  B  for  the  Time  u  is  B«r,  and  the  Sum  of  both  is  A/r-f-Bar.  Alfo  the 
Intereft  of  A+  B  for  the  equated  Time  ^^^7  g",  is  A^^Xrx   ^l'f\"  =  r  x 

At-\-Bu=Atr-]-Bur,  as  before:    Therefore  the  Rule  is  univerfally  agreeable  to  the 
Suppolition. 

Mr.  Cocker  fuppofes  that  the  equated  Time  is  right,  when  the  Sum  of  the  Interefts  of  the 
feveral  Debts  that  are  payable  before  the  equated  Time,  from  their  Terms  to  that  Term, 
is  equal  to  the  Sum  of  the  Interefts  of  the  Debts  payable  after  the  equated  Time,  from 
that  Time  to  their  Terms.  The  Agreement  of  the  Rule  with  this  Suppolition,  will  eafiljr 
appear  by  comparing  it  with  the  preceding  SuppoCtion  :  For  they  aremanifeft  Confcquences 
one  of  anotherj  and  therefore  the  Rule  that  agrees  to  one  muft  alfo  agree  to  the  other.  Or 
we  may  eafily  prove  the  Agreement  of  the  Rule  with  this  laft  Suppolition,  after  the  fame 
manner  as  I  have  done  the  former ;  but  this  I  ftiall  pafs  over,  and  demonftrate  the  Injuftiae 
of  the  Suppolition,  which  Mr.  Cod-er  endeavours  to  prove  to  be  right  by  this  Argument,  avz. 
That  what  is  gained  by  keeping  fome  of  the  Debts  after  they  are  payable,  is  loft  by  paying 
of  others  before  they  are  due:  But  this  is  falfe;  for  tho'  by  keeping  a  Debt  unpaid  after 
it  is  due  there  is  gained  the  Intereft  of  it  for  that  Time  (becaufe  the  Creditor  has  a  juft 
Demand  for  that  Intereftj,  yet  by  paying  a  Debt  before  it  is  due  the  Payer  does  not  lofe 
the  Intereft  for  that  Time,  but  only  the  Difcompt  he  could  juftly  demand,  which  is  lels 
than  the  Intereft  ( as  former  Rules  fhew ).  Thus  we  have  a  fecond  and  more  pofitive  De- 
monftration of  the  Error  of  this  Rule.  And  the  Fallacy  in  this  laft  way  of  founding  the 
Rule  does  plainly  lead  us  to  the  true  Foundation  for  a  Solution  of  the  Problem.  But  the 
expliining  of  that  I  fhall  leave  to  the  laft,  and  firft  explain  the  Methods  of  fome  other 
Authors. 

K  k  k  k  MefboJ 
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Method  2.  Mr  Kerjey  was  the  firft,  as  I  know,  who  obferved  the  Error  of  the  prece- 
ding Rule,  and  has  given  us  another  in  its  place,  with  a  more  probable  Foundation,  tho' 
ftill  wrong. 

The  Subftance  of  Mr.  Kerfefi  Argument  againft  the  former  Rule,  is  thl";.  That  there 
being  no  Confideration  had  of  different  Rates  of  Intereft,  the  Anfwer  will  ftill  be  the  fame, 
whatever  Rate  be  fuppofed  ;  which  he  affirms  to  be  wrong  for  this  Reafon,  That  to  equal 
the  Time  fo  as  neither  Debtor  or  Creditor  be  a  Lofer,  does  imply  fome  Rate  of  Intereft  j 
fincc  otherwife  any  D.iy  may  be  affij^ned  for  one  entire  Payment.  His  Meaning  I  cake  to 
be  this,  i-it.  that  the  Lof;  which  either  Party  can  fuftain,  miift  arife  from  the  Intereft  of 
Money  paid  before  or  after  it  is  really  due;  fo  that  if  there  is  no  fiich  thing  as  Intereft, 
there  can  be  no  Lofs,  at  whatever  Time  the  Whole  is  paid ;  and  it  the  Lofs  depends  upon 
the  Confideration  of  Intereft,  then  different  Rates  of  Intereft  muft  have  different  Effefts, 
and  occaficn  different  Solutions  to  the  Q^ieftion :  Therefore,  concludes  he,  if  fome  Rate 
of  Intereft  be  implyed.  Equity  requires  that  the  Prefent  Worth  of  the  total  Sum  payable  at 
one  entire  Payment,  Difcompt  being  made  at  that  Rate  of  Intereft,  be  equal  to  the  Sum 
of  the  Prefent  Worths  of  the  particular  Debts ,  difcompting  at  the  fame  Rate  ;  upon 
which  Foundation  he  gives  us  this  Rule. 

Kerfe/s  Rule.  Find  the  Prefent  Worth  of  each  Debt,  difcompting  from  the  Time  at 
which  it  is  payable  j  then  find  in  what  Time  the  Total  of  thefe  Prefent  Worths  would 
amount  to  the  Total  of  the  Debts  j  that  is  the  Time  fought. 

Example:  Suppofe  300/.  due  after  4  Months,  100/.  after  6  Months,  and  100/.  after 
12  Months:  The  equated  Time  difcompting  6  per  Cent,  is  5 •952,  &<:■  Months.  Found 
thus:  Prefent  Worth  of  300/.  for  4. Months  is  294. 117,  ^r.  I.  j  of  100/.  after  6  Montlis 
it  is  97.087,  &c.  l'-,  and  of  100 1.  after  12  Months  it  is  94.339,  &(■  the  Total  is 
485.544,  &-C.  which  will  amount  to  500/.  in  5.952,  &c.  Months,  which  is  a  little  lefs 
than  the  Anfwer  the  preceding  Rule  would  give. 

The  Argument  for  this  Rule  may  be  formed  thus :  If  the  Total  of  the  Prefent  Worths 
preiently  paid,  is  equivalent  to  the  Sum  of  all  the  Debts  paid  at  once,  at  the  Time  found, 
or  alfo  to  the  Sum.  of  thefe  Debts  paid  feverally  at  their  Terms,  then  thefe  tvvo  laft  Me- 
thods of  making  Payment  muft  be  equal :  Consequently  the  Rule  is  true,  which  is  founded 
upon  that  Equality. 

Now  tho'  this  Rule  has  a  more  apparent  and  probable  Ground  of  Equity  than  either  of 
thefe  alledged  for  the  former,  if  the  Rule  for  tl>e  Dilcompt  of  Simple  Intereft  be  allowed 
to  be  juft  and  true  j  yet  the  Foundation  is  not  ftriiSly  good,  as  will  fully  appear  from  the 
laft  Method  after  explained,  whole  Foundation  is  unexceptionable. 

In  the  mean  time,  I  make  this  Objection  to  it,  I'iz.  That  the  Anfwer  will  be  different, 
if  the  Queftion  is  propofed  at  different  Times,  before  the  Term  at  which  the  firft  payable 
Debt  falls  duej  ;.  e.  if  you  alter  all  the  given  Times,  fo  as  there  be  the  lame  Diftances 
or  Differences  among  ihem.  Now  this  is  a  maniteft  Sign  that  the  Rule  is  not  good;  be- 
caufe  there  is  no  Reafon  in  the  Nature  of  the  thing,  why  the  Anfwer  fliould  be  different. 
For  Example ;  One  Debt  is  payable  3  Years  hence,  and  another  7  Years  hence :  I  fuppofe 
again,  that  the  Calculation  of  an  equated  Time  for  the  fame  Debts  is  propofed  2  Years  after 
this  (fo  that  the  one  Debt  is  then  payable  after  i  Year,  and  the  other  attor  5  Years),  it  is 
plain  that  rhe  equated  Term  ought  to  fall  upon  the  fame  Day  as  it  would  have  done  in 
tiie  other  Cafe  {i.e.  the  Time  laft  found  muft  be  2  Years  leis  than  before),  bccaufe  the 
Debtor  and  Creditor  continue  in  the  fame  Situation  to  one  another,  neither  of  them  gain- 
ing or  lofing  by  the  two  Yeirs  that  are  paft  fince  the  Queftion  was  formerly  propofed, 
there  being  nothing  payable  all  that  Time ;  fo  that  the  Deterraina  ion  of  the  Irobletn  de- 
pends only  upon  the  Conhderation  of  the  Diftances  of  Time  among  the  Terms  of  Pay- 
iTiCnt  of  the  feveral  Debts:  The  Confideration  of  any  Prefent  Worths,  t;:^cept  of  thofe 
Debts,  whofc  Terms  are  beyond  the  equated  Time,  being  out  of  the  Queftion. 

3  Method 
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Method  3.  Sir  Samuel  Moreland,  after  his  pretended  Corredion  of  Kerfey^  Rule  for  the 
Prefiitit  Worth  of  Annuities  at  Simple  Intcrcft,  gives  us,  in  confequencc  of  that,  another 
Rule  than  Kerfe/s  for  the  Equation  of  Payments,  which  is  this, 

Huk.  Find  the  Amount  of  each  Debt,  with  Interefl:  from  its  Term  of  Payment  to  the 
Term  at  which  the  Debt  laft  payable  falls  due  j  then  find  in  what  Time  the  Sum  of  all 
the  Debts  will  amount  to  the  Sum  of  the  Amounts  found ;  the  Difference  of  that  Time 
and  the  Time  to  which  thefe  Amounts  were  carried,  is  the  Time  fought. 

As  to  this  Rule,  I  ohfervc,  i.  That,  bein^  founded  on  his  Rcafoning  about  Prefcnt 
Worths  of  Annuities,  which  I  have  already  ihewn  to  be  falfe,  it  muft  therefore  alfo  be 
falfe  j  and  indeed  more  fo  than  Kerfifs  Rule. 

But,  2.  obferve,  That  tho'  it  is  differently  exprefled,  yet  it  is  in  cfF;(ft  the  very  fame  cs 
the  ift  R*/?j  as  will  eafily  appear  by  comparing  it  with  Hattoas  Way  of  founding  that 
Rule.  Or  you  may  alfo  prove  its  Coincidence  with  that  Rule  after  the  fame  Manner  as  I 
have  done  the  Agreement  of  Hattou's  Suppofition  with  it.  Thefe  things  I  leave  to  your 
own  ExercUe. 

Before  I  explain  the  true  Method  of  folving  this  Problem,  I  muft  take  notice  of  wh^t 
Mr.  fVar^,  in  his  Key  to  Interefi,  has  faid  upon  it.  After  he  had  mcntion'd  the  firft  Rule 
or  Method  .ibove  explained,  he  lays, 

"  I  Ihall  pafs  over  all  the  Arguments  made  ufe  of,  pro  and  con,  by  Mr.  Johi  Kerfpy  and 
"  Sir  SfivTuel  MorelaTtd,  and  other  Authors,  about  the  Erroneoufnefs  of  this  Rule,  as  alio 
"  the  Rules  they  lay  dcnvn  inltcad  of  it,  and  (hall  only  prccec^d  to  fliew  how  the  true 
"■  equated  Time  may  be  found  from  what  hath  been  already  done  and  proved." 

And  his  Rule  is  this :  Find  the  Difcompts  of  all  the  particular  Debts  feparately,  accord- 
ing to  the  Dillances  of  their  Terms  or  Payments  j  divide  theirjSum  by  theProdudb  of  the 
Prefent  Worth  of  ali  the  Debts,  multiplied  by  the  Rate  of  Intereft  (or  Interelt  of  i  /.  for 
I  Year) ;  the  Qiiote  is  the  equated  Time. 

Now  fi-om  what  is  prem;fed  we  had  good  Reafon  to  expecS  a  new  Rule,  quite  different 
in  its  Efivfts  from  either  Ker/ey'n  or  Morela7id's;  and  yet  its  the  very  fame  in  qS-z&.  as 
Kerfiy's,  only  differendy  exprelicd ;  which  may  be  eafily  demonftrated.  But  this  I  leave 
alfo  to  your  own  Exercife,  and  come  to  the  true  Solution. 

Method  ^.  I  come  now  to  explain  a  Method,  which  no  body,  as  I  know,  has  hiiherto 
publidicd,  and  which  has  ftrift  Equity  upon  its  Side,  as  far  as  Simple  Intereft  has  it  in  any 
Cafe. 

To  explain  this  Method,  we  muft  reflecl  upon  the  Reafon  brought  againft  Coder's  Foun- 
dation of  the  I  ft  Rr:le,  which  v;a3  this,  i-iz.  That  the  Sum  of  the  Intereft  of  Debts  kept 
in  the  Debtors  Hands  after  they  are  due  to  the  equated  Time,  and  ihe  Sum  of  the  Inte- 
refts  of  Debts  paid  before  they  are  due  from  the  equated  Time  to  the  feveral  Terms,  is 
not  a  juft  Balance  ot  Gain  and  Lofs :  Becaufe,  tho'  the  Debtor  gains  the  Intereft  of  thofc 
he  keeps  after  they  are  due,  yet  he  lofes  only  the  Difcompt  upon  thofe  he  pays  before  they 
arc  due,  which  is  lef<  than  the  Intereft  ^  and  therefore  the  Creditor  has  a  juft  Exception  to 
this  Rule.  Hence  we  fee  that  as  the  true  Foundation  upon  which  the  Time  can  be  equated, 
is  an  Equality  of  Gain  and  Lofs,  fo  the  Gain  confifts  in  the  Intere/Is  of  the  Debrs  kept 
after  they  are  due,  and  the  Lois  in  the  Difcompts  of  thofe  that  are  paid  before  they  fall  due: 
Wherefore,  fuch  a  Time  muft  be  found,  as  that  the  Sum  of  the  Intcrefts  of  theDc'.xs  due 
before  the  equated  Time  fi-om  their  Terms  to  that  Time,  be  equal  to  the  Sum  of  the  Dif- 
compts of  thofe  Debts  that  are  payable  after  the  equated  Time,  from  this  to  their  feveral 
Terms.    For  which  this  is  the 

Rule.  I.  Suppofe  two  Debts;  Then  exprefting  the  Debts  in  one  Denomination  fas 7. 
and  decimal  Partsj,  find  i  "i'ear's  Intereft  of  the  Debt  that  is  firft  payable  (exprefled  in  the 

K  k  k  k  2  fame 
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fame  Denomination)  by  which  divide  the  Sum  of  the  Debts,and  add  the  Quote  to  the  Sum 
of  the  Times,  (raken  in  Years  and  decimal  Parts,  from  the  time  of  the  Queftion  to  the 
Terms  of  Payment  of  the  two  Debtsj :  Call  this  the  ift  Number  found.  Again,  multi- 
ply each  Debt  by  its  Time,  and  divide  the  Sum  of  the  Products  by  i  Year's  Intereft  of  the 
ift  payable  Debt,  which  Quote  add  to  the  Product  of  the  two  Times,  and  call  this  Sum  the 
2d  Number  found  j  Subtrad  this  2d  Number  found  from  \  of  the  Square  of  the  ill 
Number  found  i  and  out  of  the  Difference  extrad:  the  Square  Root  j  which  Root  being 
added  to  or  fubtradted  from  the  half  of  the  ifl:  Number  found,  the  Sum  or  the  Difference 
will  be  the  Time  fought,  in  the  fame  Denomination :  And  to  know  which  is  the  Anfwer, 
you  muft  apply  both  according  to  the  Conditions  of  the  Queftion.  Thus,  If  you  take 
the  Sum,  then,  if  that  is  a  Time  greater  than  the  Time  to  the  lafl:  payable  Debt,  the  Dif- 
ference will  be  the  Time  fought :  Or  if  you  take  the  Difference,  and  that  be  lefs  than  the 
Time  to  the  Term  of  the  firft  payable  Debt,  the  Sum  is  the  Time  fought.  But  having 
tried  either,  and  found  it  betwixt  the  Terms  of  Payment  of  the  two  Debts,  you  may  try 
if  the  other  does  not  caft  it  beyond  the  laft,  or  within  the  firft  Term ;  for  in  this  Cafe, 
that  which  was  firft  tried  is  the  Anfwer :  But  if  both  give  Times  betwixt  the  two  given 
Terms,  then  you  muft  examine  which  of  them  will  make  an  Equality  of  Intereft  and  Dif- 
compt  (in  the  Manner  above  explained). 

'Example:  There  is  100/.  payable  i  Year  hence,  and  105/.  payable  ^  Years  hence: 
What  is  the  equated  Time,  allowing  Simple  Intereft  at  5  fer  Cent,  per  Annum?  Anfwer; 
2  Years. 

The  Operation  according  to  the  Rule. 

'100 1.    Intereft  of  100/.  for         One  Debt  100      The  other  Debt  loy 


Debts  IJJ 


105  I  Year  is  5  /.  Its  Time      i  Its  Time 

Sum     20^  Produifl    100  Produd 

205  divided  by  5,  the  Quote,  is  41  The  Sum   of  thefe   Produfts  is  ^I'y' 

which  added  to  the  Sum  of}  which  divided  by   5,   quotes  8;?,    which 

the  Times  j    "*  added  to   3    (the   Produd  of  the  two 

The  Sum  is        45  Times  i  and  5  )   the  Sum  is  86,  the  2d 

the  ift  Number  found.  Number  found. 

I 
Then  the  Square  of  45  (the  ift  Number  found)  is  2025,  whofe  5-  Part  15506.  25  ;  from 
which  taking  86  (the  2d  Number  found)  the  Difference  is  420.25,  vrhofe  Square  Root  is 
10.5.  Now  this  being  added  to  22.5  (the  i  of  the  ift  Number  found)  the  Sum  is  43, 
which  cannot  be  the  Anfwer  of  the  Qieftion,  becaufe  it  is  greater  than  the  Diftance  of 
the  laft  Term  in  the  Qiieftion;  wherefore  I  take  the  Difference  of  20.  5  and  22.  5  j  it  is  2 
Ye;ir3,  the  true  Anfwer:  Which  we  provp  alfo  by  Application  :  For  this  T  me  being  ex- 
a6tly  in  the  middle  betwi.tt  the  two  given  T.mes,  the  Intereft  of  100/.  for  i  Year  is  equal 
to  the  Difcompt  of  105  /.  for  i  Year;  each  of  them  being  5  /. 

2.  If  there  are  more  D'bts  than  two.  Find  an  equated  Time  for  the  two  that  are  firft 
payable;  then  confider  their  Sum  as  a  Debt  payable  at  that  equated  Time,  and  find  another 
equated  Time  for  that  Debt,  and  the  next  of  the  given  Debts,  and  fo  on,  through  them 

all. 

For  the  Demmflration  of  the  ift  Part  of  this  "Rule,  thofe  who  have  not  ftudied  the  Me- 
thod of  Dcmonilration  ufcd  in  the  preceding  Parts  of  this  Work  cannot  poffibly  under- 

ftaivl 
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ftand  ic  i  and  to  thofe  who  have,  I  need  only  lay  down  the  general  Steps  of  the  Demonftra- 
tion,  and  leave  Particulars  to  themfelvcs.     Thus, 

Let  the  Debt  firft  payable  be  called        d    I    The  laft  payable  Debt  D 

Tae  Diftance  of  its  Term  of  Payment    t    \    The  Diftance  of  its  Term     T 
The  Diftance  of  the  equated  Time  -------  x 

T.ieRateof  Intereft,  or  i  Year's  Intereft  of  i/.     r 

The  Diftaancc  of  the  T.ne  r  and  x  is      x~t  T  ^  ^^ 

The  Dirtance  of  the  Tunc  1  and  Jf  is      1  —  x  S 


Then  the  Intereft  of  </,  for  the  Time  x  —  t,'\sdr)<.x  —  t,  or  drx  — dr  t,  {dr  being  i  Year's 

Intereft  of  d)   and       ,    p  . —    is  the  the  Difcompt   of    D  for    the  Time    T  —  x 

(Tr  —  r  X  being  the  Intereft  ot  i  /.  for  that  Time,  which  is  confequenriy  the  Difcompt  of 

i_l_Tr  —  rx  for  the  fame  Time) :  Wherefore  we  have,  from  the  Nature  of  theQueftion, 

'  DTr Drx 

this  Equation,  viz..   drx  —  drt  =  ~~^-;^- ;  which  being  reduced  according  to  the 

Common  Rules  of  Algebra,  comes  at  laft  to  this  Equation,  T-\-t-\^—~-   x  x  —  *» 

__Djr£if  _j_x^     Now  T  +  f  +  2i^  is  what  in  the  Rule  I  have  called  the  ift" 

DT  -i-  dt 
Number  found,   and   -j f-T'  the  2d  Number  found:  Call  the  ift,  a,  and  the 

2J,  s,  then  will  the  Equation  ftand   thus,   ax  —  x^=s;    and,    by    Problem  6.  Chaf.2. 

Book  III.  we  have  x  =  — f-  or * — ^r,  which  is  the  prefent  Rule. 

2  4         I 

Some  will  be  ready  to  think  I  have  taken  too  much  Pains  about  a  Queftion  of  no  great 
Moment  in  Bannefsj  and  that  in  common  Affairs  any  of  the  Rules  may  do  without  any- 
coniiderable  Error.  I  do  freely  own  the  laft  Part:  Yet  I  believe  what  is  done  may  prove 
X  very  ufeful  Exercife  for  a  Student ;  and  in  all  Cafes  I  think  Truth  is  worth  the  knowing. 
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Of  the  Alligation,  <jr  Mixture  of  Bodies^  with  reJpeEi  to  their 

Spec'tfick  Gravities. 


Def 


IN.  \T7"HEN  of  Bodies  of  different  kinds  of  ^42tter  there  are  equal  Majfes  or 
»  »  Bulks,  for  Example,  a  Sphere  of  the  fame  Diameter  ('or  an  equal  CubeJ 
their  different  Weights  are  called  their  Specijick  Gravities :  And  tho'  the  Weight  is  greater  or 
Icfler,  as  the  Bulk  is,  yet  being  fo  always  proporrionably,  the  Weights  under  any  equal 
Bulk  wha-cver  are  called  the  Specific k  Gravities^  fo  that  the  more  ftrlft  Definition  is,  the 
Proportion  of  Weights  mider  the  fame  Bulk. 

Some  Bodies  of  different  Spccifick  Gravities  are  capable  of  being  mixt  and  incorporated 
with  one  another,  as  are  fome  Liquors  and  Metals ;  and  as  the  Mixture  muft  ntcellarily 
make  the  compound  Body  of  a  Specifick  Gravity  different  from  ihac  ot  all,  or  all  but  one, 
of  the  Bodies  mixt;  fo  the  fame  Problems  arile  about  their  Mixture,  v.'ith  refpedt  to  heir 
SpecifiCk  Gravitius,  and  the  Pioporuon  of  the  Quantin;s  mist,  33  before  with  rc'pcct  to 

'  the 
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tlie  Qnintitiw  and  Prices  of  Liquors,  and  other  things i  and  which  are  to  be  folved  by  the 

f.inic  Mcrhods  ot  Operation. 

But  in  or>ier  to  underhand  tlie  Application,  there  is  one  Propofition  to  be  firft  ex-plain'd, 
which  is  this.  vix,. 

The  Btilks  (oc  Numbers  of  cubical  Inches)  of  two  Bodies  of  equal  Weighr  ( which  I 
fliall  call  thciv  Spcdfick  Hulks),  arc  reciprocally  proportional  to  their  Specifick  Graviries. 

Thus:  Call  two  Species  of  Bodies  A  and  13  j  if  the  Specifick  Gravity  of  A  is  to  that  of 
C.  as  1  to  2,  then  the  Bulk  of  A  is  to  that  of  B  of  the  fame  Weight  as  2  to  i.  For  Ex- 
ample i  If  a  Body  of  a  cubical  Inch  of  one  Metal  is  2  Ounces,  and  a  Body  of  a  cubical 
Inch  ol'  anoilier  Metal  is  i  Ounce,  then  it's  plain  that  the  Half  Bulk  of  the  firft  will  be  as 
heavy  as  the  Whole  of  the  other.  Or  if  the  Specihck  Gravities  are  as  5  to  3,  then  |-  of  the 
fiill  is  as  heavy  as  the  Whole  of  the  other.     And  lb  in  any  other  Proportion. 

Hence  again  ^  If  the  Specifick  Gravities  of  2  or  more  Bodies  are  e.xprefled  by  any  Num- 
bers whatever,  their  Spfcflck  Biiiki  are  cxprcH'ed  by  the  Reciprocals  of  thefe  Numbers, 
thus  j   If  the  Spedfi(k  Gravities  of  3   Bodies  are  as   5.7. 8.   their  Specifick  Bulks  are  as 

-  .  i  .  r, ;  and  if  the  Specifick  Gravities  are  as  -  •  -  •  -,  the  Bulks  are  as  ^- .  2  ,  4  •  be- 
57      b'  ^    ■>  374^  153' 

caufe  any  two  Numbers  are  proportional  with  their  Reciprocals,  taken  reciprocally.     For 

the  lame  Rcafon,  however  ihe  Reciprocal  Bulks  arc  expreiTcd,  the  Specifick  Gravities  are 

exprcfled  by  the  Reciproc;J  Numbero. 

Thefe  things  being  prcmifed,  I  iliall  next  apply  the  Rules  of  Alligation  to  the  Mixture 
of  Bodies,  with  refpcift  to  their  Sfscifick  Gravities  (or  Bulks,  which  is  in  effed  the  fame 
thing),  thus: 

Cafe  I.  If  there  are  given  the  Specifick  Bulks  of  feveral  Bodies  {or  Specihck  Gravities,  by 
which  the  Bulks  may  br  found  ),  together  with  the  Quanti-ies  or  Weights  of  each  put  into  a 
Mixture;  to  find  the  Sprcifick  Bulk,  or  Gravity  of  the  Mixture ;  it  is  done  after  the  man- 
ner of  Cajl'  I.  Chap.  8.  thus : 

Rule.  Find  the  toral  Bulk  for  Numbers  of  cubical  Inches)  of  each  Quantity,  by  the 
Spccilick  Bulk;  add  all  thefe  Bulks  into  one  Sum,  and  alio  the  Quantities  taken,  and  <ky, 
as  the  total  Quantity  to  the  total  Bulk,  fo  is  an  Unit  of  the  Denomination  by  which  the 
Specifick  Bulks  are  exprcflc;d,  to  the  Specif.ck  Bulk  fought. 

Exjrr/ple:  Suppofc  10  Ounces  of  Metal,  whole  Specifick  Bulk  is  3  (».  f.  3  cubical  Inches 
to  I  Ounce)  arc  mixed  with  14  Ounces  of  another  whole  Specifick  Bulk  is  2  :  What  is  the 
•Spt-cifick  Bulk  of  the  Mixture  ?  A?ifiver,  i^ :  Which  I  find  thus :  If  i  Ounce  makes  3 
cubical  Inches;  then  (  by  the  Rule  of  Tbrei-  j  10  Ounces  make  50;  and  if  i  Ounce  makes 
2,  then  14  Oiince  make  28:  and,  lallly,  if  24  {i.e.  10  and  14)  Ounces  make  58  (i.e.  7,0 
and  iS)  cubica^l  Iiich;;^,  i  Ounce  makes  4-'-.  Then  the  Specifick  Gravities  of  the  Metals 

that  are  mixed,  and  of  the  Compound,  are  -  >  r-j  f—* 

The  Re.ifoK  of  the  Operation  is  obvious. 

Ot/iTT:',  [f  the  given  Qiiantities  have  all  one  Denomination,  or  are  reduced  to  one,  what- 
ever that  is,  they  may  then  be  conceived  to  be  all  of  that  Denomination  to  which  th^ 
Specifick  Bulkf  are  fuppofed  to  refer ;  fince  the  Proportion  is  ftill  the  fame :  So  hereby  the 
Work  becomes  cafier;  for  we  have  notl'.ing  to  do  but  multiply  the  Quantity  of  each 
Simple  (after  they  are  reduced  to  one  Denomination)  by  its  Specifick  Bulk,  and  divide  the 
Sum  of  the  Prtxiuds  by  the  Sum  of  the  Quantities;  as  it  is  in  the  preceding  Example. 

C.tjc  i.  Having  the  Specihck  Bulks  (or  Gravities  by  which  the  Bulks  are  found)  of 
feveral  Bodies  to  be  niixt,  and  the  Specifick  Balk  (or  Gravity)  to  which  a  Mixture  of  thele 
Bodies  is  tb  be  reduced ;  To  find  the  proportional  Quantities  to  be  taken  of  each,  that  the 
Mixture  may  bear  the  given  Rate  of  Specifick  Bulk  (or  Gravity). 

Rile.  Take  the  given  Specifick  Bulks  of  the  Bodies  to  be  mixt,  link  them  together, 
then  take  arid  place  their  Differences  from  the  Specifick  Bulk  of  tne  Mixture,  the  fame 
way  as  taught  in  Alligation  alternate,  and  you  have  the  Anl'wer.  Exam- 


ji    ^     J    > 
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Extmple.  Suppofe  two  Metak,  whereof  tfie  one  has  a  cubical  Inches 
to  I  ft  Weight,  and  the  other  5  ;  What  Proportion  cf  Weight  of  each 
miift  be  taken  to  make  the  Mixture  ^  cubical  Inches  to  i  it  Anj.  zib 
of  the  ift  to  every  1  of  the  other,  as  in  (he  Margin. 
To  fhcwThe  Heafiti  of  rhiJ,  we  mud  prcmifc  this  Truth,  f/z.  That  of  three  Numbers, 
if  the  Difference  of  the  Icaft  Extreme  and  middle  Term  is  multiplied  by  the  grearcr  Ex- 
treme; and  the  Difference  of  the  greater  Extreme  and  middle  Term  ii  multiphed  by  the 
icfler  Extreme;  the  Sum  of  their  Produds  is  equal  to  the  Produdt  of  the  Sum  of  the  two 

Differences  by  the  middle  Term ;  as  i-;  plain  in  the  an- 
nexed Scheme,  where  the  three  Numbers  being  «,  h,  e, 
their  Differences,  according  to  the  Rule,  arc  c  —  b,  and 
h  —  a,  whofe  Sum  is  c  —  a;  then  the  Produdts  mentioned 
are  ac  —  a  b,  and  be  —  ac,  whofe  Sum  is  be  —  a  b  equal  to 
e — a  muliiplied  by  b. 

Now  to  apply  this  to  the  Demonftration  of  the  Ruk,  Confider  in  the  above  Example, 
that  lib.  whereof  each  is  2  cubical  Inches,  make  4  cubical  Inches;  and  1  lb  of  5  cubical 
Inchc',  ";  5  cubical  Inches;  the  Sum  is  9  cubical  Inches;  fo  that  the  Mafs  of  Mixture  is 
3  jb,  and  the  Bulk  is  9  cubical  Inches;  therefore,  the  Spccifick  Bulk,  or  Bulk  of  i  Ifc  of 
the  Mixture  is  the  ^d  Part  of  9,  vir..  3  cubical  Inches,  the  propofcd  Spccifick  Bulk  of  the 
Mixture;  which  is  therefore  juftly  proportioned:  Or  thus;  the  Product  of  the  total  Weight 
mixt  3  lb  multiplied  by  the  given  Spccifick  Bulk  3,  is  9,  equal  'o*Thc  S'um  of  the  Pro- 
ducts of  the  particular  Quantities  multiplied  by  their  refpedtivc  Spccifick  Bulks;  therefore 
the  Solution  muft  be  true ;  and.  by  the  univerfal  Truth  premifcd,  it  muft  be  fo  in  all 
Cafes  of  two  Bodies  mixt;  and  confequently  nf  any  Number. 

Obferve,  i.  The  fame  Method  of  UemonfiratioK  may  be  applied  to  the  Mixture  of  any 
other  things,  as  Liquors,  c^r. 

•    2.  All  the  fame  kind  of  Queflions  made  above  with  rcfpcf!  to  Liquors,  may  alfo  be 
made  with  refpe(ft  to  Spccifick  Gravirjc;,  or  Bulks  of  Bodies. 

3.  By  this  Rule  is  the  famous  Qiieftion  folvcd  about  Hhro,  King  of  Syratufch  Crown: 
He  gave  a  certain  Quantity  of  pure  Gold  to  make  a  Crown;  but  fi.fpcdting  the  Goldfmith 
had  mixt  Silver  with  it,  he  deiired  Archimedes  to  difc  wer  it  if  poffible  ;  v/ho  did  it  by  this 
Means :  When  he  went  in^o  a  bathing  Tub,  he  refle(3ed  that  every  Body  immcrfed  in 
Water  muft  put  as  much  Water  out  of  its  Place  as  is  equal  in  Bulk  to  it  felf :  Therefore 
he  took  a  Quantity  of  pure  Gold,  and  another  of  Silver,  each  of  the  Weight  of  thc# 
Crown;  or,  as  fome  fay,  caufed  a  Crown  to  be  made  of  pure  Cold,  and  another  of  Silver, 
each  of  the  fame  Weight  with  The  ift  Crown,  and  moafured  their  S(>ccifick  Bulks  by  the 
Bulks  of  the  Quantities  of  Water  put  out  of  its  Place  by  the  Immerfion  of  each  of  the  3 
Crowns  (or  of  the  fufpe(fJed  Crown,  and  each  of  the  Maffes  of  pure  Gold  and  Silver; 
which  would  put  out  the  fame  Quantity  of  Water,  whatever  Shape  they  v/ere  inj  and  by 
Compariion  of  thefe  3  Specifick  Bulks,  he  found  how  much  Gold  and  Silver  was  in  the 
mixtCrown;  which  maybe  done  after  the  manner  of  ^«  3.  P^^f  569.  thus:  We  have  the 
Spccifick  Bulks  nf  the  Mixture,  and  of  the  two  Simple* ;  by  which,  finding  the  Proportion  of 
Weights  that  brings  them  to  that  Specifick  Bulk,  if  their  Sum  is  equal  to  the  Weight  of 
the  mixt  Crown,  then  the  Proportion  of  Gold  and  Silver  in  it  is  difcover'd;  by  v.'hich 
the  Gold  and  Silver  feparately  are  c-afily  found :  And  if  the  Sum  i;,  not  the  fame  as  the 
Weight  of  the  Crown,  yet  that  Weight  being  divided  into  the  fame  PioporuoD  ai  the  Parts 
of  that  Sum,  foives  the  Queftion. 

FINIS. 


m.      10. 


ERRATA. 

Page     Line      For  Read 

loi.      42.      a-^^tc  jf-f-^c 
i_  18 

54  54 

131.        8.      -2  i 
^                   5  3 

2«  , 2* 

239-      12.      --  ==- 

288.      45.      r/&?or.  IV.  TAw.  VII. 
383.       34.      after  oddly  even  only,  add,  above  7.I 

416.        22.  ' —  ■ 

^  a  i 

424.      20.      3  8        

472.         II.         lOWXiO  W— I  10™-^  10""— I 

ib.         ib.       /X/'  Extreme. 

485.       II.      2d  or  3d  2  or  3. 

ib.        14.       «j"X«™  a^Xa'«^ 

ib.        ib.       ^•'"H-*  a'n'-H^" 


3^- 


w —  la  w —  iXtf 


ib.  40.       » — 10  «— 10 

■489.  To  the  Scheme  of  Numbers,  after  Line  18.  add  this  Line 

of  Numbers,  viz.  0:1:2:3:4:5:6:7:8 

499:  In  the  Scheme,  after  Utte  25,  for  2. 9332209,  read  2. 9332209.' 

514-  25-^  xB  — A^=^         xB  — A^^ 

515.  13.3 

ib.  ib.      xB  —  A  XB— A 

ib.  33.      A+i  A  +  i 


517..      14 

545 
551 


w  —  2  » —  I 


I  2 

545':       2.      30Z.  i4«fr.  1205  ft  3  o«,  14  <fr. 


21.      18148  [    18338 

559.       12.      luhat  liihicb 

616.      35-      Periods  Toundt. 

In  the  Preface,  at  the  Foot  of  Page  ix.  for  C^(»/>.  iii  read  Ci&4j>;  10.  §.5; 


